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In 1992, Kennedy and Tasaki constructed a non-local unitary transformation that maps between a Zgz X
Zo spontaneously symmetry breaking phase and the Haldane gap phase, which is a prototypical Symmetry-
Protected Topological phase in modern framework, on an open spin chain. In this work, we propose a way to
define it on a closed chain, by sacrificing unitarity. The operator realizing such a non-unitary transformation
satisfies non-invertible fusion rule, and implements a generalized gauging of the Zo x Z2 global symmetry. These
findings connect the Kennedy-Tasaki transformation to numerous other concepts developed for SPT phases, and
opens a way to construct SPT phases systematically using the duality mapping.

I. INTRODUCTION

Symmetry-Protected Topological (SPT) phases are one
of the central issues in contemporary quantum many-body
physics. While the concept of SPT phases was established [1—
4] after the discovery of topological insulators [5,6]—the free
electron version of SPT phases, a prototypical example of
the bosonic SPT phases [7]—the Haldane gap phase, was
found much earlier. Although Haldane’s initial prediction was
only that the Heisenberg antiferromagnetic chains with inte-
ger spins are “massive” (with a non-zero excitation gap and
exponentially decaying correlation functions), it was gradu-
ally recognized that the Haldane gap phase has various exotic
properties.

In [8], Affleck, Kennedy, Lieb, and Tasaki constructed
exact ground state wavefunctions for a certain generalized
Heisenberg antiferromagnetic chains, which are now called
AKLT states/models. We can naturally see from its construc-
tion, the AKLT model on an open chain exhibits free fraction-
alized edge spins [9]. Moreover, although there is no long-
range order in the conventional sense that can be detected by
correlation functions of local operators, the AKLT state can
be characterized by a non-local string order parameter [10].
It was also confirmed numerically that these properties are
not specific to the AKLT model but are characteristics of the
Haldane gap phase including the ground state of the standard
Heisenberg antiferromagnetic chain with S = 1.

Kennedy and Tasaki [11,12] demonstrated that these two
apparently unrelated features of the S = 1 Haldane gap phase
can be understood as consequences of the spontaneous break-
ing of a hidden Zo x Zo symmetry. That is, they showed
that many S = 1 spin Hamiltonians with short-range inter-
actions on an open chain are mapped to Hamiltonians with
short-range interactions by a non-local unitary transformation
now called Kennedy-Tasaki (KT) transformation. While the
Kennedy-Tasaki transformation was introduced specifically
for S = 1 chains in a complicated way in the original lit-
erature, a simple compact expression, which is valid for any
integer spin, was found as

Ukt = Hexp (inizS;-”) D
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by one of the authors of the present work [13]. It maps the

spin operators as follows:
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While the local spin operators are mapped to non-local opera-
tors, many of the spin chain Hamiltonians of interest are sums
of local (i.e. defined over a short range) quadratic forms of
spin operators and thus are mapped to another Hamiltonian
with short-range interactions by the Kennedy-Tasaki transfor-
mation. The Hamiltonian obtained in this way generally pos-
sesses a dihedral symmetry of global spin rotations (7-rotation
about x, y, and z axes), which is isomorphic to the Zy X Zs.
A spontaneous breaking of this “hidden” Zs X Zo symmetry
implies the long-range string order in the original system, as
well as a four-fold ground-state degeneracy of the open chain
signaling the existence of the fractional S = 1/2 edge spins
[14].

It is remarkable that, the recognition of the “Haldane gap
phase” as a nontrivial phase, which cannot be characterized by
any local order parameter but is distinct from a trivial phase,
was established by early 1990s even though the clear concept
of the SPT phases was missing. In fact, in the early days,
the Haldane gap phase was sometimes called “topological”
or “topological ordered” without a clear definition [15]. To
be specific, what was lacking at that time was the recogni-
tion that a certain symmetry is required for the Haldane gap
phase to be distinct from the trivial phase. In retrospect, how-
ever, the global Zy x Zy symmetry could have been identified
as a symmetry protecting the Haldane gap phase, since it is
the condition for the Kennedy-Tasaki transformation to give a
Hamiltonian with short-range interactions [3].

A comment is in order on the terminology. Although
the Kennedy-Tasaki transformation (1) is a highly non-local
transformation, the symmetry operators

R* =" 25 (a=1,y,2), S
implementing the Zy X Zy transformation are invariant under
the Kennedy-Tasaki transformation:

UxrR*U).r = R, (6)



because the eigenvalues of ¢ are +1and e e
for @ = x,y, 2z [16]. In this sense, the Zy X Zy symmetry is
not exactly “hidden”, since it is (a subset of) the symmetry of
the original Hamiltonian with the open boundary condition.
However, it is certainly appropriate that the SPT phase corre-
sponds to the hidden (spontaneous) breaking of the symmetry,
because the symmetry is not spontaneously broken in the SPT
phase before applying the Kennedy-Tasaki transformation.

Since the discovery of the concept of the SPT phases, sig-
nificant progress has been made on many fronts. In particu-
lar, systematic classifications in general dimensions have been
studied, uncovering the deep relation to topological quantum
field theory and algebraic topology [4, 17-21]. Given the his-
tory, it would be worthwhile to revisit the Kennedy-Tasaki
transformation, which played a significant role in understand-
ing the Haldane gap phase 30 years ago, from the modern
perspective. It is indeed the goal of the present paper.

It must be mentioned that various properties, generaliza-
tions and applications of the vanilla Kennedy-Tasaki trans-
formation have been explored. The hidden symmetry break-
ing order in models of spin-1/2 and higher integer spin was
studied in [22-25]. The relation between the hidden symme-
try breaking order and SPT order with a broad class of sym-
metry, such as Zy x Zy, was discussed in [26-28]. More-
over, the Kennedy-Tasaki transformation can disentangle the
twofold degeneracy entanglement spectrum of spin-1 Heisen-
berg chain [29,30]. Besides, the phase diagram of a (1 + 1)d
model, which is defined by interpolating between the spin-1
bilinear-biquadratic chain and its Kennedy-Tasaki dual, was
discussed in [31].

However, most of the discussions of the (generalized)
Kennedy-Tasaki transformation so far focused on open bound-
ary conditions; to the best of the authors’ knowledge, the
Kennedy-Tasaki transformation on closed chains has not been
explored. In fact, there are several apparent difficulties in
defining on closed chains.
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1. The highly non-local unitary operator (1) depends on
the ordering of the sites. On an open chain, the ordering
is well-defined. However, for the closed chain, there is
no consistent ordering. The site ¢ to the left of another
site j can also be viewed as to the right of 5 by going
around the ring.

2. An SPT phase on a closed chain only has a single
non-degenerate ground state. However, an SSB phase
has multiple degenerate ground states. Hence the two
Hamiltonians on a closed chain can not be mapped to
each other via a unitary transformation.

Nevertheless, there are several reasons to consider this
transformation beyond on open chains. First, it is theoretically
demanding that a physically well-defined operation should be
applicable to all boundary conditions. Second, twisting the
boundary condition on a closed chain is useful to character-
ize the SPT phases. In order to exploit the twisted bound-
ary conditions as a probe, it is desirable to construct the
Kennedy-Tasaki transformation on closed chains. Third, al-
though Kennedy-Tasaki transformation has a rather compact

expression (1), its physical interpretation is not quite clear.
This is perhaps one of the reasons why this intriguing trans-
formation has not been generalized beyond the Haldane gap
phase (Zy x Zga-protected SPT phase in one dimension). As
we will find later in this work, by investigating the transforma-
tion on a closed chain, we are able to find a more transparent
physical interpretation from a modern viewpoint: it is simply
gauging the Zy x Zo symmetry with certain twist.

In this work, we propose that the Kennedy-Tasaki transfor-
mation can be defined on closed chains by sacrificing unitarity
or by expanding the Hilbert space by including “twist” sec-
tors corresponding to different boundary conditions. We make
two attempts to define the Kennedy-Tasaki transformation on
aring.

1. The first attempt is to define the Kennedy-Tasaki trans-
formation for spin-1 system by naively implementing
(2), (3) and (4) on a ring.

2. The second attempt is to propose a non-unitary trans-
formation Nk acting on a ring where each unit cell
contains two spin-%’s. For convenience, we also call
Nkr the Kennedy-Tasaki transformation. Similar gen-
eralizations of the Kennedy-Tasaki transformation to

the spin-% systems with open boundary condition were

constructed earlier [22,23]. Our construction is also in-
spired by the recent work [32-34]. We will show that

Nkr satisfies the desired properties: it maps an Zo X Zs

SSB phase to an Zy X Zy SPT phase both on a closed

and open chain.

The Kennedy-Tasaki transformation from the two attempts
will be shown to be equivalent on a ring. In particular, the
transformations for both spin-1 and two spin-% systems are
non-unitary transformations and satisfy the non-invertible fu-
sion rules, which is a generalization of the famous Kramers-
Wannier duality transformation. Such duality transforma-
tions have been extensively discussed in recent years, both in
(14 1)d[35-43] and in higher dimensions[44-56]. When the
system is invariant under the duality transformation, the oper-
ator Nkt becomes a non-invertible symmetry of the system.

Although the two attempts can be shown to be equivalent,
the construction in the second attempt is more convenient
to manipulate because the degrees of freedom charged un-
der two Zs’s are decoupled. The first and the second spin-
% are charged under separate Zs’s respectively. Moreover,
the decoupling between degrees of freedom admits a more
convenient interpretation of twisted gauging, similar to the
Kramers-Wannier duality transformation which implements
gauging of the Zs global symmetry. This interpretation also
facilitates the construction of new models with interesting
topological features. In an upcoming work [57], we will ap-
ply the Kennedy-Tasaki transformation to systematically con-
struct a series of gapless SPT phases that have been recently
explored in [58-62] and uncover new ones.

This paper is organized as follows. In Section II, we sys-
tematically review the Kramers-Wannier (KW) transforma-
tion on closed and open chains respectively, as a preparation
for a more complicated Kennedy-Tasaki transformation. The



Kramers-Wannier transformation on a closed chain is well-
known to be non-unitary and the operators implementing the
Kramers-Wannier transformation satisfy the non-invertible fu-
sion rule. However, on an open chain with the free bound-
ary condition, the Kramers-Wannier transformation can be
defined as a unitary transformation, as it was pointed out in
Ref. [63]. In Section III, we define the Kennedy-Tasaki trans-
formation for spin-1 systems on a ring, and find that it is non-
unitary and obeys the non-invertible fusion rule. In Section
IV, we motivate that the Kennedy-Tasaki transformation im-
plements a twisted gauging, via field theory formulation. In
Section V, we define the Kennedy-Tasaki transformation for
spin-% systems on a ring, and explore nice properties in par-
allel with the Kramers-Wannier transformations. These prop-
erties coincide with those in Section III. In Section VI, we
place the Kennedy-Tasaki transformation for spin-% systems
on an interval, and find that it becomes a unitary operator. In
Section VII, we explain how to construct the typical represen-
tative model of SPT—the cluster model, using the Kennedy-
Tasaki transformation. Finally in Section VIII, we prove the
equivalence between the Kennedy-Tasaki transformations for
spin-1 and spin-% systems.

II. KRAMERS-WANNIER TRANSFORMATION

To prepare for the reformulation of the Kennedy-Tasaki
transformation, we first discuss the Kramers-Wannier trans-
formation. While the Kramers-Wannier transformation has
been known for many years, here we shall formulate it pre-
cisely, with an emphasis on modern concepts such as non-
invertible fusion rules and mapping between symmetry and
twist sectors. This is not only because it is a precursor of
the Kennedy-Tasaki transformation as a nonlocal duality map-
ping; we will reformulate the Kennedy-Tasaki transformation
based on the Kramers-Wannier transformation in later sec-
tions.

The Kramers-Wannier transformation was initially con-
ceived as a duality mapping between a higher temperature
and a lower temperature of the two-dimensional classical
Ising model [64]. The simple assumption of the existence
of the single phase transition between the disordered and or-
dered phases, combined with the Kramers-Wannier transfor-
mation, determines the critical temperature on the square lat-
tice uniquely. As a typical example of the general correspon-
dence between classical statistical systems in 2 dimensions
and quantum many-body systems in 1 spatial dimension, the
quantum transverse-field Ising chain defined by the Hamilto-
nian

leing - = Z (Uizflo'iz + hO’f) . (7)

%

is a counterpart of the two-dimensional classical Ising model.
The Kramers-Wannier transformation can be also defined for
the quantum spin model (7) in one spatial dimension [65].
(In fact, the Kramers-Wannier transformation is applicable to
more general systems and not limited to the particular model,
as we will see later.) However, there are subtleties related to

the boundary conditions of the system, as we will discuss be-
low.

Recently, the Kramers-Wannier transformation has been
also reformulated from the modern viewpoint. The transverse-
field Ising chain (7) has a global Zs symmetry, which is gen-
erated by the simultaneous flip of spin at every site. This is
a typical example of an “on-site symmetry” because the sym-
metry generator is a product of single-site operators. Natu-
rally, such a symmetry can be gauged by introducing local
gauge transformation (local spin flips). The Kramers-Wannier
transformation may be identified with such a “gauging” oper-
ation of the Zy symmetry[36-41] .

In terms of field theory, the gauging is understood as a topo-
logical manipulation corresponding to an insertion of a line
defect NV in (1+ 1)-dimensional space-time, to obtain the new
system 7 /Zo from a given system 7 with the global Zs sym-
metry. The defect satisfies the fusion rule of “Ising-category”

NTXN =141,
UxN=NxU=N, (3)
UxU=1.

where U and U are the topological line defects that gener-
ate the Zy symmetry in 7 and the Zo symmetry in 7 /Zs.
This fusion rule implies that A lacks its inverse; the Kramers-
Wannier transformation is thus “non-invertible”. While this
statement may look rather abstract, in the following we will
define the Kramers-Wannier transformation carefully on the
lattice, with a particular emphasis on subtleties concerning the
symmetry and twist sectors. Our discussion leads to a more
precise version of the fusion rule, and elucidates its physical
meaning. The prior knowledge of the fusion rule (8) is not
necessary to follow the discussion in this Section.

A. Kramers-Wannier transformation on a closed chain

Let us consider a spin chain with L sites. Each site supports
one spin-% spanning a two dimensional local Hilbert space
|s;), where s; = 0,1 and ¢ = 1, ..., L. The state can be acted
upon by spin measurement and spin flip Pauli operators in the
standard way,

o |si) = (~1)"

Si) ol lsi) =11 —s;). 9)

We also assume that the spin system has an on-site Zy global
symmetry, generated by

v=T]o: (10)

which flips the spins on every site simultaneously. The states
can be organized into eigenstates of U as Zs even state with
the eigenvalue of U to be (—1)* = 1, ie. u = 0, and Zs
odd state with the eigenvalue of U to be (—1)* = —1, i.e.
u = 1. Moreover, one can also use the Zy symmetry to twist
the boundary condition of the spins as

sivr) = (07) |si) = [si + 1), (11)



hence the spins obey either periodic boundary condition
(PBC), i.e. t = 0 or twisted boundary condition (TBC), i.e.
t = 1. In summary, one can organize the Hilbert space into
four symmetry-twist sectors, labeled by (u,t) € {0,1}2.

It is also useful to define a set of “dual” spin-% ’s on the links
between sites. We use half-integers to label the position of
links, and dual spins are labeled by ’s\i_% s,wherei =1, ..., L.
They also span local Hilbert spaces on the links |§F%). The
states are acted upon by Pauli operators Tf_% and 7" 1 simi-

lar as (9),

z

i— 1~
Tzfé |A7,—%> - (_I)A 2 |S7,—%>7 (12)
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The dual on-site Zy global symmetry acting on the links, gen-
erated by

ﬁzHTf_ .

i=1

13)

[N

Likewise, the dual Hilbert space can also be organized into
four sectors labeled by (4,1) € {0,1}2 Note that the spins
and the dual spins do not exist as independent degrees of free-
dom simultaneously, rather, one determines the other by the
Kramers-Wannier transformation.

Following [38], the Kramers-Wannier transformation
would be defined as the operator A/ acting on the Hilbert
space, in terms of the matrix elements

N 1 >si(5 145, 1)
(B N [{sid) ~ Grp(=D)T7 a7 a4

1 > (sim1+s;)8. 1
gra(-DTT TR )
on an infinite chain, where the above two expressions are
equivalent. However, on the finite ring, the summation should
be limited to L sites (or dual sites), and the boundary condi-
tions should be carefully examined.

Let us start from the expression (14) and limit the summa-
tion to Z]L:l. The last term in the sum contains sz Sy, 1 /2-
If we are to define the dual spins § on the half-integer sites
1/2,3/2,...,L —1/2, §L+% should be replaced by 57 /5 + ¢
(modulo 2), using the boundary condition £ = 0,1 for the

dual spin. Then the Kramers-Wannier transformation on the
ring seems to be given by

({5 YN {si))

L - L—1_ =~ o~
1 (_ )ijl Sij7%+Zj:1 Sjstr%-l-sLs%-i-tsL.

oL/2

(16)

On the other hand, starting from Eq. (15) and limiting the sum-
mation to Zle, we find the “boundary term” so%. Replac-

ing sg with sp, + ¢, we find

{5y N [{si))
NL (- )Zle Sj§j7%+zf;11 Sj§j+%+5L§% +t§% ' )
oL/2

In this way, we can “derive” two different (and inequivalent)
expressions for the Kramers-Wannier transformation on the
ring.

It turns out that the correct expression for the Kramers-
Wannier transformation on the ring includes both boundary

factors appearing in Eqgs. (16) and (17), and is given as
{5 HN {s:})

L L—1_ =~ -~ 7
1 )ijl Sj ]7%-1-2].:1 sjsj+%+ts%+tsL'

as)
=~ (-

We will confirm that this is the appropriate definition of the
Kramers-Wannier transformation by explicit calculations. In
particular, the boundary terms can be fixed by matching how
the symmetry-twist sectors are mapped from gauging Z,, as
in [66]. The above expression can be also written as either

= 1 SL (sj_1+5;)5,_ 1 +is
<{Si_%}|/\f|{si}>:m(_1) i=1(si-1tsi)s; 1 L,

(19)
where sg = sy, + t is understood, or
1 L si(5, 5. 3
(B N Hsh) = 5z (D7 GRS
(20)

where §L+% = §% + 1 is understood. Eqgs. (18), (19), and (20)
are equivalent, while they contain an extra factor compared to
the naive versions (16) or (17).

The operator A acts on the Hilbert space of the entire sys-
tem at a certain “time slice”. Thus it corresponds to a de-
fect line parallel to the spatial axis in the (1 + 1)-dimensional
space-time. We remark that by exchanging the role of space
and time, the operator N can be interpreted as a defect in the
Hilbert space. This point of view was more often adopted in
the recent discussions of non-invertible defects and their fu-
sion rules [44, 47 and 50]. We will only work with operator
N acting on the Hilbert space in this work. Moreover, the
N operator defined this way is independent of the underlying
Hamiltonian. Instead one can use [H,N||{s;}) = 0 to con-
strain the possible Hamiltonians which are self-dual under the
Kramers-Wannier transformation.

B. Fusion rules

We proceed to discuss the fusion rule involving A/ and U.
Since we have defined the duality and symmetry defects as
operators A" and U, the “fusion” is simply given as a product
of the operators. We start from a general state of the original
spins

) = dray i) @1
{si}

where ¢,y is the wavefunction of the spin variables.
Let us first consider N x U.
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This implies the fusion rule
N xU = (=1)IN. (23)

This fusion rule is slightly different from the standard fusion
rule in the Ising fusion category (8), by the additional factor

(—1)?. Such a factor can be traced back to the additional term

tsy, in (18). Here, we would like to argue that (—1)* makes
sense.

The fusion rule (23) implies that the spin-flip parity « of the
original spins is linked to the boundary condition t of the dual
spins. That is, for any parity eigenstate

Ul) = (=1)"¥), (24)
it follows from Eq. (23) that
(=)' V) = (=" (VD). (25)

namely

t=u. (26)

It is useful to see (23) in a diagrammatic way. Let us justify
this in the Ising CFT. In the Ising CFT, there are three local
primary operators, the trivial operator, the energy operator ¢
and the spin operator o. The spin operator is Zg odd, while the
energy operator is Zsy even. Let us first prepare a Zo odd state
|o) in the untwisted sector, by acting ¢ on the vacuum state
|0). In the radial quantization picture, the state is represented
by placing o at the origin. Let us act U and NV on the state, by
wrapping U and N subsequently around 0. We then shrink
the U operator in two different ways as shown in Figure 1.

Shrinking U inward means acting U on |o), and we obtain
a minus sign since o is Zy odd. One can also expand the U
outwards. By applying the F-move several times[36, 38, 39,
67-70], and one finds that U can be absorbed by A/. Hence
the \V'|¢) vanishes in the untwisted sector.

How about the A |¢) in the twisted sector? We thus need
to consider the configuration as shown in Figure 2, where the
state after acting by V is in the twisted sector. Since in the ra-
dial quantization, the radial direction is the time, there should
be a Zy defect line along the time/radial direction outside of
the A/. We again deform the U operator in two ways, either
shrinking inwards or expanding outwards. Shrinking inwards
again yields a nontrivial sign since o is Zg odd. However, by
using the F-moves, expanding U outwards also yields a mi-
nus sign, which comes from F[/Jv v = —1. Hence two ways
of deforming U does not lead to any constraint, and indeed
N |4) is in general non-vanishing. Similar discussions can be
applied when we insert a Zs even local operator at the origin,
and the conclusions for the untwisted and twisted sectors are
exchanged.

The above discussion shows that the standard fusion rule
N xU = N holds only when the state after Kramers-Wannier
is in the untwisted sector. When we work within the twisted
sector, the fusion rule is modified by a minus sign.

We next compute the fusion rule N x N. To do so, we
note that so far A is only defined on the Hilbert space on sites
spanned by |{s;}), but not on the Hilbert space on links. The
latter can be defined in a similar way,

~ 1 SE (B, 145, 1)s;+81t
N3 = gi7g SO O ) 54 ).
{ss}
(27
Then N7 x A proceeds as
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FIG. 1. Shrink the U operator inwards and expanding U outwards yield opposite signs. This means that A 1)) for Z> odd 1)) vanishes in the

untwisted sector.
U
- N
U
N = —

FIG. 2. Shrink the U operator inwards and expanding U outwards yield the same minus sign. This is consistent with the fact that N |¢) for
Z3 odd |) is in general non-vanishing in the twisted sector.
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This implies the fusion rule

NT XN =14 (-1)'U. (30)
The fusion rule (30) again differs from the standard one NT x
N =1+ U by a factor (—1)*. This means that the standard
fusion rule (8) holds only when the state in the intermediate
state (after applying one Kramers-Wannier transformation) is
in the untwisted sector. Indeed this is as expected, because
if the intermediate state is in the twisted sector, there is a U
connecting the two Ns. See Figure 3.

C. Mapping between symmetry-twist sectors

We have already shown in Eq. (26) that the spatial twist
(boundary condition) ¢ of the dual spins is linked to the spin-
flip parity u of the original spins, via the Kramers-Wannier
transformation.

L

1 pord

Vos ) = gom 2 P (DT
{si}

1 ol

= 5272 2_ Ve (CDT
{si}

(—th¢{@7%}-

This shows that the dual Zo symmetry after Kramers-Wannier
transformation is determined by the twist before this transfor-
mation,

)

(34)

Combining (34) and (26), we find that given a state |¢)) in
the symmetry-twist sector (u, t), under the Kramers-Wannier
transformation, the resulting state A |¢)) is in the symmetry-
twist sector (@,7) = (¢,u). The above results of the sector
mapping under Kramers-Wannier transformation are summa-

rized in Table 1.

From the sector mapping, it is also obvious that the
Kramers-Wannier transformation is not unitary, consistent
with the observation in Section II D. For instance, Kramers-
Wannier transformation annihilates a Zs odd untwisted state
if one is within the untwisted sector after this transformation.
(Note that we should fix one boundary condition (or twist
sector) to discuss a transformation.) Hence the probability
is in general not conserved under Kramers-Wannier transfor-
mation, and this again shows that the A/ is non-unitary. The
non-unitarity will further be reflected by the non-invertibility
in its fusion rule.

Let us also clarify the relation between the spin-flip parity
4 of the dual spins and the spatial twist ¢ of the original spins.
We assume |1)) is with in the sector labeled by (u, t), i.e.

Yrimsy = (=1)"“Ygs1,

To determine the symmetry-twist sectors under Kramers-
Wannier transformation, we first compute the resulting state
using the representation (19) of the Kramers-Wannier trans-
formation as

N = 3 By B D),

SiypL = 8i +1. 3D

{gi,%}
—~ . 1 E;:1(5j71+5j)'§j7l+AsL
1/}{5,;,%} T 9L/2 Zw{31}(_1) 2
{si}
(32)
The symmetry sector @ is determined by ’L//J\{ligv 3=
i3
(_1)a¢{gv , }- From (32), we find
i3
(sj71+5j)(17§j7%)+?sL
(Sj71+sj)§j*%+?n (—1)ZJL:1 sj—1+s; (33)

D. (Non-)unitarity of Kramers-Wannier transformation

Now let us examine the unitarity of the Kramers-Wannier
transformation as defined in Eq. (18). For this purpose, we
evaluate A'T A, which should be equal to the identity operator
if N were unitary. It can be evaluated explicitly, in the same
way as the fusion rule (30). As a result, we find

NIN =1+ (-1)'U. (35)
The fact that the right-hand side is not identical to identity im-
plies that A is not unitary for a given ¢. In fact, A annihilates
the odd spin-flip parity sector (v = 1) if t = 0, or the even
spin-flip parity sector (u = 0) if t = 1. Therefore A is not
invertible.

On the other hand, we can take a different viewpoint [71].
If we regard the spatial twists ¢, f as extra degrees of freedom
associated to the original and dual spin systems, or equiva-
lently, regard the twisted and untwisted sectors as different
Hilbert spaces, the Kramers-Wannier transformation just shuf-
fles among the different sectors as in Table I and is unitary.
Mathematically, t can then be regarded as an extra dual spin,
and thus a summation over ¢ = 0, 1 should be taken in the
intermediate dual spin state, resulting in NTA = 1 from
Eq (35).



FIG. 3. The left is the standard fusion rule, where the state in the middle belongs to the untwisted sector. The right is the modified fusion rule,

where the state in the middle belongs to the twisted sector.

[y (t=0t=1
u=0| S U
u=1 T V

=

WE=0t=1
o s T
1l U vV

) )
I

TABLE I. Symmetry-twist sectors of the theories before and after the Kramers Wannier transformation. The Z, even twisted sector is ex-

changed with the Z> odd untwisted sector.

E. Kramers-Wannier transformation and Z, gauging

As mentioned earlier in this Section, the Kramers-Wannier
transformation amounts to gauging the non-anomalous’? Z,
global symmetry. We start with the partition function of
theory & with a non-anomalous Zy global symmetry whose
background field is A, i.e. Zx[X2, A]. Gauging Z, yields
another theory X' /Zs, whose partition function is

~

Zx j2,[X2, Al
1

_ _1yJx,ad (36)
TG AT Zx[Xs,d](~1)

a€HY(X2,Z5)

where A is the background gauge field for the dual Zy sym-
metry of X' /Zs.

The mapping between the symmetry and twist sectors has
been discussed in [66, 73, and 74]. Let us briefly review the

results. We first place the system on a torus, Xo = T2. The
gauge fields can thus be replaced by their holonomies A —
{Wt7 Wm}y

17 e 1 w 1% e W AP
Zx )7, Wi, Wa| = 3 ) ;O 1 Zx[wy, wy](—1) e WetweWe,
- (37)
The partition functions in different symmetry and twist sectors
labeled by (u,t) are given by

u,t 1 uwy
Z$ )=§ > Z[wg, t)(—1)" (38)
we=0,1
and the converse relation is

Zxlwpwe] = Y 2§ (1) (39)

u=0,1

The symmetry and twist sectors for X'/Z are likewisely de-
fined. Combining (37), (38) and (39), we find



w:=0,1

W=0,1 wt,we=0,1

This is precisely the mapping between symmetry and twist
sectors (U,t) = (t,u) derived using the Kramers-Wannier
transformation on the lattice.

The fusion rule of the topological interface between X and
X /Zs can also be derived, following [44, 45, 47, and 50].
We will not repeat the derivation here, and refer the interested
readers to these references, e.g. Section 2 of [45]. One re-
mark is that in deriving the fusion rule between the duality
interfaces AT x N, one does not turn on the Z, defects U
in the vicinity of the locus of A/, hence the fusion rule cor-
responds to the left panel of Figure 3. This point has already
been emphasized in [50].

F. Kramers-Wannier transformation on the transverse field
Ising Hamiltonian

The Hamiltonian is a sum over local interactions given by
the Pauli operators. Let us first consider how the Pauli opera-
tors are mapped under Kramers-Wannier transformation. It is
straightforward to check that
TN W) = Noi_yo7 ),

K2

o2 41
72T N 1) = Nt ) v

where ¢ = 1, ..., L. Now let us consider the transverse Ising
chain (7). When the system is defined on a ring, the Hamilto-
nian is more precisely specified as

L

HI}:ing - - Z (O'izflo'iz + hO’f) ’ (42)
i=1

with the identification of site 0 with site L as in Eq. (11).
Note that the boundary conditions are already encoded into
the Hilbert spaces. For example, of |sg) = (—1)% |sg) =
(—1)%£%|so). Hence effectively of = (—1)'0%, and one
should replace the term o 0% by (—1)%0% o, which is a more
common convention used in the literature (for example [75
and 76]). Using the above map (41), the Kramers-Wannier
dual Hamiltonian of the transverse Ising chain (42) is

L
B = (Ti{% + mjﬁlﬁ%) . 43)

2
=1

1

2

1 7- Ty o~
- Z Z Z ZX[wta wm](_l)wtt+wrwt+uwt

1

4

D Zaplin, 1(—1)""

(40)

Z Z Z Zgéh’wm)(_1)uwt+wt?+wz@t+ﬂ@t

w=0,1 w,we=0,1u=0,1

By shifting the spins on the links to the sites (which is simply
a relabeling), one finds that

HI}sling = hHllsl/n}; (44)

Given the duality mapping of the Hamiltonian, we can
see why the Kramers-Wannier transformation must be non-
invertible, and why the unitarity can be restored by expanding
the Hilbert space by including the twisted sector. Let us con-
sider the ordered phase i < 1 of the Ising model of the orig-
inal spins. The ground states are two-fold degenerate, corre-
sponding to the spontaneous magnetization “up” and “down”.
The Kramers-Wannier transformation maps this model to the
Ising model of the dual spins in the disordered phase, where
the ground state is unique. As a consequence, the Kramers-
Wannier transformation must map the two ground states to
one, and thus is non-unitary and non-invertible. In our con-
struction, the 2-to-1 mapping is achieved by projecting out
one of the spin-flip parity sectors.

On the other hand, the Ising model in the disordered phase
is insensitive to the boundary condition. Therefore, the
ground-state energy under the twisted boundary condition is
asymptotically degenerate with that under the periodic bound-
ary condition. If we expand the Hilbert space by including the
twisted sector, the ground states are two-fold degenerate. In
contrast, when the Ising model is in the ordered phase, the
twisted boundary condition introduces a domain wall with a
non-zero energy. As a consequence, the ground-state energy
in the twisted sector is higher than that in the untwisted sector
(periodic boundary condition). Thus the ground-state degen-
eracy remains 2 (coming from the spontaneous breaking of
the spin-flip symmetry) even if the Hilbert space is expanded.
The Kramers-Wannier transformation between the extended
Hilbert spaces can be invertible (and unitary). Of course the
present argument which focuses on the ground state alone
does not prove the invertibility or unitarity, but it gives a phys-
ical perspective on the unitarity we have shown by an explicit
calculation in Sec. II D.

G. Kramers-Wannier transformation on an interval: A
unitary transformation

We proceed to discuss the Kramers-Wannier transformation
on an open chain. Although the operator A/ implementing



the Kramers-Wannier transformation is non-unitary and satis-
fies the non-invertible fusion rule, the A under certain open
boundary conditions is unitary [63].

Suppose the open chain contains sites ¢ = 1, ..., L, and the
dual spins live on half-integer links ¢ — % fori = 1,..., L.
We begin by modifying (18) such that only the terms that are
fully supported will be kept in the exponent, i.e. free boundary

({si I NN I{s7})

:i Z <{§ 1}| (_1)Zf:2 sj,1§j7%+zf:1sj§j7%(_1)25:2 8371%7%-%2];:1 Sljé\;—% |{/S\/
2L ~2
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condition. Concretely,

N {si})
1 EL: Sj— §.7_+ZI,‘: S8, 1~
i 3 ERe R gy,
{5,_1}

(45)

Note that we also dropped the term tS1, because the twisted
boundary condition is well defined only on closed chains.

It is immediate to check that V' is a unitary transformation,
by directly checking ({s;}| N'TA/|{s}}). To see this, we com-
pute

CATNCINY
:i Z (_1)Zf:2(5j—1+5371)§-, 1 +Z§“:1(Sj+59)§j,% (46)
oL
{gi,%}

L
=IT0.
=1

This shows that NTA = I, hence NV is a unitary operator. It
should be contrasted to the non-unitarity of A/ on the closed
chain.

It is useful to find the mapping between Pauli operators.
Our goal is to solve O ({o}"}) satisfying

N ) = NOY({of "D 1)

47
= N ) = NO: (o) 1) “n

for any |4). The calculation is straightforward, and the result
is

i Tz o7 0%, j=2,..,L
05 ({0} >={<;147 el
017 .] -
N (48)
Oi({op%}) = H oy,
k=j

As a consistency check, the commutation relations between
T;fl match those between O7*({0}"“}). These maps will

becéme useful in Section VIII.

Let us now discuss the Kramers-Wannier transformation of
the Ising model Hamiltonian on an open chain, which was
also discussed in [35]. Because of the mapping, the standard
Ising model defined on the open chain is not exactly self-dual;
Egs. (7) is not mapped to Eq. (43) by the Kramers-Wannier

transformation on the open chain. More precisely, we find

L L
h o z z z x
Hopen Ising — — 91 — E 0;—10; — h E 0; (49)
=2 1=1

is dual to
L L—-1
1h _ x z z z
Hopen Ising = — Ti—% —h Ti—%Tiﬂ-% - hTL—% . (50)
i=1 i=1

Note the existence of the longitudinal magnetic fields (cou-
pled to the z-component of the spin) at the boundary in ei-
ther side. The boundary longitudinal magnetic field breaks the
spin-flip symmetry explicitly. As a consequence, the ground
state is unique (chosen by the boundary longitudinal magnetic
field) even in the ordered phase. This resolves the obstacle
to the unitarity of the Kramers-Wannier transformation dis-
cussed in Sec. IID, as the mapping of the ground states now
becomes 1 to 1.

Alternatively, to maintain the spin-flip symmetry of the
original spins, we can omit the boundary longitudinal field
—of in Eq. (49). In this case, the ground state in the ordered
phase i < 1 is two-fold degenerate, reflecting the sponta-
neous symmetry breaking. The dual Hamiltonian lacks the
transverse field —77 at the end of the chain. The edge spin

2
at 1/2 is still coupled to the neighboring one by the Ising
coupling 75 75. Therefore, in the ordered phase of the dual

spins (WhiCzh éorresponds to the disordered phase of the orig-
inal spins), the end spin is polarized and the ground state is



unique (since the spin-flip symmetry is explicitly broken by
the boundary longitudinal field at the other end L — %). On the
other hand, in the disordered phase of the dual spins (which
corresponds to the ordered phase of the original spins), the
end spin at 1/2 has no favored direction; this implies the pres-
ence of the spin-1/2 “edge mode” and the ground states are
two-fold degenerate. As a result, the Kramers-Wannier trans-
formation does preserve the number of the ground states: 1 to
1 mapping in the disordered phase (of the original spins) and
2 to 2 in the ordered phase. This means that Kramers-Wannier
transformation can be unitary, as it was indeed shown by the
explicit calculations.

The fact that the spontaneous symmetry breaking of the
global symmetry of the original spin system corresponds to
the edge state in the dual spin system can be also read off from

the mapping (48). The global spin-flip operator U = H 105
is mapped to the single spin operator T1 at the end of the dual

spin chain.

The Kramers-Wannier duality between the spontaneous
breaking of the global symmetry and the edge state is remi-
niscent of the Kennedy-Tasaki transformation. However, there
are important differences. While the Kramers-Wannier trans-
formation on an open chain maps the global symmetry gener-
ator to the local operator at the end of the chain as we have
seen above, the Kennedy-Tasaki transformation on an open
chain preserves the global symmetry generators as in Eq. (6).
Nevertheless, they are deeply related, as we will see in the
following sections.

III. KENNEDY-TASAKI TRANSFORMATION ON A RING
OF SPIN-1 PER UNIT CELL

As we have discussed in the Introduction, the Kennedy-
Tasaki transformation as a unitary transformation has been
discussed exclusively for open boundary conditions. The
transformation (1) appears to be ill-defined for the periodic
boundary conditions, as it depends on the ordering of the sites.
Furthermore, the SPT phase with a unique ground state should
be mapped to the phase breaking the Zg X Zo symmetry with 4
degenerate ground states, which seems impossible with a uni-
tary transformation. However, as we have seen in Secs. IIC
and II D, the latter problem could be resolved by matching the
symmetry sector and the boundary condition in the case of
Kramers-Wannier transformation.

To formulate the Kennedy-Tasaki transformation (1) on a
ring, we have to overcome two apparent difficulties mentioned
in the introduction: 1) the lack of natural ordering on a ring,
and 2) the mismatch of ground state degeneracy. The second
difficulty has been briefly mentioned above, and we have seen
a resolution in the case of the Kramers-Wannier transforma-
tion. We will come back to this later.

How to address the ordering problem on a ring? The key
observation is that although it seems hard to define the unitary
operator Ukt on a ring, the transformation on spin-1 operators
(2), (3) and (4) have a natural definition on the ring! Note that
the Kennedy-Tasaki transformation simply addresses a string
operator that generates the Z5 x Zj3 symmetry to the spins,
similar to both Kramers-Wannier and Jordan-Wigner transfor-
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mations [61, 66, 74, and 77]. We thus define the Kennedy-
Tasaki transformation on a ring by specifying how the spin-1
operators map:

S;w _ Sfei” E{C;ll Sy

S = i Thesa S 82 = BT SigE (51

g’y “"Zk ]HSkSy urZ,C 1SI

J

L. When j = 1, the string '™ Tioi Sk =
1 is trivial; when j = L, the string '™ She SE o= 1is
trivial. Indeed, the commutation relations among S YE are
still those of the standard spin-1 operators.

a. Mapping between symmetry sectors: We proceed to
discuss how the symmetry sectors and boundary conditions
transform under the map (51). First symmetry operators R* =

where j = 1,...,

y L o . . .
e'™25=1 5 are invariant under the transformation,

R'* = R%, O =2,y 2, (52)
as we have shown in Eq. (6). Denoting the eigenvalue of R“
as (—1)"~, we thus have

ul, =u; mod 2, u, =wu, mod 2. (53)

b. Mapping between boundary conditions: The bound-

ary condition is specified by
f+L = (_1)1528;_67

Note that under Z3 generated by R, the S7 flips sign, hence
the boundary condition for S7 is labeled by t;. Then the

boundary condition for the 5 iz can be determined from (51)
via

L= (=185 (54)

1z _ Qz im J+L 1SI t, oz in ST 8T oy
L = SiiLe 2k = (—1)"Sje k=1 5k R

_ tetu. Qx

) 55
=L ReSE, e T S (53)
_ ( )tIRZSZ lﬂ'Zk i kRz _ ( )tm—i—uz Sz
which implies
t; =t,+u, mod 2, t; =t +u, mod?2. (56)

Although the generalization of the Kennedy-Tasaki transfor-
mation from the open chain to the closed chain as in (51)
looks naive, the mapping between the symmetry and twist
sectors (53) and (56) match precisely with mapping induced
by the twisted gauging to be discussed in Section V B. The
above relations are also very much reminiscent of the similar,
well-known relation for the Jordan-Wigner transformation on
aring [77,66].

In condensed matter literatures, the boundary condition is
more conventionally specified by modifying one term in the
Hamiltonian that crosses the boundary. It is useful to derive
(56) from this conventional point of view. For example, let’s
consider the Heisenberg Hamiltonian under Z3 x Z3 twisted
boundary condition



L—-1
H = (JoS7S7 1+ JySYSY,, + J.8;S7) +
=1

—1)=J, 8787 + (—1
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)tz+tm‘]ygz,5’%’ +(=1)"=J.85 5%, (57)

Under Kennedy-Tasaki transformation, the above Hamiltonian is mapped to

L—-1

Hir =Y (Joe'™7 ST87 0 + Jye'™S7 SYSY, ST + 1, 5755, ¢S50

=1
+ (=1)ttue ™51 52 6T 4

from which we again read off the mapping between the bound-
ary conditions and the symmetry sectors as in (53) and (56).

This also resolves the issue of the ground-state degeneracy
for the Kennedy-Tasaki transformation on the ring. Similarly
to the discussion on the Kramers-Wannier transformation in
Sec. IID, spontaneous breaking of the Zy X Zs symmetry
implies a 4-fold ground state degeneracy under the periodic
boundary condition, with one ground state in each of the 4
symmetry sectors u,,u, = 0,1. Since a twisted boundary
condition introduces a domain wall with positive energy, the
twisted sectors ¢, = 1 or t, = 1 do not contribute ground
states in the extended Hilbert space. On the other hand, the
Kennedy-Tasaki dual of the symmetry-broken phase is the
Haldane SPT phase, which does not have a long-range or-
der and thus is insensitive to the boundary conditions. As a
consequence, the ground states in each of the 4 twist sectors
t,,t,, = 0,1 are degenerate, resulting in the 4-fold ground-
state degeneracy (in the extended Hilbert space). Therefore,
in the extended Hilbert space, the Kennedy-Tasaki transfor-
mation induces a 4-to-4 mapping of the ground states and
thus can be unitary. This is analogous to the unitarity of the
Kramers-Wannier mapping in the extended Hilbert space, as
discussed in Sec. IID and in Ref. [71]. If we focus on the
untwisted Hilbert space only (i.e. PBC), the Kennedy-Tasaki
transformation is non-unitary.

IV. FIELD-THEORY FORMULATION OF THE
KENNEDY-TASAKI TRANSFORMATION

In the previous section, we have observed that the Kennedy-
Tasaki transformation can be defined on a ring by sacrificing

1

S Zg,x[A1, Ag] = |HY (X, Z5) 2

T: Zr,x[A1, Ag] i= Zx[Ay, As)(—

The first topological manipulation S is gauging the Zy x Zs .5
The second one is stacking a Zy x Zo SPT. With the above

(_l)tz-ﬁ-t,-i—um-f—uz JyeurSL S%S}“’e”sl + (

a1,a2€HY (X2,Z3)
1)fx 4142

(58)
)tm+uzJ SLSZ ST

unitarity. Moreover, the unitarity can be restored by includ-
ing twisted sectors. In order to obtain deeper insights, let us
formulate the Kennedy-Tasaki transformation in terms of field
theory.

Let us denote the partition function of an arbitrary QFT X’
with non-anomalous Z X Zo symmetry as Zx A1, As], where
A; is the background field for the i-th Zs. When X is in the
trivial phase, the fixed point partition function is

ZrilA1, Ao =1 (59)

When & is in the Zg x Zy SSB phase, the fixed point partition
function is

When X is in the Zy x Zo SPT phase, the fixed point partition
function is [78,79]

)fAlAz_

Zspr[A1, Ag] = (—1 (61)

To see how these theories are related, we define the following
topological manipulations:

Zxlar, ag)(—1)Ixe ATzt

D

(62)

operations, we are able to fit the three theories (59), (60) and
(61) into the following web,



S T
T SSB «—————— Triviall ———————— SPT g

The only combination of the topological manipulations that
exchanges SPT and SSB while preserving the trivial phase is

STS =TST. (64)
The two expressions are related by the identity of SL(2,Zs),
ie. (ST)®> = 1. However, it will become clear that when
formulating the topological manipulations on an open chain,
there are subtle differences between ST'S and T'ST, and ST'S
turns out to be simpler which is what we will use. The above
discussion strongly suggests that the Kennedy-Tasaki trans-
formation should simply be the ST'S transformation.

In the following sections, we will implement ST'S' trans-
formation, which was conceived in field theory, on spin
chains. For this purpose, it is convenient to consider spin
chains with two spin-%’s per unit cell, rather than the spin-
1 chains discussed in the original literature on the Kennedy-
Tasaki transformation. The implementation on the spin-%
models is also useful in elucidating the deep connection be-
tween the Kramers-Wannier and Kennedy-Tasaki transforma-
tions. We will also discuss the relation between the Kennedy-
Tasaki transformation for the spin-% models and the original
Kennedy-Tasaki transformation for the spin-1 chains.

V. KENNEDY-TASAKI TRANSFORMATION ON A RING
OF TWO SPIN-2°S PER UNIT CELL

In this section, we discuss the Kennedy-Tasaki transforma-
tion implementing S7'S on a ring. Parallel to the study of
Kramers-Wannier transformation, we study the fusion rules,
mapping between symmetry and twist sectors, mapping be-
tween local operators, etc.

A. Non-invertible Kennedy-Tasaki transformation

Let us consider a spin chain with L sites and L links. Each
site supports one spin-=, spanning a two dimensional local

N {5,743 =

The T transformation amounts to stacking a Zo x Zy SPT, and
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(63)

Hilbert space |s7), where s¢ = 0,1 and i = 1, ..., L. More-

over, each link also supports one spin-% spanning a two di-

mensional local Hilbert space [s] . ), where s7 , = 0,1 for
2 2

¢ = 1,..., L. Hence each unit cell contains two spin-%’s.81

The local states can be acted upon by Pauli operators,

of [s7) = (=1)% [s7),
of [s7) =11—s7)
sT (65)
TP s 1) =(=1) "2 |s] 4,
2 2
ISy = =Ty

The Zy X Zy symmetry is generated by U, and U respec-
tively, where

(66)

The symmetry and twist sectors are labeled by
(Ug,Ur,ts,t;). Here u,,u, are the eigenvalues of U,,U,
respectively, and t,,t; label the boundary conditions
s{ = s8]+ tg,sil%JrL = S;;% +tr.

After the Kramers-Wannier transformation, i.e. S transfor-
mation which gauges Zs x Zo, the spins on sites and the spins
on links are exchanged, and we denote the resulting spins as
/S\;’,; and s7. Likewise, the dual spins can also be organized

2

into 16 symmetry and twist sectors as (GU,GT,tAU,?T). Fol-
lowing the definition (18), the Kramers-Wannier transforma-
tion for both Zs’s is

(67)

the operator implementing such stacking has been discussed



in [58, 61, and 82], under the name of domain wall decoration
Upw. The Upw acts on the basis state as

Upw [{87_1,57})

LT
-1

—(-1 T

This is a unitary operator. In the above we only defined how

(68)

1
9L+1 Z
CY

Nir [{s7,s7_1}) = (-1)

SE (55457 ) (5T
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Upw acts on the dual spins, but the action on the original spins
can also be similarly defined. By definition, the S7'S transfor-
mation is defined to be the product Nxr = NTUpw . When
acting on an arbitrary basis state, we find the Kennedy-Tasaki
transformation ,

1+ Jr1"'5 +1)"‘(514‘5 (to+t,)

(69)

(1+ (_1)td+t;+a) (1+ (_1)t7+ti+&) 1{s%, s 1_7}>

where ., label the twist sectors in the intermediate state after one Kramers-Wannier transformation. Since they only appear
in the projectors in the second line, it means that the twist sectors in the intermediate state are completely determined by the
twist sectors of the initial and final states, hence (69) simplifies to

S (58T

Nir {7,571 1) = (=1)

2.

{#ﬂg
2

T T T
(to t
R A T A OS

RGN F—

B. Mapping between symmetry-twist sectors

Let us consider how the symmetry-twist sectors are mapped under the Kennedy-Tasaki transformation (70). We again start
with the general state |¢)). Assume |¢)) is in the sector labeled by (uy, s, ty,t,), i.€

Prsg41sm 3 = (1) %persm 3 Viszsm 413 = ()" Ypsesm |y
1 an
Sirp = 57+ lo, Si_14p = Si_1 Tt

Let us determine the symmetry-twist sectors of the state Nk [1) under the Kennedy-Tasaki transformation. To see this, we

compute

Nir [¢) =
{s

where

/
Vo gr V=
(RS RSV

{s7 75 1}
2

/

To see ul
P gro gim
{837,877

$!% by one amounts to multiplying the wavefunction by
(=1)t = hence we arrive at

/ /
and wu;, we compute 1/J{S;U+1)S;1%} and

. , s
L1} respectively. For {71,877, ) shifting
2 2

ul =t +t. (74)

For 1/)’{520 s +1}, shifting s'” Ty by one amounts to multi-

Z w{s'v o 3 {87 l_,}>
o) i3

1 L (sT4s7)(sT L HsT 44T ST ) (s ST
5 g T ]

(72)

Wto+ts)
(73)

’ .
1)t *t  hence we arrive at

(75)

plying the wavefunction by (—

ul =ty +1t..
On the other hand, shifting s} by one can be undone by shift-
ing s{ by one, because they always come in the combination
s1% 4 s7. Hence we also have

u’a = Ug, u’T = Ur. (76)

Thus the mapping between the symmetry and twist sectors is

(ulul ) = (77)

7 Yo U

(Ug,u-,—,u-,— +to, Ug + t‘r)-



This map is represented in the Table II. These mappings
among symmetry/twist sectors are exactly of the same form
as (53) and (56) for the original Kennedy-Tasaki transforma-
tion for S = 1 chain.

(4o, ur;to,t-)[(0,0)](1,0)[(0,1)|(1,1)
(0,0)
(1,0)
(0,1) — —
(1,1) ——

TABLE II. Mapping between sectors under the Kennedy-Tasaki, i.e.
STS, transformation. The rows are labeled by (uo,u-), and the
columns are labeled by (tg, tT). The cells without an arrow map to
themselves. The two cells connected by an arrow are mapped to each
other.

Nir x Ner [{s7,57_1})
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C. Non-invertible fusion rules

We proceed to discuss the fusion rule involving Nxr, U,
and U,. We first consider the fusion rule Nxr x U,. This has
already been discussed in the previous subsection. We first
note that by definition of (66),

Nict {57 + 1,57 1) = NaUs (7.5, }) . 78)

On the other hand, by the definition of the Nt (70), shifting
s¢ by 1 amounts to multiplying

L T T T T
=15, 1+ts.  1+s" 1+s.
(—1)> = T T et (g9

Hence
NitUs |{s7,57_1}) = (=1)'" """ Nir [{s7,57_1}) . (80)
This justifies the fusion rule
Nir x Uy = (=1)17F8 Nr. 81)
By a similar calculation, we also find that
Nir x Uy = (=1)t Tt Ngr. (82)

We further compute the fusion rule Ngt x Nir. By defini-
tion, we have

)+(s1+s Y(totts)

S R A RV A PP R R
=— _
4 {S/U S/T S//O S//T (83)
i 17% i 7'75
X (~1 )Ef L (857N ()T 48T ST g ST )T )(tﬁ.’+t/)|{ vo g >
) S 1 .
We first sum over s’-" which enforces s; .+ s +1 + s'7 1 + "7, = 0 mod 2. Solving this enforces sj 1 + s , tobea

J—

it+3
constant c,. In particular, this constraints t = t’ ; We further sum over s

"1 which enforces s7 + s” 7 to be a constant co. In

particular, this constraints ¢, = /. Finally summing over ¢, ¢, € Za, we ﬁnd

NKTXNKTHSl, S 2}> 4(

which implies the fusion rule

Nir x Nir = 4 (1 4 (=1t UT) (1 + (—1)tt+f'rUa) .
(85)

Same comments in Section IIB also apply here. The non-
trivial signs mean that the presence of additional Zy x Zs op-
erators terminating on AVxr’s modifies the fusion rule. Usually
when we refer to the fusion rule, we assume Zs X Zo operators
are all turned off nearby Nkr’s, hence t, » = t, . = 0. After
this simplification, the fusion rule (85) is almost identical to

(1)) (14 ()0 ) s 51 ) (84)

the standard fusion rule of the Zy x Zs Tambara-Yamagami
(TY) fusion category. The only difference is the phase 4 on the
right hand side. It means that our Nr is stacking of the dual-
ity defect in the Zg X Zg TY category by a (0+ 1)d Z, TQFT,
i.e. a two level quantum mechanics. Hence our Ak is a non-
simple operator, but a sum of two simple operators. Such a
simple operator turns out to implement the 7°SI" (rather than
STS) transformation.®3

The most important information from the fusion rule (85)
is that Nt is a non-invertible operator satisfying the non-
invertible fusion rule, and hence the Kennedy-Tasaki transfor-



mation associated with ST'S is a non-unitary transformation.
In particular, Nt annihilates any state that is odd under any
one of the Zs’s, i.e. has eigenvalue —1 under U, or U,, un-
der the periodic boundary condition (t,, = t, . = 0). As
we discussed in Section III for the S = 1 chain, we may also
interpret Nt as an unitary operator acting on an extended
Hilbert space.

Despite the disadvantage that the operator Nt being non-
simple, we still prefer ST'S over T'ST in our definition, for
which the reason will become clear once we formulate the
Kennedy-Tasaki transformation for spin-% system on an open

1
Zsrsal A, Ay) = ————
STSX[ 1 2] |H0(X2,Z2)|4 Z

al,a2, ?il 62

Ht X Z
:| 2, L) ZZXal,az

|HO(X2,Z5) |4

al,a2
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chain.

D. Kennedy-Tasaki and Z> x Z> twisted gauging

We have derived the map between symmetry and twist sec-
tors under the Kennedy-Tasaki transformation implementing
ST'S, on the lattice. In this subsection, we derive the sec-
tor mapping using the partition function and the definition of
gauging. We start with the partition function of theory & with
anon-anomalous Zg X Zy global symmetry whose background
fields are Ay, Ao, i.e. Zx[A1, Az]. The ST'S transformation
acts on the partition function as

—~ —~ —~ o~ !~ 1~
Zx [al, ag](—l)fxz a1totaza;+a1az+A G+ ALa;

(86)
1)f a1a2+A/1a2+A'2a1+A'1A'2

where a; and ay (a; and @p) are dynamical gauge field of Zy X Zs in first (second) S transformation. HY(X3,Zs) and
H! (X2, 7Zs) are first and second cohomology on manifold X5 with Zo coefficient.

To define the symmetry and twist sectors, we formulate the theory on the torus, and summing over gauge fields reduces to
summing over holonomies around the two non-contractible cycles.

ZSTSX[Wl/tu WQ/ta W]fmv Wéz]

ziz

t t x x
7JJ17U)27U)1 711)2

ZX[wiv wé, w%? w;](_l)wiw?rwfw;

87)

(—1)wiWa" +wi Wl ws Wi +wi Wit Wit Wil Wit W

The partition function in terms of the holonomies and in terms
of the symmetry-twist sectors are related via

(tostr to,tr) 1 t ot cw! furwh
Z./";L “ - Z Z Zx[wlaw25t0’7t7'](_1)u witurws
wh wk
(88)
and the inverse relation is

]: Z Zg\iia;umw:f;w;)(_1)uaw§+u.,.w§.

Ug,Ur

t t x x
Zx[wy, ws, wi, ws

(89)
Combining the above relations, we find the desired relation

Zg%’s’x L) _ Z;{ua,uﬂ,,uTthU,uUthT) — Zg{ua,ur,tg,tr)'
(90)
This means that (u,, ul,ul + ¢, ul +t.) = (vp,ur, to, tr)
which is equivalent to (77) as well as (53) and (56) for the
spin-1 system.
The fusion rule can also be reproduced from the partition
function approach. The fusion rules for the defect implement-

ke {s7,s 1} = (=1)

{s;f'.,sgz .}
2

L o lo T T
i (8748 )(5j7%+5j7 1)

ing T'ST have been worked out in [44]. The similar calcula-
tion for ST'S can be worked out as well. We will not repeat
the exercise here.
VI. KENNEDY-TASAKI TRANSFORMATION ON AN
INTERVAL WITH TWO SPIN-% ’S PER UNIT CELL: A
UNITARY TRANSFORMATION

We proceed to discuss the Kennedy-Tasaki transformation
for spin-% system on an open chain. While similar transforma-
tions on an open chain were discussed earlier [22,23], our con-
struction clarifies its connection to various modern concepts
related to SPT phases. Similarly to the Kramers-Wannier
transformation, we will find that although the operator Nt
implementing S7'S is non-unitary and satisfies non-invertible
fusion rule, the Nxt under the free open boundary condition
is a unitary operator.

Suppose the open chain contains sites at coordinate 7 and
links at coordinate ¢ — 2, withe =1, ..., L. We begin by mod-
ifying (70) such that only the terms that are fully supported
on the chain will be kept in the exponent, i.e. free boundary
condition. Concretely,

1 Zf;11(5j+5/y'0)(5;—+l+5;11) o T
2 (_1) 2 2 |{Sz 7Si_%}>' (91)



We use the superscript to distinguish AV defined on an in-

terval from the Nkt defined on a ring. To check that it is a
unitary transformation, we simply consider the overlap,

({57, 57 HAREMARE s, 877 1 1)
L (92)

= ’ 2

I I 55;75;!657.' 187 1t
A -5 I—3
j=1

-open
Hence Nyrp

J\/-opemL
KT ’ . . . .
Let us examine the Kennedy-Tasaki transformation of spin
operators on the open chain. We can immediately see that
the z-component of the spin operators o7, 7¥ , are invariant

is unitary and invertible, whose inverse is

under the Kennedy-Tasaki transformation:

NGzt — oo (93)
Nﬁ%ean,%NE!}enT — 7—;_57%, (94)

since they are mapped to diagonal operators in 7%, o*-basis
by the Kramers-Wannier transformation A/. Since these di-
agonal operators commute with Upw, they are mapped back
to the original operators by /7. On the other hand, using the
Kramers-Wannier transformation (48) of the spin operators on
the open chain, and the transformation [58] by Upw

0'%—17—1,10-2 (.7 = 2737"'7-[/)7
U Uly = 27772 95
DWTJ % DW {Tga_f (j _ 1)7 ( )
¢ yotrE L, (j=1,2 L—-1),
UpwolUly = ¢ 772 7 %2 (96)
Y {Tz%af (j = L),

and that 0%, 7% are unchanged by Upw as mentioned above,
we find

Nz Ngeen — (HTZ—%) a5, (97)
AN et A JICAE (98)

As a consequence of Eq. (93), the symmetry generators (66)
are also invariant. This feature that the symmetry is preserved
under the Kennedy-Tasaki transformation, as it is the case in
the original Kennedy-Tasaki transformation for spin-1 sys-
tems, is particularly convenient, and holds for S7'S but not
for T'ST. For T'ST on an open chain, the symmetry operator
will be mapped to a local operator, which is not the case for
the original Kennedy-Tasaki transformation. This is the main
reason we prefer ST'S over T'ST.

VII. GAPPED SPT IN SPIN-% SYSTEM FROM
KENNEDY-TASAKI TRANSFORMATION

The Kennedy-Tasaki transformation was designed to map
a Zy x Zs symmetry spontaneously broken (SSB) phase to a
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Zo X Zo symmetry protected topological (SPT) phase. It is
straightforward to check at the level of partition function that
ST'S transformation relates the two, as shown in Section IV.
We will review how the SPT phase can be generated from the
Kennedy-Tasaki transformation for the spin-% system.

The Hamiltonian for the Zy x Zo SSB phase is

L
Hgsg = — Z (afﬁlaf +717 éTH ) 99)

i=1

where the degrees of freedom charged under two Zy’s are de-
coupled. Now we apply the Kennedy-Tasaki transformation.
On an open chain of sites 1, 2, . . ., L, the Hamiltonian reads

HR = ZUZ 107 — ZT %Ti‘i%. (100)
Using Eqgs. (97) and (98), we find
T
Hgpy' = Ngr Hggg Nt
L L—1
= —Zoj_lr_%aj TJZ 107 7' 1 (101)
j=2

On the ring, the Kennedy-Tasaki dual of the SSB Hamilto-
nian (99) is given by

L
Hspr = =3 (07478 yof 4+ 77 400754 ), (102)
j=1

with the boundary conditions as discussed in Sec. V.

The resulting Hamiltonian is precisely the cluster model de-
scribing the Zo x Zy gapped SPT [84]. For the sake of com-
pleteness, here we review how the edge states arise in the clus-
ter model defined on an open chain (101) [85]. The Hamilto-
nian (101) is a sum of commuting projectors. Thus, within the
ground-state subspace, all the projectors have eigenvalue one:

qf_lT;” %Uj ~1 (j=2,3,...,L), (103)
Totrr, ~1 (j=12..,L-1). (104)

Using these relations, the symmetry generators (66) of the
Zo X Zo symmetry can be rewritten (within the ground-state
subspace) as Uy » ~ UL @ UE , where

o,T?

S
~
Il
\‘
-

-
2y
Il
hﬂm NI

(105)
(106)
(107)
(108)

I
Q
~8

I
&
Il
\]
Y
Q
):N [ME

-~
=
Il
S)
SR

Thus, within the ground-space subspace, symmetry genera-
tors effectively act only at the localized regions near the ends
of the chain. Since the localized symmetry generators at each
end anticommute (USU? = -U2UZ for a = L, R), there
must be a localized edge state producing two-fold degeneracy,
at each end.



VIII. EQUIVALENCE BETWEEN KENNEDY-TASAKI
TRANSFORMATIONS IN SPIN-1 AND SPIN-% SYSTEMS

Finally, we discuss the relation between our Kennedy-
Tasaki transformation Nt in (91) for spin-% systems and the
original Kennedy-Tasaki transformation for spin-1 systems,
both on a ring and on an interval.

1. On aring, the Kennedy-Tasaki transformation for spin-
% system Nxr and that for spin-1 system as defined in
(51) are equivalent.

2. On an interval, the Kennedy-Tasaki transformation for
spin- system Nr" and the original non-local unitary
operator Ugr for spin-1 systems are almost equivalent,
up to a symmetry sector dependent sign. This sign is
potentially due to the choice of boundary conditions.

A. Relating the Hilbert space of spin-1 and two spin-% ’s

The Hilbert space for each spin-1 is three dimensional,
whose basis states are denoted as |+),|0) and |—). The
Hilbert space for two spin-%’s is four dimensional, whose ba-
sis stats are denoted as |11), [1)), [{1) and |{)). To make a
connection with the two basis, we start with the spin-1 basis
and bring in another spin-0 state to make a four dimensional
Hilbert space. The basis states are mapped as follows,

[+) =111)
spin-1 : |0) = %GT@ +H1)

=) =140 (109)
spin-0 : L(|T¢> =)

V2

where the spin-0 state is the additional state not belonging to
the original Hilbert space. In terms of Pauli operators, we have

(110)

K2 2

T 1 T xT z z z
Si = 5(‘71' "’7'-7%), S; = 5 (o; +T-7%)-

DN =

The symmetry generators of Zs X Zs are R™* defined in
Eq. (5), which correspond to 7 rotations around the = and
z axises respectively. In terms of spin-% variables, the two
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symmetry generators are given by

im L

)

re = FERETY _ i [[onrr .
le (111)
in S L (oF477
Rz:e2 21:1( ]+J7%):(—1)LHO?T;_%.
j=1

We would like to further identify R* = U,,R* = U,
where U, . are defined in (66). To achieve this, we need
to perform a basis rotation such that the Pauli operators are
mapped as follows,

4 -~
of O Ti 1
2
z z
N i (112)
T,L',l T 1
2 1—3
¥4
T 1 —oiTd

B 2
In terms of the rotated Pauli operators, the above Zy X Zo
symmetry generators are indeed standard ones, Hle o and

L
[I= Tj—1-

B. Equivalence on a ring

We proceed to show that when defined on a ring, the
Kennedy-Tasaki transformation for spin-% systems, i.e. Nkr,
is equivalent to that for spin-1 systems, which was defined in
Section IIL

Recall that for spin-1 systems on a ring, we defined the
Kennedy-Tasaki transformation via specifying how the spin
operators transform, as shown in (51). To compare it with
Nkr defined in (70), we first derive how the spin-% Pauli op-
erators transform on a ring. This can be achieved by showing
the following identities hold when acting on arbitrary basis
states [{s7, s;;% b,

i
’
Nirof = (=1)*t HTﬁ%ngNKTv

i=1
L
’
NKTTZ'Z_% _ (_1)t7—+t7- HU_;‘ZT;i%NKTa (113)
j=i
NKTUf = UZ{INKTa
~/\/-KT7'Z'z = T{INKT.
; — to+t, TT? —
In brief, we have 07 = (—1)""% [[._, f;f%agz,Tf_l =
’
(—1)trttr HJL:Z of T ,0f = o and 77 = 7,;7. Let us

check how (110) and (2112) together with (51) reproduces
(113). We first note that combination of (110) and (112) gives
S7 =377, (1—0f) and §7 = 505(1 =77 ,). We then

start with (51),



T (1—0J)— j

| —
b
m\H

Comparing the first and the last expression, and using the relation ¢, + t. = u/,

Similarly, we can also get

ge ‘2 (51 7,71'2‘7 1 S'k511 _

) Sz (51 lﬁzk 41 kS/Z _
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”Zi 137 1(1*03)1

— 1z 1(1_0_/LE)
<Ha ) —7' 1—(7] )
! = 1T 1 / 7 (114)
AN CA R
k=j
L
1
H l—aj)

this is nothing but the second identity in (113).

2 =0

L 1./ ’
”Zk:Hl 308 (1-m2 1)1 (-1 ,)
27 =3

k=j+1
j—1 1 (115)
U’ ( T’i_;) 507(1—7}“1)
k=1
j—1
o () o
k=1

which, upon using u/. = t, + ¢/, reproduces the first equality in (113). This establishes that upon introducing the fourth spin-0
state, the Kennedy-Tasaki transformation for spin-1 systems on a ring is equivalent to that for spin-% systems.

C. Almost equivalence on an interval

We finally proceed to show that Ngi™" and Ukt are almost
equivalent up to a sign depending on the symmetry sectors on
an interval. Since on a closed chain they are equivalent, this
subtle sign may potentially come from the different choice
of boundary conditions. Below, we first recast the N as a
unitary operator in terms of Pauli operators, and then compare

it with Ukt via the map (110) and (112).

a. Recasting N&*" as an explicit unitary operator:  The
Kennedy-Tasaki transformation (91) was defined via specify-
ing how Nkr acts on the Hilbert space. It is useful to write

down the operator Nt in terms of Pauli operators explicitly.

As a first step, it is useful to note that Nkt is the composi-
tion of AT Upw.\, which implements ST'S. Here N'T = N/ ~1
on an open chain implementing Kramers-Wannier transforma-
tions. Note that the two S’s in ST'S act on different Hilbert
spaces, the second acts on the original one, and the first acts
on the dual one. On a closed chain S is self-conjugate, hence
we don’t distinguish ST and S. However, on an open chain
ST and S are different (dispite S is unitary), and correspond-
ingly A'T and V are also different. For simplicity, on the open
chain, we still write the operation as S7'S, but should keep in
mind that it is implemented by the operator N'TUpwA\.

We can check Nt = NTUpwA explicitly. We first have

57

L (s7  +5%9)5% | 45757 EoM(sT oy AsT, 1 )5 +sT
NHS], j__}) Z (_1)21':2( Fo1ts7) j- LTS %(_1)2171 ( -1 ﬁ%) iSL_LSE |{/S\;y_l7§q7-}> (116)
{33.’7%-3}}
Its Hermitian conjugate is
; Foa(sT_1+s7)87_ 1 +s757 SNy HsT, )T sy 5T
NTET_1.57)) = > (-1 2 a(-1) 2o Hs7: 5548 (17
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Then we can consider the product,

NTUpwN {57, 57_ 1}

L o oo oo L—-1,_7 T
B 412 > (1) T D T e g e g
R 5T, s/va.rs/""
(37 hAsosl o} (118)
L—1~1 /=0 el el ~T L lo lo\oo looo
X (—1)Zj:1 % Sj—%“ﬁ%)“k%%(—l) N A R

L—1¢.17 T e~ T T
x ()T T e ey,

Summing over s7 for any j yields 57 _, = s7

T JT_ + s;”_l for any j. Substituting the solution into the above equation, we find
2
that

|
[N

NTUpwN ({55, 57_ 1
_ L Z (_1)Z]~:1(S§-’+S§”)(s;%+S;Z%)(_1)EJ (594 (s it +;)|{ s _}) (119)

which is precisely the definition of N} on an open chain in (91).
Having known that Nt = NTUpw, it is now clear how to find the Pauli operator representation of Ngh. We first
g p p KT
consider how the operators are mapped under the Kramers-Wannier transformation

o N =N =] 5 N=N[of
i=2 Noijof, j=2,..,L° i=3 P k
N - (120)
T'-Z 1TZ 1 j:17 7L_1 J
PN = (T ama T . mN=N]]7
’ {NTE%’ j=1L ! Ic1;[1 -

Since N is unitary according to Section II G, the above formula gives N T&f.’_zl/\/ and N'T77* . We then apply the above
JI—3

transformation to Upw, and we get

I (1-52 _ry 4l Lol _5* .

NTUDWN NT( )423:1(1 ].7%)(1 R P Iranu! j+%)(1 J)N
:NT(—l)iEf;ll(l‘ai%3]1%><1—?i>+%<1—3;,%><1—?,§)N

= (-1 T 25 A=) A-They 7 430D AT 7 y)

(_1)i(1*‘72)(1*1_[£:1":,%) (121)

=5
SE =0T, 72 I 72 1)
Z 42 1 a; ) 1— Hk 1 : 1)

i1 (=0 (1= Tls; 77y

I
—~
I
—_
N~—
Al

(—1)
LI:fH(_l)%(l—Uf)(l—T:,%) (~1 )4(1 Mo o) -Tli 7 1)

11-6% 1 +1-8° )77 1a-57_ 1-
In the second equality, we used (—1 )4( -3 TP il %077

= (-1) . Indeed, when 77 = 1, both sides
are trivial. When 77 = —1, both sides are 1if (67_,,07 , ) =(1,1),(-1,-1), butare—llf( ; 1,8;+ )=(1,-1),(-1,1).
2 2 2

The same trick is also applied to the fifth and last equality. The final expression is the Nkt in terms of Pauli operators,

N'I;?}en: HH 1(1-o7 ‘rkié) (_1)%(17UU)(17U7—)' (122)

j=1k>j

We note that this unitary operator is highly non-local.

b.  Comparing Uxr and Ni™  We finally proceed to re- £ systems respectively. Using (110), the original Kennedy-

late Ugt and Vg on an interval, defined for spin-1 and spin-



Tasaki unitary operator Ugt becomes

Ukr = e o)y, (123)

i>j
Further applying (112), the Uxt becomes

Ukr = He ENES
i>j i>j
(124)
In the second equality above, we used the fact that the value of
o;f T]’.Z_ , = =1, which only provides a sign, does not influence

the éxpzonent mod 2. This is precisely the first factor of Nt
in (122). Hence we have found that

Ri" = Uke(~1)10 700700, (125)
From (125), we find that the relation between Ny and Ukr

depends on the symmetry sectors, labeled by the eigenvalues
(=1)¥e~ of Uy, ,. Concretely,
pen {UKT7 (ug, 'U:T) = (O, O), (O, 1), (1, O)
KT =

(U, ur) = (1,1). (126)

—Ukr,

This completes the proof.

(= )(-07) He%(l_T:’%)(l_U;),
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To summarize, we managed to define the Kennedy-Tasaki
transformation on a ring for both spin-1 and spin-% Sys-
tems, and have shown their equivalence. Both of them are
non-unitary transformations, and satisfy non-invertible fusion
rules, and showed that the latter implements ST'S transfor-
mation. We also showed that when formulating them on an
interval, the transformation Ny for spin-1 systems and the
original Kennedy-Tasaki transformation Ukr for spin-1 sys-
tems are almost equivalent. Both of them are non-local and
unitary transformations.
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