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Heating effects in Floquet engineered system are detrimental to the control of physical properties.
In this work, we show that the heating of periodically driven strongly correlated systems can be
suppressed by multi-color driving, i.e., by applying auxiliary excitations which interfere with the
absorption processes from the main drive. We focus on the Mott insulating single-band Hubbard
model and study the effects of multi-color driving with nonequilibrium dynamical mean-field theory.
The main excitation is a periodic electric field with frequency €2 smaller than the Mott gap, while
for the auxiliary excitations, we consider additional electric fields and/or hopping modulations with
a higher harmonic of 2. To suppress the 3-photon absorption of the main excitation, which is a
parity-odd process, we consider auxiliary electric-field excitations and a combination of electric-field
excitations and hopping modulations. On the other hand, to suppress the 2-photon absorption,
which is a parity-even process, we consider hopping modulations. The conditions for an efficient
suppression of heating are well captured by the Floquet effective Hamiltonian derived with the high-
frequency expansion in a rotating frame. As an application, we focus on the exchange couplings of
the spins (pseudo-spins) in the repulsive (attractive) model, and demonstrate that the suppression of
heating allows to realize and clearly observe a significant Floquet-induced change of the low energy

physics.
I. INTRODUCTION

Floquet engineering, where a system is exposed to
strong periodic excitations, provides a promising path-
way to control physical properties of the system.'™
Theoretical predictions of Floquet engineering effects
range from the realization of Floquet topological insu-
lators in weakly correlated systems,*” Floquet topologi-
cal superconductivity,® '° control of band structures' 12
and electron-phonon couplings,'>'® to control of mag-
netisms in strongly correlated systems.'® 1 Experimen-
tally, driving-induced band renormalizations,?? 22 the
creation of topological band structures,??2* and the con-
trol of exchange couplings in strongly correlated sys-
tems?® have been demonstrated in cold atom systems.
In real materials, the realization of a Floquet-induced
anomalous Hall effect has also been experimentally re-
ported in graphene,?0 although the interpretation of
the result is not yet fully settled.2” More recently,
light-induced anomalous Hall effect are also reported in
three-dimensional Dirac systems like Co3SnS»2® and bis-
muth?®. In addition, giant modifications of the nonlinear
response by Floquet engineering have been reported in a
correlated material.?® Still, compared to the broad range
of theoretical predictions, experimental realizations of
Floquet engineering are still limited.

One of the major difficulties in implementing Floquet
engineering approaches in practice is the heating of the
system, which may hinder the clear emergence of topo-
logical properties and the change in low energy physics.

Heating can occur at different levels. For example, in
real systems, there always exist bands above the tar-
geted low-lying bands which most theoretical studies fo-
cus on. Strong excitations can excite particles from the
target bands to the high energy bands, which may pre-
vent the realization of the intended Floquet engineering
effect. Another possibility is excitations within the target
bands. Due to the nonthermal or hot distribution caused
by such excitations, the control of topological proper-
ties and low energy physics becomes difficult to observe.”
A promising way to avoid heating is to use multi-color
driving protocols,3!:3? which also provide further control-
lability of the system.?? 36 Recently, such a protocol has
been implemented in a cold atom system to suppress the
excitation of particles to higher energy bands,?' while op-
timal control theory has been used to engineer the band
filling in a free system under periodic driving.?? However,
to what extent multi-color driving protocols are benefi-
cial for the Floquet engineering of strongly correlated sys-
tems remains to be understood. Rich low energy physics
and phases resulting from the competition or coopera-
tion between various degrees of freedoms are character-
istic of strongly correlated systems. If heating can be
suppressed, such low energy physics and phases can be
efficiently controlled by Floquet engineering.

In this work, we address this question by analyzing the
half-filled single-band Hubbard model, a standard model
of strongly correlated systems, with the nonequilibrium
dynamical mean-field theory (DMFT).?7:38 Specifically,
we focus on Mott insulators and consider an electric-field



excitation with frequency (2 as the main excitation, which
is chosen to be a sub-gap driving. Additional electric
fields and hopping modulations with higher harmonics of
Q are used as auxiliary excitations, see Fig. 1(a). We
discuss and demonstrate how the 3-photon and 2-photon
absorption can be reduced by suppressing the doublon-
holon creation/annihilation terms in the Floquet effec-
tive Hamiltonian. The resulting suppression of heating
allows us to directly observe the change of the exchange
couplings due to the virtual excitations induced by the
periodic excitations.

This paper is organized as follows. In Sec. II, we intro-
duce the Hubbard model and derive the corresponding
Floquet Hamiltonian using the high-frequency expansion
in a rotating frame. Then, we discuss how the Floquet
Hamiltonian allows to determine conditions for the effi-
cient suppression of heating. In Sec. III, we study the
real-time dynamics of the system with a repulsive or
attractive interaction using nonequilibrium DMFT, and
demonstrate how the suppression of heating in the multi-
color protocols works. Conclusion are given in Sec. IV.

II. FORMALISM
A. Model

In this work, we consider the single-band Hubbard
model

H(t)=— > wi(t)eléio +UD gy, (1)

(i,3),0 J
where ¢! is the creation operator for a fermionic particle
with spin o at site 4, (ij) indicates a pair of neighboring
sites, and n;, = é;raéw. U is the onsite interaction and
v;5(t) is the time-dependent hopping parameter. We con-
sider two basic excitation protocols. The first one is an
electric-field excitation, which enters the calculation via
the Peierls substitution®® v (t) = voe A Tii - Here, v
is the equilibrium hopping parameter, A(¢) is the vector
potential and r;; is the vector from the j site to the ¢ site.
The charge of the particle and the bond length are set
unity. The electric field is related to the vector potential
by E(t) = —0;A(t). The second protocol is the hopping
modulation, which corresponds to v;;(t) = v + dv(t).
Both of these protocols have been implemented in cold
atom systems! 223!, In real materials, electric-field exci-
tations can be implemented easily, while hopping mod-
ulations may be achieved via the excitation of coherent
phonons3%40,

In this paper, we consider systems on bipartite lattices,
i.e. the Bethe lattice or hyper-cubic lattices, at half fill-
ing. We consider models with strong repulsive or strong
attractive interactions to discuss the effects of multi-color
driving for different types of orders (low energy physics).
When U is repulsive (U > 0), the system favors singly oc-
cupied sites (singlons) in equilibrium, and exhibits an an-
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FIG. 1. (a) Schematic picture of the Hubbard model excited
with multi-color driving protocols. The red wavy line indi-
cates the main excitation with frequency 2, while the green
and blue wavy lines indicate auxiliary excitations with higher
harmonics of Q. (b) Illustration of the basic idea behind the
cancellation of absorption processes using multi-color excita-
tions. The red arrows indicate the 3 photon excitation from
the main drive with frequency 2. The blue and green arrows
indicate auxiliary 3Q and 292 excitations, respectively. |i) rep-
resents the initial state, while |f) represents the final state.

tiferromagnetic (AF) phase at low enough temperatures.
The absorption of energy of O(U) creates doubly occu-
pied sites (doublons) and empty sites (holons), which can
destroy the low-energy spin order**2. When U is attrac-
tive (U < 0), the system favors doublons and holons in
equilibrium, and shows s-wave superconductivity, charge
order or a coexistence of both at low enough tempera-
tures. This physics originates from the SU(2) symmetry
which corresponds to the spin SU(2) symmetry of the
repulsive Hubbard model via the Shiba transformation.
The absorption of an energy of O(|U|) in the attractive
model creates singlons.

For simplicity, we apply the electric field along a high-
symmetry direction. In the case of the hypercubic lat-
tices, this is the body-diagonal direction. More specif-
ically, if we denote the unit vector along the a axis by
e,, we consider a field along egp = ), €. As we will
mention below, the Bethe lattice can also mimic this sit-
uation. Furthermore, we consider four types of excitation
protocols, see Tab. I. The most basic one, which we call
“Type 07, is the conventional single-color electric field
excitation. This corresponds to v;;(t) = voe' A" Tis with

A(t) = eBDAO sm(Qt) (2)

This electric field excitation with frequency €2, which



’Name H Involved processes ‘Relevant Eq.‘

Type 0 single-color electric field Eq. (2)

Type 1 two-color electric field Eq. (3)

Type 2| single-color elelctrlc field —|—. Eq. (4)
single-color hopping modulation

Type 3| tow-color elecitrlc field + . Eq. (5)
single-color hopping modulation

TABLE I. Summary of excitation protocols.

is chosen to be smaller than the Mott gap, represents
the primary excitation, and we try to suppress the as-
sociated heating (absorption) processes with additional
weaker excitations. In the case of “Type 1”7 excitations,
we consider an additional electric field excitation with
frequency n1€), where ny is an integer. Specifically, we
set v;;(t) = voe AT with

A(t) = epp(Apsin(Qt) + Aj sin(niQt + ¢1)). (3)

Here ¢, is the phase shift of the second field relative to
the main drive. In “Type 2” excitations, we consider an
additional hopping modulation with frequency no2, i.e.,
we set vi; (1) = vo(1 + dv(t))e" AT with

A(t) = eBDAO Sin(Qt),
dv(t) = 0, cos(naQt + ¢a). (4)

Here ¢5 is the phase shift of the hopping modulation.
In “Type 3”7 excitations, we use both an additional elec-
tric field excitation with frequency n1Q and a hopping
modulation with frequency mnof). This corresponds to
vij (t) = '()0(1 —+ (S’U(t))eiA(t)'rij Wlth

A(t) = epp(Agsin(Qt) + Ay sin(n Qt + ¢1)),
dv(t) = &, cos(naQt + ¢2). (5)

B. Floquet Hamiltonians in the rotating frame and
suppression of absorption

The idea underlying the suppression of heating with
multi-color excitations is based on cancellations between
different excitation processes. Let us consider an excita-
tion process from |4) to | f) using m photons from the elec-
tric field excitation of frequency £, see Fig. 1(b). With
additional fields with higher harmonics of 2, it is pos-
sible to create other excitations from |i) to |f), which
can interfere with the main excitation process. In the
perturbative regime with respect to the field strength,
the amplitude of the m-photon process of the main field
is O(Af{"). The amplitude of the interfering processes
produced by the additional fields should be of the same
order. For example, the strength of an additional field
A’ with frequency m), whose first order processes inter-
fere with the m-photon processes of the Q-frequency field,

i) leading order terms ii) Next order terms
1o (lo = DA

|z‘>\ZLLg\|f> %;%777

FIG. 2. Schematic picture of excitation processes corre-
sponding to the doublon-holon creation/annihilation terms in
the Floquet Hamiltonian.

\

should be A" ~ O(AJ"). Hence, A’ can be much weaker
than the main field. For this reason, we refer to the addi-
tional fields as auxiliary fields. Although such cancella-
tions can be discussed in detail within the framework of
time-dependent perturbation theory, an alternative and
simpler option is to analyze the Floquet Hamiltonian, as
will be done below.

In the following, we consider subgap excitations where
U = (2 + AU (lp is an integer), and assume that
|U|,Q > |vgl,|AU|. Following Ref. 43, we can derive
the effective Floquet Hamiltonian applying the high fre-
quency expansion in a rotating frame. This procedure
allows to deal with the effects of U and Q on equal
footing, and the resultant effective Hamiltonian natu-
rally includes the absorption processes and the exchange
couplings from virtual excitations due to periodic exci-
tations, as seen below. First, introducing Uy = [y{2,
we switch to the rotating frame defined by a unitary
transformation U(t) = exp(—iUot ), fij1fr;)) by calcu-

lating [t (8)) = Ut)|(t)).

nian in the rotating frame (H™*(t)

WO ()U(1)) is

The resultant Hamilto-

= UT(H®U) +

o) = = 37 {oiiuso + oy (DR, + hel |
(1,4),0
+AUY iy (6)
J

Here we introduced §;jo = (1 — ﬁia—)éjo_éjo-(]. — Njs) +
RizClyCjoiis and b = fiscl, éj0(1 —j5). The former
operator does not change the number of doublons and
holons, and the latter is the generator of them. Assuming
Q > |ugl|, |AU|, we apply the high-frequency expansion
to the Hamiltonian (6), and obtain the effective Floquet
Hamiltonian

eﬁ — Hrot + Z

>0

A s o(g). o

Here H'™'(t) = Y, H°%!®. We note that this ef-
fective Hamiltonian can describe the stroboscopic time
evolution of the system.?* To express H}°" we intro-

duce the Fourier components A(Y) defined by v;;(t) =
oy, AZ(»? e and set Bg) = AE;_ZO), where v;; (t)e'Vot =



v Y0y AW e+ = o 5 B i s full-filled.

The lowest order Hamiltonian is

Hit = — o Z {A(O Jijo + [B(O)th + h.c.]}

+AU D iy (8)
J
Remember that BZ(?) = AE-*IO) is a Fourier component
of the time-dependent hopping amplitude of the original
Hamiltonian (1), and corresponds to the amplitude for
the instantaneous absorption of the energy [o2. For [ #
0, we have

ro 1) ~ l —Dx2
Y=o Y {AD g0 + (BYRL, + B il
(ij)o
9)
Therefore, as far as the leading order Hamiltonian is con-

cerned, if B = 0, there is no creation of doublons and
holons.

2
The second order term O(<% 20 can be expressed as

A% =08 + 8%, + A%, with
(1) A
Hc(?f)l = l Z Azj)g’LJOV Z A 5’ g’L j’o"‘|7
Z>O
(10a)
(2
Hyg,
v2 O .
fr— Z l% [ Z A(l)gucﬂ Z (Bl(/]/l)hj/J/g-’ + Bl(/lj)’ hi/jlo-/)
20 " Liige (W7o
(10b)
2
7(2) Yo Dyt D7
Hegy =) 10 l > Bkl > BUY hi/j,c,,]. (10¢)
1#0 (ij)o (i’§")o"

H e(?f?g describes the creation and annihilation processes of
doublons and holons, and is relevant for absorption (heat-
ing) processes.*® The remaining terms do not change the
number of doublons and holons and govern the low en-
ergy physics, which we discuss in detail in the next sec-
tion. The full expressions for H 5582 and H (523 are given in
Appendix B. Note that the expressions (8), (9) and (10)
are generic and not limited to electric-field excitations
along epp.

Now let us discuss the meaning of the doublon-holon
(d-h) creation/annihilation terms in the effective Floquet
Hamiltonian, i.e. Egs. (8) and (10). Firstly, these terms
only describe the [€2 absorption processes, while possi-
ble I(# 1p)Q2 absorption processes are not included. To
express the latter processes, one needs to consider the
effective Hamiltonian in the rotating frame of e, Sec-
ondly, A® corresponds to simultaneous I excitations,
as can be seen from its definition. Therefore, the lead-

4

ing order d-h creation/annihilation processes in Eq. (8)
correspond to the simultaneous absorption of (€2, while
the next-leading order terms in Eq. 10b correspond to
the absorption of I©2 and (Iy — 1) at different times, see
Fig. 2. Thirdly, A® already includes the contribution
from different excitation processes, since v(t) depends in
a nonlinear manner on A(t), see Egs. (19) and (21) be-
low for example. This allows to suppress some of A®
by tuning the parameters of the auxiliary fields. We also
emphasize that the effective Hamiltonian can be applied
in the non-perturbative regime with respect to the field
strength.

We note that the effects of the interference between
the main field and the auxiliary fields can appear in
the effective Floquet Hamiltonian at different levels. On
the one hand, it can affect the value of A and thus
can modify the coefficients of the doublon-holon cre-
ation/annihilation terms. On the other hand, inter-
ferences can also occur between different processes ex-
pressed by different terms in the effective Hamiltonian.
In the following, to find the conditions for the efficient
suppression of heating, we follow the strategy to sup-
press the d-h creation/annihilation terms in the Floquet
Hamiltonian order by order. This strategy should work in
the high-frequency limit (2 > |vg|, |AU]), but for mod-
erate values of 2 it is not a priori clear how well this
strategy works. For example, a condition which elimi-
nates the leading order terms may enhance contributions
from the next order. Furthermore, this strategy does not
take into account the potential interferences between the
different processes described by the terms representing
different orders. It aims to suppress the [({2 absorption
processes only, which is reasonable when such processes
are the dominant ones. We also note that the auxiliary
field may enhance or suppress 12 (I # ly) absorptions.
Despite these potential difficulties, we will show that the
Floquet Hamiltonian serves as a useful guide to deter-
mine conditions for the efficient suppression of heating
in the present system.

For an electric-field excitation along epp, Al(»;) can take

only two possible values for a given [, namely .(ala) or

A(fla. In the following, we denote them by A(l) and A"

e
respectively. The same notation is used for ijl . With
A 2)

this, the coefficients appearing in H éﬁf’z can be classified
into the following four cases and their complex conju-
gates:

dh) Z A(l)[)’( l), ](dh Z A(l B(,el ’
10 10

i = => 3 Lawpth, pgany ->; LA gen. 1)
1#£0 1#0

The relevant question then becomes how to suppress B(®)
and these coefficients.



C. Floquet-Engineered exchange couplings

From H (?1 +H c(ff)37 one can obtain the effective model

for the low energy physics. In particular, H, (H)3 includes

the exchange terms for spins and pseudo-spins (dou-
blons and holons), which control the low-energy physics
if O(JU]) absorption from the equilibrium state is ab-
sent. These terms yield Heisenberg-type Hamiltonians
both in the repulsive and attractive cases. To simplify
the expression of the Hamiltonian, we focus on the case
where AL = A(_lzs(f)l and these coefficients are real.
This condition is fulfilled for the four excitation pro-
tocols mentioned above if ¢; = ¢ = 0, n; = odd
and ny = even. We mainly focus on this situation
in the following. We note that this condition implies

™ o 1™ 5™ o ™ and ), =0

When U is repulsive, the low energy physms is de-

scribed by the spin degrees of freedom. From H (H)S (see

Appendix B), the low energy Hamiltonian consisting of
the spin exchange terms can be expressed as

spm - J(HE) Z S; (12)

(i5)

Here (ij) indicates a pair of neighboring sites, (ij) = (ji)
and

R P % goope, (13)
1£0

The spin operators are § = 3 Z 51, ic};oy)élgc/g with o
denoting the Pauli matrices. HE stands for the high-

frequency expansion. In equilibrium, JS(HE) = % > 0,

since BUo) =1,

In a system with strong attractive interactions, the
equilibrium state favors doublons or holons. To express
the low energy Hamiltonian, we introduce the pseudo-

spins defined in the space of these local states as ﬁj’ =
(—)%éhé%, i = (=)i¢iré;y and 0 1(n1 —1). Here
(=) = 1 for the A sublattice and (—)* = —1 for the B
sublattice. The low energy Hamiltonian can be expressed

as

Han = I\ S @088 +a¢n?) + I S aFaz, (14)
(i) (i)

where
HE 4vg l
Ty ==Y 7o BYBY, (152)
1740
HE 4U
Tz ==Y 2 1BOP. (15b)
10
In equilibrium, J,gli‘?y — B _ —% > 0, which can

(a) leading-order term B®| ( 4 [(b) next order terms
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FIG. 3. (a) The coefficient of the d-h creation/annihilation
term in the leading order Floquet Hamiltonian, i.e. Béo) =
F(l)[Ao, A1,n1, —lo], as a function of A; for the type 1 proto-
col. (b) The coefficients of the next order terms in the Floquet
Hamiltonian as a function of A; for the type 1 protocol. Here
we use Ao = —1, ny = 3, lo =3.

be connected to the spin SU(2) symmetry in the repul-
sive Hubbard model via the Shlba transformation How-
ever, under the electric field, J77 XY #J Z ) in general. 40
We again note that these expressions are justified when
O, |U| >> vo, |AU|. For the following analysis, we intro-

duce I(° =10 Z|B(l 2 and 1™ = 210 %B(l BY.

On the other hand, for Q,|U|,|AU| > |vg|, we ob-
tain slightly different expressions for the exchange cou-
plings. In this case, we consider the Floquet space (ex-
tended Hilbert space with photo-dressed states) and ap-
ply degenerate perturbation theory.'%46 For example, for
U > 0, starting from states with only singly occupied
sites, we consider virtual excitations to states with a
doublon-holon pair dressed with [ photons, where the

transition amplitude is proportional to A(—). As a re-
; P
sult, we have Hgpin = Js( ) E(”) §; -8, with
I 4“0 AP, (16)
S l U

Similarly, for U < 0, we have Hgy, = Jy(]’P))(Y Z(ij)(ﬁfﬁ;? +

. P oy s
ni’my) qu) Z(ij) i n; with
Z WO 404D ()
U—i0 e
P 4’1}
Toa == 2w A (17b)

l

Note that these expressions break down at the resonance
condition U = [y2, but without the diverging term [ = [,
J®) becomes equal to JHE) The same expression can
be obtained by introducing 2y such that Q = kgy and

= 12y, where kg and [y have no common integer factor
larger than 1. More specifically, we consider the rotating
frame of €Vt and apply the high-frequency expansion in
terms of y.** For practical values of |U| and off-resonant
conditions, it is not a-priori clear whether Eqgs. (13),(15)
or Egs. (16),(17) provide a better description of the low-
energy properties.



D. Assessment of the different protocols

In this section, we evaluate AEJ)(: A(__el)*) for each ex-
citation protocol and determine the condition for the sup-
pression of the d-h creation terms in the Floquet Hamil-
tonian.

1. Type 1 excitation

In the type 1 protocol, in addition to the basic exci-
tation by an electric field with frequency €2, we consider
an electric field excitation of the form given in Eq. (3).
Then, we have

1

T or

27
Ag) / ei[Ao sin(7)+A1 sin(n174+¢1)—17] dr. (18)
0

If 1 =0, Ag) is real, while without this condition, this
is not guaranteed. Therefore, in order to set the d-h
creation term in the leading order to zero (B(®) = 0),
¢1 = 0 is favorable, and we will focus on this case in the
following. Let us introduce the function

F(l)[AOa Ala ni, l]

1 2
=5 cos[Apsin(T) + A sin(ny7) — I7]dr, (19)
™ Jo
with A FO[Ag, Ay,my, 1] Then B =

B(_Og = 0 is equivalent to FM[Ay, Ay,ni,—lg] =
FM[—Ag, —Ai,n1, —lg] = 0. To realize this, n; = odd is
favorable, since

F(l) [_A()v _Ala ni, l] = F(l)[AO’ Al’ ni, _l]
= FO A, ()" Ay, ny, 1)(—) (20)

Intuitively, this condition can be associated with a parity
argument. The auxiliary field A; provides additional ex-
citation pathways at the energy of n1{2. This is a parity-
odd process. On the other hand, the corresponding pro-
cess using the A field requires n; times the absorption of
the Q-frequency electric field excitation. Thus, its parity
is (—)™. An inference can be expected between these
processes if n; is odd. Otherwise, the excitations involv-
ing these two processes end up with different final states.

Since we have only one auxiliary field, the condition
which sets B to zero determines the parameter of the
auxiliary field. We call this condition the “optimal” con-
dition for the type 1 protocol. Still, we note that it is
not guaranteed that this protocol indeed produces the
smallest heating, because of the contributions from other
processes mentioned in the previous section. In Fig. 3,
we illustrate how the coefficients of the effective model
scale as a function of A;. Here, we take Ag = —1, ny =3
and [y = 3, which corresponds to the 32 absorption pro-
cess which we mainly discuss in the following sections.

[(a) leading-order term B 0.6 [(b) next order terms
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FIG. 4. (a) The coefficient of the d-h creation/annihilation

term in the leading order Floquet Hamiltonian, i.e. B.(eo) =
F®[Ap,d,,n2, —lo], as a function of &, for the type 2 protocol.
(b) The coefficients of the next order terms in the Floquet
Hamiltonian as a function of §, for the type 2 protocol. Here
we use Ag = —0.6, no = 2, lp = 2.

-0.1 0.0 0.1
[ —eema— ]

03 © 0.6,

0.2 term B -9 [(b) next order terms

01 04 b e
R (dh) (ex)
< 0.0 i G

04 0.2 — g

-0.2 0.0

_0-3 Il Il

-02 -04 00 01 02 -02 -01 00 01 02
A] Al

FIG. 5.
term in the leading order Floquet Hamiltonian, B.(EO) =
F® Ay, A1, 8,,n1,n2,—lo], as a function of A; and 4§, for the
type 3 protocol. The solid blue line indicates the parameters
that correspond to BY” = 0. (b) The coefficients of the next
order terms in the Floquet Hamiltonian as a function of A,
for the type 3 protocol. We use Ao = —1, n1 = 3, ng = 2,
lop = 3.

(a) The coefficient of the d-h creation/annihilation

One can see that to minimize |B(®)|, |A;| much smaller
than Ay is sufficient. In the perturbative regime with re-
spect to the field strength, B(?) scales as (’)(Aé") for the
type 0 excitation. To cancel this term with A;, we need
A; = O(Al). Thus, as long as Ay remains close to the

perturbative regime, we only need small |A;| to minimize
1B

2. Type 2 excitation

In the type 2 protocol, on top of the basic electric field
excitation, we consider an auxiliary hopping modulation
of the form given in Eq. (4). In this case, we have AP =
Ji(Ao) + %1€ J_n(Ag) + €792 J1 1 (Ag)]. Here T, is
the [th order Bessel function. If ¢ = 0, Aé” is real, while
for other choices, this is not guaranteed. Therefore, in
order to make B.(ao) = B(_Og =0, ¢2 = 0 is favorable, and
we focus on this case in the following. We introduce

Oy
F®[Ag, 6,,n2,1] = Ti(Ao) + 5[;71412 (Ao) + Ti4n, (Ao)]-
(21)



B©® = 0 corresponds to F®)[Ag,6,,n, —lg] =
F(Q)[—Ao,év,ng,—lo] = 0. For this, ny = even is fa-
vorable, since

F(Q)[_Am 61}3 na, l] = F(Q) [AO’ 6”’ n2, _l]
= F(Q) [Ao, (_)71251” na, l](_)l (22)

This condition can be associated with a parity argument,
as in the case of the type 1 excitation. The only difference
is that the hopping process is an even parity process.

Since we have only one auxiliary field, the condition
B = 0 determines the parameter of this auxiliary field.
We call this condition the “optimal” condition for the
type 2 protocol. In Fig. 4, we illustrate how the coef-
ficients of the effective model scale as a function of A;.
Here, we take Ag = —0.6, no = 2 and [y = 2, which cor-
responds to the 20 absorption process discussed in the
following sections. Note that in the perturbative regime,
d, for the optimal condition scales as O(Aj?).

3. Type 3 excitation

In the type 3 protocol, on top of the basic electric field
excitation, we consider an auxiliary electric field excita-
tion and an auxiliary hopping modulation as defined in
Eq. (5). In other words, this protocol is the combina-
tion of the type 1 and type 2 protocols. Here we set the
phase shifts ¢; and ¢2 to zero from the beginning. We
introduce

F(g)[A()vAlv(SUvnlanQa”
1 27

_ [1 + 4, COS(TLQT)]ei(AO sin(7)+A1 sin(nl‘r)e—ird,r
2w 0

= F(l)[AOaAlanlal]

+ %{F(l)[onAl,nl,lJrnﬂ + FW[Ag, Ay, na,l - na)}.

(23)

Then we have AL = F®)[Ag, Ay, 6,,n1,n2,1]. This func-
tion satisfies

F(g) [_A()a _Alv 5’0) ni, N2, l] = F(S) [A07 Ala 5’07 ni, N2, _l]
= F®)[Ag, (=)™ T Ay, (—)"20y, 1, m2, 1] (—) (24)

Thus, in order to set the leading order terms to zero for
all bonds, n; = odd and no = even are favorable.

In Fig. 5(a), we show B in the plane of A; and &,,.
Here, we use Ag = —1,n7 = 3,n0 = 2 and [y = 3,
which corresponds to the 3€) absorption process mainly
discussed in the following sections. The solid blue line
indicates the condition for B(®) = 0. In Fig. 5(b), we
show the coefficients of the next order terms in the Flo-
quet Hamiltonian as a function of A; along the B =0
line in Fig. 5(a). As can be seen, there is a point where

(dh)

both of I l(dh) and I, " are suppressed, although they are

—A,:U=15(AF)—A4  :U=-15(SC)
--A,:U=15(AF)--4, :U=-15(SC)

Ajoe(w)

0 5 10

FIG. 6. Local single-particle spectral functions for U = 15

and U = —15 in equilibrium at 7" = 0.02. For U = 15,
the system is in an AF state with spins aligned along the z
direction. For U = —15, the system is in a SC state with a

real order parameter. The red solid and dashed lines overlap.

not exactly zero. We choose the condition that minimizes
7012 4 | 18912 a5 the “optimal” condition for the type

3 protocol.

III. RESULTS
A. General remarks

In this section, we analyze how well the suppression
of heating with multi-color excitations works for the
one-band Hubbard model. To this end, we simulate
the time evolution of the system under periodic excita-
tions using nonequilibrium DMFT,3"38 which becomes
reliable in the limit of high spatial dimensions, using
the non-crossing approximation as the impurity solver.*”
Our implementation is based on the open source library
NESSi.*® To reduce the computational cost of the simu-
lations and enable systematic analyses, we consider the
Bethe lattice in the following. We set the bandwidth of
the free particle (U = 0) problem to W = 4 and the in-
teraction |U| = 15. Note that we mainly focus on the
sub-gap excitations, i.e. 2 is smaller than the gap. The
interaction is chosen such that near the resonance condi-
tion |U| = 3Q ( |U| = 29), there are no other relevant
absorption processes with [Q # 3Q (12 # 2Q0), but that
Q is reasonably small under this condition. In the Bethe
lattice, the effects of the electric field can be taken into ac-
count by considering two types of bonds connected to the
effective impurity site, which are parallel and antiparallel
to the external field, respectively. This treatment mimics
the electric field applied to the body diagonal direction
in hyper-cubic lattices. Since the technical aspects have
been discussed in previous works,*® 2 we skip the details
here. In Appendix A, we show the results for the system
on the two dimensional (2d) square lattice and confirm
that the Bethe lattice and the 2d square lattice produce
the qualitatively same results.
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FIG. 7. The difference of the total energy from its equilibrium
value (AFEit) and the value of the order parameter (m. or
¢re) in the plane of the excitation frequency Q2 and the field
strength Eo/Q (= —Ao). These physical quantities are aver-
aged over an interval of length 25—;“ around ¢t = 50, the type
0 excitation is used, and the initial temperature is 7' = 0.02.
(a) and (b) show results for U = 15, where the initial state
is an AF state with spins aligned along the z direction. (c)
and (d) show results for U = —15, where the initial state is a
SC state with real order parameter. The vertical dashed lines
indicate Q = |U|/3 and the vertical dot-dashed lines indicate

Q= |Ul/2.

B. Equilibrium state at t =0

One of the major goals of Floquet engineering is to con-
trol the low energy physics. Thus, we choose as initial
equilibrium states at ¢ = 0 ordered states and see how the
order evolves under external fields at ¢ > 0. In practice,
we use U = 15 or U = —15, and set the initial temper-
ature low enough (T = 0.02), so that the corresponding
order parameters are almost saturated. For U = 15, the
initial state is in the AF phase, with spins ordered along
the z direction. The corresponding order parameter is
m.(t) = $(A(t) — 7y (). For U = —15, we choose the
initial state in the SC phase with real order parameter
dre(t) = Re(éZT(t)éL(t». In Fig. 6, we show the local
single-particle spectral functions of these states. We plot

Ao (w) = —L1ImGE(w), where GF(w) is the Fourier trans-
form of GE(t) = —iH(t)([éw(t),63’6(0)}9. Here, 0(t) is

the Heaviside function, and [, ]+ indicates the anticom-
mutator. In both cases, the band gap is around 11, while

the separation between the bottom of the lower band and
the top of the upper band is about 20. The peak struc-
tures in the upper and lower Hubbard bands in the AF
phase correspond to spin-polarons which appear due to
the spin-charge coupling in this system.?3 5° Since the AF
phase for U > 0 and the SC phase for U < 0 are related
by a particle-hole transformation (Shiba transformation),
there are corresponding structures also in the spectrum
of the SC phase.

C. Suppression of heating

Now we apply the external fields to the above men-
tioned initial states. In practice, we multiply the time pe-
riodic expressions for dv(t) and A(t), i.e. Egs. (2),(3),(4),
and (5), by an envelope function F(¢;¢,) in order to
smoothly switch the Hamiltonian from the equilibrium
one to the time-periodic one within a time ¢,.. The spe-
cific form of the ramp function is F(t;t,) = 0(t, —t)[2 —
3 cos(mt/t,) + + cos(mt/t, )] +6(t —t,) and we set t, = 2.
Note that our choice of ¢, is short enough that it does
not qualitatively affect the discussion below, which fo-
cuses on the dynamics under periodic excitations.

First, we show how the total energy and the order pa-
rameters evolve without auxiliary excitations. In Fig. 7,
we show the difference of the total energy from its equi-
librium value and the order parameters averaged around
t = 50 in the plane of the frequency 2 and the excita-
tion strength Ey/Q (= —Ap). Without excitations, the
values of the order parameters are close to 0.5. In both
the repulsive and attractive cases, the total energy res-
onantly increases around |U| ~ 3Q and |U| ~ 2, and,
accordingly, the order parameters are reduced substan-
tially. The strong heating and melting of the order are
caused by 3(2 and 2{) absorption processes. Our goal
is to suppress these absorption processes with auxiliary
excitations.

1. Suppression of 32 absorption

We focus first on the 32 absorption and consider the
excitation protocols with lp = +3, n;y = 3 and ny = 2.
In Fig. 8, we show the evolution of the difference of the
total energy from its equilibrium value, AFE}q, that of
the number of doublons ng = (n;47,), and that of the
staggered magnetization m, for the type 1 and type 3
protocols. Here, we set U = 15,2 = 5 and Ey = 5. In
Fig. 9, we plot ng and m, averaged around ¢t = 50 as
a function of the strength of the auxiliary electric field
E; for the type 1 and type 3 protocols. In the case of
the type 1 protocol, the increase of AE;.; and ng as well
as the melting of the AF order become slowest when the
condition for B(?Y) = 0 is met, i.e., for the “optimal” con-
dition for the type 1 protocol. Remember that we set
the phase of the auxiliary field ¢; zero. We numerically
confirmed that the heating and melting of order become
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FIG. 8. (a)(d) Evolution of the difference of the total energy from its equilibrium value AFEio, (b)(e) that of the number of
doublons ng, and (c¢)(f) that of the staggered magnetization m. under periodic excitations with Q = U/3. Here, we set U = 15
and the initial temperature to 7' = 0.02, where the initial state is AF ordered with spins aligned along the z direction. The
parameters of the main electric field excitation are Q = 5 and Ag = —1 (Eo = 5). For (a-c), we use the type 1 protocol with
lo = 3 and n1 = 3. These panels share the legend, which indicates the values of the auxiliary electric field. For (d-f), we use
the type 3 protocol with lp = 3,71 = 3 and no = 2 and the strength of the auxiliary electric field and hopping modulation is
chosen such that the d-h creation term vanishes in the leading order. These panels share the legend, and the parameters of the
auxiliary fields are (F1,d,) = (0.6, —0.157), (1.2, —-0.223), (1.49,—0.255), (1.8,0.289), (2.4, —0.354), but only the values of the

auxiliary electric field are shown. The thick blue lines correspond to the optimal conditions for each protocol, as predicted by

the Floquet Hamiltonian.

stronger with nonzero ¢; (not shown), as we expected in
Sec. IID 1. On the other hand, for the type 3 protocol,
we change the parameters such that B = 0 is always
satisfied. The results show that the increase of AFEi
and ng and the melting of the AF order become slowest
when the next-order d-h creation terms of the Floquet
Hamiltonian are strongly suppressed, i.e., for the “op-
timal” condition for the type 3 protocol. In both pro-
tocols, AFEi. and ng behave similarly, which indicates
that in the present large-U regime, the dominant heating
process is the d-h creation. The renormalization of the
single-particle spectrum caused by the excitations is dis-
cussed in Appendix. D. The attractive model also shows
the same behavior as Fig. 8 and Fig. 9. Note that for
the present parameters, the coefficients of the d-h cre-
ation terms in the leading and the next-leading order
are comparable, see Fig. 3. The success of the strategy
of suppressing these terms order by order indicates that
there is no significant interference between the processes
described by the different terms in the effective Hamilto-
nian. Also, the change in the coefficients of the d-h cre-
ation terms of higher orders should be moderate when we
adjust the auxiliary field to suppress the low-order terms.

Let us note that a similar suppression of heating by
multicolor driving is also observed for even larger U, see
Appendix. C. It can be well explained by the Floquet
Hamiltonian how physical quantities for each protocol

scale with U. The fact that the Floquet Hamiltonian pro-
vides a good description indicates that the observed heat-
ing process can be associated with the Floquet prether-
malization process.?>56 Higher order processes are ex-
pected to drive the system towards the infinite temper-
ature state on longer timescales, where the description
based on the Floquet Hamiltonian is no longer valid.?¢

In Fig. 10(a)(b), we compare the evolution of the order
parameters for the type 0 excitation, the optimal type 1
excitation and the optimal type 3 excitation. Here, we
also show the results for the optimal type 2 excitation
for completeness. The optimal type 1 and type 2 excita-
tions can be regarded as unoptimized cases for the type
3 excitation. Although the effect of the auxiliary drive
depends on the order, with the type 3 excitation, melting
of the order is strongly suppressed both in the repulsive
and attractive models. We also note that, for the type
2 excitation, one finds that the optimal condition pre-
dicted by the Floquet Hamiltonian (4, = —0.0889 in the
case of Fig. 10) indeed leads to an efficient suppression
of heating both for the AF and SC phases. However, for
the SC phase, it turns out that heating can be further
suppressed by decreasing J, from —0.0889 (not shown).

This may be because both Il(dh) and Iédh) are further
reduced simultaneously, unlike in the case of the type 1

protocol, see Fig. 3.
In Fig. 11, we compare the values of order parameters
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FIG. 9. Number of doublons and staggered magnetization
averaged over an interval i—’; around ¢t = 50 as a function of
the strength of the auxiliary electric field (E1). We set U = 15
and the initial temperature to 7" = 0.02, where the initial state
is AF. The parameters of the main electric field excitation are
Q =5and Ayp = —1. For (a), we use the type 1 protocol with
lo = 3 and ny = 3. For (b), we use the type 3 protocol with
lo = 3,n1 = 3 and n2 = 2, and the strength of the auxiliary
electric field and hopping modulation is chosen such that the
d-h creation term vanishes in the leading order. The dashed
lines indicate the optimal conditions for each protocol.

averaged around ¢ = 50 obtained by the type 0 and type
3 protocols. For the type 3 calculations, the optimal pa-
rameters are used. Around €2 = 5, the melting of the
order is strongly suppressed by the auxiliary drives for
both U = 15 and U = —15, which can be attributed to
the suppression of the 32 absorption as discussed above.
Around 2 = 6 ~ 8, one can also observe a slower melting.
However in this regime, 22 absorption can also happen.
To fully discuss the conditions for the suppression of the
22 absorption, one needs to consider the effective model
in the +2Q rotating frame. Around 2 = 4, the melt-
ing speed is increased, which may be attributed to the
enhancement of the 42 absorption processes by the aux-
iliary excitations. We note that the behavior of the total
energy is almost the same as that of the order parame-
ter (not shown). More specifically, the suppression of the
order parameters is accompanied by an increase of the to-
tal energy. These results demonstrate that the Floquet
Hamiltonian for a given rotating frame serves as a use-
ful guide for protocols which suppress the corresponding
absorption via multi-color excitations, but auxiliary exci-
tations can both suppress or enhance other absorptions.
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FIG. 10. Time evolution of the order parameters under the
type 0, type 1, type 2 and type 3 protocols with optimal
parameters. Here, lo = £3, n1 = 3 and ny = 2. In panel (a),
the system parameters and excitation conditions are the same
as in Fig. 8. In panel (b), the excitation conditions are the
same as in (a), but we use U = —15 and choose as the initial
state the SC state with real order parameter at 7" = 0.02.

2. Suppression of 2§2 absorption

Next, we try to suppress the 2§ absorption using the
type 2 protocol with |y = +2 and ny = 2. In Fig. 12,
we show the evolution of the order parameters and of the
deviation of the total energy from its equilibrium value,
both for U > 0 and U < 0 and for the indicated values
of 6,. Here, we use |U| = 15, Q = 7.5, and Ag = —0.6.
The rate of increase in the total energy and the speed
of melting of the order parameters are slowest when the
leading order d-h creation terms become zero, i.e., when
B = 0. The suppression of heating is more effective
for the SC phase than for the AF phase. We note that
the next leading dh creation/annihilation terms remain
nonzero in the optimal condition, see Fig. 4. The differ-
ence between AF and SC should be attributed to how
these terms act on the different ordered phases. Remem-
ber that we set the phase of the auxiliary field ¢o to
zero. We numerically confirmed that the heating and
melting of the orders becomes stronger with nonzero ¢-
(not shown), as we expected in Sec. IID2. We summa-
rize the results in Fig. 13, where we compare the values
of order parameters at t = 50 around |U| ~ 22 between
the type 0 protocol and the type 2 protocol with the “op-
timal” parameters. For both U = 15 and U = —15, the
2() absorption is suppressed. As expected from Fig. 12,
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FIG. 11. The value of the order parameters (m. or ¢e) aver-
aged around ¢t = 50 for (a)(b) U =15 and (c¢)(d) U = —15 in
the plane of the excitation frequency €2 and the field strength
Eop/Q2 (= —Ag). We focus on the regime around |U| = 3€2. In
panels (a) and (c), the type 0 excitation is used, while in (b)
and (d), the type 3 excitation with the optimal parameters
for lp = 43, n1 = 3 and n2 = 2 is used. The vertical dashed
lines indicate = |U|/3. The other conditions and also the
color code are the same as in Fig. 7.

the suppression is strong for U < 0 (the SC phase). In
addition, we checked that the behavior of the total en-
ergy is almost the same as that of the order parameter
(not shown).

D. Extraction of exchange couplings

In this section we illustrate how the suppression of
heating helps us to observe the modification of the low
energy physics due to the virtual excitations induced by
the periodic excitations. In the present systems, this low
energy physics is characterized by the exchange couplings
between the spins or the pseudo-spins in the repulsive
and the attractive regimes, respectively. As discussed in
previous works,'®®7 one way to measure the exchange
couplings is to compare the (pseudo-)spin dynamics ob-
tained from DMFT with the mean-field (MF) dynamics
of the Heisenberg (XXZ) spin models, i.e. the solution of
a Landau-Lifshitz (LL) equation.

We first discuss how the measurement of the exchange
coupling works for repulsive U. Note that the peri-
odic excitation does not break the SU(2) symmetry.
When the exchange coupling is modified by the peri-
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FIG. 12. (a)(c) Time evolution of the deviation of the total
energy from its equilibrium value A FEto¢ and (b)(d) that of the
order parameters for type 2 protocols with lp = +2, ny = 2
and the indicated values of §,. The parameters of the main
drive are Q = 7.5 and A9 = —0.6 (Fo = 4.5). All panels share
the legend. In (a) and (b), we set U = 15 and the initial
temperature to 7' = 0.02, so that the initial state is AF with
spins aligned along the z direction. In (¢) and (d), we set
U = —15 and the initial temperature to 7" = 0.02, where the
initial state is a SC state with real order parameter. The thick
blue lines correspond to the optimal conditions predicted by
the Floquet Hamiltonian.

odic excitations, a spin precession occurs if we addi-
tionally apply a homogeneous magnetic field. If we as-
sume that the homogeneous magnetic field is applied
along the z direction, the spin model can be written
as Hepin(t) = Jox(t) Z(i,j) $i8; + Byey Y . 8;. The MF
Hamiltonian becomes Iilsl\ggl = Y, B¢, where BST =
Jex(t) D s Sits(t) + Bye,. Here, s(t) is the expecta-
tion value of § and ¢ indicates the neighboring sites.
Then the corresponding LL equation becomes d;s;(t) =
B¢ () x s;(t). In the present case, we have the relation
SAy,z = —SBy,» and sa o = sp, (A and B are sublattice
indices). From this we obtain

(25)

Here, $, is the time derivative, Z is the number of
neighboring sites and we omit the time indices. In
the previous works, this equation has been used to dis-
cuss the effects of photo-doping®” or periodic excitations
on the exchange interactions.'® In this study, we apply

the above formula to the time-averaged values of s(¢),

s(t) = + ttjgp//; s(t)dt, where T, = 2%, to eliminate
P P

effects related to the micro-motion.

In Fig. 14(a), we show the resultant values of Jex(t)
for different excitation protocols for U = 15, 2 = 5 and
Ay = —1. For this parameter set, the Floquet Hamilto-
nian produces an enhanced Je(t), compared to the equi-
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FIG. 13. The values of the order parameters (m. or ¢re)
averaged around ¢ = 50 for (a)(b) U = 15 and (¢)(d) U =
—15 in the plane of the excitation frequency €2 and the field
strength Eo/Q (= —Ao). We focus on the regime around
|U| = 29Q. In panels (a) and (c), the type 0 excitation is used,
while in (b) and (d), the type 2 excitation with the optimal
parameters for l[p = +2 and ns = 2 is used. The vertical dot-
dashed lines indicate = |U|/2. The other conditions and
the color code are the same as in Fig. 7.

librium value, due to the virtual excitations associated
with the periodic excitations. For the type 0 protocol,
the value initially matches JﬁHE), but Jex(t) gradually
decreases with time. For the type 1 protocol, the ten-
dency is the same, but the deviation from the expected
exchange coupling is less severe. For the type 3 protocol,
Jex (t) remains close to the expected coupling within the
time range studied here. The deviation from the expected
value can be attributed to the photo-doping. In Ref. 57,
it was pointed out that photo-doping effectively reduces
Jex, similar to chemical doping. This behavior can be in-
tuitively understood since the doping reduces the number
of singly occupied sites, so that the probability of find-
ing spins on neighboring sites which develop correlations
is reduced.”® With the type 0 protocol, as time evolves,
more particles are excited across the gap to reduce Jey,
which competes with the effects of the virtual excita-
tions. The undesired photo-doping (absorption) can be
suppressed with the typel and type 3 protocols.

To summarize, in Fig. 14(b), we show how the esti-
mated Jox behaves at ¢ = 30 near the U = 3€) resonance.
Let us first discuss the behavior of the type 0 protocol.
For this protocol, the prediction from the perturbation

theory Je(}: ) shows a divergence at U = 3§ due to the
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FIG. 14. (a) Time evolution of the exchange coupling evalu-
ated from Eq. (25) for U = 15,2 =5,49 = —1 and B, =0.1.
The dashed lines indicate J<™™ (Eq. (13)), while the solid
black line indicates the equilibrium value of the exchange cou-
pling. Here, we set lo = n1 = 3 and na = 2. (b) The estimated
exchange couplings as a function of Q at ¢ = 30 for U = 15,
Ao = —1 and B, = 0.1. Here the type 3 excitation with the
optimal parameters for l[o = n; = 3 and ne = 2 is used. The
dashed lines show J{"™™ (Eq. (13)), while colored solid curves
show J) (Eq. (16)). The horizontal black line indicates the
equilibrium value.

virtual fluctuations to the 3(2-dressed states, while the

prediction from the high-frequency expansion, Jgj E), is

regular since the contribution from such states is not in-
cluded. However, both fail to explain the actual behavior
of Jex, which is strongly suppressed near the resonance
U = 3. This can be attributed to the strong enhance-
ment of the density of photo-carriers in this regime, which
is neither taken into account in Je(}f E) nor in Jéf ). As for
the type 3 protocol, Jox is generally larger than the cor-
responding value for the type 0 protocol. The resonant
reduction of J., around the resonance is absent, and Jex
tends to increase with increasing €. For the type 3 proto-
col, Je(f ) is regular as a function of §2, since the diverging

term is suppressed due to the condition B = 0. JC(E E)
is also regular. Note that Jé,lc{ %) becomes equal to Je(}z )
for the type 3 protocol at U = 32. Importantly, the be-

havior of the numerically evaluated Jey is well explained
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0.4

0.3r

0.2r

Jex ()

0.1r

0.0

FIG. 15. Time evolution of the exchange coupling evaluated

from Eq. (26) for U = —15,Q = 5,49 = —1,B, = 0.02
and B, = 0.01. Here the type 3 excitation with the optimal
condition for lp = —3,n; = 3 and ny = 2 is used. The dashed

lines indicate J,(]H)i), and Jy(:{ZE> (Eq. (15)).

by Je(f) for the type 3 protocol.

Remember that the conditions under which Je(f ) and

JEE) are justified are different. |U|, Q, |AU| > |vg| is
required for J{, while |U], 2 > |vgl, |AU] is required for

éf E). The results show that under the condition that
heating is well suppres(sgg; Jé}: ) describes the low energy
J

ex ~ in practice. The qualitative

difference between the {2 dependence of gl ) and Jéf )
can be attributed to additional contributions from the
AU term in the denominator in Je(f ), which are absent
. ,(HE)
in Jox .

As in the case of the AF phase for U > 0,
one can measure the modified exchange couplings
of the pseudo-spins for U < 0 by comparing the

DMFT results with the MF dynamics of the pseudo-

spins:  Hy_gpin(t) = Jyxv(1) Z(z])(ﬁgjﬁf + ﬁzyﬁ;/) +
Tn.z2(6) i) 105 + Ba 324(=)'nf + Bz 32,(=)"n . Phys-
ically, the B, term corresponds to a homogeneous pair
potential (remember the (=) factor in the definition of
A7), which favors the development of the real SC order
parameter. The B, term corresponds to a staggered po-
tential, which favors the development of charge order. As
in the case of U > 0, one can consider the MF dynamics
of this system, which yields

physics better than

B h

Zax = 5|2+ - T, (26a)
2Ln, NyTz Nz
112B, B, i i

Zip =T -y e W (6
2L n, Nz NyNz NNz

In Fig. 15, we show the exchange couplings estimated
from these equations for the type 3 protocol with opti-
mal parameters for U = —15, Q@ =5 and Ag = —1. One
can see that the measured Jx and Jz well match the
predictions J{ (= J\y) and J{'77 (= J0)). Still, at
some times, strong deviations from the predicted values
are observed, because nY becomes small for these times.
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We note that with other excitation protocols the devia-
tion from the expected values are severe, which can again
be attributed to the effect of photo-doping.

IV. CONCLUSIONS

In this paper, we showed that heating, which is a typ-
ically undesired side of the effect Floquet engineering,
can be significantly suppressed using multi-color excita-
tion protocols and interference between different excita-
tion pathways in strongly correlated system. We focused
on the one-band Hubbard model and considered sub-gap
but strong electric-field excitations with frequency €2 as
the main drive. As auxiliary excitations, we discussed
additional electric-field excitations and/or hopping mod-
ulations with frequencies corresponding to higher har-
monics of (2. Using nonequilibrium DMFT, which is re-
liable for systems in high spatial dimensions, we studied
how the multi-color excitation protocols suppress heat-
ing. We showed that the effective Floquet Hamiltonian
in the rotating frame serves as a useful guide in determin-
ing the conditions for the efficient suppression, focusing
on 3Q- and 2Q-absorption processes. In practice, an effi-
cient suppression can be realized by suppressing the d-h
creation terms in the Floquet Hamiltonian order by or-
der. We also measured the evolution of the exchange cou-
plings in the driven systems and demonstrated that the
suppression of heating removes potentially competing ef-
fects associated with photo-doping. Multi-color driving
protocols thus allow to more clearly observe the mod-
ifications of the low energy physics resulting from vir-
tual excitations, and thus the desired Floquet engineered
properties.

We expect that the physics discussed in this work can
be directly observed in cold-atom experiments.??3! An
important question is how well the multi-color excitations
suppress heating in real materials. The single band Hub-
bard model with a large Coulomb interaction can be re-
alized, for example, in alkali-metal loaded zeolites®® and
alkali-cluster-loaded sodalites,’C where our results may
be directly applied. For general strongly correlated sys-
tems, further analyses of models with multiple orbitals
and different lattice structures are required. Other in-
triguing issues which may be addressed in the future are
the role of the coherence of the excited states and the di-
mensionality of the system. The present study implies
that the interference between the excitation processes
represented by different terms in the effective Hamilto-
nian turns out to be not significant in high dimensional
systems described by DMFT. Still, one can expect that
such interference effects become important when there
are only a few potential final states and the excitations
occur before the coherence between the ground state and
the excited state is lost. In Mott insulators in dimensions
higher than one, due to the spin-charge coupling, this co-
herence time is typically short.”> On the other hand, in
lower dimensional systems, in particular in one dimen-



sion, the spin-charge coupling become less important and
the coherence of the excited states lasts longer.6%:%2 In
such a situation, the interference effects originating from
the different terms in the Floquet Hamiltonian can be
important.
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Appendix A: Results for the two-dimensional square
lattice

In this section, we show supplementary DMFT re-
sults for the Hubbard model on the 2d square lat-
tice. Compared to the case of the Bethe lattice, simu-
lations for the 2d square lattice require more computa-
tional resources, since one needs to deal with momentum-
dependent Green’s functions. Thus, it is more difficult to
make systematic analyses as we did for the Bethe lattice
in the main text. Still, by comparing some cases, we con-
firm that the 2d square lattice and the Bethe lattice yield
qualitatively the same results.

Here we set the hopping parameter to vy = 0.5 so that
the bandwidth of the free system (U = 0) is 4 as in
the case of the Bethe lattice. We consider the field ap-
plied to the diagonal of the square lattice. In Fig. 16, we
show the evolution of the double occupation ng4(t) and
the AF order parameter m,(t) for U = 15, Q = 5 and
Ap = —1. These results can be directly compared with
those in Fig. 8 for the Bethe lattice, and they show the
qualitatively same behavior. In particular, we observe
the strongest suppression of heating for the optimal con-
dition predicted by the Floquet Hamiltonian.

. . . (2)
Appendix B: Expressions for Héﬂ

In this section, we present the explicit expressions
for Hé?f?Q and Hgf??r For Hé?g% we need to evaluate

Gijo fLZT»,j,U,], which can be expressed as follows:
1.i=4,79=35:0
2.7 =3,57=i:0

3.9 =i, j' #]
ag

— 5 - (R I
=0 7Ci5CioCisCi'5 M55 5 0
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3 (a) Type 1 (b) Type 1
—E;=-0
8 _E1 = —04
=2
R
N

(d) Type 3

ny(x100)

—F; =149

—E =12
—E;=0.6
) 10 20 30

FIG. 16. (a)(c) Evolution of the density of doublons ng and
(b)(d) the staggered magnetization m. under periodic exci-
tations with Q = U/3. Here we consider the system on the
two-dimensional square lattice and set vo = 0.5 and U = 15.
The initial temperature is 7" = 0.02, so that the system is
initially in the AF phase, with the spins pointing along the z
direction. The parameters of the main drive are 2 = 5 and
Ao = —1 (Eo = 5). In panels (a) and (b), which share the
labels, we use the type 1 protocol with n; = 3 and the in-
dicated values of the auxiliary electric field. In (c) and (d),
which also share the labels, we use the type 3 protocol with
n1 = 3 and ne = 2. The values of the auxiliary electric field
and hopping modulations are chosen such that Béo) is zero,
ie. (F1,0,) = (0.6,—0.0784), (1.2,—0.112), (1.49,—-0.128),
(1.8,—0.145), (2.4, —0.177). In the figure, only the values of
the auxiliary electric field are shown. The thick blue lines
correspond to the optimal parameters for each protocol as
predicted by the Floquet Hamiltonian.

(a) o' =0:0
I o= T T
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g g
6.7 #7j, j =1
I T 5. =
(a) o' =01 —¢}, CioNizNjsNirs
A | T =
(b) o' =7 : ¢ sCizC), CioNiroTjz

In the other cases, the commutator becomes zero.

[Gijo, hirjror] can be obtained by considering the Hermi-
tian conjugate.

For H ‘523, we need to evaluate [hl. B i), which can

ijo?
be expressed as follows:

1i' =i, j/=3j



(a) 0o/ =0 : nisNjs(Nic — Njo)
This term corresponds to the exchange cou-
plings of the Z component in the spin Hamil-
tonian (12) and the pseudo-spin Hamilto-
nian (14).

(b) o' =5: —c}%&cmc;racjg
This term corresponds to the exchange cou-
pling of the XY component of the spin Hamil-
tonian (12).

(a) o'=0:0

(b) o' =5 : clyejocl e
This term corresponds to the exchange cou-
pling of the XY component of the pseudo-spin
Hamiltonian (14).
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Appendix C: Scaling with U

Here, we discuss how the behavior of relevant physical
quantities scales with U. In Fig. 17, we compare systems
with U = 15 and U = 30(= 15 x 2) and the type 1 and
type 3 protocols. For U = 15, the excitation conditions
are the same as those in Figs. 8 and 9. For U = 30, the
excitation frequencies are rescaled by factor 2, keeping
the values of Ay, A; and §,. We note that, as in the
case of U = 15, for U = 30, the heating is efficiently sup-
pressed around the optimal conditions predicted by the
Floquet Hamiltonian. In the type 1 protocol, the dou-
blon number scales as O(1/U?) in the optimal condition.
On the other hand, away from the optimal condition, the
difference from the optimal case does not change with U.
The reduction of the order parameter from the equilib-
rium value scales as O(1/U) in the optimal condition.
Away from the optimal condition, the difference from

15

the optimal case is larger for U = 30. In the type 3 pro-
tocol, the doublon number scales as O(1/U?), while the
reduction of the order parameter scales as O(1/U).

We can understand the above behavior as fol-
lows. First, the equilibrium doublon number scales as
O(1/U?), and the energy scale of the AF order scales as
O(1/U). In the type 1 protocol with the optimal condi-
tion, the d-h creation term in the Floquet Hamiltonian
scales as O(1/U) (= O(1/9)), since the leading order
terms are canceled. Away from the optimal condition,
the d-h creation term scales as O(1). In the type 3 proto-
col, the d-h creation term scales as O(1/U) (= O(1/Q)).
Note that in this protocol, the optimal condition is cho-
sen to minimize the d-h terms at the order of 1/, but
it never makes them zero. If we apply the Fermi Golden
rule for the d-h creation process, the d-h creation rate
scales with the square of the coefficients of the d-h cre-
ation terms. The heating rate should also scale similarly.
Moreover, the magnitude of the order reduction is de-
termined by the ratio between the heating rate and the
energy scale of the order. Thus, for example, in the type
3 protocol, the doublon number is expected to scale as
O(1/U?). On the other hand, given that the energy scale
of the AF order is O(1/U), the reduction of the magne-
tization should behave as O(1/U). This consistently ex-
plains the numerical results. The behavior for the type
1 protocol can be explained analogously.

Appendix D: Spectral function under excitations

In Fig. 18, we compare the single-particle spectra
Ajoe(w) evaluated for various cases. Here, the spectrum is
defined as A (w) = —1Im [ dtei“(t0=DGE (ty,t), where

loc =

GE (to,t) is the retarded part of the local Green’s func-
tion averaged over spins. We set tg ~ 60. As we ex-

plained in Sec. III B, in equilibrium, there emerge peaks
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FIG. 17. Comparison of the doublon number and the stag-
gered magnetization for U = 15 and U = 30. Both are av-
eraged over a time interval of length %’r around ¢t = 50. The
parameters of the main electric field excitation are = U/3
and Ag = —1. We set lp = 3,n1 = 3 and ne = 2. The dashed
lines indicate the optimal conditions for each protocol.
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FIG. 18. Local single-particle spectral functions for U = 15

and T = 0.02 for indicated cases.

The parameters of the

main electric field excitation are 2 = 5 and Ag = —1. For
auxiliary fields, we set n1 = 3 and ns = 2 and use the optimal
conditions determined from the Floquet Hamiltonian.
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corresponding to the formation of spin polarons in the
AF phase. Under the electric field, the width of the Hub-
bard bands is reduced due to the dynamical localization
effect. The renormalized bandwidth is almost the same
among the type 0, type 1 and type 3 protocols, which
indicates that the effect of the auxiliary fields is minor
here. Reflecting that the AF order is robust against the
excitation in the type 3 protocol, one can identify the
spin polarons in the spectrum. On the other hand, in
the other two protocols, the AF order is suppressed, and
no spin polaron structures can be identified.
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