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We propose a novel method for controlling the high-harmonic generation (HHG) with a high
dynamic range in single-layer graphene. We find that, by utilizing shear strain, a significant en-
hancement or quenching of HHG is possible over a range of several orders of magnitude. This feature
is made possible by the resonance mechanism at a van Hove singularity. Therein, the shear strain
controls the configurations of the two Dirac cones, resulting in changes in the energy and dipole
moment at the saddle point of the band dispersion. Our findings provide a way for modulating or
switching light by using a nano-optomechanical device composed of single-layer graphene.

Two-dimensional (2D) Dirac electrons in single-layer
graphene have attracted much attention [1, 2] for their
novel linear and nonlinear optical properties [3–30].
One-atom-thick graphene exhibits universal frequency-
independent light absorption, πα = 2.3 %, where α =
e2/~c ' 1/137 is the fine structure constant [3–10]. Ul-
trafast carrier dynamics on massless bands provide a va-
riety of high-speed broadband optical responses [11, 12]
which include saturable absorption enabling stable pas-
sive mode-locking [13–18], light emission [19, 20], detec-
tion [21, 22], and modulation [23, 24]. Giant optical non-
linearity [25] and high-harmonic generation (HHG) [26,
27] have also been reported, which indicate intriguing
strong light-matter interactions in graphene in the visi-
ble, infrared and terahertz (THz) regions.

Further studies have targeted artificial control, modu-
lation, or switching of these properties for potential appli-
cations in graphene-based optical devices [23, 26, 27, 31–
35]. Indeed, modulation of the HHG intensity has been
demonstrated over a range of two orders of magnitude
via tuning of the Fermi energy by gate voltage [26] or via
tuning of the incident-light ellipticity [27]. However, the
robustness of optical transition probability πα inherent
to 2D Dirac electrons makes the external control of opti-
cal responses highly challenging, and a significant modi-
fication of the Dirac band dispersion should be necessary
to achieve giant switching of optical responses.

A graphene sheet has high flexibility and a shear strain
of up to 27 % can be reversibly applied to it [36–58].
Notably, a few theoretical studies [55–58] have pointed
out that shear strain in graphene makes the two Dirac
cones at the K± points to get closer and finally merge to
form a band gap. This strain effect should be useful for
control of the nonlinear optical responses of graphene.

In this paper, we theoretically demonstrate a signifi-
cant enhancement or quenching of HHG over several or-
ders of magnitude in graphene by tuning the shear strain
and the incident-light polarization angle. We clarify that
the enhancement stems from the resonance between the
incident-light photon energy and the band gap or saddle-
point energies at the intermediate point of the two Dirac
cones. High-contrast control of the nonlinearity suggests

the possibility of using HHG-light switching and modu-
lation in graphene photonics and optoelectronics.

The graphene under shear strain can be modeled by
a tight-binding model based on a distorted hexagonal
lattice (see Fig. 1 (a)). The anisotropic hopping ener-

gies are described as γi ≈ γ0e
β(|δ′i|a

−1
0 −1) by considering

changes of the distance between neighboring 2pz atomic
orbitals. Here, we set γ0 to be the hopping energy for
unstrained graphene and chose β to be 3.37 [42, 43].
The displacement vectors from the initial to neighboring
sites are described as δ′1 = (1/2−

√
3ζ/2,−

√
3/2+ζ/2)a,

δ′2 = (1/2 +
√

3ζ/2,
√

3/2 + ζ/2)a, and δ′3 = (−1,−ζ)a,
respectively, where ζ and a are the shear-strain parame-
ter and lattice constant of unstrained graphene.

HHG in shear-strained graphene is formulated by an
extended theoretical framework based on the previous
ones [27, 59–63]. The theoretical framework employed
here is based on the tight-binding model that is known
to provide quantitatively reasonable results for the band
structures of shear-strained graphene [56, 57, 64]. We
suppose the vector potential of the incident THz light to
be A(t) = A0f(t) cos(ω0t)n, where f(t) is the envelope
function of the incident pulse, n = (cos θ, sin θ) is a unit
vector pointing in the direction of the electric field, and
θ is the tilt angle measured from the armchair axis (see
Fig. 1 (a)). We chose f(t) = (t− t0)2/τ2 to be the enve-
lope function, where t0 = 24π/ω0 and τ = 4π/ω0. The
tight-binding Hamiltonian on a distorted honeycomb lat-
tice in momentum space can be expressed as (see Sup-
plementary Material: Section I)

H =
∑
k

(e†k h−k)

(
ξ(k, t) η(k, t)

η(k, t)∗ −ξ(k, t)

)(
ek

h†−k

)
, (1)

where ek (hk) is the annihilation operator of elec-
trons (holes) with wavenumber k, ξ(k, t) = |f(k)| +
~Re

[
Ω∗R(k, t)eiθk

]
, η(k, t) = −~ Im

[
Ω∗R(k, t)eiθk

]
,

f(k) =
∑3
i=1 γie

ik·δ′i = |f(k)|eiθk , and ΩR(k, t) = d(k) ·
A(t) is the Rabi frequency defined from the k-dependent
dipole vector d(k) =

(
dkx, d

k
y

)
(the explicit form of the

dipole moment d(k) is given in the Supplementary Mate-
rial: Section I). We solved the time-dependent equations
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FIG. 1. (Color online) (a): Schematic figure of lattice structure of graphene under shear strain. The amplitude of the shear
strain is represented by ζ and the vector potential of the incident light is denoted as A(t), whose tilt angle measured from the
armchair axis is described by θ (see the inset). (b1)-(b3): Variation in band structures of graphene for the three shear strain
parameters, (b1) ζ = 0, (b2) ζ = 0.12, and (b3) ζ = 0.2. The white arrows in Fig. (b2) indicate the direction of the change in
position of the Dirac points induced by the strain.
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FIG. 2. (Color online) (a1) and (b1): Shear strain dependence of the third- and fifth-order harmonics for ω0 = 90THz. The
red and green lines indicate the high-harmonic intensities for the incident-light angles θ = 120◦ and θ = 30◦, respectively. The
polarization angle dependences of the third and fifth harmonics for ζ = 0.12 are shown in the insets. The critical strength of
the shear strain for a band gap to form is described by ζc. (a2) and (b2): Shear-strain dependence of the third- and fifth-order
harmonics for the different incident-light frequencies, 30 THz (blue lines), 60 THz (orange lines), 90 THz (red lines), and 120
THz (green lines). The dotted black arrows indicate the variation in the double peaks.

for polarizations and carrier densities derived from the
Hamiltonian, and evaluated the HHG intensity spectra
by performing a Fourier transformation on the generated
current [65]. In this work, we only focused on HHG emit-
ted along the major axis (parallel to A(t)) and ignored
the perpendicular component [62] due to its complex be-
haviour as a function of the incident-light polarization
angle and THz frequency.

Fig. 1 shows the 3D plot (upper figures) and con-
tour plot (projection figures) of the band structure for
three different shear strain parameters, (b1) ζ = 0, (b2)
ζ = 0.12, and (b3) ζ = 0.2. For unstrained graphene
(ζ = 0), we can see that Dirac cones exist at the K±

points indicated by the white circles in Fig. 1 (b1). These
two Dirac cones gradually get closer to each other as
the shear strain parameter increases (see Fig. 1 (b2)),
and consequently, they merge and an energy gap appears
(see Fig. 1 (b3)). In our tight-binding model, the critical
strength of the shear strain for a band gap to form is es-
timated as ζc ≈ 0.165, which is consistent with previous
works [55, 66].

The shear-strain dependences of the third and fifth
harmonics are shown in Fig. 2 (a1) and (b1) for an
incident-light frequency of ω0 = 90 THz. The red and
green lines indicate the dependences for the different
incident-light polarization angles, θ = 120◦ and θ = 30◦,
respectively. These two angles are regarded as the spe-
cific ones because they can yield the maximum and min-
imum intensities of the emitted harmonics (see insets
in Fig. 2 (a1) and (b1)). Fig. 2 (a1) and (b1) show
that, for θ = 120◦, the third-order (fifth-order) harmon-
ics are largely enhanced by around one order of mag-
nitude at ζ ≈ 0.13 and 0.18, while they are quenched
rapidly by around third (eight) orders of magnitude at
0.2 < ζ < 0.27 (red line). The plots for θ = 30◦ do not
show this nonmonotonic behaviour; they only show an
approximately monotonic decrease with increasing shear
strain. Fig. 2 (a2) and (b2) show the shear-strain de-
pendence of the third- and fifth-order harmonics for the
different incident-light frequencies, ω0 = 30 THz (blue
lines), 60 THz (orange lines), 90 THz (red lines), and
120 THz (green lines). Here, the interval between the
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FIG. 3. (Color online) Contour plots of distribution of carrier
density in k-space after photo-irradiation. The incident-light
polarization angle is (a) θ = 30◦ and (b) θ = 120◦. The shear-
strain parameter and incident-light frequency are ζ = 0.12
and ω0 = 90THz.

two peaks grows with increasing incident-light frequency.
This result suggests that HHG should be enhanced when
the photon energy of the incident light coincides with a
characteristic energy in the electronic structure.

Strong incident-light polarization angle dependence is
another remarkable feature of HHG in strained graphene
(see Fig. 2 (a1) and (b1)). This feature reflects the fact
that the distribution of the excited carriers is sensitive
to the polarization angle of the incident light. Fig. 3 (a)
and (b) show the distributions of the carrier density in
k-space after photo-irradiation for θ = 30◦ and θ = 120◦.
Here, we set the shear-strain parameter and the incident-
light frequency as ζ = 0.12 and ω0 = 90 THz, respec-
tively. In these figures, the positions of the three saddle
points of the band dispersion, kα, kβ , and kγ , are indi-
cated by yellow points, and those of the two Dirac cones
are denoted by black points. We find that the carrier den-
sity near the saddle point kα is suppressed for θ = 30◦

while it is enhanced for θ = 120◦. This fact indicates
that the polarization angle of the incident light mainly
affects the carrier excitation near the saddle point kα.

To better understand these features, we will investi-
gate the characteristics of THz light absorption in shear-
strained graphene. On the basis of linear response the-
ory [67], we can derive the absorption coefficient α(ω) as
(see Supplementary Material: Section III)

α(ω) ' π

~ω
∑
k

(βkx cos θ + βky sin θ)2

× [δ(ω − 2εk)− δ(ω + 2εk)], (2)

where βkx and βky are defined as βki = −c~(Im[dki ] cos θk−
Re[dki ] sin θk) (i = x, y). Fig. 4 (a) shows the fre-
quency dependence of the absorption coefficients for the
three different incident-light polarization angles, θ = 30◦

(green line), 95◦ (blue line), and 120◦ (red line) in the
case of ζ = 0.12. These plots show that each peak orig-
inates from a singularity in the density of state (DOS),

i.e., a van Hove singularity (vHS), which is induced by the
saddle points of the band dispersion in k-space. Fig. 4 (b)
is a contour plot of the band dispersion εk = |f(k)| for
ζ = 0.12 as well as its saddle point. The carrier excita-
tions near the three saddle points, labeled kα, kβ , and kγ ,
induce the peak structures denoted as vHSα, vHSβ , and
vHSγ in Fig. 4 (a). Fig. 4 (b) also shows that each saddle
point has a different angle to the band minima (the Dirac
points) that can be estimated as θ ≈ 30◦, θ ≈ 95◦, and
θ ≈ 150◦ (see the white lines in Fig. 4 (b)). We can iden-
tify that the peaks observed in Fig. 4 (a) disappear when
the direction of the incident light matches these angles,
while the peak height in the absorption coefficient be-
comes a maximum when the incident light is perpendic-
ular to them (see Supplementary Material: Section IV).
Thus, the vHS peaks in the absorption coefficient signif-
icantly depend on the relation between the polarization
angle of the incident light and the band structure. The
position of the vHSs in DOS changes depending on the
strength of the shear strain. Fig. 4 (c) plots the DOS of
graphene for ζ = 0 (black dotted line), ζ = 0.08 (blue
line), and ζ = 0.2 (green dashed line). In the absence
of shear strain (ζ = 0), only one vHS can be seen in the
positive (negative) energy region. Applying shear strain
splits it into three peaks (in each region) by breaking the
energy degeneracy of the vHSs. The lowest-energy peak,
labeled vHSα, moves toward zero energy with increasing
ζ (the blue line and the red curved arrow), and conse-
quently, it reaches zero and the band gap starts to form
(the green line). At the same time, the other two peaks,
denoted by vHSβ and vHSγ , monotonically move toward
the high-energy region (the red straight arrows). These
numerical results imply that the properties of HHG in
the THz regime (~ω0 � 1 eV) would be governed by the
behavior of vHSα.

Next, we focus on the absorption coefficient in the THz
regime. Fig. 4 (d) plots the shear-strain dependence of
the absorption coefficient for θ = 120◦ (red line) and
θ = 30◦ (green line) in the case of ω0 = 90 THz. This
figure indicates that the absorption coefficient has two
peaks for θ = 120◦, whereas the plot for θ = 30◦ only
shows a monotonic decrease. These tendencies are very
similar to those of the HHG in Fig. 2(a1) and (b1). As
discussed so far, the properties of these peaks can be un-
derstood in terms of the relation between the incident-
light polarization angle and vHSα (see Fig. 4 (e)). Note
that this angular dependence comes from the dependence
of the dipole moment dki on k through the coefficient
βkx cos θ + βky sin θ in Eq. (2). The electron-hole excita-
tion energy at vHSα (Es) and the band gap (Eg) are
plotted as a function of the shear strain parameter ζ in
Fig. 4 (f). Comparing Fig. 4 (d) and (f), we can conclude
that the first peak in Fig. 4 (d) (the blue square) should
appear when the incident-light energy matches Es (see
the lower inset), while the second peak (the yellow tri-
angle) should appear when it matches Eg (see the upper
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FIG. 4. (Color online) (a): Absorption coefficients of graphene for ζ = 0.12. The green, blue, and red lines show those for
different incident-light polarization angles, θ = 30◦, θ = 95◦, and θ = 120◦, respectively. Each peak corresponds to different
vHSs, induced by the saddle points at kα, kβ , and kγ shown in (b). (b): Contour plot of the energy band in graphene for
ζ = 0.12. Here, kα, kβ , and kγ indicate the positions of the saddle points in k-space, each of which induces vHSα, vHSβ ,
and vHSγ , respectively. The azimuth angle toward the band minima (the Dirac cones) measured from the saddle points are
indicated by the white lines. (c): DOS of graphene for the different shear strain parameters, ζ = 0 (black dotted line), ζ = 0.12
(blue line), and ζ = 0.2 (green dashed line). The red lines indicate that vHS shifts with increasing shear strain. (d): Absorption
coefficients of graphene as a function of the shear strain parameter ζ. The red and blue lines indicate those for the incident-light
polarization angles θ = 120◦ and θ = 30◦. The insets show the resonant mechanisms corresponding to the double peaks of the
red line (blue square and yellow triangles). (e): Schematic figure of photon absorption near vHSα for different incident-light
polarization angles θ = 30◦ (upper figure) and θ = 120◦ (lower figure). (f): Energy differences at vHSα (Es) and the band-gap
energy Eg as a function of shear strain. The blue square and yellow triangle indicate the resonant points marked in Fig. 4(d).

inset). This analysis enables us to conclude that the two
HHG peaks in Fig. 2 (a1) and (b1) arise from resonant
conditions, 3~ω0 = Es and 3~ω0 = Eg, as indicated by
the red and green star marks in Fig. 4 (f). Note that
the orientation of the dipole moment does not change
much between before and after the energy gap forming.
Thus, we can conclude that the significant enhancement
in HHG is caused by the resonant mechanism at kα that
changes greatly depending on the polarization angle of
the incident light.

So far, we have demonstrated that application of shear
strain on graphene enables a significant control of HHG
over several orders of magnitude. Note that it is funda-
mentally different from HHG modifications via control of
carrier-envelope phase or chirp. The former controls ma-
terial responses directly, while the latter use controlled
incident light via some other methods. Therefore, our
method provides a unique way for modulating or switch-
ing HHG of THz waves with a high dynamic range, which
should be necessary in near-future high-speed wireless
communication. A single-layer graphene may simultane-

ously solve problems of cost, mass, and volume of mate-
rials for an application of THz technology.

In conclusion, we theoretically investigated the linear
and nonlinear optical responses of graphene distorted by
shear strain. Using the tight-binding model, we clari-
fied that tuning both the shear strain and the polariza-
tion angle of the incident THz light enables a significant
enhancement or quenching of HHG. By using linear re-
sponse theory, we showed that the HHG enhancement
came from the resonances at which the incident-light
photon energy matches the saddle-point energy or the
band gap. In addition, the dipole moment near the sad-
dle point (or the band gap) plays an important role in
the polarization angle dependence of this enhancement.
Strong quenching of HHG was induced by rapid growth
of the band-gap energy with increasing shear strain. Our
findings suggest the possibility of using shear strain to
control HHG in graphene and pave the way for optical
nanotechnology of single-layer materials.
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Pignedoli, H. Söde, R. Fasel, X. Feng, K. Müllen,
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