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The realization of Majorana corner modes generally requires unconventional superconducting
pairing or s-wave pairing. However, the bulk nodes in the unconventional superconductors and low
Tc of s-wave superconductors are not conducive to the experimental observation of Majorana corner
modes. Here we show the emergence of a Majorana corner mode at each corner of a 2D topological
insulator in proximity to a d + id′ pairing superconductor, such as heavily doped graphene or
especial a twisted bilayer of cuprate superconductor, e.g., Bi2Sr2CaCu2O8+δ, which has recently
been proposed as a fully gapped chiral dx2−y2 + idxy superconductor with Tc close to its native
90 K, and an in-plane magnetic field. By numerical calculation and intuitive edge theory, we find
that the interplay of the proximity-induced pairing and Zeeman field can introduce opposite Dirac
masses on adjacent edges of the topological insulator, which creates one zero-energy Majorana mode
at each corner. Our scheme offers a feasible route to achieve and explore Majorana corner modes in
a high-temperature platform without bulk superconductor nodes.

Introduction.—As the cornerstone of topological quan-
tum computing, Majorana zero modes (MZMs) have
attracted a lot of attention but searching MZMs is
still a remarkable challenge in the quantum matter
physics1–22. The nontrivial topological structure is es-
sential for the creation of MZMs in topological super-
conductors (TSCs), which is usually characterized by
the conventional bulk-boundary correspondence11. Re-
cently, the conventional TSC has been generalized to its
higher-order counterparts23–58. In contrast to the con-
ventional TSCs whose hallmark topological excitations
on the boundaries with co-dimension equal to one, the
higher-order topological superconductors (HOTSCs) own
protected topological characteristics on the boundaries
with co-dimension greater than one. For example, 2D
HOTSCs could yield the unique 0D MZMs localized at
the corners of the sample, resulting in the Majorana cor-
ner modes (MCMs). Recently, some schemes for realizing
MCMs have been proposed, in which the key component
is the utilization of various superconductors, such as un-
conventional d-wave, s±, as well as p-wave superconduc-
tors, and conventional s-wave superconductors29–31,47.
However, the bulk nodes in the unconventional super-
conductors and low Tc of s-wave superconductors hinder
the experimental detection of zero-energy MCMs.

Ever since the experimental discovery of correlated in-
sulators and unconventional superconductivity in twisted
bilayer graphene (TBG)59,60, twist as a new degree of
freedom has opened up the new field of twistronics. Mo-
tivated by the novel phenomena of TBG and the exper-
imental realization of 2D monolayer Bi2Sr2CaCu2O8+δ

(Bi2212) with Tc ≈ 90 K61, the concept of twistron-
ics has also been extended to cuprate high-Tc super-
conductors62–67. Recently, a twisted bilayer of high-Tc
cuprate monolayers at twist angle approaching 45◦ was
predicted as a fully gapped chiral dx2−y2 + idxy (d+ id′

in short) superconductor with the time-reversal symme-
try (TRS) broken spontaneously up to temperatures ap-
proaching its native Tc ≈ 90K62. In addition, heavily

FIG. 1. Schematic diagram of the proposed setup. A het-
erostructure composing of a 2D topological insulator de-
posited on a high-Tc fully gapped d + id′ pairing supercon-
ductor such as a twisted bilayer of cuprate superconductor
monolayers and subject to an in-plane Zeeman field. The
sphere at each corner represents one zero-energy Majorana
corner mode.

doped graphene68–71, bilayer silicene72, and π/2 Joseph-
son junction73 were proposed to implement d+id′ pairing.
A natural question arises: Is it possible to realize MZMs
by using the fully gapped high-Tc d+ id

′ superconductor
so as to eliminate the above-mentioned disadvantages?

In this Letter, we give the answer in the affirmative.
We propose that MCMs can be achieved by growing a
2D topological insulator (TI) on twisted bilayer cuprate
superconductors and imposing an in-plane Zeeman field,
as illustrated in Fig. 1. The helical edge states of 2D TIs
are protected by U(1) gauge symmetry and TRS. The
d + id′ superconductor pairing induces a uniform Dirac
mass for all the helical edge states, while an in-plane
Zeeman field has contrasting effects along the different
edges due to the spin-momentum locking in the helical
edge states. Beyond a critical Zeeman field, the resultant
Dirac mass changes a sign at corners, producing a zero-
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energy MCM at each corner as a mass-kink excitation.
Physical system and minimal model.—We first intro-

duce a heterostructure physical system consisting of a
2D TI (also known as a quantum spin Hall insulator)
proximitized by a high-Tc fully gapped d+ id′ twisted bi-
layer of cuprate superconductor (e.g., Bi2Sr2CaCu2O8+δ)
monolayers74 and an in-plane Zeeman field, as sketched
in Fig. 1. We consider a minimal lattice model to describe
the heterostructure, whose Bogoliubov-de Gennes (BdG)

Hamiltonian is Ĥ =
∑

k Ψ
†
kH

BdG(k)Ψk, with Ψ† =

(c†ak↑, c
†
bk↑, c

†
ak↓, c

†
bk↓, ca−k↑, cb−k↑, ca−k↓, cb−k↓) and

HBdG(k) =

(
H(k) ∆(k)

−∆∗(−k) −H∗(−k)

)
. (1)

The normal state Hamiltonian is expressed as

H(k) = (m0 − tx cos kx − ty cos ky)σz

+ (λx sin kxsy + λy sin kysx)σx + h · s− µ,
(2)

where si and σi are Pauli matrices denoting the electron
spin (↑, ↓) and orbitals (a, b), respectively. The first two
terms make up the Hamiltonian for the 2D TI75, and the
last two terms are the Zeeman term and the chemical
potential. The proximity-induced d+ id′ electron pairing
can be expressed as

∆(k) = [∆1(cos kx − cos ky) + i∆2 sin kx sin ky](−isy).
(3)

Throughout this work, λx,y, tx,y, ∆1,2 are taken to be
positive. The 2D TI Hamiltonian is invariant under
space-inversion operation I = σz and TRS operation
T = isyK, where K is the complex-conjugation opera-
tor. When m2

0 − (tx + ty)
2 < 0 is satisfied, the Hamil-

tonian describes a 2D first-order TI in the band inverted
region with the topological invariant Z2 = 1 according to
the parity criterion76. The 2D first-order TI owns gap-
less helical edge states protected by TRS and U(1) gauge
symmetry. In the presence of the Zeeman field and d+id′

pairing, TRS and U(1) gauge symmetry are both broken.
Majorana corner modes.—On the one hand, due to the

U(1) gauge symmetry broken by the d+id′ pairing, all the
helical edge states of the TI are gapped out, confirmed
by the direct calculation of the spectrum of the cylinder
geometry74, which introduces a homogenous Dirac mass
for all the helical edge states. On the other hand, the
spin-momentum locked helical edge states have different
responses to the Zeeman field. For example, subject to
Zeeman field hx (hy) the helical edge states acquire a
Dirac mass along the kx (ky) direction while not along
the ky (kx). Without loss of generality, we first discuss
the Zeeman field along the x direction, with other in-
plane directions and out-plane directions discussed latter
and in Supplemental Material74.
With the increase of the Zeeman field, the spectrum

of the edge states will undergo a closing and reopen-
ing evolution along the kx direction, while along the ky
direction the edge states are always gapped, as plotted

(a) (b) (c)

(d) (e) (f)
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FIG. 2. Quasiparticle bands with edge spectra (red lines)
and bulk spectra (light blue lines) for open boundary condi-
tion along the y direction for (a) hx = 0, (b) hx = 0.75, and
(c) hx = 1. The gap for edge spectrum closes at the critical
Zeeman field hx = 0.75. (d) Quasiparticle bands with edge
spectrum (red lines) and bulk spectra (light blue lines) for
open boundary conditions along the x direction with the crit-
ical Zeeman field hx = 0.75. (e) Eigenvalues of the real-space
TB Hamiltonian with hx = 1 for a 30×30 square size sample.
(f) The density plot displays the corner localized probabil-
ity distribution of the four zero-energy MCMs in (e). I, II,
III, and IV label the four edges. Common parameters are
m0 = 1, tx = ty = λx = λy = 2,∆1 = ∆2 = 0.5, µ = 0.1.

in Figs. 2(a)-2(d), indicating the existence of one edge-
localized mass domain with the in-plane Zeeman field ex-
ceeding the critical value hcx . Note that throughout this
transition, there is no gap closing in the bulk band. Such
edge-localized mass domain would give rise to MCMs and
drive the system to a second-order TSC phase. In order
to confirm such an intuitive scenario, we directly perform
numerical calculations of the energy spectra of a square
sample in the topological regime, as shown in Fig. 2(e).
In spite of the fact that the 2D bulk states and the 1D
edge states are all fully gapped, four MZMs emerge in
the energy spectra of the nano-flake sample. The corre-
sponding wave function distribution of the four MZMs in
real space is exhibited in Fig. 2(f) with one MZM at each
corner, namely MCMs.

Edge theory.—To provide a better understanding of
the emergence of MCMs, we derive the low-energy theory
on each edge. To simplify the picture, we take µ = 0 and
focus on the continuum model by expanding the lattice
Hamiltonian in Eq. (1) to O(k2) around k = (0, 0),

Heff(k) = (m+
tx
2
k2x +

ty
2
k2y)σzτz + λxkxσxsyτz

+ λykyσxsx − ∆1

2
(k2x − k2y)syτy +∆2kxkysyτx

+ hxsxτz,
(4)

where m = m0 − tx − ty < 0 is satisfied to guar-
antee that the normal state has helical edge states in
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the topological nontrivial phase. We consider a semi-
infinite geometry occupying the space x ≥ 0 for Edge
I (Fig. 2(f)). We can replace kx by −i∂x and divide
the Hamiltonian as H = H0 + Hp with H0(−i∂x, ky) =
(m − tx∂

2
x/2)σzτz − iλxσxsyτz∂x, and Hp(−i∂x, ky) =

λykyσxsx +∆1/2syτy∂
2
x − i∆2ky∂xsyτx + hxsxτz, where

all the k2y terms are omitted. Solving the zero-energy
solutions of H0ψα(x) = 0 with the boundary condition
ψα(0) = ψα(+∞) = 0, we find four zero-energy solutions,
whose eigenstates is ψα(x) = Nx sin(κ1x)e

−κ2xeikyyξα,

where κ1 =
√
|(2m/tx)| − (λ2x/t

2
x), κ2 = (λx/tx) and Nx

is the normalization constant. The eigenvectors ξα satisfy
σysyξα = −ξα. Here we choose ξα,α=1−4 = |τz⟩⊗|σysy =
−1⟩74. In the bases of the four eigenstates, the matrix
elements of Hp reads74

HI = λykyηx −MIτyηz, (5)

where η are Pauli matrices in the two bases of χ1 = |σy =
+1⟩ ⊗ |sy = −1⟩, χ2 = |σy = −1⟩ ⊗ |sy = +1⟩, and the
Dirac mass MI is equal to −∆1|m|/tx74.
Similarly, the low-energy effective Hamiltonian for

Edge II, Edge III, and Edge IV can be obtained74. The
Dirac masses generated from the superconductor pair-
ing for other edges are MIII = MI, and MII = MIV =
∆1|m|/ty. To facilitate the discussion, we can define
”edge coordinate” l, which changes in a counterclock-
wise direction, so that the low-energy edge theory can be
uniformly expressed as

Hedge,l = iλ(l)ηx∂l −M(l)τyηz − h(l)ηz, (6)

where λ(l) = {λy, λx, λy, λx}, M(l) =
{−∆1|m|/tx,∆1|m|/ty,−∆1|m|/tx,∆1|m|/ty} and
h(l) = {0, hx, 0, hx} for l = {I-IV}, respectively. We
find that Edge I and Edge III own one Dirac mass
from the electron pairing, while Edge II and Edge
IV have two Dirac masses from the competing elec-
tron pairing and Zeeman field terms. The low-energy

edge spectra are EI,III(ky) = ±
√
(λyky)2 +M2

I,III and

EII,IV(kx) = ±
√
(λxkx)2 + (MII,IV ± hx)2. As hx

increases, the gap along the kx boundary first closes at
the critical Zeeman field hcx ≡ MII and reopens when
hx > MII. The boundary topology phase transition
takes place along the kx direction at hcx, while along the
ky direction the edge gap is always fully gapped which
is consistent with the direct numerical calculations, as
shown in Figs. 2(a)-2(d).

To explain the physics of the MCMs more clearly,
we decouple the edge Hamiltonian Eq. (6) as Hedge,l =
H+

edge,l ⊕H−
edge,l according to τy = ±1. When hx > hcx,

the mass terms of each edge for H−
edge,l have the same

signs; however, the mass terms of the four edges for
H+

edge,l change with alternating signs. The effective edge
Hamiltonian for the τy = +1 section reads

H+
edge,l = iλ(l)ηx∂l + M̃(l)ηz, (7)

with the mass M̃(l = I-IV) = {∆1|m|/tx,−∆1|m|/ty −
hx,∆1|m|/tx,−∆1|m|/ty −hx}. One can see the signs of

(a)

(d)(c)

(b)

FIG. 3. (a) Phase diagram versus hx and ∆1. (b) Line-scan
real-space spectra along the blue dashed line in (a). µ = 0.1.
(c) Phase diagram as a function of the azimuth of the in-plane
Zeeman field. Parameters are h∥ = m0, hx = h∥ cosφ, hy =
h∥ sinφ, µ = 0. (d) Energy spectrum of the real-space TB
Hamiltonian at φ = 0.4π, µ = 0.1 for a 30×30 square size sam-
ple. The density plot exhibits the corner localized probability
distribution of the four zero-energy MCMs. Common param-
eters are m0 = 1,∆1 = ∆2 = 0.5, tx = ty = λx = λy = 2.

mass of adjacent edges are opposite, i.e., M̃(l)M̃(l±1) <
0, resulting in the emergence of one MCM at each corner.
Phase diagram.— When the applied external Zeeman

field is gradually increased, the gaps of both the bulk
states and the edge states parallel to the Zeeman field
decrease simultaneously, as shown in Figs. 2(a)-2(c). In
this process, the gap of the edge states is closed first,
and then the gap of the bulk states is closed again. We
have known from the edge theory that when the Zee-
man field hx = hcx ≡ MII, the gap of the edge states
will close, and the system start to enter into the second-
order TSC phase. The bulk spectra have a simple expres-

sion E(k) = ±
√
λ2x sin k

2
x + (

√
ϵ2(k)± hx)2 with µ = 0,

where ϵ2(k) ≡ M2(k) + λ2y sin k
2
y + ∆2

1(k) + ∆2
2(k) with

M(k) ≡ m0 − tx cos kx − ty cos ky. As we continue to
increase the Zeeman field, the gap of the bulk state will
close at X(π, 0) with hx =

√
(m0 + tx − ty)2 + 4∆2

1 ≡
hXx . As a result, we analytically obtain the parameter
interval of the phase diagram

0 <hx < MII, Normal SC

MII <hx < hXx , 2nd TSC

hx >h
X
x Gapless SC.

(8)

We present the phase diagram versus hx and ∆1 in
Fig. 3(a), where the second-order TSC (2nd TSC) ex-
ists between the normal superconductor (Normal SC)
and gapless superconductor (Gapless SC) phases and the
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phase boundary is illustrated in black and blue dot lines.
We further calculate the energy spectrum of a nano-flake
sample as shown in Fig. 3(b), with the pairing ∆1 fixed
but varying the Zeeman field size as signaled by the blue
dashed line in Fig. 3(a). The zero-energy MCMs emerge
once the Zeeman field exceeds the critical value hcx, which
is consistent with our edge theory.

So far, we have considered the x-direction Zeeman
field. Now we turn to the general in-plane Zeeman field
h = h∥(cosφ, sinφ) with φ as the azimuth, and obtain

the effective edge Hamiltonian74, which reads

Heff
edge,l = iλ(l)ηx∂l −M(l)τyηz − h(l, φ)ηz, (9)

with h(l = I-IV, φ) = h∥{sinφ, cosφ, sinφ, cosφ}. Simi-

larly, the Hamiltonian Heff
edge,l can be decoupled into two

sub-blocks according to τy = ±1. Obviously, the Dirac
masses of the edges depend on azimuth φ. The emer-
gence of one stable MCM at each corner requires that the
signs of Dirac masses of the adjacent edges for one sub-
block are opposite while for the other the signs are identi-
cal. We calculate the evolution for the signs of the Dirac
masses versus the azimuth for each sub-block in Sup-
plemental Material74. Accordingly, we find the require-
ment is met when the azimuth φ is outside the interval
[0.23π, 0.27π]∪ [1.23π, 1.27π]74. In addition, the rotation
of the in-plane Zeeman field may lead to the closure of
the edge gap at the critical azimuth φc = 0.75π/1.75π74,
where MCMs do not exist. Consequently, we obtain
the phase diagram versus azimuth φ, as illustrated in
Fig. 3(c), in which the large yellow areas mark a second-
order TSC phase with the hallmark MCMs. We take
φ = 0.4π as an example and calculate the energy spec-
trum and wave function distribution for a nano-flake sam-
ple as shown in Fig. 3(d), with one zero-energy MCM
localized at each corner.

Discussion and conclusion.— Our proposal is experi-
mentally feasible because the necessary ingredients and
the required technology are already available. Single-
layer Bi2Sr2CaCu2O8+δ (Bi2212) superconductors have
been grown61, and a twisted system of several layers of
Bi2212 has also been fabricated77,78, which encourage
further endeavors to thin down the Bi2212 twisted sys-
tems to the monolayer limit. Recently, graphene has been
successfully overdoped beyond the van Hove singularity
experimentally79, which provides an unprecedented op-

portunity to access the d+id′ pairing. On the other hand,
the quantum spin Hall effect has been experimentally
observed in monolayer WTe2 at 100K80 and near room
temperature in Bismutene81. Superconductivity-induced
meV-level pairing gaps at the boundary states of topo-
logical insulators have been detected in many topological
insulator/superconductor heterostructure systems82–86,
such as a 0.7 meV pairing gap in WTe2/NbSe2

82, a 7.5
meV pairing gap in bilayer-Bi/Bi221283, a 15 meV pair-
ing gap in Bi2Se3/Bi2212

84, etc. Among these diversi-
form topological insulator/superconductor heterostruc-
tures, we might as well choose a setup consisting of
monolayer WTe2 in proximity to the twisted bilayer
Bi2212. Although the specific value of the pairing gap
in monolayer WTe2 induced by proximitized twisted bi-
layer Bi2212 has not been reported yet, estimates on the
order of 1 meV should be reasonable. The large Landé
g factor (4.5-44) of WTe2

80,87,88, which depends on the
direction of magnetic field, enables an external magnetic
field on the order of 1 Tesla to induce a suitable Zeeman
effect with the emergence of MCMs.

Scanning tunneling microscopy (STM) can be used to
detect and resolve the spatial profile of the zero bias
peaks induced by the MCM localized at the sample cor-
ner89. In a quantum point contact, the MCM can in-
duce resonant Andreev reflection with a quantized zero-
bias conductance peak of 2e2/h90,91. One can build a
superconductor-superconductor (S-S) junction where two
corners are in contact and a finite phase difference is al-
lowed between superconductors. Such S-S junction with
two corners in contact may host a coupled Majorana pair.
The pair of Majoranas can mediate a fractional Joseph-
son effect3 and crossed Andreev reflection92. Taken to-
gether, these four methods would provide compelling ev-
idence of the existence of the MCMs.

In conclusion, we have demonstrated that a het-
erostructure composed of topological insulators and
twisted bilayer cuprate superconductors can host MCMs
when an in-plane Zeeman field is applied. Our proposed
setup with fully gap pairing and high transition temper-
ature has great advantages for experimental observation
of the zero-energy MCM signals. Our work may also
stimulate further studies of MCMs in twisted systems.
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