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Motivated by the potential to suppress the antiferromagnetic long-range order in favor of the long-
sought-after Kitaev quantum spin liquid state, we study the effect of spin vacancies in the extended
Kitaev-Heisenberg model. In particular, we focus on a realistic model obtained from fitting inelastic
neutron scattering on α-RuCl3. We observe that the long-range zigzag magnetic ordered state only
survives when the doping concentration is smaller than 5%. Upon further increasing the spin vacancy
concentration, the ground state becomes a short-range ordered state at low temperatures. Compared
with experiments, our classical solution over-stabilizes the zigzag correlation in the presence of spin
vacancies. Our theoretical results provide guidance toward interpreting inelastic neutron scattering
experiments on magnetically diluted Kitaev candidate materials

INTRODUCTION

The fractionalization of electrons induced by quantum
many-body effects is one of the central topics in con-
densed matter physics. A celebrated representative ex-
ample is the fractional quantum Hall effect in a two-
dimensional electron system, where quasiparticles have
a fractional electron charge [1–3]. Another well-known
example is the quantum spin liquid (QSL), where spins
do not form an ordered state down to zero temperature
and spin excitations are fractionalized into spinons and
visons [4–6]. Over the past decades, a variety of QSL can-
didate materials have been found, including κ-(BEDT-
TTF)2Cu2(CN)3 [7, 8], EtMe3Sb[Pd(dmit)2]2 [9, 10],
YbMgGaO4 [11–15], and Sr2CuO3 [16, 17].

The Kitaev model provides a good platform to study
QSLs and fractional quasiparticles because its ground
state can be obtained exactly [18]. To realize the ex-
otic properties of the Kitaev model, there has been a
keen interest in discovering Kitaev physics in real materi-
als. The iridium oxides A2IrO3 (A =Li, Na) [19–25] and
the ruthenium compound α-RuCl3 [26–35] with strong
spin-orbit coupling have been proposed as Kitaev can-
didate materials, where fractional Majorana quasiparti-
cles could be observed. More recently, Kitaev candidate
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materials have also been proposed based on honeycomb
layers of Co2+ or Ni3+ ions [36] and rare-earth chalco-
halides [37]. However, due to stacking faults, the presence
of Heisenberg, off-diagonal interactions, spin-phonon in-
teractions [35], and disorder, the ground states in these
materials are distinct from the ground state of the Kitaev
model. To understand the microscopic nature of these
materials, it is necessary to carefully study complicated
interactions that go beyond the Kitaev model.

The magnetic ground state of α-RuCl3 and numer-
ous other Kitaev spin liquid candidate materials is the
antiferromagnetic (AFM) zigzag state. One route to
suppress this AFM state in favor of a potential quan-
tum spin liquid state is the application of magnetic
fields [38]. Meanwhile, the AFM can also be suppressed
by spin vacancies. For example, α-RuCl3 exhibits zigzag
magnetic order below 7 K, but incorporating Ir3+ into
RuxIr1−xCl3 reduces the Néel temperature of the or-
dered state [39–42]. Moreover, powder inelastic neu-
tron scattering (INS) on RuxIr1−xCl3 shows that spin-
vacancies leave intact spectral features associated with
fractional excitations up to x = 0.35 [39]. Other di-
luted Kitaev candidate materials being studied include:
RuxRh1−xCl3 [43], Na2Ir1−xTixO3, Li2Ir1−xTixO3 [44],
and Na2Co2−xZnxTeO6 [45].

Motivated by the potential of spin vacancies to sup-
press AFM in favor of the long-sought-after Kitaev quan-
tum spin liquid, our work studies their impact on the
static and dynamic properties of the extended Kiteav-
Heisenberg model. Previous relevant theoretical studies
of this problem mostly focused on static properties of the
pure Kitaev model [46–49] or the pure Kitaev-Heisenberg
model [50]. In Ref. [51] the anisotropic susceptibility was
studied within the diluted extended Kitaev-Heisenberg
model. Our work studies the influence of spin vacan-
cies on the static and dynamical magnetic properties of a
previously published extended Kitaev-Heisenberg model
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obtained from fits against inelastic neutrons scattering
on α-RuCl3 [52]. We first study the phase transition in
the presence of spin vacancies using the replica exchange
Monte Carlo method. This work reveals that long-range
zigzag order vanishes as the doping concentration reaches
5%, and then the ground state exhibits short-range order.
Tracing the change of the dynamical magnetic structure
factor with different vacancy concentrations, we find that
the low energy magnon mode persists up to a concentra-
tion that is larger than the site percolation threshold.
Compared to experimental results, the zigzag correlation
is over-stabilized in our classical solution.

MODEL

While various spin models have been proposed to de-
scribe the magnetic properties of α-RuCl3 [53], we focus
on a model derived from fitting classical spin Hamilto-
nians against inelastic neutron scattering of α-RuCl3 via
machine learning techniques [52]. In Ref [52], the spin
is treated as a classical vector rather than a quantum
operator. A model with quantum spins may require dif-
ferent parameters to capture inelastic neutron scattering
of α-RuCl3. Our work investigates the impact of de-
fects, which requires a very large lattice size. It is chal-
lenging to study such a large system using a quantum
approach; instead, we approximate the spin as a clas-
sical vector, which can be relatively easily handled in
both the Monte Carlo method and the Langevin equa-
tion. Such an approximation has been frequently used
in studying the dynamical magnetic properties of the Ki-
taev system [52, 54, 55].

In this model, the spin-1/2 extended Kitaev-
Heisenberg spin Hamiltonian on the honeycomb lattice
is given by

H =
∑

γ=x,y,z

∑
⟨i,j⟩γ

Si · Jγ
1 · Sj

+ J2
∑

⟨⟨i,j⟩⟩

Si · Sj + J3
∑

⟨⟨⟨i,j⟩⟩⟩

Si · Sj , (1)

where ⟨· · · ⟩, ⟨⟨· · · ⟩⟩, and ⟨⟨⟨· · · ⟩⟩⟩ represent nearest,
next-nearest, and third-nearest neighbors, respectively.
The nearest neighbor exchange interaction matrix is de-
fined as

Jx
1 =

J1 +K 0 0
0 J1 Γ
0 Γ J1

 , (2)

Jy
1 =

J1 0 Γ
0 J1 +K 0
Γ 0 J1

 , (3)

Jz
1 =

J1 Γ 0
Γ J1 0
0 0 J1 +K

 (4)

These complicated interactions arise from the multior-
bital nature of Ru t2g orbitals and the oxygen-atom
mediated hopping [56, 57]. By fitting INS experimen-
tal data, it is found that J1 = −0.4 meV, K = −5.3
meV, Γ = −0.15 meV, J2 = −0.19 meV, and J3 = 1.35
meV [52]. In general, magnetic vacancies can change the
electron transport around its neighboring sites. Since
the exchange interaction is relevant to the hopping be-
tween two sites, magnetic vacancies can also impact the
exchange interaction. However, determining this effect is
complicated. In our work, we treat the most important
influence of spin vacancies and neglect the modification
of the exchange interactions between non-vacant sites.

REPLICA EXCHANGE MONTE CARLO
METHOD

We first study the spin model using the classical replica
exchange Monte Carlo (MC) method with 2×L×L sites
on the two-dimensional honeycomb lattice, where 2 rep-
resents two sites in each unit cell. The honeycomb lat-
tice shown in Appendix C is constructed by spanning the

primitive vectors a1 = a(
√
3, 0) and a2 = a(

√
3
2 , 3

2 ), where
a is the distance between two nearest neighbor Ru sites.
The green dashed rectangle in Fig. 10(a) (in Appendix
C) defines the spins belonging to the same unit cell. The
vacancy is simulated by randomly selecting a fraction
x of spins; consequently, the total number of spins is
Ns = (1 − x)2L2. We performed swap updates between
two different temperatures every 2 MC sweeps, and both
the single-site heat bath and overrelaxation updates were
used in each MC sweep. In our simulations, 50000 MC
sweeps are used to thermalize the system, and 105 MC
sweeps are used to perform measurements. Disorder av-
erages are taken over Nr samples, with Nr ranging from
100 for x < 0.1 to Nr = 200 for x > 0.1.

For a physical system, the specific heat can accurately
determine a second-order phase transition. In our simu-
lations, the specific heat Cp is computed via

Cp =
1

Ns

1

Nr

∑
r

⟨E2⟩r,MC − ⟨E⟩2r,MC

k2BT
2

, (5)

where ⟨· · · ⟩r,MC is the average value over the MC samples
for the r-th random vacancy configuration. E represents
the total energy.

In addition, we study the evolution of the magnetic
correlation length to determine the temperature TN for
the long-range ordered transition. The magnetic correla-
tion length is obtained from the spin correlation function
χm(q), which is defined as

χm(q) =
1

Ns

∑
α,η,i,j

eiq·(Ri−Rj)Si,α · Sj,η, (6)
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FIG. 1. Static sublattice spin correlations χ′
m(q) in the

momentum space. Panels (a), (b), (c), and (d) plot the spin
correlation function for x = 0, 0.2, 0.4, and 0.5, respectively.
The white dashed line denotes the first Brillouin zone.

where Ri and Rj represent the position of the unit cell,
which includes two spins. α and η are the indices for the
sublattice in each unit cell. Near the critical temperature,
the spin correlation function χm(q) in momentum space
can be represented by

χm(q) =
C

|q−Qm|2 + ξ−2
, (7)

where ξ is the correlation length, and Qm is the mag-
netic wave vector. On the finite lattice, we estimate the
correlation length via

ξ2 =
1

4[sin2(kxm/2) + sin2(kym/2)]

[
χm(Qm)

χm(Qm + km)
− 1

]
,(8)

where km is the minimum allowed wave vector [58]. In
our calculations, we set km = (0, 4π

3La ). In the presence
of the disorder, χm(q) in Eq. 8 is obtained by

χm(q) =
1

Nr

∑
r

⟨χm(q)⟩r,MC. (9)

The two-dimensional Heisenberg model does not have
long-range magnetic order at finite temperature. How-
ever, the Kitaev-Heisenberg model is magnetically or-
dered at low temperatures [59]. In this work, we analyze
the finite-size scaling behavior of the correlation length
to determine the phase transition temperature.
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FIG. 2. Phase diagram in the temperature T and doping
concentration x plane. The blue symbol denotes the tem-
perature T1 where the specific heat has the maximum value.
The red diamond denotes the ordering temperature from the
scaling analysis. The cyan triangle and the blue star denote
T1 of two phase transitions in Ru1−xIrxCl3, extracted from
Ref. [39]. LRO stands for the long-range order in the thermal-
dynamic limit. SRO stands for the short-range order.

LANGEVIN EQUATION OF MOTION

To study the spin dynamics, we use the Langevin equa-
tion, which has the form

dSi

dt
=

1

ℏ
[Si × (Fi + fi)− γSi × (Si × Fi)] , (10)

where Fi = −∂H/∂Si is the effective field acting on spin
Si, and H is the Hamiltonian. γ is the dimensionless
damping parameter. fi(t) is a delta-correlated fluctuating
effective magnetic field, satisfying the conditions ⟨fi(t)⟩ =
0 and ⟨fi,α(t)fj,β(t′)⟩ = µδijδαβδ(t − t′). Subscripts α
and β denote the Cartesian components of a vector. γ
and µ are related via µ = 2γℏkBT . The results shown
in this work are computed with γ = 0.05. We also run
simulations with different values of γ (γ = 0.01 and 0.1)
and find our current results are robust.
We take the spin configuration generated by Monte

Carlo simulations on a 2 × 48 × 48 lattice as an input
of the Langevin equation. The fourth-order Runge-kutta
method is used to evolve the spin configuration with a
time step ∆t = 6.582 fs. This time step is chosen to keep
the energy change in the time evolution smaller than 10−5

meV in the absence of the thermal fluctuations. The ini-
tial 105 time steps are used as thermalization, and the
remaining 5 × 105 time steps are set as a measurement
window. Here, we are interested in the dynamical mag-
netic structure factor, which is obtained from

S(q, E) =
1

Nr

∑
αβ

⟨Mr
α(q, E) ·Mr,∗

β (q, E)⟩, (11)
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FIG. 3. Magnetic specific heat Cp. Panel (a) shows simu-
lated Cp for various vacancy concentrations on a 2× 64× 64
honeycomb lattice. Panel (b) plots the experimental mea-
sured specific heat of Ru1−xIrxCl3, extracted from Ref. [39].

where Mr
α(q, E) =

∑
i

∫ T

0
dteiq·RieiEtSr

i,α(t). Here,
Sr
i,α(t) is the spin operator in the ith unit cell and α sub-

lattice at the time step t. r denotes the index of the ran-
dom set. ⟨· · · ⟩ denotes the average value of several time
windows [0, T ]. In our calculations, we set T = 3000∆t
and use 108 different initial spin configurations with dif-
ferent defects. To capture quantum fluctuation, we follow
Ref. [52] and renormalize S(q, E) by E nB(E, T ), where
nB(E, T ) is the bosonic distribution function.

STATIC MAGNETIC PROPERTIES

We first focus on the static magnetic correlation func-
tion in the presence of vacancy defects at a low tempera-
ture T = 1 K. Here, the static magnetic correlation func-
tion χ′

m(q) only includes correlations between the same
sublattices and is defined as

χ′
m(q) =

1

Ns

∑
α,i,j

eiq·(Ri−Rj)Si,α · Sj,α, (12)

Fig. 1 plots χ′
m(q) for different vacancy concentrations

with L = 48. The ground state of our model with x = 0
is the zigzag phase, leading to a strong and sharp peak
appearing at the M points in momentum space. Finite
vacancy doping suppresses this zigzag state. The re-
sult shown in Fig. 1 is consistent with this prediction.
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FIG. 4. The finite-size scaling analysis of the zigzag spin
correlation length ξ.

Interestingly, we find that short-ranged zigzag correla-
tions can persist up to a concentration that is larger
than the site percolation threshold of a honeycomb lat-
tice of x = 0.3 [60], although the correlation strength
is extremely weak. Although the quantum spin model
has three different wave vectors in the zigzag state (see
Fig. 10), the classical spin model can only have one wave
vector in a ground state for the case without vacancies.
When a vacancy concentration of x = 0.3 is introduced,
the real-space correlations show local zigzag correlations
along these three wave vectors in different regions on a
large lattice (see appendix B).

An intriguing question regarding vacancy doping is the
nature of the phase transition. Here, we plot the x − T
phase diagram in the low doping region in Fig. 2, which
is obtained by analyzing the specific heat Cp and the
correlation length ξ. The red diamond denotes the long-
range ordering (LRO) temperature TN in the thermo-
dynamic limit, obtained from the analysis of the scaling
behavior described below. The blue circle in Fig. 2 de-
notes the temperature T1 where the specific heat has the
maximum value. The suppression of the zigzag corre-
lation is reflected by the doping-dependent behavior of
T1, which shows a linear decrease. We compare our re-
sults with experimental results on Ru1−xIrxCl3, which
exhibits two-phase transitions accompanied by a struc-
tural change to AB and ABC stackings. The tempera-
tures for these phase transitions, extracted from Ref. [39],
are plotted as cyan and green symbols in Fig. 2. It is
found that our theoretical result has a smaller slope. This
inconsistency could be induced by three aspects, includ-
ing quantum fluctuations, changes in the intralayer in-
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FIG. 5. The evolution of the dynamical magnetic structure factor S(q, E) with different vacancy concentrations. Panel (a)
sketches the high-symmetric path in the first Brillouin zone.

teraction induced by vacancies, and the spin-phonon or
the electron-phonon interaction, which drives a structure
change across the phase transition in Ru1−xIrxCl3. We
note that TN and T1 are the same in the low doping re-
gion (x < 0.05). In contrast, the long-range ordering
temperature is absent when x > 0.05.

To clarify the temperature-dependent behavior of Cp,
we present detailed results on a 2 × 64 × 64 honeycomb
lattice in Fig. 3. When x < 0.05, Cp exhibits a λ-like
shape, indicating the presence of a second-order phase
transition. Further doping makes Cp smooth around T1,
implying that T1 cannot reflect a true phase transition.
However, Fig. 1 shows significant zigzag spin correlations
at x = 0.2. Therefore, we infer that at x > 0.05, T1 de-
notes a transition temperature for the short-range order,
which is labeled as SRO in Fig. 2. The evidence of the
absence of the long-range order will be discussed later.
Experimentally, a similar doping-dependent behavior of
Cp is observed in Ru1−xIrxCl3 [61]. However, we must
clarify that the long-ranged order defined in experiments
is based on the anomalous behavior (the dome structure)
of the specific heat and uniform magnetic susceptibility.
Our numerical results show that this definition does not
correctly reflect the long-range order physics because the
anomalous behavior also exists in the short-range ordered
state.

When the vacancy concentration exceeds the honey-
comb lattice site percolation threshold (x > 0.3), the
dome structure of Cp becomes very flat, making it dif-
ficult to find T1. Consequently, Fig. 2 only shows re-
sults for x ≤ 0.3. In Ru1−xIrxCl3, there are two phase

transitions as the temperature decreases. The first phase
transition occurs at a higher temperature, accompanied
by a structural change to an AB stacking. The second
phase transition occurs at a lower temperature, and the
lattice structure obtains an ABC stacking. Fig. 3(b)
shows the specific heat of the second phase transition
in Ru1−xIrxCl3, which has a lower transition tempera-
ture. These results are extracted from Ref. [39]. Com-
pared to the first phase transition, the second phase has
a sharper signature at x = 0, similar to our theoretical
result. Fig. 3 (b) shows that Cp loses the λ-shape fea-
ture at x = 0.025. Therefore, a tiny vacancy doping can
destroy the long-range ordered state in the Ru1−xIrxCl3
sample. Compared with our theoretical results, the ex-
perimentally observed long-range order is more fragile.

We use the finite-size scaling theory to precisely deter-
mine the temperature of the phase transition in the ther-
modynamic limit [62, 63]. In the thermodynamic limit,
ξ/L [58] is independent of the lattice size at the critical
temperature. Fig. 4 shows the temperature-dependent
correlation length ξ/L for four different doping concen-
trations. At x = 0 and x = 0.04, ξ/L crosses a single
point for four different lattice sizes with an error smaller
than 0.01 K. Here, we define the temperature at the cross-
ing point as the long-range ordering temperature TN . At
x = 0.05 (x = 0.07), the curves for L = 64 and for
56 cross around T = 6 K (5.85 K), and the curves for
L = 64 and 48 cross around T = 6.1 K (5.75 K). Com-
pared to the small error in the x = 0 and 0.04 cases,
we deduce that there is no long-range order for x ≥ 0.05
in the thermodynamic limit [64]. Since the scaling be-
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FIG. 6. The dynamical magnetic structure factor I(Q,E) for
the polycrystal. The white dashed line shows the momentum
length of the M point.

havior for x = 0.04 and 0.05 are significantly different,
we believe that the absence of a single crossing point in
Fig 4 (c) is not due to a numerical instability. In fact,
the same analysis and conclusion have been made in the
previous study of the pure Kitaev-Heisenberg model and
the J1-J2-J3 model [50].

DYNAMICAL MAGNETIC PROPERTIES

In inelastic neutron scattering experiments, the inten-
sity depends on both the dynamical magnetic structure
factor and a number of wave vectors depending on factors
such as the magnetic form factor and the Debye-Waller
factor. In our work, we only focus on the dynamical mag-
netic structure factor. Fig. 5 shows the dynamical mag-
netic structure factor S(q, E) along the high-symmetric
path at T = 1 K, which is sketched in panel (a). At x = 0,
we use 108 sets of input spin configurations with different
wave vectors. In the static spin correlation function for
a single sublattice χm(q), plotted in Fig. 1, we obtained
six Bragg peaks located at the M points. We expect
that the magnon mode at these six M points is softened.
However, the spin correlation between the same sublat-
tice and different sublattices on the honeycomb lattice
have opposite signs for the zigzag state, causing the to-
tal spin correlation function to vanish at the M1 points.
Therefore, we observe that the softened magnon mode at
the M2 point has a strong intensity, but the intensity at
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FIG. 7. The dynamical magnetic structure factor I(Q,E) in
a polycrystal at Q = 0.66π/a.

the M1 point becomes zero. The corresponding spin gap
of these modes is 1.3 meV.

As the vacancy concentration increases, the sharp sig-
nature of the dynamical magnetic structure factor be-
comes smooth and broadens. Although the magnetic
structure intensity is significantly suppressed by vacancy
doping, the magnon mode at the M2 point is robust
due to the locally ordered spins. In fact, the low-energy
magnon mode persist all the way to x = 0.5, far be-
yond the site percolation threshold at x = 0.3. In addi-
tion, we also observe continuous spin excitations induced
by doping, which first appear around the M2 point and
then arise around the Γ point. This continuous spin ex-
citation reflects the disorder scattering of spins to high
energy states at each momentum. In addition, the exci-
tation energy for the low-energy mode at the M2 point
decreases with doping when x < 0.04 and increases with
further doping (see appendix B). This behavior is consis-
tent with experimental observations in Ru1−xIrxCl3 [39].
Around the Γ point, the spin excitation energies are soft-
ened and become independent of momentum at large va-
cancy concentrations (x > 0.3).

A previous inelastic neutron scattering experiment on
the polycrystal Ru1−xIrxCl3 reported two modes in the
low energy region around momentum amplitude Q =
0.66π/a. One mode at 4 meV was attributed to the
magnons and the other at 6 meV to fractional excita-
tions. While the feature associated with magnons van-
ishes at x = 0.35, the feature associated with fractional
excitations persist at x = 0.35.

To compare with experimental results, we plot the dy-
namical magnetic structure factor I(Q,E) for the poly-
crystal in Fig. 6, which is obtained by summing S(q, E)
over all q with |q| = Q. The white dashed line in Fig. 6
shows the momentum amplitude of theM point. For bet-
ter visualization, we plot I(Q = 0.66π/a,E) in Fig. 7. At
x = 0, we observe many modes in the low energy region
due to the sharp signature generated by our theoretical
simulations. The lowest-energy magnon mode is located
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at 1.3 meV, lower than the experimental result (4 meV).
This inconsistency arises because our model was derived
for the single crystal in Ref. [52], instead of the polycrys-
tal in Ref. [39]. As the vacancy concentration increases,
the 1.3 meV magnon mode is suppressed but does not
vanish. When x ≥ 0.3, the magnon modes at 1.3 meV
and 5 meV have a similar intensity.

CONCLUSION

In summary, we study the magnetic properties of the
extended Kitaev-Heisenberg model with spin vacancies
and find that the local zigzag correlation can persist up
a concentration that is larger than the percolation thresh-
old. Both static and dynamic results support this con-
clusion. We analyze the specific heat and the correlation
length and find that the long-range zigzag order van-
ishes as the doping concentration increases to 5%. Mean-
while, the ground state exhibits short-range order. We
also examine the dynamical magnetic structure factor,
which shows that the low-energy magnon mode at theM2

point persists in the short-range ordered state, although
its intensity is significantly suppressed. Our results can
help interpret existing inelastic neutron experiments on
polycrystalline Ru1−xIrxCl3 samples, and future inelas-
tic neutron experiments on Ru1−xIrxCl3 single crystals
and diluted Kitaev candidate materials in general. Be-
sides, we observe two inconsistencies between our theo-
retical predictions and experimental results. First, our T1

decreases faster than the experimental results. Second,
our local zigzag correlation is more robust than that of
the experimental correlation. These inconsistencies can
be attributed to the absence of quantum fluctuations,
interlayer interactions, spin-phonon couplings and mod-
ifications of exchanges between non-vacant sites in our
simulations.
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APPENDIX A: REAL SPACE SPIN
CORRELATION

Here, we present snapshot real space spin correlations
χ(r, r0) from MC simulations. χ(r, r0) is defined as

χ(r, r0) = Sr · Sr0 , (13)

where r is the position of the spin site and r0 is the posi-
tion of the reference site. Fig. 8 shows results for x = 0.1,
x = 0.2, and x = 0.3 at T = 1 K. Here, we set r0 = 0.
The red color denotes the positive correlation, and the
blue color denotes the negative correlation. At x = 0.1,
all spins are aligned along one wave vector. At x = 0.3,
close to the site percolation treshold of the honeycomb
lattice, the local spins can align along different wave vec-
tors in different regions. We highlight these local spin
correlations with dashed black rectangles in Fig. 8.

APPENDIX B: DYNAMICAL MAGNETIC
STRUCTURE AT Q = M2

Fig. 9 shows the dynamical magnetic structures at
Q = M2 for x = 0, 0.04, and 0.1, respectively. It is
found that a small doping (x = 0.04) broadens the signa-
ture of the magnetic structure and lowers the spin excita-
tion energy. By further increasing doping, the magnetic
structure exhibits a sharp peak, and the spin excitation
energy increases.

APPENDIX C: ZIGZAG ORDERS AND UNIT
CELL DEFINITION

Fig. 10 shows the three possible zigzag magnetic or-
ders. The green dashed rectangle in Fig. 10(a) defines
the spins belonging to the same unit cell.
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(a) 𝑥=0.1 (b) 𝑥=0.2

(c) 𝑥=0.3

FIG. 8. Snapshot real space spin correlations for x = 0.1, x = 0.2, and x = 0.3 at T = 1. Here blue,white and red interpolate
between χ(r, r0) = 1, χ(r, r0) = 0, and χ(r, r0) = −1, respectively.
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FIG. 9. Dynamical magnetic structures at Q = M2 for
x = 0, 0.04, and 0.1, respectively.

(a) (b)

(c)

FIG. 10. A sketch of the honeycomb lattice with a zigzag
magnetic order. Panels (a), (b), and (c) plot the zigzag order
with three different wave vectors. The red and blue circles de-
note opposite spins. The green dashed rectangle labels spins
within the same unit cell.
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B. Büchner, H. C. Kandpal, J. van den Brink, D. Nowak,
A. Isaeva, and T. Doert, Phys. Rev. Lett. 117, 126403
(2016).

[33] M. G. Yamada, H. Fujita, and M. Oshikawa, Phys. Rev.
Lett. 119, 057202 (2017).

[34] Y. Kasahara, T. Ohnishi, Y. Mizukami, O. Tanaka,
S. Ma, K. Sugii, N. Kurita, H. Tanaka, J. Nasu, Y. Mo-
tome, T. Shibauchi, and Y. Matsuda, Nature 559, 227
(2018).

[35] S. Li and S. Okamoto, Phys. Rev. B 106, 024413 (2022).
[36] Y. Motome, R. Sano, S. Jang, Y. Sugita, and Y. Kato,

Journal of Physics: Condensed Matter 32, 404001 (2020).
[37] J. Ji, M. Sun, Y. Cai, Y. Wang, Y. Sun, W. Ren,

Z. Zhang, F. Jin, and Q. Zhang, Chinese Physics Letters
38, 047502 (2021).

[38] T. Yokoi, S. Ma, Y. Kasahara, S. Kasahara, T. Shibauchi,
N. Kurita, H. Tanaka, J. Nasu, Y. Motome, C. Hickey,
S. Trebst, and Y. Matsuda, Science 373, 568 (2021),
https://www.science.org/doi/pdf/10.1126/science.aay5551.

[39] P. Lampen-Kelley, A. Banerjee, A. A. Aczel, H. B. Cao,
M. B. Stone, C. A. Bridges, J.-Q. Yan, S. E. Nagler, and
D. Mandrus, Phys. Rev. Lett. 119, 237203 (2017).

[40] S.-H. Do, W.-J. Lee, S. Lee, Y. S. Choi, K.-J. Lee, D. I.
Gorbunov, J. Wosnitza, B. J. Suh, and K.-Y. Choi, Phys.
Rev. B 98, 014407 (2018).

[41] S.-H. Do, C. H. Lee, T. Kihara, Y. S. Choi, S. Yoon,
K. Kim, H. Cheong, W.-T. Chen, F. Chou, H. Nojiri,
and K.-Y. Choi, Phys. Rev. Lett. 124, 047204 (2020).

[42] S.-H. Baek, H. W. Yeo, S.-H. Do, K.-Y. Choi, L. Janssen,
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