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Motivated by recent advances in the fabrication of twisted bilayers of 2D materials, we consider the
low-energy properties of a twisted pair of two-dimensional nodal superconductors. We study both
the cases of singlet and triplet superconductors. It is demonstrated that the Bogoliubov-de Gennes
(BdG) quasiparticle dispersion undergoes dramatic reconstruction due to the twist. In particular,
the velocity of the neutral massless Dirac excitations near the gap nodes is strongly renormalized by
the interlayer hopping and vanishes at a “magic angle” where in the limit of a circular Fermi surface
a quadratic band touching is formed. In addition, it is shown that the BdG disperion can be tuned
with an interlayer displacement field, magnetic field, and current, which can suppress the velocity
renormalization, create finite BAG Fermi surfaces, or open a gap, respectively. Finally, interactions
between quasiparticles are shown to lead to the emergence of a correlated superconducting state
breaking time-reversal symmetry in the vicinity of the magic angle. Estimates of the magic angle in
a variety of nodal superconductors are presented, ranging from the cuprates to the organic and heavy
fermion superconductors, all of which are shown to be promising for the experimental realization of

our proposal.

I. INTRODUCTION

The remarkable recent discoveries of correlated insu-
lators and superconductivity in twisted bilayer graphene
(TBG) [1-4] have demonstrated a novel way of control-
ling quantum phases of matter in two-dimensional mate-
rials. Following these discoveries, the field of “twistron-
ics” [5] or moiré materials [6] has rapidly expanded by
developing new experimental platforms based on twisted
multilayers. Currently, a number of systems beyond
twisted graphene bilayers have been considered, such
as hBN substrate-aligned TBG [7, 8] and trilayer [9]
graphene, twisted double bilayer graphene [10], as well
as twisted transition metal dichalgonides [11-15]. All
of them have now been established as promising for the
observation of correlated and topological many-body be-
havior [6]. In addition to correlated insulators and super-
conductors, twisted materials have also been observed to
exhibit topological Chern insulating states [9, 10, 16] and
a quantized anomalous Hall conductivity [8].

From the theory perspective, TBG and related sys-
tems appear to realize a novel example of the inter-
play between strong correlations [17-20] and topology
[21, 22], where the fragile topology of the band structure
obstructs the construction of conventional Hubbard-like
models [23, 24]. Analogies with the quantum Hall ef-
fects have been pointed out [25], and universal origins of
the magic-angle behavior demonstrated [26]. However,
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many important questions on TBG and other twisted
semiconductors, such as the strange metal behavior [27]
or the nature of the superconducting state [2] remain to
be explored and understood. Furthermore, application of
twistronics to non-semiconductor materials, such as mag-
netic insulators [28], topological surface states [29, 30]
and ultracold atom systems [31, 32] have also been pro-
posed to lead to novel behaviors.

Recently, the existence of emergent physics in twisted
bilayers of cuprate superconductors [33] at twist angles
around 45° has been reconsidered [34-36]. In particu-
lar, the interference of superconducting order parameters
leads to a time-reversal symmetry breaking transition
[37, 38] (in agreement with previous works [34-36]) and a
topological state [33] has been predicted. Recent exper-
iments on interfaces of twisted finite-thickness flakes are
consistent with d-wave pairing [39-41] and show signa-
tures of time-reversal breaking near 45 ° [39]. However,
the topological nature of the resulting state has been later
shown to be suppressed due to particular symmetry of the
Cu orbitals [42], while incoherent tunneling has been sug-
gested to overcome this limitation [43]. Additionally, the
dependence of Josephson effect on twist angle and tem-
perature in these systems have been recently discussed
[37, 38]. Interestingly, a time-reversal breaking transi-
tion [37] has been predicted to occur away from 45° to a
state with a different symmetry compared to one form-
ing at 45°. However, the fate of the low energy excitation
spectrum at small twist angles has remained poorly un-
derstood despite the possibility of a concise low-energy
theoretical description at the moiré length scale, in anal-
ogy to TBG.
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Here, we propose to apply twistronics paradigm at low
twist angles to control neutral quasiparticle excitations in
nodal superconductors (SC). Indeed, in the vicinity of the
nodes, the Bogoliubov-de Gennes (BdG) quasiparticles
have a Dirac dispersion [44, 45], reminiscent of graphene.
In stark contrast however, the charge neutral [46, 47]
nature of the superconducting quasiparticles makes the
system physically very different, and difficult to control
by conventional methods, such as electrostatic gating.
Thus, one may expect that twisted bilayers of nodal su-
perconductors (TBSC) may display an altogether differ-
ent behavior from TBG in response to the same types of
perturbations, which may open the door to new methods
of manipulating the SC quasiparticles.

Controlling the BdG quasiparticles using twisting can
potentially help address two important issues in the field
of superconductivity. First, topological superconductiv-
ity, which is related to the topology of the BAG bands,
while predicted to exist more then a decade ago [48-50],
currently lacks a robust experimental realization despite
many materials and setups studied [51-55]. The possi-
bility of creating localized Majorana fermion excitations
[56] in these states is especially appealing for its pos-
sible applications. Secondly, the impact of interactions
between the BdG quasiparticles has remained poorly un-
derstood even though they are expected to play an im-
portant role in nodal [44, 45, 57], topological [50, 58], and
strongly correlated [59, 60] superconductors. In this re-
gard, a platform where correlations can be controlled by
external parameters could give a tremendous advantage
in understanding these effects.

In this Article, a companion manuscript to the Letter
[61], we derive an effective low-energy model for twisted
bilayers of two-dimensional nodal superconductors and
study the impact of external perturbations and interac-
tions on the quasiparticles. The Dirac velocity of the
BdG quasiparticles near the zeros of the superconducting
gap (i.e. nodes) is strongly renormalized by the interlayer
tunneling and vanishes at a “magic” value of the twist
angle where the spectrum takes the form of a quadratic
band touching in the limit of a circular Fermi surface.
The application of a displacement field between the lay-
ers, a Zeeman splitting, and an in-plane current can be
used to tune the dispersion, bringing the Dirac nodes
back, or creating a BdG Fermi surface, thus mimicking
the effect of gating in two-dimensional electronic materi-
als. An interplane Josephson current, on the other hand,
opens a topological gap, further analyzed in the Letter
[61]. Close to the magic angle, interactions between the
BdG quasiparticles are shown to result in a (secondary)
instability to a time-reversal symmetry breaking super-
conducting state. Finally, we discuss a number of can-
didate materials that can realize TBSC with current ex-
perimental techniques.

FIG. 1. (a) Illustration of the momentum space structure for
a bilayer twisted at an angle 0 for a square lattice and a Fermi
surface appropriate for cuprate superconductors. Fermi sur-
faces of two layers are shown in red and black, with a pair of
nodes located at Ky and Ky, forming a single ”valley”, em-
phasized by filled circles. Tunneling occurs between states of
two layers overlapping in the figure and also the ones addition-
ally shifted by reciprocal wavevectors of the original Brillouin
zone (e.g., G1,2 shown by black arrows in the inset) or of the
rotated one (e.g., C~}1,2, shown by gray arrows in main panel).
The latter processes are, however, suppressed and may be ne-
glected (see text). Inset shows the construction of the mini
Brillouin zone (green) due to the moire superlattice forma-
tion with the inverse lattice unit vectors G1%. (b) Expanded
nodal region from (a) showing the local coordinates for the
case of symmetry-protected nodes: k| is along the bisector of
the two node lines, and k1 L k.

II. LOW-ENERGY HAMILTONIAN

In the following, we determine the low-energy descrip-
tion of twisted bilayers of two-dimensional nodal super-
conductors. Each layer has Dirac nodes in the BdG spec-
trum at the intersections of the normal state Fermi sur-
face and the line node of the SC gap (see Fig. 1). The



nodes in the BdG specturm do not generically occur at
high-symmetry points of the Brillouin zone, which, as
is demonstrated below, allows for additional theoretical
control in the calculations compared to the case of TBG.

To describe the effective BAG Hamiltonian in a generic
way, we use the Balian-Werthammer spinors <I>}L7K =
B} (K) = [¢f 1(K). e1.,(-K). ] | (K). —e14(-K)] (cf. with
[62]) in layers | = 1,2 and denote matrices acting in
Gor’kov-Nambu and spin space by 7; and s;, respectively.
A single layer is characterized by the single-particle
dispersion ¢(K)73 and a superconducting gap A(K)A,
where A = 7, for a spin singlet SC and A = (d(K) - s)ry
for a spin triplet SC [62], where the d?(K) = 1 de-

scribes the spin state of the triplet Cooper pairs. Near
a node ¢(Ky) = 0, A(Ky) = 0, to the lowest order
e(K) = vi - (K—Ky) and A(K) = va - (K — Ky).

The Hamiltonian in the vicinity of a gap node at mo-
mentum Ky on the Fermi surface without twisting has
the first-quantized form [44, 45]

Hy(k) = vp-krs +va - kA, (1)

where k = K—K . The tunneling Hamiltonian between
layers can be written in second-quantized form as

Htun - Z (I)T

R,R/

T(R,R)®(R) + hec.,  (2)

where T(R, R’) is, generally, a matrix in Gor’kov-Nambu
and spin space. To capture only the most essential
physics of TBSC we will assume that: (i) The tunneling
is spin-independent; (ii) Ounly interlayer charge tunnel-
ing is considered that result in T(R,R/) = 73t(R,R/)
in Gor’kov-Nambu space; (iii) The two-center approx-
imation t(R,R’) = ¢(R — R/) can be used [63]. The
off-diagonal elements in Gor’kov-Nambu space, neglected
due to (ii), correspond to interlayer pairing order, which
can arise in the mean-field BdG Hamiltonian only from
the interlayer interactions, which we neglect with respect
to the intralayer ones, assuming highly two-dimensional
character of superconductivity in the material. Taking
the above into account, the tunneling term takes the form

Hyn ~ Y tR—R)O|(R)73P2(R) + hec,  (3)
R,R’

where R and R/ are the coordinates of the lattice sites
in the two layers and with R’ being rotated relative to
R. In momentum space, the tunneling matrix element
tx & between states with momentum K and K (the latter

taken in the rotated momentum space) takes the form

30!
tK,f{: Z Q 6K+G,K+f}’ (4)
G,G

where (2 is the unit cell area, tq is the continuous Fourier
transform of ¢(r) and G and G are the reciprocal lattice
vector of the original and twisted BZ, respectively. We
assume a one-atom unit cell and the shift between twisted
layers to be zero; for a generic twist angle the latter does
not restrict the generality due to the incommensurabil-
ity of the twisted lattices. The incommensurability also
results in the reconstruction of the Brillouin zone into a
smaller mini-Brillouin zone (mBZ), that at low twist an-
gles can be approximately constructed with the vectors
G1 9 = G12 — G1 2, shown in Fig. 1.

Let us consider the tunneling in the vicinity of a node.
Unlike graphene, the nodes in a superconductor are not
restricted to be at a high-symmetry point of the Bril-
louin zone. From the momentum-space picture (Fig. 1)
one sees, that as Ky is at_a generic point of the Bril-
louin zone, |Ky + G| # |Ky|. Moreover, if the node
is sufficiently close to the I' point, i.e. Ky| < |G, i
follows also that |[Ky| < [Kx + G|. Alternatively, thls
argument is equivalent to Ky being away from the edges
of the mBZ, in contrast to graphene, where it is at the
corner of the mBZ. Assuming that tq decays on the scale
of inverse BZ size [63], all terms except the one with
G,G =0 can be neglected. At small twist angles we can
further approximate K ~ k% + [2 x Ky]0 = k% + Qu,
where k? denotes k rotated by . We can then approxi-
mate the tunneling term as

Htun ~ tZ(I)

)7382(k? + Q) + hec., (5)

where t = Q is a constant and k is now measured from
Ky - the node momentum.

Note that the tunneling occurs with a momentum shift
—Qn, when tunneling 2 — 1 and Qu for 1 — 2, implying
that the momentum shift can not accumulate (e.g., to
+2Qn and so on) over repeated hopping, unlike in TBG
[63]. As the tunneling acts between the layers, Qx shift
can only be followed by —Qn one, i.e. restoring to the
initial point. Furthermore, the different nodes in a layer
are not expected to be very closely spaced, i.e. |Kfy —
KN\ ~ Ky, where K'y is the other node’s momentum.
Consequently, |K’ — KN\ ~ Ky > Qpn. It is then
evident, that no tunneling between different nodes may
occur in Eq. (5). The pairs of nodes stemming from two
layers can then be treated as independent “valleys”. The
full Hamiltonian for a single valley takes the form (after
a —@/2 rotation of the momentum space)
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k

+‘I’I,(k—e/z,QN/2) (A2 —Qn/2)A1®y (02 qp /) + ‘I);(ke/aJrQN/g) [AKY? + Qn/2)Al®y (02 Qe j2)+

T T
+tq)1,(k*9/27QN/2)T3(I)27(k9/2+QN/2) + t@g’(ke/szQN/Q)7—3<I)1,(k*9/2—QN/Q)7

where e(k) is the quasiparticle dispersion, A(k) - the
superconducting gap, k is measured from Ky and k*(¢/2)
denotes k rotated by +(6/2).

Let us first ignore the effects of rotation of k, which are
parametrically small in the limit 6 — 0 (see discussion at
the end of this Section and in Sec. V A). One can expand
then E(k + QN/Q) ~ Vp - (k + QN/Q), A(k + QN/Q) ~
va - (k£ Qn/2). Introducing the spinors <I>L = [@J{(k —
Qn/2),®}(k + Qn/2)] and denoting the Pauli matrices
acting in the layer space by o; the Hamiltonian can be
rewritten in a compact form:

ﬁ:ZCI)L (VF'kTg— %TgO’gﬁ-VA kA
8 (7)

7MA03 + tT30'1> (I>;r(

Equation (2) of the Letter [61] can then be obtained
for the case vp || Kn,vF L va, that corresponds to
the nodes being at a high-symmetry line, such as in
the case of symmetry-protected gap nodes in a non s-
wave superconductor. For that case we can further write
vr -k = vpk| and va - k = vaky, where k) is along
vr and k) - orthogonal to it [Fig. 1(b)]. To simplify
further discussion, in what follows below we will also use
the notations:

va - Qn do
= =% .

E=vp-k, 0=va -k, 0g= 5 -

(®)

Additionally, Eq. (7) for nodal triplet SC states can
be greatly simplified by choosing the spin quantization
axis along d(Ky), resulting in A = 7ys3. Then, a uni-
tary transformation U = H% + 1‘%7’3 (i.e. 5 for the
spin-down sector), results in A — 71, which importantly
is now equivalent to the singlet case, without changing
other terms in the Hamiltonian in Eq. (7). Thus, un-
less otherwise indicated, below we will study the singlet
case without loss of generality and omit the spin degree
of freedom. When relevant, we will comment on the dis-
tinctions between singlet and triplet TBSCs.

Finally, let us discuss the effects of the rotation of
k — k*0/2) We will limit ourselves to the case of
symmetry-protected nodes, since otherwise the most im-
portant correction is due to the 7303 term in Eq. (7). The
lowest-order corrections are of the order 6k and take the
form (see Appendix A for details):

oo vg)HkJ_ ’U(A2)0k”

7303 — 7103, (9>

(6)

where
2 2
@ _ g0t @) LAk
Vg (ol N 6]{?3_ 5 UA + Nak”(’)kl (0)

Both vg) and ’U(AQ) vanish for a circularly symmetric e(k)

and A(k) dependent only on the polar angle in K plane.

® o

For a generic non-circularly symmetric case, v
and v(AQ) ~ va are expected. As will be shown below,
the relevant energy scale at low twist angles is t, corre-
sponding to vak,vrk) ~ t. Consequently, the two new
terms are of the order t0(vp/va) and t0(va/vp) com-
pared to the overall scale of t. Thus, at # < 1 neglecting
these terms is justified. Near the magic angle, their ef-
fect becomes important for the quasiparticle dispersion
as discussed in Sec. IV D. They also can affect the weak-
coupling instabilities at the magic angle, as discussed in
Sec. VA.

A. Evolution of dispersion with twist angle

Here we analyze the low-energy spectrum of Eq. (7)

neglecting the term —ngUg; its effect will be con-
sidered in Sec. IV. The Hamiltonian using notations (8)

and for singlet pairing takes the form H= Dk (IDIT(H k Py,
where

Hk:E7'3+($T17(507'10'3+t7‘30'1. (11)

The eigenenergies are given by:

E(k) = €2+ 6% + t2(1 4+ o®) + 2t1/€2 + 6202 + 12a2.

12)
It can be shown that the spectrum has zeros E?(k) = 0
at

N =4+V1-0a2t, 6V =0, |ao| <1 (13)
N =0,"=+£V1-0a"2, |a| > 1.

At each of these points, the Hamiltonian has two degen-
erate zero-energy eigenvectors, given by:

|61> = [_gN,(;O - tvt - 507£N}T/(2 Vv t(t - 5()))3

14)
lea) = [Nt + Go, t + 8o, —ENIT /(21/1(t + d0)).
for |a] < 1 and
‘6/1> = [0’ &N + 507t70]T/ 2+ (6N + 60)2’ ( )
15

|€/2> = [(5N + (50,070, —t]T/ t2 =+ ((5N + (50)2



for |a| > 1, where the first (second) two entries in the
eigenvectors correspond to the Gor’kov-Nambu space of
the first (second) layer (spin degree of freedom is sup-
pressed, as we consider singlet pairing here).

One can further project Eq. (7) in the vicinity of
(€N, 6N) to the subspace spanned by |e12) or [€f 5) to
obtain an effective low-energy Hamiltonian of TBSCs.
Interestingly, by an appropriate choice of basis in the
subspace [64], one can bring the effective Hamiltonian
near each of the zeros to identical forms:

Heg(k) =Vp - kG + Va - ki, (16)

where (; are Pauli matrices acting in the |e1),|es) (or
ler), |eh)) low-energy subspace. The renormalized Fermi
velocities are given by Upa = \/1 —min{a?, a 2}vpa
[see Fig. 2]. The vanishing of the Fermi velocity at o = 1,
corresponding to the “magic” angle of

(17)

suggests a different form of the spectrum at the MA.
Also, this clarifies the meaning of the dimensionless pa-
rameter « in Eq. (8), as it is directly related to the magic
angle value by « = /0y, 4. We note that, distinct from
estimates in TBG, this result is not perturbative in the
interlayer tunneling for the generic case when the nodes
are away from the Brillouin zone boundary.

Additionally, an interesting result is obtained by pro-
jecting the terms arising from the momentum rotation
on a non-circular Fermi surface, Eq. (9) for o < 1 to the
basis of Eq. (17). In particular, the result is different in
sign for the two Dirac points and equal to

. 02 7)(2)k U(Q)k
O0Hg eff = £ <F Lo+ -2 HC3 ) (18)

Onra 2 2

which results in small corrections to v and va. Impor-
tantly, this implies that the current-induced gap value
(which appears due to the (5 term) reported in the ac-
companying Letter [61] is unaffected by these terms at
low twist angles.

III. EFFECTIVE THEORY AT THE MAGIC
ANGLE

We now proceed to construct an effective theory at the
magic angle. The Hamiltonian takes the form

H(k)|g=opn = &T3 + 071 + t1301 — tT103. (19)

The zero-energy eigenvectors at &€ = 6 = 0 are |a) =
(1,1,1,-1)/2 and |b) = (—1,1,1,1)/2. These states are
equal superpositions of particles and holes and thus have
zero charge, but the spin is well-defined. If we project
the Hamiltonian, Eq. (19), to the subspace spanned by
|a), |b) we obtain exactly zero. One can note that |a), |b)

\.X_’

0=0

MA MA

.§~ P h
—CF><5;: Ky P <

N
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FIG. 2. Evolution of the low-energy part of the BdG quasi-
particle spectrum Eq. (12) (see also Eq. (8)) as a function of
twist angle 0 relative to the magic-angle fya in Eq. (17) in
momentum space for the nodal region depicted in Fig. 1(b);
filled circles marking the node positions in the unhybridized
layers. At zero twist angle, the interlayer tunneling simply
leads to an appearance of split bonding/antibonding Fermi
surfaces (grey lines), with nodes located at their intersection
with the gap line node. Then, the two Dirac cones initially
separated along k| move towards each other on increasing
twist angle, while the Dirac velocity is renormalized down-
wards. At the magic angle, the two merge into a quadratic
band touching, Eqgs. (20,21), and separate again (this time
along k) on further increasing the twist angle.

——

are eigenvectors of the last two terms in Eq. (19); how-
ever the first two H' = &3 + d7; can lead to virtual
transitions out of the subspace. Computing the second-
order corrections due to these terms in second-order per-
turbation theory dHy g=qp(k) = —({a|H'|c){c|H'|B) +
(ol H'|d)(d|H'|B)/(2t), where |¢) = (1,-1,1,1)/2, |d) =
(1,1,—1,1)/2 are states with energy +2¢, we get:

e

_5° 20
TR R (20)

Hya (k) =

where 1 matrices act in the |a),|b) subspace. This
Hamiltonian describes a quadratic band touching (QBT)
[Fig. 2], that also occurs at the magic angle of TBG [1,
65]. The spectrum

(VF . k)2 + (VA k)2
2t

Eyak) = £ (21)

is characterized by an anisotropic effective mass mp =
v% and ma = U% For a two-dimensional system, this
F A

spectrum possesses a finite density of states (DOS) at

zero energy: v = —2— per node. To obtain an order-
TUFVA

of-magnitude estimate, we approximate va ~ 1%?,7 where

A is the estimate for the superconducting gap maximum



value and the size of the Fermi surface being of the order
Kp. This results in v ~ i—toyo, where 19 = ™ is the
density of states in the normal state. Interestingly, v
can constitute a rather large fraction of the normal state
DOS, especially if the superconducting gap is not too
large.

A question may be raised of whether the enhanced
DOS at 6ya in the superconducting state affects the
self-consistency equation for the superconducting gap;
in Appendix C we show that the corrections due to
the presence of the QBT are small by a parameter
~ (t/Ag)*log™' A/Ag (where A is the high-energy cut-
off for the pairing kernel) at low temperatures and can
be neglected. The physical reason for this suppression is
that the most pronounced effects of tunneling are con-
fined to the nodal region where the order parameter is
small itself.

IV. TUNING THE BDG QUASIPARTICLE
DISPERSION WITH EXTERNAL FIELDS

We now show that the dispersion of TBSCs near the
magic angle can be tuned by a number of external pa-
rameters accessible with currently available experimen-
tal techniques. For each external perturbation type, we
first identify a corresponding term in the basis of Eq. (7)
which can then be projected to the n basis of Eq. (20) to
determine the resulting spectrum. Here, we discuss only
the experimentally relevant perturbations; for a summary
of all possible perturbations see Appendix B.

A. Interlayer displacement field

In an experiment, the application of a back-gate leads
to displacement field which technically leads to a differ-
ence in chemical potential between the two layers (a term
proportional to 7303 in Gor’kov-Nambu and layer space).
Interestingly, it has the same form as the term stemming
from (vp - Qn) # 0 in Eq. (7). Projecting 7303 to the
basis of Eq. (20) one obtains the —1; matrix.

The addition of the term am to Eq. (20) results in
the zero energy states being moved away from &,6 = 0
to & = 0y = ++/ta; the dispersion around this points
is also linear (Dirac) instead of quadratic one. To study
the approach to the magic angle, we introduce a deviation
term —(dp — t)7103, which projects to —(dg — t)ns. The
resulting nodal points are now at

& = i\/t(t — o) +t\/(t — d0)? + a?,
(22)

0 ==

\/t(t—50)+t (t—50)2—|—a2.

The spectrum is always Dirac-like and to quantify the
renormalization of the Dirac velocities we compute the

density of states per spin for a single valley at low ener-
gies:

t|E
) 5] |
2rvpuas/ (0 — )2 + a?

(23)

which can be compared to the result when a = 0 and
t =~ §y of V(E)|a=0 = HE| ; in both cases, the

2mvpvaldo—t]’
average velocity v = \/Up¥a can be extracted via v(E) ~
v72|E|, resulting in vyen /v = ((a—1)2/[(a—1)2+a?])1/4.
This ratio vanishes at the magic angle, indicating the
suppression of the Fermi velocity renormalization effects.
Thus, a displacement field (or the nodes not being in a
reflection plane) results in a splitting of the QBT into two
Dirac points, such that the QBT is avoided for all twist
angles. On increasing the twist angle, two Dirac points
move towards one another, but avoid collapsing into a
QBT, by preemptively turning in the direction of £va
[see Fig. 3(b)]. For the magic-angle effects to be observ-
able, the 7303 term magnitude has to be much smaller
than t at the MA, i.e. for the case of nodes not in a re-
flection plane (vy - Qn)/|Qn]| < va is required. On the
other hand, this gives a way to suppress the renormaliza-
tion effects with a displacement field without changing
the twist angle.

B. Zeeman field

A Zeeman magnetic field (h -s) term, for a singlet SC
or triplet SC with d || h, commutes with Eq. (7), result-
ing in a spectrum that splits into two sectors with ener-
gies E(k)+h [see Eq. (12)]. This results in the formation
of compensated quasiparticle pockets of opposite spin, as
has been predicted in d-wave superconductors [66]. How-
ever, the size of the resulting pockets would be affected by
the renormalization of the Dirac velocity in TBSC [61].
In particular, the field-induced DOS at the Fermi energy
isv(h) = #{éﬁg,z} This effect can be used to shift
the quasiparticle occupation into the miniband that is
formed by the reconstruction of the Brillouin zone by the
moiré pattern (see Fig. 1). Importantly, this represents
an analogue of electrostatic gating for the neutral BdG
quasiparticles. In TBG, gating to commensurate moiré
filling fractions has lead to the observation of correlated
states near the magic angle [6]. Thus, in the case of TB-
SCs a Zeeman magnetic field (or an in-plane current as
described below) should provide a useful way to control
the correlations of the BdG quasiparticles, thus overcom-
ing the challenges posed by the charge neutral character
of the excitations. For a triplet TBSC with d L h, the
Zeeman term has the same commutation properties with
respect to Eq. (7) as 73 and its effect is equivalent to a
shift of k. It preserves the QBT at the magic angle,
merely shifting its position in momentum space.

As the orbital effect of the magnetic field induces in-
homogeneities in the order parameter in the form of vor-
tices, we leave its detailed consideration for a future
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FIG. 3. Illustration of the effects of external fields on the spectrum of a TBSC. (a) Summary of the evolution of spectrum as a
function of twist angle in momentum space in the absence of external fields (cf. Fig. 2). Red lines indicate the direction of the
node’s motion with increasing twist angle. (b) Effect of an interlayer displacement field: the Dirac cones avoid merging into a
QBT at all twist angles. (c) Effect of Zeeman field: particle/hole pockets form for spin-up/spin-down quasiparticles. (d) Effect
of in-plane current: particle/hole pockets form for quasiparticles around Ky and —Kn, respectively.(e) Interlayer (Josephson)

current opens a topological gap with an edge mode (black).

study; however, qualitative description of the effect of
an in-plane field is discussed in the accompanying Let-
ter [61].

C. Supercurrent flow

Finally, we consider the effect of a supercurrent flow
in TBSC, that can be induced by applying an external
current bias. For a single layer, the in-plane supercurrent
corresponds to a finite Cooper pair momentum Qp, such
that vp-kr3 — vp-km3+vp-Qp in Eq. (1). The effect of
the new term is to produce quasiparticle pockets, similar
to the Zeeman field, albeit without spin polarization [67].
In this case the spin-degenerate particle-like (hole-like)
pockets would form around Ky (—=Ky) [Fig. 3(d)]. The
pocket formation by an in-plane current has been ob-
served experimentally in two-dimensional SCs without
twist [68, 69]. As with the Zeeman field, the in-plane
supercurrent effects in TBSC should be boosted by prox-
imity to the magic angle in TBSC and efficiently “gate”
the BAG quasiparticles.

The effect of an interlayer supercurrent is dramati-
cally different. Microscopically, it corresponds to a non-
zero phase difference between the order parameters in
the two layers A; — A1e™®/2, Ay — Ase /2 related
via the current-phase relation I(y) to the applied cur-
rent [70]. For TBSC at low twist angles, the conven-
tional Josephson current-phase relation I(y) = I.sing
can be shown to hold down to exponentially small tem-
peratures T ~ 2te 220/™ even at the magic angle itself
(see Appendix D). It follows then, that ¢ is monotoni-
cally increasing as a function of the applied current up to
a maximal value of ¢ = 7/2, corresponding to the criti-
cal interlayer current I.. The new terms appearing in the

Hamiltonian are (we specify first the singlet SC case)
0HmaA (K, ) = —dsin(p/2)m03 + tsin(p/2)me.  (24)

If projected to the basis of Eq. (20), 7203 yields zero,
while second-order perturbation theory results in a con-
2 2
tribution 7%7)3 that can be neglected for ¢ < 1.
On the other hand, 75 projects to 72 leading to the Hamil-
tonian

e @

Hya(k, ) = — - =

+tsin(p/2)ns.

The spectrum of this Hamiltonian is gapped; further-
more, in the accompanying Letter [61] we show, that the
gap never closes for any value of the twist angle and is
topological. Explicitly, we can recast the Hamiltonian
Eq. (25) into the form Hya (k, @) = (f(k) - 77) where
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filk) = =3 fa(k) = tsin(p/2);
_€2+52
f3(k) = o

The Berry curvature F¢ 5(§,9) for a two-band system is
given by:

Fg,g(f, 6) = ﬁeabcfaaﬁfba5fc =
= W(‘fz(‘%ﬂa&ﬁ + f28€f3a§fl) — (26)

sin(p/2) (€% + 6%)
Qt{(fiﬁf + (tsin(cp/2))2}

Integrating the Berry curvature over k one obtains the
Chern number equal to C' = sgn[at sin(p/2)], consistent

3/2°



with the merger of two gapped Dirac points of the same
chirality [61].

The resulting effects of external fields on the spectrum
are summarized in Tab. I.

Tuning parameter Term added  Spectrum
to Eq. (7)

Interlayer displacement field T303 Dirac point
Zeeman field h || d s|d Fermi surface
Zeeman field h | d sld QBT (at Oar4)

In-plane supercurrent ToO0 Fermi surface
Interplane supercurrent irsA Gapped

TABLE I. Summary of the effects of external fields on the
TBSC BdG quasiparticle spectrum. For all cases, except Zee-
man field h L d, the spectrum type in the third column is
valid for all nonzero twist angles in the presence of the corre-
sponding perturbation, such that the QBT at the magic angle
does not occur. For the “interplane supercurrent” case with
a singlet SC, itT3A = —7»

D. Non-circular Fermi surface

We now consider the influence of non-circularity of the
Fermi surface near the magic angle, described perturba-
tively (i.e. for 0 < 1) by Eq. (9). Projecting Eq. (9) to
the basis of Eq. (20) one gets:

) @) Nop
SHMA o _UE UMA s, VA TMAC, 927
6 Son m Sop &3 (27)

As U(F?) arises from the single-particle dispersion and U(AQ)

- from the gap amplitude, one expects that v(2) ~ vp >
vf) ~ va (see Eq. (10)). Near the magic angle, the full
Hamiltonian takes the form

2 2
eff L =+ aE £+ &
H\9*9MA\<<9MA ~ ot n3— n 5771_(5(]_t)7]37
(28)
where
g )
=2 A ¢ 80, (20)
20 20p

To discuss the form of low-energy spectrum, we first find
the zero-energy states of (28). These are at £ = &, 0 =
On with &, 0 given by:

( ) 5() <t+ glt :
s =06y = = VETRO= AT
' &ié0 — &5 (30)
(2) 209 >t+ o :

Ev = —&o,
N = i\/&% —&1&o + 2t(60 — 1),

where two cases are indicated. Noticing that
2 2

M < % one observes that there are four

zero-energy points for ¢ + 515 50 < <t + 2L and two

otherwise. Near each of the zero energy pOlIltb we can

expand the Hamiltonian to study the form of the disper-
sion:

f% — St(50 B t) ’

(1): Hf ~ 5 5 &'
2% -& E 55 — 8t(do — t) S,
VE — &€y + 2t(d — 1) oy
(2) : B e 20200 2220y,
&6 — 260) F 20'\/€% — £160 + 2(d0 — 1)
- 2t T]3a

where £ =& — En; 0’ = — 0. One observes then that
the low-energy quasiparticle dispersion (or dy) is gener-

ally linear. For low twist angles 0y < t—&—%, there are
two Dirac points (see (1) in Eq. (31)). One notes that
both components of the effective quasiparticle velocity
have opposite signs for the two Dirac points (note that
in this case \/& — 8t(dp —t) > |2& — &1]). Such Dirac
points are characterized by the same winding number. In
presence of an interlayer current (7y term, see Eq. (25)),
this implies that both Dirac points are gapped and have
the same Chern number of +1/2. Therefore, topological
properties of the system are not affected by a small non-
circularity of the Fermi surface even close to the magic
angle.

For 6 =t + % one notices that the ¢’ component
of the Dirac velocity vanishes for one of the Dirac points.
There full dispersion, not linearized in &', §’ takes the
form 4t2E2 — 4(5/6/)2 + [(51 - 250)6/ +€/2 — 6/2]2 "&15/7514)0
(&1 — 2&0)¢")? + 46™. Therefore, at lowest energies the
dispersion is quadratic in one direction and linear in the
other, i.e., a semi-Dirac point [71, 72]. Interestingly,
for & = 2&; the quadratic band touching dispersion
E=+(£?+ 6’2)/2t is recovered

For t + 51€gt & <8 <t+S g there are four zero-energy
points; all of these show a Dirac (linear) dispersion. Im-

portantly, the positions of three Dirac points come to-

2
gether at 09 = t + 515 ST < dp; t 5;. In the second
case, the dispersion at the merglng pomt is again of the

semi-Dirac type (E? ~ Mgﬂ + ‘5 ) Therefore, the
semi-Dirac point is formed by a merger of three Dirac
points. The latter has been also predicted to occur for
special values of trigonal distortion in bilayer graphene
[73]. Note that for & = 2 this region shrinks to a single
point §g = t + &2 /8757 where a quadratic band touching
occurs.

Finally, for g > t+ two points exist, separating fur-
ther along &k, with 1ncreasmg twist angle (60). In Fig.
IV D we summarize these findings with a numerical cal-
culation of the spectrum of the full Hamiltonian (9) in-
cluding non-circular corrections (11).



(a) (b) 6 = 0.940,,,]

FIG. 4. Evolution of the low-energy part of the BAG quasiparticle spectrum as a function of twist angle including corrections

2 2
due to a non-circular Fermi surface (Egs. (11,9)). For the figures we have taken Upg(%h = 0.5, %jj\;;‘k” = 0.1. At low
twist angles (a) two Dirac points are present. One of the two Dirac points (a) first becomes a semi-Dirac point (b) and splits
into three Dirac points (c) afterwards. On further increasing 6, one of the three new Dirac points approaches the remaining
original one (d) and forms a semi-Dirac point (e) before opening a gap (f) there. Therefore, at larger twist angles only two

Dirac points remain.

V. CORRELATION-INDUCED PHASES NEAR a weak-coupling instability. The susceptibilities for the
THE MAGIC ANGLE other orders remain finite at 7' = 0, as only the 75 or-
der opens the gap at the QBT (See Appendix B). The

We now explore the role of interactions between the 2 order parameter corresponds to a secondary supercon-
BdG quasiparticles close to the magic angle. Above, we  ducting instability, while the purely imaginary character
have shown that the density of states at the magic angle of the order parameter indicates a broken time-reversal
is finite due to the presence of a QBT. In this case, corre- symmetry state, such as a d + is state [75]. Indeed,
lations may manifest themselves as instabilities already =~ @ number of competing SC states may be expected in
at weak coupling [74]. To analyze the likely correlated systems with non-phononic pairing mechanisms [76-78].
states that emerge at the magic-angle in TBSC, we study ~ Depending on the type of the subleading SC instability,

the order parameter susceptibilities defined as the sign of the order parameter may change between the
nodes, affecting the topology of the state. For example,

) N for an s-wave secondary instability, the order parame-
T Z log (lan — H(k) - WA) ter sign will remain the same, resulting in a total zero
€n k,Val Chern number, similar to the quantum valley Hall state
. (32)  inTBG [79]. On the other hand, for a d, instability in a
where A is a matrix of the form 7, ® 0, © s representing ., TBSC, the resulting state will have Chern number
the order parameter, €, = (2n + 1)7T" are the Matsub-  equal to the number of nodes, similar to the supercurrent-
ara frequencies and a sum over valleys is implied. The  induced state discussed above and in the Letter [61].
critical temperature is determined by the gap equation

x4(T) = /\%i’ where A 4 is the coupling constant in the re- The results above for the A = 7, instability apply
spective channel. We assume the interlayer interactions also to the triplet TBSC case. Unlike the singlet case,
to be much weaker than the intralayer ones and thus we A= 71(h - s) has a weak-coupling instability only for
only consider orderings that do not involve layer degrees h 1 d, which has the same susceptibility as 75. Above
of freedom, i.e. A =17, ® 09 ® Se. we considered the order parameters that do not break
_ To simplify the discussion, we first address the singlet translational symmetry; in principle, order parameters
A = 71 case. Of all the possible order parameters, only such as spin-, charge-, or pair-density waves can couple
the 7o (or its spinful version 721 2.3) order has a (loga- different nodes, opening a gap. However, their proper-
rithmically) divergent susceptibility as 7" — 0 leading to ties would likely depend on the particular Fermi surface
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x4(T) =



geometry and hence we leave the consideration of these
order parameters for future studies focused on specific
materials. In particular, our results are consistent with
a non-topological gapped d + is state that has been pre-
dicted for a model of cuprate bilayers [37].

Away from the magic angle, the spectrum has Dirac
nodes with a zero density of states instead of a QBT.
This suggests that the secondary instability temperature
T*(0) should be suppressed. To find how T, is sup-
pressed away from the magic angle we evaluate the low-
energy susceptibility Eq. (32) approximating H (k) with
Hyia (k) — (80 — t)n3 close to the magic angle. The con-
tribution of the energies higher than ¢ can be assumed
to be independent of the twist angle or temperature for
temperatures lower then ¢. One obtains

XTZ (T) ~ X?’z -
2N

(60 — 1)?

-T

+ (8o — 1) 2
(33)

2
ek €2 + (52;‘*2) -

where N is the number of nodes and X% is the high-
energy contribution to the susceptibility. Then, subtract-
ing the equations for 7" at the magic angle and away
from it (x,(T = T*) — x'5% (T = T*)) one gets:

/ /2" dn [ tanh g7
9

E°— —1|€ COS — 34
L anh NEET e coxC2n) 60 =0 (34)
Ve2 = 2[6p — tlecos(2n) + (5o — )2 [
45

where cylindrical coordinates e = >—; ’ ,n for &6 inte-
gration have been used.

Solving the Eq. (34) for the critical temperature T*
numerically, one obtains that it decreases away from the
magic angle (see Fig. 5, inset) and vanishes when the
angle reaches a critical value. The latter can be found

analytically using the following identity:

/ i / 1 1
2m \/x2—2xcos77+1 Va2 +1/4
(35)

Then, the critical twist angle is found to be 925 = Oma £
ey dualy

Finally, let us discuss the expected magnitude of T .
Evaluating the sum in Eq. (33) for o = ¢ (at the magic
angle) with an upper energy cutoff of the order ¢ one
obtains:

2 4
Ty =S¢ Yafmal, (36)

where
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FIG. 5. Phase diagram of the secondary time-reversal sym-
metry breaking superconducting order induced by the quasi-
particle interactions near the magic angle. Its onset tempera-
ture T™ reaches its maximal value T at the magic angle and
is suppressed as the deviation |@ — Ona| grows, vanishing at
0F = Oya £ 2%6_7M. The band structure schematics
represent the qualitative form of the quasiparticle spectrum
in each region (cf. Fig. 3). Inset shows the numerical solution
for T*(#) as a function of the dimensionless twist parameter
tla — 1|/Ty. Here, T5 < T¢ is assumed; see text for the dis-
cussion of the additional effects of temperature.

where vy = Ky /(2wvg) is of the order of the normal-
state density of states. If the coupling in the secondary
SC channel is weak, one expects A;,vp < 1. Then,
Aep < 1 is expected and T should be smaller than ¢.
However, if the system is close to a secondary instabil-
ity with zero twist angle (i.e. that x2 /(2v0) is close to

1/(Aryv0) ), Aegr can be seen to be strongly enhanced.
A further observation is that due to the strong expo-
nential dependence, Tjj should be increased in systems
with larger fyia. This can be achieved in two ways: in-
creasing t is possible with pressure that brings the layers
of TBSC closer to one another. Another option is for
vA to decrease — which can be generically achieved by
enhancing the temperature of the material; however, the
temperature should remain much smaller than ¢, limiting
the use of this approach.

A. Effects of deviations away from a circular Fermi
surface

As has been shown In Sec. II there are parametrically
small (in # <« 1) corrections to the Hamiltonian (7) due
to the rotation of k. As these corrections are expected
to be generically present for non-circular Fermi surfaces
they may nonetheless affect the weak-coupling instability
discussed above, as its relevant scale is T* < t. Project-
ing Eq. (9) to the basis of Eq. (20) one gets:

U](;:z)9MA Sy — U(A2)0MA

SHMA ~ —
0 20A 2up

&ns. (38)




As vg) arises from the single-particle dispersion and ’U(AQ)

from the gap amplitude one expects that v(?) ~ vp and
vf) ~ va (see Eq. (10)). Realistically, va can be ex-
pected to be much smaller then vp. Indeed even for
the cuprates, which are often considered to be close the
strong coupling regime [80], this ratio is well below 1
across the doping phase diagram [81]. Thus, the first
term in Eq. (38) is larger then the second one by a factor
of the order (vr/va)?. Therefore, we will only study the
consequences of the first term in Eq. (38). The modified
Hamiltonian at the magic angle takes the form

2 _ 52
Hyia(k) = =2 —ns — (£ + &) 2 s (39)

(2)
where &, = %. For t > £ > &, the QBT hamilto-

nian Eq. (20) can be still seen as a good approximation.
However, at low energies ¢ < & the spectrum is modified
with respect to the QBT case. At £,§ ~ 0 the disper-
sion is (Ex)2(k) ~ (£0/t)%0% + £*/(4t?), corresponding
to a semi-Dirac point with a quadratic dispersion along
k| and linear - along ki . In addition to £, = 0, one
observes that there are two more zero-energy states at
& = =&, 0 = & with a Dirac cone-like dispersion
(Efra)?(k) = (&o/t)?[([€ + &) £ [0 F &))* + (€ + &0)?]
around these points. As neither of these yields a finite
density of states at zero energy, one may expect a sup-
pression of 1.

Using Eq. (38) instead of H (k) in the definition of the
order parameter susceptibility Eq. (32), one can derive
the equation for the ordering temperature T for &y < t.
One gets in analogy with Eq. (34)

T* 50 / /27r dn  tanh g7
E
€242(£0+2+/2¢t cos n)€pe sin? )/t (40)
tanh\/ 0 oL n)€o n |

\/52 + 2(&0 + 2v/2et cosn)&pe sin® n/t

The numerical solution of Eq.(40) is presented in Fig.6.
One observes that the critical temperature is almost un-
affected until {y reaches values of around 4./t7} .

Conversely, for a finite &g, there exists a critical value of
the bare T (i.e. computed with Eq. (36) in the absence
of &), such that for Ty < T}, ") the secondary instability
is strongly suppressed:

ey ’
T ot <FMA> . (41)

81}A

For 6pa < 1 the condition T§ > Tg(cr) does not pre-
clude a weak-coupling instability, since T, (er) <« ¢. How-
ever, for most materials one may also expect vg)/ VA~
vep/va > 1. Thus, weakly coupled superconductors,

where vp/va is expected to be extremely large, are not
favorable for the observation of correlated states; on the
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FIG. 6. Suppression of the time-reversal symmetry breaking
temperature T by the deviations from circularly-symmetric
Fermi surface (Eq. (9)) characterized by the parameter £, =
vg)té‘MA

PN .

other hand those with sufficiently strong coupling (such
as cuprates) or heavy mass (such as heavy fermion sys-
tems) will suffer less limitations.

Using the estimate Eq. (41) one can also find the criti-
cal value of the effective coupling constant Acy (Eq. (37))
using Eq. (36):

9 —1
—cr 4 2e” S’UA
Aepr = log | — [ —+— . 42
eff Opa N g o (’U;—?)QMA> ( )

One observes that larger Oya are actually favorable;
again, this is due to the exponential dependence of Tj
on 9MA-

VI. DISCUSSION

Let us briefly recall our findings, focusing on the pre-
dictions for experiments. The flattening of the dispersion
and the gap opening induced by the current or interac-
tions near Oya = 2t/(vaKy) [Fig. 3 and Fig. 5] both
can be directly revealed by probing the density of states
with scanning tunneling microscopy (STM) and ther-
mal transport or probing the quasiparticle dispersion in
angle-resolved photoemission spectroscopy experiments.
The latter technique can additionally reveal the predicted
change in the position of nodes in momentum space with
the twist angle [Fig. 3(a,b)]. STM or superconducting
spectroscopy [82] can also reveal the presence of gapless
chiral edge modes in the topological SC state [61]. For
the current-induced topological state, quantized thermal
(and spin, for the singlet case) Hall conductances [83] are
also expected [61].

Having outlined the experimental scope, we now dis-
cuss some of the material prerequisites for the observa-
tion of the unconventional effects in TBSC. First, fya
is of order t/Ag, the ratio of interlayer tunneling to the
maximal SC gap value Ag, implying that the interlayer
tunneling should be weaker than A, for the magic angle



to exist. Reducing ¢ can be achieved by introducing an
insulating barrier between the two layers, similar to con-
ventional Josephson junctions. However, the correlation
effects near the magic angle are expected to be stronger
for larger values of Oy (see Eq. (36)). For too small Oya
values, increasing 6\;a can be achieved by applying a c-
axis pressure to TBSC, which would reduce the interlayer
distance enhancing t.

For sufficiently small ¢, one can also reach angles larger
than Oy . In our study, we found the effects of hybridiza-
tion to be most pronounced at fya, and suppressed if
the twist angle is further increased (Fig. 3). On the other
hand, increasing the twist angle between nodal supercon-
ductors is known to suppress the leading contribution to
the critical superconducting current at small ¢, eventu-
ally suppressing it to zero at special angles dictated by
symmetry (e.g., 45° in a d-wave superconductor [84, 85]).
This dramatically alters the current-phase relation I(y)
allowing the subdominant effect to become important; in
particular, a spontaneous phase transition into the chiral
topological SC state breaking time-reversal symmetry is
predicted [33-36, 86]. However, the spontaneously gener-
ated topological gap should be smaller in that case than
the one induced by an interlayer current at the magic
angle, since it is an effect of a higher order expansion in
t. On dimensional grounds, one expects the gap to be of
the order 2 /A in that case (see also [61]).

Another important question is that of disorder, as the
nodal superconductors are usually strongly affected by
it [87] due to the presence of gapless excitations close to
the gap nodes. On the other hand, gapped topological
states are expected to be robust to weak perturbations, as
the Chern number can not change continuously [48, 83].
In the accompanying Letter [61] we demonstrate that the
density of states in the current-induced topological state
remains gapped for sufficiently weak disorder.

Presence of an energy gap also allows to neglect tem-
perature effects for T' < 1§, ¢, due to exponential sup-
pression of excitation. On the other hand, temperature
provides an additional control parameter, as the value
of va should decrease with increasing temperature, van-
ishing at T,. An increasing temperature consequently
leads to an enhanced s value, which can be used to
achieve magic-angle conditions if the device is initially at
0 > 6%7°

Let us now discuss the materials that can be used to
realize TBSC. We start with the ones already available
in monolayer form. For each material we will provide es-
timates for the magic angle value and the related quan-
tities, summarized in Table II.

e Cuprates: Cuprates are known to host nodal d-wave
superconductivity [84] with a remarkably high transition
temperature. Recently, superconducting mono- and bi-
layers of [88, 89] of BiySroCaCuyOg, have been demon-
strated, with almost the same T, as that of the bulk sam-
ples, suggesting robust superconductivity. The dominant
interplane hopping is proportional to ~ (cos k,, — cos ky)2
and vanishes near the gap nodes; more recent esti-
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Material Onia Ay‘“’(K)
BigSrgcaCu208+y (OP) [81, 90] 2.80 11
(BETS)QG&C14 [95, 96} 1° 2.4
CeColns[97, 98] 14° 1.7

TABLE II. Estimates for the magic angle and maximal
current-induced gap values for the nodal superconductors dis-
cussed in text.

mates suggest that there is a nonzero tunneling along
the nodal direction [90]: 4ag cos(ky/2) cos(ky/2)t, ~ 2
meV (taking Kn = (7/(2a),7/(2b)), where a and b are
the lattice constants, in Eq. (11) in [90]). Importantly,
BisSraCaCus0Og4y actually contains two layers within
the unit cell with the intrabilayer hopping t;; = 30 meV
according to fits [90]. We can still apply the theory
developed here for monolayers to each the bilayer-split
(bonding and antibonding) Fermi surface of the top and
bottom BisSroCaCuyOgy, layer. As only one pair of
layers is hybridized with 4ag cos(k,/2) cos(k,/2)t,t,a0,
it follows that the projection of the interbilayer hop-
ping is £2ag cos(k;/2) cos(ky/2)t.a0/2 for the bond-
ing/antibonding bands. Note that the sign change of the
hopping can be shown not to affect the topology of the
current-induced state. Using the value of va for optimal
doping 0.1 eV- A [81] and taking the in-plane lattice con-
stants to be approximately equal to 5.4 A, one obtains
Onia = 4ag cos(ky/2) cos(ky/2)t,/(vaKN) =~ 2.8°.

While the Fermi surface of the hole-doped cuprates
deviates noticeably from a circular one, the smallness
of the magic angle leads to these deviations being im-
portant for the correlated phases only for temperatures

below 0.3 K (see Eq. (41), where vgf)/vA is taken to be
0.1 consistent with vp/va close to optimal doping [81]).
At the same time, small values of 6,4 result in a rather
strong constraint on the dimensionless critical coupling
(see Eq. (42)) Aor eff ~ 3.5, which is reduced to 1.9 for
underdoped samples due to the reduction in vg and va
[81] (where X;} is measured relative to unity). More-
over, a competing instability that can open a gap at the
node, likely a spin-density wave [91], has been reported
in a number of underdoped cuprates [92, 93], including
BipSroCaCusOsyy [94]. As this can enhance Xeﬁ, under-
doped cuprates appear promising for the observation of
correlation-induced states in TBSC. Furthermore, the in-
terlayer hybridization could be enhanced with respect to
the one in bulk crystal by, e.g., applying pressure, which
would additionally lower X.r eff-

e Organics, (BETS),GaCly: Many organic super-
conductors are believed to be unconventional, and d-
wave in particular [99]. Additionally, a high anisotropy is
characteristic for these materials and (BETS);GaCly has
been demonstrated to be superconducting in monolayer
form [96]. The interlayer hopping is of the order 0.21
meV [95]. Assuming a cos26 d-wave gap with a max-
imum of 12 meV [96] on a cylidrical Fermi surface one
gets va = QANO and Opra = t/Ag = 1°.




We now move to the highly two-dimensional nodal su-
perconductors, which are not yet available as monolayers.

e Heavy fermions: CeColns is characterized by the
anisotropy me/m, = 5.6 [97], the highest among the
heavy fermion systems [99]. Due to the heavy effective
mass, we assume the hopping to be mostly due to f elec-
trons, estimating the c-axis hopping from the in-plane
one [98] and the mass anisotropy as t. ~ mgt,/me = 0.15
meV. The gap maximum is known to be around 0.6 meV
[98], which yields Ops4 = t/Ap ~ 14°. The heavy masses
of the conduction band make the effects of Fermi sur-
face non-circularity on the correlated states (see Eq. (41))
unimporﬁgnt down to few mK temperatures. Also, the
value of A i &~ 0.64 appears modest, suggesting that even
weakly competing superconducting states may develop
an instability at the magic angle.

e SroRuOy4: ARPES experiments reveals that this
material is highly two-dimensional[100], with the ob-
served effects of the out-of plane dispersion suggesting
an interplane hopping being of the order of a few meV
(e.g., 2.5 meV in [101]). SroaRuOy4 has an extremely small
SC gap, with a maximum of about 350peV [102]. This
implies, that to observe the magic angle in SroRuQy-
based TBSC, the interlayer tunneling has to be reduced
first, by, e.g., an insulating layer introduced between the
monolayers, as discussed in the main text.

Finally, superconducting monolayers of transition
metal dichalcogenides [103] and the iron-based super-
conductor FeSe [104] have recently been demonstrated.
While in both cases the superconductivity has been found
to be nodeless, theoretical proposals suggest that the re-
alization of nodal SC is possible in monolayer transition
metal dichalcogenides [105, 106] and nodal superconduc-
tivity is known to occur in some bulk iron-based super-
conductors [107], raising the exciting prospect that some
of these materials can remain nodal in monolayer form.

VII. CONCLUSION

We have shown that twisted bilayers of nodal super-
conductors provide a versatile platform to control the
properties of neutral BAG quasiparticles. In particular,
the quasiparticle dispersion undergoes a dramatic recon-
struction near the “magic” value of the twist angle where
for a circular Fermi surface it forms a quadratic band
touching [Fig. 3(a)] and the system has a finite density
of states of neutral fermions at the Fermi level, which
increases with the magic angle value and can be a signif-
icant fraction of the normal-state density of states. At
the magic angle, even weak interactions lead to a time-
reversal symmetry breaking transition (Fig. 5), which is
suppressed away from it. The deviations from circular
symmetry of the Fermi surface provide a lower bound
on the interaction strength required for the transition,
that decreases with the magic angle value. We have also
shown that the dispersion of the BdG quasiparticles in
TBSC is highly tunable: an interlayer displacement field
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reduces the renormalization effects of the twisting, while
a Zeeman field or in-plane current act as an effective
“gate” for the quasiparticles, allowing control of their fill-
ing [Fig. 3(b-d)] in analogy with gating in twisted semi-
conductors. Furthermore, an interlayer supercurrent flow
results in the opening of a topological gap analyzed in the
accompanying Letter [61]. Identifying several candidate
materials hosting nodal superconductivity in monolayers,
we further demonstrate that twisted bilayers of nodal
superconductors can be readily realized with currently
available materials.
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Appendix A: Corrections to the low-energy
Hamiltonian due to the rotation of k

Here we study the corrections due to the rotation of
k vectors in Eq. (6), neglected in Eq. (7) for the case of
nodes on a high-symmetry line. As will be shown below,
this requires the expansion of both the single-particle dis-
persion £(K) and the gap amplitude A(K) to the second
order in K — K. Denoting the component of K along
Ky as K = k| + Ky and the one orthogonal to it as k.
one gets:

e(k) = vpk) + akﬁ +

Bk, (A1)

restricted by the reflection symmetry s(KH,fK 1) =

_19%(k 185k)
e(K), K1), where o = 3 k2 ;B =3 o The su-

perconducting gap amplitude on the other hand, has to
vanish exactly at k; = 0 in case of symmetry-imposed
nodes resulting in

A(k) ~vpak, +’qu_k“7 (AQ)

where v = gk%(]f)

. For circularly symmetric dispersion

e(k) = e(|]k|) the coefficients in the above expansions
are not independent, in particular 8 = vp/(2Ky). At
the same time, if the gap amplitude is solely dependent
on the polar angle, i.e. A(K) = A(arctan(KL/K))) it
follows that v = —va /K.

We now include the effect of the rotation of local axes
due to the twist. In particular Kﬁ/Q = Kjcosf/2 +

K, sin6/2; Ke/2 K| cosf/2 — K|sinf/2. We aim



to keep only the linear terms in the expansion in the
twist angle § but will keep here terms up to order #? for
completeness:

2

0 0
Kﬁ/2 R~ (1 — 8) (kH + Ky) — ikl;
. o 0 (A3)
KL/ — (1 — 8) ki + i(ku +KN).
One obtains then
62 62 0
€(K6/2) ~ VR (1 — 8> k” — gUFKN - §’UFI€L
2\ , 2, 6 6
G+« (1 — 4> k“ + aZkL — OéZKNk” — O‘§kik\l

02 0>
4 (1= ) 12+ 85 O K )? o+ 5000 + Kk =
02
= gKN [—vp +28KN] + 'UFkH"’_
0
+-vr + 28KN] ki + O(k?, 0%k, 0* K%);

UAKNQ
T.’_

0
+va + 7K ] iku + O(0*kK N, k%, 0°K%),

AKY?) m vpk, +

(A4)
where the terms due to the rotation of the Dirac cone
are highlighted in red. All of these terms vanish for a
circularly symmetric single-particle energy (implying 8 =
vr/(2KN)) and gap amplitude depending only on the
polar angle in the K space (which implies v = —va/Kn).

The constant term in £(K%/?2) can be trivially absorbed
into a shift of k: k| — kj — %KN [-1+4+28KnN/vr],
which leads to corrections in A(K??) of the order 6°
which can be ignored.

The remaining terms, not included in (7), can be writ-
ten in the basis of Eq. (7) using the bilayer Pauli matrix
notations to arrive at the expression in Eq. (9) that is
given by
’Ug)eku_ U(AQ)QI{?H
2

6ﬂ9 2 T303 — T103, (A5)

where vg) = vp — 26Ky and U(AQ) = va + vKy. For
a generic non-circular dispersion and gap amplitude one

(2) (2
A

may expect v’ ~ vp and vy~ ~ VA.

Appendix B: Low-energy projection of the
perturbations at the magic angle

In Tab. IIT we show the result of projection of the per-
turbation terms to the full Hamiltonian Eq. (7) and dis-
cuss their possible physical origins.
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1. Singlet Superconductors

We consider first the singlet case and perturbation
terms of the general form WyA = 7;0;. Below we con-
sider all the possible 7 and j, and for each case, we in-
dicate the corresponding term in the projected Hamilto-
nian Eq. (20).

° 121 = T1,73,7T103,7301 — ((5 — 0+ Wo),(f — §+
W), n3,n3: these terms are already contained in Eq. (19)
and only lead to a renormalization of the initial model
parameters (SC gap, chemical potential, twist angle or
interlayer hopping).

e A =1= Tooo — 7o Note that this term is not
equivalent to a chemical potential shift represented by 73
in the Nambu notation. It leads to a creation of a single
Fermi surface and can be realized in two ways.

First, a nonzero in-plane supercurrent results in A —
Ae?ar Jeading to H — H +vp-q [67]. Second possibility
is a Zeeman term s;. It commutes with the Hamiltonian,
resulting in two independent sectors with different signs
of the term . Note that the two mechanisms above result
in different parity properties: the supercurrent-generated
term is odd under parity and thus creates a doubly de-
generate electron or hole pocket at each node, while the
Zeeman term would create a non-degenerate coinciding
electron and hole pocket (nodal line) at each node.

e A=1— 72: The spectrum is fully gapped and the
lowest eigenvalues at the magic angle are given by:

E= j:\/[\/£2+52 + 12 — 12 + WE.

Such a perturbation can be implemented by applying
an interlayer bias current (see below); a formation of a
subleading superconducting order with a phase of 7/2
(A + iB states) with respect to the original SC order
parameter will introduce a similar term. The difference
is in the signs of the 75 terms for different nodes. If the
SC order parameter is even in parity, current generates 1o
terms with the same sign for inversion-related nodes and
opposite for odd-parity (triplet) ones. For example, for
d-wave superconductor the induced 75 term would have
the same sign for opposite nodes, but different signs for
two pairs of nodes, while in d + is state the sign of the
induced term is the same for all nodes.

e A = gy — 1 corresponds to an anomalous average
{(chey — c}:ca)T + (cacz —¢pel) ) which can be recognized
as the expression for the normal interlayer current. Ap-
plication of a bias current in the SC state would result
only in a Josephson current, while normal current will be
nonzero only above the critical current value, where the
value of the gap may be affected.

o« A = Tyo1 — 11 is off-diagonal in both Gor’kov-
Nambu and layer space and corresponds to interlayer
Cooper pairing. Note that the Hamiltonian Eq. (19) al-
ready induces interlayer pairing ~ 720712, so this compo-
nent introduces a nonzero phase to the interlayer order
parameter with respect to intralayer one.




‘ oo o1 Iop) 03

To Wono —‘%’27]3 - % W02772 %@m + @
T1[(0 = § + W) ) Wom -%773 2}/Vo773
T2 Wona %773 — Pop, Wgno *%7]3 + e
3] (§ = £+ Wo) Wons %773 -Wom

TABLE III. Effects of the the possible perturbations for
the Hamiltonian Eq. (19) ignoring spin (that have the form
WoT;io;) on the spectrum near the QBT: entries give either the
projection of the corresponding term to the basis of Eq. (20)
or the resulting change in the parameters of Eq. (20) if WoT;0;
perturbation is added (e.g., for a WyTi00 perturbation, § is
replaced with § + Wp). 71 and 73 result in a spectrum with
two Dirac cones; in the latter case the magic angle for QBT
is changed, while in the former one QBT does not occur for
all values of twist angle (QBT is avoided). 7o results in the
appearance of a Fermi pocket while 72 — in a fully gapped
spectrum. In cases (except for 7203 perturbation, where the
spectrum is gapped) where combinations of 3 and an another
term is present spectrum at the magic angle is quadratic in
one direction and linear - in the other one.

e 7303 — —11 This order parameter represents charge
imbalance between the layers; while it can be introduced
externally by a backgate; additionally such a term ap-
pears in case the nodes not being in a reflection plane,

ie. (VF . QN) 7é 0.

® 0| — —%7]3 — % results in 2 Dirac points at &p =
2
0,0p = £Wy. At the new magic angle §p =t — Vg—f, the
2 Wt

spectrum is j:g%‘s
along 9.

e 03 — %ng + % — similar to o7 with the roles of £
and 0 exchanged.

® Ty 09 — 7%773 QBT exists at the new magic angle
bo=t+ ngg

® oo — %77 — %772 at the new magic angle the spec-
trum is half-Dirac (linear along &, but quadratic along
J).

e 7509 — 19 — BdG Fermi surface is formed.

® Th03 — —%773 + %’I]g yields gapped spectrum.

® T300 — %773 — Dirac points instead of a QBT.

e Finally, any order parameter above can be converted
to a spinful one by a direct product with one of the spin
Pauli matrices.

-~ — linear along £, but quadratic

2. Triplet Superconductors

We now consider the case of a single-component triplet
superconductor. In this case, triplet SC order parame-
ter near a node takes the form 7 (s - d), where s; are
Pauli matrices in spin space. Consequently, the analog
of Eq. (19) is:

H= > ol(kHK)®(k)
k, k>0
H(k)=0n(s-d)+ & —tri(s-d)os + t1301,

(B1)
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where the £ summation is restricted to half the Brillouin
zone to avoid k — —k redundancy. Let us now discuss
perturbations. For perturbations without spin matrices
it is convenient to perform an SU(2) spin rotation that
brings the d-vector to the form (0,0,d). Then the two
spin sectors decouple into two copies of Eq. (19) with
71 — +71 and the spectrum is determined as for Eq. (19).

For perturbations involving spin in the form of the ma-
trix (h-s) there are two cases:

e h || d As above, the problem may be reduced to two
copies of Eq. (19) with (h-s),(d-s) — %h,d.

e h | d: Choosing the quantization axis along d, we
apply a unitary transformation U = UT = 1_%7'3 + H‘%
(i.e. spin-down component is multiplied by 73). The
Hamiltonian Eq. (B1) is transformed to:

UH(K)U' = dor, + &3 — dtTio3 + tr30y,

whereas the perturbation Hamiltonian is given by

WoUoam(h-s)UT = {WOUQTP)Tb(h 's) (b=0,3) )

—W()(TaTgTng(h-S) (b: 172)
In both cases the spin part of the perturbation is trivially
diagonalized and the overall eigenvalues correspond to
two copies of Eq. (19) with a perturbation +Wyho 737
for (b = 0,3) and £iWyho,rsm for (b = 0,2). Thus
the spectrum in the presence of perturbation can be de-
termined from Tab. III by identifying the commutation
relations of the perturbing operator with (h-s) — +h
multiplied with 73 (which has — + — + signature) with
the terms in Eq. (19).

Physically, for h || d all perturbations have similar
physical effects as the ones without spin matrices. For
h 1 d, on the other hand, there are new effects. First,
71(h - s) results in a full gap with the example of p +
ip state (d || z,h || y or vice versa). Another way to
create a full gap (~ 72 term in the reduced Hamiltonian
Eq. (20)) is with o273(h - s), which is more complicated
physically. The Zeeman field perpendicular to d results
in a spectrum same as for the +73 perturbation, i.e. it
shifts the QBT in momentum space rather then creating
a nodal line as for h || d.

Appendix C: Self-consistent equations for the
superconducting gap

To study the effect of the tunneling on the self-
consistency equation, we use a BCS-like mean-field model
with a separable intralayer interaction Vgo(k, k') =
Vso f(k)f(k'), where f(k) =~ (§ £ d9)/Ao close to the
nodes. The self-consistency equation takes the form:

AT k) =T > Vso(k,kK)F(ie' k'), (C1)

’ ’
ek

where F}(i¢’, k) is the anomalous Green’s function in the
jth layer. The anomalous Green’s function is:
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Ai(e2 4+ €2+ A3) + t2A,

Rl = grerr@

+82)(AT + Af) +2t2(e7,

—&2) + 22 A1 Ag + AZAZ + 14

(recall that ¢ and § are defined in Eq. (8)); Fa(ic, k) is obtained from the above by exchanging 1 +» 2. Taking the

separable form of the interaction yields solutions of the form A, (T,k) =

the expansion Aj = 0 + (-
the form (using f(k) ~ (6§ — do)/Ao):

Ao(T) f(k); Ap(T, f() = A()(T)f(f{) Using

1)78o near the nodes the equation for the amplitude of the order parameter Ay (T) takes

Ao :*VscA Z (6,6 en);

(5 — 60) (6” + 52

1(6,¢,en) =

For €,,& > t the integrand is approximately:

(6 —d0)?
en + &+ (0—00)%

that can be shown to be independent of §; with a vari-
able shift § — & + dp. Indeed, the expression above cor-
responds to the case ¢t = 0 when the layers are simply
decoupled. The integral can be estimated as follows:

T I(6,,60)lc, et =

En,k
1 Ao 52
~N—_— - C3
(27)3vpvA /—Ao dé/dgdgs,% +&2 462 (C3)

2A3 1 Ao
N —|—1
3(2m)2vpva A0

where Ag is the cutoff for the £ integral.

Thus, for ,£ > t the dependence on Jy appears only
after an expansion in ¢t. The second-order term in t at
&, en > Ay takes the form:

1(6, 6, gn)‘an,§>>t ~

1262 (362 — €2)

01(6,€,6n)le, et = (2 €23

and its contribution to the integral can be estimated
assuming an upper cutoff Ag and a lower one Ag.

J

(62 + 82402 +1%)2 —

snok (C2)
+ (6 +00)?) + t2(6* — 63)
48262 + 262 (e2 + €2 — 12 — 62) + &5
[
The result is ~ M(Qt;ii%)m, smaller by a factor of
(263 /A8) log ™ (Ag/Ao).

At low values of ¢, < t,0p, on the other hand, the
most important question is whether there is a divergence
near the nodes. As it is expected to be strongest (if
present) at the magic angle, we study the case dg = t.
The integrand can be written as:

(0= (2 + &%)+ 6%(6° — 1?)
0=tT T (24 €2+ 62)2 +4e22

1(5,€,¢en) NS

Close to the QBT at &,6 = 0 the integrand is approxi-
mately

2 2 2 2\52 /42
I((sagvgn)|€,§<<t:5o ~ ig 26 +2(£2 +§ )5 2/t )
(&2 +062)2 /41 + ¢
where a linear in § term in the numerator is omitted
as it vanishes after integration. The contribution of
1(9,¢, en)le,e<t=5, to the sum in the gap equation can
be evaluated assuming a cutoff ~ ¢ yielding

7t3

T3 1662050 ~ T5mmporon

en,k

which is smaller by a factor (t3/A8)log™'(Ag/Ag) then
the leading term, Eq. (C3), that is independent of twist
angle.

Appendix D: Current-phase relation

The Josephson current-phase relation can be obtained from the derivative of the free energy of the bilayer with

respect to the phase difference I(p) = 2—;%

F(T QTZ/

2¥ 2,0
=6t
2

dgda

’U’UA

—4sin

log {[e2 + (£ +t)* + 6*[e + (€ —

— 20517 cosp + 263 (e2 + &% — 6

[70]. The free energy is given by

t)? + 67

%)+ 64}
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where the 2 in front is due to spin. Calculating the current yields

2e dF (T, ) 4e 1
()= ——""F = — —— [ d&do
(%) h  dp h (2m)2vFua / ¢
" (D2)
2t2(5% — 02) sin
(62 + €2 + 62)2 + 222 (12 4 63) + 2(£2 — 02) (02 — 12) — 4622 sin? 2+ (12 — 63)% + 45t? sin? %’
Where the upper cutoff for the § integral is Ag. We can divide the sum into high- and low- energy parts. The

former one, assuming &, > t,dp, T can be approximated by

8et? sin

2t262 sin ¢ N
~(27)2hwpua

4e
I dd [ ded
(©)le,53t,60,7 = T 27r RN /MO / € §[€%+§2+52]2

The low-energy part £,0 < t,d9 can be estimated as follows. The effects of this part are expected to be most
pronounced near the magic angle, since the density of states near zero energy is the largest in this case. As increasing
¢ enhances the spectral gap, we may furthermore focus on the case of small phase ¢ <« 1. The characteristic
values of ¢ and ¢ can be deduced from the dispersion at the magic angle being 52;‘52 and the current-induced gap
Ay ~ t|sin(p/2)| implying &2, 6% ~ t2|sin(p/2)|, which is also evident from Eq. (D2). Moreover, for ¢?|sin(¢/2)| >
|68 — 12| ~ 2tva Kn |0 — Oya| and thus [sin(p/2)| > Ag|0 — Oumal/t one can neglect the quadratic terms in ¢ and &
with respect to the quartic ones (using sin®(¢/2) < 1). One also observes that characteristic €2 values are of the
order 2 sin®(p/2) which can be neglected with respect to &2, 62, leading to the estimate:

4 2 s
5160) =~ Sarraren? 0 ey 0
7T UFUA £,0<t En + (52;52) +t2 Sin2 @
3

D3
5I(<P)|T:ozfmsmcplog‘ 27| (D3)

et? 2te”

S1(@)| T tsin(p/2) = R sin plog ~—

There is a logarithmic singularity at low values of ¢, however, its effect is important only for ¢ < AL[)@—4A0/ (%) and
T < te~*20/(t) where both limits expected to be extremely small for ¢t < Ag. As the gap maximum is attained at

© ~ /2 we neglect this contribution, resulting in the conventional current-phase relation I(y) ~ I.sin(y).
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