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We perform a projective symmetry group (PSG) classification of symmetric quantum spin liquids
with different gauge groups on the square-octagon lattice. Employing the Abrikosov fermion repre-
sentation for spin-1/2, we obtain 32 SU(2), 1808 U(1) and 384 Z; algebraic PSGs. Constraining
ourselves to mean-field parton ansétze with short-range amplitudes, however, the classification re-
duces to a more limited number, 4 SU(2), 24 U(1) and 36 Z., distinct phases. We discuss their
ground state properties and spinon dispersions within a self-consistent treatment of the Heisenberg

Hamiltonian with frustrating couplings.

I. INTRODUCTION

In the context of magnetism, the umbrella term frus-
tration denotes the effects arising from the competi-
tion of different interactions between magnetic moments
which cannot be simultaneously minimized. The archety-
pal picture of magnetic frustration is exemplified by
the arrangement of three antiferromagnetically coupled
(Ising) spins on the vertices of a triangle, whose en-
ergy can be minimized by six different spin patterns [1-
4]. This minimal example of geometric frustration car-
ries on to extended lattice structures with antiferromag-
netic Heisenberg-like interactions and triangular motifs
(or loops of an odd number of spins, in general), which
can possess an extensively degenerate ground state man-
ifold of classical spin arrangements [5]. In this setting,
when the temperature of the system is sufficiently low,
the effects of quantum fluctuations, combined with the
presence of competing ordering tendencies, can hamper
the formation of magnetic order and favor the onset of
unconventional phases of matter such as quantum spin-
liquid states [6-8]. The quantum spin liquid paradigm
encompasses those zero-temperature strongly correlated
spin states which do not show spontaneous symmetry
breaking and, thus, cannot be distinguished by any local
order parameter [9]. In a seminal paper, Wen introduced
the concept of quantum order to characterize different
quantum spin liquid states based on the so-called pro-
jective symmetry group (PSG) classification [10]. This
approach is based on the construction of effective low-
energy theories of quantum spin liquids for Heisenberg
models by recasting the original spin degrees of free-
dom in terms of Abrikosov pseudofermion parton oper-
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ators [l1]—charge neutral quasiparticles carrying spin
S = 1/2 (spinons). The resulting fermionic system, in
the saddle-point approximation, can be described by cer-
tain quadratic spinon Hamiltonians which fulfill either
all or a set of symmetries of the initial spin Hamiltonian.
The PSG approach enables one to classify these quadratic
spinon Hamiltonians and thus map out an entire set of
distinct spin liquid states which can be realized in the
original spin system.

In this work, we perform a PSG analysis of the
fermionic spin liquid states that can be realized on the
Heisenberg model on square-octagon lattice (also called
L4-L8, Fisher, CaVO lattice). The square-octagon net-
work is obtained by decorating a square lattice with four
sites in the unit cell, arranged as in Fig. 1. When re-
stricted to Heisenberg interactions on the two symme-
try inequivalent nearest-neighbor bonds, referred to as
J and J’ hereafter, the lattice structure is bipartite [see
Fig. 1], and host to Néel [12-14] and valence bond crys-
tal phases [15-22] with quantum phase transition phe-
nomena [23]. However, the inclusion of diagonal cou-
plings J; inside the elementary square plaquettes intro-
duces frustration in the Hamiltonian and the resulting
J-J'-J; model has been shown to host a rich variety of
quantum paramagnetic phases [24]. This motivates us
to carry out a PSG classification of fermionic mean-field
Ansatze with different low-energy gauge groups and re-
specting all symmetries of the spin Hamiltonian. Since,
the corresponding classical Hamiltonian is host to copla-
nar magnetic orders in the .J;-J5-J; parameter space, we
restrict our analysis to nonchiral, i.e., symmetric spin
liquids [25]. The fermionic states thus obtained within
a PSG analysis can be Gutzwiller projected and their
properties, such as energy, static and dynamical struc-
ture factors computed within a variational Monte Carlo
analysis [26-33]. Furthermore, the quantum spin liquid
Ansétze serve as parent states whose potential instabil-
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ities towards symmetry breaking dimerization patterns
gives rise to valence-bond-crystal phases. Since, a pre-
vious work [24] pointed to the presence of dimer orders
in Ji-Jo-Jy parameter space, our symmetric spin liquid
Ansétze form the basis of variational Monte Carlo studies
which have previously been employed on other lattices to
investigate such potential instabilities [34-39]. The com-
parison of these numerically computed properties with re-
sults from other numerical methods or neutron scattering
data could potentially permit a microscopic characteriza-
tion of the observed spin-liquid behavior for a given spin
Hamiltonian or real material [40-42]. In this respect, the
square-octagon lattice can be viewed as a cross-section
of the three-dimensional Hollandite lattice which is re-
alized in several materials such as KMngO14, Ba-Mn-Ti
oxides, Baj oMngO14, and K; 5(H30),MngO16 [43-55].
The square-octagon network is topologically equivalent
to the CaVO lattice family [16, 17, 19, 56-61], describ-
ing the periodic structure of the CaV40Og compound, and
more recently has been realized in the functional mate-
rial ZnO [62]. Furthermore, the potential synthesis of a
two-dimensional carbon allotrope with a square-octagon
network, dubbed octagraphene, has also been investi-
gated [63-65].

The article is organized as follows. In Sec. II, we dis-
cuss the spin Hamiltonian and describe the structure
of the fermionic representation, and the mean-field ap-
proximation. The resulting symmetries and the projec-
tive symmetry group (PSG) framework is discussed in
detail. In Sec. III, we carry out the PSG analysis for
the square-octagon lattice and present the fully symmet-
ric mean-field Ansétze classified according to their low-
energy gauge groups of SU(2), U(1), and Zs. For the
frustrated regime of the Hamiltonian we self-consistently
determine the mean field parameter and discuss the free
spinon excitation spectrum for various Ansétze. Finally,
we present the outlook in Sec. IV.

II. PROJECTIVE SYMMETRY GROUP
FRAMEWORK

In this section, we provide a general overview of the
Abrikosov mean-field construction of quadratic spinon
Hamiltonians and their classification employing the PSG
method. The starting point is provided by the Heisen-
berg Hamiltonian
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with spin-1/2 on each site i. The first step towards
constructing a mean-field theory [66] involves rewriting

the spin operators S; at every site in terms of fermionic
spinon operators (f;,) [11]
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FIG. 1. The square-octagon lattice, formed by an underlying
square Bravais lattice decorated with a four-site unit cell. The
sublattice sites are labelled from 1 to 4 and form elementary
square plaquettes inside the unit cells. The links between sites
highlight the three exchange couplings: (i) J on bonds con-
necting sites of different unit cells (blue lines); (ii) J' on the
bonds forming the edges of the elementary square plaquettes
(green lines); (iii) Jq connecting sites through the diagonals
of the square plaquettes (black lines). The symmetries of the
lattice are also shown (translations, rotations, reflections).

where 0 = {1,1}, a = 2,y, 2, and 7* (o = z,y, ) are the
Pauli matrices. As can be inferred from Eq. (2), a spin
operator is split into two fermionic operators, manifesting
the fractional character of the spinons in this mathemati-
cal formalism. The fermionic representation is, however,
associated with an artificial enlargement of the Hilbert
space. Indeed, while the local Hilbert space of the spins
contains two states (1 or |), the fermionic formalism in-
troduces empty and doubly occupied sites, which are un-
physical and must ultimately be projected out to obtain
a bona fide fermionic wave function for the original spin
problem. However, it is this very property of Hilbert
space enlargement which endows the pseudofermion rep-
resentation with an additional local SU(2) gauge symme-
try [67, 68]—the backbone of the PSG method.

On substituting Eq. (2) in Eq. (1) one lands up with a
quartic Hamiltonian

H= —% ZzJij(szgfjaf;g/fia’ + %ﬁgfiaf;g/fjaf)

i,j 0,0
3)
A mean-field decoupling of the quartic Hamiltonian in
the hopping and pairing channels is then performed by
taking the ground state expectation value of the opera-

tors f,;fgfjg’ and fio’fjo”
Xij(so'a" = 2<szafAja/>a Aijecra’ = _2<fi0fj0/> (4)

and replacing the operators in Eq. (3), to obtain the
quadratic Hamiltonian

! 1 N
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Here, we have introduced the doublet ’(/AJJ = ( f;}, fz 1)
and the site-dependent Lagrange multiplier terms a,,(¢)
that enforce, on average, the one-fermion-per-site con-
straint,

Ik =0, p=1,2,3 Vi. (6)

The link fields u;; (= u;rl) are 2 X 2 matrices comprising
of the mean-field hopping (x;;) and pairing (A;;) ampli-
tudes, and is thus referred to as the Ansatz of a quantum
spin liquid state

where )‘Z‘ are real parameters and 7° is the 2 x 2 iden-
tity matrix. The power of the PSG approach lies in its
ability to classify mean-field Hamiltonians of the type of
Eq. (5), i.e., it enumerates distinct Ansétze u;; with a
specified gauge structure [Zs, U(1), SU(2)] and desired
lattice (and time-reversal) symmetries. Here, we classify
Ansétze with all three aforementioned gauge groups, and
identify the connections between them.

We now explain how the mean-field Ansétze respect-
ing the complete set of symmetries of the lattice with a
Z.5 gauge groups are classified. As mentioned before, the
local SU(2) gauge invariance of the fermionic represen-
tation is the key ingredient, as it implies the freedom to
perform gauge transformations ’(/AJZ' — Wﬂ&i where W; are
site-dependent generic SU(2) matrices. In the fermionic
Hilbert space, this transformation acts as a rotation only
within the unphysical subspace of empty and doubly oc-
cupied sites, while the one-fermion per site subspace con-
sisting of physical states remains untouched. This gauge
transformation can equivalenty be formulated as an op-
eration acting on the Ansatz instead of the spinor

wi; — Wi W (8)

It is worth mentioning that the symmetry group of
a generic mean-field Hamiltonian, i.e., the low-energy
gauge group, is independent of the SU(2) symmetry of
the fermionic representation [Eq. (2)] which is descrip-
tive of the high-energy gauge structure. In particular,
one can construct Ansétze with SU(2) x SU(2) symme-
try which is thus larger than the SU(2) gauge structure
of the fermionic representation [10]. The group G of sym-
metry operations which keep an Ansatz invariant

uij = Wjuijo, Wz c g (9)

is called the Invariant Gauge Group (IGG) of an Ansatz.
Since, the global transformations G = +1, leaves any
Ansatz invariant, the IGG always contains Zs as a sub-
group. Quantum spin liquids with a mean-field Ansatz
with IGG Zy are referred to as Zs spin liquids, and sim-
ilarly for U(1) and SU(2).

The basic idea behind the PSG is that due to the pres-
ence of additional local SU(2) gauge symmetry, any phys-
ical (lattice and time-reversal) symmetry operation can

now be supplemented by gauge transformation
uij = Wi usis; Wsi), (10)

where S is an element of the system’s symmetry group
acting on the lattice sites. The observation that symme-
tries can act projectively in the fermionic Hilbert space
implies that an Ansatz u;; has the freedom to apparently
break lattice and/or time-reversal symmetries as long as
there exists a gauge transformation satisfying the gener-
alized invariance condition

GL(S())usgiys)Gs(S()) = uij. (11)

Here, Gs(i) is the site-dependent gauge transformation
which fulfills this condition. Hence, the different pro-
jective implementations Gg(i) fulfilling Eq. (11) allow
one to distinguish between different quantum spin liquid
phases possessing the same physical (space-time) sym-
metries [10], and constitute the PSG. In other words,
the PSG may be viewed as an extension of the system’s
symmetry group by the IGG.

PSG = SG x IGG (12)

In this work, we classify all PSGs with the Cy, point
group using Eq. (11).  Subsequently, we construct
Anséitze u;; and discuss their spinon band structures.
The PSG method has been extensively employed to clas-
sify spin liquid Ansétze on a wide variety of two- and
three-dimensional lattices [69-82].

III. PSG CLASSIFICATION FOR
SQUARE-OCTAGON LATTICE

The point group symmetry elements of the square-
octagon lattice are those of Cy,. Its generators are given
by four-fold rotations Cy and reflections o (see Fig. 1).
The action of these symmetry operations on a lattice site
labelled (z,y, 1), where (z,y) is the coordinate of the
unit cell, and i denotes the sublattice index, is given by

Ca(z,y, 1) = (—y,z, p+ 1),
o(x,y,1/3) = (x,~y,1/3), (13)
o(z,y,2/4) = (z,—y,4/2).

Here and in the remainder of the paper the notation p+1
has to be intended as the modular arithmetic operation
mod(p — 1,4) + 1, which permutes the sublattice sites
pw = 1,2,3,4. The complete space group also includes
translations

Te(z,y, 1) = (z+ 1,9, 1),

In addition to these lattice symmetries, we also impose
time-reversal symmetry since in this work we classify only
fully symmetric Ansétze. The time-reversal operator T
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FIG. 2. Schematic representation of loop operators
Py, Pyy, Py, Py, , Py around square, octagonal and three
triangular plaquettes, respectively with an arbitrary base site
‘1.

does not affect the lattice coordinates, and commutes
with all symmetries, however, it acts non-trivially on the
spinon operators T (fir, fi,) = (fiy, —fir). Consequently,
the gauge doublet transforms as T (1) = [(e724;)]7.
Upon performing a global gauge transformation ’(/AJ,L —
—17'21@, the action of time reversal can be conveniently
recast as T (¢;) = [(¢;)1]7. In this form, the action of T
on the Ansatz takes the simplified form 7 (u;;) = —uyj,
and similarly for the on-site terms 7 (a, (7)) = —a,(i).

A bona fide projective representation must obey the
same algebraic relations as the space group itself, thus
yielding a set of constraints on the representation. For
example, the generators of the point group symmetries
in Eq. (13) map back to the identity when applied twice
(for o) or four times (Cy). Hence, the reflections (and
time-reversal) should be represented by a cyclic group of
order 2 while rotations form a cyclic group of order 4.

The algebraic relations between the generators of the
symmetry group corresponding to the square-octagon
lattice are

T.T, = T,T,,
T,Ci ' T,Cy =T, ' C' T, Cu = 1,
o ' 0T, =0 T, 0T, =1,
Cyo tCho =1,

TS =ST; S €{T,T,,Cs,0},
(C)t=(0)*=(T)?* =1,

(15)

In the above relations, we need to associate a gauge
with each of the symmetry generators. This will pro-
vide a set of gauge symmetry conditions [given by
Egs. (A7), (A8), (A9), (A10) and (All) in the Ap-
pendix A], or, in other words, a projective analogue of
the above symmetry conditions in generic SU(2) gauge
space.

In our construction of short-range mean-field states,
we consider, in addition to the two nearest-neighbour
amplitudes living on the J and J’ bonds, the J; bonds
forming the diagonals inside the squares. It is helpful

to characterize the gauge structure of the Ansétze u;;
via the SU(2) flux operator defined over suitable lattice
loops [67, 83]. Considering J and J’ bonds, there exist
only two flux operators for a given base site. Adopting
the sites labelling of Fig. 2, the two flux operators (for
the base site marked as “1”) can be written as

Py, = uj U2 3u3,.4%4 1, (16)
Py, = u1,10U10,0U9,8U8,7UT,6, U6 5, Us,2, U2 1-

On the other hand, the inclusion of amplitudes on Jy
bonds requires the consideration of SU(2) fluxes on ad-
ditional loops

Py, = uj 2uz 44 1,
Py, = u12uz3u3,1, (17)

Py, = uy 3u3quq,1

The structure of two loop operators given by Eq. (16)
and (17) determine the IGG of the Ansatz when consid-
ering only J, J' and J; bonds. The generic form of SU(2)
flux operators is

Py, = 7%cos ¢; +i(; - 7) sin ¢; (18)

i

for even sided loops (i.e., Py, , Pp,) and

Py, = (f; - 7) cos ¢; + i7" sin ¢;. (19)
for odd sided loops (i.e., Py, Ps,, Py,), with 7; denot-
ing a unit vector [84]. There are three possibilities. The
first case can arise for those Ansétze for which all the
SU(2) flux operators are trivial, i.e., Py, oc 70 V 4.
In this case, by choosing an appropriate gauge, the
Ansatz can be written in terms of imaginary hopping
only (u;; = ix3;7°) and, thus, its IGG is manifestly
SU(2) (any global SU(2) gauge transformation leaves the
u;; matrices invariant). The fluxes through the even-
sided plaquettes can only be ¢; = 0 or ¢; = 7. In

FIG. 3. Labelling of u;; link fields for the unit cell at (z,y) =
(0,0) (the arrows indicate the direction i — j).



the second case, the flux operators are non-trivial, i.e.,
they are directional in nature (¢; # 0,7 for even-sided
loops) and collinear ([Pg,, Py;] = 0). In this case, we can
choose one suitable gauge such that the Ansatz can be
written in a form with only real and imaginary hopping
terms (u; ; = ix§;7° + x3;7°). Thus, this collinear direc-
tional nature breaks the IGG SU(2) down to U(1). On
the other hand when the flux operators are non-collinear
([Ps,, Ps,] # 0), in any gauge the Ansatz contains both
hopping and pairing terms and thus IGG breaks down to

2.

We note that for IGG € SU(2) the Ansatz must
vanish on the bonds responsible for forming odd-sided
loops, such that the flux operator P, through those
loops vanishes. Otherwise, it may end up with two
consequences. When ¢; = {0,7}, the flux operators
through odd-sided loops are no longer trivial [Eq. (19)]
and thus SU(2) IGG is broken. Also, when ¢; # 0,7 the
time reversal symmetry is broken [84]. To protect time
reversal symmetry, ¢; through odd sided loops can only
take 0, values, even for IGG € U(1), Zy. Furthermore,
we also need to consider the commutation operations of

the flux operators with the onsite terms (a,7/) when
fixing the IGG.

A. SU(2) Spin Liquids

Being the square-octagon lattice bipartite, we begin by
classifying mean-field Ansétze with SU(2) IGG. For such
mean-field Ansatz, all link fields u;; can be expressed in
the canonical form wu;; oc i7°, which makes the SU(2)
gauge structure manifest [10]. In this canonical repre-
sentation, the elements of the IGG take the form of a
global SU(2) gauge transformation G = "7 with site-
independent 6. However, given the SU(2) gauge redun-
dancy, one is always free to express any SU(2) ansatz in
noncanonical form, as we do in the following. Indeed, in
order to make the connection with U(1) and Z ansétze
more explicit, we choose a gauge form for SU(2) spin lig-
uids in which u;; is proportional to 72 [see Appendix G].

The PSG solutions [see Appendix B]| are given by :

Gr,(z,y, 1) = 0y 9
GTy (.’E, Y, M) =Gy
Goy (2,9, 1) = Mo, Mo, )1y Y 90, (1) (20)

Go(z,y, 1) = 15,15, 9o (11)
T('rayvl’[’) = (_1)z+y(_1)#gt

Q

where the ¢’s are generic SU(2) matrices. The gauge
inequivalent choices of g¢, (1) and g, (u) are given in Ta-
ble 1.

As there are five independent 7 parameters in Eq. (20),
we have 2° = 32 SU(2) PSGs. Upon restricting the
mean-field Ansatz to only J and J’ bonds [see Fig. 1],
only seven distinct PSGs can be realized. Among them,

gea (1) go (1)

{9¢4,9¢4,9cs,Negcy ¥ {90, M0 9o MeGo, No o }

TABLE I. All possible gauge inequivalent choices of gc, (1)
and g () in SU(2) PSGs, and n,n, = £1.

four states have nonvanishing amplitudes on both J and
J’ bonds while the remaining three have vanishing am-
plitudes on either J or J’ bonds. We adopt the following
convention to label the SU(2) Ansétze:

SU2(Class)ns,ne, (21)

where values 0 and 1 will be used to denote positive and
negative sign of n parameters, respectively. Here, Class
refers to the choice of signs of n,. Based on this sign we
group all Ansétze in two classes, ‘A’ and ‘B’ correspond-
ing to ny = +1 and n, = —1, respectively. Henceforth,
we will adopt the same class notation for Ansétze with
U(1) and Zs IGG.

We now discuss the properties of the aforementioned
SU(2) states and the corresponding spinon dispersions
(see Appendix F), based on the results of a self-consistent
mean-field treatment of the spin Hamiltonian, for differ-
ent values of J'/J (and Jyz = 0). It is worth noting that
for SU(2) spin liquid Ansétze no mean-field terms are
allowed on the J; bonds. For this reason, the results of
the self-consistent study of the spin Hamiltonian do not
depend on the value of Jy, which can conveniently be set
to zero.

1. SU2A01 - (0,0) flux state

In addition to the notation introduced previously, it is
convenient to label the SU(2) states by the fluxes through
the squares and octagons. Since the SU2A01 state has
zero flux through squares and octagons [see Fig. 4(a)],
we label it as (0,0). The Ansatz can be written as

P 1.3
Upg = Uggz = Uzg = Uy = X T (22)
_ _ .3

U3l = Ug2 = XT 7,

where the labelling convention of the w’s in the (0,0 unit
cell is shown in Fig. 3.

In Fig. 4(g), we show the nature of the spinon excita-
tion spectrum for the (0,0) state at J'/J = 1.0 along the
high-symmetry path [see Fig. 4(c)], with the red dashed
line denoting the Fermi level. We obtain four bands,
each being doubly degenerate due to spin symmetry. The
excitation spectrum is gapped. The band structure re-
mains qualitatively similar (more squeezed) for the range
0 < J'/J < 1.6. For larger values of J'/J, the spectrum
becomes gapless (with a spinon Fermi surface) as shown
in Fig. 4(h) for J'/J = 1.7.
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FIG. 4. Sign structures of the hopping parameters in four SU(2) states (a) SU2A01, (b) SU2A11, (d) SU2B01 and (e) SU2B11.
Solid and dotted lines represent positive and negative signs, respectively. Definitions of high symmetry points for (c) single
unit cell Ansatze in the first Brillouin zone (BZ) and (f) doubled unit cell Ansétze in the first reduced Brillouin zone (RBZ).
Dispersions: (g) SU2A01 at J'/J = 1.6, (h) SU2A401 at J'/J = 1.7, (i) SU2A11 at J'/J = 1.0, (j) SU2B01 at J'/J = 1.6,
(k) SU2B01 at J'/J = 1.7, (1) SU2B11 at J'/J = 1.0. The red dashed line represents the Fermi level. The self-consistently
determined mean-field parameters along the line J; = 0 for the SU(2) Ansétze labelled by (m) SU2A01, (n) SU2A11, (o)
SU2B01 and (p) SU2B11. (q) Ground state energies per site (in units of J) for these four Ansatze.

2. SU2A11 - (m,7) flur state flat bands [see Fig. 4(i)]. A noticeable feature is the
presence of Dirac nodal point at the midpoint of the

This state has a w-flux threading through both the segment I'M.
squares and octagouns [see Fig. 4(b)], and hence is dubbed
(m,m). The Ansatz can be written as

/Y P 0 1.3
Uy = Ugg = —Uzg = Uy =X T

3
U3l = Ug2 = XT

(23)

The spectrum is gapped and consists of four nearly



3. SU2B01 - (0,7) fluzx state

This state is characterized by a 0 flux threading squares
and 7 flux threading octagons, and hence we label it
as (0,7). To realize this flux pattern a doubling of the
geometrical unit cell is required. Here, we adopt a gauge
where the doubling occurs along the x-direction. Hence,
the reduced Brillouin zone is defined by —7/2 < k, <
/2, —m < ky < m, and the corresponding high symmetry
points are shown in Fig. 4(f). The Ansatz takes the form

P 1.3
Upp = Ugg = Uzg = Uy =X T
3
U31 = Ugo = XT (24)

Uy ,d),(2y+1,2) = (—1) sz = (=1)"x7°

The mean-field spectrum is gapped [see Fig. 4(j) for
J'/J = 1.6 and Fig. 4(k) for J'/J = 1.7]. The noticeable
characteristic is the presence of Dirac nodal points at
the midpoint of the segment X M. The bands are nearly
flat for the range 0 < J'/J < 1.6.

4. SU2B11 — (m,0) fluz state

This state has m and 0 fluxes threading through the
squares and the octagons, respectively, and hence, we
label it as (m,0). The Ansatz can be written as

o 13
Uz = Uy =XT
3
U31 = Ug2 = XT (25)

Uy a), (zy+1,2) = (—1) sz = (=1)"x7°

! _ I _
Ujp = Ugg =

This Ansatz features gapped excitations as can be seen
from the Fig. 4(1) shown for J'/J = 1.0. Similarly to
the SU2B01 state, this state has Dirac nodal points at
the midpoint of the segment X M. Nodal lines are also
visible along the segments I X, I'Y and MY.

5. Remaining SU(2) states

In addition to the above four SU(2) states, there exist
three more SU(2) Ansétze which feature non-vanishing
mean field amplitudes only on either the J bonds or the
J’ bonds. One of them is composed of hoppings only
on J bonds, which we label as a J-VBS state [24]. This
is a trivial product states of fermionic singlets on the J
bonds. In the opposite case, where only the J’ bonds
have non-vanishing amplitudes, two cases can be distin-
guished, (i) with 0-flux through the squares, and (ii) with
m-flux through the squares, both representing plaquette-
RVB phases, and henceforth labelled as PRVB; and
PRVB,. The mean-field parameters in these two cases
are given by:

J—VBS:U;ML,:O,u31:U42:XT3
R A A S S - |

PRVB; :ujg = uy3 = ugy = uy; = X'7°,
uz; = ug2 =0 (26)
I A A ' 1.3

PRVB; : ujg = Uy = —usy = uy; = X'7°,

Uz = ug =0

As expected, the spinon spectrum consists of trivial
flat bands. However, it is worth noticing that the spec-
trum of the PRVB, state is gapped, while that of PRVB;
is gapless (the Fermi energy cuts through degenerate flat
bands). These properties directly descend from the spec-
trum of a half-filled square molecule (i.e., a 4-sites chain)
threaded by 7 or 0 flux, respectively.

In Figs. 4(m)-(p), we show the self-consistently deter-
mined mean-field parameters along the line J; = 0. It
can be seen that for 0 < J'/J < 1.6, the SU2A01 and
SU2B01 Ansétze yield the J — VBS phase as the renor-
malized mean-field solution, while for J'/J 2 1.6 they
become actual spin liquid states. On the other hand,
the SU2A11 and SU2B11 Ansédtze are found to yield
the J — VBS state for 0 < J’/J < 1.0 and the plaquette
PRVB;, state for J'/J 2 1.0. In Fig. 4(q) we compare the
ground state energies of the SU2A01, SU2A11, SU2B01
and SU2B11 Ansétze. The results indicate that all of
these four Ansétze converge to a J — VBS solution state
within the parameter range 0 < J'/J < 1.0, whereas
beyond this range the PRVBj state is found to be ener-
getically preferable.

B. U(1) Spin Liquids

By allowing for real hopping along with imaginary hop-
ping terms, the IGG can be lowered from SU(2) down to
U(1), i.e., G = €7 1In this section, we classify the
U(1) Ansétze where the character of the IGG implies
that in a projective construction the identity is defined
up to a global gauge transformation e®™ . In general,
the PSG trasformation Gg associated with a given sym-
metry operation S can be written in the conventional
form Gs(z,y,p) = e@vm™ (i71)ns  which maintains
the canonical form of the U(1) Ansétze. Here, ns = 0,1
and ¢(z,y,p) is a local U(1l) phase (see Appendix C
for details). We find that the projective implementa-
tion of Cy symmetry imposes a constraint on the trans-
lational “n” parameters in that the solutions exist only
for ny, = nr, = ny. We have thus divided the PSG
solutions into two parts depending on the values of nyp.

The first case is associated with nr = 0 and the corre-



SL No nr Ne ne, ny g3(0%) g3(0%)

1 0 0 0 0 {70, 7%, 7% negs(—29)} {7°, 93(q),nc°, 93(—q)}
2 0 0 0 1 {7, 79, 7% n.7%} {7%, 057, 1et®, om0}
3 0 0 1 0/1 {7%, 79, 7% n.7%} {7%,057%, et®, 1070}
4 0 1 0 0 {7°,7°,7% g3(0.)} {7%, 057, g3(=6.),no1°}
5 0 1 0 1 {7, 79, 7% 0.0} {1%,057%, et®, om0}
6 0 1 1 0 {7—07 7—07 TO: 7767—0} {7—07 g3 (q)v 7767—05 g3 (Q)}
7 0 1 1 1 {r%,70,7° % {1%,1057°, 7%, no7°}

8 1 0 0 0 {7°,93(62), 93(03), g3(03)} {7°, 93(q),m7°, 93(—q)}
9 1 0 0 1 7%, 70, ner®, ner0} {7%,1057°, m7°, n,7%}
10 1 0 1 0 {7°,93(02), 93(03), 11 93(05 — 02)} {7°, 93(q),m7°, 93(—q)}
11 1 0 1 1 {7%, 0270, 370, minanat®} 7% 1057°, m7°, n,7%}
12 1 1 0 0 {7_077707—0793(93)777693(93 - 90)} {T077707_07.93(00')7770'7_0)}
13 1 1 0 1 {7%, 0270, 370, minanat®} {7%1057°, m7°, n,7°}
14 1 1 1 0 {7°,93(02), 93(03), g3(02 — 03 + 05)} {70, 107°%, 93(05),no7°)}
15 1 1 1 1 {79, 1m27° 0370, nanan.°} {7%,057%, 1et®, om0}

TABLE II. The gauge inequivalent choices of g3(6%) and 93(05‘) matrices in the U(1) PSGs. The 7 parameters can take values
+1. nr = 0 corresponds to the cases with Gr, (z,y, ) = T]yT and Gr,(z,y,pn) = 70 ie., classes ULA and UlB. ny =1

corresponds to the cases with Gr, (z,y, 1) = G, (z,y, 1) =
phases whose value is not fixed by the PSG constraints.

sponding PSG solutions are given by:

Gr, (x,y, ) =ng3(0:)
Gr,(2,y, 1) =g3(0y)
Go @,y 1) nifiﬁ” 0 [ S
Gey(@,y, 1) =04, m"9 (9“)(1'71)"04
Gr(z,y, ) =[(=1)TTVHG,,
+ 77m+y93(9t )5n771](i71)nT
i07°

where g3(0) = €7 is a generic U(1) matrix. 0%, 6% and
61" are U(1) phases that do not depend on the unit cell
coordinates (z,y), but instead only on the sublattice in-
dex p, while 6, and 6, are instead global phases. Here,
we adopt a similar class labelling scheme as used for the
SU(2) states, whereby, n, = +1 and 1, = —1 are dubbed
U1A and U1B classes, respectively. The gauge inequiv-
alent choices of gc¢, , for diferrent values of n¢, -7 are
given by the first seven rows in Table II. By counting
the number of independent ‘i’ parameters, we conclude
that there are a total of 152 U(1) PSGs corresponding to
classes U1A and U1B.

The second case is associated with np = 1, and
the corresponding PSGs are grouped in the U1C
class. The translation gauges in this class are
given by Gr,(z,y,p) = g3(0,)it" and Gr, (x,y,p) =
g3(0y)it!, where 6, and 6, are two global U(1) phases.
The corresponding algebraic solutions are listed in
Egs. (28), (29), (30), (31) and (32) and subsequently dis-
cussed, making reference to Table II for the explicit form
of the gauge transformations.

, 1.e., class U1C'. The parameters 02, 03,0, q are arbitrary U(1)

Go(7,y, p) = ng,m5,93(0%)

., TUTT
GC4 ((E, Y, M) = ((—1)7”77%7701,)ygg((—l)l+y— -+ 95)
GT((E, Y, /1,) = [(_1)$+y+u5nT 0
1y (=)™ g5 ()0 a) (i)
(28)

In Eq. (28), m is an integer variable whose gauge inequiv-
alent values are 0,1,2,3. For ny = 0, the sublattice-
dependent g3(0%) and g3(0%) matrices are given in the
eighth row of Table II with the independent parameters
as 11, Mo, Mo, , M- Hence, the number of PSG classes for
nr =nc, = ne =0, np = 1 are 23 x 4 = 32. Similarly,
for nt =1, ng, = n, =0, ny = 1, the unit cell repre-
sentations are given by the ninth row in Table IT with 256
PSG classes corresponding to 11, Mc, Mo, Mo, s Moy, » Nt = 1
and m =0,1,2,3.

Go(z,y, 1) =g, n5,93(0%)
Gey(@,9, 1) = (Mo, ) 93 (1) Ve + 01 )ir (29)
GT(‘I"7 Y, ,LL) = (_1>x+y<_1)u93<9t)

In Eq. (29), the gs-matrices are given by the tenth row
of Table II, and the parameter ¢. is an arbitrary U(1)
phase. The total number of PSGs are 8.

Go(z,y, 1) = 15,15, 93(0%)

(Tiow%y)yg?,((—l)xﬂ + 0“) ,m=172

GC4($7Z/7M) = 4

Gr(z,y, p) =1, (=1)" g3 (6} )ir"
(30)
In Eq. (30), the gs-matrices are given by the eleventh row
of Table IT and the number of PSGs are 512.



Go’(x7y7/’(‘) = ngmngy%(eg)”l
et L o), m=12

Gey(z,y, 1) = 1Y, gs((—1) (31)

GT(m> Y, M) = [(_1)x+y+M§nT,O
+ 0 (=1 g5 (01 )0 1) (i) T

In Eq. (31), the gs-matrices are given by the twelfth and
thirteenth rows of Table II for ny = 0 and ny = 1,
respectively. The numbers of PSGs for these two cases
are 64 and 512, respectively.

Go(@,y, 1) =5, 1%, 93(0% )ir!
Gey(@,y, 1) =((=1)"10, 00, )Y g3(08)iT", m = Z
Gr(z,y,p) =[(=1)"T¥ 6,0
+ 0 Y gs(61)6nr 2] (i7"

The gs-matrices for the above solutions [Eq. (32)] can be
found in the fourteenth and fifteenth rows of the Table 11
for n = 0 and 1, respectively. The numbers of PSGs for
these two cases are 16 and 256, respectively.

We thus land up with 1656 PSGs in the U1C class
which together with 152 PSGs in U1A, B classes gives
rise to a total of 1808 U (1) PSGs. However, upon restrict-
ing our mean-field Ansétze up to third nearest neighbour
amplitudes (diagonal bonds inside squares), one realizes
a small number, i.e., 24 U(1) Ansétze discussed below.

We now proceed towards systematically enumerat-
ing the U(1) mean field Ansétze corresponding to the
aforementioned PSGs. We divide these states into five
groups depending upon how they are connected to the
SU(2) states SU2A01, SU2A11, SU2B01 and SU2B11
of Sec. IIT A by means of symmetric perturbations [10].
These connections are summarized in Table IV and
schematically represented by the chart in Fig. 8. We find
five U(1) states connected to the SU2A401 Ansatz, four
U(1) states connected to the SU2A11 Ansatz, five U(1)
states connected to SU2B01 Ansatz and four U(1) states
connected to the SU2B11 Ansatz. In addition, there is
a group of six U(1) states which are multiply connected
to different parent SU(2) states depending on the tun-
ing of parameters. Among these 24 U(1) Ansétze, there
are 8 (4 connected to SU2A01 and SU2B01 each) which
feature non-vanishing mean-field amplitude on J; bonds.
It is thus worth investigating whether the inclusion of
mean-field amplitudes on the Jz-bonds can potentially
lower the energy, compared to the parent SU(2) states,
within a self-consistent treatment.

We henceforth adopt the following convention to label
the different U(1) states.

For U1A/B when ny =0 :

UL(A/B)(ns).,, nc.0 (33)

(32)

For U1A/B when ny =1 :
Ul(A/B)(na)nazy ne, Ly, (34)

For U1C when ny =0 :

U1C(no)ns? ne,0m (35)
and for U1C' when ny =1 :

U1C(n5)n.t ne, 1y, m (36)

We denote ‘+1” and ‘-1’ values of n parameters by ‘4’ and
-7, respectively. In the scenario when the 7 parameter
can take both signs, we use the index ‘z’.

1. U(1) mean field states around SU2A01

We discuss the descendent U(1) Ansétze of the
SU2A01 state. Here, in addition to the fluxes thread-
ing the square and octagonal plaquettes (41, ¢2), we can
further characterize these states by the fluxes threading
the triangular plaquettes (¢3, ¢4, p5) [see Fig. 2] when
Ja # 0. We will henceforth label these Ansétze by the
flux pattern (¢1, ¢2) — (¢3, ¢4, @5). For a self-consistent
treatment of these Ansétze we consider two different val-
ues of Jg, namely, Jy/J = 0.25 and Jyz/J = 1. For
Ja/J = 0.25, we obtain that qualitative properties of all
U(1) Ansétze are similar to those of the parent SU2A01
state.

ULAO 01y : uhy = by = uby = ulyy = X'7°, az #0
Uy = gy = X7, U‘fg = Ug4 = x4’
(37)
Due to the presence of non-vanishing J; bonds, we find
that Py, ,, o 72 which breaks the SU(2) gauge struc-
ture down to U(1). For this Ansatz, there is zero flux
threading the square, octagonal and all triangular pla-
quettes, and we thus label it as (0,0) — (0,0,0) state.
The J’/J-dependency of the self-consistently determined
mean-field parameters is shown in Fig. 5(d) for J;/J =1
suggesting that the J — VBS state is replaced by a
Jq —V BS variant [24] within the range 0.1 < J'/J < 1.6
leading to a gapped spectrum. Beyond this parameter
regime, the properties are similar to the parent SU(2)
state. At J' =0 and J4/J = 1 both J-VBS and J4;-VBS
orders have the same energy.

ULAO 11y @ uhy = by = uby = uly = X'7°
U31 = Ug2 = XTB, a# = (—1)”(13 (38)
ufy = —ugy = x'7°
This state has a (0,0) — (,0,0) flux structure. Fig-
ure 5(e) shows the mean field parameters at Jg/J = 1.
For 0.1 < J'/J < 1.1, this state is in the J-VBS phase
while for J'/J Z 1.1 it enters into a plaquette RVB phase
with nonvanishing mean field parameters on J and Jy
bonds. Hence, we refer to this state as J' — J;-PRVB
state, and it features nearly non-dispersive bands.
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FIG. 5. Dispersion of U(1) spin liquids around SU2A01. (a) U1C0701.0, (b) U1C0; 11,0 and (c) U1C0;7100 at J' = 1.7
with Jgq/J1 = 0.25. Self-consistently determined mean field parameters for (d)U1A404014 (e) U1A04+11+ and U1C0, 11,0, (f)

U1C0,01,0, (g) ULC1,7100 at J4/J = 1.0. (h) Ground state

UlCO;Ole : U/12 = ’LL/23 = ’]_Lg4 = uﬁll = X/TS
Uils = “(214 = (_1)I+de7'3 (39)

_ .3 _ +
ug1 = g2 = X7°, a, = (—1)""Yaz

This Ansatz is defined within a eight-site unit cell
and features fluxes (¢3, ¢4, ¢5) in a staggered pattern of
(0,0,0) and (mw,m,7), and we thus label it as (0,0) —
(0,0,0)/(m, ™, T)stag State. After a gauge transformation
given by Eq. (G2), the Ansatz can be cast in the following
translationally invariant form

' 1 13 _ “w
Ujg = Ung = Uzy = Uy = X'7°, ap = (=1)ay (40)
_ _ .3 .d _ d _ Ad 1

U31—U42—X7’,u13——u24— T

At Jy/J = 0.25, the excitation spectrum is gapped for
0 < J'/J < 1.6 corresponding to a J-VBS state similar
to its parent SU(2) state. The spectrum at J'/J = 1.7
is gapless at isolated k-points on the line joining the seg-
ment ['M[see Fig. 5(a)]. At Jq/J = 1, the J-VBS state
is replaced by a Jg-VBS structure for 0.1 < J'/J < 1.6
as can be seen from Fig. 5(f), while for J'/J > 1.6 the
state tends to exhibit a J’-Jz-PRVB structure.

energies at Jq/J = 1.0.

U1C0711,0 : u)y = uhy = uly = ujy = x'7°
U‘li?, = —“g4 = (‘Umﬂ/XdTS
Uz = uge = X7°, @, = (—1)"TV T a,

(41)

For this Ansatz, the (¢3, ¢4, ¢5) fluxes are staggered
as (m,0,0) and (0,7, 7). Hence, we refer to this
state as (0,0) — (m,0,0)/(0, 7, 7)stag State. Similar to
the U1C0701,0 Ansatz, after a gauge transformation
[Eq. (G2)], this state can be brought to the following

translationally invariant form

’ 2 A S 1.3
Uy = Ugg = Ugy = uyy = A'7°, a3 #0

(42)

3 .d d 1
Uz] = Uga = XT°, uf3 = uyy = Ag7".

The spinon excitation spectrum in this state is gapped
[see Fig. 5(b) for J4/J = 0.25 and J'/J = 1.7]. The
noticeable feature is the presence of two nodal points
at the midpoint of the segment T'M. The properties at
Ja/J = 1 are qualitatively similar to those of U1A0;11
[see Fig. 5(e)].

U1C1;7100 : u)y = ufhy = ixpm" + (—1)" U473
Upy = uyy = —ixT" + (—1)"FxgT?

Uzl = Ugo = XTS, ud = 0, a, =0
(43)



For this Ansatz, due to vanishing mean field parameter
on J4 bonds, the state is characterized only by the fluxes
(41, d2). While the flux ¢; threading the square is zero,
the ¢ flux in the octagonal plaquettes appears in a stag-
gered pattern of ¢ and —¢, where ¢ = 4tan=1(x5/x0)-
Therefore, we refer to this state as (0,¢)/(0, —®)stag-
Employing the gauge transformation in Eq. (G3) the
Ansatz takes the following translationally invariant form

N R S Y - /1
Ujg = Upy = Uzy = uyy = X 7° + A'T (44)
3 .d

ugr = uge = x7°, u* =0, a,=0

For this state, the spectrum is gapped [shown in
Fig. 5(c) for Jy/J = 0.25 and J'/J = 1.7], and there
are nodal points at the midpoint of the segment T'M.
The self-consistently determined properties are not no-
ticeably different compared to its parent SU(2) state [see
Fig. 5(g)].

In Fig. 5(h), we compare the ground state energies
of the aforementioned U(1) states at Jg/J = 1. We
find that the inclusion of Jg bonds (responsible for the
U(1) gauge structure) lowers the ground state energy of
the U1A40,11,, U1C0711,0 and U1C0, 01,0 Ansitze
compared to their parent SU(2) states. It is interest-
ing to note that while the above three descendant U(1)
Ansétze give rise to J'-J4-PRVB order for J'/J > 1.1,
the SU2A11 and SU2BI11 states remain energetically
preferable. For J'/J < 1, the J — VBS phase given
by the Ansitze U1A40,114, U1C0,11,0, U1C1;*100,
and the J;-VBS phase given by the Ansétze U1A0401+,
U1C0;01,0 have the same energy at .J;/J = 1. Thus,
the J4/J = 1 line serves as a phase boundary between
these two VBS phases.

2. U(1) mean field states around SU2A11

In the following, we enlist the four U(1) states which
descend from the parent SU2A11 state which is char-
acterized by the fluxes (¢1,¢2) = (m, 7). For all these
Ansétze, the mean-field amplitudes vanish on J; bonds,
and the SU(2) IGG is broken down to U(1) only due to
the presence of on-site terms [10].

UTA0_01,4 : u’12 = u'23 - _ué4 _ Uiu _ X/TS )
U3y = Uge = XT°, az # 0
U1A0_11+ N U,/12 = u/23 — _ug4 — uill — X/T3 (46)
Uz = Ugp = XT°, a, = (—1)"as
U100:01 0 : Ul = u’ — —ul = ul — /7-3
x 12 23 34 1 = X (47>

_ .3 _ +
ug = g = X7°, ay = (—1)""Yaz

11

ULC0T11,0 : u)y = uhg =

U3zl = Ug2 = X7'37 a, = (—1)m+y+ﬂa3

(48)
These states differ from their (gapped) parent SU(2)
state only by the presence of a chemical potential, which
does not play a role in the self-consistent mean-field re-
sults, since it does not alter the ground state energy and
the nature of the excitations. As a result, these Ansétze
effectively behave in the same way as their parent SU(2)
state, i.e., SU2A11. Nevertheless, it is worth mentioning
that the addition of fourth nearest neighbour terms al-
lows one to break the SU(2) IGG down to U(1) (without
the need of the chemical potential). Further analysis of
this fourth neighbour extension is beyond the scope of
the present study.

P 13
—Ugg = Uy =XT

3. U(1) mean field states around SU2B01

We identify five U(1) Ansétze which are connected to
the SU2BO01 state characterized by the fluxes (¢1, ¢2) =
(0, 7). The mean field parameters in these states are
the same as those corresponding to the states listed in
Sec. III B 1 with the only difference being that the sign
of the mean-field amplitudes on the vertical J bonds al-
ternate along the x-direction,

Uz ), (y+1,2) = (—1) . (49)

Therefore, in these Ansédtze, the ¢; and (¢3, P4, ¢5)
fluxes remains the same compared to the U(1) Ansétze
descending from the SU2A01 state except for the fact
that there is now an additional 7 flux threading through
the octagons. We label these states as U1B04014,
U1B0,114, U1C0701,.1, U1C0711,1 and U1C13101
whose mean field parameters are given by Eqgs. (37), (38),
(39), (41) and (43) [combined with Eq. (49)], respectively.
The self consistently determined mean field parameters
and ground state energies at both J;/J = 0.25 and
Ja/J = 1 are the same as the U(1) states descending
from the SU2A01 counterpart [see Figs. 5(d)-(h)].

We now discuss the band structure at J;/J = 0.25 for
the aforementioned states. The spectrum for U1B0,014
and U1B0, 11 Ansétze is similar to their parent SU(2)
state SU2B01. The spectrum of the U1C0,01,1 is
gapped [see Fig. 6(a), shown for J'/J = 1.7]. The spec-
trum for U1C07 11,1 is shown in Fig. 6(b) which is also
gapped and consists of two nodal points at the midpoint
of the segment XM. The spectrum for U1C12101 is
also observed to be gapped when J'/J > 1.7 [shown for
J'/J = 1.7 in Fig. 6(c)]. The noticeable features are the
presence of nodal lines within the segment XM along
with two nodal points at the midpoint of this segment.
At Jy/J = 1, all the above states have a gapped spec-
trum, and for J' = 0 the J-VBS and J4-VBS have the
same energy.
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FIG. 6.  Spinon spectrums of the Ansdtze connected to the SU2B01 state at (a) U1C0, 01,1, (b) U1C0; 11,1 and (c)

U1C13101 at J'/J = 1.7, Jg/J = 0.25.
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FIG. 7.
U1C03100 at 8= 7/2 (d) ULC12100 at 3 = 0.

4. U(1) mean field states around SU2B11

In this section we discuss the four U(1) Ansétze which
are connected to the SU2B11 state characterized by the
fluxes (¢1,¢2) = (7,0). The mean field parameters of
these Ansétze are the same as those in states listed in
Sec. III B2 except the alternating sign structure of the
vertical J bonds given in Eq. (49). These four states
are labelled as U1B0_01,, U1B0_11,, U1C0-01,1
and U lCOille with mean field parameters given by
Egs. (45), (46), (47) and (48) [combined with Eq. (49),
respectively.  For all four aforementioned mean-field
Ansétze, using the same argument given in Sec. 111 B 2,
we can conclude that the spinon spectra remain gapped
similarly to that of the parent SU(2) state, i.e., SU2B11
[see Fig. 4(1)], when self-consistent calculations are per-
formed.

5. U(1) mean field states connected to multiple SU2
Ansdtze

Here, we present those mean field Ansétze which fea-
ture a nontrivial (# 0 or =) flux through the square
or octagonal plaquettes and can thus be connected to
multiple parent SU(2) states, depending on the value of
certain parameters. We find a total of six such mean field
Ansétze.

ULAL1_00 : u}y = ufy = ixom" + X57°
ups = ugy = (ixpm" + X57°)93(6)

3
U3l = Ug2 = XT

(50)

Self-consistently determined mean field parameters for (a) 8 =

(d)

1.0

1.0

' /

08 X Xll o 08 X Xo

0-6U1C07 100 0.6U1C0Z 100

04 (B=1) | / 04} (8 = 0) ,

0.2 : Xo 0.2 X1

0.Qbessssas puoeeie 0.0 S
00 05 10 15 20 00 05 10 15 20

J') ] J')J

0 (b) 8 = w/4 for U1A1_00 and U1B1_00. (c)

In the above, 8 is a tuning parameter, by choosing a
proper value of which the above state can be linked to
the parent SU(2) states, SU2A01 and SU2A11. The flux

structure (g1, ¢2) = (¢, —¢) with ¢ = —4dtan=1(x5/x5)+
2. The connection with SU2A01 and SU2A11 can be
readily seen if one chooses 23 = 4 tan~*(x%/x4) and 23 =
dtan~t(x4/xp) + , respectively.

U1B1_00: u/12 = ué4 — iX670 + X/373
uhy = uhy = (ixo7" + X57°)g3(B) (51)
uzy = gy = XT°
— x
Ugy 1), (z,y+1,2) = (—1) U2

Here, the mean field parameters are same as those of
U1A1_00. The only difference is in the sign pattern of
4o which alternates along the z direction. The flux
structure of this state is (¢1,¢2) = (¢, —¢ + m) with
¢ = —4tan™"(x5/x0) + 28

U1C07100 :
uzy = ugy = XT°, Uiy = ufy = ixoT" + (—1)"TVy47
uhy =y = (ixo7" + (—1)"Tx57%)gs((—) "1V B)

T4y

(52
U1C02100 :
Uzl = ugy = XT°, Uhy = —ulhy = ixpT" + (=)"Hx5T?
uhy = uhy = (ixo7" + (=) TVxE77)gs((—)*TYB)
(53)
U1007000 : us) = gy = x7°. )y = g = y, 7
RV D

U/23 =uy = XéTSQS((*l)Hyﬂ)



The above three Ansétze given in Egs. (52), (53), (54)
display a staggered pattern of fluxes, namely (¢1, o) =
(d)a 7¢)/(7¢7 ¢)Stag with ¢ = 4tan71(Xé/X6) + 2/87 d) =
4tan~1(x4/xh) + 28 + 7 and ¢ 203, respectively.
Upon performing a gauge transformation [Eq. (G4)] these
Ansétze take the translationally invariant form

U31 = Ugo = )(7'37 U/12 = Ué4 = iX6T0 + X’lTl (55)
uhy = uly = (ixo™ +Xi7)91(8)
U3l = Uge = XT°, Uy = —uby = ixom" + X\ (56)
uys = ujy = (ixo™" +X17)91(B)
3 / / /3
U31 = Ug2 = XT U12 = U34 = X3T
’ : (57)

U/zs = Uﬁu = gl(ﬁ)XéTB

respectively.

UlCl:OOO T U3] = Ugo = XT37 u112 — Ué4 — X/T?)

U/23 = Uiu = X§,7393((—1)x+yﬁ) (58)
U(g,y,4),(zy+1,2) = (—1) a2

This Ansatz has same mean field parameter as those of
U1C0,000 [Eq. (54)] but with the difference that the ver-
tical J bonds alternate in sign along the x direction. The
resulting flux structure is (¢1, ¢2) = (¢, —d+7)/(— @, o+
T)stag With ¢ = 25. After the gauge transformation in
Eq. (G4) it can be recast as

U3l = Ug2 = XT37 U/12 = U§54 = XéT?’
U/23 = Uﬁu = gl(ﬁ)XgTS (59)

U(z,y,4),(,y+1,2) = (—1) uaz

We performed a self-consistent analysis for different
choices of 8 to study which values yield the lowest en-
ergy. Interestingly, we find that the ground state en-
ergies of the UTA1_00 and U1B1_00 states are inde-
pendent of the § parameter and equal to those of the
SU2A11 and SU2B11 Ansétze. The self-consistently
determined mean field parameters [shown in Fig. 7(a)
and Fig. 7(b) for 8 = 0 and 8 = w/4, respectively]
are such that 28 = —4tan~!(x4/x() + 7 is satisfied.
Thus, in the ground state, the U1A1_00 and U1B1_00
Ansétze effectively reduce to the SU2A11 and SU2B11
states, respectively, which realize the J-VBS phase for
0 < J'/J £ 1.0, while a transition into to the PRVB
phase occurs at J'/J =~ 1.1. A similar scenario oc-
curs for the states U1C0;100 and U1C0-100 but at
(8 =7/2,¢ ~ 7w/2) and (B = 0,¢ = 0), respectively.
The corresponding mean-field parameters are shown in
Fig. 7(c) and Fig. 7(d), respectively. The remaining two
states U1C0,000 and U1C0-000, at 3 = =, reduce to
SU2A11 and SU2B11 states, respectively.
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PSG g (u) 904 (1) 9o (1)

1 it? /70 70 70

2 ir? /10 70 it

3 ir? 70 iT?

4 27'2/7'0 70 1)”+1TO

5 ir? /10 70 (—1)#Frt

6 ir? 0 (—1)rFtir?

7 27'2/7'0 70,70 70 70 gt it —irt irt
8 27'2/7'0 70,70 70 70 it it —irt, —ir
9 iT? TO,TO,TO, —70 ’LT2, —iT ,7Z‘T2, —iT
10 iT? TO, TO, TO, —70 fiTQ, 717'2, iT2, —iT
11 ir? /10 7070 70 70 70 70 ;0 ;0
12 ir? /10 7070 70 70 0 40 50 70
13 (—1)+tir? 70 70

14 (=1)#+r? 70 it

15 (=1)#Fir? 70 iT?

16 (—1)+tir? 70 1)+ 0

17 (=1)#Fr? 70 (—1)#Frt

18 (—1)+t1ir? 70 (—1)#F1r?

19 (=1 e 7079 20 70 it et it irt
20 (=1)*Ttir? 70,7079 10 27'1,727-1 727’1 —irt
21 (=1)*Thir? 70 70,70 70 ir? —ir?, —ZT2 —ir?
22 (—=1)*Tir? 107070 70 —ir? —ir ,’LT2,—ZT
23 (=1)*Ttir? 197070 70 70 70 70 0
24 (=1)*Ttir? 70 7070 70 20 70 70 10
25 70 ZTO 17'3 ’LTO it ir ,—17—2 le,—iT
26 70 ZTO 17'3 ’LTO ir? irtir?,irtir?
27 70 ZTO 17'3 ’LTO ir? it — 0 —17'3 70
28 70 ZTO 17'3 ’LTO it —ir TO 17'3, —70
29 70 ZTO 17'3 ’LTO ir? ,27—3, 70, —ir3
30 70 ZTO 17'3 ’LTO it =19 —ir®, 10 ir®

TABLE III. Projective representation matrices gc,, go and gr
for the Zs PSG solutions. When two distinct solutions are
possible, we write both choices for the matrices, separated by
/ symbol.

C. Z2 Spin liquids

Finally allowing for additional pairing terms along with
the hopping terms, the Ansédtze with the lowest invari-
ant gauge group Zo, i.e., G = +7° can be obtained. In
this section, we list the Zs spin-liquid Ansétze. The Z,
character of the IGG implies that in the projective con-
struction the identity is defined up to a global sign factor.
The algebraic solutions of Zy PSG are given by [see Ap-
pendix D for details]

Gr,(z,y,p) = i7", Gr, (x,y, 1) = 7°,
Gey (2,9, 1) = Mo s Moy ) ' 1yY Gea (1),
Go(z,y, 1) = 115,15, 90 (1),

Gr(z,y, 1) =07 Ygr(p).

(60)

We note that in the above each of the parameters
Nys Moy Mo, » N7 can take the values &1, and there are 38
inequivalent sets of gs () [ge,» 9o and g7] matrices which
satisfy Eq. (60) and are given in Table III. Also, from
Eq. (60) we note that there are four n parameters each of
which can take values +1 and thus there are 2% x 38 = 608



algebraic PSGs on the square-octagon lattice. However,
it is important to note that for those PSGs for which
time-reversal acts trivially, i.e., n7 = 1 and g5 = 1, the
mean-field Ansatz must vanish since 7 (u;;) = —u;;. This
leads to 38 x 2% — 14 x 2% = 384 non-vanishing Ansitze
which need to be considered.

We can first split our Ansétze based on the value of
the n, parameter. The case 7, = 1 corresponds to trans-
lationally invariant Anséitze (henceforth referred to as
Class A), while those corresponding to 1, = —1 require
a doubling of the unit-cell at the mean-field level (hence-
forth referred to as Class B). We shall label the mean-field
states with the notation:

Z (#PSG) (Class) n7no, Mo, (61)

Here Z stands for IGG Zy. In place of nr,1s,,n,, We
shall use ‘0/1’ for ng = =£1 respectively. If any Ansatz
corresponds to both signs of a given ng parameter, we
shall write ‘x’ in its place. In the following, we list all
the Zj mean-field states which have non-vanishing wu;
matrix on both J and J'-bonds.

In the following, we split the discussion of Z, states
in different subsections, depending on the parent SU(2)
Ansatz. Many of these states are also descendant of
some of the U(1) Ansétze, as summarized in Table V
and schematically shown in the chart of Fig. 8. We enlist
all Z5 Ansétze along with the nature of their spinon exci-
tation spectra based on the self-consistently determined
mean-field parameters. More specifically, we focus on
those Ansétze whose parents’ states are gapless to ver-
ify whether the addition of paring terms opens a gap
in the spinon band structure. For example, the parent
SU(2) state and two of its U(1) descendants, U1A0,01
and U1A0411,, display an extended Fermi surface in
the spinon dispersion. An important question is whether
breaking the IGG down to Zsy will lead to the removal
of the Fermi surface, either by a complete opening of a
gap, or by transforming it into gapless isolated k-points.
In our analysis, we set Jy; = 0.25 and consider different
values of J'/J.

1. Zsy mean field states around (0,0) flur state

We find a total of thirteen Zsy Ansétze which appear in
the vicinity of the SU2A01 state. Most of them can be
connected to some of the U(1) Ansétze descending from
the SU2A01 state. Additionally, we find two direct Zo
descendants of the parent SU(2) state.

Let us first consider the following two direct Zo de-
scendants of the parent SU(2) state:

Z1TAL0L = )y = ulyy = /7 + (=)*HY AT
Uy = uyy = x'7° — (=) VAT,
“il?, = —ngx = (—)HyAdTl

_ _ 3 _ z+y+
Uslf’u42*XT’au*(*) YTHa,y

(62)
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Z13A101 : )y = uhy = uhs = uly = X'7°, uly =

ugy = (=) Ag1mt + Agat?) (63)

Uzt = w2 = x7°, a, = (=) Vay

The ansatz Z17A101 has a non-trivial flux (¢1, ¢2) =
(¢, —¢) threading the square and octagon plaquette. The
self-consistently determined mean-field parameters are
such that ¢ becomes 7 and thus it turns into an effective
the (m, ) flux state, which behaves as dimerized phases
(PRV By phase when J’' > J and J-VBS when J' < J).
On the other hand for Z13A101, we find a J-VBS ground
state for J'/J < 1.7, and a gapless spin liquid otherwise.
However, contrary to the parent SU(2) state, which dis-
plays an extended Fermi surface, the spinon dispersion
of the Z13A101 state for J'/J > 1.7 is gapless only at
isolated k-points.

The following five Zo
U1A0401; Ansatz

states descend from the

Z1TA000 : ufy = uby = x'7° + A7t
Uy = Uy = X' = A7 ag #0 (64)

3 d d 3
U3l = Uq2 = XT, Uz = Ugq = XdT

Z1A101 : uyy = uly = upy = uyy = X'73, U(113 =
ugy = (xa7® + (=) Aar) (65)

U3zl = Ug2 = XTS, ay = (a3, (*)”yal)

Z16A101 1ty = ulyy = s = 1)y = Y'7°,
U3l = Ug2 = XTSa U(113 = Ug4 = Xd7'3 (66)
ay, = (Cl3, (_1)x+y+ua’1)

Z1A000 : uyy = by = ub, = uly = X'7° + A7t
Ust = ugp = X7°, ufy = xam® + Agr' (67)

d 3 1
ugy = XaT° + Ag7, a, = (az,a1)

Z16A000 : 1),

3 .d 3 1
U3] = Uge = XT°, Ul = XaT°~ + AgT

P 13
Ugg = U3y = Uy =X T

ugy = xam® — Mgty a, = (a3, (—1)"a;)

(68)
Similarly to the Z17A101 state, the presence of a non-
trivial ¢1 in Z17A000 allows the mean-field approach to
minimize the energy by transforming this Ansatz into
(the dimerized phases of) the SU2A11 state. On the
other hand, Z1A4101, Z1A000, Z16A101 and Z16A000
yield a J —V BS state when J'/J < 1.7. For J'/J > 1.7,
Z1A101 and Z1A000 give gapped spin liquid states,
while Z16A4101 and Z16A000 are spin liquids which are
gapless at two isolated k-points on the I'M segment.



Thus, in this case also, breaking the IGG from U(1) down
to Ziy removes the Fermi surface.

Now let us discuss the descendants of the U1C0,01,0
where the extended Fermi surface of the parent SU(2)
state disappears due to the addition of the third near-
est neighbour, except for isolated k-points on the I'M
segment. U1C0701,0 has three Z, descendants in total.
Among them, two are listed in the following and the other
one (Z16A000) is a common descendant of U140, 01+
(previously discussed).

Z16A100 : tyy = uy = uly = 1)y = Y'7°

U331 = Ug2 = XTS, a# = (71)“&1 (69)
ufy = —ugy = Aga7! + Agar?

Z1A100 : U/12 = U/23 = ’LL{34 = uill = X’T?’
Uzl = Ugo = XT°, a, = (—1)*(as,a1) (70)
u1113 = —ug4 = Ad’l’rl + Ad727‘2

Z16A100 remains gapless while a gap opens for Z1A4100.
There is only one descendant of U1A0, 11, given by

Z13A000 : u)y = ubs = uby = ujyy = X'7°
Uz = ugp = X7°, ufy = xa7° + Ag7!
ug4 = _XdTB + AdTla ay, = ((_1)#61’37 a/l)
(71)
In this case, the Fermi surface of the parent U(1) state
completely disappears.

Finally, the following three Ansédtze, along with
Z13A000 (previously discussed as the only descendant
of U1A0411,), appear in the vicinity of the U1C0, 11,0
state:

Z13A100 : u)y = uhy = uhy = uhy = x>

Uzp = uge = XT°, a1 #0 (72)

d d 1 2
Uyg = Ugy = Adle + Ad’QT

ZITALLL t ugy = ugp = XT°, Uy = Uy =
Uy = uly = ixoT" + X5T° (73)

d d 1
uls = ugy = Ag7", a1 #0

ZITAOLL s ay #0, uhy = uhy = '3 + Al'7!
ul23 =uy = X/7'3 - A/Tla (74)
U] = Ugp = XTB, u‘f3 = ug4 = Agrt

Z13A100 reduces to the J-VBS state for J' < 1.7, and to
a gapped spin liquid state otherwise, similarly to its par-
ent U(1) state. Self-consistency analysis turns the non-
trivial flux threading the square plaquettes in Z17A111
and Z17A011 into a trivial (7) flux, and reduces these
states to the dimerized states J-VBS and PRV By ob-
tained from SU2A11.
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2. Za mean field states around (m, ) flux state

In this section, we enlist five Zs Anséitze which appear
in the vicinity of the SU2A11 state. None of these is
a direct descendant of the parent SU(2) state. All of
them can however be connected to U(1) descendants of
the parent SU(2) state. They all reduce to a J — VBS
phase for J' < J and to the PRV By state when J' > J.

Z20A111 : u/12 = —u:/34 = XIT3 + (—)x—HJA/Tl,
uhy = ulyy = X7 — (=)"HA'T! (75)

U3zl = Ug2 = X7'37 Qy = (—)”a?,

Z20A101 : tyy = —ulyy = by =y = X7 + (=)" VAT,
U] = Ugo = X7—37 a, = (_)w+y+ua3
(76)

Z11A010 : u)y = —uby = ubs = u)yy = x57° + Aj7!,

U3zl = Ug2 = X7'3, Qy = (a37(l1)
(77)

Z20A001 : u'12 = u’23 — X§),7'3 + A/17_17 _ug4 _
uy = X570 — AT, ug) = ugg = x7°, (78)

@ = ()" Hay

Z20A010 : uly = uhy = x47° + Al
Uy = Uy = XSTB - Alﬂl (79)

Uz = w2 = x7°, a, = (—)"ag

3. Z3 mean field states around (0,7) fluz state

The 13 Zs mean-field states in the vicinity of the
(0,7) flux state have the same form as the 13 states
around the (0,0) flux state (Sec. IIIC1), with the
only difference being the signs of u;; matrices over the
vertical J-bonds, which alternate along the z direc-
tion [as given by Eq. (49)]. We can thus simply list
the Zs mean-field states around the (0,7) flux state
giving, among parenthesis, the equations of the cor-
responding Zs Ansétze around the (0,0) flux state:
Z17B101 [Eq. (62)], Z13B101 [Eq. (63)], Z17B000
[Eq. (64)], Z1B101 [Eq. (65)], Z16B101 [Eq. (66)],
Z1B000 [Eq. (67)], Z16B000 [Eq. (68)], Z16B100
[Eq. (69)], Z1B100 [Eq. (70)], Z13B000 [Eq. (71)],
Z13B100 [Eq. (72)], Z17B111 [Eq. (73)] and Z17B011
[Eq. (74)]. As the parent state already features a gapped
spinon dispersion, we skip the further discussion on the
nature of the excitations in its Zy descendants.
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Parent SU(2) Ansatz Perturbed U(1) Ansétze

Parent U(1) Ansatz Perturbed Zo Ansédtze

SU2A01 U1A04014, ULAO4 114, UL1C0; 01,0,
U1C1;7100, U1A1_00, U1C0; 00,
U1C0; 11,0, U1C0; 100, U1C0-100
U1A40_014, U1A0_11,, U1C0-01,0,
U1A1_00, U1C0;000, U1C0; 100,
U1C02100, U1C0111,0
U1B04014, U1BO4114, ULC0; 01,1,
U1C0; 11,1, U1C1%101, U1B1-00,
U1C1-000
U1B0_01,, U1B0_11,, U1C0-01,1,
U1C0111,1, U1B1_00, U1C1-000

SU2A11

SU2B01

SU2B11

TABLE IV. Symmetric U(1) spin liquids perturbed around
the SU(2) states.

4. Zz mean field states around (m,0) fluz state

The 5 Zy mean-field states in the vicinity of the (7, 0)
flux state have same form as those of the Z, states around
the (m, m) flux state, except for the signs of the u,;; matri-
ces over the vertical J-bonds, which alternate along the x
direction [as given by Eq. (49)]. Analogously to the pre-
vious subsection, we list the Zs states around the (m,0)
flux state, indicating, among parenthesis, the equations
of the corresponding Z, Ansétze around the (m,7) flux
state: Z20B111 [Eq. (75)], Z20B101 [Eq. (76)], Z11B010
[Eq. (77)], Z20B001 [Eq. (78)] and Z20B010 [Eq. (79)].
The self-consistent mean-field analysis gives analogous
results as those obtained by starting from the parent
state.

IV. CONCLUSIONS

In this work, we have undertaken a systematic clas-
sification of symmetric quantum spin liquids with differ-
ent gauge structures. Employing the Abrikosov fermionic
representation of spin-1/2 and the projective symmetry
group approach we obtain the parton (spinon) mean-field
Anséitze with SU(2), U(1) and Zy gauge structures. Al-
though we obtain a large number, 32 SU(2), 1808 U(1),
and 384 Zs algebraic PSGs, upon restricting to short-
range (on J, J', and J; bonds) mean-field amplitudes
these PSGs collapse to only 4 SU(2), 24 U(1), and 36 Z
distinct Ansétze. The existence of such a large number of
U(1) PSGs compared to that of Zs indicates that there
must be a number of U(1) solutions which appear with
only U(1) gauge structure and no symmetric perturba-
tion is possible which can lower the IGG down to Z.
Furthermore, we constructed mean-field spinon Hamil-
tonians and self-consistently determined the mean-field
parameters at few representative points of interest in the
parameter space of the J —.J’ — J; model. Consequently,

UTA0, 01 Z1A000, Z16A000, Z17A000
Z1A101, Z16A101
U1A04 114 Z1A100, Z13A000
U1C0701,0 Z16A100, Z16A000, Z1A100
U1C0711,0 Z13A100, Z17A111, Z1A000,
Z13A000, Z17A011
U1C; 100 Z1A000
U1B0,01+ Z1B000, Z16B000, Z17B000
Z1B101, Z16B101
UlB04114 Z1B100, Z13B000
U1C0701,1 Z16B100, Z163000, Z1B100
U100, 11,1 Z13B100, Z17B111, Z1B000,
Z13B000, Z17B011
U1Cs101 Z1B000
U1A0-01, Z11A010
U1A0_11, Z22A111, Z20A010
U1C0-01,0 -
U1C0111,0 Z20A101, Z20A001
U1B0-014 Z11B010
U1B0_114 Z22B111, Z20B010
U1C0~01,1 -
U1C0711,1 Z20B101, Z20B001

TABLE V. Symmetric Z2 spin liquids perturbed around the
U(1) states. There are four Zz Ans atze labelled by Z17A101,
Z13A101, Z17A101 and Z13A101 which are the direct de-
scendants of SU(2) Ansdtze. Among them the former two
Ansitze can be connected to SU2A01 while the later two ap-
pear in the vicinity of SU2B01.

we determined ground-state energies and studied the na-
ture of the spinon dispersion in this zeroth-order mean-
field approach. The states can have gapless or gapped
excitations depending on the choices of certain parame-
ter values.

Our work sets the stage for different avenues of future
investigations. For example, some nodal structures in
the spinon spectrum exist for all choices of parameters.
This raises the question as to whether these nodal band
structures are protected by any space group symmetries
which are acting projectively, i.e., whether the projective
symmetries govern the protections [80]. In such cases,
such nodal structure will survive even if we add any fur-
ther neighbour bonds (beyond J;) consistent with the
PSG. Furthermore, it can be examined whether there is
any topological protection, i.e., whether they correspond
to topological semimetals. As we have considered fully
symmetric case which includes time-reversal symmetry,
the calculation of the Zs invariant can be utilized to ex-
amine the latter possibility. Another question is what
happens to the properties of the mean-field spin-liquid
states once gauge fluctuations are taken into account, and
their competition with magnetically ordered states upon
Gutzwiller projection via variational Monte Carlo simu-
lations [26]. The corresponding classification for chiral
spin liquids [84] on the square-octagon lattice is another
interesting endeavor for future investigations.
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FIG. 8. The hierarchy of mean-field Ansétze with different gauge structures
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Appendix A: General Conditions on Projective
Symmetry Group

The symmetry generators satisfy the algebraic rela-
tions listed in Eq. (15), which dictate the constraints on
the projective symmetry groups. Together with a given
IGG(G) enables one to find the possible projective ex-
tensions of the symmetry group. Using Eq. (15), the
conditions on the projective matrices are

Gr, T,Gr, T,T, "G T, "Gyl €G (A1)

Gr,T,Cy ‘Gl Gr, ToGe,Ca € G

A2
T, Gy Crl'GElGr, T,Ge,Cu € G (A2
o '\GI' TG G oG Ty € G
) 0'1 T T, T (A?))
o G; GTyTngO'GTyTy eg
TG T GG, T,GrT €G
T 7T (A4)

T, Gy T 'G7 G, T,GrT €6

Ge,Cio™ G G, CiGyo € G
Ci'Gol T 'GF G, CiGrT €6 (A5)
o 'GI'T T GH GooGrT €6

GC4C4GC4C4GC4C4GC4C4 eg
Gy0G,0€G (A6)
GrTGrT €G
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which imply

Gr, ()G, (T, ' (0))Gr (T, 1 (i))Gy, () €G (AT
G, (Cy (1)Ge, (Te(i))Gr, (Ta(i)Ge, (i) € G (A8)
G (T.C5 (i) Gl (T (i) Gr, (Ty (1)) Ge, (i) € G

G, (T o(i)Grl (0(i)Go (0(i)Gr, (i) € G

DI . . . (A9)

G5 (0T, (i) G, (T,0(i)) G (0/(1)) G, (i) € G

G (T ()G (T (0) G, (Tu (i) G T (i) € G

G (T 1T (0)) G (T, (D) G, (T, (i) GTT (i) € G
(A10)

Ge, (071 (1G5 (Ca(0) Gy (Ca(i)Go (i) € G
G, (T C4(i)GF (Ca(0) Gy (Ca(D)GTT (i) € G
051(7_10(2'))G%1( (1)) Go (T (1))GTT (i) € G

(A11)
Gc4(0‘1(2))Gc4(C4( )G, (Ca(2)Ge,(i) € G
Go(0(i))Go (1) € (A12)
Gr(T(i)Gr(i) € g

In the ensuing sections, we show how the above con-
ditions completely determine the algebraic PSGs corre-
sponding to different IGGs.

Appendix B: Derivation of SU(2) Algebraic Relations

Henceforth, we will express the Ansétze of SU(2) spin
liquids, in the following canonical gauge [10] wherein the
SU(2) gauge structure is manifest

Uij = Z'XijTO (Bl)
This is achieved by writing the projective matrices as

G(z,y, 1) = n(z,y)g(1) (B2)

where g(u) is a generic SU(2) matrix and n(z, y) can take
any values {+1, —1} depending on site ¢. In this way the
projective extension of translational symmetry operators
takes the following forms

Gr,(z,y, 1) = ny(x,y, it)ge

B3
Gr, (%, y, 1) = 02, Y, 1) gy (B3)

where ¢,,9, € SU(2). We can always perform a local
gauge transformation which does not affect the form of
the Ansétze in the canonical gauge

W; = n(i)7° (B4)



This enables one to fix the sign of 7, to be positive on
the entire lattice and that of 1, to be positive along the
line y = 0, i.e., ne(x,y, u) = +1,m.(x,0,u) = +1. Thus,
the simplified form of G7, , can be written as

G, (7, y, ) = 0y (2, Y, 1) g

(B5)
GTy ($, Y, :U’) =Gy
Using Eq. (A7) we have
my(z,y + 1wy (2,9, )9, ' 95 " 9y9. € SU(2),  (B6)

implying the projective gauge corresponding to transla-
tional symmetries is given by

GTm (37, Y, :U/) = 77391

B7
GTy (Jf, Y, H) =y ( )

Hence, there can be only two possible PSGs (n = +1)

associated with translational symmetric Ansétze.

We shall now proceed towards obtaining the gauge
transformation matrices corresponding to the point
group symmetry generators. Eq. (A8) and Eq. (A9), af-
ter simplification, take the following forms

nGel (x4 1,y, 1)Ge, (z,y, 1) € SU(2)

v (B8)
nyGo, (@ y+1,1)Ge,(z,y, p) € SU(2)

G, (x — 1,4, )Gy (2, y, 1) € SU(2)

o

1 (B9)

Gy (z,y+1,1)Go(z,y, 1) € SU(2)

These relations suggest the following solution for G,
and G¢,

GC4 (I, Y, ,LL) = nchngyngngh (:u“)

(B10)
Go(@,y, 1) = 15,15, 90 (1)
where 7z cy,0,,0, take the values 1 and gc, » € SU(2).
We now observe that under a local gauge transformation
Wy = n°7%, the Gr, 1, ., are affected at most by a
global sign factor which can, however, be absorbed by a
redefinition of the unit cell representation matrices. Un-
der such a transformation, the G¢, transform as

Goy (2,4, 1) = Nean)” (Meyn)?1i¥ g0, (n)  (BI1)
Since, we can always choose 7 = 7)., upon introducing
Newy = Nealley, the solutions (B10) can be recast as

Ge, ("Tv Y, ,U,) = ngmynzygch (M)

B12
Go (2, y, 1) = 15,15, 90 (1) (512)

In a similar manner, Eq. (A10) invokes us to write the
G in the following form

Gr(x,y, 1) = ngnty97 (1) (B13)
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where 754, = £1 and gr € SU(2). Now, using the
symmetry relation between G¢, and G, in Eq. (All)
yields

et 9o, (1) g, (1 + 1)ge, (1 + 1)g0 (1) € SU(2)

(B14)
yielding the following constraint among the 7’s

NexyNo, o, = 1 (B15)

From the symmetry relation between G¢, and G, and
G, and G in Eq.(A11), we find

ne i ge (W e (wge, (g7 (n — 1) € SU(2)

95 (1) g7 (1) g0 (1) g7 (71) € SU(2)
(B16)
The first one of the above two relations requires

Nty = 1 (B17)

We can set 1, = myy = 07, and Eq. (B13) can thus be
rewritten as

Gr(z,y, 1) = nF g1 (1) (B18)

Using the cyclic relation associated with Cy,0,7 in
Eq. (A12) one finds

gc4(1)gc4(2)gc4 (3)904 (4) € SU(Q)
9o (11)90(11) € SU(2)
[97(1)]* € SU(2)

which does not impose any further constraints on the n
parameters. Furthermore, it is clear that for ny = +1,
the mean field amplitudes vanish. To obtain a non-
vanishing Ansatz of the form (B1), the following con-
ditions need to be imposed on G

(B19)

nr=-—1
gT(ILL) = {gt7 —3gt, 9, _gt}
Therefore, combining Egs. (B12), (B15), (B18), (B20),

the solutions of the G matrices with with IGG SU(2)
can be written as

(B20)

Gr,(x,y, 1) = 0¥ gz, Gr, (2, y, 1) = gy
Gey (@, y, 1) = Mo, e, )1y 90. (1)
Go(@,y, 1) = 15,15, 90 (1)

Gr(z,y,p) = (=1)*T(=1)"g,

To maintain the explicit SU(2) canonical form given by
Eq. (B1), the unit cell representation matrices must have
the following forms

(B21)

gci (1) = ne(p)ge
9o (1) = 1 (1) 9o

where g., 9, € SU(2) and n.(u),n,(1r) = £1. A sublat-
tice dependent gauge transform of the form Wz, y, u) =
n(p)7° enables one to fix some of these signs as

Ne(1) = ne(2) = 1e(3) = +1, 1e(4) = e

(B22)

(B23)



Also, given the freedom of choosing a global sign one can
set 7,(1) = +1. Furthermore, using Eq. (B19), addi-
tional fixing of signs can be achieved as 7,(2) = 7,(4) =
7, and 1, (3) = 1.. We summarize the gauge inequivalent
choices of (gc, (1), go (1)) in Table 1.

Appendix C: Derivation of U(1) Algebraic Relations

In this section, we obtain the algebraic solutions of
PSG with IGG U(1). The canonical gauge will be such
that all the elements of IGG point in a particular di-
rection in a vector space spanned by Pauli matrices, for
example, the 72 direction. Therefore, the IGG must take
the following form:

G={e""] 0<6<2r} (C1)
with the Ansétze expressed as
Ui = ix%TO + ijrg (C2)

This form of the Ansétze suggests that the loop oper-
ators must be directed along the 72 direction. Now, the
translational symmetric Ansidtze demand that the loop
operators connected by translations can vary, at most,
by a sign [10], fixing the form of the loop operator to

Pc, = (1) Pg, (1), n; =0,1 (C3)
where Pg, is the loop operator corresponding to the loop
C; with the base point ¢ when n; = 0 and Pe, = P¢,. The
corresponding gauge will be referred to as the uniform
gauge.

Considering the generic case, i.e., for both n; = 0,1, we
require a gauge transformation having a structure which
preserves the canonical gauge form (C2) of the Ansétze.
This implies that the gauge structure must have either
of the following forms in order to have non-vanishing
Ansétze

Gs(i) = gs(0(0)) (ir")"s (C4)

where,
93(9) — 61'97'3
and ng = 0,1 with § € {T,,, T}, C4,0, T }.
Consequently, the gauge transformations correspond-

ing to translation can have the following four sets of
choices

(C5)

G, (i) = g3(02(i)), G, (i) = g3(0y(i)) (C6)
Gr, (i) = g3(0:(0))ir!, Gr, (i) = g3(0,(2))ir"  (CT7)
Gr, (i) = g3(0.()i!, G, (i) = g3(0, (1))  (CB)
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Gr, (i) = g3(0.(3)), Gr, (i) = gs(0,(3))ir"

where the last two sets are equivalent due to the Cy sym-
metry of the lattice. Hence we need to consider a total
of three sets of translational gauges.

Let us first proceed with the choice (C6). In this case,
it is easy to check that the translational invariance of the
loop operators implies:

(C9)

Po, , = Gl (i)Pe,Gr, (i) = Pe,

i—2 i
Fc

s : (C10)
= GTy (Z)PCiGTy (i) = Pc,

i—9

thus corresponding to a uniform gauge. Furthermore, we
notice that a local gauge transformation of the form W, =
g3(¢i) preserves the canonical form (C2) of the Ansétz,
and the resulting PSG stays in its canonical gauge. This
gauge freedom also allows us to fix Gr,,Gr, to

Hy(xvyvﬂ’) = aya Gy(x,O,,u) = 91

With the help of this simplification, the condition (A7)
gives

(C11)

Gyl (z,y+1,1)Gr, (z,y, 1) = g3(¢) (C12)
whose solution can be written as
Gr,(z,y, ) = g3(y$ + 0z) (C13)

Gr, (2,9, 1) = g3(0y)

Now, let us consider the choice (C7). The translational
invariance of the loop operators implies

Pe,_, = Gy (i)Pe,Gr, (i) = 7' P,

o N 1p 1 (C14)
PC = GTy (Z)PCiGTy(Z) =T PCiT

i—9

This means the loops connected by both T, and T,
change their signs. With the help of (C11) the con-
dition (A7) simplifies to

TG @,y + 1,07 G, (2, 1) = g3(0)

(C15)
= Ou(z,y+1,0) + 0u(z,y, 1) = &
This leads to the following solution
Gr, (w,y, 1) = g3((—1)"0(0))ir" (C16)
where the (i) satisfies
O, y, 1) — Oz, y —1,p) = (=1)Y¢ (C17)

The solution which satisfies the above equation is given
by

Hence,

Gr, (z,y, 1) = g3((—1)? ¢y + b )it (C19)



Following a gauge transformation, W; = g3((—1)Y¢./2),
the final solution can be written as

GT: (xv Y, M) =93 (91)“—1

C20
Gr, (z,y, 1) = g3(6,)it" (G20

Let us now proceed with the case (C8), where transla-
tional invariance implies

Po =G (i)Po.Gr (i) = 7' Po. !
Ci—s ?1(.) c; Tl(.) c: (c21)
Pc = GTy (Z)Pci GTy (’L) = PCA

i—g i

This implies that the loops connected by T, differ in their
signs while the signs do not differ for loops connected by
T,. However, such a choice is not compatible with the
C, symmetry as can be readily seen from Eq. (A8), and
thus this case need not be pursued.

We now study how a generalized translational symmet-
ric Ansétze looks like in the cases given by Eqgs. (C13) and
(C20). For the uniform gauge [Eq. (C13)], the Ansatz on
the bond connecting sites i(z;, y;, n) and j(z;,y;,v) has
the form

uij = iNijga3(—wiyii® + &ij), vij =y —vi  (C22)
In order to realize such an Ansétze on a lattice, ¢ must
have the form ¢ = (p/q)m where p and ¢ are integers.
We divide this case into three classes UlA, U1B and
U(p, q) similar to the convention adopted in Ref. [10].
U1A corresponds to ¢ = 0, U1B corresponds to p =
q, i.e., ¢ = m and Ul(p, q) represents generic choices of
¢, i.e., p # 0, p # q. The complete classificaton of
Ul(p, q) type PSGs falls beyond the scope of this work,
however, for any generic rational fraction p/q € (0,1),
there will exist at least one mean-field Ansatz with (p/q)m
flux threading the plaquettes [10]. We denote the class
with the translational gauge given by Eq. (C20) by U1C.

We now find the gauge transformations corresponding
to the symmetry operations o, Cy, T corresponding to the
classes UTA and U1B for which the translational gauges
are given by

— Y
Gr, (z,y, ) = ny93(0:) (C23)
GTy (J?, Y, I'L) = g?)(e’l/)

ny = +1 correspond to U1A and U1B, respectively.
The relation (A10) gives

G (z+ 1,y, W) Gr(z,y, 1) € U(1)

- (C24)
G’T (fE,y + 1; H)GT($7y, :u’) € U(l)

This implies the solutions

Gr(z,y, u) = gs(xgl +ydl +01), gs(xel 4y}, + 01 )ir'

(C25)
which after the imposition of the third condition of
Eq. (A12), become

Gr(z,y, 1) = nfntygs(0F), gs(xdl, + yol, + 01 )it’
(C:26)
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Similarly, conditions (A9) and (A8) become

Gz + 1,y, ) Go(2,y, 1) € U(1)

- (C27)
Gz, y+1,1)Go(z,y, 1) € U(1)
VGo (@ + 1y, w)Ge, (z,y, 1) € U(1

nyGe, (x+1,y,1)Ge, (2, y, 1) € U(1) (C28)

U;GE& (xa y+1, M)GC4 ($, Y, /j‘) € U(l)
These lead to the following solutions

Go(x,y, 1) = g3(x¢5 +yoy +04), gs(x¢g +yoy + 04)ir!
GC4 (1’7 Y, M) = n;yg3(x¢§ + y¢z + 0?)7
15V g3 (e + yol + 0L )ir!
(C29)
Without affecting the form of the translational gauges,

one can perform a gauge transformation of the form
W(z,y, ) = g3(x(s + y¢y) which transforms this into

Go(z,y, 1) = g3(xdo + 04), g3(yds + O4)it!

Ge, (z,y, 1) = 1Y gs(yde + 04), my g3 (yde + 04 )ir!
(C30)
The above solutions, with the help of the first two con-
ditions of Eq. (A12), take the forms

Go(z,y, 1) = 12,93(0%), n,g3(0%)it"

Goy (T, y, 1) = 03V g3(yde + 04),m5¥ gs(yoe + 04 )ir!
(C31)
Now, the interrelation (A11) between Cy and o fixes ¢..
Also, the interrelation between Cy and T fixes n, =
Nty = N¢, and the solution thus becomes

Gr(x,y,p) =n; Vgs(0)), nf gs(6)irt  (C32)

To obtain a nonvanishing time-reversal symmetric
Ansétze on J and J' bonds we need to fix ny = —1, 6 =
(=1)*0, for the first case i.e., ny = 0. Therefore, the
PSGs for classes U1A and U1B are given by

U1(A/B)000(0/1) :

Gr, (z,y, 1) = nYg3(02), Gr,(2,y, 1) = g3(0,)

Go(2,y, 1) = ng,93(0%)

Ge,(x,y, 1) =03 0, 93(0%)

Gr(w,y, 1) = (=1)"TY(=1)!g3(0:), ny Vgs(0})ir"
(C33)

U1(A/B)001(0/1) :

Gr, (2, y, 1) = n93(02), Gr,(2,y, 1) = g3(0y)

Go(z,y, p) = n5,93(05)

Go,(,y, p) = 4 my?gs(04)ir"

Gr(w,y, 1) = (=1)"TY(=1)"g3(6,), ni Vgs (6} )ir"
(C34)



U1(A/B)010(0/1) :

Gr, (z,y, 1) = n93(02), Gr,(2,y, 1) = g3(0y)
Go(@,y, 1) = 1Y, g3(0%)ir!

Gey(z,y, 1) =0y, m,%93(0%)

Gr(z,y, 1) = (—1)"TY(=1)"g3(6;), ni gs(0) )ir"
(C35)

U1(A/B)011(0/1) :
GT,; ($, Y, :u’) = 77593(91‘), GTy (1‘7 Y, /j/) = 93(97;)
Go (.’E, Y, /~L) = 7731193 (0g)i7—1
Ge, (iE, Y, ,U,) = ngy n;yQB (05)17—1
Gr(z,y, p) = (1" (=1)"gs(0,), 17 gs(07 )ir*
(C36)
Similarly, for class U1C, i.e., for the translational
gauges given by G, (z,y, 1) = g3(0.)it", Gr,(z,y, 1) =
gs3(6y)iT!, the algebraic PSGs can be obtained. Employ-
ing these translational gauges, condition (A10) reads as

TG (x+ 1y, )7 Gr(z,y, 1) € U(1)

o L (C37)
T GT (f,y-'— 17#)7— GT(x7ymu) € U(l)

After substituting the general solution Gr(x,y,u) =
9307 (x,y, 2)) (i")" 7 we get

(_)nT[GT(x + 17ya,u) + 97_(3:’ yvu)} = (ZST

(T 0r (s y + 1, )+ Or (@) = 67 OO

where n = 0,1. From the above equation we find two
possible solution of 87 (x,y, 1),

GT(‘T; Y, M) :(_)$+y¢7— =+ 9’7’7

(7)z+y¢7— —+ xm + 0’7‘- (ng)

By imposing the third condition of Eq. (A12), we obtain
the following solution for G7.

Gr(x,y, 1) =593 ),
gs((=) " or + 04 )it
g3((=)*" Yoy + am + 0#—)1'7’1

(C40)

where 13, 7y: = £1. Now conditions (A9) and (A8) take
the following forms,
Gl e = Ly, 7' Golz,y, )" € U(1)

i . B ) (C41)
G (z,y, )T Go(z,y — L) € U(L).

and

TGy (x + 1y, w7 Ge, (2, y, 1) € U(1)

L1 L (C42)
T GE'4 (xay + 17”’)7— GC4(‘:U7y7N’) € U(l)

The solutions have the general forms G,(x,y,u) =
93(60(‘%7:[/72))(“—1)”0 and GC4(.’IJ,y,M)
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g3(0c, (v,y,2))(iTh)"cs where ny,nc, = 0,1. Simi-
lar to time reversal phase, in these two cases also the
solutions can be written as :

ea(xvynu) :(_)I+y¢0 + eﬁ;,

(rrg ranias O

and

Oc, (2, y, p) =(=)" o + 0L,

(v ranvor

Now applying the cyclic condition (A12) for o we obtain

Go (2, y, 1) =n5,m5, 93(0%),
93((=)" oo + 04 )ir",
93((=)" ¢y + am + 0} )i

(C45)

where 7, ,7,, = 1. Similarly, the cyclic condition for
C4 [Eq. (A12)] imposes no constraint on ¢, for ng, = 1,
but for ng, =0 ¢. = "= where m is any integer. Thus,
for C,4 the solution can be written as

mm .
GC4 (.’IJ, Y, :U/> :nfznngS((_)x+yT + Hé )a

g3((=)" e + 0L )ir',
93((=)" e + 0l )ir".

(C46)

In the obtained solutions all the parameters are not in-
dependent. The fixing of gauges can further be carried
out using the conditions given by Eq. (A11) and then fol-
lowing some appropriate local gauge transformations the
complete PSG solutions corresponding to IGG U(1) are
given in the Egs. (28),(29),(30),(31) and (32). Further-
more, the choices of the U(1) phases 0 and 0% are not in-
dependent and arbitrary. They can be further fixed upon
imposing the symmetry conditions given by Eqs. (A11)
and (A12). The choices are summarized in Table II.

Appendix D: Derivation of Z, Algebraic Relations

In this section, we derive the algebraic solutions for
PSG considering IGG Zs. In this case, the Ansétze has
the generalized form [Eq. (7)] consisting of real hopping
and real pairing terms.

Let us first find the gauge transformation associated
with the translational symmetry operators 17, T,. By ex-
ploiting local SU(2) gauge symmetry Gg(i) — Gg(i) =
WiTGS(i)Ws—l(i), W; € SU(2), we can always fix the
translational gauges as following

Gr,(z,0,1) = Gr, (z,y, p) = 7°. (D1)

Now, we need to fix Gr, (z,y,u) for y # 0 sites. This
can be done by substituting (D1) in the condition (A7)



leading to

GTx (.Z‘, Y, :U/)GTy (‘T -1, Y, M)
G (x,y — 1, p) Gy (x,y, 1) = 1y 7°

= Gr,(z,y,1) = nyGr, (x,y — 1, 1)
(D2)
The solution of the above equation is given by
Gr,(x,y, 1) = 104G, (x,0, ) = n¥7°. Now, we shall use
the above result to find the projective solutions of point
group symmetry generators G¢,, G, G using the condi-
tions given by Egs. (A8), (A9), (A10), (A12) and (A11).
The condition given by Eq. (A9) relating the Cy and
T,y results in

GTy(x7y7u)GE’i(_y+ 1’:1"7lu+ 1)
Gr,(—y+ 1,2, +1)Ge, (—y,z, p+ 1) = ney7°
Grl(x+ 1Ly, w)Ge, (—y,x+ 1, u+1)

x

GTy -y + 1,.’E + 17M + 1)Gc4(—y,x,u + 1) = 77(:7;7-0~
(D3)
which on substitution of Gz, give
GC4 (%yaﬂ) = nca:ngGCZ; (.’17 - 17?/7”) (D4>

Goy (2,9, 1) = Neyny Gey (7,9 — 1, ).

The above two equations can be combined into the alge-
braic solution for G,

Goy (Y, 1) = nzendyny ¥ 9o (1) (D5)

where go, (1) = G, (0,0, 1) € SU(2). Similarly, for G,
from condition (A9),

G, M w,—y,1/3)Gr (x4 1,-y,1/3)
Gz +1,—y,1/3)Gr, (x 4+ 1,y,1/3) = 0y, 7°
G, (z,—y,1/3)Gr, (x, —y,1/3)
Go(z,—y —1,1/3)Gr, (x,y +1,1/3) =, 7°
and
Gt (x,—y,4/2)Gr (z +1,—y,4/2)
Go(r+1,-y,4/2)Gr, (v + 1,y,2/4) = 15, 7°
Gt (@, —y,4/2)Gr, (2, —y,4/2)
Go(z,—y —1,4/2)Gr, (x,y + 1,2/4) = n,, 7°

= Go(z,y,1) =05, Go(x — 1,y, 1)

& Golz,y, 1) =ns,Golz,y — 1, 1)

(D6)

which results in the solution of G,
Go(2,y, 1) = 15,15, 90 (1) (D7)

Similarly, the solutions can be obtained for the remain-
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ing point group generators o, T
Grl(z+ 1y, m)G7 (x4 1,y, 1)
GTm ((E + ]-7 Y, /L)GT(iL’, Y, ,U,) = ntmTO
Grl(xy+ 1, )G (w,y + 1, p)

(D8)
Gr,(x,y + 1, )G (2,y, 1) = Ny’
= G7(,9, 1) = N2 G1 (2 — 1, y, 1)
and Gr(z,y,p1) = nyGr(z,y — 1, 1)
which get combined to give
Gr(z,y, 1) = ngnty97 (1) (D9)

Now, to find the unit cell PSG representation matrices
9c4, 9o, 97 We need to find the relations among them us-
ing the algebraic relations among the point group gener-
ators given in Eq. (A11). The relation relating Cy and o
gives following relations:

gos (1 + 1)go(1)ge, (1) = £90 (1 + 1),
NeaNey = Now Moy »
Similarly, for S = C4,0, TS = ST leads to following
relations
9o (g7 (n — 1) = g7 (1)gc, (1),
9o (1) g7 (1) = £97 (1) g0 (1),
NeaNty = 1, = Ne = Nty = N7 (s50Y)

(D10)

(D11)

Another three relations also can be constructed using the
cyclic nature (condition (A12)) of the point group oper-
ations:

T e () = 27 g0 ()go () = £°, [gr())* = 2+
pn=1

(D12)

All these algebraic solutions are combined in Eq. (60)

after applying a local gauge transformation W (x,y, u) =

n*7% where n = 1. This transformation allows further

fixing of 7., and 7., and thus we obtained the particular
form of G¢, given in Eq. (60).

Appendix E: Construction of short-range mean-field
Ansatze

Once we are equipped with all the solutions for al-
gebraic PSG solutions, using the condition (11) we can
obtain the mean-field Ansétze which can be realized on
the square-octagon lattice. We introduce a concise nota-
tion for the links (u;;) on all bonds in a reference unit
cell such as (z,y) = (0,0) as follows.

On J-bonds: u(0,0,3),(1,0,1) = U31, %(0,0,4),(0,1,2) = Ud2-
/ . o o,

On J'-bonds: u0,0,1),(0,0,2) = U125 %(0,0,2),(0,0,3) = Uag3,
/ /

%(0,0,3),(0,0,4) = Us4, %(0,0,4),(0,0,1) = Usy-

OD Jd-bOHdSZ u(0,0,l),(0,0,S) = ’U/il?), ’U’(O,O,Z),(O,OA) = ug4.
(E1)



All other links can be obtained from the above-mentioned conditions.
links by the application of translations. The reference
bonds given by Eq. (E1) cannot be chosen arbitrarily.
There always exists a nontrivial element of the point TICE C Uz — ugp
group O which imposes a condition that may leave a link
invariant or exchange the pair of sites absoaated with
the link, i.e., O(u;;) — u;; or O(usj) — uj; = u . Also, Cy & ugy = ugo
there are many symmetry elements which connect dlffer- O i U3 — U3,
ent links. In the following, we enlisted such symmetry

Conditions for the Ansédtze on J bonds

2
TyC4 LUg2 — ’LLjQ,

Tyo : ugo — uju.

Conditions for the Ansétze on J’ bonds
oCy + ujy = (uin)'s sy — (ufy)T,
oCy : ubg — (uhg)'s uly — (uy)T,

o ’ / ' ’ /
Cy 1 ujp — Upg, Uz —> Usyg, Ugy — Ugy.

Conditions for the Ansétze on J; bonds
Cf : U(lis - (Utlig)T; u§4 — (ngl)T

d d
o U13 - U13a Uy — (u24)T

b
. T
Cy - U13 - u24, U24 (uf, 3)

24

(E3)

(E4)

Incorporating projective construction (11), the above re-

lations can be written as follows

Conditions for the Ansatze on J bonds:

GL,(0,0,4)GL, (0,0,1)GE, (1,0, 1)u,Gr, (0,0,3)Ge,(~1,0,3)Ge, (0,1,2) = us

GL,(0,0,1)GL, (0,0, 2)G}y (0,1,2)ulyGr,(0,0,4)Ge, (0, —1,4)Ge, (—1,0,3) = ug (E5)
GL,(0,0,4)us2Gc, (0,1,2) = uz1, G1(0,0,3)u31G0(1,0,1) = ug
G1(0,0,2)Gh. (0,0, 4)ulyGr, (0,1,2)G(0,—1,4) = us
Conditions for the Ansétze on J’ bonds
GL, (0,0, 2)GTC4(0 0,3)GL, (0,0,4)G1(0,0,2)(u},) G0 (0,0,1)G e, (0,0,1)Ge, (0,0,4)Ge, (0,0,3) = u),
GL,(0,0,4)GL, (0,0,1)GL, (0,0,2)GE(0,0,4) (u},) G0 (0,0,3)G e, (0,0,3)Ge, (0,0,2)Ge, (0,0,1) =
GL,(0,0,3)GE(0,0,3)(uhs) G (0,0,2)Ge, (0,0,4) = uby (E6)
GL,(0,0,1)G%(0,0,1) () G5 (0,0,4)G, (0,0,2) = uly
GL,(0,0,2)uh3G e, (0,0,3) = uly, GE,(0,0,3)ubyGe,(0,0,4) = uhg, G, (0,0,4)u};Ge, (0,0,1) = ul,.
Conditions for the Ansétze on Jz bonds
GL,(0,0,2)GE, (0,0,3)(uty) G, (0,0,1) G, (0,0,4) = ufy
G, (0,0,3)GL, (0,0,4)(ug) G, (0,0,1)Ge, (0,0,2) = ug, =D
G, (0,0,2)u5,Ge, (0,0,4) = ufy, GL(0,0,1)uf3G(0,0,3) = ufy, GH(0,0,4)(ug,) G0 (0,0,2) = ug,
{
In addition to these, the condition for time-reversal reads Let us now construct the Ansitze with IGG SU(2)

as the follows

GIH (@, Y, 1)Uy ). (0,9.0) G (2,9, V) = u(x,y,u),(x,y,(w
E8



which can be realized in the square-octagon lattice. Since
these Ansétze have the canonical form given by Eq. (B1),
in order to define the link variables on the reference
bonds we need to define in general 8 mean-field param-
eters given by Xai, X42, Xi2, Xbss Xar Xa1s X3 and
ud,. These parameters are not independent and must
obey the aforementioned symmetry conditions. They can
be fixed once the solutions (B21) are substituted in the
Egs. (E5), (E6), (E7), (E8).

From Egs. (E5), (E6) we obtain the following three
conditions given by Egs. (E9), (E10), respectively.

NeNoyNoy = -1
X31 = NeMo, Mo, Ud2 (E9)
NeNo, = 1, No, = -1

Ne =—1

o r_
Upg = Xo3 = TcUzq = Ugo-

(E10)

Now imposing Eq. (E8) on Jgz-bond links, we have

Xts = —xts = xi3=0. (E11)

These conditions allow one to fix the link parameters
on the reference bonds and upon applying translational
operations on these reference links give us u;; on all other
bonds. Notice that 7, does not appear in the above
constraints. This indicates that the mean-field param-
eters are the same for both signs of 7,. However, they
can differ by the signs of the parameter when one trans-
lates throughout the lattice. The projective implication
of translations gives

Gl (@Y, 1)U, (o7 O, (&3 0)
= Uz+1,y,p),(2'+1,y"v)
Gl (@9, UGy, 70 O, (&Y V)

= U(z,y+1,p),(2',y' +1,v)

(E12)

Application of this on the reference bonds. i.e., (z,y) =

(z',y") = 0 affects only the vertical J-bonds as following.

U(1,0,4),(1,1,2) = TlyU42- (E13)

Thus, for n, = —1, the vertical J-bond alters its sign

when T, operates on it, ylelding, w( y 4, (z,y+1,2) = 7y 42

while all other parameters remain the same. In the fol-
lowing, we enumerate all such Ansétze.

Let us first consider the cases where there are non-
vanishing amplitudes on both .J and J’ bonds. For that
Eq. (E9) and Eq. (E10) give 15, = 17, = —1 and 7,, =
Ne. So there are four such Ansétze among which two
correspond to 7, = +1 and the other two correspond to
1y = —1. For n,, = n. =1, we have

i . ! - / . ! 10
Upg = Ugg = Uzg = Uy = UIX'T
0 (E14)
Uzl = —Ug2 = 1XT
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We label this case by SU2A01 and SU2B01 for n, = +1
and n, = —1, respectively (labelling scheme is given by
the Eq. (21)). Now, for 1y, = 1. = —1, we have

/Y 2 AN N
Ujp = Ugg = —Uzy = Uy =IXT
0 (E15)
U3l = —Ug2 = 1XT

We label this case by SU2A11 and SU2B11 for n, = +1
and 7y, = —1, respectively. Now, let us consider the case
with n, = +1, n,, = —1 and 7,, = n. = 1. From
Eq. (E10), u}y = uh3 = uhy = u); = 0, we have nonvan-
ishing amplitudes only on on J’-bonds. This corresponds
to a dimerized state which we label as J-VBS and the
Ansatz is given by

! I !/ !
Ujg = Uz = —Uzy = Uyy =0
B . (E16)
U331 = Ug2 = UXT .
Now, let us consider the case with n,, = +1, 5, = —1

and 7., = 1. = 1. Here, 1,, = +1 immediately sets the
mean-field parameters on J-bonds. The Ansatz is given
by
Uy = Uy = neuby = ulyy = ix'T°
12 23 = TcU3y 41 X (E17)
ugy = ugz = 0.

We label the cases with . = +1 and . = —1 by PRVB;
and PRVBa,, respectively. By a suitable gauge transfor-
mation given by Eq. (G1), all these cases take the form
given in Sec. ITT A. Similarly, all Ansétze with IGG SU(2)
and U(1) can be obtained using the conditions given in
Eqs. (E5), (E6), (E7), (ES).

Appendix F: Fermionic Hamiltonians and spinon
dispersions

When the mean-field Hamiltonian consists of only hop-
ping terms, as in the case of SU(2) spin liquids (within
a suitable gauge), it can be expressed in Fourier space as
follows

H,i (k) = ¥l D Wy (F1)
where we have used the vector Wy = (fics1s fesy)”
with s denoting the sublattice index. Since only singlet
hopping terms are considered, the Dy matrix is block
diagonal, with the 1 and the | sectors being equal, i.e.
]D)gr = ]D)ﬁi. Thus, the resulting spinon bands are doubly
degenerate and the one-fermion-per-site constraint in the
ground state is fulfilled by simply filling the lower half of
the energy eigenstates. In the main text, when plotting
the spinon bands of the fermionic Hamiltonians with only
hopping terms, we show the eigenvalues of one of the
blocks of the Dy matrix.

In the presence of pairing terms, the matrix expression
of Eq. (F1) is no longer suitable to describe the mean-field
Hamiltonian. Therefore, one can resort to Nambu vec-
tors of the form \ilk = (fk,sm fik,s7¢)T7 within which Dy

)



takes the form of a Bogoliubov-de Gennes Hamiltonian,
resulting in eigenvalues which come in positive/negative
pairs, ie. (wWks1t, —W-ks,). After a suitable Bogoli-
ubov transformation, the Hamiltonian can be written in
a diagonal form in terms of the Bogoliubov quasiparticle
operators dAk,S’T and dk,s,J,

Hue =Y (@ics 1l o 1dicst — woresidorsydy )

k
= (Wics o rdicst T woresid e dows)
k

- E :W—k#,i
k

(F2)
In the main text, when displaying the spinon bands for
the fermionic Hamiltonians with hopping and pairing
terms, we will plot only the positive quasiparticle en-
ergies for each momentum k, similarly to the convention

adopted in Ref. [81].

Appendix G: The different gauge dependent
representations of the Ansatze

Due to the presence of SU(2) gauge redundancy in the
mean-field Hamiltonian of Eq. (5), any Ansatz may not
be in the canonical form of the corresponding IGG. For
example, one notices that all SU(2) Ansétze in Sec. IITA
feature only real hopping terms though in the canonical
form of SU(2) Ansétze, only imaginary hopping terms
are allowed. They can be brought back to their canonical
form after affecting the following gauge transformation

Wz, y, 1) = g3((x + y)m/2)W (1)

W) = (20, ir®, 10 _izsy, (G
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Choosing to express an Ansatz in a particularly suitable
gauge has the advantage of knowing its IGG manifestly
and in determining whether it is symmetrically connected
to other Ansétze.

Let us consider the Ansatz U1C0[01,0 given by
Eq. (39). To realize it one needs to consider an eight-
site unit cell. However, SU(2) gauge redundancy can be
exploited to write it in a form of Eq. (40) which can be
realized within a four site unit cell. The corresponding
gauge transformation is given by

W(@,y, 1) = go(—(=1)"" 7 /4) (G2)

where, go(¢) = ¢, The same gauge transformation
can be utilized to transform Eq. (41) into the gauge in-
variant form Eq. (42). Similarly, the gauge transforma-
tions to write Eq. (43) in the form given by Eq. (44) is
given by

W(z,y, 1) = g1((z +y)m/HW (1)
W () = {7°,ir", r°,ir'}
where, g1(¢) = €'*” . Finally, the gauge transformation
which transforms Egs. (52), (53), (54) and (58) into the
simple form given by Egs. (55), (56), (57) and (59) is

(G3)

Wiz, y, 1) = g1((z + y)m/4) (G4)
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