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Abstract: Topological crystalline insulators from the Pb1-xSnxSe family host textbook Dirac surface 

states that are nearly electron-hole symmetric and isotropic in momentum space. The high 

mobility of charge carriers possible in these materials, allow one to reach the quantum limit at 

reasonably achievable magnetic fields. We exploit this advantage to combine magnetooptical 

Landau level spectroscopy, Shubnikov-de Haas transport measurement and consistent modelling 

of the two experiments to precisely extract the band parameters of the topological states of this 

system along with their g-factor. We find an enhanced g-factor with field dependence compared 

with bulk states. This information is vital to the realization and understanding of novel quantized 

Hall effect stemming from the mirror protected valley-degenerate Dirac states of this material 

family. 

 

Introduction: 

Topological crystalline insulators (TCIs) are a class of topological matter, in which crystalline 

symmetry combines with time-reversal symmetry to ensure the existence of gapless surface 

states. IV-VI materials, including Pb1-xSnxSe and Pb1-xSnxTe, have been identified as TCIs. [1–3] 

They have a simple rock-salt structure and host four Dirac cones along the [111] surface. This 

valley degeneracy can lead to novel quantum phenomena such as a quantum anomalous Hall 

effect with high Chern number and an interaction-induced quantum Hall nematic state.  [4–6] 

The electronic properties of bulk Pb1-xSnxSe have been explored by various techniques, such as 

magneto-transport [7–9], magneto-optics [10,11] and ARPES [3,12]. Magnetotransport has been 

commonly used to study the IV-VI materials, as the TCI properties can be reflected by the weak 

anti-localization effect and Shubnikov-de Haas oscillations [13,14]. However, most transport 

measurements fail to produce a complete electronic structure of the surface states, mostly due 

to the contribution from the bulk conducting channels. Extracting the g-factor and Zeeman 

splitting is particularly challenging without independent knowledge of where the Fermi level is 

and an independent indexing of the quantum oscillations. Notably, the g-factor of the surface 

states of TCIs has not yet been measured. There have been attempts to extract it using scanning 

tunneling spectroscopy measurements and quantum oscillations in Bi-based TIs.  Values as high 

as 50 were recovered from the behavior of the N=0 Landau level in Bi2(Te,Se)3 [15], while 

quantum oscillations yielded inconsistent results [16–19]. This inconsistency is not an uncommon 



issue, as the g-factor is known to be field and energy dependent for systems with non-parabolic 

dispersions resulting from strong spin-orbit interactions.  [20] 

In our previous work [13], we have successfully grown Pb0.7Sn0.3Se quantum wells with high 

mobility and low carrier density. We studied their quantum coherent transport at low magnetic 

field.  In this work, we perform high-field magnetotransport and magnetooptical measurements 

on the quantum wells to extract consistent band information valuable to realize and understand 

the quantum Hall effects predicted in this material system [4,21]. These parameters include the 

g-factor. We observed non-periodic quantum oscillations in the magnetoresistivity between 3T 

and 16T which are difficult to interpret without other experimental input. By employing 

magnetooptical Landau level spectroscopy, we extract the band parameters and model the 

Landau level dispersion versus magnetic field which allows us to reliably index observed 

oscillations. We find an excellent agreement between magnetotransport and magneto-optical 

measurement for a specific value of spin splitting. The crossing of Landau levels with the Fermi 

level allows us to model the quantum oscillations and extract the hole g-factor of the topological 

interface states of Pb0.7Sn0.3Se quantum wells. 

Experiment: 

A. Sample structure 

 

Fig. 1 (a) Structure of the quantum well. The well thickness is 50nm and barrier thickness is 40nm. (b) 

Band dispersion of TIS and “bulk” subbands S1 and S2. The inset diagram shows the inverted band 

structure of the quantum well. (c) Landau levels of each band. Spin splitting is not included in this plot. 

The sample structure is shown in Fig. 1(a). A 1μm Pb0.92Eu0.08Se layer and a PbSe/EuSe 

superlattice with a total thickness equal to 500nm are grown as buffer layers on the BaF2 [111] 

substrate. Then, the Pb0.7Sn0.3Se quantum well is grown between a 40nm Pb0.92Eu0.08Se bottom 

barrier and a 50nm Pb0.92Eu0.08Se top barrier. A Sn content of x=0.3 is chosen to realize an 

inverted bulk gap close to 100meV and an isotropic bulk Fermi surface [11]. Under the latter 

condition, the four Dirac surface states of the material become isotropic and identical, thus 



removing the ambiguity related to valley degeneracy. [11,14] The well is encanpsulated between 

two identical Pb0.92Eu0.08Se barriers, which limit top-bottom asymmetry. The Sn concentration, 

layer thickness and strain characteristics are characterized by X-ray diffraction (XRD) and 

transmission electron microscopy (TEM), shown in our previous work  [13]. Here we will focus 

our analysis on a single 50 nm quantum well (S1).  

The inverted band structure will lead to an evanescent gapless state at the interface that are 

topological protected, together with gapped subbands originating from the quantum confinment 

of bulk states, as shown in Fig. 1(b). Each band has a separate Landau level (LL) fan illustrated in 

Fig. 1(c) in the presence of a magnetic field along the growth axis. The gaps, band dispersions and 

LLs for each subband including the topological interface states (TIS) can be derived by combining 

the k∙p model for IV-VI semiconductors and the envelope function approach, as shown in the 

ref [11,13,22,23] and the appendix. Here, a far-band correction, which consists in an orbital 

component and spin component is expressed as ℏ𝜔̃ . Its origin is discussed in detail in the 

appendix, following a similar treatment previously carried out for the bulk band structure [7,24], 

The LLs in the conduction (written as E) and valence band (written as H) are expressed as: 

                                                𝐸𝑖
𝑁,(↑,↓)

= ±ℏ𝜔̃𝑒𝑓𝑓 + √(Δi − 𝑁ℏ𝜔̃𝑒𝑓𝑓)
2
+ 2𝑒ℏ𝑁𝑣𝑐

2𝐵                                  

(1) 

                                                𝐻𝑖
𝑁,(↑,↓)

= ±ℏ𝜔̃𝑒𝑓𝑓 − √(Δi − 𝑁ℏ𝜔̃𝑒𝑓𝑓)
2
+ 2𝑒ℏ𝑁𝑣𝑐

2𝐵 

Where Δ𝑖  is the band edge position of each subband, 𝑖 is the subband index (𝑖 = 0 and Δ0 →

0𝑚𝑒𝑉 for TIS), N denotes the LL index redefined according to ref.  [10,25] (for detail see appendix 

B), 𝑣𝑐  is band velocity related to the k.p interband matrix element,  𝜔̃𝑒𝑓𝑓 =
𝑒𝐵

𝑚̃𝑒𝑓𝑓
 represents the 

far band contributions to the effective mass 𝑚̃𝑒𝑓𝑓. Its meaning and origin are discussed in detail 

in the appendix C. This contribution gives a small parabolic correction to the linear dispersion of 

the interface states. We are also using the approximation that 𝑔̃𝑒𝑓𝑓𝜇𝐵𝐵 ≈ −ℏ𝜔̃𝑒𝑓𝑓, which has 

been used in previous works [7,24,26,27], where 𝑔̃𝑒𝑓𝑓 is the far-band correction to the g-factor. 

Although such an approximation was originally used for bulk states  [7], we show that it applies 

to surface states as well in the appendix C. Regardless of the accuracy of this assumption, the far-

band orbital and spin Zeeman parts cannot be easily distinguished using measurements in the 

geometry that we have chosen in this work. Our objective will be to determine their overall 

impact on the Landau levels, essentially consisting in a pseudo-spin splitting. Notice here that 

only the far-band correction to the g-factor appears in the expression for the Landau levels. We 

discuss in detail later, how it relates to the total g factor. In what comes next, we determine the 

experimental values of Δi , 𝑣𝑐  and 𝑚̃𝑒𝑓𝑓  by combining magnetooptical and magnetotransport 

measurements. 

B. Magneto-optical Landau level spectroscopy of the band structure of topological states 



 

Fig. 2 (a) Landau levels of TIS and S1. Arrows represent electron transitions between LLs of the same band. 

For holes the transition will be from E to H. To make the transition clearer to understand, the Zeeman 

splitting term (±ℏ𝜔̃𝑒𝑓𝑓) is not included in the plot. (b) Relative magneto-optical spectra (T(B)/T(0)) on S1 

between 4T and 17.5T, measured at 5.5K. Special transitions are marked with different color that is 

consistent with Fig. 2c. (c) Fan chart extracted from spectra. All points represent the minima in fig. 2a and 

lines are fitting using Eq. 2. In the green region below ~70meV, the signal is blocked due to the 

reststrahlen band of BaF2 and absorption through a ZnSe window used in the experiment. 

We have performed magnetooptical infrared spectroscopy to extract the band parameters that 

appear in Eq. (1), at 5.5K using an applied magnetic field up to 17.5T in the Faraday geometry. In 

the presence of the magnetic field, the incident infrared electromagnetic wave excites transitions 

between different LLs, given dipole selection rules that conserve pseudo-spin and obey parity 

rules (transitions between N and N±1), as shown in Fig. 2(a).  Arrows represent transitions 

between LLs originating from either the TIS or S1 band. According to the selection rules, the 

optically active interband transitions occur between 𝐻𝑖
𝑁  and 𝐸𝑖

𝑁±1 Landau levels for electrons 

with same spin [28–31]. From Eq. 1 we can derive: 

                    Δ𝐸 = 𝐸𝑖
𝑁±1 − 𝐻𝑖

𝑁

= √[Δi − (𝑁 ± 1)ℏ𝜔̃𝑒𝑓𝑓]
2
+ 2𝑒ℏ𝑁𝑣𝑐

2𝐵 + √(Δi − 𝑁ℏ𝜔̃𝑒𝑓𝑓)
2
+ 2𝑒ℏ𝑁𝑣𝑐

2𝐵      (2) 

The experimental relative transmission spectra T(B)/T(0) at each field are shown in Fig. 2(b). The 

minima in the relative spectra, which shift to a higher energy as the field increases, represent the 

transition between LLs.  In Fig. 2(c) the energy of each minimum is plotted versus magnetic field 

as points. We identify the origin of these transmission minima by fitting with Eq. 2. Transitions 

from same subband are in the same color. The deep blue lines represent transitions from the LLs 

of the TIS, the grey and light blue lines represent transitions from S1, and S2 respectively. An 

additional purple line represents hybrid inter-sub-band transitions of 𝐻0
0 − 𝐸0

2 . A detailed 

discussion of this transition is beyond the scope of this work. From the fit, we can get an 

estimation of the band parameters including the band gap 2Δ, the band velocity 𝑣𝑐  related to the 

k.p matrix element and the far-band effective mass correction 𝑚̃𝑒𝑓𝑓 . A sufficient number of 



points from lower-index LL transitions gives a precise fit and a precise value of the band gap Δ𝑖. 

The fitting result matches well with experimental data, for the parameters shown in table 1.  

The far-band correction to the effective mass cannot however be extracted reliably by this 

method, as it does not influence the LL-transitions dramatically. We will show next that by 

combining the results of our magnetooptical Landau level spectroscopy with Shubnikov-de Haas 

measurements, this precision can be dramatically improved. 

Table 1. Fitting parameters of sample S1 from transmission spectra. me is the free electron mass. 

 TIS S1 S2 

Δi from experiment (meV) 0(+5) 40(±3) 53(±5) 

Δ𝑖 from calculations (meV) 0 38 49 

𝑣𝑐  (4.36 ± 0.10) × 105 𝑚/𝑠 
|𝑚̃𝑒𝑓𝑓|/𝑚𝑒 0.30(±0.15) 

 

C. Spin splitting from Shubnikov-de-Haas measurements 

 



FIG 3. Transport measurement of S1. (a) Rxx measured at 1.5K. Weak oscillations can be observed at high 

field. Inset: photograph of the sample setup for transport.  (b)  Δ𝑅𝑥𝑥 extracted by a linear fit. The peaks 

of the oscillations are indicated by black arrows. (c) Longitudinal and transverse conductance 𝜎𝑥𝑥, 𝜎𝑥𝑦 

calculated from Drude model. (d) Landau levels of TIS and S1. Black arrows are in the same position with 

(b).  

Electrical magnetotransport measurements are performed between 1.5K and 20K using the 

standard 5-probe method, with magnetic field up to 16T. The result is shown in Fig. 3. Fig. 3(a) 

shows the longitudinal resistance Rxx versus magnetic field. Although Rxx is quasi-linear, we can 

observe small oscillations emerging at high magnetic field. By performing a linear fit, we extract 

this small change Δ𝑅𝑥𝑥 = 𝑅𝑥𝑥 − 𝑅𝑓𝑖𝑡, as shown fig. 3b for different temperatures. The recovered 

signal exhibits Shubnikov-de Haas oscillations, which relate to the crossings between the Fermi 

level and Landau levels. At each crossing, the carriers are delocalized, leading to an increase of 

the conductivity 𝜎𝑥𝑥. However, whether 𝑅𝑥𝑥~
𝜎𝑥𝑥

𝜎𝑥𝑥
2 +𝜎𝑥𝑦

2  behaves as a minimum or maximum when 

𝜎𝑥𝑥 is maximum depends on the scale of 𝜎𝑥𝑥 and 𝜎𝑥𝑦. [32] In our case, 𝜎𝑥𝑦 is larger when the field 

is above 5T, leading to a maximum of 𝑅𝑥𝑥 when 𝜎𝑥𝑥 goes a maximum. The value of σxy, 𝜎𝑥𝑥 is 

calculated by Drude model and shown in Fig. 3c. 

The oscillating signal is aperiodic and yields only four oscillation maxima making it difficult to 

analyze without direct recourse to a fan-chart. The field at which the oscillation maxima occur 

are extracted and are indicated by arrows in Fig. 3d, where we also plot the LLs of the TIS, S1 and 

S2 (including Zeeman splitting) with parameters fitted from magneto-optics. The dashed line 

represents the Fermi level, which crosses the valence band. It can be estimated from where LL 

transition disappears. For example, the 𝐸0
2 − 𝐻0

3 disappear between 3.5~4T (Fig. 2c), meaning 

the 𝐻0
3 LL just go across the Fermi level in that field range. By comparing several transitions, we 

can estimate the Fermi level to be −55 ± 5 meV (negative because the sample is p-type). 

Discussion 

The crossings deduced from Shubnikov-de Haas oscillations, and the predicted crossings from 

magneto-optical measurement, can be made to match well by further constraining the far band 

corrections related to 𝑚̃𝑒𝑓𝑓/𝑚0 as shown in Fig. 3(d). The two crossings at higher field are of 

particular importance, as they originate from spin-up and spin-down Landau levels with same 

index N=1. From Eq. 1 we can derive that the distance between these two crossings is:  

                                    Δ (
1

𝐵𝑇𝐼𝑆,𝑁=1
) =

1

𝐵𝑇𝐼𝑆,𝑁=1
↑

−
1

𝐵𝑇𝐼𝑆,𝑁=1
↓

=
4𝑒ℏ𝐸𝑓

𝑚̃𝑒𝑓𝑓(𝐸𝑓
2 − Δ2)

                             (3) 

Where 𝐵𝑇𝐼𝑆,𝑁=1
↑ , 𝐵𝑇𝐼𝑆,𝑁=1

↓  are the crossings between the Fermi level and 𝐻0
1,↑, 𝐻0

1,↓. Thus, after 

finer tuning of the parameters to match all four crossings, the band edge correction to the 

effective mass 𝑚̃𝑒𝑓𝑓 can be more precisely derived to be 
𝑚̃𝑒𝑓𝑓

𝑚𝑒
= 0.32 ± 0.02. The uncertainty is 

mostly due to the uncertainty on the position of the Fermi level. It is in the range of the previous 



reports on bulk epilayers of IV-VI materials [10,11,25]. The corresponding far-band g-factor is 

𝑔̃eff ≈
2𝑚𝑒

𝑚̃𝑒𝑓𝑓
= 6.2 ± 0.1. We highlight here that 𝑔̃𝑒𝑓𝑓 is the effective far-band correction to the 

g-factor and not the overall effective g-factor. The splitting seen in Fig. 3(d) originates from spin-

up and spin-down states that are originally Kramers’ partners without magnetic field (appendix 

D). The breaking of time-reversal symmetry under a magnetic field, causes this splitting. The 

overall effective g-factor g of the system can be found by extracting the spin-splitting energy 

between Landau levels (with refined index) from the fan-chart in Fig. 3(d). 

 

Fig. 4 Calculated effective g-factor defined in Eq. (2) for (a) topological surface states and (b) the first 

subband S1, which depends on the Landau index n. We choose to show the case of n=1, 2 and a large 

limit n=20. 

The k.p treatment used above simplifies the Landau levels of TCIs by introducing an index change, 

explained in Appendix A. The overall effective g-factor should use the original Landau index n of 

Mitchell and Wallis [30] (discussed in appendix A) which describes the true spin splitting between 

states of identical Landau index. It is found to be consistent with spin resonance measurements 

in bulk [33,34], and is systematically used to characterize the spin-splitting of non-parabolic 

systems [14,16,35]:   

                       𝑔(𝑛) =
𝐻(𝑛, ↑) − 𝐻(𝑛, ↓)

𝜇𝐵𝐵
(𝑛 ≥ 0) =

𝐻(𝑁, ↑) − 𝐻(𝑁 + 1, ↓)

𝜇𝐵𝐵
(𝑁 ≥ 0)                   (2) 

It can be seen from Eq. 1 that the g is dependent on both the index N and the magnetic field B. 

This is not unusual for materials with non-parabolic band dispersions, and should also hold for 

topological surface states. The calculated result for the surface state is shown in Fig. 4a. The 

parameters used for calculation are taken explicitly from our magnetooptical and 

magnetotransport results, as discussed earlier. In a reasonable field range for measurements (2 

to 20T), the g-factor for n=1 and n=2 exceeds 100 below 2T. For high-n limit, the g-factor is close 

to 20 between 5 and 20T.   



The effective g-factor we get for the interface states is enhanced compared with reported value 

in bulk Pb1-xSnxSe (30~70) [14,36,37]. Such an enhancement of the surface state g-factor 

compared with bulk are reported in other systems, too [16,35,38].  In our case, this can be 

understood from the conventional Roth formula [39], where a smaller gap leads to an enhanced 

g. On the other hand, the calculated g-factor for the first subband S1 as shown in Fig. 4b, agrees 

with bulk values. The field-dependence of the g-factor can be explained by the strong mixing 

between orbital and spin degrees of freedom in IV-VI materials. Such behavior is also observed 

in other systems with strong spin-orbit coupling such as InAs [40] and HgTe [41]. 

In summary, we have performed magneto-optical Landau level spectroscopy and Shubnikov-de-

Haas oscillation measurements on high-mobility Pb0.7Sn0.3Se topological quantum wells. The 

Shubnikov-de-Haas oscillations and the magnetooptical spectra are consistent with each other. 

By combining the two techniques, we are able to get well-constrained band parameters including 

the far-band correction to the effective mass and g-factor, which is extracted from the spin 

splitting of Shubnikov-de-Haas peaks.  The recovered effective g-factor g of the topological 

surface state is enhanced compared with bulk states. This effective g-factor accounts for the 

splitting between Landau levels of opposite spin. It is dependent on the Landau index, the 

magnetic field, and the energy. Finally, the existence of quantum oscillations is a promising 

signature to achieve the exotic quantized Hall effect predicted for the topological crystalline 

insulators. 
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 Appendix A. 𝒌 ∙ 𝒑 Hamiltonian and far-band approximation of bulk Pb0.7Sn0.3Se; Refined LL 

index. 

A 𝑘 ∙ 𝑝 Hamiltonian is developed by Mitchell and Wallis to describe 𝐿6
± band of lead salts. For 

[111] orientation in the non-trivial case, in the basis 𝐿6𝛼
+ |𝑛⟩, 𝐿6𝛽

+ |𝑛 + 1⟩, 𝐿6𝛼
− |𝑛⟩, 𝐿6𝛽

− |𝑛 + 1⟩, the 

Hamiltonian is written as follows: 

(

 
 
 
 
 
 

Δ − (𝑛 +
1

2
)ℏ𝜔̃𝑐 +

1

2
𝑔̃𝑐𝜇𝐵𝐵 0 ℏ𝑣𝑧𝑘𝑧 √2(𝑛 + 1)ℏ𝑒𝐵𝑣𝑐

2

0 Δ − (𝑛 +
3

2
)ℏ𝜔𝑐̃ −

1

2
𝑔̃𝑐𝜇𝐵𝐵 √2(𝑛 + 1)𝑛ℏ𝑒𝐵𝑣𝑐

2 −ℏ𝑣𝑧𝑘𝑧

ℏ𝑣𝑧𝑘𝑧 √2(𝑛 + 1)ℏ𝑒𝐵𝑣𝑐
2 −Δ − (𝑛 +

1

2
)ℏ𝜔̃𝑣 +

1

2
𝑔̃𝑣𝜇𝐵𝐵 0

√2(𝑛 + 1)ℏ𝑒𝐵𝑣𝑐
2 −ℏ𝑣𝑧𝑘𝑧 0 −Δ − (𝑛 +

3

2
)ℏ𝜔̃𝑣 −

1

2
𝑔̃𝑣𝜇𝐵𝐵

)

 
 
 
 
 
 

 

Where 𝜔̃𝑐, 𝜔̃𝑣, 𝑔̃𝑐, 𝑔̃𝑣 are far-band contributions to the effective mass and g-factor, separately. n 

is the true Landau level index. In the non-trivial case, 𝐿6
+ is the conduction band and 𝐿6

− is the 



valence band. 𝛼, 𝛽  represent pseudo-spin direction. 𝐿6𝛼
+ , 𝐿6𝛽

−  represents spin-up; 𝐿6𝛽
+ , 𝐿6𝛼

−  

represents spin-down [30,42]. 

Far-bands are nearly equally distant from the conduction and valence band. Thus, we can take 

𝜔̃𝑐 ≈ −𝜔̃𝑣 =
𝑒𝐵

𝑚̃
. Similarly, 𝑔̃𝑐 = −𝑔̃𝑣 = 𝑔̃ . Previous works have shown that for bulk PbSe, 

|𝑔𝜇𝐵𝐵| ≈ |ℏ𝜔| within the error. Since the far-bands are close to 1eV away from the 𝐿6
±  bulk 

bands, we assume the approximation will not be affected by changing Sn concentration and still 

holds for Pb0.7Sn0.3Se. Nevertheless, ℏ𝜔 and 𝑔𝜇𝐵𝐵 always bind together to affect the energy and 

we cannot distinguish them by Faraday geometry.  

Solving the above Hamiltonian will get the energy values for n-th Landau levels of bulk Pb1-xSnxSe: 

𝐸𝐿6𝛼,
+ 𝐿6𝛽

− = ±ℏ𝜔̃ ± √[Δ − (𝑛 + 1)ℏ𝜔̃]2 + 2𝑒ℏ𝑣𝑐
2(𝑛 + 1) 

𝐸𝐿6𝛽
+ ,𝐿6𝛼

− = ±ℏ𝜔̃ ± √[Δ − 𝑛ℏ𝜔̃]2 + 2𝑒ℏ𝑣𝑐
2𝑛 

Thus, we can redefine an index N such that 𝑁 = 𝑛 for 𝐿6𝛽
+  and 𝑁 = 𝑛 + 1 for 𝐿6𝛼

+ , same applies 

for 𝐿6
− bands. Such change of index is shown in Fig. 5.  

 



Fig. 5 Comparison between the original LL index n(left) from ref [10,30] and the refined LL index N(right) 

used in here and refs [7,11,24]. Green arrow represents interband transitions allowed by selection rules. 

For refined LL index, the transition happens between Δ𝑁 = ±1 with same spin direction. 

The selection rules for interband transitions has been discussed [28,29,31] and obey Δ𝑛 = 0 or 

Δ𝑛 = ±2 with same spin. In the refined N case, this is converted to Δ𝑁 = ±1 with same spin 

direction. Transitions are plotted as green arrows in Fig.5. 

Appendix B. 𝒌 ∙ 𝒑 Envelope function model for single quantum well 

The 𝑘 ∙ 𝑝  model can be further applied to the quantum wells, which is already discussed in 

previous works [11,13,43]. We will briefly discuss here for the reference. 

 

Fig. 6 Band diagram of the quantum well. 

The 4-band k.p Hamiltonian describing the electronic structure of IV-VI quantum wells in the basis 

|𝐿6
+, ↑⟩, |𝐿6

+, ↓⟩, |𝐿6
−, ↑⟩, |𝐿6

−, ↓⟩ is written as follows: 

               𝐻̂ =

(

 

𝑉−(𝑧) 0 −𝑖ℏ𝑣𝑧𝜕𝑧 0

0 𝑉−(𝑧) 0 𝑖ℏ𝑣𝑧𝜕𝑧

−𝑖ℏ𝑣𝑧𝜕𝑧 0 −2|𝛥| + 𝑉+(𝑧) 0

0 𝑖ℏ𝑣𝑧𝜕𝑧 0 −2|𝛥| + 𝑉+(𝑧))

                

Here, 𝑉±represents the band offset at the interfaces (z=0 and z=L). 𝑉±(𝑧) = ±𝑉 outside the well 

and 0 inside it (𝑉 is much larger than2Δ). −2|𝛥| is the position of the valence band edge, with 

the conduction band edge in the well taken to be at 0.  

The detailed solution using envelope functions can be referred to the references above. The 

result for −2Δ < 𝐸 < 0 is 

tanh (
𝜅𝑑

2
) = −

𝜌(E + 2Δ)

𝜅(𝐸 + 2Δ − 𝑉)
,     𝑒𝑣𝑒𝑛 𝑐𝑎𝑠𝑒 

coth (
𝜅𝑑

2
) = −

𝜌(E + 2Δ)

𝜅(𝐸 + 2Δ − 𝑉)
,     𝑜𝑑𝑑 𝑐𝑎𝑠𝑒 



Here 𝜅 = −
1

ℏ𝑣𝑧
√−𝐸(𝐸 + 2|Δ| . For the sample S1, 𝑑 = 50𝑛𝑚 , 2Δ = 100𝑚𝑒𝑉 (gap of bulk 

Pb0.70Sn0.30Se) 𝑣𝑧 = 4.36𝐸5 𝑚/𝑠. And we take the gap of Pb0.92Eu0.08Se to be 𝑉 = 250𝑚𝑒𝑉. [44] 

We can calculate the gap of TIS, S1 and S2 shown in table 1. 

Appendix C. Spin-Splitting of the topological surface state 

Landau levels can be numerically solved by introducing perturbation Hamiltonian 

𝐻𝑚𝑛
𝑒𝑓𝑓

(𝐵) = ∫ 𝑑𝑧〈Ψ⃑⃑⃑ 𝑚|Δ𝐻|Ψ⃑⃑⃑ 𝑛〉
∞

−∞

 

Where 

Δ𝐻 =

(

  
 

−(𝑁 − 1)ℏ𝜔̃𝑐 0 0 √2𝑒ℏ𝑣𝑐
2𝐵𝑁

0 −(𝑁 + 1)ℏ𝜔̃𝑐 √2𝑒ℏ𝑣𝑐
2𝐵𝑁 0

0 √2𝑒ℏ𝑣𝑐
2𝐵𝑁 −(𝑁 − 1)ℏ𝜔̃𝑣 0

√2𝑒ℏ𝑣𝑐
2𝐵𝑁 0 0 −(𝑁 + 1)ℏ𝜔̃𝑣)

  
 

 

Here we already take the approximation 𝑔̃𝑐,𝑣𝜇𝐵𝐵 ≈ ℏ𝜔̃𝑐,𝑣. For the TSS state, the wavefunction 

in Eq. S1 is mixed, which means |𝐹1
𝑇𝑆𝑆|2 = |𝐹2

𝑇𝑆𝑆|2 . The effective Hamiltonian then becomes 

𝐻𝑖𝑖
𝑒𝑓𝑓(𝐵) = ∫ 𝑑𝑧〈Ψ⃑⃑⃑ 𝑖|Δ𝐻|Ψ⃑⃑⃑ 𝑖〉

∞

−∞
= −(𝑁 ± 1)ℏ(𝜔̃𝑐 + 𝜔̃𝑣)/2 . In bulk, previous work has treated 

|𝜔̃𝑐| ≈ |𝜔̃𝑣|. If we set them equal to each, the far band corrections for the TSS will be zero. We 

thus define 𝜔̃𝑒𝑓𝑓 =
𝜔̃𝑐+𝜔̃𝑣

2
 and 𝑔̃𝑒𝑓𝑓𝜇𝐵𝐵 ≈ ℏ𝜔̃𝑒𝑓𝑓. These terms require electron-hole asymmetry 

to be finite. The corresponding Heff(𝐵)  describing surface states then looks like the bulk 

one [45].In practice, we find that the result is well described by the empirical equation: 

                            𝐸𝑖
𝑁,(↑,↓)

= ±ℏ𝜔̃𝑒𝑓𝑓 ± √(Δi − 𝑁ℏ𝜔̃𝑒𝑓𝑓)
2
+ 2𝑒ℏ𝑁𝑣𝑐

2𝐵                                                               

𝜔̃𝑒𝑓𝑓 =
𝑒𝐵

𝑚̃𝑒𝑓𝑓
 

𝑚̃𝑒𝑓𝑓  can be estimated theoretically, by taking 𝑚̃𝑐 = 0.23 ± 0.06𝑚0 , 𝑚̃𝑣 = −0.115 ± 0.03 

from Bauer [10]. We find |𝑚̃𝑒𝑓𝑓| = 0.23 ± 0.19. Our own measurement of |𝑚̃𝑒𝑓𝑓| falls in this 

range, as shown in the main text. 

Appendix D. Origin of the spin-split 

In this section we would like to relate our result to the common model used in TIs. Following the 

discussion in appendix B, C we can get the eigenstates |𝜓𝑐,↑⟩, |𝜓𝑐,↓⟩, |𝜓𝑣,↑⟩, |𝜓𝑣,↓⟩, which represent 

spin-up or spin-down eigenstates in conduction/valence bands. They can be re-written as the 

symmetric and antisymmetric linear combination of states on the top |𝜓𝑡 ↑⟩, |𝜓𝑡 ↓⟩ and bottom 



|𝜓𝑏 ↑⟩, |𝜓𝑏 ↓⟩  surface. If we change the basis back, eg. |𝜓𝑡,𝑏 ↑⟩ = (|𝜓𝑐,↑⟩ ± |𝜓𝑣,↑⟩)/√2 , 

|𝜓𝑡,𝑏 ↓⟩ = (|𝜓𝑐,↓⟩ ± |𝜓𝑣,↓⟩)/√2, the effective Hamiltonian is  

𝐻 =

(

  
 

0 √2𝑒ℏ𝑣𝑐
2𝐵𝑁 −(𝑁 − 1)ℏ𝜔̃ 0

√2𝑒ℏ𝑣𝑐
2𝐵𝑁 0 0 −(𝑁 + 1)ℏ𝜔̃

−(𝑁 − 1)ℏ𝜔̃ 0 0 −√2𝑒ℏ𝑣𝑐
2𝐵𝑁

0 −(𝑁 + 1)ℏ𝜔̃ −√2𝑒ℏ𝑣𝑐
2𝐵𝑁 0 )

  
 

 

The Hamiltonian has similar form as the Hamiltonian of four Dirac-type surface state [46,47]. The 

square root term comes from performing ladder operator to the ℏ𝑣𝑘± term. The eigenenergy is 

solved to be 

𝐸(𝑁) = ±ℏ𝜔̃ ± √ℏ2𝜔̃2𝑁2 + 2𝑒ℏ𝑣𝑐
2𝐵𝑁 

When field is zero, the states from top and bottom surface are Kramers’ partnerss.  [15] 

 

Fig.7 A sketch showing the parity and probability distribution of different states. (Left) The wavefunction 

of |𝜓𝑐,↑⟩, |𝜓𝑣,↑⟩ along z direction. To show they have opposite parity we are not plotting |Ψ(z)|2. (Right) 

Probability distribution of new basis |𝜓𝑡 ↑⟩, |𝜓𝑏 ↑⟩. 

In our original basis, |𝜓𝑐,↑⟩, |𝜓𝑣,↑⟩ have opposite parity. Their symmetric and anti-symmetric 

combination naturally lead to |𝜓𝑡 ↑⟩, |𝜓𝑏 ↑⟩ that lie on separate surface, as shown in Fig. 7. As 

field goes up, these states get mixed because of the −(𝑁 ± 1)ℏ𝜔̃ term in the Hamiltonian. As a 

result the mixed basis  |𝜓𝑐,↑↓⟩, |𝜓𝑣,↑↓⟩ is more commonly used. 
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