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Abstract:

Bound states in the continuum (BICs) are wave modes that remain in the continuous
spectrum of radiating waves that carry energy, however, remain perfectly localized and non-
radiating. BICs, or embedded eigenmodes, exhibit high quality factors that have been observed in
optical and acoustic waveguides, photonic structures, and other physical systems. However, there
are limited means to manipulate these BICs in terms of the quality factor and their excitation. In
this work, we show that quasi-BICs (QBICs) in open resonators can be tailored by introducing
embedded scatters. Using microwave cavities and dielectric scatters as an example, QBICs are
shown capable of being repeatedly manipulated by tuning the geometry of the structure and the
specific locations of the dielectric scatters. Using coupled mode theory (CMT) and numerical
simulations, we demonstrate by altering dielectric and structural parameters, tuning the quality
factor as well as selective excitation and suppressing of specific QBIC modes can be achieved.
These results provide an alternative means to control BICs in open structures and may be beneficial
to applications including sensors and high-Q resonators that need confined fields and selectivity

in frequency.
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l. INTRODUCTION

Bound states in the continuum (BICs) were first proposed and mathematically proven by
John von Neumann and Eugene Wigner in quantum systems in the 1920s [1]. BICs are known to
be embedded eigenstates, trapped modes, or waves in a system where the energy lies in the
continuous spectral range of radiating waves but remain perfectly localized [2,3]. The difference
between BICs and leaky resonances is that they lie within the spectrum corresponding to the
continuum but do not radiate any energy, which indicates they maintain an infinitely long lifetime.
Theoretically, the quality factor approaches infinity for ideal BICs since the energy is completely
trapped. This peculiar phenomenon has been observed in different physical systems such as
photonics and optics [4-14], acoustic waves [15-19], water waves [16,20-23], and in recent years
the microwave regime [24-27]. Since BICs are ideal dark modes that remain in the continuum, the
imaginary part of their complex eigenfrequency vanishes, and an exceptionally high Q factor is
sustained. Recent studies have shown that resonators, either single or multiple, can support
different types of BICs with high Q-factors through symmetry protection, parameter tuning, or
accidental field localization from non-symmetric structures [8,11,28,29]. BICs demonstrated so
far include the symmetry-protected (SP) BICs[13,17,29,30], Friedrich-Wintgen (FW)
BICs [17,18,26,29,31], Fabry-Perot (FP) BICs [4,8,18,32-34], accidental BICs [29,35-37],
among others, according to their physical mechanisms. For example, SP BICs are localized in
structures due to the orthogonality of the eigenmodes to the propagating modes and FW BICs are
supported by the destructive interference of the resonant modes. FP BICs, on the other hand,
emerge when two identical resonators are coupled to each other and the propagating phase is
tailored. Structures have also been shown to support resonance states with suppressed Q-factors

because of material absorption, symmetry breaking, structural disorder, as well as the interaction
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with propagation modes [38,39]. These states are often termed as quasi-BICs (QBICs) where
radiation is present but high Q factors are still maintained.

In recent years, researchers have demonstrated and observed BICs and QBICs in different
systems and the associated phenomena. Their unique properties have led to potential applications
including but not limited to waveguides, lasers, sensors, and filters. For example, guided resonance
modes with enhanced Q-factors and suppressed out-of-plane scattering can be excited by merging
multiple BICs which carry topological charges [40]. Unidirectional resonances that radiate
towards only one side of the structure are further realized by manipulating the topological charges
carried by the BICs [41]. Chiral BICs and QBICs, on the other hand, enable new opportunities for
the control of different polarization states which could find applications in chiral sensing, detection,
and so on [42—44]. BICs have also been found useful in lasers with reduced linewidth, out-of-plane
losses, and improved robustness and scalability [12,45,46]. In acoustics, BICs and QBICs have
found applications in perfect absorption, emission enhancement, and so on [47-49].

Despite the rapid development in this field, effective approaches to manipulate or excite
certain modes of BICs or QBICs remain scarce. The goal of this paper is to study the interaction
between resonant cavities and embedded scatters and leverage such interactions for the
manipulation of QBICs. An open microwave cavity resonator attached to a waveguide is
constructed as an example to illustrate the concept. We find that placing dielectric scatters within
the cavity can lead to the suppression or enhancement of specific modes depending on their
symmetry with respect to the original modes. Furthermore, at specific geometric conditions, the
introduction of the scatters can suppress one mode while being able to maintain another. In this
manner, selective excitation of a certain mode is achieved which leads to the control of the modes

in a versatile way. These findings provide a useful means to tune the properties of QBICs as well
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as the selective excitation of certain modes by exploiting the symmetry and wave-matter

interaction in open systems.

1. MODEL AND THEORY

(a) T (b) (c)
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Figure 1. QBICs in an open microwave resonator. (a) The geometric configuration of the

resonator. (b) and (c) The magnetic field distribution of the TM12 mode and TM22 mode inside

the structure without scatters, respectively.

Here we consider TM-polarized microwave propagation in the GHz regime. Figure 1 depicts the
proposed structure in this study which contains a 2D open resonator attached to a waveguide with
air as the background medium. Each of the boundary walls in the structure is a perfect electrical

conductor (PEC) with the ends of the waveguide being the input and output ports, respectively.

The original geometry dimensions start with the waveguide’s width w, =20 mm and height
w, =120 mm. The connecting neck has a width of n, =30 mm and height of n, =20 mm. The

cavity’s width and height are ¢, =86 mm and ¢, =64 mm, respectively. Figures 1(b-c) depict

the magnetic field strength (H, component) at two representative eigenfrequencies. These are

found to be QBICs by the symmetric conditions of their eigenfields and the obtained Q-factors are
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5.1886x10°8 and 2.086x108, respectively. They are labeled as the TM12 and TM22 modes based on
the number of maxima in the magnetic field distributions in the x- and y-axes, respectively.

The characteristics of these QBICs can be analyzed by the scattering properties of the
resonators by exciting the external ports. A plane wave solution to the wave equation can be found
in an electric field with only an x component and no variation in the x- and y-directions [50]. The

reduced Helmholtz equation considers propagation in the z-direction. Theoretically, the resonator-
waveguide structure can be described by the scalar wave function w,,(X,y) which describes the

2
. )
H, component obeying the Helmholtz equation: Hl//m(X,y)=C—r2“l//m(X,Y) . Where

z

2
A 10)
H=V +C—;“[n2(x, y)+1] is the Hamiltonian, @ is the frequency, and C is the light speed [27].

n(X,Y) is the refractive index which can be spatially varying when scatters are introduced. To
estimate the quality factor of the cavity, the reflection coefficient obtained from the coupled mode

theory (CMT) is studied to help verify the existence of the QBICs [17,51]:

_(w—a,)’ cos’ O+ y*sin® OF 2sinIcos O (w — a,)y

R
(@— )’ +y°

M)

Here w, is the resonance frequency, j is the decay rate, and @ is the phase angle of the

eigenfrequency. To apply the CMT, an eigenvalue study based on the finite element method using

COMSOL Multiphysics is first carried out to obtain the quality factor of the QBIC, which is done

()

by relating the real and imaginary parts of the complex eigenfrequencies, @ =, —iy via Q = 2—; .

The obtained resonance frequency and decay rate from the eigenvalue study are then inserted into

Eq. (1) to retrieve the reflection coefficient by fitting the phase angle. The results are summarized

in Fig. 2, with fitting parameters y =2.28x107"i and @ =0.40 in Fig. 2(a) and y =7.08x107"i
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and @ =0.23~ in Fig. 2(b). In the meantime, numerical simulations are carried out to validate the
theoretical model. In COMSOL, one port is used as the input and the reflection coefficient is
recorded. Good agreement is observed between the analytic model and numerical simulations for
both modes. This indicates that the model captures the scattering properties of the cavity and
provides an efficient way to model QBICs. The reflection coefficient shown in Fig. 2 features a
Fano resonance with an asymmetric lineshape. The Fano resonance curve displays the interference
between the bright mode and the dark mode of the scattering events: the radiation continuum and
the eigenmode of the cavity [26]. For the QBIC studied here, the Q-factors are very high, therefore
the bright mode exhibits an almost flat line within the frequency of interest. On the other hand, the
fact that these bound states are visible in the scattering spectrum and can be excited from the far
field also confirms they are QBICs.

Since the energy is mostly trapped within the cavity and not radiating into the main
waveguide, the magnetic field distribution at the neck must be symmetric so that it cancels out. To
confirm this, cutline plots are taken along the neck connecting to the waveguide as illustrated by
the magenta dotted lines in Figs. 1(b-c) to measure the magnetic field. The results are illustrated
in Fig. 2(c) where it is found that the normalized magnetic field strength at the neck exhibits

symmetric distributions, demonstrating the existence of SP QBICs.
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128 Figure 2. Verification of the QBICs by the scattering property calculations using CMT
129  and COMSOL simulations for the no scatter case. (a) The reflection spectrum of the TM12 mode.

130 (b) Reflection spectrum the TM22 mode. (c) Normalized magnetic field strength along the neck

131 for the TM12 and TM22 modes. A symmetric field distribution is observed.

132

133 111 RESULTS AND DISCUSSION

134 To begin, the cavity’s width and height are changed to study the dependence of the quality

135  factor of the QBICs on the geometrical parameters of the cavity. The Q-factors are calculated based
136  on the eigenfrequency study outlined above and the results are summarized in Fig. 3. We vary one
137  parameter while fixing the others to tune the geometry and observe the variation of the Q-factors
138  of QBICs. First, the width of the cavity is varied, and the results are shown in Fig. 3(a). By
139  incrementally increasing the cavity, the Q-factors of the bound states increase for both modes. In
140  Fig. 3(b), anincrease in the cavity’s height leads to a similar trend for the Q-factors for both modes.
141 Specifically, faster growth of the Q-factors is seen for the TM12 mode as the width of the cavity is

142  increased.
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Figure 3. Influence of the cavity size on the Q-factors of the QBICs in the open microwave
resonator. (a) The effects on the Q-factors by extending the cavity width. (b) The effects on the

Q-factors by extending the cavity height.

On the other hand, the frequency of both TM12 and TM22 modes decreases as the cavity
width increases, which is evidenced by the redshift of Fano resonances in Fig. 4 and aligns with
the trend for standard cavities when their size changes. Higher Q-factors are manifested by the
sharper asymmetric peak of Fano resonance at lower frequencies. The results demonstrate how the
dimensions of the cavity can impact the Q-factors of the structure. A recent study discusses the
importance of the symmetry of the entire structure and the size ratio of the cavity that can affect

the Q-factors of the induced BICs [17]. Similar trends are found here for the open microwave

resonator.
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Figure 4. The reflection spectrum of the resonator when excited from the external port with
various cavity widths. (a) Fano resonance plot of the TM12 mode. (b) Fano resonance plot of the

TM22 mode.
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Next, we move to incorporate dielectric scatters into the structure to study their effects on

the BICs. The dielectric scatters have a circular cross section with radius r, being 10 mm and are

made of Teflon. In the simulations, the Teflon has a relative permeability of 1, relative permittivity

of 2.1, and electrical conductivity of 1x10™ s/m. Previously, dielectric scatters have been
proposed to manipulate BICs in resonator structures [24,27]. These dielectric scatters alter the field
distribution by interacting with the structures or causing scattering effects. While studies have
shown that the scatters would not affect the BICs in a zero-index material (ZIM) [27], in this work
we focus on the interactions between the scatters and the host resonator. We begin with single
dielectric scatters positions at the corners of the cavity and the results are summarized in Fig. 5. It
should be noted that only select cases of scatters at the top corners are shown, and identical results
are seen in their bottom counterparts. When the dielectric scatters are introduced, the field
distribution inside the cavity is altered, as shown in Figs. 5(a-d). For example, the magnetic field
has a larger intensity near the rods, and its symmetry about the x-axis is broken. Notably, the degree
of symmetry suppression depends on the location of the scatters. For example, the TM12> mode
maintains higher Q-factors when the rods are located further away from the neck as depicted in
Fig. 5(b). On the contrary, the TM22 mode has higher Q-factors when the rods are close to the neck,
shown in Fig. 5(c). In all these cases, a dramatic decrease in the Q-factors is observed, which can
be explained by the fact that the locations of the scatters break the original symmetry of the QBICs.
The dielectric scatters redistribute the magnetic fields and lead to higher radiation leakage and
lower Q-factors. The reflection spectrum exhibits a close approximation between numerical

simulations and the CMT when the dielectric rods are in the top right corner of the cavity, as shown
in Figs. 5(e-f). Here y =1.30x107°i, =0.60~ and y =8.04x107*i, @ =0.74 are used for the

two modes, respectively. A decrease of the Q-factors in both cases is clearly seen because of the
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symmetry of the field is broken. This is also confirmed by the cutline plot of the magnetic field in
Figs. 5(g-h), where a non-symmetric field distribution at the neck is observed. As a result, more

radiation leaks out from the cavity and the energy become less confined.
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Figure 5. Effect of a single dielectric scatter on the QBIC in the open microwave
resonator. (a) and (b) Magnetic field strength distribution of TM1> modes with dielectric scatters
at the top left and top right corner of the cavity, respectively. (c) and (d) Magnetic field strength
distribution of TM22 modes with dielectric rods at the top left and top right corner of the cavity,

respectively. (e) and (f) The reflection spectrum of the TM12 and TM>2 modes when excited from
the external port. The dielectric scatters are placed at the top right corner of the cavity. ()
Normalized magnetic field strength along the neck for the TM12 and TM22 modes when the
dielectric scatters are at the top left and top right corner of the cavity, respectively. The field

distribution is no longer symmetric, which leads to the suppression of the QBICs.

To illustrate the relation between the symmetry conditions of the scatters and the QBICs,

another dielectric rod is added symmetrically to the bottom of the cavity so that the two scatters
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are symmetric with respect to the x-axis. The corresponding magnetic fields are depicted in Figs.
6(a-f) where the dielectric rods are positioned in the left, center, and right of the cavity for the
TM12 and TM22 modes, respectively. In this way, the locations of the scatters respect the symmetry
of the QBICs (i.e., mirror symmetry about the x-axis). Consequently, the field distribution is not
strongly disturbed, and these modes are maintained. The corresponding Q-factors variations are
shown in Fig. 6(g) when the scatters are moved across the cavity. The quality factor of the TM12
mode increases from 5x10° to 7x10° while the TM2 mode fluctuates in the range between 2x10°
and 3x10°% As evidenced by the relatively high Q-factors, both QBICs are robust to the
introduction of symmetrically loaded scatters. The slight increase in the Q-factors for the TM12
mode may be explained by the field localization to the right side of the cavity and hence less
radiation occurs near the neck. The same trend is also captured by the theoretical calculations using

CMT as illustrated in Figs. 7(a-f), where good agreement is observed with numerical simulations.

Specifically, the following fitting parameters are used in each case: y =2.23x107i, 2.04x107i
152x107i and ©=-059~ , —0.627 , —0.33~ for the TMi mode; y=4.38x107i |

5.86x107i,2.85x107i and @ =0.24, 0.27, 0.257 for the TM2, mode.
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Figure 6. (a-c) Magnetic field distributions of the TM1> mode with symmetrically loaded

dielectric scatters in the left, center, and right of the cavity, respectively. (d-f) Magnetic field

distributions of the TM22> mode with symmetrically loaded dielectric scatters in the left, center,

and right of the cavity, respectively. (g) The trend of Q-factors by changing the horizontal
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Figure 7. Reflection spectrum showing the Fano resonance plots by varying the horizontal

location of a pair of symmetrically loaded dielectric scatters. (a-c) The dielectric scatters are

positioned at the left, center, and right corners of the cavity, respectively for the TM12 mode. (b-

) The dielectric scatters are positioned at the left, center, and right corners of the cavity,

respectively for the TM22 mode.

To gain more insight into the interaction between the scatters and the QBICs, the dielectric

rods are placed asymmetrically and occupy opposite corners of the cavity. The magnetic field

distributions in Fig. 8 show that the fields are generally distorted for both modes and the QBICs
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are suppressed. This is possibly caused by the locations of the scatters which are asymmetric and
do not respect the symmetry of the QBICs, similar to the case of single scatters. The demonstration
indicates the scatters can suppress certain modes if they do not obey the original field symmetry.
However, when the dimensions of the cavity are altered, there are special situations where the
QBICs are supported. To confirm this, the cavity’s width and height are separately changed while
the dielectric rods are still located in opposite corners. In Fig. 9(a), the plot of the Q-factors versus
cavity height suggests that both the TM1> and TM22 modes are suppressed when the scatters are
introduced, as evidenced by the decrease of the Q-factors compared to the no scatter case. This
could be explained by the fact that the locations of the scatters do not respect the original symmetry
of the QBIC modes, which generally leads to more energy leakage and hence a greater decay rate.

On the other hand, the TM12 mode is more robust to the introduction of scatters while the Q-factors
for the TM2, mode drop to a magnitude of 103, Interestingly, a peak is observed when ¢, =69 mm
for the TM12> mode. This indicates that this mode can still be excited with the existence of the

scatters. In other words, it is possible to selectively excite the TM12 mode by introducing a pair of

asymmetrically loaded scatters under a specific geometrical condition.

(a) (b)
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253 Figure 8. Magnetic field distributions of the (a) TM12 mode and (b) TM22 mode with two

254 dielectric scatters positioned at the opposite corners inside the cavity.
255
@ = ] b ——
— ™,
3.5\ TMzz

2.5+

Quality factor
o

. e 0 ;. = L
12 100 110 130 140
Cawty width (mm)

ke
-

104 114
Cawty height (mm)

=
=

257 Figure 9. Variation of the Q-factors by varying the (a) height and (b) width of the cavity. The

256

258 peaks in the Q-factors plot indicate that at specific geometric conditions, certain QBIC modes

259 can be excited while other modes are suppressed when the scatters are placed asymmetrically in
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the cavity. (c-d) The corresponding magnetic field distribution with a cavity width of 86 mm for
the TM12 and TM22 modes, respectively. (e-f) The corresponding magnetic field distribution with

a cavity width of 129 mm for the TM12 and TM22 modes, respectively.

Fig. 9(b) plots the change in the Q-factors of the QBICs as a function of cavity width. The

trend reveals that like cavity height, the cavity width can be tuned to achieve better Q-factors for

certain modes. By extending c,, , different modes are amplified at specific widths. Clearly, there

is a dependence on the size ratio of the cavity when the modes can be selectively excited. This
implies the symmetry conditions of the scatters and their interplay with the open resonators can be
harnessed for the manipulation of SP BICs. The magnetic field distribution is further shown in
Figs. 9(c-d) with a cavity width of 86 mm, where selective tuning of the QBICs is observed.
Despite the same scatter locations, the field distribution for the TM1> mode is distorted but the

TM22 mode maintains clear symmetry near the neck region. In Figs. 9(e-f), the field distributions

at ¢, =129 mm illustrate the distribution of magnetic fields, where the symmetry of the fields is

reversed. The TM12 mode is maintained and vyields higher Q-factors while the TM22 mode is
suppressed. Therefore, it is possible to selectively excite QBIC modes by carefully tailoring the
dimension of the cavity so that the radiation cancellation at the neck is maintained. To verify the
results, the normalized magnetic field strength at the neck is given in Figs. 10(a-b), where the
cutline plots show that symmetry is clearly manifested for specific QBIC modes as they are
selectively excited. The results suggest rich physics in controlling the properties of SP BICs by
exploiting their symmetry and interaction with embedded scatters, which has also been

demonstrated by recent studies. [52,53].
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Figure 10. Normalized magnetic field strength along the neck for the TM12 and TM2 modes with

a cavity width of (a) 86 mm and (b) 128 mm.

V. CONCLUSION

BICs have emerged as a unique platform for the realization of high-Q resonance as well as
other intriguing phenomena for novel wave-based devices. In this work, we study the interaction
between SP QBICs and dielectric scatters in open microwave resonators. The QBIC modes are
first studied, and the dependence of Q-factors on the geometry of the resonators is discussed. When
dielectric scatters are introduced in the cavity, it is found that the interplay between the symmetric
conditions of the scatters and the QBIC modes can have certain impacts. Specifically, when the
locations of the scatters respect the symmetry of the corresponding QBIC modes, these modes are
maintained, and the Q-factors can be tuned by changing the location of the scatters. When the
scatters are not loaded according to the original symmetry of the QBICs, these modes are usually
suppressed. However, in certain geometric conditions (e.g., with a specific aspect ratio of the
cavity), one mode can still be excited while the others are absent. In the example we show here,
the TM12 and TM2; modes can be selectively excited with different cavity widths. The results

suggest the QBICs can be manipulated by leveraging the interaction between scatters and the
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corresponding modes. The ability to selectively excite or suppress certain modes is also desired in
applications where a specific QBIC mode needs to be engineered. The main findings in this work
may be verified with measurements based on physical structures at microwave frequencies. While
the current work focuses on SP QBICs and rectangular cavities, it is envisioned that similar effects
could also be found for other shapes such as cylindrical and spherical resonators as well as other
modes, including FP and accidental BICs. It is hoped that this work will provide an alternative

way to manipulate BICs including their Q-factors and the excitation of certain modes.
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