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Bernal bilayer graphene exhibits a band gap that is tunable through the infrared with an electric
field. We show that sublattice odd commensurate twisted bilayer graphene (C-TBG) exhibits a band
gap that is tunable through the terahertz with an electric field. We show that from the perspective
of terahertz optics the sublattice odd and even forms of C-TBG are “inflated” versions of Bernal
and AA stacked bilayer graphene respectively with energy scales reduced by a factor of 110 for the
21.79° commensurate unit cell. This lower energy scale is accompanied by a correspondingly smaller
gate voltage, which means that the strong-field regime is more easily accessible than in the Bernal
case. Finally, we show that the interlayer coherence energy is a directly accessible experimental
quantity through the position of a power-law divergence in the optical conductivity.

Superlattice heterostructures provide a versatile mate-
rial for realizing exotic low energy electronic physics. A
prototypical example is small-twist magic angle twisted
bilayer graphene which has attracted the most attention
with an observed superconducting phase [1, 2] and many
other correlated electron phenomena [3]. More generally
twisted bilayer graphene is a versatile platform that can
exhibit exotic physics at large-twist angles as well. This
has been recognized very recently in the observation of
the quantum anomalous Hall effect [4] and superconduc-
tivity [5] in Bernal twisted bilayer graphene.

It has been known for some time that the applica-
tion of a perpendicular electric field to Bernal bilayer
graphene produces a field tunable band gap through
the infrared spectrum [6-9]. Meanwhile, large-twist an-
gle bilayer graphene exhibits commensurate structures
with band structures that have the same symmetries
as primitive Bernal and AA stacked bilayer graphene,
but with a reduced interlayer coherence energy scale
[10]. This motivates our study and its prediction that
sublattice-exchange (SE) odd commensurate twisted bi-
layer graphene will exhibit an electric field tunable band
gap through the terahertz spectrum.

While the electronic structure of large-twist angle bi-
layer graphene is often treated as that of two indepen-
dent Dirac cones [11-13], this approximation is only true
at large energy scales. At small energy scales in commen-
surate twisted bilayer graphene, there is a residual inter-
layer coherence resulting from Bragg scattering between
Dirac cones of the two layers by a reciprocal lattice vec-
tor [14-16]. This interlayer coherence leads to electronic
structures in SE-odd bilayer graphene that emulate the
quadratic band touching of Bernal bilayer graphene, and
that lead to a band gap in SE-even bilayer graphene
that is supports topological crystalline insulator edge
states [17]. We show that this interlayer coherence is
directly accessible experimentally through the frequency
of a power-law divergence in the optical conductivity.

While the linear optical [18-20], circular dichroic [21—
24], and nonlinear optics [25, 26], of bilayer graphene have
been studied extensively in the visible and infrared spec-

tra, terahertz studies of large-angle samples with uniform
twist angles are missing. A decade ago, Zou et al. stud-
ied the terahertz optical response of bilayer graphene in
Ref. 27, but these measurements averaged over samples
with many twist angles. The recent interest in moiré
heterostructures has been led to an increase in sample
quality. This increased sample quality could be used to
experimentally access flat bands at large twist angles [28—
30], topological crystalline insulator edge states [17], or as
we suggest here to create a semiconductor with a gap tun-
able through the terahertz region with an electric field.

Commensuration in Twisted Bilayer Graphene. —
In twisted bilayer graphene, commensuration occurs
and finite unit cells form at twist angles of 6(m,n) =
Arg[(me="/6 4 ne'™/6) /(ne=""/6 4 mei™/6)] for integers
m, n [31]. Of these, (m,n) = (1,2) and (1,4), corre-
sponding to # = 30 F 8.213°, have the smallest unit cells
and largest interlayer coherence [10]. Twist angles 6 and
60° — 0 correspond to structures with equal unit cell ar-
eas, but opposite sublattice-exchange (SE) parities [14].
SE-odd structures have points with C's symmetry, while
SE-even structures have points with Cg symmetry. As
shown in Fig. 1 panels (a-d), SE-odd and SE-even struc-
tures are also related by interlayer lattice translations.

Commensuration ensures that the layer Dirac cones
are separated by a reciprocal lattice vector [14], which
leads to an interlayer coherence that changes the low en-
ergy behavior from that of two uncoupled Dirac cones
with linear band crossings to quadratic band touchings
in the SE-odd case and a gapped structure in the SE-even
case [14]. These SE-odd structure at 21.79° is identical
to the Bernal graphene bilayer but with an energy scale
that is two orders of magnitude smaller. DFT calcula-
tions find that this interlayer coherence scale, Vg is ~ 4
meV [10], although this is at the energy resolution limit
of DFT. Using a different Vj linearly scales the results
with no qualitative changes. Using a two-center Slater-
Koster type tight-binding model for hopping between the
p. orbitals of the carbon atoms [19, 32], we find the low
energy band structure of these systems in the absence
of an applied electric field £ = 0 and show the results in
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Real-space crystal structure and momentum-space band structure of the 21.79° twisted bilayer graphene (TBG)

for interlayer various shift vectors. The band structure near the Fermi energy is qualitatively the same AB and AA stacked
graphene bilayers but with an energy scale that is two orders of magnitude smaller. The structures vary from a gapless
structure (SE-odd) with a quadratic band touching at zero shift to a gapped structure with linear band crossings above and
below the Fermi energy (SE-even) at £/3 shift, where ¢ = (an,1 + anr,2)/7. Here the dashed gray line indicates the interlayer
coherence scale, V) = 3 meV, a scale which is two orders of magnitude smaller than the scale in AB and AA bilayers. This
small energy scale makes the strong-field limit much easier to obtain: to realize layer potential energies of +& = +2V} requires
an electric field strength of just 0.0358 V/nm. In the strong-field limit, these materials exhibit a band inversion (colored by
c=2(1+1(30aa(0)[¥(E))|* = [(20aa(0)[¥(€))[?)). This inversion can be understood as the layer Dirac cones being separated in
the strong-field limit, and then inverting when the interlayer coherence dominates the electric potential. (columns): structures

as a function of shift, (row 1): crystal structures, (row 2): band structures, (row 3): band structures in an electric field.

Fig. 1 panels (e-h). The low energy states are near the K
and K’ points of the superlattice Brillouin zone and we
expand in ¢ = k — kg about K. Using this tight-binding
model we find an interlayer coherence scale of Vy = 3.0
meV, which we use for the remainder of the paper [33].
As shown by one of us in Ref. 14, the low-energy con-
tinuum model for these systems are those of layer Dirac
cones coupled by interlayer coupling terms. Explicitly,
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whose band structures we superimpose on the band struc-
tures obtained from the tight-binding model in Fig. 1

(e) and (h) respectively. We color these by the band
character which exhibits a band inversion; the gap in the
SE-even case hosts topological crystalline insulator states
[17]. & is the electric potential, V; is the interlayer co-
herence, ¢ = /3 is the pseudospin rotation angle [16],
and we work in units where hvgp = 1, and vg is the Fermi
velocity.

Low Energy Optical Response. — The low-energy band
structures obtained in the last section deviate substan-
tially from the linear band crossing present in monolayer
and interlayer decoherent bilayer graphene so this differ-
ence should be present in the terahertz optical response.
In particular, we focus on the optical conductivity o
which we calculate using the Kubo formula [34]:
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where w is the frequency of the light, V is the sam-
ple volume, f is the Fermi-Dirac distribution function,
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FIG. 2. Optical conductivity can be used to determine the coupling of the offset Dirac cones as a function of twist. The gapped
systems exhibit a power-law divergence at the band edge, the gapless system has a finite DC conductivity, and all systems
asymptote to twice the optical conductivity of the monolayer in the high frequency limit. Band structures of the systems and
interband transitions contributing to the optical conductivity are shown in the figure insets. Vertical dashed lines correspond to
positions where the optical conductivity diverges. (a) the peak onsets at Vi and the location is weakly dependent on scattering
and temperature; universal behavior onsets at 2Vp, (b) the peak is at Vo/¢/(1 + ¢) where ¢ = 462 /V§ and universal behavior
onsets near 2, (c) the peak is at 2Vj sin((¢ — 0)/2) where ¢ = 7/3 and 6 = 38.21° is the twist angle; universal behavior onsets

at 2Vp, (d) The divergent peak is at the same location as in (c), but the onset of universal behavior near 2&.

T = 0, |[¢s) and e, are wavefunctions and energies,
Ju = (e/R)0k, H is the current operator, and 7 is a phe-
nomenological scattering rate that we take as 0.1 meV.

We find the diagonal elements of the conductivity ten-
SOr 0gy = Oy, by numerically evaluating this formula
for the SE-even and SE-odd continuum model. We plot
the results in Fig. 2. We find that in the SE-odd case,
the conductivity remains finite for all frequencies, asymp-
totes to a finite value at zero frequency, and approaches
e?/2h: twice the universal value of the monolayer at large
frequencies. This asymptote is accompanied by an equal
contribution from the inner and outer two bands, corre-
sponding to the layer hybridization of this system. In
an electric field, the SE-odd system gaps and exhibits a
power-law divergence at the band edge. In the strong-
field limit the Dirac cones of the two layers become inde-
pendent and the interlayer hybridization disappears; this
is accompanied by a selection rule that prevents transi-
tions between different Dirac cones. The gap saturates
at V5. In SE-even systems, the band structure is always
gapped and there is a power-law divergence at the band
edge. At low energies, states are strongly hybridized be-
tween layers, while at high energies the two Dirac cones
are unhybridized and transitions between different Dirac
cones only occur at a rate set by the interlayer coherence;
this still holds when an electric field is present.

The presence or absence of a divergence in the opti-
cal conductivity at finite frequency can be used to dis-
tinguish SE-odd and SE-even systems, and its location
can be used to determine the interlayer coherence V.
In monolayer graphene, impurities and vacancies lead to
low energy peaks, so additional peaks may be present in
chemically doped or defect heavy bilayers, but these peak
locations cannot be tuned with an applied field [35, 36].
For doped systems, Pauli blocking is circumvented and
there is an intraband Drude peak near zero frequency.

Layer Decoupling via FElectric Field. — In the presence
of an electric field the two layers are biased by an elec-
trostatic potential £. In the SE-odd case this interlayer
bias leads to a gap that is tunable by the electric field,
while in the SE-even case, the gap is independent of the
electric field. In both cases the electric field moves the
avoided crossing from the K point to a ring around the
K point, and the band structure tends to that of two
decoupled Dirac cones separated in energy space by the
interlayer potential difference.

In Bernal stacked bilayer graphene, the possibility of
opening a gap with electric fields of 1 V/nm were cele-
brated [8], meanwhile here a gap opens at a voltage that
is two orders of magnitude smaller (based on a tight-
binding calculation V5 = 338 meV in the Bernal case).
Additionally, the entrance to the strong-field limit is ac-
companied by an inversion in band character as shown
in Fig. 1 panels (e) evolves to (i) and (h) evolves to (1).

Outlook. — Twisted bilayer graphene is a rich plat-
form to realize interesting low energy physics, and this
physics need not be limited to the magic and small-twist
angle regime. At large twist angles and low energies, in-
terlayer coherence effects are essential to describing the
electronic structure, and as we have shown the interlayer
coherence is directly measurable in terms of the location
of a divergence in the optical conductivity.

In SE-odd commensurate twisted bilayer graphene the
low energy structure is the same as that of Bernal
graphene bilayers except at an energy scale that is two
orders of magnitude smaller for the smallest commensu-
rate unit cell. This means that SE-odd commensurate
twisted bilayer graphene is a small gap semiconductor
that whose gap is tunable through the terahertz region.

The distinctive features of SE-odd and SE-even com-
mensurate twisted bilayer graphene’s optical conductiv-
ity, including their behavior under electrostatic gating,



should be possible to measure on samples with relatively
uniform twist angles. Even if the twist angle is not ex-
actly a commensurate angle, we expect domain walls will
form between regions of uniform twist angle.
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