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Vortex lines in superconducting Dirac semimetals with s-wave pairing realize crystal-symmetry-
protected gapless vortex-line phases in which gapless excitations propagate inside a vortex line, in
the presence of appropriate crystal symmetry, spin-orbit coupling, and multi-band structures. Here
we present a general scheme to classify possible gapless vortex-line phases in s-wave superconducting
states of Dirac semimetals with rotation (or screw) symmetry and inversion symmetry, assuming
that the rotation (screw) axis is parallel to the vortex line. The rotation (screw)-symmetry-protected
gapless modes are stable as long as they have different rotation (screw) eigenvalues. The underlying
mechanism for the formation of gapless vortex bound states depends on irreducible representations
of rotation (screw) symmetry subject to a vortex field and is classified into three types: (i) accidental
band crossing of two vortex bound-state modes under rotation symmetry; (ii) accidental and (iii)
enforced band crossing of four vortex bound-state modes under screw symmetry. We present a
tight-binding model of screw-symmetry-protected Dirac semimetal with an s-wave pair potential,
demonstrating a gapless vortex-line phase of type (ii). We obtain four gapless modes of vortex bound
states whose gapless points (Majorana zero modes) pinned at a time-reversal invariant momentum
(TRIM) when the Fermi energy is close to the Dirac points. As the Fermi energy is moved away from
the Dirac points, the four gapless modes are split into a pair of two gapless modes with vanishing
excitation energy at non-TRIMs. In closing, we discuss NbsPt as a candidate material with the

four-fold screw-symmetry-protected Dirac cones that can host a gapless vortex-line phase.

I. INTRODUCTION

Bound states in a vortex core of a conventional super-
conductor (SC) have energy spectrum with a mini gap of
the order of A?/Er, where A and Ef are the supercon-
ducting gap and Fermi energy @] The minigap vanishes
and a Majorana zero mode is localized in a vortex core
if the host superconductor is topological Eﬁ]

A promising platform for Majorana zero modes is a
hybrid system of a topological insulator (TT) and a con-
ventional s-wave SC (SSC), where a Dirac cone on the
surface of the three-dimensional (3D) TI is proximity-
coupled to an s-wave pair potential, yielding effectively
a two-dimensional (2D) chiral p-wave state [12, [13]. The
theoretical proposal | prompted experimental stud-
ies of TI/SSC hybrid systems [14, [15] and iron-based
SCs [16-21].

A vortex line in a 3D SC is in a one-dimensional (1D)
gapped topological SC phase of class D, when Majorana
zero modes are localized at the two ends of the vortex
line m—lﬂ] On the other hand, no Majorana zero mode
can exist if the vortex line is in the topologically trivial
phase of class D. In both phases, vortex lines in 3D SCs
have gapped bulk spectra of bound states. Only when
some parameter such as the Fermi energy is tuned to a
topological phase transition point, a vortex line has a
gapless spectrum of bound states @, ]

This consideration leads to the following question: Can
a vortex line in a 3D SSC have a gapless phase, for a finite
range of parameters, in which vortex bound states have a
gapless excitation spectrum propagating along the vortex

line? A positive answer to this question has been given
by theoretical studies of superconducting Weyl/Dirac
semimetals @@] As we discuss in detail in this paper,
superconducting 3D Weyl/Dirac semimetals can realize
gapless vortex-line (GVL) phases in which vortex bound
states form gapless modes traveling along a vortex line,
the so-called 1D nodal vortex line ﬁ]

The GVL phases are intrinsically related to bulk Dirac
cones of the normal state via a low-energy effective
Jackiw-Rossi model ﬂﬂ], which is a model of 2D Dirac
fermions coupled to a vortex field. Suppose, for example,
that the normal-state band structure has Weyl or Dirac
points near the Fermi energy in addition to a metallic
band with a Fermi surface. When the metallic band turns
into an SSC, Weyl/Dirac fermions proximity coupled to
the s-wave pair potential can be mapped approximately
to the Fu-Kane model ﬂﬂ] or the Jackiw-Rossi model; a
vortex line would then have a gapless mode.

The GVL phases associated with Dirac points are
protected from a gap-opening by crystalline symme-
try M], similarly to Dirac semimetals whose Dirac
points are protected by either rotation symmetry or
screw symmetry together with inversion symmetry. A
large variety of 3D Dirac semimetals have been theo-
retically proposed and experimentally observed:
NazBi [46, 41, CdaAs; , TIBiSSe [54], ZrTes %
[59], Li(Fe;_,Co,)As [60], a-Sn [61], and CaAuAs|62).
Thus, 3D Dirac semimetals have the potential of realiz-
ing various GVL phases, but the comprehensive picture
is still missing.

In this paper, we propose a general theoretical frame-



work to classify GVL phases of a vortex line in SSCs that
are protected under rotation or screw symmetry in addi-
tion to inversion symmetry, which are crystalline symme-
tries common to 3D Dirac semimetals. The screw sym-
metry is a nonsymmorphic symmetry that consists of a
non-primitive lattice translation and a rotation opera-
tion, and here we will focus on screw symmetry with a
half lattice translation so that Dirac points always exist
at the Brillouin zone boundary (k, = 7). Here we note
that the "s-wave” superconductivity actually means in
this paper that the order parameter is a trivial represen-
tation of n-fold screw (rotation) symmetry.

From symmetry analysis of effective low-energy Hamil-
tonians describing vortex bound states, we determine the
stability condition for GVL phases in terms of crystal
symmetry in the presence of a vortex line. We show that
there are three types of mechanisms for the formation of
gapless modes: (i) accidental band crossing (ABC) in a
minimal 2 X 2 effective Hamiltonian with rotation symme-
try; (ii) ABC and (iii) enforced band crossing (EBC) in a
minimal 4 x4 effective Hamiltonian with screw symmetry.
Here, an ABC occurs within a certain parameter range,
while an EBC occurs independently of parameter values.
The GVL phases of type (i) appear under n-fold rota-
tion symmetry (n = 3,4,6) when vortex bound states
forming gapless modes have different rotation eigenval-
ues, as discussed in previous works [30, [31]. As for the
GVL phases in screw-symmetric systems, we point out
that the four- and six-fold screw symmetries protect a
pair of gapless modes through (ii) an ABC and (iii) an
EBC, respectively.

Furthermore, we discuss a four-fold screw-symmetry-
protected GVL phase for a tight-binding model with
space group symmetry P4s/mme, which has two Dirac
points, at Z = (0,0,7) and A = (7,7, 7) in the 3D Bril-
louin zone, protected by the four-fold screw symmetry
along the z axis and inversion symmetry. Implementing
a vortex line parallel to the screw axis in the s-wave pair
potential, we numerically study an evolution of vortex-
line phases with the variation of the chemical potential.
When the chemical potential is close to the Dirac points,
four Majorana zero modes are pinned at k, = 7 since
the low-energy Hamiltonian is equivalent to four copies
of the Jackiw-Rossi model M] When the chemical po-
tential is changed away from the Dirac cones, the four
gapless modes are split into a pair of two gapless modes
located away from k, = m, each pair of which are pro-
tected by the four-fold screw-symmetry. As the chemical
potential is changed further, two pairs of gapless modes
annihilate at k£, = 0 and open a gap.

We note that the zero-energy bound states at time-
reversal invariant momenta (e.g., k, = 7) are Majorana
zero modes inside a vortex line. This is an interesting
feature of superconducting Dirac semimetals with screw
symmetry having Dirac points at k, = 7. In contrast,
zero-energy bound states at k, # 0 or w are not Majo-
rana fermions, as they are linear combination of ¢, and

ci k. where ¢y, is the electron annihilation operator with

momentum k.. This is usually the case with supercon-
ducting Weyl semimetals and Dirac semimetals without
screw symmetry.

In addition, we propose NbsPt as a candidate material
for a superconducting Dirac semimetal that has four-fold
screw-symmetry-protected Dirac cones at the X point
and its symmetry related points in the Brillouin zone.

This paper is organized as follows. In Secs. [TAl
and [[TB] we introduce symmetry operations in the Dirac
semimetals and those in the s-wave superconducting
states with a vortex line. We construct an effective low-
energy Hamiltonian in Sec. [TC] and develop a classifi-
cation of GVL phases under rotation and screw sym-
metries in Sec. In Sec. [ITAl we model a tight-
binding Hamiltonian on a tetragonal lattice with four-
fold screw-symmetry-protected Dirac conesl and numeri-
cally demonstrate a four-fold screw-symmetry-protected
GVL phase in the superconducting state. The applica-
tion to NbsPt is discussed in Sec. [IIBl We summarize
our results in Sec. [ITAl

In the appendices, we show topological classifications
of GVL phases using the K-theoretical method in Ap-
pendix [A]l vortex zero-energy solutions in a low-energy
Hamiltonian in Appendix [C] and influence of vortex core
positions on the 4-fold screw-symmetry-protected GVL
mode in Appendix

II. SYMMETRY ANALYSIS OF GVL PHASES
A. Symmetry in Dirac semimetals

We begin with discussion of symmetry properties of
3D Dirac semimetals of non-magnetic materials that
are invariant under time-reversal (TR) transformation T
(T'? = —1) and inversion transformation I (1% = 1). All
energy bands are doubly degenerate due to the Kramers
degeneracy enforced by the T'I symmetry, the combina-
tion of T" and I. Therefore, a Dirac point with four-fold
degeneracy can be formed when two energy bands cross.
However, such band-crossing points are generally unsta-
ble and gapped out by band-mixing perturbations that
are present under the 71 symmetry. This gap-opening
can be prevented by an additional crystal symmetry that
is ubiquitous in solids, e.g., n-fold rotation symmetry
(n = 2,3,4,6) or n-fold screw symmetry (n = 2,4,6).
In the presence of one of these symmetries, the Dirac
points are stable on rotation (screw) symmetric lines in
the Brillouin zone when two crossing energy bands have
different rotation (screw) eigenvalues.

The minimal Hamiltonian of a Dirac semimetal has the
form

I;[ = Z Z CTk,s,a'H&U;S’,(T’ (k)ck,s’,a’a (1)

k s,s,0,0'

where s and s” are spin indices (s € {t,]}), o and o’ are
orbital (sublattice) indices (o € {1,2}). c}; so (Chys,o) 18



the creation (annihilation) operator of an electron with
wave number k. The action of TR, inversion, n-fold ro-
tation, and screw transformations on the Hamiltonian in
momentum space are defined by

TH(K)T™' = H(-k), (2a)
TH(k)I ' = H(-k), (2b)
C,H(k)C,' = H(R,k), (2¢)
Sp=H(k)(Sy7) " = H(Ryk), (2d)

where R, represents a rotation around the rotation
(screw) axis, chosen to be the z axis, in the momentum
space:

% )

z

&>

The TR operator is given by T' = i0gs, K, where oy =
so = 1o, s; (i = w,y,z) are the spin Pauli matrices,
K is the complex conjugation operator, and 1,, is the
m x m identity matrix. The unitary matrices I, C),, and
Sk= in Egs. (@) represent inversion, rotation, and screw
operators and satisfy the following relations:

2=1,, (4a)
(Cp)"™ = —14, (4b)
(She)" = —e7 71y, (4c)
.1 =1C,, (4d)
Sk = etk Gk= (4e)

where the minus sign in Eq. (@h]) arises due to the 27 spin
rotation. The screw operation S+ is defined in Eq. (@d)
by the combination of the rotation operator and a half
translation in the z direction, where the length of the unit
cell in the z direction is set to be unity. Equation ([{d)
implies the anti-commutation relation at the Brillouin
zone boundary k, = :

STI = —IST. (5)

Note that all crystal symmetry operators commute with
the TR operator T

In the remainder of this section, we briefly review the
classification of 3D Dirac semimetals developed by Yang
and Nagaosa [39]. The symmetry conditions () and
@) allow stable Dirac points to exist on the rotation
(screw) axis where two energy bands have different ro-
tation (screw) eigenvalues. Reference [39] clarified that
there are two distinct mechanisms for realizing a stable
Dirac point: (a) in rotation symmetric systems, a pair of
Dirac points can be formed through an ABC on the rota-
tion axis, which move along the rotation axis and eventu-
ally pair annihilate as material parameters are changed.
(b) In screw symmetric systems, a single Dirac point is
pinned at k, = +r (i.e., at the Brillouin zone bound-
aries), which is enforced to exist for any material pa-
rameter @] The difference is attributed to the differ-
ent algebraic relations with the inversion operation; see

Eqs. @d) and (@). In the following, we will show that
the difference between the rotation and screw operations
also plays an important role in the classification of GVL
phases in s-wave superconducting 3D Dirac semimetals.

B. Symmetry in superconducting Dirac semimetals
with a vortex line

We consider a superconducting Dirac semimetal in
which s-wave superconducting order is either intrinsically
developed under doping or induced by the proximity ef-
fect. The quasiparticles in the superconducting Dirac
semimetal are described by the Bogoliubov-de Gennes
(BdG) Hamiltonian,

N 1 -
Hpgc = 5 Z Z qj]‘t:"&gHS,O';S,,O',(k)\I]k,Sl,(T’u (6)

k s,s’,0,0'

where
Ck.s,o
Upso = " 7
ke (CTk,s cr> ( )
and
i o H(k) - /J,].4 A
i - (M5 ) ©

Here H (k) is the normal-state Hamiltonian of the Dirac
semimetal in Eq. (), p is the chemical potential,
the superscript 7" means the transposition, and A =
Ag(—isyoq) describes the s-wave pair potential with the
superconducting gap Ag. The s-wave superconducting
Dirac semimetal is a topologically trivial fully-gapped
state.

The symmetry operators on the BAG Hamiltonian are
defined by extending Eqs. (@) to the Nambu space; the
extended TR, inversion, rotation, and screw operators
are given by T = diag(T,T*), I = diag(I,I*), C, =
diag(C,,, C%), and Sk = diag(Sk=, (S, *)*), where * is
complex conjugation. These operators satisfy the same
relations as Eq. (@). In addition, the BAG Hamiltonian
is invariant under the particle-hole (PH) transformation:

CH(k)C™' = ~H(~k), C=1,0050K (9)
where 7; (i = z,y, z) are the Pauli matrices in the Nambu
space. The PH operator C' commutes with the other
operators in the s-wave paring state.

Suppose that a vortex line is inserted by external
magnetic field applied along the rotation (screw) axis
in the superconducting Dirac semimetal. In this situ-
ation the spatially varying pair potential is written as
A(r) = A(p)et?(—is,o0) in the cylindrical coordinate
defined by p = /2?2 +y? and 0 = arctan(y/z). Here,
A(p) satisfies A(0) = 0 and A(p — o0) = Ap. Insert-
ing a vortex line breaks the translation symmetry in the
z-y plane and the TR symmetry. However, the other



crystal symmetries are preserved under the modification
explained below.

_The BdG Hamiltonian with a vortex line is denoted by
Hy(p,0,k.). The n-fold rotation operator [Eq. 2d)] acts
on the coordinates as (p,0,k.) — (p,0 + 2W’T,kz), which
gives an additional phase factor to the pair potential,
Ap)e® — A(p)e!®+35). To keep H,(p, 6, k.) invariant,
we include this phase factor in the n-fold rotation oper-
ator [31]],

~ eir/nC, 0
Ovyn - < 0 e—iﬂ—/nc*> ) (10)

such that
~ o~ ~ 1 ~ 2T
Cy.nHy(p,0, kz)Ovm =H,|p 0+ g k,|. (11)

In a similar manner, the n-fold screw operator for the
BdG Hamiltonian Hy(p, 0, k) is given by

Gre (€SI 0
v,n T 0 e—iw/n(s’;kz)* .

In addition, since the inversion operation acts on the co-
ordinates as (p,0,k,) — (p,0 + m,—k.), we define the
inversion operation in the presence of a vortex line as

~ /2 0
IV = ( 0 e—iﬂ'/2]* ) (13)

(12)

such that
ivﬁv(pvovkz)jv_l :ﬁv (p79+777_k2)' (14)

The symmetry properties of the modified operators are
summarized as follows:

(I,)? = —1s, 15a
(Cyn)™ = 1g, 15b
(S

We notice that the right-hand side of Eqs. ([5a), (150,
and ([I5d) has the opposite sign to Eqs. {a), L), and
[Hd), respectively, due to the extra phase factors. Equa-
tion (I5€) implies

Sz I, = 1,57 .. (16)

On the other hand, the PH symmetry operator, already
defined in Eq. (@), satisfies

CH,(p,0,k.)C~" = —Hy(p,0, k=), (17)

and commutes with the modified operators.

C. Effective low-energy Hamiltonian

Here, we explain our strategy for classifying possible
GVL phases. Key ingredients are the symmetry rela-
tions ([I3) in the presence of a vortex line, which de-
termine the stability of GVL phases. Since the gapless
modes in a vortex are extended along the k. direction
and localized in the radial (p) direction, the topology of
GVL phases can be understood from a 1D BdG Hamilto-
nian [27), H(k.), which is obtained from H.(p, 0, k.) by
regarding (p,0) as internal indices and taking only k. as
the relevant spatial direction. Thus we can classify GVL
modes as 1D nodal superconducting phases.

The symmetry operators of H(k,) are the PH (C), in-
version (Z), and n-fold rotation or screw (C, or Sk:)
symmetries, which satisfy Eq. (I3). The 1D Hamilto-
nian for GVL modes H(k.) commutes with C, (SF:),
and the energy levels are labeled by the rotation (screw)
eigenvalues. In addition, the relation (@) leads to two-
fold degeneracy at k., = 7, which is important for the
classification of GVL phases under the screw symmetry.

We start with symmetry analysis at the high-symmetry
points kiny = 0 and 7. Since H(kiny) commutes with the
crystal symmetry operators, H(kiny) can be decomposed
into block matrices in terms of irreducible representa-
tions (irreps) of the symmetry operators. Vortex bound
states form a basis of the irreps, and the dimension of
irreps gives constraints on the number of energy bands
that we need to describe the GVL modes. Furthermore,
the PH symmetry demands that irreps for electron and
hole states come together in any matrix of the symmetry
operators. Hence, H(kiny) and symmetry operators are
decomposed as

H(kinv) = @aHa(kinv)a (18)
0 1,

c=a,(,) o), (19)

~ Cha O

Cn:eaa< 5 C;Z,a>’ (20)

Gl o (S (21)

no T A0 Sk )0

. T, 0

=e. (% 1), 22)

where « is a label of irreps, n, is the dimension of irrep
«, and ~ means the equivalence under a unitary trans-
formation. We pick up one block matrix as a minimal
Hamiltonian describing vortex bound states at low ener-
gies (|E| < Ay), which can be described as

Ha(kinv) = Zai(kinv)Miu (23)

where M; (i = 1,...,4n?2) are 2n, X 2n, matrices given
by the direct product of Pauli matrices. To find the dis-
persion relation around the high symmetry points, we
expand a;(k.) at k. = ki, to the leading order of k,
under the symmetry constraints.



D. Classification of vortex-line phases

We now construct the symmetry-adopted expression of
Ha(k,) under the symmetry constraints and determine
possible gapless energy modes. Since the rotation sym-
metry is independent of k. and 82104 = Cp,q, We only need
to consider the following two cases: vortex-line modes
(a) around ki, = 0 protected by C, o and (b) around
kiny = 7 protected by Sy . In the following, we address
possible GVL modes for the cases (a) and (b).

1. Rotation-symmetry-protected GVL modes

For the case (a), we consider the rotation operator at
k. = 0 that commutes with the inversion operator. The
irrep is one dimensional (n, = 1). The crystal symmetry
operators satisfy Eqs. (I5a) and (I5D), so that the irreps
can be written as

9mp

Chp=c"m, Ir=i, (24)

and the representations in the Nambu space are

s §20P
)

Chp=¢e" iR =i, (25)

where p = 1,--- ,n label irreps of the rotation operator.
They satisty [C,Cp p] = [C,Zr] = 0 with the PH operator
C = 7, K. Since the Hamiltonian is a 2 x 2 matrix, it can
be expanded by the Pauli matrices:

Z ai(kz)ﬁ', a; ER, (26)

1=x,Y,2

Hs,p(kz) =

where 79 = 1, is forbidden due to the CZg symmetry.
The inversion symmetry, fRH%p(kz)fgl = H,(—k),
constrains the coefficients a, and a, to be odd functions
of k., and a to be an even function of k.. The rotation
symmetry, [Cp, ps Hi,(k2)] = 0, imposes an extra condi-
tion

Amp

et ay (k) = ax(ky), (27)
where we have used C,, pT:tC = eFUTP/nry with 74 =
Ty £ i1y and ay = (az £ my)/2 We have the following
two possibilities depending on whether 2p/n € Z or not.

(i) 2p/n € Z: ay(k,) is generally nonzero, and the
energy eigenvalues are

:I:\/ a2(k
This energy spectrum is fully gapped in general, since
the condition a; = a, = a, = 0 cannot be satisfied
simultaneously when we only have one parameter k..
(ii) 2p/n ¢ Z: the rotation symmetry imposes
a+(k;) = 0, and the energy spectrum in the leading order
of k, is then given by

) +a2(k.) +a2(k;). (28)

ER% (k) = +a.(k.) = £(mo + mik?), (29)

TABLE 1. Classification of GVL phases for 2 x 2 Hamil-
tonians with the rotation symmetry around k. = 0. The
Hamiltonians with the rotation symmetry around k. = 7 and
those with the screw symmetry around k. = 0 also have the
same classification. The first and second columns indicate
the n-fold rotation operators, where n and p are defined by
Eq. 24). The third, forth, and fifth columns show the types
of the Hamiltonians, the vortex-line phases, and the under-
lying mechanism for the formation of gapless modes. Here,
ABC stands for accidental band crossing.

n p Type Phase Mechanism
2 1,2 (1) Gapped

3 3 (1) Gapped

3 1,2 (ii) Gapless or Gapped ABC

4 24 (1) Gapped

4 1,3 (ii) Gapless or Gapped ABC

6 3,6 (1) Gapped

6 1,245 (ii) Gapless or Gapped ABC

TABLE II. Classification of GVL phases for 4 x 4 Hamilto-
nians with the screw symmetry around k, = w. The first and
second columns indicate the n-fold screw operators defined by
Eq. (BI). The third, forth, and fifth columns are the same as
Table [l Here, EBC stands for enforced band crossing.

n p Type Phase Mechanism
2 1 (iii) Gapped

4 2 (iii) Gapped

4 1,3 (iv) Gapless or Gapped ABC

6 3 (iii) Gapped

6 1,245 (v) Gapless EBC

where mg,m; € R. Thus, a pair of gapless points can
appear due to ABC at

kz =+ —mo/ml, (30)
when mo/mi1 < 0; see Fig. [l (a). We conclude that

the GVL phases are possible when the rotation eigenval-
ues are complex values, in agreement with the previous

works 30, [31].

2. Screw-symmetry-protected GVL modes

For the case (b), we consider the screw operator at
k., = 7 that anti-commutes with the inversion operator.
The irrep is two dimensional (n, = 2). On the basis that
diagonalize the screw operator, the screw and inversion
operators are represented by

27rp
us
Sy p =i oy,

Is = ioy, (31)
wheren =246 and p=1,--- ,n/2. 0; (i = x,y, z) are
the Pauli matrices stemming from the sublattice degrees
of freedom associated with the screw operation @] The



FIG. 1.

(m1,v1,v2,v3) = (0.5,1.5,1,0.5), and (mo,v1) =

eigenvalues. The red and blue lines indicate exp(iZZ2 ) and exp(
( 27p

green lines, respectively, represent — expli (2ﬂ - %)] exp[z

(Color online) Energy spectrum of (a) Eq. 29)), (b) Eq. (39), and (c) Eq. ([@2)), for the parameters (mg, m1) = (0.5, —2),
(0 5,1), respectively. The colors of the lines represent the rotation (screw)

27p

—i="£) in (a), and —1 and 1 in (b); the red, blue, orange, and
= 3)], —exp[~i(*2 — 3)], and exp[~i(*72 — F)] in (c). In (b)

2 n 2 2

and (c), the bands are two-fold degenerate at k. = 7 (k. = 0) due to the screw and inversion symmetries.

factor —i in the screw operator comes from a half trans-
lation. The representations in the Nambu space are then
given by

27p

&, =P D0, Tomiro, ()

which satisfy [C,Cy ] = [C,Zs] = 0 with the PH operator
C = 1,00K. The effective Hamiltonian can be expanded
by 4 x 4 matrices consisting of two Pauli matrices o; and

IH,SL):D(]%Z) = Z aij(icz)ﬁ-oj, a;j € R, (33)

4,J=0,2,y,2

where k, = k. — 7. The (anti- )symmetry of the Hamilto-
nian under the CZg operation, i.e., {CZs, H ( 2)} =0,
imposed constraints on the Hamlltonlan aoo = agy =
oy = Gg> = Gy, = A, = 0. The remaining ten co-
efficients are further constrained by the crystalline sym—
metr1es First, the inversion symmetry, IS’H ok )IS =

HS o=k ) determines the momentum dependence of a;;:
the four coefficients (a.0, Gzz, Gy, ayy) are even func-
tions of k., and the others (agz, Gzy, G50, Gzzy Ayo, Qyz)
are odd functions of k,. Second, the screw symmetry,

£i£ 1:;0 7:%751(613)3: = 0, gives the following constraints on
a0 (k) =0, (34a)

azy(k ) =0, (34b)

—et? MTpaio(icz) = axo(k.), (34c)

T 4y (k) = asa(k2), (34d)

e sy (ks) = asy (), (34e)

where a+; = (az;tiay;)/2 and we have used the relations

_ amp
t= —e T+00,

S pT00(S)

n,p) (358“)

St re0s(SE,) " = e oy, (35b)
St oy (SE,) = e i, (35¢)

Since Eqs. (34d), B4d), and ([B34d) depend on n and p,

the possible forms of the Hamiltonian are discussed sep-
arately for three cases as below.

(iii) S7T = +ir,0, when 2p/n € Z, i.e., (n,p) = (2,1),
(4,2), o (6 3); axo = 0 from Eq. (BZEI) Thus, the Hamil-
tonian is given by

M, (k=) =ao=To0 + azoT-00

+ (a427-0g + aryT_0y + Hec), (36)
whose energy eigenvalues are

EZ (k2

= s\/(a()z +70:0)% + (agz — rayy)? + (agy + Taye)?,
(37)

where s, € {£1}. This leads to fully-gapped energy
spectra since the gapless condition ESl (l; ) = 0 requires
0z = —T0z0, Ugy = TQyy, and ayy = —ray,, which can-
not be satisfied simultaneously by tuning the single pa-
rameter k..

(iv) S}, = £m0. when (4p —n)/2n € Z, i.e., (n,p) =
(4,1) or (4,3); we find ax, = ax, = 0 due to the con-
straints (34d)) and ([B4d). The effective Hamiltonian be-
comes

'H,Tsl,p(l;:z) = 00>T00: + 450700 + (aroT—0¢ + H.c.) (38)

with the eigenvalues

Esszr(];z) =sa0. +7\/ a2 + a2y + aZy. (39)

In this case, we can find a solution satisfying ESS%(I;Z) =0
as follows. We expand the coefficients in lowest order in



ki aos = viks, a0 = mo, a0 = vaks, and ayo = vsk.
(mo,v1,v2,v3 € R). The solutions of EP_(k.) = 0 or
E$2, (k.) = 0 are obtained as

mo
2 2 2’
VUL — U3 — U3

which means that the ABC occurs in the parameter re-
gion satisfying v — v3 — v3 > 0 as shown in Fig. [ (b).

(v) the other cases: Eqs. 34d), (34d), and 34d) give
(+0 = Q4z = a4y = 0. Thus, the Hamiltonian consists
of two terms,

k, ==+ (40)

H,S‘Lp(l;:z) = (02T00 > + G,0T»00, (41)
with the energy eigenvalues
Essf);(];z) = SQp; + Ta0- (42)

The solution of ES3(k,) = 0 is given by

\T

; (43)

where we put ag, = vk, and ay = mo (mp,v1 € R).
The energy spectra are shown in See Fig. [l (¢). Interest-
ingly, the gapless mode appears whenever v; # 0, more
robustly than the other cases. We call this case an EBC.
In summary, the GVL phases are realized for both ro-
tation and screw symmetries. Their classification is sum-
marized in Table [ and [l in which we find that the ro-
tation and screw symmetry-protected GVL phases can
appear for the same sets of n and p. This correspon-
dence and the relation C,, , = 52@ imply that the gapless
points can be moved from k, = 7 to the vicinity of k, = 0
along the screw symmetric line by tuning model parame-
ters. The similar results are obtained in the K-theoretical
classification, which is discussed in Appendix [Al

III. VORTEX GAPLESS MODES PROTECTED
BY SCREW SYMMETRY

A. Tight-binding model

In this section we demonstrate a screw-symmetry-
protected GVL phase which, to our knowledge, has not
been discussed before. We consider a model on a tetrag-
onal lattice with the space group symmetry Pds/mmec
(SG#131). The lattice structure is shown in Fig. 2(a).
The unit cell has two sites located at z =0 and z = 1/2
along the z axis, where the length of the unit cell is set to
be unity in the z, y, and z directions. We assume that an
s-orbital electron resides on each site. Our model realizes
the type-(iv) GVL phase discussed in Sec.

The tight-binding Hamiltonian in the normal state is
written as

H(k) =ty[cos(ky) + cos(ky)|14

NN

\
/\ /

Nt e

I X M ' ZXRM A R Z A

FIG. 2. (Color online) (a) Tetragonal lattice structure with
two sites in a unit cell. (b) Brillouin zone of the tetrag-
onal lattice, where the red thick lines represent high sym-
metry lines. (c¢) Energy spectrum of the Hamiltonian (44])
along the high symmetry lines. Every energy band is dou-
bly degenerate. There are two Dirac points positioned at
Z = (0,0,7) and A = (w, 7, 7). The parameters are chosen
to be (t1, tay, t=, A1, A2) = (—0.05,0.3,0.5,0.3,0.1).

+ tyy[cos(ky) — cos(ky)]ozs0
Iz
+ E[Um + 01(21433)]80

+ %[O’x — 05(2k.)|[se sin(ky) + s, sin(ky )]

+ %[Uy + 0y(2k;)]s, sin(ks ) sin(ky), (44)

where t1, t,y, and t, are hopping matrix elements, A; and
A2 are spin-orbit couplings, s; and o; (i = x,y, z) are the
Pauli matrices in the spin and sublattice spaces, respec-
tively, and the k.-dependent Pauli matrices are defined

by
,isz
oo(k.) = ( 0) , (5)

ks
0 ez
Um(kz) = (e_ikzz 0 ) ) (46)

ke
0 —ie'2
7y k) = ( ) ) - (47)

Note that the lattice structure in Fig. Bl (a) shows only
atoms with the orbitals of our primary interest and does
not show other atoms (whose orbitals do not consti-
tute the electronic states of our interest) in the screw-
symmetric crystal. We constructed the tight-binding
model using the symmetry-based construction method of
Ref. @] In this method, we add the symmetry-allowed
hopping terms: t;,, A1, and A2 terms in Eq. (@) which
satisfy the space group symmetry P4s/mmc. These hop-
ping terms represent hopping processes under the effec-
tive crystal field created by surrounding atoms which are
not illustrated in Fig. @ (a). See Appendix [Bl for the
details of the model construction.

The Hamiltonian preserves the TR symmetry (7' =
i09sy K) and the crystal symmetry of P4s/mme, which
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FIG. 3.

kz

(Color online) Energy levels as a function of k. of vortex bound states of the BAG Hamiltonian (B8], constructed

from the normal-state Hamiltonian (@4]) and the s-wave pair potential with a vortex line (B8)): (a) p = 0, (b) —0.1, (¢) —0.2,
(d) —0.3, (e) —0.4, (f) —0.5, (g) —0.6, and (h) —0.7. Here, we choose the same hopping parameters as in Fig. Pland the pair
potential with (Ao, &) = (0.1,4). The system size is L = 21. The inset of (a) indicates the screw eigenvalues: the yellow, green,
blue, and red lines have the screw eigenvalues —i, i, 1, and —1 at k, = 7, respectively. Following the argument in Sec.
the yellow and green lines (the red and blue lines) can be described by the effective Hamiltonian H$ ,(k.) [H3,(k:)]. Thus,

the GVL modes are allowed in the red and blue lines.

comprises four-fold screw symmetry about the z axis
(S%2), two-fold rotation symmetry about the z axis
(C%2), and inversion symmetry (I*+). The Hamiltonian
is invariant under these crystal symmetry operations,

SizH(k)(Sz) " = H(Rak), (48)

O3 H (ko by, k) (C33) " = Hko,—hy, —F2). (49)

I*=H(k)(I*) ™" = H(~k), (50)
where the operators are defined by

Sz = e F gy (ky)e 50, (51)

Ch: = ie"F oy (k.)sq, (52)

It = ei%zoo(kz)so. (53)

The two-fold rotation and inversion operations satisfy

02;’“205; = —14 and %1% = 1,. The commutation

relation between ¥ and I*+ is given by

ST = et 1M 5y, (54)

z

which leads to the anti-commutation relation at k, = ,

{SL., 1"} = 0. (55)

The band structure of Eq. (@) is shown in Fig. B(c), in
which all the energy bands are doubly degenerate due
to the presence of TR and inversion symmetries. The
two Dirac points at Z = (0,0,7) and A = (7, m,7) are
protected by the four-fold screw symmetry [Eq. {8])] and
the inversion symmetry [Eq. (G0)].

We extend the normal-state Hamiltonian [Eq. ([@)] to
the BAG Hamiltonian

Hk) = < AT —HT(—k) +u14> -

where p is the chemical potential and A = Ag(—ioggsy)
is an s-wave pair potential. We then introduce a vortex
line along the 2z axis with the vortex center located at the
origin of the xy plane. The pair potential is written in
the cylindrical coordinate (p, ) as

Ao = Ao(p)e”, (57)

where the amplitude of the pair potential around the vor-
tex core is approximated by the hyperbolic tangent,

Ao(p) = Ag tanh (g) , (58)

with the coherence length .
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FIG. 4. (Color online) The evolution of vortex bound states
as a function of the chemical potential at (a),(c) k. = 7 and
(b),(d) k2 = 0. (c) and (d) are the enlarged view of (a) and
(b) around critical values. The hopping parameters and the
pair potential are chosen as in Fig. The colors indicating
the screw eigenvalues of the energy spectra are the same as
those in Fig. B

In the presence of the vortex line, the BAG Hamilto-
nian is invariant under the following modified screw and
inversion operations:

- i%Skz 0
Ske= 700 : 59
4z ( 0 e~ % (842]@2)*> ( )

Tk, _ eiglkz 0
! _< 0 e—i%(I"”)*) (60)

On the other hand, C4: = diag(Chz,C5.F**) is not a
symmetry of the BAG Hamiltonian because the two-fold
rotation reverses the winding of the vortex. However, the
combination of 55; and T = diag(T, T*) keeps the BdG
Hamiltonian invariant at arbitrary wave number k.. The
combined TC'§; symmetry plays a role of time-reversal
symmetry with (T6§;)2 = 14, which does not cause ad-
ditional band degeneracy. The vortex modes can be de-
scribed by the low-energy effective Hamiltonian discussed
in Sec. [TD} see Appendix [A] for the classification of vor-
tex line modes including the T'Co symmetry.

The energy spectra of vortex bound states are obtained
by numerically diagonalizing the BAG Hamiltonian with
the open boundary conditions for the x and y directions
and the periodic boundary condition for the z direction.
The energy levels are labeled by the k.-dependent screw
eigenvalues since the BAG Hamiltonian commutes with

the screw operator [Eq. (B9))]. Here we regard (p, 6) as in-
ternal indices, and the screw operator is supplemented by
a unitary transformation that exchanges the site indices
in the ay plane according to the 7/4 rotation.

In Fig. Bl we illustrate the evolution of the energy
bands of vortex bound states as p changes from 0 to
—0.7. At p = 0 [Fig.Bl(a)], the energy bands are two-fold
degenerate. In particular, there are two-fold degenerate
gapless helical modes crossing at k, = +m. These gapless
modes originate from the Dirac cones in the normal-state
Hamiltonian H (k) at Z = (0,0,7) and A = (m, 7, ).
When coupled with the s-wave pair potential, each Dirac
cone is described by the Jackiw-Rossi model M] doubled
by the sublattice degrees of freedom. For each sublat-
tice and valley (Z and A), the Jackiw-Rossi model has
a Majorana zero mode, which generates a total of four
Majorana zero modes at k, = w. The explicit form of
the zero-energy wave functions in the low-energy effec-
tive BAG Hamiltonian is presented in Appendix [Cl The
two-fold degeneracy of the energy bands at 1 = 0 can be
understood from the following relation valid at p = 0:

8,0, T0H (ky + 7, ky + 7, k2)s,0.70 = —H (ky, ky, k2).
(61)

For small but finite |u|, the energy bands of vortex
bound states are not two-fold degenerate, except at the
zone boundaries k, = +m. Indeed, the four-fold degener-
ate Majorana zero modes remain at k, = +x [Fig. Bl (b)-
(d)]. When p changes further (u < —0.3), the four-fold
degenerate zero modes are split into a pair of two-fold de-
generate gapless points apart from k, = 7. The stability
of these gapless points are ensured by the screw symme-
try since they have the different eigenvalues 4ie~**=/2 of
the screw operator. For u < —0.6, we obtain fully-gapped
energy spectra since a pair of two-fold degenerate gapless
points meet and annihilate at k., = 0.

FigureMdshows the evolution of the vortex bound states
at k., = 0 or 7 as a function of the chemical potential. We
notice three characteristic regimes in the behavior of vor-
tex bound states: (I) [p| < pre1, (I1) prer < |pt| < frca, (1)
te2 < |p|, where pe; &= 0.3 and pez &~ 0.58. In (I), we
find the Jackiw-Rossi-type zero-energy modes with four-
fold degeneracy at k., = 7, which remain stable as long
as the approximation of the low-energy Hamiltonian to
the Dirac Hamiltonian is justified. In (II), the four-fold
degenerate zero modes are split into a pair of two-fold
degenerate zero modes away from k, = 7, and therefore
a gap opens at k, = m. As |p| is increased, the two gap-
less modes move along the k, axis [Fig. Bl (e) and (f)]
until they meet and annihilate at k. = 0 when || = pco.
The trivial phase (IIT) appears at || > 2. Note that
L2 signals a topological phase transition since it accom-
panies the pair-annihilation of zero modes, whereas the
transition between the regimes (I) and (IT) is considered
to be a smooth crossover. It is clear from Eq. [@0) that
the four-fold degeneracy at k, = m is obtained by tuning
the parameter mg to zero. Since there is no symmetry
enforcing my = 0, we expect that the parameter mg rep-
resenting small deviations from the Jackiw-Rossi model



can be finite in (I).

We comment on the dependence on the position of the
vortex core. The results presented above were obtained
for the case when the vortex core is positioned at a lattice
site. When it is located at the center of a plaquette, we
have found that the four-fold-screw-symmetry-protected
gapless modes disappear and a fully-gapped phase is re-
alized due to the changes in the screw eigenvalues of
low-energy levels. This is because the four-fold screw
eigenvalues of the zero-energy modes associated with the
Dirac cones depend on the position of the vortex core.
The detailed discussion is given in Appendix On the
other hand, the stability of the six-fold-screw-symmetry-
protected GVL phases is independent of the vortex core
position since its mechanism is the EBC.

B. Application to NbsPt

Finally, we discuss the NbzX-family as a material can-
didate that may realize a GVL phase. The crystal struc-
ture of the NbzX-family is shown in Fig. Bl(a). Here, we
report the electronic band structures of NbsPt obtained
from the calculation based on the density functional the-
ory (DFT). We used the ab initio code OpenMX %]
with the Perdew-Burke-Ernzerhof (PBE) functional [65]
and the valence orbital sets Nb7.0-s3p3d3fl and Pt7.0-
s2p2d2fl. The energy cutoff for the numerical integra-
tion was set to 150 Ry. We employed the 12x12x12 k
mesh.

The crystal structure of the NbsX-family obeys space
group symmetry Pm3n (SG# 223). The NbzX-family
is a class of materials that exhibit superconductivity
with a relatively high upper critical field @@] due
to large electron-phonon coupling @@] Interestingly,
the NbsX-family allows a wide selection of atoms in the
X site, so that we can easily tune the position of the
Fermi level. Substitution of Ta for Nb is also possible,
which decreases the transition temperature but enhances
the spin-orbit coupling. Among the Nb3X family, here
we focus on Nb3gPt which exhibits superconductivity at
T. = 109 ﬂﬂ] since it hosts Dirac points close to the
Fermi energy (=~ —0.02¢eV) at the X = (7,0, 0) point and
its symmetry related points. The energy band structures
of Nb3Pt along high-symmetry lines are shown in Fig.
(b) and (c). All the bands are two-fold degenerate due to
the TR and inversion symmetries. The Dirac point at the
X point corresponds to the one at the Z point protected
by the screw symmetry discussed in Sec. [ITAl There is
another type of Dirac point on the I'-X line protected by
the Cs, rotation symmetry. From the viewpoint of crys-
talline symmetry, we expect that NbsPt should share the
same physics with the tight-binding model discussed in
Sec. [[ITAl

To see this, we examine the group operations of Pm3n,
which are generated by a four-fold screw {Cy.|T4} with
74 = (3,3,3), a three-fold rotation around the [111]

direction {Cj3,, [0}, a two-fold rotation around the
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[110] direction {Cq,,,|7Ta}, and an inversion operator
{I]0} [74]. When considering an s-wave superconducting
state with a vortex line along the z axis, only {C4. |74},
{I]0}, and the combination of TR and {C5,|0} remain as
the relevant symmetry of the system. Comparing them
with the symmetry operations in Eq. ([@4]), we notice that
the only difference is the expression of the four-fold screw
operator; {Cy,|T4} accompanies a half translation along
the x and y axes in addition to the z axis. Thus, {C4y,|7,}
with 7, = (0,0, %) can be met when we choose the posi-
tion of the vortex core such that the translation in terms
of the x and y directions vanishes. Such a translation is
given by = (0, —3,0) under which {Cy. |74} changes to

{eln}il{C&led}{el’r]} = {C4Z|TZ} (62)

where e is a unit element and we use the multiplication
rule:

{glag}{hlan} = {ghlgan + a,}. (63)

As a result, the crystal symmetry that preserves super-
conducting states with a vortex line along z axis becomes
G = Gvortcx + {T02x|0}Gvortcx with

Gvortcx :{e|O}Tz + {C4Z|TZ}TZ + {C4_zl|TZ}TZ
+{C9,|0}T, + {I|0}T, + {ICy,|7.} T,
+{IC;H 73T, + {1C2.|0} T, (64)

which are equivalent to the operations in Sec.[[I[ Al Here,
T, is the translation group in the z direction. In addi-
tion, Nbslr is also a superconductor with 7, = 1.7. We
can adjust the Dirac point to the Fermi level by slightly
substituting Pt for Ir. Therefore, Nb3Pt is expected to
be a good test bed to study the relation between screw-
symmetry protected Dirac cones and GVL phases, when
other metallic bands become s-wave superconducting.

IV. SUMMARY

We have studied crystal-symmetry protected GVL
phases in superconducting Dirac semimetals. Under the
crystal symmetries that host Dirac semimetals, we classi-
fied possible GVL modes using the symmetry analysis of
the effective low-energy Hamiltonian and discussed the
mechanism of the formation of gapless vortex modes for
the cases where the Dirac cones are protected by (a) ro-
tation symmetry or (b) screw symmetry. In the case
(a), the effective Hamiltonian is a 2 x 2 matrix, and
the n-fold rotation-symmetry-protected GVL modes ap-
pear through the ABC [Fig. [ (a)] when the rotation
eigenvalues satisfy 2p/n ¢ Z. In the case (b), the ef-
fective Hamiltonian is enlarged to a 4 x 4 matrix due
to the two-fold degeneracy at k, = . The n-fold screw-
symmetry-protected GVL modes are realized through the
ABC [Fig. 0 (b)] for n = 4 and p/2 ¢ Z and the EBC
[Fig. 0 (c)] for n =6 and p/3 ¢ Z. The n = 6 EBC case
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(Color online) (a) Crystal structure of the NbzX-family. (b) Electronic band structure of NbsPt. (c) The magnified

band structure around the X point. The solid and dotted lines correspond to the bands with and without the spin orbit
coupling, respectively. The energy is measured from the Fermi level.

is particularly interesting in that the existence of gapless
modes is determined solely by the representation of the
screw symmetry, independently of model parameters and
the location of the vortex core.

Furthermore, we have demonstrated the four-fold
screw-symmetry protected GVL modes in the tight bind-
ing model with the space group symmetry P4s/mmc.
The model hosts two Dirac cones located at the Z and
A points. We considered the s-wave superconducting
state with a vortex line and found that the vortex bound-
state spectra are classified into three regimes as a func-
tion of the chemical potential: (I) the Jackiw-Rossi-type
zero-energy modes with four-fold degeneracy (|u| < pic1),
(IT) the four-fold screw-symmetry-protected GVL phase
(fte1 < |p| < pez), and (II1) the fully-gapped vortex-line
phase (pe2 < |p).

Finally, we have proposed Nb3Pt as a candidate ma-
terial to realize screw-symmetry-protected GVL phases.
From the viewpoint of crystal symmetry, we have pointed
out that the material has both the Dirac cones close
the Fermi level in its normal-state band structure and
the crystal symmetry that protects screw-symmetry-
protected GVL modes when the material is in an s-wave
superconducting state.
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Appendix A: K-theoretical approach

Here, we discuss the K-theoretical classification of
GVL phases. As discussed in Sec. [T} the 3D BdG
Hamiltonian with a vortex line is mapped to a 1D BdG

Hamiltonian. That is, we are able to apply the classi-
fication methods developed in the field of nodal super-
conductors ﬂﬁ@] to the vortex systems. Note that the
classification method is also useful to determine electro-
magnetic response of Majorana zero modes @—@] With
this in mind, we consider a 1D system with rotation
(screw) symmetry C,, = {C,,,|0} (S, = {Cyp:|T.}), in-
version symmetry I = {I|0}, PH symmetry C' = {C|0},
and pseudo-TR symmetry 77 = {T'C5,|0} as the sym-
metries that are preserved in the presence of a vortex
line. We assume that both the rotation (screw) axis and
the vortex line are parallel to the z axis. C' and T are
the anti-unitary operators. In the following, we employ a
method to classify stable point nodes on a high-symmetry
line M], which can be carried out by determining a lo-
cal zero-dimensional (0D) topological number from an
effective Altland-Zirnbauer (AZ) symmetry class derived
from the Wigner’s tests in terms of TR, PH, and chiral
symmetries.

First of all, we define G*+ as a little cogroup at k.,
which is a set of point group operations that keep k.
invariant up to the reciprocal lattice vector. Full sym-
metry operations are given by, depending on whether
k. = kinv = 0,7 or not,

o _ { G + OGE™ + TGy + CTGE™ ()

Gk 4 eGh: + T'GE + ¢T'GE-,

where ¢ = CI and Glgz is a unitary part of GF=,
ie., Gk = (O, I} and GE= = {C,} for a rotation-
symmetric system; Glgi“v = {S’n,f} and Glgz = {S'n} for
a screw-symmetric system. Here, the curly bracket {- - }
represents the generators of the group.

To formulate the Wigner’s test, we introduce v*: (§) as
a double-valued (spinful) irrep « of § € ng. The irreps



satisfy the multiplication rule:

qhkz k. _ ( )722( )a
g (9 = {va @)k (),

if g is unitary,
if ¢ is antiunitary,

(A2)

where Zgziz € U(1) is a so-called factor system. In addi-

tion, in the presence of a vortex line, the gauge transfor-
mation associated with the vortex field is applied to the
irreps. According to Egs. (I0) and (3], the irreps are
transformed, under 6 — 0 + Af,, as

A= (g) = e209/24k=(g). (A3)

Accordingly, Eq. (A2) is also modified as
~ghk <5k (gﬁ) _ Alk= (§)Fk= ), if ¢ is unitary,
g:h T h), if g is antiunitary,
(A4)

where Elfzﬁ € U(1) includes the vortex-field-indued phase

9,

factor.

We employ the Wigner’s tests to determine effective
AZ classes in terms of the PH (C or &), TR ("), chiral
(f =CT" or @T’) operators. They are explicitly formu-

lated as @@]

1 B et e
W S 2 e BUK GO = 1.0, (45)
01 geghk:
1 B e (s
wr =g Yo 2, AN ((T9)%) = £1,0,
01 seqhs
(A6)
~k.
r__1 5.0 N T 2y
Wa =1z > Tk (D)) T (9)]
| 0 |§EG(I§Z -1l
=1,0, (AT)

when k, = ki,v, whereas C is replaced with ¢ when &, #+
kinv. Here, 500 = 5T/,Tf =1, and 5@,@ = égﬁé = 1 since
we consider s-wave SCs. The triples (WS, W W) de-
termine the effective AZ classes and the corresponding
0D topological numbers as shown in Table [TIl

Let us perform the Wigner’s tests for a system with
four-fold screw and inversion symmetries, i.e., Glgi“v =
{S4,1} and GE= = {8,}, as an example. In this case, the
irreps are given by two 2D irreps,

(80 = (ﬁ% ‘601%) HOE (0 f) (ASa)

70 & 0 e i JpP
73 (Sa) = ( i ) yes
e+ 0

at k, = m, four 1D irreps,

12 (Sa) = ek

12

TABLE III. The effective AZ symmetry classes and the 0D
topological numbers for k. = kiny. Here, C' is replaced by €
for k. # kinv-

AZ class W W& Wl 0D topo. #

A 0 0 0 7

AIII 0 0 1 0

Al 1 0 0 Z

BDI 1 1 1 Zio

D 0 1 0 Zio

DIII -1 1 1 0

ATl -1 0 0 27

CII -1 -1 1 0

C 0 -1 0 0

CI 1 -1 1 0
F52(8a) = Fie™ /2, (A9b)

at k, # 0,7, and eight 1D irreps,

Wa(Sa) =1, A1) =1, (A10a)
e (Sa) =1, A (I) = —i, (A10D)
Vo1 (S4) = i, A (I) =1, (A10c)
V92 (Sa) = +i, A9.(I) = —i, (A10d)

at k, = 0, where we have used the irreps in the Bilbao
Crystallographic Server [93], P4y/m (SG# 84), and the
vortex-field-induced additional phases are Afg, = 7/4
and Af; = 7/2. The compatibility relation imposes the
constraints @]

¢G0 —7e++7e , (A11)
%i 4 Gk ﬁiv (A12)
Yo L G =43, (A13)

where £ = 1,2 and ¥ | Glgz means the decomposition of ¥
to irreps on Gg* C G, Substituting Eqs. (AS), (A9),
(AI0) into the Wigner’s tests (AD), (AG), and (A7), we

obtain
We = —1 when £ =1, (A14)
1 when £ = 2,
Wl =1 for ", (A15)
W} =1 for 7, (A16)
at k, =,
—1 when/t=1
wWg = ’ A17
= {0 when ¢ = 2, (ALT)
Wi =1 for 7, (A18)
1 when/=1
wrk — ’ A19
= {0 when ¢ = 2, (A19)



at k, # 0,7, and

W5 =0 for V¢, (A20)

Wk =0 for 7, (A21)
1 when/¢=1,1

WE = T A22

= {0 when ¢ = 2,2, (A22)

at k; = 0. The obtained results mean that 47 and 53
belong to CI and BDI in the AZ class; :yfj[ and :ygj[ to
CI and A; 7Y, ﬁ?/i, 9. ﬁg,i to AIII, AIII, A, and A,
respectively. Combining these results with the compati-
bility constraints and determining the corresponding 0D
topological number from the AZ class (see Table [T]), we
find two types of node structures in terms of k,:

irrep‘kz:ﬂ'—>kz7£0,ﬂ'—>kz:0
G| 0 0 0
A5 (Sa)| Zo Z Z

(A23)

where the leftmost column indicates the irreps at k, = 7w
and the other columns represent the 0D topological num-
bers for each k,. Equation (A23) implies that the GVL
phases are possible for 37 (S4) because we have nontriv-
ial 0D topological numbers classified by Z at k. # 0, ,
which stabilizes a band crossing at arbitrary k.. Interest-
ingly, we find the different topological numbers at k, = m,
which may indicate types of the underlying mechanisms
for the formation of GVL modes. For comparison, we
show the topological classification in the case of six-fold
screw symmetry, which are obtained as

irrep ‘kzzw = k,#0,m = k. =0
(5| Z Z Z
35 (S)| 0 0 0
Y5 (Se) | Z Z Z

where the irreps are defined by, using the the Bilbao Crys-
tallographic Server [93], P63/m (SG# 176),

af(s:s):(e?g 0) wf):(g _0> (A250)
HEE (_OZ. j) - ) = (0 _OZ.> C o (A2h)

A 0 €% s 0
G = 2 ), AO=(" "), (A250)
e'e 0 0 —2

with Afg, = 7/6 and Af; = 7/2. Thus, stable GVL
phases appear when the irreps at k, = 7 are given by
AT (Se) and A% (Sg), and the 0D topological number at
k., = 7 is different from that in Eq. (A23). In view of
this, Eqs. (A23]) and ([A24]) are consistent with the sym-
metry analysis of the effective low-energy Hamiltonians
in Sec. [ICl

The topological classifications of nodal phases in a
1D superconducting vortex line with n-fold rotation and
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TABLE IV. The topological classification of nodal phases in
a 1D superconducting vortex line with n-fold rotation sym-
metry. The symmetries of the systems are the n-fold rotation
symmetry {Cy.|0}, inversion symmetry {I|0}, PH symme-
try {C|0}, and pseudo-TR symmetry {7'C2,|0}. The first
and second columns show the irreps of n-fold rotation op-
erator (24)). The other columns represent the AZ classes at
k: = kinv = 0,7 and k. # kinv, where the numbers in the
parentheses are the corresponding 0D topological numbers
and v is marked for GVL phases.

n  p  k:=kinv k: # kiny GVL modes
2 12 AIIL(0) CI(0)

3 3 AII(0) CI(0)

3 1.2 A(Z) Al (Z) v

4 24 AII(0) CI(0)

4 1,3 A (Z) Al(Z) v

6 3,6 AI(0) CI(0)

6 1,245 A(Z) Al (Z) v

TABLE V. The topological classification of nodal phases
in the case of n-fold screw symmetry {Cp.|7.}. The first
and second columns represent the irreps of the screw opera-
tor (3I)). In third and forth columns, we show the AZ sym-
metry classes and the 0D topological numbers at k, = m and
k. # kinyv. The classification at k., = 0 is the same as the
third column in Table [Vl

n p k:=7 k:# kinw GVL modes

2 1 CI(0) CI(0)
42 CI(0) CI(0)
4 1 BDI(Z:) Al (2Z) v
6 3 CI(0) CI(0)
612 AI(Z) Al (Z) v

n-fold screw symmetries are summarized in Tables [V]
and [V respectively, where we use the same rotation
(screw) operators as in Tables [l and [ for comparison
purposes. We find that the two classifications are con-
sistent with each other. Note that in the four-fold screw
symmetry, 47(S4) and 35 (S4) correspond to p = 2 and 1,
whereas in the six-fold screw symmetry, 37(Ss), 73 (96),
and 75 (S’G) correspond to p = 2, 3, and 1, respectively.

Appendix B: Construction of tight-binding models

The tight-binding model [4]) is constructed using a
symmetry-based construction method @]7 which allows
to make a tight-binding model in a tetragonal lattice with
a nonsymmorphic symmetry from the symmetry perspec-
tive. In the following, we describe the procedures for
constructing Eq. (@) with the space group symmetry
P4y /mme (SG# 131).

First of all, we introduce a unit cell with two sites

[Fig.2(a)] labeled by {A, B}. Let us define cf_(R) to be



the creation operator of an electron with spin s € {1, ]}
and sublattice o € {A, B} in the unit cell at the lattice
vector R. The Fourier transform of ¢} (R) is defined as

k)= e Il (R), (B1)
R

where 7, indicates the position of sublattice sites in the
unit cell; r4 = (0,0,0) and rp = (0,0,1/2). Note that
Eq. [BI) is not periodic under the translation of recipro-
cal lattice vectors G since ¢l (k + G) = e7"F o cl (k).
That is, an associated Hamiltonian in the momentum
space is also not periodic under the translation in terms
of G such that

HSU;S/(,/(,{Z + G) = eiG'T"HSU;S/a/ (k)eiiG'T"'. (B2)

To obtain the Hamiltonian with the periodicity in terms
of G, we define another Fourier transformation,

Ze ik-R T 7 (B3)

which satisfies ¢! _(k + G) = cl (k). Equations (BI)
and (B3) are related to each other through the unitary
transformation,

efik:-TA 0
v<k>—< ; k) . ®

in the o grading. The associated Hamiltonian is obtained
as

V(k)H(k)V'(K), (B5)

which is invariant under k to k+ G. In the following, we
first adopt the definition of Eq. (BIl), which is useful to
systematically construct symmetry-allowed tight-binding
models. Then, it is transformed to those with the peri-
odicity through the unitary transformation (BE).

We define the action of a space group with a point
group operation g and a translation 7 on Eq. (BIl) as

—>Ze_“”” Lo (98) (Ug)srorsso

_Zc,,gk

s'o’

s 'o’iso (BG)

where U, is a 4 x 4 unitary matrix and gk represents the
rotation of wave number as in Eq. [@B]). For the generators
of P4y/mme, Uy is explicitly represented as

Ugf; =¥ ope i (B7)
Uc,, = 1005z, (B8)
Ur=1,. (BY)

where s; and o; (i = x,y,2) describe the Pauli matrix
in the spin and sublattice spaces, respectively, and o¢ =
sop = 1o. Likewise, the TR operation is defined as

T = iogs, K. (B10)
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We construct a tight-binding Hamiltonian that pre-

serves Egs. (BD), (BY), and (BI), and (BIQ), which must
satisfy

(B11)
(B12)

where g = Sy, Co,, and I. Following Ref. m], we divide
the Hamiltonian into two parts:

H(k) = Ho(k) + H'(k), (B13)
which represent the nearest neighbor hopping on the
tetragonal lattice and additional perturbations that lower
the symmetry of the tight-binding model to P4s/mmec,
respectively. The nearest neighbor hopping terms are de-
scribed as

Hy(k) =t; [cos(ky) + cos(ky)] 14

+t, cos ks S
2 0x50-

Enumerating the symmetry-allowed terms, H'(k) is de-
termined to be

(B14)

H'(k) =tgy[cos(ky) — cos(ky)|o.so

k.
+ A sin <?) [sin(ky)oy sy + sin(ky)oysy]
. : k.
+ Az sin(ky) sin(ky) cos <?) oySz,  (B15)

where %, represents the sublattice-dependent hopping
term, whereas A1 and A5 are sublattice-dependent spin-
orbit coupling terms. The physical implication of H'(k)
is a hopping process under the effective crystal field cre-
ated by surrounding atoms which are not illustrated in
Fig. B (a).

Applying the unitary transformation (B3), Eq. (BI3)
is transformed into Eq. [@d]). At the same time, the sym-
metry operators (B1), (BY), and (BJ) are transformed to

Egs. @), B2), and [B3), respectively, by the transfor-
mation V (gk)UFV (k)1.

Appendix C: Low-energy Dirac Hamiltonian and
vortex-zero-energy modes

In this appendix, we derive a low-energy Dirac Hamil-
tonian of the tight-binding Hamiltonian [@4]) around Z =
(0,0,7) and A = (7, 7, 7) and an associated vortex-zero-
energy mode. By expanding Eq. (@) around the Z and
A points, the low-energy Dirac Hamiltonian is given by,
up to the linear order of momentum,

H,(k) =2vt114 + %chzayso + vhiog(kysy + kzsy)
(C1)



where k. = k,—m, and v = +1 (—1) corresponds to the Z
(A) point. When v = —1, the 2D momentum (kg, k) is
measured from (7, 7). Similarly, the symmetry operators
are also expanded around Z and A, which result in

Sr, = iayeﬂ%SZ, (C2)
Cl, = 10,84, (C3)
I™ = 0,50. (C4)

The s-wave superconducting state of the low-energy
Dirac Hamiltonian is described by the BAG Hamiltonian:

oo (Hk) — i Ao(—ions,)
H (k) = ( Afiogsy —E;),T(—ko) + u)

t -
=(2ut; — p)oosoTs + Ezkzaysm'z

+ v A0, (kySeTo + kuSyT)
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unitary operator U = %(UZ + 04)s070 to transform the
BdG Hamiltonian to the form of the Jackiw-Rossi model,

R, (k)T = (o Fa k) gtehssor. (C6)
_§tzkz807_z HV,—(k$7ky) -

in the ¢ grading, where

Hy s (ka, ky) = (20t — p)soT= + sy[Re(Ao)7y 4+ Im(Ag)7]
v (kysa70 + kuSyTz)- (C7)

We implement a vortex positioned at x =y = 0 in the
pair potential, which is described by Ag = A(p)e®, k, —
—10; = —i[cos(0)d, — sin(#)dg/p], and k, — —idy =
—i[sin(0)d, + cos(0)dg/p]. Here we assume that A(p)
satisfies A(p = 0) =0 and A(p — 00) = Ag and use the

+ 008y [Re(Ag) 7y, + ITm(Ag)7,] (C5)  polar coordinate (z,y) = (pcos(f), psin(f)). Note that
the translation symmetry along the z axis is preserved.
with Ay being the s-wave pair potential. We use the Equation (C7) is then rewritten as
|
—m, —ovAe? (8,, + %8@) 0 —A(p)e?

~ oviie ¥ (8,, - 169> —m, A(p)e®

Hl/yU(pa 9) = 9 —i0 . I (08)
0 A(p)e™ my oviie ! (8p - %89)
—A(p)e" 0 —ovhe? (8,, + %89) m,

where 0 = + and m,, = p—2vt;. Equation (C8) is equiv-
alent to the Jackiw-Rossi model [37] with the mass m,,.
When k, = m, the off-diagonal terms in Eq. (C@) vanish.
We can find zero-energy solutions by solving Eq. (C8).
To see this, consider the eigenvalue problem,

UH, (k)UT| W, (p,0)) = E|¥00(p,0)). (C9)

Since Eq. (CB) is block-diagonalized at k. = 0, the
eigenvalue problems of IALHF and I;Tl,,, are solved sep-
arately. Substituting [V, 4+ (p,0)) = |Yu+(p,0)) © 0
and (U, _(p,0)) = 0® [t _(p,0)) into Eq. (CI), the
differential equation for the zero-energy states becomes

H,»(p,0)ty.0(p,0)) = 0. Following Ref. 137 and 95, we
obtain

P Az
Yo, +(p,0) =Nuexp(—/ %)dw)
0 1
. w(v—1)
Jl(’r;z,lup) 61(9"1‘74 )
m —7:7"(”71)
Jo /\l“p)e T
X . w(v— )
Ji (m“ p) emi(0+ ™)

/

(C10)

A1
m, . m(r—1)
JO( A1 p) et e

bur (p,0) =N, exp(— / A d:v)

. (1)
Jl (T—ll’p) 61(9_ 3 )
- (v41)
Jo Tl“ p) et— a1

L . 9_”(V+1) )
Jl (T—lp) e l( 3 )
_ym(v+1)
Jo(ep) =

where Ji(p) is the kth Bessel function and N, are nor-
malization constants determined by the condition

NV—2 =47 /000 pdpexp<—2 /OP %T/)dp)
x[J} (mup/X1) + J§ (mup/M)]. (C12)

The zero-mode solutions satisfy the Majorana condition
|wV,<T> = Tw|wu,a>*' (013)

The off-diagonal components :I:%tzl;:zsorz in Eq. (C8)
mix |¥, ;) with |¥, _) and vice versa, leading to a fi-
nite energy proportional to k.. The matrix elements are
calculated as

p ’
(urlsorshi, ) = 4miv? [ pdpexp(—z / %dp')
0 1

X (C11)




x[J§ (mup/ A1) = JE (mup/A1)]
=:ivey, (Cl4a)
<1/)V,7|507-z|1/)u,+> = —ivc,, (Cl4b)

where ¢, is a constant that depends on |m,|. Then the
matrix elements of the BAG Hamiltonian in Eq. (CG)) for
(|\I/u,+>a |\Ijv,*>) are given by

W)U = -2, (0 1) .

C15
- (C15)
To check the screw eigenvalues of the zero-energy

modes, we evaluate the matrix elements of ST in terms
of the zero-energy solutions (CI0) and (CII). From
Eq. (B9), ST, is represented by

gfz = jg et (57507 (C16)
which is transformed to
USFU' = —ig e (57507 (C17)

by the unitary transformation U. Taking into account
the 7/2 rotation in the real space, we calculate the matrix
elements

[odo [ 0160, 001500 5,072
= Fv, (C18)

to write the screw operator gL in the basis set of
(IWy 1), Wy, -))

(USEUY = +v (2 é) (C19)
The linear combinations
1

Uyq) = — (|0, )+ |¥, ), 20

|Wy1) ﬁ(l +) +Y,-)) (C20)
1

[Wp2) = —= (V0 4) — [¥0,-)), (C21)

V2

diagonalize Eqs. (CI5) and (CI9) simultaneously, yield-
ing

(U, (k)UT) = —%k ((1) _01> , (C22)
(USLUY = +v ((1) _01> . (C23)

The gapless Majorana modes have linear dispersion
around k, = m and the screw eigenvalues +1, which is
consistent with the numerical results in Fig. Bl (a)-(c).

Incidentally, when p = 0, the two masses are related
my1 = —m_1, and c41 = c_1. Therefore, the v = +1
modes are degenerate. In fact, all the energy bands of
the vortex bound states of the BAG Hamiltonian are two-
fold degenerate at u = 0 because Hy; and H_; have the
same energy spectra, which can be understood from the
relation

UzSOTZﬁ_l(k) O,S50T% u=0 = —EI_H(’C) (024)
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(a) (b)
0.1 =7 \‘ s

FIG. 6. (Color online) The evolution of vortex bound
states as a function of k; for (a) p = —0.1 and (b) —0.5.
The hopping parameters and the pair potential are chosen
as the same as in Fig. Bl The lattice size is L = 22,
and the vortex core is located at the center of the plaque-
tte. The color code of the energy spectra is the same as
in Fig. Bl The panels (c) and (d) show the energy spec-
trum of the low-energy effective Hamiltonian (B8] around
k. = m. The arrow between the left and right figures in
(c) and (d) indicates the change in the spectra due to the mo
term, which corresponds to changing the chemical potential
in the tight-binding model. The parameters are chosen to be
(mo, v1,v2,v3) = (0,1.5,1,0.5) and (0.5, 1.5, 1,0.5) for the left
and right figures of (¢); (0,1.5,2,0.5) and (0.5,1.5,2,0.5) for
the left and right figures of (d).

Appendix D: Influence of vortex core positions on
GVL modes

As discussed in Sec. [ID] crystal-symmetry-protected
GVL modes emerge when vortex bound states have dif-
ferent rotation (screw) eigenvalues. Thus, the stability
of GVL modes is sensitive to the representation of rota-
tion (screw) operators. In the following, we discuss the
effect of the vortex core position on the four-fold screw-
symmetry-protected GVL modes.

In Fig.[6l we show the vortex bound states of the tight-
binding Hamiltonian ([@4]), where the lattice size is chosen
to be an even integer (L = 22), and the vortex core is
located at the center of a plaquette. Figure [ (a) shows
the existence of zero-energy modes with four-fold degen-
eracy at k, = +m, whereas the gapless modes disappear
in Fig. [@ (b) as p is changed. This is in sharp contrast
to Fig. Bl ().

Comparing Fig.[6l (a) with Fig. Bl (b), we notice that the
gapless modes around k. = &7 have different eigenvalues
of ST,. In Fig. B (b), the two gapless modes with the
screw eigenvalue ie "2 = 1 (blue) have positive velocities
(dE/dk,) at k, = —m, while their velocities have opposite

signs in Fig. B (a). The modes with the ST, eigenvalue



—ie~'3 = —1 (red) are related to those with +1 (blue) by
the PH symmetry. According to the low-energy effective
Hamiltonian (B8], the former situation (v > v3 4 v3)
has stable gapless modes (against the perturbation my)
[Fig.[dl (c)], while the latter (v < v3+wv3) does not [Fig.
()]

In the following, we explain the disappearance of the
gapless modes using the low-energy Dirac Hamiltoni-
ans discussed in Appendix We note that the S7-
eigenvalues of zero-energy modes depend on the loca-
tion of the vortex core. To see this, we consider a 2D
square lattice, where the position of each site is defined
by 7(1m.n) = me,+ne, (m,n € Z). e, and e, are the unit
vector in the = and y directions. We set a vortex core at
(i) (m,n) = (0,0) or (ii) (3, 4), which correspond to the
site at the origin and the center of a plaquette, respec-
tively. Then, the four-fold rotation around the vortex
core transforms the position of sites as () = T(—n,m)
for (i) and 7(m ) — T(—nt1,m) for (ii). To evaluate this
transformation in the momentum space, we consider the
phase part of the Bloch wave function e~**"(m.n) | In par-
ticular, we focus on the Bloch wave function at the Dirac
cones, which are located at the four-fold rotation invari-
ant momentum ko = (0,0) and k, = (7, 7). In this case,
the effect of four-fold rotation is calculated as, for (i),

e~ ko rimn) — 1y g7 HROT(—nm) = 1 (D1)
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e R Timm) — 1 y g HRrT(nm) — 1, (D2)

while for (ii), they change to
ef’iko'T(m,n) =1 efiko"r‘(,nJer) = 17 (D3)
ef’ikﬂ—-T‘(m,n) =1 eiikﬂ'.T(fn+1‘m) =—1. (D4’)

Thus, an extra factor —1 is multiplied to the four-fold
rotation operator SJ, at k = k. (i.e., v = —1) when the
vortex core is positioned at the center of the plaquette.
As a consequence, the energy and screw operators in the
basis of (|U,,1),|¥,2)) are changed to

U = -2, ((1) _01> . D)
(USTUTY =+ ((1) _01> : (D6)

where Eq. (D6]) does not contain v unlike Eq. (C23)). The
results are consistent with Fig.[d (a) around k, = 7 and
the left panel of Fig. [@ (d).
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