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We perform a projective symmetry group classification of spin S = 1/2 symmetric quantum
spin liquids with different gauge groups on the diamond lattice. Employing the Abrikosov fermion
representation, we obtain 8 SU(2), 62 U(1) and 80 Z; algebraic PSGs. Constraining these solutions
to mean-field parton Ansétze with short-range amplitudes, the classification reduces to only 2 SU(2),
7 U(1) and 8 Z. distinctly realizable phases. We obtain both the singlet and triplet fields for all
Ansétze, discuss the spinon dispersions and present the dynamical spin structure factors within a
self-consistent treatment of the Heisenberg Hamiltonian with up to third-nearest neighbor couplings.
Interestingly, we find that a zero-flux SU(2) state and some descendent U(1) and Z, states host
robust gapless nodal loops in their dispersion spectrum, owing their stability at the mean-field level
to the projective implementation of rotoinversion and screw symmetries. A nontrivial connection is
drawn between one of our U(1) spinon Hamiltonians (belonging to the nonprojective class) and the
Fu-Kane-Mele model for a three-dimensional topological insulator on the diamond lattice. We show
that Gutzwiller projection of the 0- and 7-flux SU(2) spin liquids generates long-range Néel order.

I. INTRODUCTION

Frustrated magnetic models and materials based on
three-dimensional lattices are increasingly coming into
limelight as fertile playgrounds in search of novel phases
of matter. Indeed, the arrival of quantum materials based
on the highly (geometrically) frustrated pyrochlore [1-
4], hyper-hyperkagome [5], and trillium lattices [6] have
evoked theoretical studies attempting to decipher the mi-
croscopic nature of the quantum paramagnetic ground
states observed in experiment [7-11]. Numerical investi-
gations of three-dimensional quantum Heisenberg antifer-
romagnets have identified quantum paramagnetic ground
states on the geometrically frustrated pyrochlore [12-15]
and face centered cubic [16] lattices. In three dimen-
sions, the most exotic possibility is the realization of a
quantum spin liquid (QSL) — a magnetically disordered
phase at zero temperature stabilized when the spins in a
quantum magnet evade long-range magnetic order due to
frustration and amplified quantum fluctuations [17-19].

In bipartite lattice where geometric frustration is ab-
sent, such exotic ground states can still occur when longer
range antiferromagnetic interactions are included. These
longer range interactions compete with the nearest-
neighbor interactions, hence inducing frustration. Stud-
ies on simple cubic [20, 21] and body centered cu-
bic [21, 22] lattices have found similar quantum disor-
dered ground states in the presence of frustrating longer-
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range couplings. Given these results, it is natural to turn
to another common 3D bipartite lattice — the prototypi-
cal lattice for many familiar crystals — the diamond lat-
tice, and ask about the nature of the antiferromagnetic
ground states there. On the diamond lattice geometry, a
pseudo-fermion functional renormalization group analy-
sis of the Heisenberg model with nearest-neighbor J; and
second nearest-neighbor Jy couplings reported a quan-
tum paramagnetic ground state over a wide parameter
regime for spin S = 1/2 [23]. The spin structure factor in
this paramagnetic phase displays approximate spin spiral
surfaces as remnants from the parent classical spin liquid
of the S — oo model [24]. Motivated by this finding,
we take the first step towards addressing the following
question: what is the precise microscopic nature of the
S = 1/2 quantum state on the diamond lattice which
underpins the observed spiral surfaces?

A powerful statement can already be made by solely
examining the symmetry and lattice geometry: the Lieb—
Schultz—Mattis theorems (LSM) [25-27], in its original
form, state that if a lattice unit cell contains odd num-
ber of S = 1/2 spins the ground state cannot be a triv-
ial gapped paramagnet. While this seems to place the
S = 1/2 diamond magnet on the uninteresting side, as
the diamond unit cell contains two (i.e., even number of)
sublattices, the tale does not end here. A seminal work
by Parameswaran et al. [28] claims that the diamond lat-
tice is subject to a generalized LSM theorem: the ground
state on this lattice is nontrivial provided the electron fill-
ing per unit cell is not in multiples of 4. The key insight
here is to realize that the diamond lattice space group
contains nonsymmorphic symmetry elements such as a
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twofold screw, which produce filling constraints leading
to a nontrivial ground state, even if the electronic fill-
ing is predicted to be trivial by the orignal LSM argu-
ment. Since then, many more lattice magnets have been
predicted (in a systematic fashion) to have a nontrivial
ground state [29-32]. Here, the LSM theorem provides a
strong evidence for the putative spin liquid ground state,
aibeit other states that break some lattice symmetries are
possible e.g., a lattice nematic liquid or a valence bond
crystal, possibly described as the dimerization of a parent
QSL state.

Quantum spin liquids, being paramagnetic in nature,
cannot be distinguished by patterns of symmetry break-
ing and physical order parameters. They are host to ex-
citations characterized by fractional quantum numbers
(spinons) and to emergent gauge fields which mediate
their interactions [33]. Thus, QSLs can broadly be cat-
egorized by the nature of the matter fields (gapped or
gapless) and gauge fields (gapless SU(2)/U(1) or gapped
Zs) excitations [34]. Crucially, due to the emergence of
a gauge structure, lattice symmetries are realized pro-
jectively in the Hilbert space of spinon excitations. This
implies that a projective implementation of a lattice sym-
metry group (and time-reversal), together with a given
gauge group, allows one to systematically classify differ-
ent QSLs which possess the same physical symmetry, but
belong to distinct projective representations. This clas-
sification framework goes under the name of projective
symmetry groups (PSGs) [35]. The PSG approach has
been extensively applied on two- and three-dimensional
lattices [9, 36-56], and met with wide success in reveal-
ing the microscopic nature of the ground state of two-
dimensional antiferromagnets on highly frustrated lat-
tices [57-67]

In this work, we employ the PSG framework for the
Abrikosov fermion representation of S = 1/2 spin oper-
ators [68] to provide a complete and systematic classifi-
cation of symmetric QSLs on the diamond lattice with
SU(2), U(1), and Zs low-energy gauge groups. For each
of these gauge groups, we incorporate the full lattice
space group symmetry as well as impose time-reversal
symmetry. While our analysis principally focuses on sin-
glet QSLs, in general, we also give the symmetry al-
lowed triplet amplitudes thus allowing for a treatment
of spin-orbit coupling in the original spin system. By
following the PSG scheme to solve the gauge-symmetry
consistency equations, we find that there are 8 SU(2),
62 U(1), and 80 Zs algebraic PSGs. Upon restricting
to short-range (up to third nearest-neighbor) amplitudes
in the symmetry-allowed spinon mean-field Hamiltonian,
we find that the classification reduces to a limited num-
ber of distinct PSGs —with only 2 SU(2), 7 U(1), and
8 Zo distinct QSLs being realizable. Interestingly, we
find that a zero-flux SU(2) spinon Hamiltonian features
a gapless nodal loop in the Brillouin zone. This nodal
loop is shown to be robust at the mean-field level be-
ing protected by the projective rotoinversion and screw
symmetries of the lattice. For the frustrated Ji-J-J3

Heisenberg Hamiltonian, we self-consistently determine
the spinon dispersions and dynamical spin structure fac-
tors.

The paper is organized as follows. In Sec. I1, we present
the Heisenberg model, discuss the fermionic representa-
tion of spins, and explain the essence of the PSG frame-
work. In Sec. III, we discuss the symmetry properties
of the lattice. In Sec. IV, we apply the PSG method to
the classification of QSLs on the diamond lattice and
obtain the SU(2), U(1) and Zs algebraic PSGs. In
Sec. V, we construct the SU(2) flux operators which
are crucial towards characterizing the different Ansétze.
In Sec. VI, we construct symmetric mean-field fermionic
spinon Hamiltonians for SU(2), U(1) and Zs invariant
gauge groups (IGGs), as well as perform a self-consistent
mean-field analysis to obtain the spinon band structures
and dynamical spin structure factors. In Sec. VII, we
draw a nontrivial connection between one of our parton
Hamiltonian and the Fu-Kane-Mele model for a three-
dimensional topological insulator on the diamond lattice.
In Sec. VIII, we discuss how Gutzwiller projection of the
0- and 7-flux SU(2) Ansétze gives rise to long-range Néel
order. Finally, we summarize our results and present an
outlook in Sec. IX.

II. MODEL AND METHOD

In this section, we describe the fermionic representa-
tion of a spin Hamiltonian and the basic idea of projec-
tive symmetry groups. Our starting point is a generic
Heisenberg model on a lattice

H=> 17,88 (1)
(4,5)

with S = 1/2 spins on each site.

A. Abrikosov fermion mean-field theory

To construct fermionic mean-field theories [69] for
QSLs from the spin Hamiltonian given by Eq. (1), the
first step is to express the spin operators in terms of
spin-1/2 (charge neutral) fermionic spinon quasiparticles

fio [68]

o 1 M oa f
S =52 forsofior, 2

oo’

where 0 = {1,1}, a = 1,2, 3, and 7* are the Pauli matri-
ces. Formally, splitting a spin operator into two spinon
operators captures the fractional character of the spinon
excitation in QSLs. While the local Hilbert space of the
original spin model is two-dimensional, consisting of 1 or
J states, the dimensionality of the fermionic Hilbert space
is larger, as it includes the unphysical doubly occupied
and empty states which carry spin S = 0. A bonafide



wave function for spins can thus be obtained by project-
ing a fermionic state onto the Hilbert subspace with one
fermion per site. This can be implemented by imposing
the following constraints

Z fia=1, Zfiafiﬁeaﬁ =0. (3)
o,
Employing the doublet representatlon z/Jz = (¢, 5 ) with
¢i = (fi,T7fi,J,> and ¢2 (fl N 1T ( ) can be
recast as [70]
Ao 1 o
Sy = §Tr[¢i7 ;). (4)

In this form, the symmetries of the fermionic repre-
sentation are manifest. In particular, under the opera-
tion of right multiplication of 1/)z by W, i.e. z/;, — z/;,
with W; € U(2), the spin operators in Eq (4) remain
invariant. Furthermore, to preserve the fermionic char-
acter this symmetry must be restricted to SU(2) [71].
Since this local site-dependent transformation acts inter-
nally on the spin operators, it corresponds to an emer-
gent SU(2) gauge symmetry of the fermionic represen-
tation. On the other hand, a left multiplication op-
eration 1); — Gi); corresponds to a SU(2) rotation of
spin operators. This property enables us to define the
manlfestly SU (2) spin rotational invariant (singlet) fields

1/) z/J], which live on the bonds of the lattice. These
51nglet link operators are composed of two terms, a sin-

glet hopping field x;; = Ainj,T + fZifjai and a singlet
pairing field Aij = fi,ifj,‘r
lowing matrix structure

- fi,Tfj,¢7 arranged in the fol-

X Al

. )
Ay il (®)

Inserting Eq. (4) into Eq. (1) results in a quartic Hamil-
tonian in the fermionic operators, which can be turned
into an analytically solvable model through a quadratic
mean-field decomposition [35]. In order to obtain a
SU(2) rotationally invariant mean-field model, suitable
for QSLs of isotropic systems, one restricts the mean-
field approach to the quadratic singlet fields x;j, Ajj.
The resulting mean-field setting involves the link pa-
rameters u;; = (U;;) (i.e., a matrix containing the
terms xi; = (i), Aij = (Ay;)), and requires the con-
straints of Eq. (3) to be fulfilled on average, namely
D a (f fm> =1 Zaﬁ<fmfiﬂ>eaﬂ = 0. In terms of the
doublet representation, the latter mean-field expressions
for the one-fermion-per-site constraints are formulated
in the compact form (¢;7*9!) = 0 (a € {1,2,3}, V 9).
These terms can be incorporated in the Hamiltonian by
means of three Lagrangian multipliers a,. Finally, the

mean-field Hamiltonian takes the form,

Hayr 72 Jij { Tr( u ulj) Tr(z[)iuijzﬂ; + h.c.)

(i5)

+ Z Z o Tr[ 7] (6)

Here, (ui;,aq) represents an Ansatz for QSLs in the
zeroth order mean-field setting. The link mean-field u;;
can be re-expressed in terms of complex ‘h’ and ‘p’ pa-
rameters,

U5 = L.ImhijTO 4 Rehij’r3 + RepijTl + ImpijT2 (7)

where 79 is 2 x 2 identity matrix. Notice that the afore-
mentioned mean-field Hamiltonian is invariant under the
local SU(2) gauge transformation

’(/AJi — @,WZ, Uy — W;uijo, aoﬂ'a — aaWJT‘*Wi. (8)

Therefore, in the mean-field construction, the internal
symmetry group transforms into a local gauge symmetry.

B. Projective Symmetry group

In this section, we describe the PSG framework to clas-
sify the QSL mean-field Ansédtze. As discussed earlier,
the fermionic mean-field Hamiltonian given by Eq. (6)
has alocal SU(2) gauge redundancy. This means that any
Ansatz u;; and its local SU(2) gauge transformed Ansatz
WiuijoT represent the same physical QSL phase. They
can be simply viewed as different ways of labeling the
same QSL [35]. This gauge redundancy can be exploited
to distinguish physically different QSL phases. Indeed,
two different Ansétze label two different QSL phases iff
they are not related to each other via a local SU(2) gauge
transformation. This concept is the backbone of the PSG
approach.

Let us consider an element O of the space group of
a certain lattice and let us apply it to a given Ansatz,
such that O(ui;) = vo@yoy)- If wij # uo@yo(;) one may
conclude that the Ansatz breaks the lattice symmetry
O. However, this is not necessarily true, since the local
SU(2) gauge redundancy allows any symmetry to act not
only linearly but also projectively into the local SU(2)
gauge space. In other words, even if u;; # up(i)o(j), the
symmetry can be restored if we are able to associate a
suitable local gauge transformation Go (i) € SU(2) to
the lattice symmetry O such that

GH(0())uom o) Go(0()) = ;. 9)

The combined operation of the symmetry element O and
a local gauge transformation G (i) € SU(2) constitutes
a symmetry group known as the PSG. Different gauge
inequivalent PSGs label different QSL Ansétze and thus
all different Ansétze can be distinguished using PSGs.



Therefore, the PSG is a mathematical tool to character-
ize different QSLs, analogously to what regular symme-
tries do for distinct phases of matter within the Landau
paradigm.

The projective construction also requires the definition
of the identity operation I in the projective space. This
can be achieved by defining a pure local gauge group
G € SU(2) such that

GluiiG; = wij. (10)

This is known as the invariant gauge group (IGG). Com-
paring with the definition of PSG given by Eq. (9), one
can conclude that G is the PSG extension correspond-
ing to O = I. Thus, in projective space, an identity
can be defined up to an element of G. For mean-field
Ansétze containing only imaginary hopping terms, i.e.,
u;; = ilmh;;7°, the IGG contains all possible global
SU(2) transformations, i.e., G = {e/*7}. If we add
real hopping terms to the Ansitze, i.e., u;; = ilmh;;7° +
Reh;;73, the associated IGG is broken down to U(1),
ie, G = {eims}. Similarly, adding pairing terms, i.e.,
Usj = LImhijTO + RehijT?’ + RepijTl + Impisz, leads to
a further lowering of the IGG to Zs, i.e., G = {£1}. The
QSL mean-field Ansétze are generally labelled by their
IGGs: if one says SU(2), U(1) or Zy QSL mean-field
Ansatz, this means that the IGG of the Ansatz is SU(2),
U(1) or Zs, respectively.

III. LATTICE AND TIME-REVERSAL
SYMMETRIES

The diamond lattice is a bipartite lattice composed of
two fcc sublattices which we label by = 0,1. The fcc
Bravais lattice vectors e, ez, and ez are defined as

a

e = 5(5’4‘2) (11)
€y = %(i + 5() (12)
03 = 5(%+7) (13)

where @ is the cubic lattice constant, X, ¥, and z are
the basis vectors of the Cartesian coordinates aligned
with the cubic system of the diamond lattice, with its
origin placed at a pu = 0 site [see Fig. 1]. The sublattice-
dependent sites coordinates are defined as

(’I“1,7“2,7”3,/1,) =r, =rie; +12€2 +1r3€3+ €, (14)

with

—~

0,0,0) (15)

€y = 3
(x+y+2) (16)

€1 =

RS

The space group of the diamond lattice is Fd3m
(#227) [see Appendix A], which is generated by the fol-

FIG. 1. An illustration of the diamond lattice with red and
grey spheres denoting the two sublattices (u = 0,1, respec-
tively). The Cartesian coordinate system has its basis vectors
X, ¥, and Z aligned with the sides of the cubic conventional
cell of the diamond lattice. The origin is placed on a u =0
site. e1, ez, and e3 are the fcc Bravais lattice vectors.

lowing five symmetry elements

Tyt (ri,ra,m3, 1) = (114 1,2, 73, 1),

Ty : (r1,72, 73, 1) — (11,72 + 1,73, 1),

T5: (r1,7me,r3, 1) = (r1,72,73 + 1, 1),

Sy (ri,re,r3,u) = (r1+ 1o +rs+p, —rs, —r1, i),
Cs 2 (11,712,773, ) = (=73, =71, =72, [i),

(17)
where it = 1 — u. The operations Ty, T, and T3 de-
note the translations along the lattice vectors e, e;, and
es, respectively; Sy is a nonsymmorphic screw symmetry
which is the composition of a C4 rotation about the z-axis
anchored at (0, %,0), followed by a translation (0,0, %);
C3 is a sixfold rotoinversion composed of a Cj rotation
around the [1,1, 1] axis and an inversion with respect to
(1/8,1/8,1/8). In Appendix A, we show that the entire
space group can be generated from Sy and Cs only, which
thus constitute the minimal set of generators.

In addition to {7}, Ty, Ts, S4, C3}, fully symmetric QSL
mean-field Ansétze require the inclusion of time-reversal
symmetry 7, which can be defined such that its action
results in a sign change for the Ansatz, i.e., T (u;j,a,) =
—(us5,a,) [35, 45]. This implies that the projective con-
struction given by Eq. (9) becomes G;-(i)uijGT(j) =
—u;; for O = T. Since it does not affect site positions,
T commutes with all space group symmetries (and with
gauge transformations [45]). The symmetry group of the
diamond lattice is thus completely characterized by the



following group relations.

LT T ' T =1, (18a)
T,C5' Ty Cs =1, (18b)
(C5)° =1, (18c)

Ty S TS =1, (18d)

Ty 'Sy TLTy PSSy =1, (18e)
SAT ' TSy T =1, (18f)
STy Sy MM =1, (18g)
SuT; 'Sy 'y =1, (18h)
SIT M Ty T3 =1, (181)
(S4C3)% =1, (18j)
(Cs"S3)° =1, (18K)
(C5°Sa)* =1, (181)
(C387)° =1, (18m)

T =1, (18n)

TOT 'O ' =1, O €{Ty,T5,T3,54,C3} . (180)

Here, the notation i+ 1 is intended as the modular arith-
metic operation mod(i — 1,3) + 1, which permutes the
three translation directions.

IV. PSG CLASSIFICATION FOR DIAMOND
LATTICE

Given the symmetry group O € {1, T, T3, S4,Cs, T },
the allowed PSG solutions for the diamond lattice are
obtained using the algebraic relations given in Eqs. (18)
by associating a gauge transformation G with each of
the symmetry operations Q. The important point is that
these relations are required to be fulfilled only up to the
IGG, and not the identity. The resulting generalized al-
gebraic relations incorporating the corresponding gauge
transformations are given in Appendix B.

Since the diamond lattice is bipartite, one can define
unfrustrated Ansétze with IGG € SU(2), corresponding
to the following PSG solutions [see Appendix C].

Gr(r,p) = 7% Gy (r,p) = 0" 7%, Gy (ry ) = 7270,

(19a)
Gr(r,p) = g7 (1), (19b)
r ro (225 g —p) —ra (B35t 4y
Gs4(7’,u):775"‘n771( 7o) (S g (),
(19¢)
Gy (o) =2 i o g, (1) (19d)

Here, the n-parameters are integers which take values £1
and (g7(1), 9s, (1), 96, (1)) € SU(2). As a consequence
of the different possible values of some 7-parameters, we
find a total of eight SU(2) PSGs which are summarized
in Table I.

Upon fixing the IGG € U(1), and working in the
canonical gauge [35], both real and imaginary hopping
terms are allowed and the corresponding PSG associated
with a symmetry operation O takes the generic form
Go(r,p) = g3(po(r,n))(it!)e. Here, we use the no-
tation g3(§) = GZETS, where £ is a U(1) phase; wo can
take values 0 and 1. We obtain the following solutions
[see Appendix D].

Gr, (r,p) =7°

GT2 (T’ ,u) = 93(_T1X1) (20)
G, (r, ) = g3((r1 —r2)x1)

Gs,(r,p) = g3 (0, + r3xsr, — (1) ¢, x1) (ir!) s

—1 —1
with C?",/L =T2 <T2 B —Tr3 — ,[_L) + 73 <’I"1 + T3 5 )
(21)

Gég (T, l’[’) = g3 (’rl (r3 - rQ)Xl + pu

—(=1)"%s (raxeyr, + rsxeym,)) (i)
(22)

Gr(r,p) = (~1)*r0, i (23)

We find a total of 62 U(1) PSGs which are listed in Ta-
ble II. It is worth noting the presence of solutions cor-
responding to wy = 0 is a unique feature of the di-
amond lattice and is connected to it bipartite nature.
Such solutions do not exist on non-bipartite geometries
such as the pyrochlore [52] and hyperkagome [46] lattices.
From a technical perspective, such a characteristic is ac-
companied by the appearance of a sublattice-dependant
projective solution of time-reversal symmetry. Conse-
quently, this permits the existence of nonvanishing time-
reversal symmetric Ansdtze. Another unique feature of
the diamond lattice is the appearance of an Ansatz with
X1 = 7/2 (referred to as Class-C) which respects both
the lattice space group as well as time-reversal symme-
try. On the contrary, on the pyrochlore lattice [52], this
class of solutions respects the lattice space group symme-
try but breaks time-reversal symmetry, thus giving rise
to chiral spin liquid Ansétze.

Upon further lowering the IGG to Zs, we obtain the
following PSG solutions [see Appendix E]

GTl (T‘, ,U) = TO? GT2 (’/‘, :u) = 77” 7—03 GT3 (T‘, H) = 77T1+T27_0’
(24a)
- T T2_1+r~ —i)—r r3s_1l .
Gy o) = gy T T g ),
(24c¢)
T T 1(r2+r:
Gy (ro ) =02 e o ge, (1) (24d)

Here, (g97(1),9s,(1),96,(1)) € SU(2) and the -
parameters take values +£1. We find a total of 80 Zy PSGs



m STy Neat, NeaT, 97(0) g7 (1) 9s4(0) gs.(1) 96,(0) 96,(1) # of PSGs
+1 Ui +1 +1 97 —g7 984 154954 96, 163905 8
TABLE I. The 8 gauge inequivalent SU(2) PSGs.
WSy W@,  WT X1 {xsts, Xear s XEamy b 93(6) 93(pu) # of PSGs
0 0 0 x1=0,7 {_X1707 O} {70793(01)} {7-07 (_1)m393(01)} 4
0 1 0 x1=0,m {—x1,0,0} {79, g3(61)} {7° gs(n.m/3)} 12
1 0 0 x1=0,m % {x1,0,—2x1} {7% (=)™ gs(x1)} {7, 93(pc)} 6
1 1 0 x1 =0, {x1,0,0} {70, (=1)™270} {70, (=1)™270} 8
0 0 1 x1=0,7 {—x1,0,0} {70, (=1)™ 70} {70, (=1)™270} 8
0 1 1 x1=0,7 {—x1,0,0} {70, (=)™ 70} {70, (=1)™270} 8
1 0 1 x1 =0, {x1,0,0} {70, (=1)™ 70} {70, (=1)™270} 8
1 1 1 x1=0,7 {x1,0,0} {70, (=1)™ 70} {70, (=1)™270} 8

TABLE II. The 62 U(1) PSGs. m1,m2, m3 can take values 0 or 1 and n. = 0,1,2,3,4,5. For wr =0, G7(r,p) = (=1)*7° and

for wr =1, Gr(r,p) = it

which are listed in Table III. Similar to the U(1) PSGs,
for the Zs case also we find the existence of sublattice-
dependent time-reversal projective gauge solutions which
are absent for the pyrochlore lattice [52].

Here, we would like to stress that, one novelty of the
U(1) PSG on the diamond lattice is the existence of those
x1 = m/2 classes (classes labeled by C), whose parton
unit cell is quadrupled in two out of the three translation
directions. To our knowledge, this “quadruply enlarg-
ing” of unit cell have only been observed in the diamond
and pyrochlore lattice. The physical origin for it remains
unclear and is an interesting question for future stud-
ies. Interestingly, Wen in his seminal paper [35] already
pointed out that, for the square lattice PSG, an infinite
number of chiral symmetry classes may exist correspond-
ing to x1 = %F (U1} class) with m,n € Z. On the other
hand, we point out that there have been lattices, when,
assuming full lattice symmetry, forbids any unit cell en-
largement in the U(1) PSG: For example, in hyperhon-
eycomb lattice, the presence of glide reflection symmetry
forbids such classes.

V. SU(2)-FLUX OPERATORS

Given the SU(2) gauge redundancy, the mean-field
Anséitze may not be expressed in their canonical IGG
form. In such cases, the IGG can be traced out by
introducing SU(2) flux operators [35, 45] P, which
are defined around the loops ‘C’ (comprised of sites
jyk,l,---,7) with respect to a base site ‘j’.

FPe, = P(j,k, 1+, §) = wjrups - - - Uy (25)
The G € IGG for an Ansatz in a generic gauge form can
be traced by the following condition [45]

G, Pe,] = 0. (26)

In general, Pc;, for a ‘q’-sided loop takes the form,

Pe,(dc) o giee™ (r3)1gh with g; € SU(2).  (27)
Here, the phase ‘¢¢’ can be interpreted as a flux thread-
ing the loop C. Complementary to the PSG and IGG, the
Ansétze can also be characterized based on these fluxes.
In the following, we define the relevant loop operators on
the diamond lattice, based on which we characterize and
distinguish the Ansétze.

Consider a base site ‘1’ [e.g., (0,0,0,0), see Fig 2(a)].
Starting from this base site and considering only the first
nearest neighbour (1NN) bonds [drawn in blue] we find
that there are only six possible hexagonal loops [shown
is the loop formed by sites (1,2, 3,4, 5, 6)] which are con-
nected to each other by symmetries. We can thus con-
sider any one of them to define the flux structure when
considering only 1NN amplitudes. Similarly, the inclu-
sion of second nearest neighbour bonds (2NN) [drawn in
orange| gives rise to multiple triangular loops all com-
posed of two INN bonds and one 2NN bond. In order
to define the flux structure, we consider two possible dis-

(b

)
® ‘.5,‘ ..

[

FIG. 2. Loops formed when considering up to (a) second near-
est neighbour bonds and (b) third nearest neighbour bonds.
The p = 0 and 1 sublattice sites are marked with red and
gray spheres, respectively. The 1NN, 2NN, and 3NN bonds
are drawn in blue, orange and green, respectively.



Number
m NSt Neat Neaty 97(0) g7 (1) 9s4(0) gss(1) 9¢,(0) 9e, (1) of PSGs
+1 m +1 +1 70 T’ 70 NS4 TC 70 Ney 70 16
+1 m +1 +1 70 nrr 70 NS, T° ir? Ney ir? 16
+1 m +1 +1 ir? inrr? 70 NS, T° 70 NEy 70 16
+1 m +1 +1 ir? inrr? 70 N, T° ir? Ney ir? 16
+1 m +1 +1 ir? inrr? 70 NS, T° i3 Ney ir? 16
TABLE III. The 80 gauge inequivalent Zy PSGs.
INN 2NN 3NN Onsite
Label {uoa,uoB,uvoc,uop} {u%l,uooQ, uds, udy, uds, uds, {u0a, Uob, UOe, WO, UOe, UOf, {aa(0),aa(1)}
UH 1, Uba, U3, Ub4, Ubs, Ubs } UOg, UOh, UOi, UO;, WOk, UOL}
SAB {u1 = h17'3} {0} {ug = h37’3} {0}
SB1 {ur = ha73} {0} {0} {0}
UAOl {u1 = h17'3} {UQ = h27'3} {ug = h37’3} {a3}
UA31 {ur = ha73} {ug = hat®, uz, ug, u2, uz, ua, {uz = hat?} {as, —as}
ul2 = —u2, u’27 U‘/27 u’27 u/27 u’2}
UA30 {u1 = h17’3} {'UQ = O} {U5 = L.h37'o —+ héTd} {O}
UBOl {u1 = h17’3} {UQ = h2T3,—UQ,UQ,UQ,U2,—UQ, {O} {ad}
Uy = Uz, Uy, Wy, —Us, Wy, Wy}
UB31 {u1 = thS} {UQ = h27'3,—UQ7u2,’u,27U,2,—UQ, {0} {a37—a3}
Uy = —Usa, Uh, Uy, —Uh, U, Us }
UB20 {U1 = h17‘3} {'LLQ = O} {’LL3 = I:hsTO, u3z, —u3,u3, us, —U3} {0}
—uz, —u3, —u;, —ug3, —usz, —u3}
UCc20 {ur = hat®} {0} {0} {0}
Z A000 {ur = ha73} {ug = hat® 4+ pa7'} {us = hat® + ps7'} {a1,3}
Z A310 {ur = ha73} {ug = ho7® + pott, ua, u2, ug, us2, uz, {us = h3t®} {as}
uh = T3uaT? ub, ub, ub, uh, ub}
ZA010 {ur = ha73} {ug = ho7® + pott, ua, u2, ua, us2, uz, {us = ha7?} {as, —as}
uh = T uaTh ub, ub, ub, uh, ub}
Z B200 {U1 = h17’3} {UQ = ]’L2T3 +p2T1,—UQ,UQ,’LL2,UQ,—UQ, {0} {a113}
U2, U2, U2, —U2, U2, U2 }
ZB110 {ug = a3} {uz = hom® + pat!, —u2, u2, uz, uz, —uz, {0} {as}
uh = T3 uaT®, U, ub, —ub, uh, ub}
ZB210 {u1 = h1’7'3} {u2 = h2T3+p2T1,7UQ,UQ,UQ,UQ,7UQ, {0} {ag,fag}
uh = TruaTh, ub, ub, —ub, uh, ub}
ZB303 {u1 :h1’7'3} {U2 =p27’1,7UQ,UQ,UQ,UQ,7UQ, {'LL3 =Lh3T0,U3,7U3,U3,U3,7U3} {(11}
uh = Uz, U, U, —Uh, Uy, U } —uz, —u3, fu;, —u3, —u3, —U3}
ZB203 {u1 :h17'3} {'LLQ =p27’1,7UQ,UQ,UQ,U,2,7UQ, {U3 :ihgTO,U3,7U3,U3,U3,7U3} {al,fal}

/.3 3,/ ! / / / T
Uy = T U2T 7u27u277u27u27u2} —us, —us, —Uz, —U3,

—us, *u3}

TABLE IV. All possible Ansétze on the diamond lattice when restricted upto third nearest neighbours. There are in total 2
SU(2), 7 U(1) and 8 Z3 mean-field Ansétze. The notation (uoa,uoB,uoc,uop), (uf,; with = 0,1 and ¢ = 1,2,..,6) and
(uoa with @ = a,b, ¢, ...,1) is defined in the Appendix F. The labelling scheme is given at the beginning of Sec. VI.

tinct triangular loop the (1,5,6) loop contains a 2NN
bond connecting ‘0’ sublattice sites [1 <« 5], while the
(1,6,7) loop contains a 2NN bond connecting ‘1’ sublat-
tice sites [6 <+ 7]. The hexagonal loop has been defined
as
P, = P(1,2,3,4,5,6,1)
= ((0,0,0,0)(0,0,0,1)){(0,0,0,1)(1,0,0,0))
((1,0,0,0)(1,0,—1,1)){(1,0,-1,1)(1,0,—1,0))
(1,0, -1,0)(0,0, —1,1)){(0,0, —1, 1)(0,0, 0, 0))

(28)

where ((r1,72,73, ) (1,75, 75, 1)) denotes the Ansitze
u; ; on the bond connecting sites i = (r1,79,73, 1) and

j = (rf,rh, 75, 1'). The two triangular loops, schemati-
cally shown in Fig. 2(a), are defined as

P, = P(1,5,6,1) = {(0,0,0,0)(1,0,—1,0))
((1,0,-1,0)(0,0,-1,1)){(0,0,-1,1)(0,0,0,0))
(29)
and
P, =P(1,6,7,1) = ((0,0,0,0)(0,0,-1,1))
((0,0,-1,1)(-1,0,0,1)){(—1,0,0,1)(0,0,0,0)).
(30)
Employing translations, the hexagonal loop operator
can be written in terms of upa, uoB, voc, uop and



Label h1 h2 P2 Rehg Imh3 P3 €0
SA3 0.168509 0.0 0.0 -0.013143 0.0 0.0 -0.158353
U A01 0.168509 1.64x1074 0.0 -0.013143 0.0 0.0 -0.158353
UA31 0.168486 0.001336 0.0 -0.013140 0.0 0.0 -0.158358
UA30 0.168509 0.0 0.0 -0.013143 3.1x107° 0.0 -0.158353
ZA000 0.168486 8.x107° 0.001339 -0.013140 0.0 3.1x107° -0.158358
Z A310 0.168509 1.28x107* 1.28x107* -0.013143 0.0 0.0 -0.158353
ZA010 0.168481 0.001037 0.001037 -0.012589 0.0 0.0 -0.158358
SB1 0.159108 0.0 0.0 0.0 0.0 0.0 -0.135016
UB01 0.159108 0.0 0.0 0.0 0.0 0.0 -0.135016
UB31 0.148013 0.027952 0.0 0.0 0.0 0.0 -0.139943
UB20 0.159108 0.0 0.0 0.0 7.2x107° 0.0 -0.135016
7 B200 0.148017 5x107° 0.027948 0.0 0.0 0.0 -0.139943
ZB110 0.159108 0.0 0.0 0.0 0.0 0.0 -0.135016
7 B210 0.147977 0.022403 0.016817 0.0 0.0 0.0 -0.139943
ZB303 0.148017 0.0 0.027948 0.0 3.2x107° 0.0 -0.139943
ZB203 0.159108 0.0 0.0 0.0 7.4x1075 0.0 -0.135016
UC20 0.159905 0.0 0.0 0.0 0.0 0.0 -0.136372

TABLE V. The self-consistent mean-field amplitudes and ground state energies calculated for the parameters (J2/J1, J3/J1) =

0.54, 0.40)

similarly the triangular loops can be expressed in terms
of translations and uf,; [see Appendix F for the definition
of bonds]:

Py, = uOAuI)BuoDUToAg:’a(*Xl)UOBUTOD (31)

Pyy = g3(x1)(uds) g3 (—x1)uosub

) (32)
P,, = uopg3(—x1)upsuoB-

Once we include third nearest neighbour (3NN) bonds,
two distinct triangular loops whose sides are composed
of INN, 2NN and 3NN bonds one each, can be defined
[see Fig. 2(b)]. Starting with a given base point ‘1’, e.g.
(0,0,0,0), one can distinguish these two triangular loops
[(1,3,4") and (1,4',5")] by the fact that they contain
distinct 2NN bonds, which connect either two p = 0 sub-
lattice sites [1 «» 3" in (1,3',4')] or two p = 1 sublattice
sites [4' +» 5" in (1,4,5")] . The corresponding flux op-
erators are

Py, = P(1,4',3',1) = ((0,0,0,0)(—1,1,0,1))
((-1,1,0,1)(-1,1,0,0))((—1,1,0,0)(0,0,0,0))
P3, = P(1,4',5',1) = ((0,0,0,0)(—1,1,0,1))
((-1,1,0,1)(0,0,0,1)){(0,0,0,1)(0,0,0,0))
(33)
which can be written as,

Py, = uObUJ(r)AQS(Xl)UOOG

- (34)
P3¢, = wop93(X1)Uo6UO A -

Furthermore, there is a four-site loop ((1,4,3,2))
composed of one 3NN bond and three INN bonds [see

Fig. 2(b)]

Py, = P(1,4,3,2,1)
<(Oa 07070)(_1a 1,0, 1)><(_17 1707 1)(_17 1>070)>
((-1,1,0,0)(—1,0,0,1){(—1,0,0,1)(0,0,0,0))

(35)
which can be expressed as

Ps. = UObUTOAUOCUTOB (36)

All the aforementioned loop operators (P, Ps,.)-
(Piy, Pry)-(Paty, P3t,) have been utilized to trace the
IGGs of all the Ansétze in arbitrary gauge form. How-
ever, for characterizing an Ansatz by its flux structure it
suffices to use the following fluxes (Py, Ps,)-(Piy, Pr, )-

VI. SHORT-RANGE MEAN-FIELD ANSATZE

We now proceed towards obtaining the mean-field
Ansédtze of quantum spin liquids realizing the differ-
ent PSGs employing the symmetry conditions in Ap-
pendix G. The different Ansétze are characterized based
on the gauge fluxes threading through elementary pla-
quettes. In our analysis, we restrict the mean-field
amplitudes up to third nearest neighbour bonds which
leads to a total of 17 distinct Ansétze [see Table IV
and Appendix F for the definition of bonds]. Further-
more, we perform self-consistent mean-field calculations
for the J; — Jo — J3 Heisenberg Hamiltonian at a point
in parameter space, in order to determine the spinon
band structure and dynamical spin structure factors. We
choose (J2/J1,J5/J1) = (0.54,0.4), which is proximate
to a classical triple point between different orders, since
here strong quantum fluctuations for S = 1/2 could
potentially realize a nonmagnetic ground state. The
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FIG. 3. Illustration of (a) first Brillouin zone for class-A Ansétze, (b) the corresponding extended Brillouin zone. Illustration
of the reduced Brillouin zones required for class-B (¢) and class-C (d) Ansétze involving doubling and quadrupling of unit
cells, respectively. The high-symmetry points marked have the following coordinates: In (a), I' = (0,0,0), X = (0,2m,0),

(7/2,2m,7/2), W = (m,2m,0), K = (31/2,37/2,0) and L = (m,n,m). In (b), I = (0,0,0), H = (0,0, 4n), N = (0, 2m, 2m)
and P = (2m,2m,27). In (c), the coordinates are I' = (0,0,0), X = (m,n/4,—7/4), Z = (0,7, 7), ¥ = (7/2,7/2, —7r/2)
S = (m,0,0), Ay = (0,7n/4,7/4), T = (n/2,37/2,7/2), A = (n,bn/4,3n/4), R = (m,m,n) and X1 = (0,3w/4, —37w/4).
In (d), T' = (0,0,0), X = (7/2,7/8,—7/8), Z = (0,7, m), Y = (w/4,n/4,—7/4), S = (7/2,0,0), Ay = (0,117/8,57/8),
T = (w/4,57/4,37/4), A = (7/2,97/8,77/8), R = (r/2,m,7) and X1 = (0,37w/8,—37/8). The family tree of spin liquids
showing the interconnection between the parent and descendent states with different gauge groups for (e) class-A, (f) class-B

and (g) class-C.

self-consistently determined mean-field parameters and
ground state energies are given in Table V.

In the ensuing discussion, our choice of the labelling
scheme for the Ansatze is such that it reflects the infor-
mation on the corresponding gauge inequivalent PSGs.
We thus adopt the following labelling scheme for SU(2)
Ansétze

SA/BT]S4C'3 )

where the SU(2) classes A and B refer to the cases with
m = —+1 and 1 = —1, respectively. The case n; =
—1 corresponds to a scenario where the mean-field unit
cell needed to accommodate the gauge flux structure is
doubled along two fcc directions [(re,r3) in Fig. 1(a)]
compared to the original geometrical unit cell. The label
ng,c, takes the values 0, 1, 2 and 3 for the combinations
(7754777@3) = (+17+1)7 (+17_1)7 (_17+1) and (_L _1)7
respectively.
The labelling scheme for U(1) Ansétze is

(37)

UA/B/Cwg,,wT, (38)
where the U(1) classes A and B refer to the cases x1 =0
and y; = m, respectively. Since, y; is related to 7 as
m = g3(x1) for these two classes, the A and B labels for

U(1) Ansétze have the same reference as for the SU(2)
case (this carries over also to the Zs Ansétze discussed
below). Furthermore, for the U(1) PSGs, there appears
an extra class C referring to x1 = 7/2 and corresponding
to a quadrupling of the unit cell along two fcc directions
[(re,3) in Fig. 1(a)]. The label wg,¢, takes the values
0, 1, 2 and 3 for the combinations (ws,,ws,) = (0,0),
(0,1), (1,0) and (1, 1), respectively.

Finally, the labelling scheme for the Zs states follows

ZA/Bng,c,n796,(0)

where akin to the SU(2) case we shall use 0, 1, 2 and 3
to denote different combinations of parameters 7s,, na, -
The 0 and 1 values denote positive and negative signs of
nr. If g6,(0) o< 7%, we shall write « in its place. We
therefore divide the following discussion of the Ansétze
into three parts based on the classes A, B and C.

(39)

A. Class-A Ansatze

In this class, all the Ansétze can be realized within
the crystallographic two-site unit cell. The first Bril-
louin zone (FBZ) of the diamond lattice [see Fig. 3(a)],
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FIG. 4. Spinon dispersion and dynamical spin structure factors plotted along the high symmetry path for the states SA3 [(a),
(b)], UA31 [(e), (f)] and ZA000 [(g), (h)]. Here, the dispersion spectrum is plotted in the first Brillouin zone [see Fig. 3(a)]
while the dynamical structure factor is plotted in the extended Brillouin zone [see Fig. 3(b)]. Shown in (c) is the nodal loop in
the extended Brillouin zone which appears as a nodal cross in the first Brillouin zone (d).

corresponding to the underlying fcc Bravais lattice, is
a truncated octahedron. However, due to the presence
of two sublattices in the diamond lattice, the periodic-
ity of the structure factors is dictated by an extended
Brillouin zone (EBZ), a thombic dodecahedron (the first
Brillouin zone of the body-centered cubic lattice), which
is depicted together with the high-symmetry points in
Fig. 3(b).

1. SU(@2)

We begin with the SU(2) state given by the first row in
Table IV, which belongs to Class-A. This Ansatz corre-
sponds to a uniform RVB state. The mean-field param-
eters vanish on 2NN bonds. Thus, P, (¢r,), P, (P ),
Pt (d31,) and Psy, (@31, ) are not defined, and the SA3
state can be characterized by (¢pn,¢s-) = (0,0) flux
threading the loops associated with (P, Ps,). Hence, we
refer to this uniform RVB state as simply 0-flux Ansatz.
The spinon excitation spectrum is gapless and shown in
Fig. 4(a) along the high symmetry path. It consists of
two 2-fold degenerate bands given by

€k, = E|Ax| (40)
where, A = h1 3 ,cyn €% + hy X cany €, and
d; denotes the position vectors of the 1NN sites. To ful-
fill the (mean-field) one-particle per-site constraint, the
Fermi level, shown by a dashed line in Fig 4(a), is deter-
mined to be such that the lower-half energy eigenstates
are filled (this is the case for all Ansétze consisting of hop-
ping only terms, i.e., the SU(2) and U(1) states, see Ap-
pendix I). In the SU(2) 0-flux state, the gapless k-points
are given by |Ag| = 0. This gives rise to 4-fold degener-

ate nodal loops placed at the Fermi energy [shown in the
EBZ in Fig. 4(c)] which in the FBZ appear as a nodal
cross-like structure [see Fig. 4(d)]. We have established
the robustness of such a nodal structure at the mean-field
level upon inclusion of up to tenth nearest-neighbour am-
plitudes. Thus, the presence of a 4-fold degenerate nodal
loop is not accidental, but rather protected by the pro-
jective symmetries of screw rotation and rotoinversion as
demonstrated in Appendix J.

It is worth noting that due to the explicit presence of
real hopping terms, the Ansatz is not in its canonical
gauge form [Eq. (C1)]. However, by effecting a suitable
gauge transformation it can be recast in the following
canonical SU(2) form

SA3 : up = ihy7°, ug =0, uz = ihst°, aq =0. (41)

2. UQ)

We now proceed towards identifying the symmetric
U(1) Ansétze which lie in the neighbourhood of the 0-
flux SU(2) state. We find three such Ansétze given by
the rows 3-5 of Table IV and labelled U A01, U A31 and
U A30, respectively. The presence of non-vanishing 2NN
mean-field amplitudes for the UA01 and UA31 Ansétze
permits them to be characterized by the fluxes (¢p, ¢d3,)
and (¢t07 ¢t1)'

For the UA01 Ansatz, there is zero flux threading
the loops corresponding to (¢, ¢s,-), and also the fluxes
threading the triangles are (¢:,,¢+,) = (0,0). We thus
refer to this state as U(1) (0,0)-(0,0)-flux state. This
state, in general, is comprised of gapless spinon excita-
tion and the nodal manifold characteristic of the parent
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FIG. 5. Spinon dispersion and dynamical spin structure factors plotted along the high symmetry path for the states SB1 [(a)
and (b)], UB31 [(e) and (f)] and ZB200 [(g) and (h)]. Here, the dispersion is plotted in the reduced Brillouin zone [Fig. 3(c),
and the dynamical spin structure factor is plotted in the extended Brillouin zone [see Fig. 3(b)]. Shown in (c) are the nodal
lines in the extended Brillouin zone and in (d) the nodal lines in the reduced Brillouin zone.

SU(2) state is also present for this Ansatz. Furthermore,
the self-consistently determined mean-field parameters
are such that this state effectively transforms into the
parent zero-flux SU(2) state and thus the spinon excita-
tion spectrum is similar to the parent state. The UA31
state is characterized by the flux structure (¢y, ds)-
(Pty, P, )=(0,0)-(0,7), and thus we refer to this state as
U(1) (0,0)-(0, 7)-flux state. The spinon excitation spec-
trum is shown in Fig. 4(e) where we observe that the
nodal manifold of the parent SU(2) state is no longer
present and there appears a (tiny, but finite) gap in the
excitation spectrum associated with the lowering of the
IGG from SU(2) to U(1).

For UA30 Ansatz, due to vanishing 2NN parameters,
P,, and P;, do not exist. This state can be distinguished
from the parent state by a nontrivial flux (¢s, # 0,7)
associated with Ps,.. Thus we refer to this state as the
U(1) (0,¢)-(x,*) state. Here the notation ‘x’ has been
used to denote the non-existence of the flux operators.
Like U A01, this state, in general, features gapless exci-
tation which retains the nodal manifold. Also, the self-
consistently determined properties effectively transform
into its parent SU(2) state.

3. Zs

We find that the 0-flux SU(2) state has three Zs de-
scendants given by the rows 10-12 of Table IV which
are labelled as ZA000, ZA310 and ZA010, respectively.
However, these Ansétze are not direct descendants of the
SU(2) state. Rather, the lowering of the IGG from SU(2)
to Zs takes place via U(1) states [schematically shown
in Fig. 3(e)]. However, the connections between these

Ansétze may not always be explicit, being masked by
different gauge choices. For example, the connection of
the ZA000 with the two U(1) states given by UA31 and
U A30 is not apparent from their structure given in Ta-
ble IV. However, after a suitable gauge transformation,
the UA31 and U A30 states can be rewritten as

UA31 : up = hit3, ug = pott, us = hat>, a; # 0.

UA30 : Uy = h1T3, Ug = O, Uz = h3T3 +p37’1, a, = 0.
(42)
whereby it becomes manifest that the inclusion of second
nearest neighbour amplitudes—a hopping term o« 73 (for
the U A31 Ansatz), while a concurrently occurring pairing
o 71 and hopping term oc 72 (for the U A30 Ansatz)-are
responsible for lowering the IGG from U(1) to Zs.

The spinon excitation spectrum of the ZA000 state is
shown in Fig. 4(g), where we plot the positive energies
of the Bogoliubov quasiparticles [see Appendix I], which
implies that the Fermi level lies at zero energy. For the
remainder of the paper, this plotting scheme is applied to
all spinon dispersions of Zs states. The excitation spec-
trum of ZA000 displays a small gap. Notice from the
self-consistently determined mean-field parameters [row
5 of Table V] that hg, hs,p3 &~ 0. With this setting, the
state essentially takes the form of its parent U(1) state
UA31 [see Eq. (42)], which has the lowest energy. A sim-
ilar conclusion can be made for the state ZA010 which
is the other descendent of UA31. On the other hand,
the ZA310 Ansatz descending from the UAO01 state de-
velops a vanishingly small (though finite) pairing terms
[see row 6 of Table V]. This leads to the appearance of
a finite gap in the spectrum, which then appears simi-
lar to Fig. 4(g). Generally speaking, all the Zs states
discussed above can potentially develop a spinon gap,



whose magnitude is determined by the optimal pairing
obtained for a given Hamiltonian. In particular, for the
Z A000 and ZA010 Ansétze, the gapped nature of the ex-
citations within our mean-field calculations is expected,
since they descend from the gapped parent U(1) UA31
Ansatz.

B. Class-B Ansiatze

For the Ansétze belonging to this class, a doubling
of the unit cell along two fcc directions [es and e3] is
needed in order to accommodate the gauge magnetic flux.
Hence, the resulting unit cell is four times larger com-
pared to the crystallographic unit cell. The correspond-
ing reduced Brillouin zone is shown in Fig. 3(c) together
with a labelling of high symmetry points.

1. SU©2)

Similar to class-A, we first discuss the parent SU(2)
state in this class. This Ansatz is labelled as SB1 and
given by row 2 of Table IV. Since the mean-field param-
eters vanish on 2NN and 3NN bonds, we characterize
SB1 by ¢, = 7 flux threading hexagonal loops, in con-
trast to the ¢, = 0 flux for the corresponding SU(2)
Ansatz of class-A. We thus refer to this state as the -
flux Ansatz, and it is characterized by gapless excitation
as shown in Fig. 5(a). Similar to the zero flux state,
there is a multi-nodal band structure present for this 7-
flux Ansatz, shown in the extended and reduced Brillouin
zone in Fig. 5(c) and Fig. 5(d), respectively, for the case
of first-neighbor hoppings. However, in contrast to the
zero flux state, here the nodal structure is not a robust
characteristic, but its appearance is rather an artefact
of considering only short-range interactions. Indeed, a
finite gap opens if we add, e.g., fifth nearest-neighbour
amplitudes [see Appendix J].

2. U(1)

We obtain three U(1) descendants of the n-flux SU(2)
state. In Table IV, these are given by rows 6-8 and
labelled as UB01, UB31 and U B20, respectively. For
the first two Ansétze, the mean-field parameters on the
3NN bonds are not allowed by symmetry. We thus
characterize their flux structure as (¢n, ¢sr)-(dro, d11) =
(m,%)-(0,0) and (m,#)-(0,7), respectively. The state
U BO01 transforms into the parent SU(2) state under self-
consistent treatment. On the contrary, for the UB31
state, a finite mean-field amplitude develops on the 2NN
bonds. This results in a gapped spinon excitation spec-
trum [see Fig. 5(e)]. Notice that in this case, the addition
of 2NN interaction lowers the ground state energy notice-
ably [see row 10 of Table V].
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FIG. 6. Spinon dispersion and dynamical spin structure fac-
tors plotted along the high symmetry path for the state UC20
[(a) and (b)]. Here, the dispersion is plotted in the reduced
Brillouin zone Fig. 3(d), and the dynamical spin structure fac-
tor is plotted in the extended Brillouin zone [see Fig. 3(b)].

For U B20 Ansatz, the mean-field parameters vanish on
2NN bonds, i.e., us = 0. It can thus be characterized via
a flux m and 7/2, on the loops P, and Ps,., respectively.
We thus refer to this state as the U(1) (7, 7/2)-(x, *) flux
state. Within a self-consistent treatment, the behaviour
of this state is similar to U BO01.

3. Zs

We now discuss the five Zy Ansitze which are con-
tinuously connected to the aforementioned U(1) states.
The corresponding Zo PSGs are listed in rows 13-17 of
Table IV. Among these, the ZB200 and ZB110 both
descend from the parent UBO1 state. Interestingly,
Z B200 has another parent U(1) state, namely, the U B31
Ansatz. Other descendants of UB31 Ansatz are ZB210
and ZB303. The remaining two ZB303 and ZB203 are
continuously connected to the U B20 Ansatz. Notice that
ZB303 is the common descendent of UB31 and U B20.
This hierarchy and interconnections among Ansétze is
schematically illustrated in Fig. 3(f).

Similar to the class-A Zo ansétze, all these states,
in general, exhibit gapped excitations. For the states
ZB200 and ZB210, their parent U(1) state UB31 also
features gapped excitations. Notice that the lowering of
the IGG in the other three Z, states is accompanied by
an opening of a gap. Interestingly, the solutions within
a saddle point approximation are such that ZB110 and
Z B203 flow back to the m-flux SU(2) state, similar to
their parent U(1) states UB01 and U B20, respectively.
The other Z, states effectively go to their lowest en-
ergy U(1) parent UB31. Their spectrum is illustrated
in Fig. 5(g).

C. Class-C Ansatze

The gauge magnetic flux for an Ansatz belonging to
this class can be accommodated only if one quadruples
the unit cell along two fcc directions [es and es]. The re-
sulting unit cell is thus sixteen times enlarged compared



to the crystallographic unit cell. The corresponding re-
duced Brillouin zone is shown in Fig. 3(d) together with
the high symmetry points.

There is only one member belonging to this class given
by row 9 of Table IV and labelled as UC20. Interest-
ingly, this state appears directly with U(1) IGG and has
no parent SU(2) state or descendent Zo Ansétze. It is
characterized by a ¢, = m/2 flux threading the hexago-
nal plaquettes and hence, we refer to it as the U(1) 7/2-
flux state. This Ansatz does not allow for mean-field
amplitudes on 2NN and 3NN bonds, and thus no other
flux operator can be defined. Its spectrum is gapless at
isolated k-points shown in Fig. 6(a) with the associated
dynamical spin structure factor in Fig. 6(b).

Within a self-consistent treatment, it is seen from Ta-
ble V, that the class-A U(1) Ansatz labelled by UA31
represents the minimum energy QSL state.

We have seen in Sec. IV that as a consequence of the
appearance of sublattice-dependent projective realization
of time-reversal symmetry corresponding to wy = 0,
there exist three symmetric U(1) Ansétze labelled by
U A30, UB20 and UC20 (considering up to third nearest
neighbor amplitudes). This is also the case for the two
SU(2) Ansétze labelled by SA3 and SB1.

In general, a sublattice-dependent time-reversal PSG
solution with wy = 0 lead to Ansétze which feature
nonvanishing mean-field amplitudes only on bonds con-
necting different sublattices. This suggests the projective
symmetry associated with time-reversal can be identified
with a chiral symmetry (i.e. inter-sublattice symmetry).

This is a generic phenomenon for bipartite lattices, and
has been observed in honeycomb [39, 72], square [35],
square-octagon [55], hyperhoneycomb [47], and simple
cubic lattices [50] lattices, to name a few.

VII. REALIZATION OF SPINONIC
TOPOLOGICAL INSULATOR IN DIAMOND
LATTICE

In this section, we will address a non-trivial aspect of
the parton mean-field theory. We will show that one of
the PSG-classified quadratic parton Hamiltonian yields
the Fu-Kane-Mele model for a three-dimensional topo-
logical insulator on the diamond lattice [73]. The Fu-
Kane-Mele model is written as

H=tY élej+irso Y els-(df; xdf)e;,  (43)
(i) ((ig))

where d}j and d?j are the two norm-one nearest neigh-

bor bond vectors traversed between a pair of 2nd-nearest

neighbor sites 7 and j.

To see this, we recall the quadratic decomposition of
the generic fermionic quartic Hamiltonian. In Sec. IT A,
we consider a decomposition in terms of the spin rotation
invariant or singlet field Uij = 1[):[ ’(ZJj. Another possible
Hubbard—Stratonovich decomposition can be performed
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in terms of the fields Ui(ja) = 1&27‘“@ with a = {z,y, 2}
which are not invariant under spin rotation, thus, repre-
senting triplet fields. In two dimensions it is well known
that including these triplet fields can lead to a plethora
of topologically non-trivial spinon models and possibly
spin nematic states [74-77]. In a mean-field setting, i.e.,
ugf) = <U (@)}, the combined singlet-triplet quadratic
parton Hamiltonian can be expressed as

Ayt = 30T [duaigd] + rdld] + e
(i5)
+ Y ay T[] (44)

Similar to Eq. (7), UEJO‘) can be expressed in terms of
complex parameters hg; and py;:

(=) _ z 0 H r 3 x 1 r 2
u;;” =Reh;m + i(Imhi; 7 + Repj;7" + Impj;7°)
ugjy) =Reh!,7° + i(Imh{;7° + Rep}; 7' + ImpY;7?)

uE;) :RehijO + L(Imhfj7'3 + Repij1 + Impfj7'2) (45)
The definition of these parameters for INN, 2NN and
3NN bonds along with the associated constraints within
the SU(2), U(1) and Zs PSG classes is given in Ap-
pendix H. Note that the non-projective U(1) class (the
first class that appears in Table VIII in Appendix H)
contains the Fu-Kane-Mele model (43), with the corre-
sponding values for the onsite term h = 0, nearest neigh-
bor bond Reh; = t, and 2nd-nearest neighbor bonds
Imh$ = —Imh3 = —2Xso and Rehy = 0.

VIII. GUTZWILLER PROJECTION OF FLUX

PHASES

As previously mentioned, starting from the fermionic
ground state |¥ ;) of the mean-field Hamiltonian (5), a
bonafide wave function for spins |¥) can be obtained by
enforcing the constraints of Eq. (3) exactly (i.e., not on
average). The spin state is defined as |¥) = Pg|Uyp),
where the operator Pg = [[; 7:(2 — ;) is the Gutzwiller
projector (with n; = > ffa fia), which is analytically
intractable, in general, but can be numerically handled
by means of a suitable Monte Carlo sampling of the one-
fermion-per-site Hilbert subspace.

Here, we compute the static spin structure factor

1 PN
N RIS, S ), (46)
i, j

for the Gutzwiller-projected SU(2) flux states, SA3 and
SB1. The calculations are performed on finite clusters
of Ny = 2(L x L x L) lattice sites, whose position are de-
noted by the vectors r;. In Fig. 7, we show the S(k) pro-
file along high-symmetry lines of the extended Brillouin
zone [see Fig. 3(b)], which is dominated by the sharp
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FIG. 7. Static spin structure factor S(k) along a high-

symmetry path in the extended Brillouin zone. The results
for the Gutzwiller-projected SU(2) flux states, SA3 and SB1,
are shown. Note that, although S(k) is consistently larger for
S A3 than SB1 along this path, the integral over all momenta
k in the extended Brillouin zone fulfills the sum rule for both
states (3, S(k) = 4S(S + 1)L = 3L3, where the factor 4
comes from the ratio between the areas of the extended and
first Brillouin zones).

0.0304 @ SA3 (0-flux)

B SBI1 (r-flux)

0.000 T T T T T T
0.00 0.05 0.10 0.15 020 0.25 030 0.35

1/L

FIG. 8. Finite-size scaling of the static spin structure factor
S(k) at the momentum k = H = (0,0,4n). The results for
the Gutzwiller-projected SU(2) flux states, SA3 and SBI,
are shown and indicate a finite Néel magnetic order in the
thermodynamic limit.

maxima located at the H = (0,0,47) points, and by
subleading peaks at the P = (27, 27, 27) points. The lo-
cation of these Bragg peaks corresponds to that expected
from the two-sublattice Néel order. The finite-size scal-
ing analysis in Fig. 8 shows that S(k = H)/N; = m? ex-
trapolates to a finite value in the thermodynamic limit,
indicating that both SA3 and SB1 exhibit a finite (an-
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tiferro)magnetic order after Gutzwiller-projection, with
order parameter m = 0.0656(6) and m = 0.0812(4), re-
spectively. The value of m for the m-flux state is sim-
ilar to that obtained in an earlier work [78] employing
large-scale quantum Monte Carlo simulations of the NN-
Valence Bond wave function on the diamond lattice. We
note that since the Fermi surface in the unprojected
wave function is nested, the development of long-range
magnetic order may be viewed as arising from its mag-
netic instability once correlations are incorporated via
the Gutzwiller projector [79]. It is therefore plausible
that a similar scenario may occur on other 3D bipartite
lattices, such as the body centered cubic lattice. On this
lattice, the Fermi surface of the uniform 0-flux fermionic
Ansatz consists of (almost) parallel planes forming a cube
in momentum space [50]. The two opposite planes are
connected by a nesting vector ¢ = (27,0,0), which is
precisely the ordering wave vector of the two sublattice
Néel order on the body centered cubic lattice [22]. A
similar situation has been observed on bipartite lattices
in 2D, e.g., on the square lattice, where the projection of
the 0-flux Fermi sea leads to a wave function displaying
finite Néel order [79-81].

IX. CONCLUSIONS AND OUTLOOK

We performed a projective symmetry group classifica-
tion of fermionic mean-field Ansétze of fully symmetric
S = 1/2 quantum spin liquids on the diamond lattice
obtaining 8 SU(2), 62 U(1) and 80 Z, algebraic PSGs.
Upon restricting the Ansétze to third nearest-neighbour
mean-field amplitudes, we find that only 2 SU(2), 7 U(1),
and 8 Zs distinct PSGs can be realized. The symmetry
allowed singlet and triplet fields of the Ansétze are ob-
tained, with the latter being of relevance to spin-orbit
coupled systems. We performed a self-consistent mean-
field analysis at a point of high frustration in the Ji-J>-
Js Heisenberg antiferromagnet and presented the spinon
band structures and dynamical spin structure factors for
the different Ansétze. The SU(2) 0-flux state is shown
to host three 4-fold degenerate nodal loops which are
robust at the mean-field level, being protected by the
projective realization of rotoinversion and screw symme-
tries. These stable nodal loops are also present in two of
its U(1) and one Zsy descendant spin liquids. We reveal
a nontrivial feature of our parton mean-field theory by
showing that one of our PSG-classified quadratic spinon
Hamiltonians, namely, the nonprojective U(1) Ansatz,
yields the Fu-Kane-Mele model for a three-dimensional
topological insulator on the diamond lattice. Finally, we
investigate the effects of fluctuations beyond mean-field
via Gutzwiller projection, and show that the projected
0-flux and w-flux SU(2) Ansétze exhibit long-range Néel
magnetic order.

Our work sets the stage for future studies aimed at in-
vestigating the energetic competition of the correspond-
ing Gutzwiller projected variational wave functions for



the S = 1/2 frustrated J;-.J> Heisenberg model on the di-
amond lattice. In particular, given the conflicting claims
concerning the presence [82, 83] or absence [23] of long-
range magnetic order in this model, it will be of interest
to assess the competition of these spin liquids with mag-
netically ordered states. In the scenario that the ground
state is nonmagnetic, a further exploration of the static
structure factors of these Gutzwiller projected states to
identify signatures of approximate spiral surfaces with
weak modulations due to quantum fluctuations [23, 84]
would constitute a worthwhile endeavor. These Ansétze
also serve as starting point for explorations of valence
bond crystal ground states which can be viewed as dimer-
ization instabilities of these quantum spin liquids, and
the energetic viability of such symmetry broken dimer
orders as ground states for the J;-J model remains to
be explored.
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Appendix A: Symmetries of the diamond lattice
1. Space group

The space group of the diamond lattice is given
by Fd3m. This space group is comprised of the 24
elements constituting the tetrahedral point group (T)
and another 24 nonsymmorphic elements. To define the
action of the tetrahedral point group elements, we fix a
tetrahedron with its centre at the origin of the Cartesian
coordinate system (z,y,z) [see Fig. 9]. The different
group elements and their action on the coordinates
(z,y, 2) is then given by

(1) The identity 1.

(2) 8C5: The symmetry elements Cs1, Cs2, C33 and
Cs4 correspond to the four three-fold rotation axes pass-
ing through the origin ‘O’ and the centre of the triangular
faces ECD, ECB, BCD and EBD, respectively. Their ac-
tions on a point (x,y, z) are given by

Cs1: (x,y,2) = (2,2,y),

Cs2 : (w,y,2) = (—2,2,—y),

Caa: (@,9.2) = (=2, -a.) (A
C (x,y,z) — (Zv -z, _y)

These four symmetry elements generate 8 symmetry
operations: Cs1, Cs2, C33, C34, C3, C2,, C2; and C3,.

FIG. 9. One of the tetrahedrons with origin ‘O’ as the center
of the tetrahedron and the four vertices are denoted by ‘B’,
‘C’, ‘D’ and ‘A’ respectively.



(3) 604: There are six elements that correspond to mir-
ror reflections about planes bisecting the triangles OBD,
OBC, OCD, OBE, OCE and ODE, respectively. We thus
have six distinct symmetry operations. Their action on
coordinates (z,y, z) is given by

oa1: (m,y,2) = (y,z, 2),

oaz : (%,y,2) = (—y,—w,2),

o3 : (x,y,2) = (x,2,y), (A2)
oas : (%,y,2) = (x,—2,—y),

ogs : (w,y,2) = (—2,y, —),

oas : (2,9,2) = (2,9, )

(4) 3C5: We have three two-fold rotation axes which
pass through the origin and coincide with the Cartesian
x, y and z axes. These three rotation axes generate three
symmetry operations with the transformation of coordi-
nates given by

Cor : (7,y,2) = (—x,~y, 2),
Co i (2,9,2) = (v, —y, —2),
023 : (.’E,y,Z) - (_xvya _Z)'

(A3)

(5) 6C%: There are three improper rotation axes.
These correspond to Cy rotations about the Cartesian
x, y and z axes, followed by reflections about planes per-
pendicular to the axes and passing through the origin.
They act as

Cé/ll : (.’E,y,Z) - (_yaxa _Z)a
Clhy i (z,y,2) = (=2, —2,y),
04/13 : (.I, Y, Z) - (Za -Y, —I)

(A4)

These three elements generate six symmetry operations
Cly,Clo, Cls, CF, C3, CF. We note that the operations
Cia,C2,C2 are the same as Cyy, Cga, Cas.

We now proceed to discuss the remaining 24 nonsym-
morphic elements and their action on coordinates. We
distinguish them from the symmorphic ones by labelling
a generic element O with a bar, as O.

(1) I: Inversion with respect to the point
(1/8,1/8,1/8). The transformation is given by
I:(z,y,2) = (1/4—2,1/4 —y,1/4 — 2). (A5)

This can be viewed as an inversion about the origin
0(0,0,0) followed by a translation (1/4,1/4,1/4).

(2) 65,: There exist six screw symmetry operations
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which transform the Cartesian coordinates as

Sar :
Sio :
Sag :
Saa :
Sus :
Sag :

1/4+2,1/44y,1/4 — x),
1/4—y,1/44+2,1/4+ 2),

z,y,2) = (
(
(1/44+2,1/4—2,1/44y
(
(
(

T, Y,z
T, Y,z
1/4—2z1/4+y,1/4+x
1/d+y,1/4—2,1/4+ 2),
1/4+2,1/442,1/4 —y).

x?y”z

)

x?y”z

(.1, 2) — )
(.5, 2) — )
(.5, 2) — )
(2,9,2) - ), (A0
(.5, 2) — )
(@1, 2) — )

Here, Sa1, Siz and Sus correspond to a C4 clockwise
rotation about the y-, 2- and x-axis anchored at
(1/4,0,0)-, (0,1/4,0)- and (0,0,1/4)-point followed
by a translation (0,1/4,0), (0,0,1/4), and (1/4,0,0),
respectively. The remaining Saa, Sas and Sy correspond
to Cy counter-clockwise rotations about the y-, 2-
and x-axis centered at the (0,0,1/4)-, (1/4,0,0)- and
(1/4,0,0)-point followed by a translation given by
(0,1/4,0), (0,0,1/4) and (1/4,0,0), respectively.

(3) 6C5: There are six nonsymmorphic Cy operations
whose actions are given by

Coy: (w,y,2) = (1/4—2,1/4 — 2,1/4 — y),
Coo: (w,y,2) = (1/4—2,1/4 —y,1/4 — 2),
C:'23:(m,y,z)—>(1/4—y,1/4—x71/4—z), (A7)
Coy: (z,y,2) = (1/4—2,1/4+ 2,1/4 + y),
Cos : (w,y,2) = (1/4+2,1/4 —y,1/4 + ),
Cos : (z,y,2) = (1/4+y,1/4+2,1/4 — 2).

The operations Cai, Coo and Casz are composed of
a Ch rotation about the [0,—1,1]-, [-1,0,1]- and
[1,—1,0]-axis anchored at (1/8,1/4,0)-, (1/4,1/8,0)-
and (0,1/4,1/8)-point, respectively. ~The remaining
three operations Cay, Cos and Cag are composed of a
Cs rotation about [0,1,1]-, [1,0,1]- and [1,1,0]-axis
centered at (1/8,0,0)-, (0,1/8,0)- and (0,0, 1/8)-point
followed by a translation (0,1/4,1/4), (1/4,0,1/4) and
(1/4,1/4,0), respectively.

(4) 364: The three nonsymmorphic operations 41, 42
and 743 are given by reflections about the planes y-z, x-z
and z-y passing through the points (1/8,0,0), (0,1/8,0)
and (0,0,1/8) followed by translations (0,1/4,1/4),
(1/4,0,1/4) and (1/4,1/4,0), respectively.

oa: (2,y,2) > (/4 —2,1/4 +y,1/4 + 2),
6(12 : (‘Tayvz) — (1/4+I’71/47y,1/4+2’),
Gaz : (x,y,2) = (1/4+x,1/4+y,1/4— 2).

(A8)

(5) 8C5: There are eight rotoinversion symmetry ele-
ments composed of C3 operation and an inversion, with



their action on the coordinates given by

Cs1: (z,y,2) = (1/4— 2,1/4 — 2,1/4 — y),
Csg i (w,y,2) = (1/4+2,1/4+x,1/4—y),
Csz: (w,y,2) = (1/4—2,1/4+x,1/4+y),
Css: (z,9,2) = (1/4+ 2,1/4 — 2, 1/4 + y), (A9)
Css: (z,y,2) = (1/4+y,1/4 — 2,1/4 + x),
Cs6: (z,9,2) = (1/4+y,1/4+ 2,1/4 — x),
Csr: (z,y,2) = (1/4—y,1/4+ 2,1/4 + 2),
Css: (z,9,2) = (1/4—y,1/4 — 2,1/4 — ).

The first four correspond to clockwise C3 rotations
around the axes [1,1,1], [1,-1,-1], [-1,1,—1] and
[—1, —1, 1] passing through the points (0, 0, 0), (0,1/2,0),
(=1/2,1/2,0) and (1/2,0,0) followed by inversion with
respect to the points (1/8,1/8,1/8), (1/8,3/8,—1/8),
(—1/8,1/8,3/8) and (3/8,—1/8,1/8), respectively. The
last four correspond to counterclockwise C3 rotations
around the axes [1,-1,-1], [-1,1,-1], [-1,—1,1]
and [1,1,1] passing through the points (1/2,—1/2,0),
(1/2,0,0), (0,1/2,0) and (0,0,0) followed by in-
version with respect to the points (1/8,—1/8,3/8),
(3/87 1/87 _1/8)7 (_1/87 3/83 1/8) and (1/8a 1/87 1/8)7 re-
spectively.

2. Minimal set of symmetry generators

Here we show there exist a minimal set of generators
given by a screw rotation and rotoinversion in terms of
which all aforementioned elements of the Fd3m space
group can be expressed. We choose C3; and Sj; and
henceforth in the ensuing discussion assign them a new
notation C3 and Sy, respectively. The 24 tetrahedral
point group elements can be expressed as

o 1: ]1=C*§.
[ ] 8032 031 = C’?, 0322035403546'515405354654,
Cs3 = C3,C51C39 and Csq = (C31C32)2.

(] 6(7d gd1 = 03540 540 S4C y O’dg =
0, C31032C51, 0q3 = 05,'Cs1, 041 = 0,5 Caa,
045 = C33'042C33 and 046 = C31041.

0 3Cy: Oy = o0q10a2 = 031032031, Cop = 0d30d4
and 023 = 0450d6-

e 6C;: C = 042Chs3, Cly = C'4'Csy and Cly =
' C
42 “32-

Similarly, the 24 nonsymmorphic elements can be rep-
resented in terms of C3 and Sy as follows

o . T=C5.

e 654 Syn = IC33CY3, Siz = Si, Sis = 1Ca3043,
S44 = ICQQO’d(;, 545 = ICQQO’dQ and S46 = ICZ/Q
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o 6Cy: Coy = Iogs, Cop = Iogs, Caz = Ioay, Coy =
105043, Co5 = Iogs and Cog = Iogo.

e 304 41 = jCQQ, 04 = ngg and 641 = ngl.

e 8C5: C31 = C3, Csp = ICs3, C33 = [C3y, C3q =
ICgQ, 035 = .[033, 036 = .[034, C37 = IC32 and
Cas — IC2,.

Thus, C3 and Sy serve as the “fundamental” generators
of the diamond lattice.

Appendix B: Generic gauge conditions

Generalizing Egs. (18) to incorporate the gauge trans-
formations corresponding to lattice symmetry operations
yields

(GTlTZ)(GT ! € IGG )

(Bla)

(GTi+1E+1)(GC’303) € IGG
(B1b)

(G, C3)® € IGG

(Blc)

€ IGG |
(B1d)

e IGG ,
(Ble)

L eIGG ,
(B1f)
"G, T5) € 1GG
(Blg)

"G, T) €1GG
(B1h)

Y@, 84)* €1IGG
(B1i)
((Gs,54)(G,C3))? € 1GG
(B1j)

((G,C5)*(Gs,54))° € 1GG |
(B1k)

((Gg,C5)* (Gs,5))* € IGG
(B11)

((G,C5)(Gs,54)%)° € 1GG
(Blm)

(G7T)* €1GG
(Bln)

eIGG, O E{E,S4,é3} .
(Blo)

Z+1)(GTiTi) (GT 1+1)

(Gr,T3)(Ge,Cs) ™

(G, T1) (G5, 54) (G, T2) (G5, 54)

(G, 1) (G, 54) (G, T2) (G, T3) ™ (G, S4)

(Gs,94) (G, T1) NG, T2) (G5, 54) " (Gr, Ts) ™

(G5, Sa) (G, T1)(Gs,54) (G, T1) ™

(Gs,S0) (G, Ts) " (G, 54) (G, Ta) ™

(G, T3)(Gr, Ty) ™ (G, To) ™

(GTTHGoO)GTT) ™ (GoO)™!



Appendix C: SU(2) PSG

1. Canonical form of Ansatz and corresponding
gauges

The canonical form of a SU(2) Ansatz is given by

(C1)

Ui5 = L'XijTOa
and the loop operators must be trivial, i.e., Po o 7°.
The structure of the gauge that keeps the above canonical

form intact must have the following form

Go(r,p) =no(r)go (i) (C2)

where 1o (r) = £1 and go(u) € SU(2).

2. Derivation of SU(2) PSG corresponding to space
group generators

The relations (C2) for O € {T1,T»,T5} can be written
as

Gr,(r1,72,73, 1) = 01, (71,72, 73) 97, (11)

GT2 (rlv T2,T3, /1') =1, (rla T2, T3)gT2 (/j’)

GT3 (Tla 2,13, ‘LL) =N1s (rla T2, T3)9T3 (,LL)

(C3)

Now, the Ansédtze on the bonds which connect different
sublattices will take the form (C1) only if we consider
g1, (1) = npu,ig7, with 0, ; = £1 and thus,

Gty (r1,7m2,73, 1) = 11, (11,72, 73) N0, 19T,

GTz (rlv T2,73, N) = N1y (Th T2, r3)77#,29T2 (04)
Gy (11,72, 73, 1) = 15 (71,72, 73) 0,397 -
A local gauge transformation with the form
W(r,p) = n(r)7® maintains the explicit SU(2)

form (C1) of w;;.  Exploiting this gauge freedom
we can set 77, (r1,72,73)0u1 = N1, (0,72,73)0u2 =
n13(0,0,73)n,,3 = 1 and accordingly the relations (C4)
can be expressed as

Gr,(r1,72,73, 1) = g1,

GT2 (Tlv T2,T3, ,u) =Ny (Tl)gTQ (05)
Gy (r1,72,73, ) = 15 (71, 72) 97
which upon imposing the constraint (B1)(a) reads
Gr,(r1,72,73, 1) = g1,
GTQ (Tla T2,T3, /”‘) = 77’{1 a1, (06)

71,72

GTS (7"1’7“277“37M) =T3 M2 915
where gr,,9r, € SU(2). Now, we seek the form of
Ge,(r, ). From Eq. (B1)(b) we have,

G, [C5 T (r w)] G, (r m) Gy, (1, )

Ge,l i+1(T7 w)] € SU(2).
(C7)
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From Eq. (C2), we see that the projective gauge
for rotoinversion takes the general form Gg,(r,u) =
ne, (1)ge, (). Substituting this expression for G, (7, 1)
and those of Gr, [Eq. (C6)] in Eq. (C7) and adopting the
convention &[ne, ()] = ne, (r)ne, [T; " (r)] vields

§1ne, (ry 1)) = Ny 3° 3,
Salne, (r, )] = nchanI o (C8)
&s[ne, (ry )] = neyr,m3n5' n5
and
gTL-gE: (M)gTI+1gég (M) € SU(Q) (CQ)
The consistency equation can be written as,
Ule; i T (r)]] =
13 [7703( m)]ir1n Ul [ ()] (C10)

Ei+1ln, ()& e, [T (r)]]-

which requires 71 = 72 = n3. With this fixing, G, has
the following solution

ri(ro+rs)

G (7" ,U,) = 77ch37703%77ch2771 9c, (M) (Cll)
Now plugging this result in Eq. (B1)(c), one gets
[9¢, (1)9e, (W] € SU(2). (C12)

Now, let us consider the gauge transformation corre-
sponding to screw symmetry Gg,. Eqgs. (B1)(d), (B1)(e),

and (B1)(f) give
GT (r1 + 1,72, 73, )G, (r1 + 1,72, 73, 1)
Gr,(=r3,m1+ 712+ 73 — i+ 1,—72, i)
G§41(7“1,7“2,7’3aﬂ) € SU(2),
Gy (11,72, 73, ) G, (11,72, 73, 1)
Gry(=r3,m1 + 12+ 173 — fI, —72, i)
Gil( ra,r1+ro+rs—p—1,—-ro+1,0)
Gll(rl,rg — 1,73, u) € SU(2),
GS4(T1,r2,r3,u)GT1 (=rs+ 1,71 +ro+135— i, —7T2, [1)
Gr, (=73 + 1,71 + 72+ 73 — i, =72, i)
GS41(7’1,7’2,7‘3 1 ﬂ)G (Tl,rz,rg, w) € SU(2).

(C13)
From Eq. (C2), the projective gauge for S; has the gen-
eral form Gg, (r, ) = ng,(r)gs, (@). Substituting this ex-
pression together with Eq. (C6) in Eq. (C13), and defin-

ing &[ns, (r)] = ns, (1ns, [T, (r)], we have

&1ns, (1)) = nsmynt®

Ealns, (r)] = nspyn2 e

&3ns, (r)] = nsymy T2t

(C14)



and
97, 95, (W) g, 95, (1) € SU(2),

97, 95, (191,91, 95, (1) € SU(2),
95,97 91295 (W97, € SU(2).

(C15)

The resulting consistency conditions equivalent to
Eq. (C10), do not impose any restriction on 7,.. Hence,
the solution of Gg, (r, i) is given by

Gs,(r, 1) = nsr, Nsr,NsT,

(ritre)—rafitrs (25 ) —ra (35—
g () ()

Eqgs. (B1)(g) and (B1)(h) give,

95: (197, 95, (W97, 91, n51,M5T22 € SU(2),

ol o (C17)
95, ()91, 95, (W) 97, 95T NsT,M € SU(2),
and Eq. (B1)(i) gives
p=0:=[gs,(0)gs,(V)*nsr ns, € SU(2)
= [954(0)954(1)]2775T1775T2 € SU(Q) ) (0183')
p=1:=[gs,(1)9s,(0)*nsr,m € SU(2)
= [g9s,(1)95,(0)*nsrym € SU(2) . (C18b)

From the above we thus get

[95,(0)g5, (D)]*nsryns, = [95,(1)95,(0)*nsym (

C19)
= NS NSTNSTs = M-

A further simplification is possible by effecting the local
gauge transformation,
W (r, p) = mg 2o’ (C20)
We find that the above transformation does not change
the structure of the translation gauge Gr,, Gr,, and G,
up to a possible global sign, which is unimportant. Also,
it can be seen that the gauge transformation given by
Eq. (C20) modulates the sign of nsr, and na, 7, , however,
by a proper choice of the constants n,, 1, and 7., together
with Eq. (C19), we can fix nsr,,ns7, and ng,7, to be
positive, i.e.,

nsTy, = NS, = Nc,15 = +1, NsTs =M (021)
Thus, Eq. (C16) and Eq. (C18) take the forms
ra(ri+ra+1)+r2 7'2;1—7 -3 Ts;I
G, (r,p) =, )5 g, ()
(C22)
and
(95, (0)gs, (1)]* = [g5,(1)gs,(0)]* € SU(2)  (C23)

Further constraints are imposed by the four conditions
given by Egs. (B1)(j), (B1)(k), (B1)(1) and (B1)(m).
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From Eq. (B1)(j), we have

p=0:= [gs,(0)g¢,(1)* € SU(2) with 5¢,7, = +1,
(C24a)
p=1:=[95,(1)9¢,(0)]* € SU(2), with ne,z, = +1.
(C24b)
From Eq. (B1)(k), we have

1=0:=[g5,(0)95,(1)gs,(0)gs, (1)]* € SU(2) (C25a)
p=1:=[gs,1)gs,(0)gs,(1)gs, (0)]*ne,z, € SU(2) .

(C25h)
From Eq. (B1)(1), we have
p=0:=[g9¢,(0)96,(1)95,(0)gs, (1)]* € SU(2) .
(C26a)
p=1:=[95,(1)9¢,(0)9¢,(1)gs, (0)]*ng, 1, € SU(2) .
(C26h)

From Eq. (B1)(m), we have

96, ()95, ()95, (1) 96, ()95, (1) g5, ()] € SU(2)
(C27)

Let us now find the PSG for time-reversal symmetry.
Using Eq. (B1)(o) for O € T;, we get

G (r, p)Gr, (r, ) G [T (r, )]G (r, 1) € SU(2).
(C28)
From Eq. (C2), the projective gauge for 7 has the
general form Gy(r,u) = nr(r)gr(pn). Replacing this
in the above equation with the definition &;[nr(r)] =

UT(T)UT[Ti_l (r)], we have
FilGr(r,w)] = nrr, 7 (C29)

The consistency condition does not impose any con-
straint. Thus, from Eq. (C29), the solution for G (r, u)
can be written as

Gr(r, u) = NP 077,077, 97 (1) (C30)
Using Eq. (B1)(o) for O € Sy, C3, one can set
N = N7, = N7TTs = L. (031)

Thus the PSG solutions for IGGe SU(2) can be gath-
ered and rewritten as follows.

ri+re

Gr, (r, 1) = g1, Gy (r, 1) = 0" g2, Gy (r, ) = 0" " g3,
(C32a)
Gr(r,p) = g7(1), (C32b)
ra(ri+ra+1)+r2 T2T71*_ -3 T3;1
Gs,(r,p) =, (=)= g6, (),
(C32¢
Ge,(rop) =g ™ ge, (1), (C324d)



where the unit cell representation matrices must satisfy
the following constraints.

lg7(1)]? € SU(2), (C33a)
96, (w)ge, ()] € SU(2), (C33b)
95, (1) 95, (1)]* € SU(2), (C33c)
(95, (1)ge, (B)]* € SU(2), (C33d)
[96,(0)g¢,(1)9s,(0)gs, (1)]* € SU(2), (C33e)
[96,(1)96,(0)gs,(1)gs, (0)°ne,r, € SU(2),  (C33f)
[96,(0)g¢,(1)ge,(0)gs, (1)]* € SU(2), (C33g)
[9¢,(1)9¢,(0)96, ()95, (0)]*ng,r, € SU(2),  (C33h)
[96, ()95, ()95, ()9, ()95, (1) 95, (B)]* € SU(2),
(C33i)
gr()ge, (g7 (Wgg (n) € SU(2), (C33j)
97 (1)gs, (197" (g5, (1) € SU2) . (C33k)

The time-reversal symmetry condition for non-vanishing
Ansétze on 1NN bonds requires g7 (u) = (—1)*g7. Also,
on the diamond lattice, the nearest neighbor bonds con-
nect different sublattices, and thus, to maintain the
canonical form (C1) of SU(2) Ansétze we need to con-
sider g, (1) = Ne,u96, and gs, (1) = ns ugs,. With this
fixing, Egs. (C33) can be recast as

[g7]* € SU(2), (C34a)
NeuTle.il9¢,)° € SU(2), (C34b)
[95.]* € SU(2), (C34c)
[95.96,)° € SU(2), (C34d)
Ne,0Me, 15,071,196, 96,95, 95.)° € SU(2), (C34e)
Tlc,oﬁc,lﬁs,oﬁs,l[963963954954]37763T2 € SU(2), (C34f)
[96,96,96,95.)" € SU(2), (C34g)
[96,96,96,95:) e, T, € SU(2), (C34h
NeuTle,i96,95:95:9¢,95:95,)° € SU(2), (C341)
— 9796,97 9¢, € SU(2), (C34j)
— 9795.97' 95, € SU(2) . (C34k)

From Eqs. (C34)(e) and (C34)(f) it can be readily seen
that ne,7, = +1. In total, we find there are 8 gauge
inequivalent SU(2) PSGs, which are listed in Table I
and the solutions given by Egs. (C32) take the form of
Egs. (19) in the main text.

Appendix D: U(1) PSG

1. Canonical Ansatz form and corresponding
gauges

The canonical form of an U(1) Ansatz is given by,

u;j = ilmh;;7° + Reh;; 75 = iAi;j93(f(ij)¢(ij)) (D1)
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where g3(0) = e*"". Correspondingly, the loop operators
take the form Po = g3(&). The structure of the gauges
that keep the above canonical form intact are

Gol(r, 1) = ga(po(r, w)(iT")"e

where we can take values 0,1 and O € {T;,C3,S,}.

(D2)

2. Derivation of PSG corresponding to space group
generators

The relations (D2) for O € {11.15,T3} can be written
as

G, (11,72,73, 1) = g3(¢r, (r1,72, 73, 1)) (i) T
G, (r1,72,73, 1) = 93(&m, (11, 72,73, 1)) (i) 72

Gr,(r1,72, 73, 1) = g3(dm, (r1, 72,73, 1)) (i7") T

(D3)

Here, it is worth mentioning that the loop operators con-
nected by translations T; differ by a sign (—)*7: in order

to fulfill translational invariance, and four cases may arise

wp, =0, wp, =0, wp, =0, (D4a)
wr, =1, wp, =0, wpy, =0, (D4b)
wp, =1, wp, =1, wp, =0, (D4c)
wp, =1, wp, =1, wp, =1. (D44d)

It can be readily inferred that cases given by Eq. (D4b)
and Eq. (D4c) need to be excluded as these do not
satisfy the condition (B1)(b). Similarly, one must also
exclude the case given by Eq. (D4d) otherwise condi-
tions (B1)(e), (B1)(£), (B1)(g), (B1)(1), and (B1)(i) can-
not be satisfied. Hence, one needs to consider only the
first [Eq. (D4a)] case, i.e., wy, = 0V i. This is known as
the uniform gauge [35] since the loop operators connected
by translations are the same in both sign and direction.
Now, one can always choose a gauge transformation of
the form G(ry,72,73, 1) = g3(0(r1,72,73, 1)) such that it
results in
Gr, (r1,72,73,11) = G, (0,72, 73, 1) = G1,(0,0,75, 1) = 7°.
(D5)
Upon fixing this, the symmetry condition (B1)(a) leads
to the following solution for the translation gauges

GT1 (T13T27T37M) = TO

Gr,(r1,72,73, 1) = g3(=71X1) (D6)
Gry(r1,72,73, 1) = g3(T1X3 — r2X2)
Now, with the definition A;o(r,p) = é(r,p) —

O[T (r, 1)), Eq. (B1)(b) gives

Aipgy,(r,p) = (1) (=xoyr,_, + ¢, [C5 T (r )

+ ¢T7: (7’, :LL)
(D7)



in which we substitute Eq. (D6), resulting in

Arpe, (ryp) = (=1)"% (—xeyr, — T2X3 + T3X2)
Ao, (1) = (=1)“%s (=xeyr) — 11

A3y (r, i) = (=1)" (=X @yry2 + T2X1) +T1X3 — TaXe-
(D8)
which must obey the following consistency relations

Die, (1) + Dig10c, [T (r )]
= Di 160, (1) + Dige, [T (r, ).
(DY)
Fori = 1,2,3 in Eq. (D9), we use Eq. (D8) which imposes
the following constraints

x1=(—1)"%x3, x1 = (=1)"%x2, x3 = (—1)"%x2
(D10)
implying

we, =0=x1=x2=Xx3

(D11)
we, =1=x1=x2=x3=0,7.

Using this, the solution of ¢¢, (7, 1) can be found from
Eq. (D8) and is given by

be, (1, 1) = —r1(ra —r3)X1

— (=1)"%s (rixesr, + T2Xeam, T T3XCT,) T Pu

(D12)

where p, = ¢¢,(0,0,0, ). Now, plugging this result in
Eq. (B1)(c), we obtain

we, =0 g3(3(pu + pp)) = 93(xe,)
we, =11 93(3(pu — pa)) = 93(xe,)s
93(Xeyry T Xesr T XesT,) = 1

(D13)

where p5,1 = p1/0-
Now, let us consider the screw symmetry gauge Gg,.
Egs. (B1)(d), (B1)(e), (BI)(f) give

A1¢s, (1, 1) = xs1, — (=1)"S1r3xa
Aa¢s,(r, 1) = XsT, — r1ixa
—(=1)"Ss(ri+ro 413 —1—-[)x1
Az¢s, (r 1) = X515 + (11— 12)x1 — (=1)"51(r3 — 1)x1
(D14)
which must obey the consistency condition

Aid)SAL (7‘, ,LL) + Ai+1 ¢S4 [,I;il(r’ ,LL)]

= Ai+1¢54 (Tv ,u) + Ai¢54 [szrll (Ta /-L)]
(D15)
For i = 1,2,3 in Eq. (D15), we use Eq. (D14) which
imposes the following constraints
_1\Wsy = = (—=1)%¥s4
(1+ (=1)"%)x1 =0, x1 = (—=1)"*43x1, (D16)
(=1)"%x1 = —xa

This has the consequence that if wg, = 0, then x; =0,
and if wg, = 1, then x; = 0,7/2,7,37/2. We combine
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the results from the consistency conditions for ¢, and
¢s, in Table VI.

Using Eq. (D16), the solution of ¢g, (1, 1) can be found
from Eq. (D14) and is given by

b5, (1, 1) = r1XsT, + T2XSTS + T3XsT + O — (—1)"5

rg — 1 rz—1
X[T2<22 +37”3—ﬁ>+7“3(7“1+32 )})ﬁ

(D17)
where 6, = ¢5,(0,0,0, ). In the expression of ¢g,(r, ),
the relation 3rar3x; = —rarsx:1 holds for any choice of
wg,. Thus, we can rewrite Eq. (D17) as

b5, (1, 1) = r1XsTy + roXsT, + raxsT, + 0 — (—1)"5

7“2—1 _ 7"3—1
X[Tz( 5 —7“3—M>+7"3(7“1+2 )})ﬁ

(D18)
Now plugging the results in Egs. (B1)(g) and (B1)(h),
we obtain

Xst — Xs1s — (—1)"S1x1 = xs1, (D19)

XST; — XST, = XSTs (D20)

Now, Eq. (B1)(i) gives
¢S4 [Si(”f’, ,U,)] + ¢54 [SZ (7’, /u’)] + (_1)w54 (¢54 [SZ) (7“, M)]
+ ¢5,[Sa(r, w)]) = X515 + 1, [T (7, 1))
+ ¢T2 [T1T2T371 (717 1“’)] - (le (7“, /1')'
(D21)

On substituting Eq. (D18) and Eq. (D6), we get the fol-
lowing constraints

1. For wg, = 0 using 2x; =0

XST, + XST, — X8T5 = X1 = 077T (D22)
2. For wg, = 1 using 4x; = 0, we find
XsT, + XsT, + X515 +4(00 — 01) = xa (D23)

It is worth stating that all the above-mentioned U(1)
phases may not be gauge independent. Some of them can
be fixed by the use of local gauge transformations. We
know that under a local gauge transformation W (r, ),
the projective gauge Go transforms as Go(r,u) —
W(r, 1)Go(r, ) WO~ (r, n)]. Let us choose a gauge

W (r, u) = g3(r16y + 720y + 136, + ¢,.) (D24)

we, ws, X1= X2 = X3
0 0 0,7

0 1 0,7/2,7,31/2
1 0 0,m
1 1 0,7

TABLE VI. Allowed values of x:i depending on different
(Wey, wsy)-



It is easy to see that this transformation does not change
the structure of the translational gauges except they ac-
quire three global phases along the three translation di-
rections, i'e'a GT1 (Ta ,U,) = 93(0m)3 GT2 (Ta ,U,) = 93(_T1X1 +
6,) and Gr,(r, 1) = g3((r1 — r2)x1 + 6.). These global

J
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phases do not have any consequence for the ansatze and
thus can be neglected. However, with the gauge trans-
formation (D24), the gauges corresponding to the screw
rotation and rotoinversion are now given by

s, (1, 1) =r1(—0s + X7y + (—1)"540,) + r2(—0y + x5 + (=1)"54 (8, — 62)) +73(—0: + x5, + (—1)“54 (6, — 62))

— (—1)¥sa [rz <"22 !

+3T3—ﬂ>+7’3 (7’1+

7'371
D) X1

Gy (r, 1) =r1(=0z — (=1)"% (xyr, +02)) +r2(=0y — (—1)"% (xe,m, +62)) +73(—0: — (=1)"% (xayr, +6y))

*7’1(?"2 *Ts)Xl

where 0, 8,, and 0, can be chosen such that

XST, = XST, = X&s1s = 0- (D26)

Accordingly, xs7;, Xe,7, and x e, 7, Will also be modified,
however, in the new definition we still denote them by
XT3 Xésr, and Xa,r,. Using the fixing in Eq. (D26),
Eq. (D22) and Eq. (D23) give

1. For wg, =0

XST; = —X1 (D27)

2. For wg, =1

Xsts — 4(01 — 0o) = x1 (D28)

There are four more conditions given by Eq. (B1)(j),
Eq. (B1)(k), Eq. (B1)(1) and Eq. (B1)(m). We will now
consider these for all the four cases (wg,,ws,) = (0,0),
(wég’ w54) = (07 1)7 (wég’ w54) = (170) and (wéng&;) =
(1,1) separately in the following.

a. wg, =0, ws, =0

Using Eq. (B1)(j) we can write,
¢S4 (Tv ,LL) + ¢C‘3 [54_1 (Tv ,LL)] + ¢S4 [5403 (T’ :u‘)]

+ 06, [C3(r; 1)) = Xes1-
(D29)
This imposes the following constraints

2xeym, = Xes = 0,

D30
2(p1 — po + 00 — 01) = 0. (D30)

Now, Eq. (B1)(k) leads to the following constraint

Xcsr, = 0. (D31)

Eq. (B1)(1) and Eq. (B1)(m) do not impose any further
constraints. Exploiting IGG gauge freedom we can set
po = 0p = 0. The sublattice dependent gauge transfor-
mation does not give any further fixing. From Eq. (D30),
we have p; = 07 + mym.

(D25)

b. we, =0, ws, =1

Eq. (B1)(j) gives

¢S4 (7‘, :u‘) - ¢C‘3 [Szfl (Tv :U’)] - ¢S4 [S463 (Ta :u’)]
+ ¢C’3 [63(T7 1“’)] = Xecsl-

(D32)
= X, = 0. (D33)

Eq. (B1)(k) together with Eq. (D28) gives
X1, — X575 + X1 +6(61 —6p) =0, (D34a)
XC3Ty + 2(91 - 90) =0, (D34b)
4Xeyr, T 2X5T3 = 2X1 - (D34c)

Eq. (B1)(1) yields

X1y T X515 + X1 =0 (D35)

From Egs. (D34)(c) and (D35) we get 2xa, 7, = 0. Using
this in Eq. (D34)(b), we get 4(6; — 6p) = 0 and hence
from Eq. (D28), we have xsr, = x1. Eq. (B1)(m) does
not give any further constraints.

c. wg, = 1, ws, =0

For we, = 1, ws, = 0, Eq. (B1)(j) imposes a con-
straint similar to that given by Eq. (D33). Eq. (B1)(k)
in conjunction with Eq. (D13), i.e., 6(p1 — po) = 0 and
X&s1, T XG5, T XEs1; = 0, gives

X03T2 = 0 (DSG)

Eq. (B1)(1) and Eq. (B1)(m) do not impose any further
constraints.

d. wg, =1, ws, =1

Eq. (B1)(j) gives

2XEsTy = 2XSTs = XGsTy

D37
Xesr, = 2(61 — 0o + p1 — po) (D37)



Using Egs. (D28) and (D13), Eq. (B1)(k) gives

2Xe,ry = 2(Xeyr, + XSTs)
Xés1, — XT3 +6(01 — 00) = x1,
= —Xey1, = 2(61 — 0o) .

(D38)

XCsTy

Eq. (B1)(1) does not lead to any new constraint while
Eq. (B1)(m) gives

3XC’3T1 = Oa (D39)
2Xe,T, T XST; = X1-
Further simplification gives,
3Xesr = 3Xesr, = 6(01 —6) =0, (D40)

XSTs = XCuT, T X1-

Furthermore, using IGG gauge freedom we can set py =
0, p1 = p.. With the help of these gauge fixings, we can
simplify all the gauge equations and we have listed the
simplified forms in Sec IV.

3. Derivation of time-reversal PSG

Now, we proceed to find the PSG solutions for time-
reversal symmetry. Using Eq. (Bl)(o) for O € T;, we
get

Ao (r, i) = X771,
Ao (ryp) = X771, — [1 =
Ag(bT(’l", /J/) = XTTs + [1 -

(=D 2rixa
(=1)"712(r1 = r2)xa

(D41)

We consider the wr = 0 and wy = 1 separately in the
following.

a. wr =0

Let us first consider the case wy = 0. Here, the consis-
tency condition similar to Eq. (D9) does not impose any
new constraint on x; and the form of the solution can be
written readily as

o7(r, 1) = rixTr +raXTT Fr3XTT + 07 (0, 1) . (D42)
Now Eq. (B1)(n) requires
(D43)

XTTys XTTos XTTs = Oa 7T

Now, the condition (B1)(0) for O = C3 can be written as

¢T(Ta :U‘) - (7)11)(;3 QST[C’B,_l(ra H’)] = X705 - (D44)
This results in
X7, = X712 = X715 = 0,7 (D45)

¢T(Oa ,LL) - (71)7063 ¢T(Oa ,l_l,) = XT7C5-
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The condition (B1)(o) for O = S; takes the following
form

o7 (r, 1) — (=)S o7 (S (r, w)] = x7s- (D46)

Using X171, = XTT, = X775, from Eq. (D45) this results
in

XTT = XTT, = XTTs — 0

b7(0, 1) — (—1)"S467(0, 1) = x7s (D47)

Therefore, in this case the projective gauge can be writ-
ten as

Gr(r, 1) = g3(o7(0, 1)) (D48)

To have non-vanishing ansédtze on the 1NN bonds, we
need to set

¢7(0,0) =0, ¢7(0,1) == (D49)

It is easy to check that with this setting the ansatze on
2NN bonds vanish.

b. wr=1

Now, we proceed with the case wy = 1. Employing
consistency condition equivalent to Eq. (D9) we obtain
2x1 = 0. Therefore, the class with y; = 7/2 is excluded.
Also, we find Eq. (B1)(n) does not impose any new re-
striction. In this case, also the projective gauge corre-
sponding to time reversal can be written as

¢7(r, 1) = rixTT, +roXTT +73XTT + ¢7(0, 1) (D50)

The Eq. (B1)(o) for O = S, and O = Cj3 gives the fol-

lowing two relations

¢T(ra :u’) - (_)7ls4 ¢T[S4*1(,r7 /j/)] - 2954 (T, I'L) = XTS4
o7 (r, ) — (=) 7[C3H (r, )] = 206, (r 1) = X7, -
(D51)
Using the above relations, x7r, can be fixed as x77, = 0.
The PSGs for wy = 0,1 are summarized in Table II.

Appendix E: Z2 PSG

1. Canonical forms of ansatz and corresponding
gauges.

When the SU(2) IGG is completely broken down to
Zy, the SU(2) flux operators must be non-collinear.
Therefore, the ansétze admit pairing terms along with
the hopping terms. Thus the canonical form of the Zo
ansatze is given by

Uij = LImhijTO + RehijT‘3 + RepijTl + ImpijTQ. (E1)



where the first two terms represent the imaginary and
real hoppings, respectively, while the last two term rep-
resent real and imaginary pairing, respectively. For a
Z5 1GG, the identity element of the symmetry group is
defined up to a sign parameter. The different possible
choices of sign parameters then correspond to the differ-
ent PSGs.

2. Derivation of Zs PSG corresponding to space
group generators

Similar to the U(1) case, using local gauge redundancy,
the relation (B1)(a) leads to the following solution for the
projective gauges of O € {T},T», T5}

GTl (rly T2,T3, M) = TO
GT2 (rla r2,T3, /’[/) - ,'771"1 0 (E2)

r1, 72,0

GT3(T1ar27T37,u’) - 77 77 T
Now, Eq. (B1)(b) gives

Gr, (r, )G ) [Ti1 Cs(r, )]Gy [Tia s (r, )]

GC‘3 [03 (7", :u)] ="Nc,T; TO'
(E3)
where g, 7 = £1. With the definition fi[Gg, (r, 1) =
Ge, (1 1)G [Tfl(r, 1)), the above equation after sub-

K3

stituting Eq (E2) results in

AlGe,(r,p)] = ncsTgnyfn? 7
folGe, (r, )] = neyrym* ™ (E4)
£31Ge, (r, )] = e,z 0y ny2 0.

The consistency equation reads as
[ilGe, (ry )] fim [Ge, [T (r, )] =
fir1[Gea, (r, W1 filGe, [T (r, )]

which requires that 71 = 12 = 13 and therefore G, has
the following solution

(E5)

ri(ro+r
Gy (r 1) =02 1 e i " ge () (E6)

Here, gg, (1) = G,(0,0,0, 1). Now, plugging this result
in Eq. (B1)(c), we obtain

l9e, (Wge, (W) = ne, (E7)
Now, let us consider the screw symmetry gauge Gg,,

where, Egs. (B1)(d), (B1)(e), (B1)(f) give

fl [GS4 (7’, ,LL)] - WSTN?IS 0
fo[Gs, (r, )] = nspyni> e 0 (E8)
£3[Gs,(r, )] = nspymp T2 A0
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The consistency condition similar to Eq. (E5) does not
impose any restriction on 77 and the solution of Gg, (r, 1)
is given by

Gs, (7, 1) = N5 Mo, Nsr,

ra(r14re)—roftre( 22— :

ans( +ra)—rafitra (T2 gs. (1)

(E9)

We find that plugging this result in Eq. (B1)(g) and

Eq (B1)(h) does not impose any new constraints. Now,
q. (B1)(i) gives

Gr,(r1,72,m3, )G, (r1 + 1,729,735 — 1, 1)
G T> (Tl + 17r2 + 17T3 - 17:“’)GS4(T1 + 13T2 + 17T3 - 1?#’)
GS4 +1r1+7"2+7n3+,u777n2713ﬁ,ﬂ)

(=r
GS4(T2 +1 y 1, =71 — T2 — T3 — :u’?:LL)
Gs,(r1+re+1r34p,—rs, —r, i) = 77337'0
(E10)
On substituting Eq. (E9) and Eq. (E2) in the above equa-
tion, we get the following constraints.

1. For p =0
[95,(0)g5,(1)]* = mnsmynsm, N7, (E11)

2. For p=1
[95,(1)95, (0)]* = nsznsar”. (E12)

As [9s5,(0)gs,(D)]?> = [gs,(1)gs,(0)]? irrespective of
whether gg, (0) and gg, (1) commute or not, we get

NSTNSTNST, = 11 - (E13)

Further simplification can be achieved by considering
the following gauge transformation
W (r, ) = 2z (E14)
We find that the above transformation does not change
the structure of the translation gauges except a global
sign modification and these can be put to their original
form by a redefinition of these modified signs. Similar
to SU(2) and U(1), these signs can be neglected. Also,
it can be seen that the gauge transformation given by
Eq. (E14) modulates the signs nsr,,na,1,- By a proper
choice of constants 7, 1, and 7, and using Eq. (E13),
we can fix nsr,, Nst,, andne,r, as
NsT, =NsT, = Néyry = T1, NsTs =M1 - (E15)
Also, we have another gauge freedom which is indepen-
dent of lattice coordinates but depends on the sublattice
indices, i.e., W(r,u) = g(p). With this transformation
gs, (1) transforms as

95,(0) = ¢'(0)gs,(0)g(1)

(E16)
9s.(1) = g"(1)gs,(1)g(0)



By a proper choice of {g(0), g(1)} we can do the following

simplification

=gs, gs € SU(2). (E17)

95, (0) - 7_0’ 954(1)
More constraints are found from the remaining four con-
ditions given by Eq. (B1)(j), Eq. (B1)(k), Eq. (B1)(1) and
Eq. (B1)(m). From Eq. (B1)(j), we have

u=0:Gg,(r1,r2,73,0)Ge, (—r3, 71 + 12 +1r3 —1,-719,1)
Gg,(—r1 — 19 — 13+ 1,79,73,0)
Geo, (=73, —r1,—12,1) = Nes1 T°
= [95,(0)g¢, (D]* = neaa1™°, with e, = +1,

(E18a)
p=1:Ggs,(r1,r2,7r3,1)Gg,(—rs, 71 + 1o + 173, —12,0)

GS4(_T1 — T2 —T3,72,T3, 1)Gé3(_r3a -r

= [95,(1)g¢, (0)]* = nes1 ™0, with ng,p, = +1.

(E18b)
From Eq. (B1)(k), we have
p=0: Gég (r1,72,73, O)Gég(fr% —r3, —71,1)
Gs,(r3,11,72,0)Gg,(=12,71 + 12 + 13 —1,—11,1)

1,—r1 — 1o —T3+1,0)
—7‘1,1)
1,0)

Ge,(r1,7r3 —
e, (=r3+1L,ry+ro+r3—1,
Sa(=r1—r2—r3+1,7r1,7r3 —
(=rs+1,—-ro —1,—r1,1)
(
oA

r,—7T1 — 172 —’I”3,7’2+1 O)

Sa

3

(T +ro 13, —re —1,—r1, 1)

QQQQQQ

s.(ra+ 1,71, =11 — 12 — 13,0)
GS4 (7"1 + T2 + r3, —Tr3,—T1, 1) = 770327-0
= [9¢,(0)9¢,(1)95,(0)gs,(1)]* = nes27” (E19a)

Hn = 1: GC73 (7‘1,7“2,7“3, I)GC’B(—’I‘Q, —Tr3, —T1, 0)

Gs4(7“3,7"1,7”271)Gs4(—7“277“1 + 12 413, —71,0)

Geg,(r1,r3 —1,—r1 — 12 — 713, 1)

G 3( T3+1 T1 —}-7“2-*—7"37 ’]"1,0)

G54( T1 77’277‘3,7”1,7"371 1)

GS4( rg+1,—ro —1 —7’1,0)

G‘3(T1,—T1 —ro—r3— 1,10+ 1, 1)

Ge,(r1+r2+r3+1,—r2 —1,-r1,0)

GS4(7’2+].,7"1,—7"1 —7”2—7’3—1,1)

Gs,(r1 +rg +r3+1,—-r3,—71,0) = NesaT"

= [96,(1)9¢,(0)gs, (1) g5, (0)]> = e, 1,nes2™” . (E19b)
Similarly from Eq. (B1)(1), we have

p=0:1[g¢,00)9¢,(1)9e,(0)gs, (1)]* = nesa7’ . (E20a)

p=1:[g6,(1)gs,(0)g¢, (1)gs, (0)]* = neyr,nesst” -
(E20b)

From Eq. (B1)(m), we have

0
1, —T2, 0) = Nes1T
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96, (1195, (1) 95, (1) g6, ()95, (1) 95, (A)]* = Nesat®..
(E21)

Let us now find the PSG for time-reversal symmetry. Us-
ing Eq. (B1)(o) for O € T;, we get

FilGr(r, )] = nrr,7°

The consistency condition does not impose any con-
straint. Thus, from Eq. (E22) the solution for G7(r, u)
can be written as

(E22)

Gr(r, b) = NP 07,7, 97 (1) (E23)
From Eq. (B1)(o) for O € C3, we have
Gr(r1,r2,73, )G, (11,72, 73, 1)
x G (=ra, —13, —71, [i)
X Gé; (r1,me,73, 1) = 777@370 (E24a)
= NTT = NTT =TTy (E24b)
gr(Wge, (W97 (W9g, (1) = e, (E24c)
Similarly, for O € Sy, we have
Gr(ri,r2, 13, 0)Gs,(r1, 72,73, 1)
X G7_-1(7"1 +ro+r3+ u,—rs3,—r1, i),
x Gg! L T1,T2, T3, () = nrst’ (E25a)
= 07T = NTTes NTTs = 1 (E25Db)
97(m)gs. (W97 (195, (1) = n7sT’ . (E25¢)

From Egs. (E24)(b) and (E25)(b), we get nrr, = n7m, =
nrr, = +1. Also, Eq. (B1)(n) gives [g7(u)]* = n4-7°.
Hence, the Zy PSG solutions can be summarized as

Gr,(r,p) =07 Gy (r, 1) = 07 T2 G, (r, ) = 7°,

(E264)
Gr(r,pm) = gr(p), (E26D)
Gs,(r,p) = ngr,
it mramtna (S5) = (55 ), (B260)
Gey(rop) =13 e mn™ 2 ge, (), (E26d)
lg7 (1)]? = npr°, (E26e)
96, (196, (1)]* = ne, 7°, (E26f)
95, (11)gs, (1)]* = ns7°, (E26g)
95, (1) g¢, (1)) = nes17°, (E26h)
[96,(0)96,(1)95,(0)g5, (1)]? = nesat®, (E261)
[96,(1)96,(0)gs,(1)gs, (0)]° = neyr,mes2™’,  (E26))
[96,(0)96, (1)g¢, (0)gs, (1)]* = nessT?, (E26k)
[96,(1)96,(0)g9¢, (195, (0)]* = neyr,ness7®,  (E261)
96, (1) g5, (1) 95, ()96, (1) g5, (1) 95, (1) = Nesat,
(E26m)
g1(Wge, (War' (B)az! (n) = nre, 7, (E26n)
97 (1)gs, (197" ()gs, (1) = nrs7’ (E260)



The different sign combinations of 7 parameters en-
ables us to classify different PSGs. Substitution of
95,(0) = 70 in Eq. (E26)(g) gives [gs, (1)]2 = nsr?. The
following two cases are possible

IM): ns =4+1=gs,(1) = 7]547'0 with ng, = £1,
(E27a)

(I1): ns = —1= gs,(1) = i(a-7) with |a|> =1.
(E27Db)

Now, for Eq. (E26)(f), the following four cases are possi-
ble. For ng, = +1

(a) 96,(0)9¢,(1) =7°,

= 9¢,(0) = g, (1) = /™) with [b* =1, (E28a)
s 27 o
3

(b) 96,(0)ge, (1) =57,

= 96,(0) = €77, gg, (1) = (57O, (E28b)

and for ne, = —1,

(©) 9¢,(0)g¢,(1) = =77,
= ge, (1) = (=1)*7%or i(b - 7) with |b|* =1,
(E29a)

a

(d) 96,(0)g5,(1) =57,

= 96,(0) = 7", gg, (1) = 5797 (E29b)
where a = 1,2,3 and 0 < (,0 < 2. Let us first consider
the case (I)(a). For this case, Eq. (E26)(h) gives

l96, (D] = 96, (0)]* = near 7°

= 96,(0) = g}, (1) = 7%, i(b - 7)

(E30)
Eqgs. (E26)(i) and (E26)(j) give ng,7, = 1. For both the
choices in Eq. (E30), Eq. (E26)(m) is also satisfied. For
the case (I)(c) we also find 7,7, = 1. Now, let us look
into the case (I)(b). Eq. (E26)(h), for this case reads as
follows

96, (DI = [9¢,(0)* = tes17”

(2= —¢)T™ — e2£§7‘a

= 2(F = Nes1T° (E31)

which cannot be satisfied for any choice of ¢ and 7.s1.
This happens also for the case (I)(d). Therefore, we need
to exclude these two cases. Now, let us consider the case
(IT)(a). It can readily be seen that the substitution of
96,(0)ge, (1) = 7° and gs,(1) = i(a- 7) do not satisfy
Egs. (E26)(i) and (E26)(j). A similar observation can be
made for (IT)(a). Therefore, one needs to exclude these
two cases. Now, let us proceed with the case (II)(b). In
this scenario, Egs. (E26)(i) and (E26)(j) give

[eiTT L(a . T)]3 = 775527—0 (E32a‘)
[ i 1) = ey, MesaT (E32b)
which cannot be satisfied for any choice of a. Simi-

larly, the case (IT)(d) does not satisfy Egs. (E26)(i) and
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(E26)(j). This implies that in order to find screw ro-
tation (S;) and rotoinversion (C3) symmetric ansitze,
one needs to consider only two cases, (I)(a) and (I)(c).
Our next task is to find out possible sets of {a,b,ng,}
which satisfy Eqgs. (E26)(e), (E26)(n) and (E26)(0). For
Eq. (E26)(e), the following two cases are possible

(A): nfr =+1= g7(p) = n7,7°, (E33a)
(B): 0y = —1= gr(p) = i(c, - 7) with [e[> =1.
(E33b)

Now, the Egs. (E26)(n) and (E26)(0) can be rewritten as

(E34a)
(E34b)

97 (1) = N76,96, (W 97195, (1)
97 (1) = 17595, (W97 ()95, (1) -

Upon substituting the case (I), i.e., gs,(0) = 7° and
9s,(1) = £7°, Eq. (E34)(b) implies g7(n) = £g7(f).
We have summarized these results and the solutions given
by Egs. (E26), in Egs. (24) and Table 111, where we find
a total of 80 Zy PSGs.

Appendix F: Definitions of reference bonds

To represent the mean-field Ansdtze, the point
0(0,0,0,0) has been considered as the reference
site.  There are four first-nearest neighbours (1NN)
surrounding the reference site, namely, A(0,0,0,1),
B(-1,0,0,1), C(0,-1,0,1) and D(0,0,—1,1). We
have chosen upa = u; as the ansatz on the reference
INN bond and the ansatz on the other INN bonds are
obtained by employing various strings of space group
operations {7}, S4,C3} on the reference bond. Around
the O point, there are twelve second-nearest neighbours
(2NN) among which six sites are given by (1,0,0,0),
(0,1,—1,0), (0,1,0,0), (_17071a0)) (0a0a170)7 and
(1,—1,0,0), and other six can be found from these by
translation operations. Let us denote the former six sites
by ¢ = 1,2,...,6 and the corresponding bonds can be
denoted as ud,,. ‘0’ stands for sublattice g = 0. Similarly,
the second NN bond for the second sublattice ‘1’ can
be denoted as uy,; and we consider the reference 2NN
bond to be u®; = us. Similarly, the twelve third-nearest
neighbours (3NN) bonds can be defined by connect-
ing 0(0,0,0,0) with the twelve 3NN sites given by
a(1,-1,0,1), b(-1,1,0,1), ¢(-1,-1,0,1), d(0,1,-1,1),
6(07 _1a la 1), f(07 _1a _17 1)a g(_170a 17 1)7 h‘(170a _17 1)7
i(717077171)7 j(laflvflvl)a k(flalyflvl) and
I(—-1,-1,1,1), and denoting the bonds by up, with
a=a,b,c,...,l. We choose up, = u3 to be the reference
bond for 3NNs. With reference to these notations, we
define the Ansétze in Table IV and Sec. VI.

The pattern of spatial modulation of the ansétze are



given below for the 1NN, 2NN and 3NN bonds

For 1NN bonds :

((r1,72,73,0)(r1,72,73,1)) = U0A = U1

(( 0)(r1 — 1,72,73,1)) = g3((—r2 + r3)x1)u0B
((r1,r2,73,0)(r1, 72 — 1,73,1)) = g5((—73)x1)uoc
(( 0)(

r1,72,73 —1,1)) = uop.

r1,72,73,

T1,72,7T3,
(F1)

For 2NN bonds :

((r1,72,73, p)(r1 + 1,72, 73, 1)) = g3((r2 — 73)X1) U,
((r1,72,m3, 1) (1,72 + 1,73 — 1, 1)) = g3(rsxa)upy
((ri,ra,rs, p)(ri,r2 + 1,r3, 1)) = g3 (7“3X1 Uos
((r1,m2,m3, 1) (r1 = Lira,rs + 1) = g3 (=72 + 713) 1)U,
((ri,r2,m3, p)(r1, 72,73 + 1, 10)) = ugys
((r1,72,m3, 1) (r1 + 1,72 — 1,73, 1)) = g3((r2 — 2r3)x1)ug
(F2)
For 3NN bonds :
((r1,7m2,73,0)(r1 + 1,790 — 1,73, 1)) = g3((r2 — 273)X1)%0a
((r1,m2,73,0)(r1 — 1,72 + 1,73, 1)) = g3((—r2 + 273)x1)u0b
((r1,7m9,73,0)(r1 — 1,79 — 1,73,1)) = g3(—rax1)uoc
((r1,7m9,73,0)(r1,70 + 1,73 — 1,1)) = g3(rsx1)uod
((r1,72,73,0)(r1,m2 — Lz + 1,1)) = g3(=r3x1)uoe
((r1,72,73,0)(r1,72 — 1,73 — 1,1)) = g3(—rsx1)uof
((r1,72,73,0)(r1 — 1,72,73 + 1,1)) = g3((—r2 + 73)x1)u0yg
((r1,7m9,73,0)(r1 + 1,790,753 — 1,1)) = g3((r2 — r3)X1)UORK
((r1,7m9,73,0)(r1 — 1,179,753 — 1,1)) = g3((—r2 + 73)X1)u0:
((r1,72,73,0)(r1 + 1,73 — 1,73 — 1, 1))

= g3((r2 — 2r3)x1)uo;
<(T1,T2,T3,0)(T1 - 17T2 + 1,7"3 - 13 1)>
= g3((—=r2 + 27r3)x1)u0kK

Lrs +1,1)) = gs(—rax1)uon
(F3)

<(T17T27T3,0)(T1 - 17T2 -

Appendix G: Symmetry conditions on the
short-range mean field ansétze

In Sec. F, we have chosen some reference bonds and
the others can be found through symmetry operations.
The ansétze on these bonds cannot be chosen arbitrar-
ily, and must follow all the symmetry conditions. In the
following, those symmetry conditions are summarized
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The conditions on the reference bond upa = u; are :

CsTsTrC5T3S] = uy — uy (Gla)
TsToCsT5S) - up — ul | (G1b)
Cs:up —ul | (Glce)

54C584 1 uy — uJ{ , (G1d)
5,C254C352 - uy — ul | (Gle)
5,C484C352C55% - uy — ul . (G1f)

uoB, uoc and upop can be found from wu; by using the
symmetry operations Tl_lS4 DU — uTOB, C25,C55% :
uy — uoc and S4C35% : w3 — uop, respectively.

The conditions on the 2NN reference bond ud; = us
are given by

é3T3T203T352 DUy — Us (G2a)
T\C3TS,C28,  uy — ul (G2b)
S4_1TQC’3$§ DUy —> Ug (G2c¢)

S4C5 : uy — ug , (G2d)
T10§154C’§S4C'§’S4 DUy — ug . (G2e)

Using ue, uf,; (i =2,3,4,5,6) can be found by the sym-
metry conditions glven by C§S4 : ua — ud,, 52 Pz —
u 03> C3Sy 1 ug — uo4, C2:ug — UO5» C354 1 ug — uOG.

The conditions on the third NN reference bond up, =
ug are given by

6354 Uz — usz , (Gga)
Tz_lTlég N Ug s (G-?)b)
C254C35% < uz — usz . (G3c)

Using w3, uo, (v = a,b,..,l) can be found by the
symmetry condltlons given by Cc3 . U3 — UQg, Ccs
us — uod, 1y 54 DUz — UOk, C3T 54 D U3 = UOj,
CAT ST+ uz — wuoy, C3S,C3T ST @+ uz — uon,
035402T1 183+ us —> Uoe, C584C3T ST = uz — uow,
T Tyt S3 7Tyt Ss
T 1T Cg uz — uTOi.

DUz — uof, C’3 DUz — “Toc and
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Appendix H: Singlet and triplet bond parameters
1. SU(2) Ansitze

We write the onsite terms

(z,y,2)

uoo=_ih7°, upy™ =0, (H1)
the nearest neighbor terms
=ih 0 hw 0 (v) hY 0 (2) h? 0
uoa=thy 7", qu y Upa=hiT, upy=hit

(H2)



and the second-nearest neighbor terms

(=) _ (¥)

z 0 _py. 0 (2 _
uor=hy 7, ugy=hy 7,

Uoy = h; TO’

(H3)
where all the bond parameters are real, and we have in-
troduced the notation up; = u%l in relation to the defi-
nition in Appendix F.

The results are summarized in Table VII.

uUo1 Zihg TO,

2. U(1) Ansitze

We write the onsite, nearest neighbor and next-nearest
neighbor terms as

(02 _ g

uoo = ilmh 7% + Reh 73, w5y ™ = (H4)

uoa=ilmh; 7° + Reh; 72, ugzl =Reh? 4 Imhy 73,
u) =Reh? 0+ ilmh? 72, ) =Rehi 70 + ilmh3 72,
(H5)
uo1 =iImhs 7° 4+ Rehs 72, u(oml) =Reh3 04 iImh3 73,
ul¥) =Rehl 70 + ilmhy 7°, ul)=Rehi7° + ilmhj 72,

(H6)

e For class (CUC'3,LUS4) = (070) we have ¢; = p1+
mq7, and

h arbitrary,  (

h = h’l‘ei(*elﬂm) —_ h’{e*im’ (H7b

hf — _h%*ei(_&—){l) — hi’ — h?il _ h”f*e_ipl,

hy = RS, hE =0, hY=—hy =h3".

e For class (wg,,ws,) = (0,1): this is the class with
x1 = 0,m,7/2. We have

h=-h* (H8a)

hy = —hy (730X = pre=ien (H8D)

hy = —hie! (304X = p2 = pY = pi*e71, (H8c)
ho =hi =0, hy=—hi"e* =h3 (H8d)

e For class (wg,,ws,) = (1,0): we have 6p, = 0, and
0, is arbitrary.

h=—h*, (H9a)

hi = h;ei(—91—X1) _ _hle—ipl7 (H9b)
hf — _hgf*ei(—91+4p1—)(1) _ h.lz€2ip1

— hzl;e—m'pl — hnlcesL‘pl’ (ch)

hy =h3 =0, hj=—h3" =hj. (H9d)
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e For class (wg,,ws,) = (1,1): 20; = 0 and 2p; = 0.

h arbitrary, (H10a)

hy = —hi e/ tX1) = _piefrr (H10b)

hi = —hie!" X1 = p2 = pY = pielr,  (H10c)
)

hy=hy, h%=0, hY=—hYy =h3.  (H10d

The results are summarized in Table VIII.

3. Zs Ansatze

For Zo PSG, we always have wg, = 0, while g, (0) can
take values of either 70, i72, or it3. We write the onsite,
nearest neighbor and next-nearest neighbor terms as

)
(H11)

uoo =iImh 7°+Rep 71 +Imp 72+ Reh 73,

up = tImhy 70 +Rep: 7! +Imp, 72+ Reh; 7'3,
ugll =Reh{ 7° 4+ i(Rep? 7! +Imp? 72 4+Imh¥ 73),

) ) 2 (H12)
ugyy =Reh{ 7°+i(Rep{ ' +Imp{ 7% +Imh{ 7°),
u(ozl)4 =Reh? 70+ i(Rep? 71 +Imp? 72 +Tmh3 73),
uo1 =iImhy 70+ Repy 71 +Imps 72+ Rehy 73,
(z) z, 0 z 1 T 2 z 3
un, =Rehs 7°+i(Reps 7" +Imp3 7 +Imh3 7°),
o1 2 (Rep3 2 37°) (H13)

ug/l) =Rehy 70 +i(Repy 7' +Impj 72 +Imhj 7°),
u(ozi =Rehj 10 +i(Reps 71 +Tmpj 72 +Tmh3 13),
We have

° ga,(0) =7
h arbitrary, p arbitrary, (H14a)
hy = (—=1)MFmsdpr — (Z1)"Cs pr, (H14b)
Wy =—(=1) "SR =Ry =hY = (=1)"s hi", (Hl1de)
p1 = (—1)™ g = (1) py, (H14d)
pi = (~1)Me)pE = pE = ¥ = —(—1)"Capf, (Hlde)
hy =h3, h%=0, hY=—hY =hi*, (H14f)
pe arbitrary, p5 =0, pj=—p5. (Hl4g)

® g5,(0) = ir2:

h=—-h*, p=—-p*, (Hlba

hy = (=1)MFmsdpr — _(—1)"eshy, (H15b
M=—(-)" R =hi =R = (1), (
pr= (=)™ FEpy = —(—1)"Cspy, (

an
=
ot
<y
Lo =202 8

pr= (1)t = g = p¥ = (—1)"Capt*, (H15e
ho =hS =0, hy=—hY =h3 (HI5f
p2=—p3, p3 =0, pj=p5*. (Hl5g
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Independent nonzero parameters .
SU(2)-Class (11,154, M¢5) Onsite NN NNN Constraints (NN and NNN)
(+7+7+) or (75754») h _ _
(+7+7_) or (_7_7_) h N T -
(+,_7+) or (_7+7+) h’ halc 7 h:f:hvf:h’i
(+7777) or (7?+57) h hl — -
TABLE VII. Summary of the bond parameters for the SU(2) Ansétze. All bond parameters not explicitly mentioned have zero
values.
U(1)-Cl (we ) Independent nonzero parameters Constraints (NN and NNN)
-Classes (we,, ws, Onsite NN NNN onstraints an
(0,0), mim = x1,p1 =0 h Reh Rehg, Imhy |[h3" = h)
(0,0), mym=x1+mp1 =0 h Rehi Reha, ImhY |h7 = hY = hi, h3* = h}
(0,1), =361 +x1 =0, x1 =0 or 7 |Reh Imh} hy = h3
(0,1), =361 + x1 =7, x1 =0 or 7|Imh  Rehi, Rehi Imh} hi = hY = hi, hY = h3
(0,1), =301 +x1=0,x1 =% Imh Reh} hy = h3
0,1), =31+ x1 =0, x1 =% Imh  Rehi, Rehi{ Reh} hi = h¥ = hi, hy = h3 . ’
(1,0), 01 +x1 =0, p1 =0, % 4% |Imh  Rehf Imh} Arg(h§) = 2p1, h§ = hie*t = pYe™2"1 h3 = hY
(1,0), 1+ x1=0,p1 =%, Imh Imh} h3 = h}
(1,0), 01+ x1=0,p1 =7 Imh  Rehy Imh} h3 = h}
(1,1), 01 +x1 =0, p1 =0or 7 h Rehg, Imhy |hY = h3*
(L1),01+x1 =7, p1=0 h h Rehsa, ImhY |h7 = hY = hi, hY = h3*
(L), h+x1=mpr=m h h1 Rehg, Imhy |hY = h3*
TABLE VIII. Summary of bond parameters for the U(1) Ansétze. All bond parameters not explicitly mentioned have zero
values.
® go, (0) = iT3: Appendix I: Quadratic Spinon Hamiltonian
h arbitrary, p=0, (H16a) Here, we discuss the generalized structure of the
_ (1 (mtnsy) e ne quadratic spinon Hamiltonian. To begin with, let us con-
hi=(=1) hi = (=1)"%hy, (H16b) sider the following Bogoliubov—de Gennes(BdG) basis.
hi=—(=1)" R = hi = by = (~1)"%shi*, (H16c) L
= 11
p1 = (_1)(n1+ns4)p1 _ _( 1)nc3p17 (H].Gd) '(/)k (fk,vafk’i) ( )
+ A
pf = (—1)(7“ ns4)p916 = pi = pzll = (_1)n03p17 (H16e) where fk + = (fk 0,1 fk 1,1 ,fk n—1 ¢) and fk7¢ =
ho=hy, hE =0, h=—hY =hn (H16f)  (froi fieass- fm_1.,)7. Here, n = 2, 8 and 32 for
)

p2:p§:07

Pz =p5. (Hl6g

The results are summarized in Table IX. If we further
take time-reversal symmetry into account, we have the

following constraints:

* (97(0),n7) =

* (97(0),n7) =

(Toa*):

(19, 4): vanishing ansitze;

vanishing on even NN

bonds; no additional constraints on odd NN bonds;

* (97(0),n7)

Imh®*Y:#

* (g
70:2

nonvanishing; for even NN bonds:

7(0),n7) = (it%,-):
, i.e. Reh®¥# Imp®¥? Imh and Imp can be

(i, +):

only 753,
, Rep and Reh can be nonvanishing;

for odd NN bonds:

3

i.e. Rep™¥*,

only

1,3

only 7-°, i.e.

Rep™¥#, Imh™¥* Rep and Reh can be nonvanish-

ing.

classes A, B and C, respectively. In this basis7 the gen-
eral mean-ﬁeld Hamiltonian in k-space can be cast in the
following form

H(k) = [ 2V (12)
with
U gz
BdG
k -k -

Here, ﬁg(l) and ﬁ? due to the contribution coming
from the hopping and pairing terms, respectively. The
superscript Zs is used to denote that if IGG € Zs,
ol #o.

Flrst let us consider the case of the hopping only
Hamiltonian as in the case for SU(2) and U(1) Ansétze
(in a suitable gauge) ie., HZ2 = 0. In this case, the up
and down sectors ( fx 4 and fx 1) are decoupled from each

other and H BdG gplit into two equal blocks. We need to
consider only one sector and the Hamiltonian takes the
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) ) Independent nonzero parameters .
Z3-Class (ge,(0), 11,154, 165) Onsite NN NNN Constraints (NN and NNN)
(T07+,+>+) or (T0> ) _7+) h7 p Reh17 p1 Reh27 Imhga D2, pg hg*:hgﬂ pg:_pg
(T07+,+>_) or (T0>_>_7_) h7p Imhfap:f Reh27 Imhgap27pg h?:h¥:h§7p%:p?{:pf7 hg*:hg7p§:_p?2/
(T07+,_>+) or (TO>_>+7+) h7p R‘ehdlL Reh27 Imhgap27pg h‘f:h:’{:hfv hg*:hg7p§:_pg
(T07+,_>_) or (T0>_>+7_) h7p Rehl Reh27 Imhgap27pg hg*:hgﬂpgz_pg
(ir?,+,+,4) or (ir°, =, —,+) [Imh, Imp Imh{, Imp:, Repf Imh3, p} hi=h{=hi, p{ =p{ =pi, hi=hs, p;=ps"
(LT + +7 _) or (L 27 Ty Ty _) Imh7 Imp REhly Rep17 Impalc Imhg7 pg pf:p?f:pi hg:hg7 szpg*
(L7'2,+, —,4) or (ir?, —, +,4) |Imh, Imp Reh] Imhy, pY hi=hY=hi, h5="hY, p5=py"
(ir?, 4, —, =) or (it 2 ,+,—)|Imh, Imp Imh, Imh}, p§ h3=hY, p5=p5"
(LT + + +) or (L 37 - _7+) h R6h17 Imp1> p?l: Reh27 Imhga pg p?:p!{:pi7 hg:hg*> pg :pg
(it3, 4, +, =) or (i3, —, —, =) |h Imh?, p1 Reha, Imh, p} hi=hY=hi, h5=hY", p5=p}
(L73,+, —,+) or (it 3 )| h Reh? Rehs, ImhY, pl hi=hY=hi, h5=hY", p5=p}
(ir®, 4+, —,—) or ([7’3, s, —)|h Imh; Rehs, ImhY, pl h3=hY", p5=p}

TABLE IX. Summary of bond parameters for Zs ansétze. All bond parameters not explicitly mentioned have zero values.

following form

= > AL A" o
o=T,)

(14)

In such cases, due to spinon number conservation, one
does not need to consider chemical potential explicitly.
The (mean-field) one particle per site constraint can be
fulfilled by setting the Fermi level such that the lower
half of the energy eigenstates are filled.

But for the Zy Ansétze, we need to consider the general
basis given by Eq. (I1). The eigenvalues come in positive
and negatlve pairs (te, H) and in the diagonalized basis

(Gt € s )™ = Ues(fropts fo )T where Uey is a
unitary transformation] the Hamiltonian can be rewrit-
ten as

k) = Z Ek,u(flt,#,’rfk,uﬁ - fk,u,iflt,u,ﬂ

p=1

- Z Z Gkv#(élt,%gék”u,a —1).

p=1o=t,]

(I5)

These can be interpreted as Bogoliubov quasiparticles
having positive excitation energy. Thus, the Fermi level
lies at zero energy.

Appendix J: Robustness of the 4-fold degenerate
nodal loops in the spectrum of 0-flux SU(2) state

As discussed in Sec. VI A1, the band structure of the
SU(2) 0-flux state (S A3) comprises of three 4-fold degen-
erate nodal loops when the amplitudes are considered up
to 3NN. The corresponding ansatz is given by Eq. (41).
In this section, we consider bonds beyond 3NN, to verify
the robustness of the nodal manifold. The corresponding
PSG is given by

GTq‘, (7’, ,LL)
GO (T7 :LL)

=971 i:172a37

:(,1)1490’ Jo € SU(2)3 0= {5470337-} .
(J1)

The global SU(2) matrices can be fixed as go = 7°.

0

Thus,

1=1,2,3,
O ={8,,C3,T}.

GTi (Ta N) =70

Go(r,p) =(= 1)“7 (J2)

Akin to the the vanishing 2NN Ansatz (uz = 0), the
structure of Go(r, p) immediately sets mean-field param-
eters on the other even nearest neighbour bonds (4NN,
6NN, 8NN,...) to zero in order to satisfy

QTT(i7M)Ui,u;j,u9T(jv p) = Wi g - (J3)

Thus, the only terms that contribute to the Hamiltonian
are those corresponding to bonds that connect p = 0
sites to u = 1 sites, i.e., odd nearest neighbours such
as BNN, 7NN, 9NN, etc. We define the corresponding
reference bonds as us, uy and ug, respectively. Using the
PSG given by Eq. (J2), we obtain the following Ansétze
for SA3 up to 10NN.

(51 :ithO, Us = L.hgTO, Us = £h570, Uy = L.h77'0,

Ug :ihgTO, Uy = Ug = U = U = U0 — 0. (J4)

The Hamiltonian can then be written as

N T R
fli,O,a |: 0 LAk:| |:f:k.,0,0:|
lﬂlj —iA 0 ] | fero (J5)

where, Ay = hlAkJ + thk’g + h5Ak’5 + ... and Ak,n
=Y enNN €% In=1,3,5,7,...} and h, are the real
hopping parameters.
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- ko k, B\ (ke (ke (ks
Ak71—4(cos(4>cos(4>cos(4> zsm(4)sm(4>sm<4)

_ : 3Ky \ s [ F= 23 ky\ ([ ko ky
Ak75_4cos(4)cos<4>coa<4)+8cos<4>cos<4>< 1+cos< )+cos<2
Bk . 3Ky . (k. . ks ky . ky\ . (3k.
4Lsm(4)sm(4)sm<4)+8L<1+cos(2)+cos(2)>sm( )sm(4 8111(4), (J8)

—tcos [ 22 cos ((2Fu ) cos (22 () cos (Fu
Ak77—4cos< 1 )cos( 1 >cos( 1 >—|—4cos<4>cos<4)
k ky . 5k,
(2 (1 — cos (2> + cos (k) — cos (2> + cos (k:y)) cos (4) + cos ( 1 ))
3k . (3Bky\ . [ 3k (ke L (ky
+ 4isin < 1 > sin (4) sin < 1 ) 4isin (4) sin <4)
(2 <1 + cos (k;> + cos (k;) + cos <k2y> + cos (ky)) sin (%) + sin <5ZZ>> , (J9)

B 3k, 5k, k.\ . (3ke\ . (Bky\ . [k
Akyg =4 (COS (4) COS (4) COS (4 L S1n < ) S1n (4) S (4 >
kg 5ky 3k
+4 (cos (4) cos (4) cos 1
k

(J10)

The eigenvalues are 2-fold degenerate and given by
ek, = +|Axk|. Now, it can be verified that |Ax | =0V n
along the following twelve lines given by

ko =0, kgo = 27 where o, 8 = 2,9, 2 . (J11)

Therefore, these twelve lines are the trajectory of the 4-
fold degenerate gapless k-points which give rise to the
three nodal loops. This strongly supports the robustness
of the nodal manifold. It is important to mention that the
same projective action of time-reversal symmetry is also
present in the SU(2) n-flux state (SB1) where no such

nodal structure can be seen, thus the underlying symme-
try responsible for the robustness of the nodal structure
is not the projective realization of time-reversal. Thus,
we conclude that it is the projective realization of lattice
space group symmetries (here, screw and rotoinversion)
that are responsible for the appearance of nodal band
topology. Also, note that in the cases of the ansétze
labelled by U A01, Z A000 the lattice symmetries are act-
ing linearly. The presence of the nodal manifold in these
cases implies such band topology is protected by the lat-
tice symmetries as well as a particular projective imple-



mentations of those symmetries given by Eq. (J1). Actu-
ally the non-projective operations of the lattices symme-
tries can also be connected symmetrically to the PSG of
the zero flux SU(2) state (SA3). Thus the non-projective
class is also a subgroup of the PSGs of SA3. Thus actu-
ally protection of the nodal band structure is originating
from the larger projective class.

Furthermore, we also report another nodal band topol-
ogy in the w-flux state. However, unlike zero-flux state,
its appearance is not robust, but rather an artifact of re-
striction to short ranged couplings. We verified this by
incorporating fifth-nearest neighbours (5NN) and found
an opening up of a gap. The details regarding the sign
configuration of the Ansétze on 5NN bonds are as follows.

The twelve 5NN bonds can be defined by con-

necting F(0,0,0,0) with the twelve B5NN sites
given by 1(0,0,—-2,1), 2(0,1,-2,1), 3(1,0,-2,1),
( 2 O 071)a 5(_2a1a071)7 6(07_2a0a 1)7 7(0a17071)a
8(1,-2,0,1), 9(1,0,0,1), 10(~2,0,1,1), 11(0,~2,1,1)
and 12(0,0,1,1), and denoting the bonds by up,
with « = 1,2,3,.. We choose up1 = us
to be the reference bond for B5NNs. Upe =
{1,-1,1,1,-1,-1,—-1,1,1, -1, -1, —1 }us, where
a =1,2,3,...,12. The pattern of spatial modulation of

the ansédtze are given below for the 5NN bonds,

r1,72,73 — 2,1)) = up;
ri,7m2+ 1,73 —2,1)) = niPups
2,1)) = 07> Pups

1,72,73,0)(

71,72,73,0)(

(r1+1,7m9,r3 —

(r1 —2,79,7r3,1)) = upy

(r1 =272+ 1,73,1)) = n*ups

(r1,79 — 2,7r3,1)) = upg (712)
(ri,re 4+ 1,r3, 1)) = n2upy

(1 —2,73,1)) = 0> P upg
(r1+1,72,73,1)) = 0> 3 upg
(r1 —2,m9,r3+1,1)) = up1o
(ri,re —2,r3+1,1)) = up11
(7’1,7“2,7"3 +1,1)) =upi2

0)
0)
0)
0)
0)
0)
r1,72,73,0)
0)
0)
0)
0)
0)

Appendix K: Calculation of the Dynamical Spin
Structure Factor

The dynamical spin structure factor is defined as

’ too lwT
o [T $ o

x <S?,m(7>5’2;(0)>
(K1)

where A\, X' € {z,y, z} and (m,n) is the sublattice index.
Given the spin-rotational invariance of the model permits
us to restrict the study to longitudinal components only.
Thus, we shall consider §%%(q,w) only. Now, with the
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substitution of S'fm (r)= eiHTS'f,me_‘HT, Eq. (K1) reads

+o0 dTeL'wT
R

oo 21N
y Z eiq‘(ri,mfrjv")<€£HT,§im87iHT‘§;,n>'
i,j,m,n
(K2)

This can be recast in terms of fermion operators after
substituting Eq. (2) as

. +o0 dTeLwT
saw) = [ T

oo

D
o,

Z eLq (rl wt_r]n)((s 6_6 )

,Jﬂn n
(@ fE o Fimae T f L fins).
(K3)

After Fourier transformation, this takes the form

+o00o d,reiwr
Szz(q’w) = / 277../\/' Z

H A, ~ 7H A, ~
x> (ML wheramae™ T Ly o pfionp)-
oy

eiq-rrnm((;aﬁ _ 50475)

(K4)
where ry,,, = r,,—r,. To show the derivation of $**(q, w)
for Z Ansétze, we demonstrate one term corresponding

toa=p=m:

x <6LHTfll.,m,Tfk+q’mvTe_LHT fli’+q,n,Tfk/’”,T> :
(K5)
Let us consider the unitary matrix Uy that diagonal-
izes the Bogoliubov-deGennes (BdG) Hamiltonian as dis-
cussed in Appendix I:

Ulij:-’(k)Uk = diag(ekylm, ) €k7N1T’ Efk,l,u ey E*k,Nyi)‘
(K6)
where N is the number of sublattices. Under Uy the

fermion operators transform as

Semt = Ui(m, p)éxpt + Uk(m, p + N)ED kp.l

Fiemy = Ux(m+ N, p)éipr + Uc(m + N,p+ N)ET, .

(KT)
Due to the absence of Bogoliubov quasiparticles in the
ground state vacuum |0), the scattering mechanism fol-
lows the creation of a pair of Bogoliubov quasiparticles
at time 7 = 0 and annihilation at time 7. Now, the
e_iHTflLJrq’mfk/’n,ﬂm can be recast in terms of quasi-
particle creation and annihilation operators as

T (U pq(n )€y quuy + Uit + N)Eko—qu)

X (Ui (n, 0w 4 + Ui (n, ' + N)EL, L, )]0)
(K8)



The quasiparticle-free vacuum leads to the only nonzero
part of e“HTfkurq n Tfk n1]0) given by

efi(ek’-f-q,u,’r*%e—k’,u’,¢)7—

* / ot £t (Kg)
X Uk’+q(n’ V)Uk/(nv v+ N)gk/+q7y’T£—k/7y/,i|0>'

Now the annihilation of the pair él,+quT£AT_k/ VL

(0|e£H i flz mt fitqum.+ should include two annihilation
operators.

<0|€LHTU£ (m, p+ N)Uk-i-q(mv M/)f—k,u,ifk-i-qw’ﬁ
(K10)
nonva-
element

From Eq.
nishing

(K9) and Eq. (K10), the

contribution of the matrix
Hrprf —ifrr pt ; i
<eL Tfk,m,afk‘f‘%mvue ‘ Tfk’+q,n,ﬁfk'7n7ﬂ> 1S given

J

Z §(w (Q-Tomn

kmn

zz
SZ2 q,w — €k+q,u — 6k,l/)e
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by

U (i, 1+ N) Uiy (s 1)U () Uk (1, + )
e ravttew v )T« §(k — K)o, 10,0,
(K11)
As we discussed in Appendix I, the energy eigenvalues
follows €y .+ = €_k,u,| = €k,u- Using this fact and sub-
stituting the expression (K11) in Eq. (K5) we obtain

)= 5 X ot

k,m,n

STT qQ,w )eiqrmn

— €k+q,p Tk
x Ug(m, pp + N)Uxyq(m,v)
X Ut q(n, v)Uk(n, g+ N).
(K12)
Similarly, one can derive the expressions for other terms
as well. Thus, the final expression for §**(q,w) for a Zs
ansétze reads as

(K13)

X [Ult(mnu + N)UkJrq(mv V) + Uk+q(m + N, V)Ult(m + N, pu+ N)] U;+q(n’ V)Uk(nvllf + N)

To derive the expression for the U(1) ansétze, we re-
call the fact that BdG Hamiltonian is block diagonal
with two equal blocks in the 1 and | sectors. Thus,
the basis contains only annihilation operators and the
unitary matrix Uy would be such that Uliﬁ (k)Ux =
diag(ex,1, €k 2, ..€k,n ). Furthermore, the basis vectors will
transform as fk,m,a = Uk(m#)fk#ﬂ.
operators Eq. (K4) can be written as

In terms of new

+oo dteiw‘r o
SU(l)(Cb w) = / o N e Irmn (5 5 — 5&,5)
oo k.k/ m,n
X Uyt (s 1) Uscsq (1, 1 Uiy (s ) Ui (n, )
X Z<€£HT51T<,u,a€k+q,u’,aeiiHTglt%q,u,ng’v”’»ﬁ>'
a,B
(K14)

In contrary to Zo ansétze, the lowest half energy eigen-
states are filled for U(1) states. This reflects in the
scattering mechanism. At time 7 = 0, a pair of excita-
tions will be created by removing a particle with a state
(k’, B) from the filled bands and creating a particle with
a state (k' +q, ) at the empty bands and then annihi-
late the pair of excitations at time 7. This requires that

(

<€LHT£LIL7Q£k+q,M ,aeiLHTglt'+q,y,5§k' v,B) gives,

Ui (m, 1) Useyq(m, 1)U 4 o (n, v)User (1, 1)

e ran =) 5 §(k — K )0 00 100 p
With this substitution Eq. (K14) can be written as,

(K15)

Stiy(a,w) Z AT (W — eiciqu + €lp)
k m,n
x Uk (ma N)Uk+q(m7 V)Ul;k+q(n> V)Uk(nv M)
X nk)u(l — Nk+q7y)

(K16)

where ny is the Fermi distribution

function with Fermi energy e¢r which at g =
be written using step function as nk (1 — Nkyqw) =
O(er — €x,u)0(€xtqy — €r). Thus the final expression
of dynamical spin structure factor for U(1) ansétze takes
the form

oo can

Sty (a,w) N Z U (W — excrqu + k)
k,m,n
x Uy (m, 1) Uieq(m, ) Uy q(n, V) Uk (n, p)
X O(€xtqy — €r)0(€p — €k p)-
(K17)
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