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Graphene is a two-dimensional Dirac semimetal showing interesting properties as a result of its
dispersion relation with both quasiparticles and quasiholes or matter and anti-matter. We introduce
a topological nodal ring semimetal in graphene with a robust one-dimensional chiral edge mode
similar to the quantum Hall effect and a quadratic Fermi-liquid spectrum for the quasiparticles
and quasiholes in the bulk. We describe its realization through circularly polarized light. The
bulk band degeneracy at the Fermi energy is protected through a Zs symmetry related to the two
spin polarizations of an electron and a “double-orthogonality” structure in the sublattice and spin

quantum numbers of the two crossing eigenstates.

The system may have applications in nano-

electronics and in quantum mechanical entanglement applied to band theory.

Introduction.— The semimetallic state in graphene is
formed around its two inequivalent Dirac points within
the Brillouin zone and is characterized by a linear energy
spectrum and density of states [1]. The relation with the
two-dimensional Dirac equation has resulted in various
applications such as the observation of the Klein paradox
[2]. Yet, the Coulomb interaction may lead to corrections
on thermodynamics and transport such as a logarithmic
renormalization of the velocity of the quasiparticles [3].
Each valley surrounding a Dirac point gives rise to a +m
Berry phase [4] reflecting the pseudospin-% structure of
the Hamiltonian or the helicity, but macroscopically the
system is described through a zero total Berry phase from
band theory, such that the quantum Hall conductivity
[5] is also zero [1]. In the presence of a perpendicular
magnetic field [6], the system can then develop a quan-
tum Hall response [7, 8] which becomes fractional [9-11]
as a result of interactions [12, 13]. Graphene materials
show great promise for nanoelectronics with recent de-
velopments on bilayers and trilayers with Bernal [14] and
Moiré stacking [15] including the observation of topologi-
cal insulating and superconducting phases of matter [16—
19]. In this Letter, we introduce a topological nodal ring
semimetal in a graphene plane with a non-zero density
of states similar to a two-dimensional Fermi liquid and
a robust chiral edge mode. We elaborate on its precise
implementation, topological nature, and on its stability
towards disorder and interaction effects.

At the heart of our model to realize the topological
semimetal in graphene is the presence of a two spins—%
matrix theory defining a two-particles ground state wave-
function at half-filling. The system may be visualized as
one filled energy band with properties similar to the Hal-
dane model [20] and the quantum anomalous Hall effect
revealing a topological invariant and a chiral edge mode,
which coexists with a nodal ring semimetal surrounding
one Dirac point. In the bulk, this gives rise to a Fermi liq-
uid with the effective mass of the quasiparticles or quasi-
holes fixed through the band structure. In Ref. [21],
we have introduced the possibility of a topological nodal
ring semimetal in a bilayer system with specific AA— BB
stacking. Such a system is rare as a quantized invariant

is usually the hallmark of a Chern insulator or a topolog-
ical superconductor [22]. A Fermi surface may generally
lead to corrections in (topological) transport properties
[23, 24]. Here, in a monolayer (one-plane) graphene, we
show that the two flavors refer precisely to the two spin
polarizations of an electron, protecting the topological
semimetal through the Zs; symmetry corresponding to
invert the two spin polarizations in the model. We em-
phasize here the recent interest to semimetals showing
topological properties [21, 25-28].

Model.— We begin with the class of Hamiltonians in
the momentum space, H = Y, ¢T(k)H(k)y(k) with
P(k) = (caxt, ¢kt Cakl, cK,) and

H(k) = (do(k) + M)o, @1+ dy(k)o, @I (1)
+dy(k)oy, @I+ rl® s,.

Eq. (1) is generally applicable on lattices with two in-
equivalent sites, referring to two ‘sublattices’, and here-
after we address the situation of the honeycomb lat-
tice related to graphene. Similarly as in the Kane-Mele
model for two-dimensional topological insulators [29], the
Hamiltonian is written in terms of two sets of Pauli matri-
ces: o acting on the Hilbert space {|A);|B)} associated
to the two sublattices A, B and s acting on {|+).;|—).}
linked to the two spin polarizations of an electron. We
fix h =1 or h = 27 such that k = (k;, k) refers equally
to a wave-vector or momentum. Here, c;[ka creates an
electron, corresponding to sublattice ¢ = A, B, with mo-
mentum k and spin polarization o =T, ] associated to
|+)2,|—)2- The Zs symmetry identically corresponds to
invert the role of |+), <> |—),. A related aspect of the
model is the presence of an in-plane magnetic field to re-
alize the topological phase(s). The term r can be realized
via a Zeeman effect and a magnetic field B, applied in
the x direction such that r = —7123* = upB, > 0 with v
the gyromagnetic factor and pp the Bohr magneton.
The components d, (k) and dy (k) in H(k) = d(k) - o
encode the kinetic term in graphene and d,(k) repre-
sents the topological term, similar as in the Haldane
model [20], producing a “mass-inversion” effect at the
two Dirac points K and K’ within the Brillouin zone




[30]. From standard definitions on the honeycomb lat-
tice [31], we identify d, (k) = tz _,cos(k-98;), dy(k) =
—t Zle sin(k - 6;) with ¢ > 0 and d.(k) = 25>, sin(k -

b;). Here, t represents the hopping amplitude between
nearest-neighbouring A and B sites, §; define the three
vectors linking these sites, to is the amplitude describ-
ing the hopping term between second-nearest neighbour-
ing sites. Here, b; precisely define the three vectors
in a triangle loop formed with the three sites belong-
ing to one sublattice A or B within one honeycomb unit
cell [31]. The sine function in d,(k) can be produced
through a Peierls phase attached to the to term such
that to = [t2]e’® with a maximum effect when ¢ = +3.
For ¢ = —3F, we identify d, = CJZ with c?z = 3v/3ty and
¢ = &+ at the K and K’ points respectively. Hereafter, we
show one protocol to realize such a specific term through
circularly polarized light which can be implemented with
current technology in graphene [32]. The term d, may
also be realized in cold atoms in optical lattices [33, 34]
or in light systems [35, 36]. The parameter M refers to a
modulated potential or a Semenoff mass term [37] which
will drive the bands-crossing effect at zero energy for the
half-filled situation.

For our purpose, it is useful to draw an analogy with
the Bloch sphere formalism which allows for a charac-
terization of the global topological properties from the
poles or equivalently from the Dirac points on the lattice
[31, 38]. The topological information being in fact trans-
ported in a thin cylinder from the equatorial plane to
each pole. The two Dirac points K and K’ are located
at the north and south poles respectively. Introducing
a small deviation p = (ps,py) from each Dirac point,
we have d,(p) = vpp: = vp|p|cos@ = |d|cospsiné,
dy(p) = Curpy = Cup|p|sing = |d|sinpsiné such that
d.(p)? + dy(p)? = v%|p|? with ¢ being related to the
azimuthal angle on the sphere ¢ = (. The Fermi ve-
locity defined as vp = %ta, with a the lattice spacing, is
300 times smaller than the speed of light ¢ [1]. Addition-
ally, we identify d.(p) = ¢d. + M = |d| cos# with 6 the
polar angle in spherical coordinates and we can equally
write |[d|*> =d -d = d,(p)? + dy(p)? + ({d, + M)?. For
r = 0 = M, each Bloch sphere characterizing one spin
polarization gives rise to a radial magnetic field produc-
ing one Dirac monopole on a sphere or Skyrmion on a
layer for the Haldane model [20]. As long as M < d, and
r = 0, the topological properties remain identical and for
M = d, the topological charge leaks out from the sphere.
Therefore, below we assume that M < d.. To classify
the topological properties, it is judicious to introduce the
pseudo-spin eigenstates |11 ) and |¢)_) corresponding to
energies +|d| and |+),, |—), corresponding to the spin
polarizations s, = +1 such that |+), = %(i|+>z+|_>z)
(which maybe redefined modulo a global phase). The
[—) (J14)) eigenstate corresponds to a projection on
sublattice B (A) at the K point whereas at the K’ point

band 2 band 3
| BE)=r—|dE)| | Bs(K) = —r+|d(K)|
|h2(K)) = [9-) @ [+)a | [93(K)) = [$4) @ [—)a
o | B2 = —r + (K| Es(K') =7 — |d(K))|
[2(K) = [¥4) @ [2)a|[¥3(K)) = [¢-) @ [+)a

TABLE I. Energies and corresponding eigenstates of band 2
and band 3 at the Dirac points.

[—) (J¢4)) now corresponds to a particle in sublattice
A (B). We will then specify the forms of the eigenstates
close to the Dirac points or poles completed by numerical
calculations.

Semimetal Characteristics.— One key objective of this
Letter is to show that Eq. (1) allows for a simple physical
and mathematical understanding for the existence of such
a protected topological nodal ring semimetal. To fix the
parameters accordingly, it is fruitful to study #(k)?, the
square of the Hamiltonian in the vicinity of K and K’

H(Kk)? = (|dK)]? +r) @1+ 2rd(k) -0 ®@s5,.  (2)

The system generally develops four energy bands. The
lowest and top energy levels correspond to the eigenstates
Y1) = [¢-) ® | =)o and [¢4) = [¢p4) ® |[+), assuming
r > 0. Then, 2rd - o ® s, = 2rd - o when acting on
these two energy states. Therefore, the lowest and uppest
energies in the spectrum satisfy E? = (r + |d|)? with
respectively By = —(r + |d]) and Ey = (r + |d]). Tt is
perhaps judicious to emphasize that at the Dirac points
we have d, = d, = 0 such that Ey(K) = —(r+d, + M)
and Ey(K') = —(r + d. — M). Similarly, we identify
EyK)=r+4d.,+M and E4(K') =r+d, — M.

The two middle or intermediate bands correspond to
the two eigenstates |[¢_) ® |+), and |¢)4) ® |—); such
that 2rd - 0 ® s, = —2rd - . These two energy bands
are then described through E? = (—r+1d|)2. To observe
a nodal ring semimetal at half-filling, this requires these
two bands to meet at zero energy such that E? = 0. If
these quantum states join sufficiently close to one Dirac
point, for instance K', this gives rise to the equality [39]

vplpl? = r* = (d. — M)? 3)

as soon as that r > (d, — M). From the organization
of energy bands defined such that F; < Fy < E3 < Ey,
since Eo(K) < E3(K) with Ey(K) =r — |[d(K)| =r —
d, — M and E3(K) = —r + |d(K)| = —r +d. + M then
this also implies that r < d, + M. The formation of a
(topological) nodal ring semimetal then leads to

d,— M <r<d,+M, (4)

which interestingly provides a correspondence towards
the analysis on two interacting Bloch spheres [21]. A
key property of the model is the phenomenon of inver-
sion of the forms of eigenstates related to bands 2 and



3 at K and K’ as a result of the Semenoff term M and
r, which is summarized in the Table for clarity sake. We
emphasize that |[d(K)|=d, + M and |[d(K")| =d, — M.
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FIG. 1. (top) Contour representation of F =r — |[d(K' + p)|
in the Brillouin zone centered around K’ with the (triangular)
nodal ring in black around K’. (middle) Band structure of
the system for a chosen path in the Brillouin zone. (bottom)
Density of states of the system. The parameters chosen for
all panels are M = 3\/315/4, r= t/\/g, to =t/3 with a = 1.

At half-filling, the ground state corresponds precisely
to the two lowest bands being filled. At the K Dirac
point, the two-particles ground state corresponds to
|IGS)k = |[¢P1(K))|¥2(K)), which can be equivalently
written developing the form of the “radial” eigenstates
|t4+) and [¢)_) at the pole of the sphere. This is equiv-
alent to |GS)k = e”cBTcE 110}, producing two parti-
cles on the same sublattice. In second quantization,

the identification reads |¢1(K)) = %(_CE?T + CTBQ\O)

and |1o(K)) = %(CTBT + CJJTBJ,)|0>' Here, |0) refers to

the vacuum at the K point. At the K’ Dirac point,
the two-particles ground-state wavefunction then reads
|IGS)kr = |1 (K"))|2(K')) or equivalently |GS)g =
% (CLTCTBT — CLTCTB¢ — CT‘NC};T + cgicgi) |0). This form
of entangled wavefunction, which also traduces the Z,
T4>] symmetry, agrees with the structure of the eigen-
states obtained when solving the 4 x 4 energy matrix
acting on (k) = (cAkt, CBkt, CAky, CBk}) and shows then
a duality with the bilayer system studied in [21]. This
analogy with the bilayer system and two entangled Bloch
spheres [21] allows us to certify that, if Eq. (4) is satis-
fied, then the graphene becomes a topological semimetal
in the sense that it also acquires one chiral edge mode. It
also leads to the prediction that the system has a quan-
tized quantum Hall conductivity o, = C % with a total
Chern number C' =} _, | |Co| = 1. The quantum Hall
conductivity can be evaluated from each sphere through
the transverse pumped current when one particle with
charge e and spin-polarization 1 or | (forming the 2-
particles’ ground state at north pole or K point) nav-
igates from K to K’ or equivalently from north to south
pole [21, 31, 42]. The topological information can be
written equivalently locally in terms of Berry phases at
the poles of each sphere and at K and K’ in the energy
bands [31]. The fact that C,, = % with o =7, can also
be understood from the fact that the lowest topological
band 1 is polarized along |—),. The % topological number
per spin polarization can be viewed as a half Skyrmion,
first introduced as a possible solution of the Yang-Mills
equation [40]. The eigenstates of band 2 at K and K’ are
similar to those in a non-topological charge density wave
phase corresponding to a projection on B sublattice.

Now, we address the Fermi-liquid properties of the
topological nodal ring semimetal related to Figs. 1.
If we develop the energy spectrum of bands 2 and 3
close to K’ we observe a quadratic evolution character-
istic of a Fermi ‘liquid’ with both electrons and holes
quasiparticles. The free energy takes the usual form
F(T) = F(0) — 7%QT2D(EF) at a temperature T with
the surface-related density of states at the Fermi energy
D(Ep) = M4 — mo

= with m* corresponding to the
F

mass of a quasiparticle in the sense of the kinetic term

2
i%v%% related to the curvatures of band 2 and 3

close to K'. Here, D(f ) refers to the density of states

for band 2 or 3. Then, when r > r_ where r; =d, — M,
the system shows a finite density of states related to the
apparition of the nodal ring. This traduces the entrance
into the semimetallic topological phase. For r < r_,
the system goes into an insulating topological phase with
C = 2 associated to the contribution of the two lowest
bands [41]. The transition at r = r_ is characterized
by the radius of the nodal ring shrinking to zero from
Eq. (3) and a jump in the (electronic) specific heat at

fixed volume %ZD(EF)T which can be observed tuning



the magnetic field B,. The in-plane magnetic field pro-
duces a macroscopic magnetization along z direction in
the semimetal phase as the lowest band is polarized along
|-). and band 2 flips its spin polarization from |+), to
|—) within the Brillouin zone from K to K'. At r <r_,
band 2 flips its spin polarization at K', |—), — |+)z,
such that the net magnetization along z for the ground
state disappears in agreement with the limit » — 0.
The semimetal develops a Pauli magnetic susceptibility

X ~ ,uQB# when tilting the magnetic field slightly along
F

z axis. This can be verified including a term r,I®s, with
r, = upB, in Eq. (1) and evaluating ,u;ﬂsﬁ%‘v) for
band 3 and band 2 which show an opposite induced spin
polarization. If we navigate between r_ and r = d,+M
in Eq. (4) then the shape of the ring progressively evolves
from a circle onto a triangle and close to rT we observe
a similar circular nodal ring forming now around the K
point. The system also develops a gapless region around
the I" point in the Brillouin zone. For r > 7}, the ground
state is a ‘trivial’ (non-topological) insulator.

Realization and Protection.— Below, we elaborate on
the realization of the topological phase in graphene
and its stability towards disorder effects. From general
grounds, the robustness of the band structure at the two
crossing points for a fixed angle ¢ resides in the pres-
ence of a “double-orthogonality” in the definition of the
eigenstates related to the two crossing bands. To hy-
bridize these two bands, this requires to flip simultane-
ously the pseudo-spin through the action of ¢* and the
spin through the action of s, Fis,. Therefore, tilting the
magnetic field B, in the plane through a perturbation
of the form I ® s, will not alter the semimetal and will
simply rotate smoothly the spin eigenstates. Here, we
emphasize that the operator o& ® (s, F is,) that could
couple or hybridize the two-crossing bands is not gener-
ated including higher orders in the development of the
partition function, then protecting the band degeneracy.
Within the implementation of Eq. (1) in graphene, the
term Bo, ® s, which may also open a gap at the crossing
points (the state o, [1)_) being not orthogonal to |1 ) and
similarly for the spin sector) remains zero, protecting the
topological nodal ring semimetal and the Z, symmetry.

An important point to realize this model is the form of
the term Mo, ®I. Suppose potentials {VTA, VTB, VJ/A, ViB}
resolved on a sublattice, then we have the general relation
V= Viag + VERE + VAR + VEAP with

V=al®s, + Mo, @1+ o, ®s,, ()

and @ = (Vi + VP = (Vi + VE), M = F(Vf -
VE) + (VP = VP)) and B = (V= VP) — (VA —
Vf )). Within the definitions of the Pauli matrices, we
define ﬁ; =P, ®I:’j with P the probability to occupy the
sublattice i and Pj the probability to observe the spin

polarization j. Therefore, to realize a term Mo, ®1 in the
Hamiltonian this requires to have VTA = VJ/A = V4 and

4

Vf = ViB = Vp preserving the Z, symmetry, implying
then that 8 =0 = a and M = (V4 —Vp). It is judicious
to have global potentials V4 and Vg # V4 such that they
keep a similar form in real space and momentum space.
This can also be nano-engineered through a substrate in
a charge density wave or Mott phase [42]. A Coulomb
interaction V(ngpyns + ndpynl) with (ndpy) =1
and (nZ ;) = 0 representing here the mean density of
(spin-polarized) particles on the substrate per sublattice
produces an effective potential V;p = +(1+ 0, @ I).

Energy

T T T T =
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FIG. 2. Zoom on the band structure as a function of k, on
the cylinder geometry at small disorder U = 0.03t showing
the semimetal. Same parameters as in Fig. 1. The cylinder
has N = 30 sites in the non-periodic y direction. The red
edge mode is linked with the lowest topological energy band
1 and the blue edge mode is linked with band 4.

The stability of the phase can be tested through var-
ious disorder profiles. Suppose a global disorder pro-
ducing fluctuations of potential {§V4;dVp} acting on
sublattices A and B such that the chemical potential
has small fluctuations around ¢ = 0. In this case, the
disorder can be inserted as a Gaussian random vari-
able ¢ = 1(0Va — 6Vp) essentially renormalizing the
Semenoff mass term as M — M + ¢. We can then
define the ensemble-averaged topological number [42] as
(Ca) = [ d9P(¢)Ca(@) with P(¢) = Ne 3¢ and
N a normalization factor. As long as d, — M — ¢ <
r<d.+ M+ ¢ is satisfied then the topological num-
ber Cy(¢) = 1 with a =1, is stable and zero otherwise.
Evaluating the integral then leads to the observation that
the quantum Hall conductivity would only show exponen-
tially small corrections as long as £ < d, referring to the
weak disorder limit. In Fig. 2, we present a numerical
evaluation of the band structure in a cylinder geometry
with a disordered potential V with each value V (y) being
a random variable taken uniformly in a window [—-U; U]
where a partial Fourier transform is performed along the
edge variable with k = k,. The energy spectrum shows
the survival of the edge mode (at each edge of the cylin-
der) until moderate ranges of U compared to d,.



Since topological properties are characterized through
the Dirac points [31], we describe below an implementa-
tion of the {d.o, @I term resolved at K and K’ shining
the graphene lattice with circularly polarized light. The
time-dependent Hamiltonian close to K and K’ reads

H(p,t) = Mo, @1+ vp(py +eAz(t))o, @1 (6)
+ Cup(py + eAy(t))oy T+ rl® s,.

To induce a topological state both through a high-
frequency Magnus approach [43] in the Floquet the-
ory and through the resonance in the rotating frame
[38], we introduce a circularly polarized vector poten-
tial of the form A = Agy(sin(wt)e, + sin(wt + T )ey)
that would then produce simultaneously the presence
of a left-handed and right-handed polarized waves in-
teracting with one Dirac point respectively such that
0. AL(t) + CoyAy(t) = +iApCoTelwt — iAg(o—e et
Within the general Floquet formalism [43], then we ver-
ify that such a time-dependent perturbation indeed pro-
duces the required term d, = %. Experiments
in graphene have shown the possibility to generate such
a topological term from circularly polarized light [32].
The measured quantum Hall conductivity depends on
the light intensity at small Ay and then can approach
a quantized value when increasing Ay [44]. A similar sit-
uation may be reached through Floquet mechanism in
cold atoms [33, 34] and light-matter systems [35].

The rotating frame approach is also useful to measure
the topological number when driving from north to south
pole on the sphere corresponding here to a pumping pro-
tocol of a charge from one Dirac point to the other. The
rotating frame can be reached through the unitary trans-
formation U (t) = e~¢5 7= @1 of angle +(wt [38]. This is
equivalent to define the dressed eigenstates |A’) and |B’)
such that |B) = e ®“%|B’) and |A) = ¢ |4’). The
Hamiltonian becomes

Heps(P) = UH(P, U + (do0. @ (7)

with d, = %‘“ at the K point. A time-independent Hamil-
tonian can be reached if we adjust the angle ¢ = —wt.
Suppose for this protocol that Ay — 0, then in the
{|A’);|B’)} basis we obtain the Hamiltonian

UHUT = (Cd=+ Mo, @T+vp|plo, 9T+rI®s,. (8)

This corresponds to the required Hamiltonian in Eq. (1)
if we navigate effectively along the line corresponding to
an azimuthal angle ¢.r¢ = 0 on the Bloch sphere. To
observe the topological invariant this requires to mea-
sure the electric dipole polarization on the lattice at
the specific wave-vectors K and K’ related to the two-
dimensional lattice. In this way, it seems possible to
detect C' = 1 through the electrical polarization (o;.)
resolved at the specific K and K’ Dirac points within
the Brillouin zone from the rotating frame adjusting
d.— M <r<d,+M with r = —25=.

Stability towards Interaction Effects.— The stability of
the nodal ring semimetal band structure towards inter-
action effects can be understood from renormalization
group arguments for two-dimensional (circular) Fermi
surfaces [45]. In particular, the Pauli principle does
not allow for inter-band interaction effects between spin-
polarized states |—), and |+), associated to bands 2
and 3. This can also be understood through a (vari-
ational) mean-field approach [46] which reflects on the
importance of symmetries at the band crossing points
to preserve the stability of the nodal ring semimetal. A
Hubbard interaction in real space, at site 4, UCITCiTCI 1Cil
can be equivalently written through mean-field variables
Or = —%(Sr) associated to the spin observables S = cjsci
and can be incorporated within the matrix approach in
momentum space [46]. From the Hamiltonian (1), we
have ¢, = 0. Similarly, ¢, = 0 since an effective coupling
hybridizing bands 2 and 3 at the crossing points would
necessitate an operator of the form o% ® (s, — is,) or
0~ @(sy+is;). The fact that ¢, = 0 is also in agreement
with the longitudinal spin susceptibility being a function
of vgp only. Therefore, interactions simply renormalize
the term r as 7 = (r + U¢,). For the filled energy band
2, around the K’ Dirac point we have ¢, = +% which
indeed ensures the stability of the semimetal as long as
d. — M < r+ % <d.+ M. Developing the energy of
band 2 close to K’ in the presence of the U¢, channel,
the mass m* (and therefore the density of states) of a
(quasi-)particle also remains identical.

Conclusion.— To summarize, we have introduced a
topological nodal ring semimetal in graphene showing
the characteristics of a Fermi liquid with Zs symmetry in
the bulk coexisting with a robust chiral edge mode giving
rise to a quantum anomalous Hall response. This system
offers further perspectives on the possibility to realize
topological semimetals with the equivalent of matter and
antimatter in the bulk and a chiral edge mode. This may
also lead to developments related to quantum materials,
cold atoms and light-matter systems. Related to this
quest, it is interesting to mention here the very recent
observation of a quantized (thermoelectric) Hall plateau
in graphite as a nodal line semimetal [47].
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