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An effective model of the hexagonal (NiAs-structure) manganese telluride valence band in the
vicinity of the A-point of the Brillouin zone is derived. It is shown that while for the usual an-
tiferromagnetic order (magnetic moments in the basal plane) band splitting at A is small, their
out-of-plane rotation enhances the splitting dramatically (to about 0.5 eV). We propose extensions
of recent experiments (Moseley et al., Phys. Rev. Materials 6, 014404) where such inversion of mag-
netocrystalline anisotropy has been observed in Li-doped MnTe, to confirm this unusual sensitivity
of a semiconductor band structure to magnetic order.

I. INTRODUCTION

The electronic structure of crystalline semiconductors
can be treated by various methods which differ greatly
in their computational cost.1 Among ab initio methods,
GW is one of the most advanced approaches yet a numer-
ically rather expensive one.2 A widely-used alternative is
density functional theory (DFT) where the speed comes
at the cost of worse performance (even if there are vari-
ous approaches to mitigate deficiencies such as too small
gaps) and yet faster options are available, of which tight-
binding approaches3 and k · p models4 will be of interest
here. Such effective models need material parameters
(such as on-site energies or hopping amplitudes) as an
input which can sometimes be of advantage because they
can be adjusted to fit experiments. Also, they may offer
insight into mechanisms governing the band structure.

An archetypal example of an effective model is the
Kohn-Luttinger Hamiltonian5 which has a wide range of
applications to non-magnetic materials, including silicon
and III-V semiconductors with Γ8 manifold at the top of
the valence band (VB). Magnetism adds a new twist: for
Mn-doped GaAs, the host is described by this Hamilto-
nian and the effect of ferromagnetic ordering is captured

by a kinetic pd exchange term ∝ ~̂s · ~S where ~̂s is the spin

operator (of the VB holes) and ~S is the classical spin rep-
resenting the Mn magnetic moments (usually treated on
the mean-field level). Such description of ferromagnetic
semiconductors6,7 has been employed extensively in the
context of spintronics8 and now that antiferromagnetic
spintronics9 has become an active field, we hereby wish
to contribute to its progress by presenting an effective
model of hexagonal (NiAs-structure) MnTe which is a
well-established antiferromagnetic semiconductor, as ex-
emplified by its T = 0 band structure in Fig. 1, with
a relatively high (≈ 310 K) Néel temperature. Typical
samples, both bulk and layers exhibit p-type conductiv-
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FIG. 1. Sketch of the atomic and possible magnetic structures
of antiferromagnetic hexagonal MnTe. (a) In-plane/c plane (ground
state) and (b) out-of-plane/c-axis (hard axis) orientation of the
magnetic moments of Mn with the Néel vector L⃗ along ⟨11̄00⟩ and
⟨0001⟩ are shown. The hexagonal basal plane, i.e., the c plane is
indicated by a gray plane, while red, green, and blue arrows show the
directions of the unit cell axes.

InP(111) [7], and Al2O3(0001) [16,25,26] substrates as well as
on amorphous Si(111)/SiO2 [27]. Due to lattice and thermal
expansion coefficient mismatch between α-MnTe and the
substrates, films will experience strain that may affect the mag-
netic properties such as MAs. For example [28], the dilute
magnetic semiconductor (Ga,Mn)As is known to have an
in-plane MA under compressive strain and an out-of-plane MA
for tensile strain under suitable conditions. Here, we study the
MAs in MnTe on different substrates, which cause different
strain states. The knowledge of the easy axis directions
is crucial for transport phenomena modeling, which has
so far relied only on assumptions [7]. As far as the easy
axis directions are concerned, we confirm these assumptions
using DFT+U calculations combined with experiments. Using
magnetotransport, magnetometry, and neutron diffraction, we
determine the easy axes to be along ⟨11̄00⟩ and show in what
respect MAs are sensitive to epitaxy-induced strain.

The paper is organized as follows. After introduction of
the results of DFT+U calculations in Sec. II, we describe our
samples structure and basic magnetometry characterization
in Sec. III. Section IV presents our neutron diffraction
experiments and Sec. V complementary magneto-transport
studies. Further magnetometry experiments determining the
spin-flop field are presented in Sec. VI. Finally, we conclude
in Sec. VII.

II. MAGNETIC ANISOTROPY CALCULATIONS

The magnetic anisotropy energy (MAE) in antiferromag-
nets comprises two main contributions: the dipole term and the
magnetocrystalline anisotropy (MCA). In order to calculate
the latter, we use the relativistic version of the rotationally
invariant DFT+U method [29], which takes into account
spin-orbit coupling, and nondiagonal in spin contributions
into the occupation matrix. The full-potential linearized
augmented plane-wave (FLAPW) [30] basis is used in the
self-consistent total energy calculations. We use U = 4 eV
and J = 0.97 eV parameters taken from a similar compound of
manganese [31].

The dipole term is a classical contribution from dipole-
dipole interaction of localized magnetic moments [32]. For

coherent rotations of the two AFM sublattices which strictly
maintain their antiparallel alignment, e.g., one that interpolates
between the two magnetic configurations shown in Fig. 1, the
dipole term depends in general on the rotation angle. This
dependence is absent for cubic crystals but present in MnTe
since the crystal symmetry of the NiAs structure is lower.
This causes the energy of the dipole-dipole interaction of the
structure in Fig. 1(b), with magnetic moments aligned along
the c-axis, to be higher than that of any structure with magnetic
moments oriented in the hexagonal basal plane (c plane), e.g.,
Fig. 1(a).

For lattice constants a = 0.4134 nm and c = 0.6652 nm
[experimentally determined at 5 K / see Sec. III, Figs. 3(a) and
3(b)], we obtain that Mn atoms carry the magnetic moments
of 4.27µB (spin MS = 4.25µB plus orbital ML = 0.02µB

magnetic moments). The energy difference of the two different
configurations shown in Fig. 1 from the dipole term Edipole

is calculated to be 0.135 meV per unit cell, favoring the
alignment in the c plane. This contribution to MAE is only
weakly dependent on strain or relevant lattice distortions and
gives no anisotropy within the c plane.

The DFT+U calculations of the MCA are much more
involved but, rather generally, a clear picture emerges of mod-
erately large out-of-plane anisotropy and small anisotropies
within the c plane. For the lattice constants quoted above,
an energy difference between configurations in Figs. 1(a) and
1(b) of 0.11 meV per unit cell is calculated again favoring
the alignment in the c plane. The anisotropy within the c
plane, defined as the energy difference between the magnetic
structure in Fig. 1(a) and one with magnetic moments rotated
by 90◦ in the c plane, is small and at the edge of the accuracy
(10 µeV) of the calculation in this particular case.

To model actual conditions in our experiments, we perform
zero-temperature calculations of EMCA for various choices
of lattice constants (see Table I). Adding the MCA to the
dipole term, we can conclude that (a) the out-of-plane MAE is
typically between 0.2 and 0.3 meV per unit cell (two formula
units), favoring the moments within the c plane, and (b) the
anisotropy within the c plane is typically an order of magnitude
smaller. For calculations under changing c/a ratio shown in
Table I, the MAE within the c plane is always smaller than
the out-of-plane MAE (even for the extreme choice of lattice
constants with c = 0.689 nm, see Table I, the latter is greater
than 0.1 meV per unit cell), the MAE within the c plane exhibits
no clear trend upon unit cell deformation and it even changes
sign. In order to unambiguously determine anisotropies
within the c planes, it is therefore advisable to resort to
experiments.

TABLE I. The total MAE, Edipole + EMCA in meV per unit cell for
different lattice parameters. The Néel vector directions with respect
to the crystal are given as subscript of the energies, showing the
preferential magnetic moment orientation in the c plane.

a (nm) 0.408 0.411 0.414 0.417 0.408 0.408
c (nm) 0.670 0.670 0.670 0.670 0.650 0.689
E[0001] − E[112̄0] 0.20 0.24 0.23 0.22 0.28 0.12
E[11̄00] − E[112̄0] − 0.01 0.03 0.01 0.04 0.05 − 0.01
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FIG. 1. Band structure of MnTe calculated by QSGW for
~L ⊥ z (in-plane orientation). Note the competing maxima of
the valence band at Γ and A points.

ity and we will therefore focus on its VB.

The magnetic structure of MnTe was established11 long
ago (see Fig. 3) with a strong anisotropy favouring in-
plane orientation of the magnetic moments and a weak
residual anisotropy within the plane.12 Recently, Mose-
ley et al.13 have found by neutron diffraction that, upon
doping by lithium, the magnetic moments rotate out of
plane. They also noticed that in the density of states
(DOS), significant changes occur and we use the effective
model to explain how the VB responds to this change of
magnetic order (once spin-orbit interaction is taken into
account). Even if the Mn d-states lie14 deep below the
Fermi level EF and seem too remote from the VB top16

which is built dominantly from p-Te orbitals, we demon-
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strate that the combination of MnTe layered structure
and relativistic spin-orbit interaction (SOI) lead to an
unusual sensitivity of the electronic structure to the ori-
entation of magnetic moments. In the next Section we
discuss the competing VB maxima and we focus on the
one near A-point of the Brillouin zone (BZ) in Sec. III.
We conclude in Sec. IV.

II. COMPETING VB MAXIMA

Once the SOI is taken into account, there arises a tight
competition between valence band maxima close to A
and Γ points of the BZ, see Fig. 2b. A long-standing
consensus17,19 that the former prevails has recently been
challenged by Yin et al. [24] who claim that the VB top
occurs in the vicinity of Γ point. To improve on the
potentially less accurate DFT approach,24 we employ
the Quasiparticle Self-Consistent GW approximation20

(QSGW). The GW approximation, which is an explicit
theory of excited states is widely used to predict quasi-
particle levels with better reliability than density func-
tionals. QSGW is an optimized form of the GW ap-
proximation, where the starting Hamiltonian is gener-
ated within the GW approximation itself, constructed
so that it minimizes the difference between the one-body
and many-body Hamiltonians. As a by-product the poles
of the one-body Green’s function coincide with the poles
of the interacting one: thus energy band structures have
physical interpretation as quasiparticle levels, in marked
contrast to DFT approaches (some examples21,22 are
given in Sec. 5.1 of the Supplementary Information)
where the auxillary Hamiltonian has no formal phys-
ical meaning (in practice Lagrange multipliers of this
Hamiltonian are interpreted as quasiparticle levels). In
practice QSGW yields high fidelity quasiparticle levels in
most materials where dynamical spin fluctuations are not
strong.23

Bulk lattice constants of MnTe at room temperature
are a = 0.414 nm and c = 0.671 nm;13 we show in
Fig. 2d that for such c/a = 1.621, the VB maximum
close to the A point safely prevails (∆E is the difference
between energy of local VB maxima close to Γ and that
close to A). Most experiments nowadays are performed
with thin films of MnTe, however, and then lattice con-
stants depend on the choice of substrate. Temperature-
dependent data in Fig. 3 of Ref. 12 suggest that while
samples grown on SrF2 surface still fall into the same
class, low temperatures may effectively push the VB max-
ima close to the Γ point up and in particular, samples
grown on the InP substrate may exhibit the inverted
alignment of the VB maxima.

Comparing the present QSGW results to DFT calcu-
lations of Ref. 24, several remarks are in order. Lat-
tice constants used in that reference (which correspond
to c/a = 1.57) have been obtained by structure opti-
misation in DFT rather than from experimental data.
Next, the hybrid functional HSE06 may avoid the known
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FIG. 2. Detailed view of the VB maximum and (c) the
Brillouin zone of α-MnTe corresponding to lattice constants:
0.414 nm and c/a = 1.6208. Panels (a,b) show the difference
between SOI ignored and included and (d) gives for the latter
case the energy difference between VB maximum in Γ and A
depending on the c/a ratio (for several values of a given in
a.u.); origin of this dependence is discussed in Sec. 5.2 of the
Supplementary Material. Negative ∆E means that the VB
maxima around A prevail and all energies are given in eV.

problem of underestimated gaps in DFT but this in it-
self does not guarantee a reliable description of finer de-
tails of the band structure (such as VB maxima align-
ment). Predicted valence and conduction bands are
more uniformly reliable in GW than in density-functional
methods. Moreover QSGW surmounts the problematic
starting-point dependence that plagues the usual im-
plementations of the GW approximation and therefore
QSGW is a better choice for our study than DFT. Re-
garding the subsequent derivation of an effective model
for the VB around Γ point,24 we note as follows. The
kz = 0 approximation is used; while this would be ap-
propriate for very thin layers (say 5 nm), present exper-
iments12 are more likely behaving like 3D bulk. Also,
the effective model (1) in Ref. 24 assumes a fixed di-
rection of the magnetic moments; to plot the exper-
imentally relevant ’angular sweeps’, the current direc-
tion rather than Néel vector is rotated which is, how-
ever, not the actual experimental protocol. For systems
where only the non-crystalline anisotropic magnetoresis-
tance (AMR) occurs,25 the two protocols are equivalent
but measurements in the Corbino geometry12 prove this
assumption false. Being aware of these issues, we strive
to derive an effective model in the following which is free
of these shortcomings captures the dependence on mag-
netic moments direction.
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A proper symmetry analysis of the crystal structure
of MnTe provides the non-symmorphic space group D4

6h.
Once AF ordering is included the Mn atoms must be
treated as inequivalent since each Mn layer would have
spins pointing in the opposite direction as shown in Fig. 3
for in-plane spins. Hence, the symmetry group is re-
duced from D6h to D3d without SOI (see for instance
Sandratskii et al.26). Furthermore, the symmetry group
would also depend on the interplay of SOI and choice of
the AF direction since spins pointing in different direc-
tions behave differently under symmetry operations. For
example, in the out-of-plane AF configuration, the sym-
metry remains D3d while for in-plane AF, either along
[101̄0] or [112̄0] directions, the symmetry group is re-
duced C2h. Besides the conceptual analysis of the sym-
metries, independent calculations using the WIEN2k and
Quantum Espresso ab initio packages also provide the
same symmetry groups discussed above. Thus, for the
particular choice of in-plane AF the D2h point group dis-
cussed by Yin et al. should be replaced by C2h.

III. EFFECTIVE MODELS

Several attempts to describe the electronic structure
of α-MnTe in a simplified way have been made so far.
Here, the k · p approach4,27 is a common choice for
semiconductors28 especially if only high-symmetry points
in the BZ are of interest. Such a model for the VB top in
A point was derived more than 40 years ago26 and later
extended to a tight-binding scheme.29 The latter allows
for the description of the energy bands over the whole
BZ but neither of these models allows to analyse the de-
pendence of electronic structure on the directions on Mn
magnetic moments. In the perfectly ordered AFM phase
(as in Fig. 2d) and without SOI, the Bloch functions at
the top of the valence band in the A point transform
as the two-dimensional irreducible representation Eg or
(Γ+

3 ) of the the D3d. Including corrections up k2 and no
SOI (essentially given by Eq. 2 in Sandratskii et al.26)
one would obtain the following Hamiltonian:

Hkp,2×2 =

(
ak2x + bk2y + ck2z (a− b)kxky

(a− b)kxky bk2x + ak2y + ck2z

)
. (1)

The inverse effective masses (proportional to a, b, c) im-
ply that Fermi surfaces (FSs) are, at this level of approx-
imation, two prolate ellipsoids (both doubly degenerate)
touching at the point where they are pierced by the AΓ
line; other properties of this model and its parameters,
effective masses, extracted from fits to QSGW are given
in Sec. 2 of the Supplementary Material. From the point
of view of magnetism, this is a consequence of neglect-
ing the spin-orbit interaction. Once SOI is included, the
band dispersion will depend on the direction of magnetic
moments. On the other hand, if higher order terms in
~k were included, the symmetry would be lowered and
FSs would become warped and spin-split.30 Consequent
spin order in reciprocal space, being a hallmark31 of so
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FIG. 3. NiAs structure (left) reduced to a toy model com-
prising a one-dimensional chain of magnetic (B) and non-
magnetic (A) atoms; there are two of the latter, Aa and Ab

per unit cell. Energies are shown in the units of t and ∆/t = 1,
−εd/t = 3 was chosen.

called altermagnetism, can lead to phenomena normally
unexpected in collinear compensated magnets such as the
anomalous Hall effect.

The derivation of Eq. (1) is based solely on symmetry
arguments and entails neither any explicit information
about orbital composition of the corresponding Bloch
states nor any parametric dependence on magnetic or-
der. In the following, we therefore first describe a toy
model capturing the essence of interplay between mag-
netism and orbital degrees of freedom and next, we make
use of these insights to derive a realistic model of MnTe.

A. Toy model

Consider a 1D chain of alternating nonmagnetic (A)
and magnetic (B) atoms depicted in Fig. 3 where only
the nearest neighbours couple (the amplitude being t).
The single-orbital-per-site tight-binding Hamiltonian as-
suming that the B-atom orbitals have on-site energies
εd ±∆ (where 2∆ is the exchange splitting) reads

H1(∆) =


0 t 0 te−ika

t εd + ∆ t 0
0 t 0 t

teika 0 t εd −∆

 (2)

in the basis of Bloch states with momentum k so that ka
ranging from −π to π parametrises the BZ.

The toy model described by H1 can be treated analyt-
ically (see Ref. [32], Sec. 1) and focusing on the bands
of dominantly A-atom orbital composition, we observe a
downfolded cosine band of width downscaled by factor
≈ t/εd in the large |εd| limit, i.e. remote B-atom dom-
inated bands, as the dashed black dispersion in Fig. 3
confirms. Atoms Aa and Ab interact only through the
intermediate (magnetic) atoms B which suppresses their
effective coupling. There are two main observations to
make at this point. First, even if ∆ � εd there opens
a gap in the ’VB states’ at the BZ edge (to make the
gap better visible, we chose a larger value of ∆/εd for
the blue and red bands in Fig. 3). This allows for the in-
sight that, inasmuch the atom Ab is sandwiched between
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spin-up (left) and spin-down neighbours (right), where
the exchange coupling is ∆ and −∆, their effect on the
A-band (blue in Fig. 3 at the bottom right panel) does
not average out to zero. Next, an even more important
insight concerns the eigenstates of H1 at ka = ±π.

At this point, we should point out that H1 of (2) in
fact only describes one of the two spin species; let us
denote it as up-spin and correspondingly, H1,↑ = H1(∆).
The two states at ka = ±π split by nonzero ∆ turn out
to be (|a〉 ± |b〉)⊗ | ↑〉 where |a〉 and |b〉 refer to orbitals
of Aa and Ab atoms, respectively. For the spin-down
sector, H1,↓ = H1(−∆) which leads to identical band
structure as in Fig. 3 whose eigenstates are nevertheless
not the same as for H1,↑. The state degenerate with
(|a〉 ± |b〉) ⊗ | ↑〉 is (|a〉 ∓ |b〉) ⊗ | ↓〉 and thus, we arrive
at the conclusion that, at the BZ edge, the VB states in
our toy model come in two pairs (split by the gap) and
without loss of generality, we now focus on the subspace
spanned by the pair

(|a〉+ |b〉)⊗ |↑〉, (|a〉 − |b〉)⊗ |↓〉. (3)

Unlike the pair |↑〉, |↓〉 (without any orbital part), any
linear combination of the two states in (3) has a zero
expectation value of transversal spin operators σ̂x, σ̂y.

This can also be restated as 〈~̂σ〉||z, or, easily generalised
to the statement that the states (3) have the (expectation
value of) spin parallel to the magnetic moments of atoms

B. In this way, the direction of magnetic moments of the
atoms remote in energy from the VB top influences the
current-carrying states close to the Fermi energy. In the
following, we denote the direction of spin in the basis

state (|a〉+ |b〉)⊗|↑〉 by ~L and it can be understood as the
Néel vector. In the following, we explore this influence
in the context of spin-orbit interaction; an alternative
pathway relies on spin disorder15 (as it occurs for example
at finite temperatures) and we outline an approach to it
based on the coherent potential approximation (CPA) in
the Supplementary material. It provides an alternative
interpretation of ’magnetic blue shift’16 of the gap which
does not rely on many-body effects.

B. Extension to MnTe crystal

The previous argument can be extended to Te px, py
states which form the VB top near A. To account for fine
details of the band structure (as explained in Ref. 32,
Sec. 2), we also include the remote pz levels (in A, they
are ≈ 3 eV below the VB top, see Fig. 2a) whose dis-
persion is dropped at this level of approximation. Also
note that the group of VB maxima close to Γ relies on
Te pz orbitals as explained in the Supplementary ma-
terial. We will measure energy from the VB top (as it
appears in the case of absent SOI) with EF denoting the
Fermi energy and use two copies of Eq. (1) to describe
the kx,y-dependent mixing of px, py orbitals.

Denoting the position of pz orbitals of tellurium by ez (ez < 0, |ez/EF | � 1), the full description of the VB close
to A is provided by a block-diagonal 6× 6 matrix

Hkp =


ak2x + bk2y + ck2z (a− b)kxky 0

(a− b)kxky bk2x + ak2y + ck2z 0
0 0 ez

ak2x + bk2y + ck2z (a− b)kxky 0
(a− b)kxky bk2x + ak2y + ck2z 0

0 0 ez

 (4)

and the first and second 3× 3 block is written in the basis (3) whereas inside the blocks, the basis vectors are simply

|px〉, |py〉, |pz〉. Since the matrix (4) does not explicitly depend on ~L (only its basis vectors are), we arrive at the
conclusion that (when SOI is ignored) the band structure does not depend on the direction of Mn magnetic moments.

In the limit |ez| → ∞, the full model (4) combined with SOI breaks down into two decoupled 2 × 2 blocks and
since we now have a microscopic understanding of the basis, one which contains the information about direction of
Mn magnetic moments, the SOI can now be evaluated. With finite ez, the dependence of band splitting in A can be
better described as we explain in the following.

C. Spin-orbit interaction

We are now in a position to explain the following be-
haviour of band structure calculated by relativistic ab ini-
tio methods. In panel (b) of Fig. 2, we could have already
observed the bands split by SOI and, compared to band
widths, such splittings were small (note that these split-
tings cause the shift of the VB top away from A, the point

of high symmetry). Those calculations were done assum-

ing ~L ‖ x and, at this level of detail, depend only little

on the direction of ~L as long as ~L ⊥ z which is compati-
ble with MnTe being an easy-plane material.12 However,

when ~L ‖ z is assumed in calculations, see Fig. 4, band
splittings become sizable. Restricting our discussion to
Te px, py orbitals combined into the states (3), this be-

haviour is linked to the directionality of Hso = λ~l · ~σ
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FIG. 4. MnTe band structure for ~L||z (energies in eV). Colour
coding: red Te, blue/green Mn.

evaluated in the corresponding basis:

Hso,2×2 =

(
0 iλ cos θ

−iλ cos θ 0

)
(5)

where ~L · ẑ = cos θ and ~l is the orbital angular momen-
tum operator. Clearly, SOI projected to such a restricted
space becomes ultimately ineffective for the in-plane ori-
entation of magnetic moments where θ = π/2 (taking
into account also the |pz〉 orbital,32 small splittings at
Ain the in-plane configuration can nevertheless be also
accounted for) whereas for finite ez, the full 6× 6 matrix
of Hso must be considered instead of (5). On the other
hand, for out-of-plane magnetic moments, the splitting at
A seen in Fig. 4 can be directly compared to eigenvalues
±λ of Hso,2×2.

IV. DISCUSSION AND CONCLUSIONS

An effective model of the MnTe valence band around
A point of the BZ depends on the level of detail needed:
Eq. (1) is a meaningful approximation to begin with but
it cannot describe the band-dispersion dependence on the

direction of Mn magnetic moments; the six-band (or four-
band, corresponding to |ez| → ∞ limit) description us-
ing Eq. (4) combined with Hso evaluated with respect
to basis (3) times |px〉, |py〉, |pz〉 is the reasonable next
step. On this level, the large sensitivity of the valence
band at A to magnetic moment orientation can be ex-
plained in terms of zero matrix elements of Hso between
(|a〉 + |b〉) ⊗ |→〉 and (|a〉 − |b〉) ⊗ |←〉 where a, b refer
to the two Te atoms within unit cell of MnTe. Zoom-
ing into the details of the valence band smaller than
∼ 100 meV would require adding further terms such as
those discussed on p. 8 of the supplementary information
to Ref. [30]; on this level of approximation, phenomena
such as the anomalous Hall effect or AMR can then likely
be successfully modelled.

Calculations in Fig. 4 show that the splitting at A is
associated with reduction of band gap in agreement with
DFT calculations.13 This implies that not only angular-
resolved photoemission (ARPES) could be used to con-
firm the sensitivity of MnTe band structure to the orien-
tation of Mn magnetic moments but also optical absorp-
tion measurements should reveal signatures of this effect.
Such experiments could also confirm our results concern-
ing the competition of valence band maxima close to the
A and Γ points of the Brillouin zone.
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Šmejkal, Proceedings of Nat. Acad. Sci. USA 118 (42)
e2108924118.

32 Supplementary information.


