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Symmetric mass generation is a novel mechanism to give gapless fermions a mass gap by non-
perturbative interactions without generating any fermion bilinear condensation. The previous stud-
ies of symmetric mass generation have been limited to Dirac/Weyl/Majorana fermions with zero
Fermi volume in the free fermion limit. In this work, we generalize the concept of symmetric mass
generation to Fermi liquid with a finite Fermi volume and discuss how to gap out the Fermi surfaces
by interactions without breaking the U(1) loop group symmetry or developing topological orders.
We provide examples of Fermi surface symmetric mass generation in both (14+1)D and (2+1)D Fermi
liquid systems when several Fermi surfaces together cancel the Fermi surface anomaly. However, the
U(1) loop group symmetry in these cases is still restrictive enough to rule out all possible fermion bi-
linear gapping terms, such that a non-perturbative interaction mechanism is the only way to gap out
the Fermi surfaces. This symmetric Fermi surface reconstruction is in contrast to the conventional
symmetry-breaking gapping mechanism in the Fermi liquid. As a side product, our model provides
a pristine 1D lattice regularization for the (141)D U(1) symmetric chiral fermion model (e.g., the
3-4-5-0 model) by utilizing a lattice translation symmetry as an emergent U(1) symmetry at low
energy. This opens up the opportunity for efficient numerical simulations of chiral fermions in their
own dimensions without introducing mirror fermions under the domain wall fermion construction.

I. INTRODUCTION

Fermi liquids are gapless quantum many-body systems
of fermions that possess Fermi surfaces and well-defined
quasi-particle excitations at low energy. They are the
models for the most commonly-seen metallic materials in
nature. They are probably also one of the most studied
quantum phases of matter in condensed matter physics
since Landau [1, 2]. However, there are still many novel
aspects of Fermi liquids that might not have been well
recognized. This article explores one such aspect: the
phenomenon of symmetric mass generation (SMG, see
a recent overview [3] and references therein) in Fermi
liquids.

One intriguing property of the Fermi liquid is the sur-
prising stability of the Fermi surface under generic local
interactions of fermions. Although the system is gapless
with vastly degenerated ground states, local interactions
often do not immediately lift the ground state degeneracy
and destabilize the Fermi liquid towards gapped phases.
Early understandings of this property came from the per-
turbative renormalization group (RG) analysis, as the
Fermi liquid theory can emerge as a stable RG fix-point
of interacting fermion systems [4—10].

Recently, a modern understanding arose under the
name of Fermi surface anomaly [11-13], which states that
the stability of the Fermi surface can be viewed as pro-
tected by the quantum anomaly of an emergent LU(1)
loop group symmetry at low energy, extending and uni-
fying many related discussions [14-29] about Luttinger’s
theorem [30] and Lieb-Schultz-Mattis theorem [31] in
fermionic systems. Loosely speaking, the LU(1) symme-
try corresponds to the fermion number ng conservation
at each momentum point k on the Fermi surface (FS),
which is preserved by the Landau Fermi liquid Hamilto-

nian Hyp, = ZkeFS €Ny + Zk,k’eFS freneneg +-+-. In
the presence of the Fermi surface anomaly, the Fermi lig-
uid can only be gapped by either (i) spontaneously break-
ing the LU(1) symmetry or (ii) spontaneously developing
anomalous topological orders (or other non-Fermi liquid
exotic states) that saturate the Fermi surface anomaly.
The anomaly matching is a kinematic constraint, which is
non-perturbative and more robust than the perturbative
RG analysis of the Fermi liquid low-energy dynamics.

Over the past decade, the quantum anomaly [32-35]
has been realized as an important theoretical tool in
analyzing the protected gapless boundary states of in-
teracting topological insulators/superconductors, which
belong to symmetry-protected topological (SPT) phases
in a grand scope (see overviews [36-38] and references
therein). An interesting phenomenon, known as symmet-
ric mass generation (SMG) [39-51], was discovered in the
study of interacting fermionic SPT states. It was realized
that certain SPT states might look non-trivial at the free-
fermion (non-interacting) level but can be smoothly de-
formed into a trivial gapped phase with a unique ground
state by fermion interactions. This implies some inte-
ger Z classification of non-interacting SPT states can
be reduced to a finite abelian elementary order-n group
Z,, classification for some interacting SPT states, first
emphasized by Fidkowski-Kitaev [39, 40]. Correspond-
ingly, their gapless boundary states can be gapped out by
(and only by) interaction without breaking the symmetry
or developing the topological order (breaking emergent
higher-form symmetry). This provides a novel mecha-
nism to generate a mass for zero-density relativistic gap-
less fermions (e.g., Dirac/Weyl/Majorana fermions occu-
pying only Fermi points with zero Fermi volumes at the
Fermi level, colloquially known as Dirac/Weyl/Majorana
cones) without symmetry breaking, which has been pro-



posed to provide lattice regularization for the Stan-
dard Model and Grand Unified Theories [45, 52-56].
This mechanism is called SMG, or “mass without mass
term” [57, 58], which is distinct from the conventional
Higgs mechanism that relies on symmetry breaking for
fermion mass generation.

However, as far as we are aware of the existing litera-
ture, the SMG mechanism has not yet been extended to
fermion systems at a finite filling (with a finite density).
The Fermi liquid is one most notable examples of such,
which possesses a Fermi surface enclosing a finite Fermi
volume. It is natural to ask: can SMG happen on the
Fermi surface as well, gapping out the Fermi surface by
interaction without breaking the loop group symmetry
of interest? As we will demonstrate in this article, the
answer is yes.

Given the spacetime-internal symmetry G of a fermion
system, the conditions [3] for SMG to happen are: (i) the
system must be free from G-anomaly such that symmet-
ric gapping (without topological order) becomes possi-
ble, and (ii) the symmetry G must be restricted enough
to rule out any symmetric fermion bilinear gapping term
such that the gapping can only be achieved by interac-
tion. These defining conditions of SMG can be applied
to the Fermi liquid system by considering G as the emer-
gent loop group symmetry on the Fermi surface. Based
on this understanding, we will investigate the Fermi sur-
face SMG in the presence of the LU(1) symmetry. The
general feature is that even though a single Fermi sur-
face is anomalous, it is possible to cancel the Fermi sur-
face anomaly among multiple Fermi surfaces (or Fermi
surfaces with multiple fermion flavors), such that inter-
actions can drive the transition from the Fermi liquid
phase to a symmetric gapped phase. We shall name this
phenomenon as the “Fermi surface Symmetric Mass Gen-
eration”.

The Fermi surface SMG provides us a different pos-
sibility to create a gap to all excitations on the Fermi
surface without condensing any fermion bilinear order
parameter, which makes it distinct from the supercon-
ducting gap (i.e., condensing Cooper pairs) or the density
wave gap (i.e., condensing excitons) that are more famil-
iar in condensed matter physics. Nevertheless, it does
involve condensing some multi-fermion bound states that
transform trivially under the symmetry transformation.
One simplest example is the charge-de superconductor
[59-66], which condenses fermion quartets (four-fermion
bound states) that preserves at least the Z4 subgroup of
the charge U(1) symmetry. In this work, we will provide
more carefully designed examples preserving the full U(1)
symmetry (and other lattice symmetries), but the essen-
tial idea of condensing symmetric multi-fermion opera-
tors to generate a many-body excitation gap is the same.
Therefore, the Fermi surface SMG is intrinsically a strong
non-perturbative interaction effect of fermions. The in-
teraction may look irrelevant at the free-fermion (or the
Fermi liquid) fixed-point. However, strong enough inter-
action can still drive the gap-opening transition through

non-perturbative effects.

The article will be organized as follows. In Sec.II,
we will present a lattice model of Fermi surface SMG in
(141)D, as the pristine lattice regularization of the 3-4-
5-0 chiral fermion model, whose phase diagram can be
reliably analyzed by RG approach. In Sec.III, we will
extend the discussion of Fermi surface SMG to (2+1)D
in a concrete lattice model, which can be exactly solved
in both the weak and strong interaction limits. Through
these examples, we establish the Fermi surface SMG as
a general mechanism to gap out anomaly-free Fermi sur-
faces in different dimensions. We summarize our result
and discuss its connection to future directions in Sec.IV.

II. FERMI SURFACE SMG IN (1+1)D

A. (141)D Fermi Liquid and Fermi Surface
Anomaly

In the free-fermion limit, the (141)D Fermi liquid can
be realized as a system of fermions occupying a segment
of single-particle momentum eigenstates in the 1D mo-
mentum space (or Brillouin zone), which can be described
by a Hamiltonian H =, c,tekck, where ¢, (or c,Tc) is the
fermion annihilation (or creation) operator of the single-
particle mode at momentum k. For now, we only con-
sider spinless fermions, such that the ¢; operator does not
carry spin (or any other internal degrees of freedom). As
an example, suppose the band structure is described by
er = (k* — k%)/(2m) for non-relativistic fermions with
a finite chemical potential g = k%/(2m). The ground
state of the Hamiltonian H will have fermions occupying
the momentum segment k € [—kp, k| bounded by the
Fermi momentum kg, as illustrated in Fig. 1(a).

B band
(charge 3)

FIG. 1. (a) A typical single-band Fermi liquid with Fermi
surface anomaly. (b) Two-band model of a Fermi liquid with
the Fermi surface anomaly canceled. Chiral fermions with
linearized dispersions around different Fermi points emerge
at low energy.

The low-energy degrees of freedom in the (1+1)D
Fermi liquids can be modeled by the chiral fermions near
the 0D Fermi surfaces (namely, Fermi points) at +kp,
which are described by the following Lagrangian density

L= cz(iat —vpidy)er, + c};(iat +vpidy)er, (1)

where vp = kp/m is the Fermi velocity. The operator
cr, (or cr) annihilates the left (or right) moving fermion



modes, defined as

A
CR/L(‘:U) = /A dk C:th+Kel(ikF+li)a: (2)

around the Fermi points within a small momentum cutoff
A < kp. The low-energy effective theory £ in Eq. (1) has
an emergent U(1), x U(1)g symmetry (more precisely
as an emanant symmetry [67], since the translation and
charge conservation symmetry are not the subgroup of
U(1) x U(1) g symmetry), corresponding to the separate
charge conservation of the left- and right-moving chiral
fermions. Under the symmetry transformation with the
periodic ¢y, and ¢g in [0, 27),

U(l)L L CL — ei¢LCL7CR — CR;

3)

U(l)R ¢, 7 CL,CR — eid’RcR.

They can be as well understood as a recombination of the
vector U(1)y and axial U(1)4 symmetries, by rewriting
¢r = ¢ — kpox and ¢gp = ¢ + kr oz,

cr, — e‘%L,

U(1)y @ cp — eep = ;
Dy = cx Ck cR%eld’cR;

4)
—ikp 0x (
ik 8z cp — e’ Ccr,
U4 :cp — eF%%¢, = .

( )A k k CR e+1kp 5ICR-

More precisely, the combined symmetry group should be
denoted as U(1)y xzr U(1)a = W, because the
U(1)y and U(1)4 symmetries share the fermion parity
Z% subgroup (under which c¢f, g — —cr, ). The physical
meaning of the vector U(1)y symmetry is the total U(1)
charge conservation of the fermions, and the axial U(1) 4
symmetry can be considered an effective representation of
the translation symmetry in the infrared (IR) limit (that
translates all fermions by displacement dx along the 1D
system). Although translation symmetry is described by
a mon-compact symmetry group Z at the lattice scale,
its action on the low-energy chiral fermion fields cr,cgr
behaves as a compact U(1) 4 emergent symmetry [26, 68].

The stability of the Fermi liquid is protected by the
Fermi surface anomaly, which can be viewed as the mixed
anomaly between the U(1)y and U(1) 4 symmetries. The
anomaly index is given by [24, 30, 31]

1XkF71X(7k'F):2kF:27TV, (5)

which can be related to the fermion filling fraction v.
The system is anomalous if the filling v is not an inte-
ger. Without breaking the charge U(1) and translation
symmetries, it is impossible to drive the Fermi liquid to a
trivial gap phase due to the non-vanishing Fermi surface
anomaly. This can be viewed as a consequence of the
Lieb-Schultz-Mattis (LSM) theorem [31]. The situation
is also similar to the chiral fermion edge states on the
(141)D boundary of a (241)D quantum Hall insulator.

B. Two-Band Model and Anomaly Cancellation

To generate a gap for these low-energy fermions in
(141)D Fermi liquids, the Fermi surface anomaly must
be canceled. Here we present a two-band toy model
that achieves anomaly cancellation and enables gapping
out the Fermi surface without breaking the charge U(1)
and translation symmetries and without generating any
Fermi bilinear condensation. It will provide a concrete
example of SMG in (1+1)D Fermi liquids.

Consider a 1D lattice (a chain of sites) with two types
of fermions ¢;4 and c¢;p per site. The A-type fermion
¢;a carries charge ¢4 under a global U(1) symmetry, and
the B-type fermion ¢;p carries charge ¢ under the same
U(1) symmetry. The Hamiltonian takes the general form
of

H=- Z(t?chchA + tf}CIBch +h.c.)
- T t (6)
- Z(“Acmcm + pnBcipcin) + Hing

K2

with Hi,s being some fermion interactions to be specified
later in Eq. (16). The specific details of the hopping co-
efficients tf} and tﬁ are not important to our discussion
as long as they produce a band structure that looks like
Fig. 1(b) in the Brillouin zone. The A-type fermion forms
an electron-like band, and the B-type fermion forms a
hole-like band. The two bands overlap in the energy spec-
trum. This will realize a two-band Fermi liquid in gen-
eral. The Hamiltonian H in Eq. (6) has a U(1) x (Z xZz)
symmetry (parameterized by a periodic angle ¢ € [0, 27)
and an integer n € Z as follows)

cip — €95%¢;p;
CiB = C(i4n)B; (7)

CiB —7 C(—i)B-

U(1) : cia — €94%¢; 4,
Z:cia = Clixn)A,
Lyt Cia = C(—4)A,

They correspond to the total charge conservation sym-
metry U(1), the lattice translation symmetry Z, and the
lattice reflection symmetry Zs. The question is whether
we can gap the Fermi liquid without breaking all these
symmetries in (1+1)D.

One significant obstruction towards gapping is the
Fermi surface anomaly, which can also be interpreted as
a mixed anomaly between the charge U(1) and (the IR
correspondence of) the translation symmetry. To can-
cel the Fermi surface anomaly, we need to fine-tune the
chemical potentials g4 and pp such that the anomaly
index vanishes

gava+qpvp =0 mod 1, (8)

where v4 and vg are the filling fractions of the A and
B bands (for the hole-like B band, we may assign vp <
0 such that |vg| corresponds to the hole-filling). This
is also known as the charge compensation condition in
semiconductor physics.



If the A-type and B-type fermions carry the same
charge as g4 = g = 1, the anomaly cancellation con-
dition Eq. (8) simply requires v4 = —vp. In this case,
the electron-like Fermi surface of the A-type fermion and
the hole-like Fermi surface of the B-type fermion are per-
fectly nested (with zero nesting momentum). A gap can
be opened simply by tuning on a fermion bilinear term
Zi(CZACiB + h.c.) in the Hamiltonian, which preserves
the full U(1) x (Z x Z3) symmetry. This is the familiar
band hybridization mechanism to open a band gap in a
charge-compensated Fermi liquid, which drives a metal
to a band insulator without breaking symmetry.

However, we are more interested in the non-trivial case
when the fermions carry different charges q4 # gp. For
example, let us consider the case of g4 = 1 and g = 3,
then the anomaly cancellation condition Eq. (8) requires
va = —3vp, i.e. the electron-like Fermi volume in the
A band must be three times as large as the hole-like
Fermi volume in the B band to cancel the Fermi sur-
face anomaly. Defining the fermion operators cxa, cxp in
the momentum space by the Fourier transformation

—iki —iki
CkA = g ciae ", ey = g cipe” ", 9)

K2 K2

the desired band structure can be effectively described
by the following band Hamiltonian (suppressing the in-
teraction for now)

H = Z(C};AkaCkA + CLBEkBCkB>7 (10)
k
with the band dispersions (see Fig. 1(b))

k2 — (3kp)?
2m,4

k2 — k2
2mB ’

€A = , €kB=— (11)
Here we assume m4,mp > 0. The Fermi momentum
kr = |vp|m is set by the filling |vp| which is typically an
irrational number (without fine-tuning). The key feature
is that the Fermi momenta of the A and B energy bands
must have a 3 : 1 ratio that matches the inverse charge
ratio (ga/qp)~"! precisely. In this case, the energy band
hybridization is forbidden by the charge U(1) symmetry
as the two bands now carry different charges. Even if
the band hybridization is spontaneously generated at the
price of breaking the U(1) symmetry, it does not gap the
Fermi liquid because the Fermi surfaces of the two bands
are no longer nested at the Fermi level, such that the
band hybridization will only create some avoided energy
band crossing below the Fermi level. Then the system
remains metallic because the (upper) hybridized band
still crosses the Fermi level.

One can show that it is impossible to symmetrically
gap the Fermi liquid by any fermion bilinear terms in
this charge-compensated two-band system with ¢4 = 1
and g = 3, even if the Fermi surface anomaly has al-
ready been canceled by the charge-compensated filling
va = —3vp. Although the anomaly vanishes (i.e. there

4

is no obstruction towards gapping in principle), the sym-
metry is still restrictive enough to forbid any fermion bi-
linear gapping term, such that the only possible gapping
mechanism rests on non-perturbative fermion interaction
effects.

To see this, we can single out the low-energy chiral
fermions near the four Fermi points:

CAR = C(3kp)A>y CBR = C(—kp)B>

(12)

CBL = C(kp)B, CAL = C(—3kp)As

where A, B label the bands that they originated from
and L, R label their chiralities (i.e. left- or right-moving),
according to Fig. 1(b). Similar to Eq. (1), the low-energy
effective Lagrangian density reads

L= Z le(lat + Uaiar)ca7 (13)

where the index a sums over the four Fermi point labels
AR, BR, BL, AL. Here v, denotes the Fermi velocity
near the Fermi point a.

The original U(1) x Z symmetry at the lattice fermion
level reduces to the emergent U(1)y xzr U(1) 4 symmetry
for the low-energy chiral fermions ¢, (see Appendix A for
more explanations)

U1)=U1)y :¢cq — e Ve,

4 (14)

Z=U(1)4:cq — €%a®ic,.
Tab.I summarizes their charge assignment under U(1)y
and U(1) 4, where the vector U(1)y symmetry is just the
charge U(1) symmetry and the axial U(1)4 symmetry
is an emergent symmetry corresponding to the lattice
translation symmetry Z. Alternatively, they can be re-
combined into the U(1) avea X U(1) sv_a symmetry, such
that it becomes obvious that all fermion bilinear back-
scattering terms (either the Dirac mass cfc, or the Ma-
jorana mass cqcp for a # band a,b € {AR, BR, BL, AL})
are forbidden by the symmetry because they are all
charged non-trivially under the U(1) avea X U(1) av-a
symmetry due to the distinct charge assignment to ev-
ery chiral fermion. Given this situation, the only hope
to gap the Fermi liquid is to evoke the SMG mechanism
that generates the mass for all chiral fermions by non-
perturbative multi-fermion interactions.

C. SMG Interaction and RG Analysis

It is worth mentioning that the charge-compensated
two-band model with g4 = 1 and ¢g = 3 essentially
regularizes the 3-4-5-0 chiral fermion model [70, 71] on
a pristine 1D lattice (without introducing any compact
extra dimensions). The emergent U(1) svia symmetries
act as the lattice translations decorated by appropriate
internal U(1) rotations, described by the following Z sym-
metry groups (parameterized by integer n € 7Z) at the



TABLE I. Charge assignments of low-energy fermions. See
also the model in [69] on the same charge assignments.

fermion chirality U(1)y U(1)a U(l)sv;—A U(1)3V2—A

Ca  SgNUq a  qi  1(3ay +a2) $(3q —qd)
car —1 (left) 1 3 3 0
cer —1 (left) 3 -1 4 5
cpr, +1 (right) 3 1 5 4
car +1 (right) 1 -3 0 3

lattice level: (see Appendix A for derivation)

Z (for 2VEA) { Cz:A —e Clitn)A> (15)

The 3-4-5-0 model is a toy model for studying the long-
standing problem: the lattice regularization of the chiral
fermion theory in high-energy physics [55, 72-79]. Many
variants of the model are studied in the lattice com-
munity (see references therein [80, 81]). This model is
anomaly-free — perturbative local gauge anomaly free
within any linear combination of the U(1)y xzr U(1)a
checked by the Adler-Bell-Jackiw method [82, 83], per-
turbative local gravitational anomaly free because of the
zero chiral central charge ¢y — cg = 0, also nonpertur-
bative global anomaly free from any gauge or gravita-
tional fields checked by the cobordism [84]. However,
it is known much later that symmetric gapping can only
be achieved by minimally six-fermion interactions among
the four flavors of 3-4-5-0 fermions. The SMG interaction
was first proposed by Wang and Wen [46, 51], which was
later discussed by Tong [85] and only recently verified
by the density matrix renormalization group (DMRG)
[86, 87] numerical simulation in Ref. 88.

Given the existing knowledge about the SMG interac-
tion in the 3-4-5-0 chiral fermion model, we can map the
Wang-Wen interaction [46, 51] back to our lattice model
following the correspondence listed in Tab. I, which gives
us the following SMG interaction (see AppendixB for
more details)

Hing = g Z C](Li_l)Bc(ifl)ACiBCiAC](Li+1)BC(i+1)A +h.c..
%

(16)
This is a six-fermion interaction across three adjacent
sites on the 1D lattice. It describes the process that first
annihilates both A- and B-type fermions on the center
site (which annihilates four units of charges on the site
i) and then separately converts A-type fermions to B-
type fermions on the two adjacent sites (which creates
two units of charges on each of the site ¢ — 1 and i 4 1),
such that the U(1)y charge is conserved. The interaction
is also manifestly translation and reflection symmetric,
so the full U(1)y X (Z x Zy) symmetry is preserved by
the interaction as expected. With this interaction, we
claim that the lattice model Eq. (6) will exhibit an (er-

satz) Fermi liquid to SMG insulator transition when the
interaction strength g exceeds a finite critical value g..

To show that the proposed interaction Eq. (16) indeed
drives the Fermi liquid to a gapped interacting insulator,
we bosonize [89, 90] the fermion operator ¢, ~ :el¥a:
(with a € {AR, BR, BL, AL}) and cast the lattice model
to an effective Luttinger liquid theory, described by the
following Lagrangian density

L :i(&gapTK@zg@ — 0TV O, 0)
+ ) gacos(ile),

a=1,2

(17)

where ¢ = (YaRr, ¥BR,¥BL,9AL)T are compact scalar
bosons. The K matrix and the [, vectors are given by

10 0 O 1 2
K{] zH zH (18)
00 0 —1 2 1

As shown in Appendix B, the six-fermion interaction Hij,
in Eq. (16) translates to the cosine terms g; and go in the
Luttinger liquid theory in Eq.(17), with g1 = g2 = ¢
enforced by the Zs reflection symmetry (as the Zo trans-
formation exchanges the g; and go terms). The RG flow
in the log energy scale £ = —In A is given by [91, 92]

dg dA!
— =2-Ay —int _ 72,2 19
df ( t)g? df g, ( )
where Aj, is the scaling dimension of the SMG interac-
tion. The RG flow diagram is shown in Fig. 2.

1.4 \/ o
=2
N )
1.0 ®
= 08 o
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0.6 —
04 = 5
SMG & =
0.2 o ®
transition,
0.0
0 1 2 314 5N
LL FL
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FIG. 2. The RG flow of the coupling g and the scaling dimen-
sion Ajns of the SMG interaction. The abbreviations stand
for the following terminology: SMG for symmetric mass gen-
eration, FL for Fermi liquid, EFL for ersatz Fermi liquid, LL
for Luttinger liquid.

At the Fermi liquid (FL) fixed-point, we have Aj,; =
1111, =5 > 2, meaning that the SMG interaction is per-
turbatively irrelevant. If the bare coupling g (the interac-
tion strength at the lattice scale) is weak (g < g.), it will
just flow to zero and disappear in the IR theory. However,
the scaling dimensions of all operators will be renormal-
ized as the coupling g flows toward zero. Therefore, the

FL fixed-point will be deformed into the Luttinger liquid



(LL) fixed-line, along which the fermion quasi-particle
is no longer well-defined, but the system remains gap-
less. Despite the different dynamical properties, the LL
still preserves all the kinematic properties (e.g. emergent
symmetries and anomalies) as the FL, which can be uni-
fied under the concept of ersatz Fermi liquid (EFL) [11].

If the bare coupling ¢ is strong enough (¢ > g¢.),
the scaling dimension Aj,; can be reduced to Ay < 2
such that the SMG interaction becomes relevant and
flows strong. As the cosine term in Eq. (17) gets strong,
the corresponding vertex operators ella? (a =1,2) con-
dense. Any other operators that braid non-trivially with
the condensed operators will be gapped, which includes
all the fermion operators. Therefore the system enters
the SMG insulating phase with all fermion excitations
gapped without breaking the U(1) x (Z x Z2) symme-
try. This has been confirmed by the DMRG simula-
tion in Ref. 88 for a related model using the domain
wall fermion construction, where it has been verified
that the fermion two-point function indeed decays ex-
ponentially in the SMG phase — a direct piece of ev-
idence for the gap generation. On the lattice level,
this corresponds to condensing the six-fermion bound
state by developing the ground state expectation value of
<CL‘71)BC(i—1)AcchiAcIi+1)Bc(i+1)A> # 0. So the gapping
is achieved by the multi-fermion condensation (involv-
ing more than two fermions), which is distinct from the
fermion bilinear condensation in the conventional gap-
ping mechanisms of Fermi liquids (such as the band hy-
bridization or Cooper pairing mechanisms).

The RG analysis also indicates that the ersatz Fermi
liquid to SMG insulator transition (at g = g.) is of the
Berezinskii-Kosterlitz-Thouless (BKT) [93-95] transition
universality in (1+1)D.

The above analysis established the Fermi surface SMG
phenomenon in the lattice model Eq. (6) (equipped with
the gapping interaction Eq. (16)). The significance of this
lattice model is that it provides a pristine 1D lattice reg-
ularization of the 3-4-5-0 chiral fermion model by using
lattice translation to realize the axial U(1)4 symmetry
at low energy. In contrast to the domain wall fermion
constructions [51, 55, 88], our construction does not re-
quire the introduction of a (2+1)D bulk to realize the
chiral fermions as boundary modes. Such pristine 1D
lattice regularization is advantageous for the numerical
simulation of chiral fermions, as the model contains no
redundant bulk (or mirror) fermions, such that the com-
putational resources can be used more efficiently. We will
leave the numerical exploration of this model to future
research.

III. FERMI SURFACE SMG IN (2+1)D

A. (241)D Fermi Liquid and Fermi Surface
Anomaly

Given the example of Fermi surface SMG in (1+1)D,
we would like to further explore similar physics in higher
dimensions. The most important low-energy features of
a (24+1)D Fermi liquid are the gapless fermions on its 1D
Fermi surface. Suppose we parameterize the 1D Fermi
surface kr(0) € OVr by a continuous and periodic pa-
rameter 6, such that kp(0 + 27) = kp(0) (where we do
not require 6 to literally represent the geometrical an-
gle, as the Fermi surface may not be a perfect circle in
general). The fermions ¢y on the Fermi surface have an
emergent symmetry described by the loop group of U(1)
[11, 12], denoted as LU(1), under which

LU(L) : ¢g — €@y, (20)

where the U(1) phase factor e'¢(?) is a smooth function
of @ with the periodicity (@27 = ¢i®(®)  Both the
(global) charge U(1) and the translation symmetries R?
are subgroups of LU(1):

U(1) : cg — %%, R?:cy— elomkr @), (21)

assuming the fermions ¢y carry charge ¢ under the global
U(1) symmetry and are translated by the vector éx € R?.

The presence of the Fermi surface causes a mixed
anomaly between the U(1) and translation symmetries
[96], which is characterized by the anomaly index

%
g 1)2 —q,  (22)

q_ %d@(kp x Qokr)s = .53

2(2m)

where Vg stands for the Fermi volume in the momen-
tum space, and v is the filling factor. If the Fermi sur-
face anomaly is non-vanishing, it is impossible to trivially
gap out the Fermi liquid without breaking any symmetry
or developing any topological order. The Fermi surface
SMG is only possible if the Fermi liquid system contains
multiple Fermi surfaces of opposite anomaly indices, such
that their anomalies cancel as a whole.

B. Kagome-Triangular Lattice Model

We present a concrete lattice model to demonstrate
the Fermi surface SMG in (241)D. Consider two types
of spinless fermions labeled by A and B that are charged
under a global U(1) symmetry with charges g4 = 1 and
gp = 3, respectively. The A-type (or B-type) fermion is
defined on a Kagome (or triangular) lattice. As depicted
in Fig. 3(a), the Kagome and the triangular lattices lie on
top of each other, with the site I of the triangular lattice
aligned with the upper triangle A; on the Kagome lat-
tice. We will use the lower-case letters i, j (or the upper-
case letters I, J) to label the Kagome (or the triangular)
lattice sites.
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FIG. 3. (a) In the real space, we design the overlapping
Kagome (A) and triangular (B) lattices. The green trian-
gle marks out the unit cell. In the momentum k space, we
draw many contours to represent various equal energy curves
of the energy band, at different filling levels (equally spaced
by 1/8 filling fraction). We illustrate the A-type (in blue) and
B-type (in red) Fermi surfaces (b) at a general filling such as
va = 3/8 and vg = 7/8(= —1/8), or (c) at a special filling
va =vp = 3/4(= —1/4) where the Fermi surfaces coincide.

The lattice model is described by the following Hamil-
tonian

H=Hs+ Hp + Hiy, cF,

Hy=—tq Z(c;rcj +h.c.)— ,uAchci,
(ig) i

Hp = —tp Z(C;C.] +h.c.)—pup ZC}CI7 (23)
(1) I

Hiy, cr = —QZ Z (c}cicjck +h.c.),

I ijken;

where (ij) (or (I.J)) denotes the nearest neighboring link
on the A (or B) lattices and ijk € Ar stands for the
three A-sites i, j,k at the vertices of the upper triangle
surrounding the B-site labeled by I. The model has a
U(1) symmetry that acts as

U(1):¢; — e, cf — e3¢y (24)
The Hamiltonian in Eq. (23) preserves the internal U(1)
symmetry and all symmetries of the Kagome-triangular
lattice (most importantly, the lattice translation symme-
try).

The model Eq. (23) describes the two types of fermions
hopping separately on their corresponding lattices. Be-
cause every unit cell contains four sites (three from the
Kagome lattice and one from the triangle lattice), the
hopping model will give rise to four energy bands (three
bands for A-type fermions and one band for B-type
fermions). The chemical potentials pa4 and pp are ad-
justed to ensure the desired filling of these fermions. We
will focus on a simple case when only the lowest A-type
(Kagome lattice) bands and the single B-type (triangu-
lar lattice) bands are filled by filling fractions v4 and vp
respectively, such that the Fermi surface only involves
two of the four bands.

The A-type and B-type fermions are coupled to-
gether only through a four-fermion interaction Hiys, cF
in Eq. (23) that fuses three A-type (charge-1) fermions to
one B-type (charge-3) fermions (and vice versa) within
each unit cell. We will call it a charge fusion (CF) in-
teraction. The CF interaction breaks the separate U(1)
charge conservation laws for A-type and B-type fermions
in the hopping model to a joint U(1) charge conservation,
associated with the symmetry action in Eq. (24). Similar
interactions also appear in a recent study [97] of quantum
breakdown.

Without interaction (g = 0), the system is in a Fermi
liquid phase. According to Eq.(22), the Fermi surface
anomaly cancellation condition requires

qava +qprg =0 mod 1. (25)

Given the charge assignment of ¢4 = 1 and g = 3,
it requires v4 = —3vp. There is no further require-
ment on the choice of v4 itself. With a generic choice
of filling (assuming v4 < 3/4) as in Fig. 3(b), the A-type
fermions (on the Kagome lattice) will form an electron-
like Fermi surface, whose Fermi volume is three times
as large as that of the hole-like Fermi surfaces formed by
the B-type fermions (on the triangular lattice). Although
the Fermi liquid has a vanishing Fermi surface anomaly,
the charge U(1) and the lattice translation symmetries
are still restrictive enough to forbid any gap opening on
the free-fermion level. For example, any pairing (charge-
2e superconducting) gap will break the U(1) symmetry.
The only possibility to gap the Fermi liquid relies on the
multi-fermion interaction.

We claim that the charge fusion interaction Hine, cr in
Eq. (23) is a valid SMG interaction that drives the Fermi
liquid into a trivially gaped insulator without breaking
symmetry (or developing any topological order). To see
this, we go to the strong coupling limit by taking g — co.
Of course, the chemical potentials p 4, g must increase
correspondingly to keep the fermion fillings fixed. The
model Hamiltonian decouples to each unit cell in the
strong coupling limit

H= Z —pa(n; +n; +ng) —ppng
IlijkeA; (26)
- g(c}cicjck + h.c.),

where n; = cjci (and n; = c}cj) denotes the fermion
number operator. Within each unit cell, there are only
two relevant states [1110) and |0001) (in the Fock state
basis |n;njninr)) acted by the Hamiltonian. Their hy-
bridization will produce the ground state in each unit
cell. The full-system ground state will be the following
direct product state

ISMG) = (X) (v/p|1110) + /T = plo001)) ,,  (27)

\/(_3—”3:‘ﬁ::)§ ——) is the probability to

observe the |1110) state in the unit cell, which is tunable

where p = %(1 +




by adjusting pa, up relative to g. The fermion fillings
(per unit cell) in the ground state |[SMG) will be

va=3p, vg=1—p=—p mod]l, (28)

which automatically satisfies the anomaly cancellation
condition v4 = —3vp (as it should be). The ground
state |[SMG) is non-degenerated and gapped from all ex-
cited states (with a gap of the order g). It also preserves
the charge U(1) and all the lattice symmetries and does
not have topological order. Therefore, we have explic-
itly shown that the system ends up in the SMG insulator
phase as g — oo. As a gapped phase, we expect it to be
stable against perturbations (such as the hopping terms
ta,tp) over a finite region in the parameter space. The
SMG phase is a strongly interacting insulating phase,
which has no correspondence in the free-fermion picture.

Established the Fermi liquid (metallic) phase at g =0
and the SMG insulator phase at ¢ — oo, there must be
an SMG transition (an interaction-driven metal-insulator
transition) at some intermediate coupling strength g..
However, the nature of the transition is still an open ques-
tion, which we will leave for future numerical study. In
the following, we will only analyze the SMG transition
at a special filling: v4 = vp = 3/4, where the Fermi
surfaces coincide precisely and take the perfect hexagon
shapes as shown in Fig. 3(c). This allows us to gain some
analytic control of the problem.

C. RG Analysis of the SMG Transition

In this subsection, we analyze the interaction effect in
Eq. (23) when the filling is v4 = vp = 3/4. In this case,
the Fermi surface of the system contains three Van Hove
singularities (VHSSs), also known as hot spots, located at
three distinct M points as shown in Fig.3(c). This al-
lows us to study the interaction effects using the hot-spot
renormalization group (RG) method at the one-loop level
[98-105]. The hot-spot RG approach assumes that the
low-energy physics emerges from the correlated effects of
fermions near the VHSs, where the density of states di-
verges. This divergence leads to the a high instability
towards gap opening.

Under RG, the charge fusion interaction Hing, cr will
generate two types of density-density interactions at
the one-loop level, namely, Hin, aa = Zw nin; and
Hine, AB = >, ;ning as well as other (less important) ex-
change interactions. These density-density interactions
are more important in the sense that they will in turn
contribute to the correction of Hiys, cp. Therefore, we
should include Hin, ¢y Hint, aAa, Hint, aAB altogether in
the RG analysis and study the RG flow jointly.

To proceed, we transform the interactions into the
momentum space. The fermion operators are labeled
by the flavor index S = A, B and the hot-spot index
a,B € {1,2,3} (referring to the three different VHSs).
We note that Hin, cr would vanish if it is naively re-
stricted to the hot spots because the momentum con-

servation requires multiple A-type fermion operators to
appear on the same hot spot, which violates the Pauli
exclusion principle of fermions. So we need to introduce
point splitting in the momentum space around each hot
spot. Our strategy is to further split the A-type fermion
into three modes A, labeled by s = 1,2, 3, and define the
interaction,

_ § igk
Hint, CF = UJrs €’ CaCA;aCA;aCALa
@

+ grt Z EijkCTBaCAiaCAjﬂcAkg + h.c. (29)
a#p

grs and g are the CF interaction decomposed into dif-
ferent momentum transfer channels: the intra-hot-spot
scattering g,s and the inter-hot-spot scattering g.
These CF interactions receive corrections from the fol-
lowing density-density interactions at the one-loop level,

Hing, aa + Hing, AB = Gas Z NAaMA + (As < Ay)

a,st

+gbe Y npanas+ (A B)+he + .. (30)
a#B,s

where ... refers to the other interactions that are decou-
pled from g5, grt, Gas, gt in the RG equations. The scat-
tering processes of these four important interactions are
illustrated in Fig.4. The complete set of all possible in-
teractions is presented in Appendix C.

We derive the RG equations based on the systematic
approach developed in Ref. 106. Since we are interested
in the flow of Hiy, cF, the relevant part of the RG equa-
tions reads,

dgnt 2 dGas 2

— 2dydapg?., — 242, 31
dé 0 Angt df gas ( )
dgrs dgrt

= —60as rs) = 4dod vt — 2GasGrt-
al GJasy dar 0@ABYbtIrt GasGrt

where the RG parameter is defined by the Cooper-pairing
susceptibility of A-type fermions ¢ = x,p aa(k =0, E) ~
volog?(A/E), in which vy log(A/E) is the diverging den-
sity of states at the VHS, F is the running energy scale
and A is the high energy cutoff. dy = dxpn aa(Q)/dl <1
is the nesting parameter of A-type fermions, which satu-
rates to one in the perfectly nested limit (dg — 1). In our
case, different VHSs are half-nested (only one of the two
crossing Fermi surfaces is perfectly nested between every
pair of different VHSs), so dy = 1/2 is a suitable estima-
tion. Similarly, we define dap = dxpp,aB(0)/d¢, which
depends on the energies of A and B-type fermions near
the VHS. The full RG equations and details are listed in
Appendix C.

According to the one-loop RG equations, if the density-
density interactions gpt, gas are initially zero, then the
CF interactions g, gr¢ remain marginal along the RG
flow. However, if we turn on small density-density inter-
actions gnt, gas With correct signs (gt > 0 or gas < 0),



FIG. 4. Scattering of fermions between Van Hove singulari-
ties (VHSs) by (a) density-density interactions gp¢ (red), gas
(blue) and (b) non-vanishing processes grs (yellow), gr¢ (green)
of Hint, cr. Thin (or thick) arrows correspond to A-type (or
B-type) fermions.

the charge fusion interactions gs, g+ will be marginally
relevant. The solutions of RG equations Eq. (31) are

B gbt(o) . gas(o)
9o (0) = 1 — 2dodagnt(0)¢’ 9eel0) = T+ 2ga(0)0
_ grS(O)
90 = 1T 20 (005"
grt(g) = grt(O) (32)

(1 + 2gas(0)£)(1 - 2d0dAngt(0)£)2 '

As the RG parameter /¢ increases under the RG flow, the
coupling strengths can diverge at some critical scale £,
when any of the denominators in Eq. (32) vanish. The
critical scale is set by the bare density-density interac-
tion strengths gnt(0) and g.5(0), but the CF interaction
strengths g5, grt diverge faster than the density-density
interactions as the critical scale is approached. Therefore,
the RG fixed points are characterized by the behavior of

Grs; Ort -

1.0
05 FL SMG(?)
1 (Grsy et = 0) (Grs = O,
8 Ot ™ 00)
~ 0.0 .
0.5 SMG
(Grs s Gt = ©0)
-1.0

-1.0 -05 0.0

gt (0)

0.5 1.0

FIG. 5. The RG phase diagram with respect to the density-
density interactions gas, ght. In the Fermi liquid (FL) phase,
the gapping interaction flows to zero. In the symmetric mass
generation (SMG) phase, the gapping interaction flows to in-
finity.

Depending on the bare density-density interaction
strengths ¢.s(0) and gpt(0), the system can flow to-
wards different RG fixed points as shown Fig.5. When

gas(0) > 0 and g (0) < 0, all interactions flow to zero,
which corresponds to the Fermi liquid fixed point. When
9as(0) < min(0, —dodapgnt(0)), both charge fusion inter-
actions g¢,s, gr¢ flow to infinity, which should correspond
to the SMG phase according to the previous lattice model
analysis. However, we also find a region in the phase di-
agram, described by gp > max(0, —gas/dodap), where
grs — 0 and g,y — 00, i.e. flowing towards different lim-
its. We are not sure how to interpret the physical mean-
ing of this RG fixed point. It might still be in the SMG
phase as one interaction still flows strong. But it could as
well end up in a spontaneous symmetry breaking (SSB)
phase that breaks the LU(1) symmetry since the A-type
and B-type Fermi surfaces have pretty strong nesting in-
stability. This might also be an artifact of the hot-spot
RG method, as it does not fully capture all low-energy
fermionic degrees of freedom of the Fermi surface.

Admittedly, it is not possible to determine whether the
full Fermi surface is gapped using the hot-spot RG anal-
ysis alone. This is because the hot-spot RG approach
only takes into account the fermions near the VHSs, and
does not consider the Fermi surface freedom away from
the VHSs. In order to determine whether the strong cou-
pling fixed point is a fully gapped state, we have to rely
on lattice model analysis in the strong coupling limit.
The exact ground state solution Eq. (27) provides evi-
dence to support the argument that the strong coupling
fixed point is indeed a fully gapped state.

To improve, functional RG [107-110] might provide a
better resolution of the Fermi surface and remove the
uncertainty in the phase diagram Fig.5. A recent study
[111] has demonstrated the functional RG method in a
triangle lattice model with spinless fermions. The same
technique might apply to our model as well. However,
we will leave such study for future research.

By tuning g¢.s(0) across zero on the gpt(0) < 0 side,
one can drive a FL to SMG transition. The gap-
ping interaction is marginally relevant at the transition
point. According to the solution of the RG equations in
Eq. (32), the coupling diverges at the critical scale £. ~
volog®(A/Asmc) when the denominator (1 4 2gas(0)l.)
vanishes. This implies that the SMG gap Agymg (the en-
ergy gap between the ground state and the first excited
state) opens up as [112, 113]

Agmag ~ A eXp(—C/\/ gas(O)l/o), (33)

where A is the UV cutoff energy scale, 1 is the coefficient
in front of the diverging density of state at the VHS, and
c is some non-universal constant.

IV. SUMMARY AND DISCUSSION

In this work, we propose the concept of Fermi sur-
face SMG: a mechanism to gap out Fermi surfaces by
non-perturbative interaction effects without breaking the
LU(1) symmetry. This phenomenon can only happen



when the Fermi surface anomaly is canceled out in the
fermion system. We present (14+1)D and (24+1)D exam-
ples of Fermi surface SMG. We expect that the mecha-
nism can generally occur in all dimensions.

Fermi surface SMG belongs to a broader class of phe-
nomena, called the symmetric Fermi surface reconstruc-
tion (SFSR), as summarised in Fig.6. The SFSR is in
contrast to the more conventional symmetry-breaking
Fermi surface reconstruction, where the Fermi surface
is reconstructed (or gapped) by developing spontaneous
symmetry-breaking orders. Depending on the cancella-
tion of the Fermi surface anomaly, the SFSR. further splits
into two classes: the Fermi surface symmetric mass gen-
eration (SMQ) if the anomaly vanishes, or the Fermi sur-
face topological mass generation (TMG) if the anomaly
does not vanish. The former class, the Fermi surface
SMG, is the focus of this work. The latter class, the
Fermi surface TMG, is also discussed in the literature,
where the non-vanishing Fermi surface anomaly is ab-
sorbed by an anomalous topological quantum field the-
ory (TQFT), such that the SFSR is achieved by develop-
ing the corresponding topological order. This gives rise
to deconfined /fractionalized Fermi liquid (FL*) [114—116]
or orthogonal metal [117-119]. Symmetry extension [120]
has provided a unified framework, to understand TMG
and SMG for bosons or fermions of zero Fermi volume
[121-126], where the symmetric gapping can be achieved
by extending the symmetry group to lift any gapping ob-
struction that was otherwise imposed by the symmetry.
Similar constructions can be applied to understand SFSR
more generally.

Fermi Liquid

v yes

no
Preserves LU(1)? j

Symetry-breaking Symetric
Fermi surface Fermi surface
reconstruction reconstruction

(Superconductivity, v

) no yes

(— LU(1) anomaly free? W

density wave ...

Fermi surface

SMG
(This work)

Fermi surface
T™MG

(Deconfined FL,
orthognal metal ...)

FIG. 6. Classification of Fermi surface reconstruction mech-
anisms, based on the LU(1) loop group symmetry. Symmet-
ric Fermi surface reconstruction (SFSR) contains two broad
classes: (1) Fermi surface symmetric mass generation (SMG)
if the total Fermi surface anomaly is canceled. (2) Fermi sur-
face topological mass generation (TMG) if the total Fermi
surface anomaly is matched by topological order with low en-
ergy topological field theory.

Fermi surface SMG deforms an anomaly-free (charge-
compensated) Fermi liquid state to a fully gapped prod-
uct state. Although the resulting SMG gapped state
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does not have non-trivial features like topological order,
the SMG transition from the Fermi liquid phase to the
SMG phase can still be quite exotic. The SMG transi-
tion of relativistic fermions has been proposed to be a
deconfined quantum critical point [127, 128], where the
physical fermion fractionalizes to bosonic and fermionic
partons with emergent gauge fluctuations at and only at
the critical point. It is conceivable that similar scenar-
ios might apply to the Fermi surface SMG transition as
well, where deconfined Fermi liquid (orthogonal metal)
could emerge at the critical point. The lattice models
presented in this study lay the ground for future theoret-
ical and numerical studies of the exotic SMG transition
in these models.

It is also known that the fermion single-particle Green’s
function has symmetry-protected zeros at zero frequency
in the SMG phase [129-132]. It will be interesting to
investigate further the Green’s function structure in the
Fermi surface SMG phase. Whether or not the SMG
interaction will replace the original Fermi surface (a loop
of poles) with a loop of zeros in the Green’s function is
still an open question to explore.

Another potential experimental connection is to ap-
ply the Fermi surface SMG to understand the nature of
pseudo-gap phases, which is an exotic state of electrons
where the Fermi surface is partially gapped without ob-
vious symmetry breaking. It has been observed in many
correlated materials. The recent proposal of the ancilla
qubit approach [133, 134] for pseudo-gap physics draws a
connection between the pseudo-gap metal to Fermi liquid
transition with the Fermi surface SMG transition in the
ancilla layers, as both transitions are described by field
theories of fermionic deconfined quantum critical points
[127, 128, 135-137]. The Fermi surface anomaly con-
strains the dynamical behavior of such field theories and
can potentially shed light on the open problem of pseudo-
gap transition in correlated materials.
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Appendix A: Emergent U(1) Symmetries in the
(14+1)D Two-Band Model

Start from the definition of charge U(1) (parameterized
by a periodic angle ¢ € [0,27)) and lattice translation
7 (parameterized by an integer n € Z) symmetries as
defined in Eq. (7)

U(1): cia — 9%, 4. g — €98%¢p;

(A1)
Z:cia = Clign)As

CiB —7 C(i+n)B-

Follow the definition Eq. (9) of the fermion operators in
the momentum space

cha =Y _ciae g = cipe (A2)
7 7

where the wave number k € [—m, 7) is a dimensionless pe-
riodic variable defined in the first Brillouin zone. (Note:
the dimensionful momentum p should be related to the
dimensionless wave number k by p = hk/a with a be-
ing the lattice constant and the site coordinate z € R
is related to the site index ¢ € Z by x = ai, such that
the Fourier factor e P#/" = =¥ i5 consistent with the
quantum mechanics convention.) It is straightforward to
show that the U(1) X Z symmetry acts in the momentum
space as

U(l) P CkA — elqA¢CkA,CkB — equd)CkB; A3
7 - ikn ikn ( )
1CkA — €7 CrA,CkB — € CLB-

Apply these transformations to the low-energy fermion
near the four Fermi points. According to Eq. (12)

CAR = C(3kp)A,

CBR = C(—ky)B>

(A4)
CBL = C(kp)B>
CAL = C(—3kp)As
Eq. (A3) becomes
car — €9%cup,
U(1) : CBR — efQB‘bCBR,
") L — €1%py,
caL — €94%yy; A5
3ikp’n ( )
CAR — €777 7CAR,
7. CBR = ef‘kF"CBR,
") e — ¢*rlepy,
car — e Sikrne,
Because krp = |vg|m is almost always (i.e., with proba-

bility 1) a irrational multiple of 7 (because |v5] is almost
always an irrational number without fine tuning), kpn
mod 27 can approach any angle in [0, 27) (with 27 peri-
odicity) as close as we want (given n € Z). This allows
us to define two angular variables ¢y and ¢4, both are
periodic in [0, 27),

v =¢, éa=krn mod 2m, (A6)
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then Eq. (A5) can be compactly written as
UV symmetry = IR symmetry
U(1) = U(l)y @ cq — €l% Ve, (A7)
Z=U1)a:ce— eiq?mca,

for a = AR,BR,BL,AL enumerating over the four
Fermi point labels, together with the charge vectors
(given that g4 =1 and ¢p = 3):

qA 1 3
v _ |gB| _ |3 a_ |1
== =] (A8)
qa 1 -3

Therefore, the global charge U(1) symmetry is simply
reinterpreted as the U(1l)y vector symmetry, and the
translation symmetry (described by a non-compact Z
group) in the UV becomes an emergent U(1), axial
symmetry (described by a compact U(1) group) in the
IR. The symmetry transformation in Eq. (A7) precisely
matches Eq. (14) in the main text with the correct charge
assignment as listed in Tab.I.

Recombining the charge vectors of U(1)y and U(1)4,
we can define two alternative emergent U(1) symmetries,
denoted as U(1) avia with the charge vectors

3viaA 1
2 = —
2

as their names implied. More explicitly, the charge vec-
tors match the chiral charge assignements for the 3-4-5-0
fermions:

q (3¢" £ q%), (A9)

3 0

3V+A 4 3V—A 5
a7 =, a7 =], (A10)

0 3

The fermions are expected to transform under U(1)avia

2
as (parameterized by the periodic angles ¢4 € [0,27))

U(1)avga : cq — el E0)0xc, (A11)
This can be viewed as the combined transformation of
U(1)y and U(1) 4 with the vector rotation angle ¢y and
the axial rotation angle ¢4 given by
3 1

Pv =50+, P4 =E50, (A12)
as can be verified by comparing Eq. (A11) with Eq. (A7).
Now we can connect these rotation angle back to the

original U(1) x Z symmetry of the lattice fermions using
the relation Eq. (A6),

= gqsi, :I:%qbi = kpn mod 2. (A13)

Eliminate ¢4 from the equations, we obtain the relation

¢ = £3krpn  mod 2, (A14)



for the U(1) svia symmetries. Therefore, in order to re-
produce the IR emergent U(1) svia symmetries, the cor-

responding UV symmetries (at the lattice level) must be
such implemented that every m-step translation should
be followed by a charge U(1) rotation with the rotation
angle ¢ = +3kpn. So we establish the following corre-
spondence between the IR and UV symmetries

IR symmetry = UV symmetry

i +3igakrn
3V+Ay . ) CGiA — € C(i+n)As
U(l)y = 2(72 ) Cip — e:I:BiquFnC(l )
B (i+n)B-

(A15)

Here the compact U(1) symmetries in the IR get mapped
to the non-compact symmetries Z in the UV, because the
UV symmetries are parameterized by the integer variable
n € Z. Given that g4 = 1 and gp = 3, Eq. (A15) becomes
Eq. (15), as claimed in the main text. Therefore the 3-
4-5-0 chiral fermion model is indeed realized in by the
(141)D two-band lattice model at low energy.

Appendix B: Wang-Wen Interaction

In the bonsonization language, the Wang-Wen interac-
tion is described by

Ling = ) gacos(IT¢) (B1)
a=1,2
with ¢ = (Yar,¥BR,¥BL,vaL)T and the interaction

vectors given by

el

2 1

Mapping back to the chiral fermions by the correspon-
dence ¢, ~ :e'¥Pe:, the interaction reads

Hipy = %(CARCBL)(CERCAL)Q + h.c.
(B3)
+ (CBRCAL)(CARCTBL)Q +h.ec.
According to Eq.

formation,

92
2
(12) and use the inverse Fourier trans-

CAR = C(3kp)A = z ciaedhri,

1
CBR = C(—kp)B = Z cipe” FrY,

S (B4)
CBL = C(kp)B = ZCiBelkFl7

K2

—3ikpi
CAL = C(=3kp)A = E ciae” T
7

Plugging Eq. (B4) into Eq. (B3), the interaction becomes
His = > Giyig (€], pCina) (Ciapei,a)(c], peiga) +hoc.,
i1, ,i6

(B5)
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with
P ﬂeikp(il—3¢2+¢3+3¢4+15—3i6)
L
2
B6
+ @eikp(—il+3iz—i3—3z‘4—i5+3i6) (B6)
5 .

Notice that under lattice reflection symmetry Zs : ¢;4 —
C(—i)A,CiB — C(—i)B> g1 and gz maps to each other. To
simplify, we can impose the reflection symmetry and re-
quires g = g2 = g, then the coupling coefficient is

Gii---ig — g COS (kF(Zl — 322 + i3 + 314 + i5 — 316))
(B7)

The dominant s-wave interaction is given by
11 — 3ig + 13 + 3ig + t5 — 3ig = 0, (B8)

such that g;,...;, = g is uniform. We seek a local interac-
tion that has minimal span on the lattice. The optimal
solution of Eq. (B8) is given by

iv=iy=i—1ig=i4=1ii5=ig=i+1,  (B9)

for any choice of . With this solution Eq. (B9), Eq. (B5)
reduces to

Hine =g Z C}Li,l)BC(i—l)ACz‘BCz‘ACLH)BC(iH)A +h.c..
(B10)
which is the SMG interaction Eq. (16) proposed in the
main text.

Appendix C: Full Renormalization Group Equations
We start with the interaction Hin, cr

Hint, CF = Urs Z €ijkCTBacAiaCAjacAka
ey
+ grt Z EijkCTBaCAiaCAJ.BCAkg + h.c. (Cl)
a#fB

Under RG, the following density-density and exchange
interactions will be generated

Hint, AA = Jas ZTLAsanAt(x + Gat Z NA,aNA,B
a,st a#B,st
+ Gae Z CLSQCASBCLt,BCAtCK + (As — At) + h.c.
a#f3,st
(C2)

and

Hing, AB = gbs Z NBaNA,a + gbt Z NBaNA,B
o, a#fB,s
+gbe Y ChaCBaCh sCa.a + (As > B) +he. (C3)
a#fB,s



There is an additional density-density interaction that
will correct Hins, A, Hint, AB,

Hine, BB = gbb ZnBanBﬁ - CTBQCBBCEBCBw (C4)
af

Putting all interactions together, the complete RG equa-
tions are

d
% = 4dodpggiy, + 3dogie
dgus o 995 | o
=—-2d IS
dar ABYps T 9 + gr¢
dgpt
0 2dodaB iy
dgbe — _6d
dl = —0aopGaeGbe + 2d0.gatgbe + 4dedBngbgbe + 3grsgrt +
dgas 2
= -2
dar Yas
dgat
0 2doga, — dodaBgr;
d ae
¢ — —dodang?, + Adogacgus — 6dogl — 2dodung?
dgrs
=—6 asrs
al Jasd
dgrt

= 4dyd it — 20as0r
a0 0¢ABYbtgrt JasJrt
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where dAB = dxpp,AB(O)/df, dBB = prp’BB(O)/df.
These ratios depend on the energies of A and B-type
fermions near the VHSs. The two types of fermions have
similar band structures, which can be approximated as
E,fl’ilz ¢4 B f(k). The ratios are then given by dap =
2|e
le4]+]eP]
the same band structure, then dag = dgg = 1.

and dgg = % If A and B-type fermions have

2
Irt

2
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