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Topological magnetic structures are promising candidates for resilient information storage. An ele-
mentary example are spin helices in one-dimensional easy-plane quantum magnets. To quantify their
stability, we numerically implement the stochastic Schrédinger equation and time-dependent pertur-
bation theory for spin chains with fluctuating local magnetic fields. We find two classes of quantum
spin helices that can reach and even exceed ground-state stability: Spin-current-maximizing helices
and, for fine-tuned boundary conditions, the recently discovered “phantom helices”. Beyond that,
we show that the helicity itself (left- or right-rotating) is even more stable. We explain these find-
ings by separated helical sectors and connect them to topological sectors in continuous spin systems.
The resulting helical protection mechanism is a promising phenomenon towards stabilizing helical
quantum structures, e.g., in ultracold atoms and solid state systems. We also identify an—up to
our knowledge—previously unknown new type of phantom helices.

I. INTRODUCTION

Quantum states are notoriously vulnerable to exter-
nal perturbations. Yet, aside from cooling or physically
separating quantum systems from the environment, some
mechanisms create comparably stable quantum phenom-
ena. Among these are topological electronic phases [1-
3] including the Quantum Hall effects [4-9], topologi-
cal superconductors [10-14], topological spin models [15],
and spin-based anyons [15]. Furthermore, quantum sys-
tems affected by specific external perturbations can reach
dark states, i.e., subspaces protected against decoher-
ence [16, 17].

Recently, helices in easy-plane one-dimensional Heisen-
berg magnets were conjectured to extend the class of sta-
ble quantum states, having been predicted to exhibit sta-
bility in classical systems [18], in semi-classical approx-
imations [19], and in quantum systems [20-23], includ-
ing dissipatively and parametrically controlled magnetic
boundaries that facilitate their creation [23-27]. In par-
ticular, helical solutions for quantum spin chains with
fine-tuned magnetic boundary fields were found, which
are product states of spins at individual sites. Using
the Bethe ansatz, these helices were shown to consist
of “Bethe phantom roots”, which carry zero energy but
a finite momentum relative to a reference state [28-33].
Jepsen et. al [34] have demonstrated the creation of such
phantom helices in cold atomic systems and put phantom
helices in relation to quantum scars, i.e., states that equi-
librate significantly slower than an average state [35].

Topological spin systems could be used to store energy
like in a spring [18], both in classical and in quantum
spintronics, and as bits and qubits, by storing informa-
tion in its rotational sense. To this end, proposals us-
ing quantum skyrmions [36] and quantum merons [37]
have been made. Quantum spin helices and quantum
spin systems are an active research area in solid states
physics [12, 38, 39] and quantum chemistry [40], and, be-
yond their realization in ultracold atom systems, could
be simulated with tensor networks or on a quantum com-
puter. Furthermore, by a Jordan-Wigner transformation,
quantum spin helices are closely connected to Joseph-
son junctions which exhibit a helically twisted supercon-
ducting order parameter [41], and understanding spin he-
lices may help to analyze higher-dimensional noncollinear
quantum magnetism like quantum skyrmions [42] and
generalized phantom states [34]. In all these contexts,
it is paramount to quantitatively understand the sus-
ceptibility of quantum spin helices to external noise in
the bulk of the chain. Particularly relevant are para-
metric perturbations, which correspond to, e.g., fluctu-
ating magnetic fields, fluctuating superconducting order
parameters, phonons, or gate errors, depending on the
physical system at hand.

In this manuscript, we show that quantum spin helices
in one-dimensional easy-plane Heisenberg magnets gen-
erally exhibit noise protection that can exceed ground
state stability. Futhermore, the helicity of a state is
protected for even larger time scales. To show this,
we analyze quantum spin chains with random, time-
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FIG. 1. We consider quantum helices defined by helical spin
expectation values of a chain of coupled spins or pseudo-spins
(red) exposed to uncorrelated time-dependent perturbations
of the magnetic field |h} (t)| < hmax. The helix is stabilized
by boundary fields in z-direction (blue).

fluctuating on-site magnetic fields by simulating the
stochastic Schrédinger equation and by employing time-
dependent perturbation theory. Our study includes
phantom helices and the more general class of quantum
spin helices characterized as the helices carrying maximal
spin current along the chain. The stability of quantum
spin helices is explained by the length-dependent onset of
decoupled helical sectors, distinguishing left-, right-, and
non-rotating quantum spin states. We speculate that
this helical protection of ferromagnetic quantum spin he-
lices is descending from the topological protection in Ap-
pendix A in continuous antiferromagnetic spin systems
with large spin quantum numbers [43]. The helical pro-
tection preserves the helicity of a quantum state for short
and intermediate time scales and could be a base for fu-
ture stable helical quantum effects in ultracold atoms and
solid state systems.

II. NOISE MODEL FOR HEISENBERG CHAINS

We consider a one-dimensional easy-plane XXZ
Heisenberg magnet of spins 1/2, which is exposed to time-
dependent random fluctuations of local magnetic fields.
The Hamiltonian is

H(t) = Hchain + Hend + Hrand (t)7

Hepain = Y J (S7SF,1 + SYSY,,) + AS: Sy,

J<L
Hend =J (S;f + S%) h/z’
Hyana(t) = > h)(t)S). (1)
<L

Here, L is the length of the spin chain, S;‘ is the spin op-
erator on the j* site in direction A\ € {z,y, 2}, J is the
easy-plane coupling, and A is the axial anisotropy in the
z-direction. We consider ferromagnetic coupling J < 0,
yet our results directly transfer to planar antiferromag-
netism by the mapping S;%,S;¥ — —8,%, —S5,¥ for even
j. The magnitude of the boundary fields in Heng [23, 33]

is generic in the sense that a large magnetic field at hy-
pothetical sites 0 and L + 1, which fully polarize these
spins, will create exactly the desired magnitude of the
boundary fields. The coupling constant h;‘ (t) fluctuates
randomly in time between between +h,ax and is uncor-
related for different lattice sites. For simplicity, we as-
sume that the perturbations change stroboscopically in
intervals of §¢t. This approach is also a first step towards
simulating Eq. (1) on a noisy quantum computer, where
Trotter real-time evolution along with a decomposition
of the single-step time evolution operator in quantum
gates could be employed. In this scenario, uncorrelated
coherent single-qubit gate errors correspond to the ran-
dom parametric noise assumed here. Within the Marko-
vian approxmation, neither the assumed uniform distri-
bution nor the sudden changes of the magnetic field cause
unphysical behavior in the limit of small §tJ/h. This
is demonstrated by the corresponding Lindblad master
equation that assumes the form of a usual continuous
Markovian time evolution of the system with uncorre-
lated external fields in Appendix B2 and Ref. [44].

We call a quantum state a quantum spin helix if the
expectation values of the local spins form a helix in the
x — y plane, see Fig. 1. In general, a helical eigenstate
of Hcnain is degenerate to a state with opposite helic-
ity because Hepain has the symmetry U =[] i<L S7 that
mirrors each spin about the z-axis. Quantum spin he-
lices are therefore ambiguously defined when only con-
sidering their energy. To resolve the ambiguity, we con-
sider two special kinds of helices. First, helices that
are eigenstates of the model in Eq. (1) with the max-
imal amount of spin current along the direction of the
chain C' = Zle (Sj X Sj+1)°.  These spin-current-
maximizing helices consist of entangled spins and gen-
erally appear in chains of odd length, or at special
anisotropies A = Jcos(w/k) for odd k < L with even
chain lengths L [23]. Here, we focus on A = J/2,
i.e., k = 3. Spin-current-maximizing helices at gen-
eral easy-plane values of A (|A| < |J]) can be prepared
by adiabatically twisting the boundary magnetization
by 27 for A = J/2 [23] and subsequently adiabati-
cally adjusting to the desired value of A. The sec-
ond class of quantum spin helices appears when the
chain length L and the Heisenberg anisotropy A matches
the phantom condition (L — M)~y + dar1m = 0 (mod 27)
with v = arccos A/J and M being —1, 1, or 3. Then, he-
lices with constant winding angle v are product states of
local spin states fulfilling the phantom helix ansatz [31,
33, 45, 46],

L
|PHT> = ® R, (:t

Jj=1

U =20raly +mor0)[=);- (2

Here, the index 7 = 1,2 denotes two types of phantom
helices, R, () is an SU(2) rotation around the z-axis
with the angle 0, and |—), is the spin state at site j
pointing into the zx-direction. Type 7 = 1 helices are
eigenstates for M = 1,3 and type 7 = 2 helices are eigen-
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FIG. 2. The stability of quantum spin helices. (a) The ground state (blue dashed line), the two spin-current-maximizing helices
(solid lines, degenerate despite numerical fluctuations), and the phantom helices (PH, dash-dotted lines) are significantly more
stable than other states, shown by exact simulations of the fidelity Fu (t), see Eq. (3) and main text. Inset: At time ts = 2004/|J],
the most stable helical state is separated from the first excited nonhelical state (dashed orange line) by the fidelity difference
2 and separated from the ground state by the fidelity difference AF. Parameters: chain length L = 10, anisotropy A = J/2,
perturbation strength hmax = |J|/2, averaged over 1000 runs with different random noise. (b) The separation {2 between the
most stable helical state and less stable states at time ts = 2004/|J| (see inset of Fig. 2a) shows that the most stable helix
can be a spin-current-maximizing helix (SMH, square) or a phantom helix of type 1 with M = 3 (PH;, downwards triangle),
type 2 with M = —1 (PH,, upwards triangle), or type 1 and 2 with M =1 (PH, diamond), respectively. (c) Fidelity difference
AF between the ground state and the most stable helical state in units of 2. For spin-current-maximizing helices, stability
increases in chain length L, where chains with L Z 6 sites can become more stable than the ground state (blue), while phantom

helices are more stable than the ground state for all L.

states for M = 1, —1. The cases where M = 1 is—up to
our knowledge—a previously unknown phantom condi-
tion [31-33, 46], fulfilling the criteria of Ref. [45], which
we verified by acting with Hcnain on the ansatz above.
To prepare phantom helices, an initial product state gets
twisted locally by single-spin manipulations [34].

III. STABILITY OF QUANTUM SPIN HELICES

In the following, we present results on the stability of
the helical and nonhelical eigenstates of Hcpain for vary-
ing chain length and Heisenberg anisotropy A. For the
boundary fields in Eq. (1), spin-current-maximizing he-
lices exist for even chain lengths with A = J/2 and
for odd chain lengths for all |A| < |J|. For the con-
sidered value of A = J/2, phantom helices exist only
for chain lengths L = 3,4,5,9,10,11,..., ie., L =
3,4, or 5 (mod 6), inferred from the phantom condition
and Eq. (1).

First, we numerically simulate the Hamiltonian, im-
plementing the time evolution using a series expansion
for the time evolution operator up to second order in the
time step 6t, which we choose to be 0.014/J, and av-
erage over 1000 runs. Other values of §t or higher-order
terms in the expansion do not change our results qualita-
tively. We note that other advanced numerical methods

to describe the random time-evolution of the quantum
system are hard to apply here. The large dimension-
ality of the quantum spin system prohibits the direct
implementation of the corresponding Lindblad equation
(see Appendix B2) already for short spin chains. Ten-
sor Network methods are in general not suited to access
long time scales for out-of-equilibrium simulations due to
a growth of entanglement over time [47-50]. Other ad-
vanced numerical methods, including a description of the
spins as localized electrons and applying (real space) dy-
namical mean field theory (RDMFT) [51] or using neural
network quantum states [52] are similarly not applicable.
As a measure for stability, we consider the expected fi-
delity of an eigenstate of the fluctuation-free Hamiltonian
and a time-evolved initial eigenstate

Fy(t) =E (((0)|2(t)*) . 3)
where E (... ) denotes averaging with respect to the ran-
dom noise.

We find that the ground state, the spin-current-
maximizing helices, and the phantom helices, in case they
exist, are more stable than the remaining eigenstates,
see Fig. 2a. A suitable time for comparing chains of dif-
ferent length is t; = 200%/|J|, where the fidelities usually
reach Fy(ts) ~ 40% and the group of stable states is sep-
arated from less stable ones, see Fig. 2a for a representa-
tive example with chain length L = 10. To elaborate this,
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FIG. 3. Onset of helical protection with increasing chain length. (a) Formation of helical sectors: reduced transition amplitudes
I'y 4 appear between left- (O, green), right- (O, red), and nonhelical (N, blue) eigenstates of Hchain(t = 0). Only the four
energetically lowest states are shown for each sector, sorted according to increasing absolute value of the spin current. Data
corresponds to L = 10 and hmax = |J|/2. (b) Decreasing transition amplitudes away from the helical sectors with increasing
chain lengths L for the energetically lowest state in each sector (triangle and square markers). In contrast, the nonhelical ground
state (diamond) experiences increased transitions with increasing L. Shown is the sum of the matrix elements > . 4 Inm.
(¢) The length-dependent preservation of helical sectors spanned by left-rotating helical states (O, green), right-rotating helical
states (O, orange) and nonhelical states (IV, blue) for the system sizes L = 7 (dash-dotted lines), L = 9 (dashed lines) and
L = 11 (solid lines). Dashed gray lines denote the perturbative result, see Eq. (4). Pa is the probability of finding the time-
evolved initial state, a right-rotating spin-current-maximizing helix, after time ¢ in the left- (O, green), right- (O, orange), or
nonhelical sector (N, blue). Dashed lines denote the pertubative results for Pa, see Eq. (4). Parameters: chain length L = 10,
anisotropy A = J/2, perturbation strength hmax = |J|/2, averaged over 1000 runs with different random noise.

we consider the fidelity difference 2 = Fy, (ts) — Fu,,, (ts)
between the most stable helical state ¥, and the most
stable nonhelical excited state ¥,;,. As a general trend,
{2 increases for increasing chain length, and the most
stable helical state is consistently separated from the
most stable nonhelical excited state, independent from
the Heisenberg anisotropy, see Fig. 2b.

To show that helical states can exceed ground state
stability, we calculate the difference in fidelity between
¥y, and the ground state Wy, AF = Fy, (ts) — Fy,, (ts).
The sign of AF determines parameter regions where ei-
ther the ground state or ¥, is most stable, see the red
and blue regions in Fig. 2c, respectively. We find that
in case phantoms exist, they are the most stable states,
independently of the length L of the chain and the satis-
fied phantom condition. For spin-current-maximizing he-
lices, the stability increases with L, with a turning point
around L ~ 6, where spin-current-maximizing helices can
become more stable than the ground state in dependence
on the Heisenberg anisotropy.

IV. ONSET OF HELICAL SECTORS

Despite their enhanced stability, we observe from Fig. 2
that quantum spin helices are evidently not per-
fectly stable. We find that albeit the initial states

experience strongly reduced transitions to states
with different helicity, transitions to states with
the same helicity are not suppressed. This decou-

pling of the helical sectors becomes more prominent
for longer chains. To elaborate, we consider the
probability Pa(n,t) deA|<g|n(t)>|2 of measur-
ing the system at time ¢ in the same helical sector

A € {0 left-rotating, O right-rotating, N (nonhelical)}
as the initial state |n). Here, left-rotating, right-
rotating, and nonhelical states are defined by positive,

negative, and vanishing spin current, respectively. For
Bmax - 0t/h < 1 and 6t - J/h < 1, we find

St-hi
L— ==t > I neA,
m¢gA

Ps(n,t) ~ St-h2 (4)
gt Y0 Dom

meA

n ¢ A,

with n and m labeling the eigenstates of Hcpain(t = 0)
(see Appendix B1 Eq. (B13)). The matrix [, =
ZjL=1 > [(ml S;‘ |n>|2 is the relevant quantity for de-
scribing transitions between states of different helical sec-
tors and shows a strong separation between helical sec-
tors, as depicted in Fig. 3a. The transition from one
helical sector to another one is proportional to I'4(n) =
ngZA L. In Fig. 3b, we show the dependence of Is,
Iy, and I'y for the energetically lowest spin-current-
maximizing helices and the ground state on the chain
length L. The short-time decay of the spin-current-
maximizing helices falls below the one of the ground
state at intermediate lengths, and ultimately approaches
zero. This is remarkable, because longer chains con-
tain more disorder terms, such that a faster decay of
general properties of the states is expected, as observed
in the increasing short-term decay of the ground state
I'y. Notice that the helicity of the ground state during
the stochastic time evolution remains zero by decaying
with equal probability into the right- and left-rotating
sectors. This implies that, for sufficiently short times
t and long chains, the spin-current-maximizing helices
only decay into states in the same helical sector. For



longer times, leaving the perturbative regime, this ten-
dency prevails within an intermediate time regime whose
width depends on the strength of the random noise hyax,
as shown by the increase of P(t) for chains lengths 7, 9,
and 11 in Fig. 3¢, representatively for hp.x = A = J/2,
using 1000 independent runs of the full time evolution.
Until ¢ =~ 200%/|J|, the increase in chain length causes a
net protective effect against transitions to the oppositely
rotating and to the nonhelical sector, as seen by the de-
creased absolute slope of Py for small times. For longer
times, the slopes of P, for different chain lengths become
similar, and the population of the oppositely rotating he-
lical sector (green) is no longer negligible, which implies
that helical protection is lost.

The decoupling between sectors of different helicities
is reminiscent of topological sectors in continuum the-
ories for large spin quantum numbers. There, a semi-
classical saddle point analysis for antiferromagnetic he-
lices [43] revealed that spin slips, the only causes of tran-
sitions between helical sectors, are strongly suppressed by
a topological #-term in the action. Interestingly, we find
that the stability of helices is the same for ferromagnetic
models, where, instead, the suppression of spin slips is
caused by a topological Wess-Zumino-Witten term [53]
(see also Appendix A). Due to the Wess-Zumino-Witten
term, spin flips with opposite skyrmion charge destruc-
tively interfere in the case of half-odd integer spin sys-
tems, as discussed in Appendix A.

V. DISCUSSION

This study reveals the onset of decoupled helical sec-
tors in spin chains of finite length when the chain is
perturbed by local randomly fluctuating magnetic fields.
The resulting helical protection increases for increasing
chain lengths and suppresses transitions to sectors of dif-
ferent helicities for short and intermediate time scales.
We suggest that helical protection becomes weaker at
longer time scales due to stronger coupling between
high-excited states, which facilitates transitions to sec-
tors with a different helicity. In case these transitions
were suppressed by additional measures, e.g., by a low-
temperature bath, we expect the helical sectors to display
their stability over an increased time-scale. In general,
such a time-scale separation and decoupled states would
be a hallmark feature of weak ergodicity breaking [35].

While the transitions between the helical sectors are
strongly suppressed, states experience no native protec-
tion against excitations within a helical sector. This
underlines the challenge in using quantum spin helices,
quantum skyrmions [36], or quantum merons [37] as
qubits, where a combination with conventional quantum
error correction or mitigation techniques would need to
be applied to suppress these unwanted transitions. In fu-
ture research, we aim to investigate whether the helical
protection mechanism itself could be useful for quantum
computing applications.
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Appendix A: Topological stability of ferromagnetic
quantum spin helices: nonlinear sigma model

For antiferromagnetic spin helices, Ref. [43] demon-
strated that quantum phase slips (QPS) unwind spin he-
lices with a total winding angle of A¢ = 27 for integer
spins, assuming the large-spin and continuum limits. For
half-odd integer spins, these QPS destructively interfere,
such that the helices remain stable. In this appendix,
we show that the same stability arguments hold true for
ferromagnetic spin helices.

We start with a brief summary of the results ob-
tained in Ref. [43], which consider the Hamiltonian of the
anisotropic Heisenberg antiferromagnetic spin-s chain

H=JY [Sn-Sns1—aS;S;,, +0(S2)?] (A1)

with the nearest-neighbor coupling coupling J > 0, spin
S2 = s(s + 1), and small positive constants a < 1
and b < 1, which parameterize the anisotropy. In the
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large-s limit, neighboring spins are mostly antiparallel,
(Sp) ~ —(Sp+1) in low-energy states, and long wave-
length dynamics of the chain can be understood in terms
of the slowly varying unit vector n = (Sg,, — Sao,41)/s
in the direction of the local Néel order parameter. The
dynamics of the field n follows the nonlinear sigma model
with Euclidean action S = i0Q+Sp (in units of ), where
0 = 2xs is referred to as the topological angle. Here,

Ei/dx/drn-(axnx&n)
4n

is the skyrmion charge of n that measures how many
times n(x,7) wraps the unit sphere as the space and
imaginary-time coordinates, z and 7, vary.

QPS are vortex configurations of n in the two-
dimensional Euclidean spacetime. Vortex solutions are
characterized by their vorticity ¢ and polarity p, which
are related to the skyrmion charge as @Q = pg/2. When
considering a dilute gas of m QPS, the periodic bound-
ary conditions enforce this gas to be vorticity-neutral,
>4 = 0. The resulting topological part of the Eu-
clidean action reduces to [43]

So=1i0» Q;=1i0> p;jq;/2,
J J

(A2)

(A3)

where j = 0,...,m — 1. For fixed vorticity configuration
{g;}, the resulting partition function is summed over the
two possible polarities for each QPS, p; = %1, which
results in the partition function [43]

Z= /Dn(x, 7)6(n% — 1) exp(—Sy — Sp)

x Hcos (9;]J> e~ So(fas})
J

The prefactor of the partition function distinguishes inte-
ger and half-odd-integer s. For integer s, the topological
angle is zero, § = 0, and thus the prefactor is 1. Half-
odd-integer s, however, yields § = m, and the prefactor
vanishes when any of vorticities {¢;} is odd. This im-
plies that the QPS destructively interfere for ¢ = =+1.
Thus, in the half-odd integer case, the helices can only
be unwound if one has a double winding with ¢ = £2.

In the following, we address the derivation of the topo-
logical protection for ferromagnetic spin helices, J < 0,
which can be done analogously to the antiferromagnetic
spin helices [43] discussed above. Following Ref. [53], we
consider the Wess-Zumino-Witten (WZW) term for the
ferromagnetic spin chain,

(A4)

Swzw(n,d;n) = is / dr (1 — cos(v)))é. (A5)

Here, (¢,1)) are two angles parametrizing the unit vector
n. This expression is equivalent to [53]

Swzw(n,d;n) = i%/dz/d7n~ (0xn X O;n), (A6)

where the coupling constant C' obeys the quantization
condition C' = 4nws = 27wk, k € Z. Thus, the #-term in
the antiferromagnetic case (A2) is a descendant of the
WZW-term in the ferromagnetic case (A6) [53], and the
topological angle § = 27s can be identified with the cou-
pling constant C' = 47s [53]. This implies that both the
antiferromagnetic and ferromagnetic spin chains can be
mapped to the same nonlinear sigma model, with the
same definitions of the skyrmion charge and vortex con-
figurations as in the previous paragraph. Thus, to derive
the topological protection for the ferromagnetic spin he-
lices, we can follow the same derivation as for the antifer-
romagnetic case [43], arriving at the partition function

(A7)

Z x Hcos <9§J> e~Sola}b)
J

Here, ¢; is the vorticity of the QPS, just as in the anti-
ferromagnetic case. For half-odd-integer s, the prefactor
vanishes when any of vorticities {¢;} is odd, which im-
plies that the QPS destructively interfere for ¢ = =+1.
Thus, in the half-odd integer case, the helices can only
be unwinded if one has a double winding with ¢ = +2.

Appendix B: Time-dependent perturbation theory

In this section, we conduct the time evolution and av-
eraging over the random fluctuations in the limit of short
time steps 6t - J/h < 1 and magnetic fluctuations small
compared to 1/dt, i.e., hmax - 0t/h < 1, in order to de-
termine the stability of the helicity of an initial state.

Consider the Hamiltonian H(t) in Eq. (1) of the main
text describing a spin-+ chain with N sites perturbed by

2
fluctuating local magnetic fields.

H(t) = HO + Hrand(t) = Hchain + Hend + Hrand(t) (Bl)

with dipole-field interaction
N
Hyana(t) =Y S;h;(t). (B2)
j=1

The chain has 2%V eigenstates |n) with eigenenergies E,,.
In the interaction picture, the interaction term reads

N
Hrand,[(t) = Z Sl,j (t)h] (t>
=1

J

N
> ertolgiemnfolh(t).  (B3)
j=1

The time evolution operator is conveniently expressed by



the Dyson series

. t
(3
U](t) =1- ﬁ/ dTHrand,I(T)
0

I T
— ﬁ dr / dTIHrand,I(T)Hrand,I(T/)
0 0

+oes
(B4)

J

(| Us (8) 1) = b0, - %Z

Consider an eigenstate |¥) and a subspace A spanned by
eigenstates of Hy such that |@) € A, we compute the
probability to find |¥(¢)) in A.

(W) Palw(t)

= ltnlo(t)

{n}

(B5)

with P4 being the projector onto A and {n} a set of
orthonormal eigenstates of Hy including ¥ and forming
a basis of A. We pursue to compute the terms in the sum
on the right-hand side of Eq. (B5).

/ dr (n] 83 12) WX(7)

Ty /dT/ dr¢ionnt=0un™) (n) X |mY (1| S§ 1) BX ()RS ()

m=1j,k=1x,£=x,y,2

+...

Introducing the transition frequencies wy,, = (Ey —

N t
(O = b +0005 S0 3 TS} 0) [k (n

7'—1 X=,Y,2

t t
= Z > (n|SY|w) (| S; |n>/ dTh;ﬁ(T)/ dr' B, (7')
0 0

J,k= 1x§ T,Y,%

m=1 j, k=1 x,{=x,y,2

+...

1. Random Sampling

(B6)
E,)/h and denoting [(¥|@(t))]> = |(@| U;(t) |¥)|*, we obtain
(B7)
b = Z Z 3 /dT/ dr’ Re eterm(T=) (g §X |m) (m] S5 |lI/>)hX( Yht (7')
[
consequence, we have
1 M
3 X _
Jim Zl WX (1) =0 (B8)
1 M
¢
M 37 2 (Ao ()
o=t (B9)
_ 220 k0ye,  for udt < 7/ < (u+ 1)dt
0, otherwise,

We draw M random samples of the magnetic field
and index them by a = 1,...,M. We assume that
the magnetic field is uncorrelated for different sites and
time-differences larger than Jt. Further, we assume that
the magnetic field is constant over the time interval
[udt, (u+ 1)d0¢t] with uw = 0,..., K — 1 a non-negative in-
teger. The samples are drawn from a distribution of the
fields at each lattice site within the range —hpyax < h;-‘ <
hmax for each field component independently. The dis-
tribution is considered to be independent of time. As a

with u the largest integer such that udt < 7. With these
assumptions, the average of Eq. (B7) over the random
samples can be evaluated in a straightforward fashion.
We define the I'-matrix as

Sl

j=1x=z,y,z

|(m| S¥ |n (B10)

and obtain the total loss of fidelity truncating higher or-
ders of (hmax - 0t/h) after reducing t = §¢tK where appli-



cable:

E (W w 1 a0ty S e (G
(0] Pa (1)) = 12251 S 1y sine (w
m¢gA

(B11)
with the normalized sine cardinal function sinc(z) =
sin(mx)/(mx) and the cutoff frequency w, = 27ét=1. E(-)
denotes the averaging over the sample set for M — oo.
Note that K = ¢/t since we always assume ¢ to be an
integer multiple of dt.

Finally, making the rough approximation that the
transition frequencies are always either in the |wg,| <
We OF |Wypm| > w, regime and neglecting the intermediate
regime |wgm,| & we, we arrive at the final result for the
loss of fidelity of the time-evolved eigenstate

h2 5t IUJ\I/m|<Wc
E (1) Pa|¥(D)) = 1— =22t > Tum. (B12)
m¢gA

For a fixed time step 6t, the fidelity decreases linear in
time ¢. The smaller §t, the more I'-matrix elements in
principle contribute. This effect saturates though for
dt < h/J, assuming that the energy spectrum is bound,
which is the case for the considered spin chains. We then
reach at

B (0(0)| Pa|0(1))) ~ 1~ Mmesdty 5™ gy,

I (B13)
m¢A

which results in the equation given in the main text con-
sidering that both probabilities add up to one.

2. Lindblad Master equation

To demonstrate that the stroboscopic time evolution
and the chosen uniform random distribution of the per-
turbing magnetic fields has no physical side effects as
compared to a continuous evolution or other random dis-
tributions of the random noise, we derive the Lindblad
master equation in the limit of small time steps dt. We
find that, in first order in ¢, the density matrix p evolves
as

Bup(t) =i [p, H] + HZ <SJ/'\pSJ'A - % {5?27,0}) )
A (B14)

with kK = %hmax -0t. The Lindblad master equation gen-
erally allows us to directly access the average quantities
of the evolved the system. However, relying on the den-
sity matrix instead as on the state vectors increases the
dimension of the implemented matrices by a power of
two. Therefore, the Eq. (B14) is generally unfeasible to
conduct calculations as long spin chains as discussed in
the main text. For smaller chain lengths, we checked
the above Lindblad evolution against the exact numerical
implementation of the Schrédinger equation discussed in
the main text and found arbitrary close agreement with
increasing number of runs of the exact numerical simula-
tion.
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