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We demonstrate via exact diagonalization that AA-stacked TMD homobilayers host fractional
quantum anomalous Hall (FQAH) states with fractionally quantized Hall conductance at fractional
fillings n = 1

3
, 2

3
and zero magnetic field. While both states are most robust at angles near θ ≈ 2◦,

the n = 1
3
state gives way to a charge density wave with increasing twist angle whereas the n = 2

3
state survives across a much broader range of twist angles. We show that the competition between
FQAH states and charge density wave or metallic phases is primarily controlled by the wavefunctions
and dispersion of the underlying Chern band, respectively. Additionally, Ising ferromagnetism is
found across a broad range of fillings where the system is insulating or metallic alike. The spin
gap is enhanced at filling fractions where integer and fractional quantum anomalous Hall states are
formed.

The discovery of the integer and fractional quantum
Hall effects (QHE) in two-dimensional electron systems
under a magnetic field ushered in the paradigm of topo-
logical matter and electron fractionalization [1, 2] over
forty years ago. It was recognized shortly thereafter that,
while broken time reversal symmetry is a necessary con-
dition for QHE, Landau levels are not: a Bloch band with
a nonzero Chern number suffices [3, 4]. The possibility of
quantum Hall analogs in which time reversal symmetry is
broken spontaneously at zero magnetic field is a subject of
fundamental importance and long-standing interest. Ad-
vances in quantum materials have brought the search for
such phases, known collectively as quantum anomalous
Hall (QAH) states, to the forefront of condensed matter
physics.

Following theoretical proposals, transport measure-
ments have demonstrated the integer QAH effect in a
variety of material systems [5], including magnetically
doped topological insulator [6], intrinsic magnetic topo-
logical insulator MnBi2Te4 [7], magic-angle twisted bi-
layer graphene [8], and transition metal dichalcogenide
heterobilayer MoTe2/WSe2 [9]. Beyond a proof of prin-
ciple, the experimental demonstration of QHE at zero
magnetic field opens a new path to microwave circula-
tors [10], chiral topological superconductivity [11], and
Majorana fermion [12].

Even more exciting is the fractional quantum anoma-
lous Hall (FQAH) state, a new phase of matter that ex-
hibits fractionally quantized Hall conductance and hosts
fractional quasiparticles (anyons) at zero magnetic field.
Physical realization of FQAH states relies on the synergy
between band topology, strong correlation, and sponta-
neous time reversal symmetry breaking. These states
can host new types of fractionalization unseen before in
Landau levels. Moreover, proximity coupling between
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FQAH states and superconductors at zero magnetic field
may provide a promising route to topological quantum
computing [13, 14].

Magic-angle twisted bilayer graphene is a theoretically
interesting candidate platform for the FQAH state [15–
19]. Local compressibility measurements demonstrate its
fractional quantum Hall states at magnetic fields above
5 T [20]. However, at zero and small fields, the incom-
pressible states at fractional fillings are observed to be
topologically trivial.

Recently, a new moiré system, AA-stacked twisted
homobilayer of transition metal dichalcogenide (TMD)
semiconductors WSe2 or MoTe2, has also been predicted
to host FQAH [21–23]. Here, narrow moiré bands are
formed at small twist angles and acquire nontrivial topol-
ogy from the layer pseudospin structure of their Bloch
wavefunctions [24]. In addition to band topology and
narrow bandwidth, strong atomic spin-orbit coupling in
moiré TMDs results in the locking of electrons’ spin to
their valley degree of freedom. This makes spontaneous
Ising ferromagnetism possible at finite temperature, a key
requisite for the realization of FQAH states [23].

Very recently, signatures of integer and fractional QAH
states in optical measurements of twisted MoTe2 bilay-
ers have been reported [25]. Photoluminescence spec-
tra clearly show a reduction in intensity and a blue shift
in peak energy at integer and fractional fillings of the
moiré unit cell n = −1 and − 2

3 , indicating the emer-
gence of correlated insulators. Furthermore, magnetic
circular dichroism measurements reveal robust ferromag-
netism over a wide range of hole fillings 0.4 ⪅ |n| ⪅ 1.2
The coercive field determined from magnetic hysteresis is
distinctively enhanced at n = −1 and − 2

3 . Remarkably,
a linear shift in the carrier densities of the optically de-
tected n = −1 and − 2

3 states with the applied magnetic

field is found, with a slope ∂n
∂B in unit of e

hc matching

C = −1 and − 2
3 respectively, as expected from Streda

formula ∂n
∂B

|µ = σH

ec for states with integer and fraction-
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ally quantized Hall conductance σH = C e2

h . Importantly,
the linear dispersion persists down to zero magnetic field.
These observations taken altogether provide clear, strong
evidence for integer and fractional QAH in hole-doped
twisted bilayer MoTe2.

In an independent experiment around the same time,
integer QAH states were observed in twisted bilayer
WSe2 at hole fillings n = −1 and n = −3 by electronic
compressibility measurements [26]. Here, the linear shift
in the density of the incompressible state reveals states
with quantized Hall conductance C = +1, which persist
down to zero magnetic field. The topological gap of the
QAH state at n = −1 is found to be around 1 meV.

The discovery of integer and fractional QAH states in
twisted bilayer MoTe2 and WSe2 following theoretical
prediction [21–23] demonstrates the extraordinary rich-
ness at the intersection of band topology and electron
correlation. Many open questions remain to be answered.
While prior theoretical studies of FQAH in twisted TMD
homobilayers have focused on the filling factor n = − 1

3
and at ultrasmall twist angles θ ⪅ 1.5◦ [22, 23, 27], the
newly observed FQAH state in twisted MoTe2 occurs at
the filling fraction n = − 2

3 in a device with a larger twist
angle θ = 3.7◦. In addition, a weak feature indicative of
another FQAH state at n = − 3

5 was observed.

In this work, we study ferromagnetism, FQAH, and
competing states in AA stacked TMD homobilayers. We
begin with a detailed discussion of the system’s single
particle physics, which evolves dramatically with twist
angle. We present original ab initio calculations for
tMoTe2 band structure. Next, we demonstrate robust
Ising ferromagnetism across a broad range of carrier den-
sities in the lowest moiré band, independent of whether
the system is metallic or insulating at a given carrier den-
sity. For a range of twist angles and realistic Coulomb
interaction, we demonstrate FQAH states at filling fac-
tors n = 1

3 ,
2
3 . These states are fully spin/valley polar-

ized and exhibit fractionally quantized Hall conductance
at zero magnetic field. We find for both fillings that the
FQAH gap is largest near θ ≈ 2◦. As twist angle in-
creases, the n = 1

3 state gives way to a charge density

wave (CDW) while the n = 2
3 state survives to signif-

icantly higher twist angles, ultimately giving way to a
metal. We find that the angle at which the FQAH-CDW
transition for n = 1

3 occurs is only weakly dependent on
interaction strength, whereas that at which the FQAH-
metal transition occurs for n = 2

3 is strongly interaction-
strength-dependent. This suggests that the former is con-
trolled primarily by a change in the wavefunctions of the
lowest-band Bloch states whereas the latter is controlled
primarily by a change in their dispersion. Within single
band projected Hamiltonian, we find that the suppres-
sion of charge density wave at n = 2

3 compared to n = 1
3

is due to interaction induced renormalization of band dis-
persion.
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FIG. 1. (a) Schematic of AA-stacked homobilayer moiré
superlattice and (b) Wannier diagrams showing quantum
anomalous Hall states in tMoTe2 and tWse2, which have op-
posite Chern numbers in a given valley.

I. TOPOLOGICAL MOIRÉ BANDS

Continuum model – The valence band edges of a TMD
monolayer are located at the K and K ′ points of the
Brillouin zone and have a large effective mass in the
range of 0.5 − 1 me. Due to strong atomic spin-orbit
coupling, holes at K and K ′ have opposite spin, so that
spin and valley degrees of freedom lock into a single two-
component “spin” degree of freedom. When two identical
K-valley TMD layers are stacked with 0◦ alignment (AA
stacking), holes at a given valley have the same spin in
both layers and therefore direct spin-conserving, intra-
valley, inter-layer tunneling is present.
Rotation between the two layers modifies the disper-

sion of low-energy holes by introducing an intra-layer su-
perlattice potential and inter-layer tunneling that vary
spatially with the superlattice periodicity. As shown by
Wu et al [24], the continuum model Hamiltonian for the
spin-↑ component takes the form of a 2×2 matrix in layer
space:

H↑ =

(
ℏ2(−i∇−κ+)2

2m + V1(r) t(r)

t†(r) ℏ2(−i∇−κ−)2

2m + V2(r)

)
(1)
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with H↓ its time reversal conjugate. Note that this
single-particle Hamiltonian is defined with charge neu-
trality as its vacuum. Accordingly, we have chosen a
natural convention for H to write the continuum model
Hamiltonian in terms of the hole operators directly:

H0 =
∑

σ=↑,↓

∫
dr ψ†

σHσψσ, (2)

where ψ†
σ creates a hole in the valence band. As such, the

single-particle energy spectrum of H0 is bounded from
below. We also define n to be the number of holes per
unit cell relative to charge neutrality so that n is positive,
opposite to the definition commonly used in experiments.

Here, the kinetic energy of holes in a given layer
follows a quadratic energy-momentum dispersion cen-
tered about its K point. The K points of the two lay-
ers are displaced due to the interlayer twist and fold
into the corners of the moiré Brillouin zone, κ+ and
κ−. We choose our moiré reciprocal lattice vectors to

be gi = 4π√
3aM

(cos π(i−1)
3 , sin π(i−1)

3 ) and κ− = g1+g6

3 ,

κ+ = g1+g2

3 . Here aM = a0

2 sin(θ/2) ≈ a0

θ where a0 is the

atomic lattice constant.
The parameters of the moiré potential Vl(r), t(r) can

be fitted to first-principles density functional theory
calculations given symmetry constraints that we now
discuss. The most general Fourier expansion of the
intra-layer potential to the lowest harmonic is Vl(r) =

−
∑6

i=1 Vgile
iϕgileigi·r where Vgi

is real and the reality
of Vl(r) requires ϕgil = −ϕ−gil. It follows from C3z sym-
metry that

Vl(r) = −2V
∑

i=1,3,5

cos(gi · r + ϕl). (3)

Here, the origin of r is defined to be at the center of
an MM stacking region. Additionally, symmetry under
a twofold rotation that interchanges the two layers re-
quires Vl(r) = Vl̄(−r) and, in turn, ϕ2 = −ϕ1 ≡ ϕ. The
same symmetry consideration also applies to the inter-
layer tunneling term, which must take the general form

t(r) = w(1 + eig2·r + eig3·r). (4)

This model Hamiltonian has spin U(1) symmetry
([Sz,H] = 0), but not spin SU(2) symmetry, a property
that we will see enables robust Ising type ferromagnetism.

First principles calculations – We now compare the
moiré band structure of the continuum model with first-
principles calculations on twisted bilayer MoTe2. We
perform large-scale density functional theory (DFT) cal-
culations with the SCAN density functional [28] with
dDsC dispersion correction method, which captures the
intermediate-range vdW interaction through its semilo-
cal exchange term. We find that lattice relaxation has a
dramatic effect on moiré bands. Our DFT calculations
at θ = 4.4◦ with 1014 atoms per unit cell show that the
layer distance d varies significantly in different regions of

7.0

7.8

Layer	
distance	(Å)	

E	
(m
eV
)

(b)(a)

FIG. 2. a) The interlayer distance of the twisted MoTe2
structure obtained from DFT is shown, demonstrating a large
variation between the MM and XM/MX regions. b) The con-
tinuum band structure (blue lines) is plotted in comparison
with large scale DFT calculations (black dots) at twist angle
θ = 4.4◦, showing excellent agreement. Note that additional
bands in DFT calculations come from Γ valley states.

the moiré superlattice, as shown in Fig 2(a). d = 7.0Å
is smallest in MX and XM stacking regions, where the
metal atom on top layer is aligned with chalcogen atom
on the bottom layer and vice versa, while d = 7.8Å is
largest in MM region where metal atoms of both layers
are aligned. With the fully relaxed structure, the low-
energy moiré valence bands of twisted bilayer MoTe2 are
found to come from the ±K valley (shown in Fig.1b).
In Fig 2c, we compare the band structures of twisted

bilayer MoTe2 at θ = 4.4◦ computed by large-scale DFT
and by the continuum model. Remarkably, the low-
energy part of DFT band structure is well fitted with the
continuum model band structure with parameters stated
in Table I. Importantly, our direct large-scale DFT calcu-
lation reveals a significantly narrower moiré bandwidth
than reported in the previous model study [24]. Corre-
spondingly, the intralayer potential V and interlayer tun-
neling strength w is significantly larger than previously
thought.

Materials ϕ (deg) V (meV) w (meV) m (me) a0 (Å)
tMoTe2 -91 11.2 -13.3 0.62 3.52
tWse2 128 9 -18 0.43 3.32

TABLE I. Continuum model parameters extracted from den-
sity functional theory calculations. Parameters for tMoTe2
are from this work and those for tWse2 are from [21].

Twist angle dependence – As we showed recently [21],
the moiré band structure of twisted TMD homobilayers
is highly tunable by the twist angle θ, which controls the
moiré period aM and thereby the ratio of kinetic to moiré
potential energy. As the twist angle decreases, the moiré
band structure evolves from nearly-free-electron-like to
the tight-binding regime. In Fig. 3, we show continuum
model band structures and the corresponding charge den-
sities at several twist angles. At θ = 1.2◦, the lowest two
moiré bands have narrow widths ∼ 1 meV and are well
described by the Kane-Mele type tight binding model on
the honeycomb lattice as we will elaborate later. The
charge density of the lowest band exhibits sharp maxima
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FIG. 3. (a) Continuum model hole bands of tMoTe2 in valley
K at several twist angles. Chern numbers of the first and sec-
ond lowest bands are labeled in blue and black respectively.
(b) Corresponding particle number density associated with
the lowest band, An(r) = A

∑
k |ψ1k↑(r)|2 where A is the

moiré unit cell area. The lowest band, onto which we project
the continuum model Hilbert space in the exact diagonaliza-
tion calculation, is highlighted in blue.

at MX and XM stacking sites, which are local extrema of
the intra-layer moiré potential and form a honeycomb lat-
tice. We note that the layer polarization of these charge
density peaks is strong and opposite between the two
sublattices.

In the large angle limit where the kinetic energy dom-
inates, the charge density is more uniform. It exhibits
shallower peaks on a triangular lattice of MM stacking
regions where inter-layer tunneling is of maximum am-
plitude. The marked difference in the moiré band struc-
tures at low and high twist angles is evidenced by the
lowest moiré band minimum changing from γ to κ+/κ−.
As we showed recently [21], the crossover between the
two regimes dictates the existence of a “magic angle” at
which the lowest moiré band becomes extremely flat.

In Fig. 4, we also show the evolution of the width of
the first band W1 as well as the difference between the
average energies of the first two bands ∆12 ≡

∑
k(ε2k↑−

ε1k↑)/
∑

k 1 as a function of twist-angle for both WSe2
and MoTe2. For angles ⪆ 3◦, the lowest moiré bands
acquire significant dispersion > 10 meV. The bands of
MoTe2 are narrower than those of WSe2. As we will later
elaborate, as long as this bandwidth is small compared to
the system’s characteristic interaction energy, it plays an
insignificant role in determining the many-body ground
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FIG. 4. (a) Bandwidth of the lowest moiré band (W1) and
difference in the average energy of two lowest moiré bands
(∆12) as a function of inter-layer twist angle θ for MoTe2
and WSe2. Also shown is a characteristic interaction energy

scale e2

ϵaM
for ϵ = 10. (b) Chern number of the lowest moiré

band as a function of the dimensionless ratio of the inter-
and intra-layer moiré potential strengths w/V as well as the
phase parameter ϕ demonstrating that WSe2 and MoTe2 have
opposite Chern numbers in a given valley.

state. ∆12 in both cases monotonically increases with
twist angle.

Band topology – As first pointed out in the seminal
work of Wu et al [24], moiré bands of a given spin com-
ponent in the continuum model for twisted bilayer TMD
have finite Chern numbers that satisfy C↑ = −C↓ ≡ C
due to time reversal symmetry. As we will show later,
the existence of topological bands in combination with
small bandwidth at small twist angles is crucial for fer-
romagnetism and (integer and fractional) QAH states in
this system.

Remarkably, the topological character of moiré bands
depends on the twist angle and shows two distinct
regimes (see Fig. 3). Previous theoretical studies have
mostly focused on the ultra-small twist angle regime
(θ < 1.5◦), where low-energy states are localized on
a honeycomb lattice. Correspondingly, the lowest two
moiré bands are isolated from higher bands and well de-
scribed by a honeycomb lattice tight-binding model with
Kane-Mele spin-orbit coupling [29]. The first and second
band of spin ↑ states in valley K have Chern numbers
C↑ = (−1,+1) respectively for MoTe2 [24].

We now show that topological bands at larger twist
angles have a different origin. This regime can be un-
derstood from a nearly-free-electron analysis. We treat
the spatially varying intralayer moiré potential V (r) and
interlayer tunneling t(r) as perturbations to the free par-
ticle gas. The leading effect of these perturbations is to
induce superlattice gaps where free particle states with
momenta k and k + g are degenerate and coupled by
V (r), t(r), leading to the formation of moiré bands. We
calculate the superlattice gap and Bloch wavefunction
of moiré bands at high symmetry points with a degen-
erate perturbation theory approach, first introduced in
Ref.[30], enabling us to determine the Chern number of
moiré bands in a given valley in terms of the superlattice
parameters V,w, ϕ.
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Fig. 4 shows the Chern number C thus obtained as
a function of continuum model parameters w/V and ϕ
(without loss of generality V is chosen to be positive).
We further confirm by numerical calculation that the en-
ergy gap between the first and second moiré band remains
finite over the entire range of twist angles from large to
small, despite that the moiré band structure changes dra-
matically. Trivial bands (C = 0) are found when the
minima of the moiré potential V (r) are located at MM
sites (which form a triangular lattice), whereas topolog-
ical bands (|C| = 1) are formed when (1) the intra-layer
potential minima are located at MX/XM sites (which
form a honeycomb lattice) and (2) the inter-layer tunnel-
ing w is not too large compared to the intra-layer poten-
tial V .
For a given valley/spin, the Chern numbers of the low-

est moiré band at ϕ and −ϕ are opposite. Our large-
scale DFT calculations find ϕ = −91◦ for twisted bilayer
MoTe2 as presented above, and ϕ = 128◦ for twisted bi-
layer WSe2 as shown in Ref.[21]. Therefore, our theory
predicts that the lowest moiré bands in twisted MoTe2
and WSe2 homobilayers have opposite Chern numbers in
a given valley.

Our conclusion about band topology is further con-
firmed by examining the Bloch wavefunction of moiré
bands in large-scale DFT calculation. The Chern num-
ber mod 3 can be computed from the symmetry eigen-
values of spin- 12 Bloch states under C3z rotation [31]. C

mod 3 = 3
2π arg(−λκ+

λκ−λγ), where Rθ is a rotation op-
erator about the z-axis, and λk = ⟨uk|R2π/3 |uk⟩ at three
high symmetry points k = κ+, κ−, γ are C3z symmetry
eigenvalues. The values for the symmetry eigenvalues λ
for twisted bilayer MoTe2 and WSe2 are determined from
DFT calculations (see Table II). The Chern number is
then determined from the symmetry eigenvalues to be
C = −1 and 1 respectively.

Materials Band, Valley κ+ κ− γ

tMoTe2 1, K eiπ/3 eiπ/3 e−iπ/3

1, K′ e−iπ/3 e−iπ/3 eiπ/3

tWse2 1, K eiπ/3 eiπ/3 eiπ

1, K′ e−iπ/3 e−iπ/3 eiπ

TABLE II. C3z eigenvalues of the topmost moiré bands from
each valley, computed from large-scale DFT wavefunctions at
high symmetry momentum points.

Importantly, this difference in Chern number has ob-
servable consequences. According to the Streda formula,
the Chern number determines the slope of the linear
shift in carrier density with an applied magnetic field:
∂n
∂B = e

hcC. We note that the measured sign of the n-B
slope in tMoTe2 or tWSe2 depends not only on the val-
ley Chern number C, but also on the sign of the valley
g-factor which determines the sign of the valley polar-
ization under an applied B field. Assuming that both
tMoTe2 and tWSe2 have the same sign of the valley g-
factor, our theory predicts that QAH states in the two
systems will exhibit n-B slopes of opposite sign, see Fig.

Nuc =30 27 15a)

b)

FIG. 5. Finite sized clusters used in the exact diagonalization
calculations in real space (a) and momentum space (b). The
27-unit-cell cluster can be viewed as a 9-unit-cell cluster with
a tripled unit cell.

1.

Finally, we note that, as twist angle increases, the sec-
ond band’s Chern number changes sign from −C to C
(C is the Chern number of first band) due to inversion
with the third band at γ (see Fig. 3) [21, 24]. This ap-
plies to both tMoTe2 and tWse2. Our DFT calculation
shows that both the first and second bands of tMoTe2
have the same Chern number in the twist angle range
studied experimentally [25]. As a result, we expect a
double quantum spin Hall state at the filling of n = 4
holes per unit cell [21], which can be experimentally de-
tected through edge-state transport and current-induced
edge spin polarization.

II. ISING FERROMAGNETISM AND SPIN GAP

We now turn to the many-body problem of a finite
density of doped holes in twisted TMD homobilayers that
interact with each other through Coulomb repulsion. The
many-body continuum model Hamiltonian is given by

H = H0 + V

V =
1

2

∑
σ,σ′

∫
drdr′ψ†

σ(r)ψ
†
σ′(r

′)V (r − r′)ψσ′(r′)ψσ(r).

(5)

Here we use a long-range Coulomb interaction V (r) =
e2

ϵr in contrast to previous studies of FQAH in TMDmoiré
superlattices using a dual-gate screened Coulomb inter-
action [22, 23, 27]. We perform an exact diagonalization
calculation within the Fock space of the lowest Bloch
band. Upon band projection, the many-body continuum
model Hamiltonian is most conveniently written in mo-
mentum space as
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H̃ =
∑
k,σ

εkσc
†
kσckσ

+
1

2

∑
k′p′kp,σσ′

Vk′p′kp;σσ′c†k′σc
†
p′σ′cpσ′ckσ

(6)

where c†kσ creates a Bloch state in the lowest band
at crystal momentum k and spin/valley σ with cor-
responding single-particle energy εkσ. Vk′p′kp;σσ′ ≡
⟨k′σ;p′σ′| V̂ |kσ;pσ′⟩ are the corresponding matrix ele-
ments of the Coulomb interaction. Our choice to use the
unscreened Coulomb interaction was motived by simplic-
ity and generality. We detail our methods in the supple-
ment.

Projection to the lowest band neglects band mixing
and therefore is quantitatively accurate only when the ra-

tio of the characteristic Coulomb energy e2

ϵaM
to the moiré

band gap is small. However, band projection is known to
be qualitatively correct in the study of fractional quan-
tum Hall states in lowest Landau level, even when this
dimensionless parameter is not small [32, 33]. A follow up
study of twisted TMD bilayers addressing band mixing
is being prepared and will be presented elsewhere.

In performing the calculation, we take advantage of the
model’s charge-U(1), spin-U(1), and translation symme-
tries to diagonalize within common eigenspaces of N , Sz,
and crystal momentum. We use three clusters of different
sizes and geometries illustrated in Fig. 5 using periodic
boundary conditions.

We begin with an analysis of magnetism in tMoTe2
across a broad range of filling factors n ≤ 1. In Fig. 6,
we plot ∆S ≡ Emin(Sz) − Emin(Szmax) for Sz ≥ 0 as a
function of the filling factor n = Nh/Nuc on the 15-unit-
cell torus with a fixed value of ϵ−1 = 0.1 and several twist
angles. Here Emin(Sz) is the minimum energy within a
given Sz sector, Nh is the number of holes, and Nuc is
the number of moiré unit cells.

At θ = 2◦, the lowest energy state is fully spin po-
larized for all filling factors 0.27 ≤ n ≤ 1 (the lower
bound precision is limited by system size), showing ro-
bust spin/valley ferromagnetism in tMoTe2. The spin
gap (defined as the minimum of ∆S with Sz ̸= Szmax),
which controls the Curie temperature and coercive field,
is maximum at n = 1 and generally decreases with de-
creasing n. Notably, we find the spin gap at n = 1
exceeds 10 meV. A similar conclusion was reached for
twisted TMD bilayers at smaller twist angles [21, 23].
Here, we find that Ising ferromagnetism and large spin
gap (> 10 meV) at n = 1 persist to much larger twist
angles, as shown θ = 2.5◦ and 3.5◦. On the other hand,
ferromagnetism at low filling n < 0.4 is less robust and
disappears at θ = 3.5◦ for ϵ−1 = 0.1.

At θ = 2◦, the spin gap clearly exhibits local maxima
at filling factors n = 1

3 and 2
3 , where FQAH states are

formed as we will soon see. Notably, the spin gap at
n = 2

3 is much larger than at n = 1
3 . For ϵ−1 = 0.1, at

θ = 2.5◦, the FQAH state only appears at n = 2
3 where
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FIG. 6. ∆S ≡ Emin(Sz)− Emin(Szmax) across all possible Sz

values within 15 meV cutoff as a function of the filling factor
n ≡ Nh/Nuc on the 15-unit-cell cluster at fixed ϵ−1 = 0.1
and several θ. min(∆S) is the minimum value of ∆S for Sz <
Szmax).

the spin gap is still weakly enhanced, but not at n = 1
3 .

At θ = 3.5◦, the ground state at n = 2
3 is a fully polarized

Fermi liquid whose spin gap does not show any prominent
feature, while the state at n = 1

3 is non-magnetic.
Consistent with our numerical findings, magnetic cir-

cular dichroism measurements on twisted bilayer MoTe2
[25] observed robust Ising ferromagnetism over a broad
range of hole fillings between n ∼ 0.4 and 1, with a max-
imum Curie temperature of 15 K at n = 1. Moreover,
the coercive field is enhanced at n = 2

3 . This agrees with
the spin gap shown in Fig. 6 and is associated with the
formation of a FQAH state as we demonstrate below.
Our calculation shows that Ising ferromagnetism in

tMoTe2 appears not only at n = 1, 23 and 1
3 , but through-

out a broad range of filling factors below n = 1 where the
system is insulating or metallic alike. As a consequence of
Ising ferromagnetism and Berry flux in moiré bands, we
predict an anomalous Hall effect over a broad of fillings
at and below n = 1 (as found in tWSe2 [23]). In particu-
lar, quantized anomalous Hall effect is expected at n = 1
and certain fractional filling factors that support FQAH
insulators.
From now on, we systematically study the many-body

spectrum in the fully spin polarized sector at n = 2
3 and

1
3 , for various twist angles and interaction strengths ϵ−1.
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FIG. 7. (a) Many-body spectra of tMoTe2 within the fully
polarized sector (Sz = Smax) on the 30-unit-cell cluster at
n = 1

3
, 2

3
. We use θ = 2.0◦, ϵ = 10. At the top we show

the ground state manifold’s spectral flow under flux insertion
demonstrating its FQAH nature. The 4 lowest states within
each crystal momentum sector are shown. (b) Same as (a)
except at a larger twist angle θ = 2.5◦ and on the 27-unit-cell
cluster. The lowest 6 states within each momentum sector
are shown. The spectrum at n = 2

3
indicates FQAH whereas

at n = 1
3
indicates a CDW.

We note that, at n = 1
3 and large twist angles, the ground

state may not be fully spin-polarized at zero field (see
Fig. 6). We leave further investigation of spin physics at
n = 1

3 to future study.

III. FQAH AND COMPETING PHASES

In Fig. 7 (a), we show the many body spectra ob-
tained for tMoTe2 on the 30-unit-cell cluster at θ = 2◦

and n = 1
3 ,

2
3 as a function of crystal momentum. We

assign each crystal momentum k = k1T1 + k2T2 an in-
teger index k = k1 + N1k2 where Ni is the number of

crystal momenta along axis i. Here Ti =
2πϵijLj×ẑ

A is a
basis vector of crystal momentum, Li defines the periodic
boundary condition in real space, and A = |L1 × L2| is
the system area. At both fillings, we find 3 nearly degen-
erate ground states separated by a sizable energy gap ∼ 2
meV from excited states. The approximate ground state
degeneracy matches the expected topological degeneracy
of a fractional quantum Hall state on a torus. We note

that imperfect ground state degeneracy is expected in a
finite system. We have tested several cluster sizes with
all other parameters fixed and find that the gap remains
∼ 2 meV, indicating its presence in the thermodynamic
limit. The many-body crystal momenta of the n = 1

3 ,
2
3

states – having linear indices (5,15,25) and (0,10,20) re-
spectively – are in precise agreement with the generalized
Pauli principle discussed in Ref. [34].

In addition to the threefold ground state degeneracy,
a necessary property of an n = p

q fractional quantum

Hall state is that its ground states on a torus permute
upon insertion of 2π magnetic flux such that each state
returns to itself only after insertion of q flux quanta. Flux
insertion induces a shift in one component of the kinetic
momentum π = p+ Φ

2πTi where Φ ≡ ϕ
ϕ0
, ϕ is the inserted

flux, ϕ0 = hc
e is the flux quantum. In Fig. 7(a), we

show that both n = 1
3 and 2

3 exhibit this spectral flow,
providing definitive evidence of their FQAH nature.

A change in the the twist angle θ induces a change in
(1) the Bloch wavefunctions of the lowest band, (2) the
band dispersion and width, and (3) the system’s char-

acteristic interaction energy scale e2

ϵaM
. The band dis-

persion governs the kinetic energy H0. At large twist
angles where the lowest moiré band is highly dispersive,
the ground state at fractional fillings is expected to be
a Fermi liquid. The Bloch wavefunctions determine the
form of the band-projected interaction V through the
Coulomb matrix elements. Therefore, a given filling fac-
tor, the system can exhibit distinct many-body ground
states as a function of twist angle even when the band
dispersion is neglected altogether. Thus, the influence of
twist angle is multifold and needs systematic study.

An obvious candidate ground state in the presence of
strong, long-range Coulomb repulsion is a charge density
wave (CDW). Such states are experimentally observed
in TMD moiré hetero-bilayers where they are known as
generalized Wigner crystals [35–38]. To address the pos-
sible competition between FQAH and CDW with exact
diagonalization, it is essential to choose a cluster that ac-
commodates a tripled unit cell or, equivalently, samples
γ, κ+, and κ−. The 27-unit-cell cluster depicted in Fig.
5 satisfies this criterion. In Fig. 7(b) we show spectra
obtained at a larger twist angle θ = 2.5◦ using this clus-
ter. At n = 2

3 , we find three nearly degenerate ground
states at γ, indicative of FQAH. On the other hand, at
n = 1

3 , we find three nearly degenerate states with one at
each of γ, κ+ and κ− (the center and corners of the moiré
Brillouin zone, respectively). These are the momenta ap-
propriate to a charge density wave with a tripled unit cell
because they fold back to γ in the symmetry-broken Bril-
louin zone.

To reveal the influence of twist angle on many-body
ground states at n = 1

3 and 2
3 , in Fig. 8 we plot the

energy gap Egap = E4 − E3 as a function of θ, where
Ei is the ith lowest energy with a fixed Nh and max-
imum spin Sz. Two values of the dielectric constant,
ϵ−1 = 0.1, 0.2 are used. When the system is a correlated
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FIG. 8. Egap ≡ E4 − E3 where Ei is the fully spin-polarized
state of ith lowest energy as a function of twist angle θ for
n = 1

3
, 2

3
and two values of ϵ−1 = 0.1, 0.2.

insulator with threefold ground state degeneracy such as
FQAH or CDW, Egap is indicative of its robustness.

For ϵ−1 = 0.1, we see that both the n = 1
3 ,

2
3 states

exhibit maxima in Egap near θ = 1.8◦. Beyond θ ≈ 1.8◦,
Egap decreases at both fractions, but more rapidly so at
n = 1

3 where it reaches zero near θ ≈ 2.3◦ and then
increases again. The many-body spectra on both sides of
this gap-closing transition (not shown) have three nearly
degenerate ground states. However, the ground states at
θ < 2.3◦ have the crystal momenta of the FQAH state
as shown in Fig. 7(a), whereas those at θ > 2.3◦ have
the crystal momenta of the CDW state as shown in Fig.
7(b). Thus, we conclude that at the fractional filling
n = 1

3 , a quantum phase transition between FQAH and
CDW occurs around θ ≈ 2.3◦.

The situation is markedly different at n = 2
3 . In this

case, Egap remains finite until θ ≈ 3.0◦, beyond which
point it is small. The many-body spectrum shows a
continuum of states at low energy, indicating a metallic
phase in the thermodynamic limit. These results clearly
show that the FQAH state at n = 2

3 , previously over-
looked in theoretical studies of twisted homobilayer TMD
[22, 23], persists to a substantially higher twist angle than
that at n = 1

3 .

When ϵ−1 = 0.2, the dependence of the n = 1
3 state

on θ is largely similar to when ϵ−1 = 0.1, save for an ex-
pected increase of Egap due to the increased Coulomb in-
teraction. On the other hand, at n = 2

3 , the increased in-
teraction pushes the FQAH-metal transition to θ ≈ 3.8◦,
thereby significantly expanding the twist angle range of
the FQAH state.

These numerical results provide valuable insight into
the competition between FQAH, CDW, and metallic
phases. At small twist angles, the bands are narrow
enough (see Fig. 4) that for both ϵ−1 = 0.1 and 0.2 the
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FIG. 9. Low-lying spectra at θ = 3.5◦ for several values of the
inverse dielectric constant ϵ−1 at n = 2

3
. For small ϵ−1 = 0.1

(weak interaction) the system is not in a FQAH state whereas
for ϵ−1 ⪆ 0.2, it is. All energy levels in the fully spin-polarized
sector and the given window are shown.

system is in its flat band limit e2

ϵaM
/W ≫ 1. The many-

body ground state is thus determined primarily by the
projected interaction term which is in turn determined
by the Bloch wavefunctions. For θ ⪅ 2.3◦, FQAH state
is preferred by at both fillings. On the other hand, at
large twist angles, the bandwidth becomes sizable and is
crucial in the competition between FQAH and metallic
phase at n = 2

3 .
To disentangle the effect of bandwidth from that of

Bloch wavefunction, we study the FQAH-metal transi-
tion at n = 2

3 for a fixed θ = 3.5◦, tuned by the interac-

tion strength ϵ−1. Changing ϵ−1 does not affect the band
wavefunction, but tunes the ratio of bandwidth and in-
teraction energy. Fig. 9 shows the many-body spectra
at ϵ−1 = 0.4, 0.2, 0.05. While ϵ−1 = 0.4 is likely larger
than experimental values, it provides useful insight into
the strong coupling limit in a similar spirit to the band-
flattening approach [39].
Starting from the strong interaction limit ϵ−1 = 0.4,

it is clear that n = 2
3 exhibits FQAH with 3 well iso-

lated, nearly degenerate states at γ as expected from the
generalized Pauli principle rules applied to this cluster
geometry. As the interaction decreases, the energy gap
at momenta κ+ and κ− softens (ϵ−1 = 0.2), before the
metallic state with a continuum of low-lying states ap-
pears (ϵ−1 = 0.05). The nature of this FQAH-metal
transition at n = 2

3 is an interesting and important ques-
tion that calls for further study.

IV. n = 1
3
VERSUS 2

3

We have shown by exact diagonalization study that
AA-stacked TMD moiré homobilayers exhibit robust
Ising spin/valley ferromagnetism across a wide range of
carrier densities within the lowest moiré band. Since the
valley-polarized moiré bands carry finite Chern number,
anomalous Hall effect is expected throughout. At par-
ticular fractional filling factors n = p

q = 1
3 ,

2
3 we pre-

dict fractional quantum anomalous Hall states with cor-

responding quantized Hall conductances σH = p
q
e2

h . Us-

ing continuum model parameters obtained from our first-
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principles band structure calculations, our study finds
that the topological gap of FQAH states in twisted bi-
layer MoTe2 is largest near θ ≈ 2◦.

At larger twist angles, the n = 1
3 state gives way to a

CDW near θ ≈ 2.3◦ whereas the n = 2
3 state persists to

a larger angle, eventually becoming metallic. As inter-
action strength increases, the FQAH regime at n = 2

3
extends to higher angles, suggesting that the FQAH-
metal transition is primarily bandwidth controlled. On
the other hand, the critical angle of the FQAH-CDW
transition at n = 1

3 is weakly dependent on interaction
strength, indicating that it is instead controlled by a
change in the Bloch wavefunctions.

The difference between n = 1
3 and 2

3 filling states
is noteworthy and interesting. Recall that the ground
states of a Landau level at filling factors n and 1 − n
are simply related by a particle-hole transformation that
leaves the projected Hamiltonian invariant. This is not
the case in our system. In particular, at large twist an-
gles, the 1

3 - and
2
3 -filling ground states are distinct phases

of matter: CDW and Fermi liquid respectively.

To understand the contrast between n = 1
3 and 2

3 ,
we note that the band-projected Hamiltonian within the
fully spin-polarized sector Sz = Szmax is not symmet-

ric under particle-hole transformation c†↑(r) → d↑(r). In
particular, unlike a single particle added to an otherwise
empty moiré band, a single particle removed from an oth-
erwise full moiré band has an interaction-induced disper-
sion present even when the bare bandwidth W vanishes
[40–42].

We now show that the interaction-induced asymmetry
between particle and hole dispersion provides a natural
explanation of the difference between n = 1

3 and 2
3 filling

states found in our exact diagonalization study. Notably,
we find that at large twist angles, a single hole at n = 1
is more dispersive than a single particle at n = 0. There-
fore, in the presence of Coulomb interaction, the system
at low filling δ ≪ 1 is more susceptible to Wigner crystal-
lization into a CDW state than at the filling 1− δ. This
explains our finding of CDW at n = 1

3 and Fermi liquid

at 2
3 .

V. DISCUSSION

We have also obtained strong numerical evidence for
FQAH states at filling factors n = 2

5 ,
3
5 . For θ = 2◦,

ϵ−1 = 0.1 and at both fillings, calculations on the 30-
unit cell-cluster show fivefold nearly degenerate ground
states separated from the continuum by an energy gap
> 1 meV.

As noted above, previous exact diagonalization stud-
ies of FQAH states in AA-stacked TMD homo-bilayers
have focused on the ultra-low twist-angle regime θ < 1.5◦

[22, 23, 27]. This is where the lowest moiré band satisfies
various conditions purported in the literature to support
FQAH states, including nearly vanishing bandwidth and

quantum geometric properties—Berry curvature unifor-
mity and “trace condition” [43, 44].
In comparison with previous studies, our work explores

larger twist angles and additional filling fraction n = 2
3

where the FQAH state has recently been observed. In
addition, we elucidate the origin of band topology at
large twist angle through degenerate perturbation theory
analysis. Our results clearly show that FQAH states in
twisted bilayer MoTe2 extend to significantly larger twist
angles where 1) the lowest moiré band has significant dis-
persion and 2) the first and second moiré bands within
a given valley have the same Chern number contrary to
the Kane-Mele regime at small twist angle. Nonetheless,
the Coulomb energy scale e2/(ϵaM ) suffices to support
CDW and FQAH phases. Remarkably, at larger twist
angles, FQAH state is found at 2

3 filling, whereas CDW

is found at 1
3 . In addition, we find that FQAH states are

accompanied by spin gap enhancements, in agreement
with the experimental observations of Ref. [25]. Our
findings point to the surprising richness and robustness
of FQAH physics beyond flat band and ideal quantum
geometry.
Consistent with recent experimental observations [25,

26], our band-projected exact diagonalization study also
shows a robust integer quantum anomalous Hall effect
at n = 1 protected by a large spin gap. Here, we
also note the possibility of topologically trivial, layer-
polarized states at n = 1 as well as fractional fillings, es-
pecially at small twist angles where the band gap is small.
To faithfully describe such states requires the inclusion
of at least two lowest bands [45], which goes beyond our
single-band calculation. As mentioned above, an investi-
gation of band mixing effects is currently underway and
results will be presented elsewhere.
A straightforward extension of our work is to under-

stand the influence of displacement field on the QAH
states. Generally speaking, stronger displacement field
should drive the system into topologically trivial, layer-
polarized states [24]. Very recently, the ability to tune a
topological phase transition from the integer QAH state
to a topologically trivial state at n = 1 has been demon-
strated experimentally in twisted bilayer WSe2 [26].
Finally, we highlight the prospect of QAH beyond the

lowest moiré band. Indeed, integer QAH at n = 3 has
already been observed in tWse2 [26], and the possibility
of n ≥ 1 fractional states is enticing.
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C. Vaswani, K. Watanabe, T. Taniguchi, K. F. Mak, and
J. Shan, Integer and fractional chern insulators in twisted
bilayer mote2, arXiv preprint arXiv:2305.00973 (2023).


	Fractional quantum anomalous Hall states in twisted bilayer MoTe2 and WSe2
	Abstract
	Topological moiré bands
	Ising ferromagnetism and spin gap
	FQAH and competing phases
	n=13 versus 23 
	Discussion
	Acknowledgement
	References


