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Recently, a moiré material has been proposed in which multiple domains of different topological
phases appear in the moiré unit cell due to a large moiré modulation. Topological properties of such
moiré materials may differ from that of the original untwisted layered material. In this paper, we
study how the topological properties are determined in moiré materials with multiple topological
domains. We show a correspondence between the topological invariant of moiré materials at the
Fermi level and the topology of the domain structure in real space. We also find a bulk-edge
correspondence that is compatible with a continuous change of the truncation condition, which is
specific to moiré materials. We demonstrate these correspondences in the twisted Bernevig-Hughes-
Zhang model that describes general Zs indicated topological insulator phases, by tuning its domain
structure in the moiré unit cell. The obtained result can only be used to determine a topology in
the Fermi level in the charge neutral condition, but it can be combined with the traditional Wilson
loop analysis to determine topologies of other gaps around. These results give a feasible method to
evaluate a topological invariant for all occupied bands of a moiré material, and contribute to the
design of topological moiré materials and devices.

I. INTRODUCTION

In recent years, the study of twisted bilayer systems,
or moiré materials, has become one of the most active
fields in materials science [1-28]. As in the magic-angle
twisted bilayer graphene [1, 2], moiré materials have at-
tracted much attention as a platform for realizing vari-
ous quantum phases with high tunability in parameters
such as the twist angle and the filling factor. The search
for topological flat bands is one direction of the study
of moiré materials as a foothold to obtain a correlated
topological phase, such as a fractional Chern insulator
without external field [29-35]. A prime example is a frag-
ile topology of the flat band of the magic-angle twisted
bilayer graphene [36-38]. In many other materials, flat
moiré bands with various non-trivial topology, such as
the Chern number and valley Chern number, have been
proposed [39-43]. In these studies, the topology of the
bands is evaluated with Wilson loop spectra.

Generally, when a band has a nontrivial topology, a
corresponding edge state appears if an edge is truncated
[44]. Typically, when occupied bands of an insulator have
a nontrivial topological invariant, conducting edge states
appear in the gap on the Fermi level. The analysis of
these edge states is also important for understanding the
topological properties of the system. However, the Wil-
son loop evaluation for a single band cannot determine
which gap the edge state appears, above or below a non-
trivial band. The symmetry indicator, which is exten-
sively used today, has the same issue [45-50]. This is-
sue is circumvented for normal (non-moiré) materials by
evaluating all occupied bands because edge states never
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FIG. 1. Schematic pictures of moiré materials with large and
small moiré modulations compared with their original band
gap. (a) Case where the original band gap (blue arrow in the
right end) in the untwisted bilayer is larger than the ampli-
tude of the moiré modulation (red arrow). The left is a band
dispersion when the moiré modulation is neglected, and the
right is when it is turned on. (b) Case where the original
band gap in the untwisted bilayer is smaller than or compa-
rable with the amplitude of the moiré modulation. In this
case, a gap-closing may occur when the moiré modulation is
gradually turned on.

appear in the lower end of the occupied bands. However,
for moiré materials, it is not feasible to evaluate all oc-
cupied bands due to the huge number of occupied bands.
A low-energy approximation used in moiré materials also
makes the all-band evaluation impossible because it ne-
glects bands far from the Fermi level. This issue does
not matter in the twisted bilayer graphene because its



fragile topology has no protected edge states. Also in
other previous moiré materials, such as twisted bilayer
MoS, family[40-42], the issue with the Wilson loop can
be easily circumvented by an adiabatic argument [51]. In
these moiré materials, the band gap at the Fermi level of
the untwisted bilayer material is far larger than the am-
plitude of moiré modulation, and in this case, the pres-
ence or absence of edge states at the Fermi level of the
moiré material is the same as that of the untwisted bi-
layer material. Tt is explained in Fig. 1(a). If we make a
moiré supercell hypothetically neglecting the moiré mod-
ulation, the band folding by the moire superlattice does
not change a topological invariant [52]. Even if the moiré
modulation is turned on, the gap-closing does not occur
and the topological invariants are preserved if it is small
enough. Although moiré materials are generally capable
of large carrier doping, the properties at the Fermi level
can be used as a basis to discuss the properties of band
gaps around. Another possible way to circumvent the
issue with the Wilson loop is the direct band dispersion
calculation of a finite system [53, 54]. When a pair of
bands that inverted to give nontrivial topology is clearly
identified, the finite system calculation can be done by
making Wannier functions for them. If a simple lattice
model can be obtained, there are techniques to compute
large-scale lattice calculation [23].

However, very recently, twisted bilayer Bis(Te;_,Se, )3
has been proposed [55], in which the moiré modulation
can induce a topological phase transition in the local elec-
tronic states and multiple domains of different topologi-
cal phases are formed in the moiré unit cell. In this mate-
rial, Zo indicated topological insulator (TT) domains and
normal insulator (NI) domains coexist in the moiré unit
cell (Fig. 2(a)). In such materials, the moiré modula-
tion is larger than the band gap of the original untwisted
bilayer (Fig. 1(b)), and therefore the adiabatic argu-
ment is no longer valid. The previous study has shown
the moiré band dispersions of these materials have a gap
at the Fermi level. The question is how to determine
the presence or absence of edge states in the gap at the
Fermi level in such materials. Note that, although in a
non-moiré material it is usually enough to evaluate a few
valence-top bands or conduction-bottom bands to know
the topological properties of the gap at the Fermi level, it
does not necessarily work well for a moiré material (see
Appendix A). This fact also indicates that the direct
calculation of a finite system has difficulty in setting the
energy window for wannierization.

In this paper, we study a method from another per-
spective to determine the presence or absence of edge
states at the Fermi level in a moiré material with mul-
tiple topological domains in the moiré unit cell, i.e., a
method to evaluate a sum of the topological invariant
for all occupied bands. We show a correspondence be-
tween the topological invariant of those moiré materials
at the Fermi level and the topology of the domain struc-
ture in real space by a toy model calculation. We also
find a bulk-edge corresponding that is compatible with a
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FIG. 2. Schematic picture of a moiré material with TI and
NI domains in the moiré unit cell. (a) Domain structure and
a moiré unit cell in real space. Green regions are TI domains
and an orange region is a NI domain. The domain structure
is determined by the sign of M(7]). (b) M(7) along the line
y/L = 0.5 (red line in (a)). (c) Reciprocal lattice vectors and
a moiré BZ of the moiré system.

continuous change of the truncation condition, which is
specific to moiré materials. This method is effective when
the moiré supercell is large enough and can be performed
within the low-energy approximation.

This paper is organized as follows. Section II intro-
duces a model we use to discuss the topological invariant
of a moiré system with domains of two different topologi-
cal phases in the moiré lattice. Section III presents a pa-
rameter space where we calculate a topological phase dia-
gram and a method to determine the topological phases.
Section IV discusses a topological phase diagram for a
case when a (3 symmetric mass term is assumed. Sec-
tion V discusses a topological phase diagram for a case
when a C5 symmetric mass term is assumed. Section VI
concludes this paper. Some supplementary information
is in the appendixes.

II. MODEL

Here, we introduce the twisted Bernevig-Hughes-
Zhang (BHZ) model, which is proposed in Ref. [55]. The
twisted BHZ model is used in this paper to discuss the
relation between domain structure in the moiré unit cell
and a topological invariant at the Fermi level. We first
define the original (untwisted) BHZ model, and then we

introduce a twist effect in it.
The untwisted BHZ model [56] is a half-filled four-by-

four (two orbitals and spin 1/2 on each orbital) model
in a two-dimensional (2D) space that describes a general
time-reversal protected Zs topological insulator (quan-
tum spin Hall insulator) in the class AII with the inver-
sion symmetry. We consider the k-p perturbation around



the T" point, and the model is given as

Hpnz (M, k)
= (M - Akz) T20y + Ve Tz 00 + vkyTyoo
vk_ —i(M — Ak?)
. vky i(M — Ak?)
(M — Ak?) vk_ ’
—i(M — Ak?) vk

1

where ki = k; ik, k? = k2 + kzz, A and v are positive
constant parameters. The 0y 2, 00, Tz,y,2, To are Pauli
matrices and the identity matrix for the orbital and spin
degree of freedom, respectively. Note that the basis is set
to match the twist introduced later. This model describes
a topological insulator when the mass term M > 0 and
a normal insulator when M < 0.

Next, we define the twisted BHZ model. Generally
in a moiré material with a small twist angle or small
lattice constant mismatch, an atomic scale local lattice
structure is approximated well with an untwisted lattice
with a particular interlayer displacement [57, 58]. Due
to the difference in the local lattice structure, the inter-
layer terms have position dependence that is periodic in
the moiré scale. To introduce the twisted BHZ model,
we assume that a Hamiltonian of the local structure is
described by Eq.(1). The upper (lower) two rows are
the spin degree of freedom on an orbital in the upper
(lower) layer. It is also assumed that the mass term has
a Moiré scale modulation as M(r), and all the other pa-
rameters are constant. Depending on the topological in-
variant of the local electronic state, which is now given by
the sign of the mass term M (7), a TT (NI) domain in the
moiré unit cell is defined as where M (r) > 0 (M(r) < 0)
(Figs. 2(a)(b)). Because M(r) is moiré-scale periodic,
Hpuz(M(r),k) can be decomposed into components of
moiré reciprocal lattice vectors G by Fourier transform,

Hpuz(M(r), k) = Z T e (2)
G

By using the Fourier components tg x_¢,, the Hamilto-
nian of the twisted BHZ model is given as

H=/dkzzti,’iald,k%,mc, (3)

a,B Gy

where a and 3 are orbital-spin index (o, 8 = 1 ~ 4), ¢!
(¢) is a creation (annihilation) operator, and tiﬁ;’ffcl isa
matrix element of tg k-

The untwisted BHZ model Eq.(1) has the continuous
rotation symmetry but the twisted BHZ model has a
lower symmetry determined by the distribution of M (r).
In the following, we consider two cases with different
symmetries because symmetry restricts an allowed do-
main structure. The first one is the case where M (7)
has Cjs, rotation symmetry and the other is where M (r)
has C5, rotation symmetry. To discuss both in the
same lattice, we assume a hexagonal unit cell for the
untwisted model. Basic lattice vectors of the untwisted

model are set to a; = (1,0) and ay = (—1/2,v/3/2)
although they do not explicitly appear in k - p model
Eq.(1). Moiré lattice vectors are then L; = L(@, 1)
and Ly = L(0,1), where L = 1/ (2sin ) is a moiré lat-
tice constant for a twist angle 6. In the M(r) setting,
a finite number of sampling points are taken and the in-
termediate region is interpolated by a discrete Fourier
transform. Because finite sampling points are taken, fi-
nite G; are taken into account in Eqs.(2)(3) and higher
oscillating terms are neglected. In both cases of C3 sym-
metric M(r) and Cy symmetric M(r), seven moiré re-
ciprocal lattice vectors G; (I = 0 ~ 6) are taken (Fig.
2(c)). The seven G, are defined as Gy = (0,0) and

G = % cos (l_gl)”,sin @ (I =1~ 6). The moiré

Brillouin Zone (BZ) is shown in Fig. 2(c).

III. CALCULATION METHOD AND
PARAMETER SPACE

We calculate topological phase diagrams of the twisted
BHZ model by tuning the position-dependent mass term
M(r). As described above, M(r) is determined from
finite sampling points, a phase diagram is given in a pa-
rameter space made by sampled mass values {M,,}. Be-
cause the interpolation method for the intermediate area
has been determined, the setting of {M,,} is equivalent to
the setting of the domain structure. Therefore, in the pa-
rameter space { M, }, we can discuss the relation between
the topological phases and the domain structure.

Although it is not feasible to evaluate a topological
invariant for all occupied bands in a moiré system, it
is possible to find points where gap closing occurs at
the Fermi level even with an approximated model. In
other words, a topological phase boundary can be de-
termined. Then we determine the topological invariant
for each phase. To determine the topological invariants
of each phase, it is sufficient to calculate them at one
point in each phase. In the parameter space, there are
some points where the topological invariant is determined
without numerical evaluations. For example, when M ()
is constant, the topological invariant of the twisted BHZ
model is the same as that of the untwisted BHZ model
with the same mass value. Referring to those points, the
topological invariants of each phase are explicitly deter-
mined. Note that although a gap-closing is not necessar-
ily accompanied by a topological phase transition, in the
following cases we have only one candidate of the phase
boundary (gapless line) and thus there is no ambiguity.
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FIG. 3. Sampling points to determine M (r). (a) Case for a
Cs symmetric M (r). A marker with an integer n indicates
a point where M, is sampled. (b) Case for a C> symmetric
M (7). A marker with an integer mn indicates a point where
M is sampled.
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FIG. 4. Parameter space My, M1, Ms for the C3 symmet-
ric case. (a) Parameter space drawn in the 3D space. Two
figures are the same one viewed from (111) direction and an-
other viewpoint. The gray sphere is where M = 0.5 and the
blue sector is where a phase diagram is calculated. The blue,
green, and red lines are My = 0, M1 = 0, and M2 = 0, respec-
tively. (b) Projection of the blue sector in (a) by the Lambert
azimuthal equal-area projection.

IV. TOPOLOGICAL PHASE DIAGRAM IN (s
SYMMETRIC CASE

A. Bulk topological invariant

To set a C3 symmetric M (r), we take three sampling
points 7, = (L1 + Lz) (n = 0,1,2) in the moiré unit
cell (Fig. 3(a)) [59]. In this case, the obtained moiré
lattice belongs to the layer group No. 67 (p312), and the

sampling points are high-symmetry Wyckoff positions 1la,
1b, and lc. The mass values at the sampling points are
defined as M,,. To obtain a C'5 symmetric twisted BHZ
model, we assume equivalences between the seven Fourier
components tx k-, (I =0~ 6) as

tkk—G, = tkk—Gs = lk,k—Gs>» ()

tek—Gy = thk—Gy = th,k—Gg-

With these relations, the seven tx x—q, are uniquely de-

termined from the three sampling points. tx ¢, are
written as
12
tek—Gy = g%HBHz(Mn,k%
1< G
l —i2%p
tk,k—Gl == §1LZ:;)HBHZ(M’VL3’C - 7) € 3 (l = 17375)a
1< G
l i2Zn
tkhk—Gl = §§HBHZ(Mn,k_ 7) e 3 (l 22,4,6).
(5)
Note that a correction —EL is added in the second and

2
third equations to recover an exact C's symmetry in the

twisted model [55], although it is negligible in a small
angle limit.

In a parameter space of the three sampled mass values
(Mo, My, Ms), we calculate a topological phase diagram.
Before the calculation, we reduce the parameter space
that we need to see by considering a symmetry between
M,,. A cyclic exchange of the mass values (Mo, M1, M>)
— (My, My, My) is a translation (L; +Lz)/3 of the moiré
lattice. The time reversal protected Zs invariant is inde-
pendent of this translation and thus they give the same
invariant. Further, exchanging two of them, for example
(Mo, My, My) — (Mo, Mo, M), works as the inversion
operation. Although the moiré lattice does not have the
inversion symmetry, the inversion image has the same
topological invariant as the original one. From the above
two symmetries in (My, My, Ms), the parameter space is
reduced to 1/6. The origin (0, 0,0) gives a constant mass
M (7) = 0 that is not of our interest, so we restrict the
parameters on a sphere in the parameter space to avoid
the origin as

Mg + M} + M3 = M? = constant. (6)

Setting a north pole at where My = My = My > 0 and a
south pole at My = M; = Ms < 0, we calculate a phase
diagram on a 1/6 sector in the longitude direction (Fig.
4). In the region above the red My = 0 line (below the
blue My = 0 line), all M,, are positive (negative) and thus
the whole moiré unit cell belongs to the TT (NI) domain,
while TI and NI domains coexist in the moiré unit cell
in the middle region between the two lines My = 0 and
My = 0.

As described at the beginning of section III, we calcu-
late a band gap at the Fermi level and find a gap closing
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FIG. 5. Calculated band gap and details in some representative points for the C3 symmetric twisted BHZ model. (a) Calculated
band gap for § = 0.10° shown as a contour plot (gap map). The parameter space is defined in Fig. 4. The darker colored
represents the smaller band gap at the Fermi level. The magenta dashed line is where the domain reconnection occurs. (b)-(g)
Domain structure and band dispersion of six representative points (magenta dots in (a)). Integers in band dispersion plots
indicate the degeneracy of the bands. In the counting of the degeneracy in (e) and (g), a small gap given by the interaction

between domain boundaries is neglected.

point in the parameter space to determine a topological
phase boundary. Generally in a noncentrosymmetric 2D
system, the gap closing occurs in a generic momentum in
BZ [60, 61]. However, when additional crystalline sym-
metry is present, it can be restricted to high symmetry
lines [55, 62]. In the case of C'5 symmetric twisted BHZ
model (layer group No.67), there are in-plane C/, rotation
axes and the gap closing always occurs on C47T invariant
lines, which is I"'p;-Kp-Mjps lines. Therefore, to find a
phase transition point we calculate the minimum direct
gap on the C4T invariant line

AFE = min {ELCB(k) — EHVB(k) |k3 S (FM — Ky — MM)}

(7)
in the parameter space, where LCB stands for the lowest
conduction band and HVB stands for the highest valence
band.

Setting the parameters in Egs.(1) and (6) as v = 1,
A =1, and M = 0.5, we calculated AF in the parameter
space defined in Fig. 4. In Fig. 5, an obtained gap
map for twist angle § = 0.10° (Fig.5(a)) and domain
structures of some representative points (Figs. 5(b)-(g))
are shown. Fig. 5(a) is a contour plot of AE. Note that

the gap is normalized with a twist angle-dependent factor

AEy(0) = U|§1| = v\/§51

which is a typical gap value for a case where TI (or NI)
domains are isolated in the moiré unit cell (see Appendix
B for its derivation) [55]. The darker color represents
where the gap is smaller. It can be seen that a gapless
line goes from the lower right to the upper left. The up-
per (bottom) end of the parameter space is a point with
My = M; = My >0 (< 0), and at that point, the moiré
modulation terms vanish and thus the moiré bands are
given by just folding a band of the untwisted system. Be-
cause the band folding does not change the Zs topological
invariant, the upper (bottom) end belongs to a TT (NI)
domain. Because there is only one gapless line in the gap
map, we can determine that it is the phase boundary and
the upper (lower) phase is a TT (NI) phase. Next, we dis-
cuss what determines the shape of the domain boundary
by reference to the domain structure in the moiré unit
cell. For six representative points (magenta dots in Fig.
5(a)), the domain structure in the moiré unit cell and
the band dispersion are shown in Figs. 5(b)-(g). The
numbers in the band dispersion figures are numbers of

47 . 0
e 1’157 (8)




degenerate bands including the spin degree of freedom.
First, we focus on (e), (f), and (g). In (e), the TT domain
is connected over the moiré lattice but the NI domains
are disconnected from each other. This case belongs to
the TI phase as a moiré system. Conversely, in (g), the TI
domains are disconnected but the NI domains are con-
nected. This case belongs to the NI phase as a moiré
system. In the case of (f), where M; = 0, both domains
are triangles and are touching at where M; is sampled,
and the moiré system becomes gapless as shown in the
right of (f). Because the inversion symmetry is broken in
these cases, Rashba splitting appears clearly in the band
dispersion in (f). However, in (e) and (g), the splitting
is unnoticeable due to a negligible interaction between
helical edge states on the domain boundary of isolated
domains. Next, we focus on (b), (¢), and (d), which are
calculated on the left edge of the parameter space. The
left edge is a line where M; = M> is satisfied, and thus
the moiré system has the Cg symmetry and the (approx-
imate) inversion symmetry as the domain structure in-
dicates (detailed discussion about the symmetry is given
in Appendix C). Due to the inversion symmetry, there
is no Rashba splitting in the band dispersion in (b), (c),
and (d). Also in these cases, when the TT (NI) domain
is connected as (b) (as (d)), the moiré system is TI (NI).
The calculated domain structures suggest a correspon-
dence between the domain connectivity and the topolog-
ical invariant of the moiré system. In Fig. 5(a), a line
where domain reconnection occurs (magenta dashed line
in Fig. 5) is given and it is qualitatively coincident with
the gapless line (the dark colored region in (a)). It is
noteworthy that the connectivity of the domains deter-
mines the topological phase of the system, not the size
of the area of each domain. The case of (d) is a good
example, where the system is NI although roughly 62%
of the moiré unit cell is the TT domain.

As shown in Fig. 5, the shape of the phase bound-
ary is understood mainly by the domain connectivity.
However, on the side edge, the gapless point is slightly
shifted from the point where domain reconnection oc-
curs. On the left edge, domain reconnection occurs at a
point of Fig. 5(c), where My = —8M;, M; = M, is sat-
isfied (intersection of the edge and the dashed magenta
line) and Kagomé domain structure is realized (the mid-
dle left case). However, the band dispersion of Fig. 5(c)
is gapped and the system is TI as a moiré system. This
difference is explained by an effect of the interaction be-
tween the helical edge states on the domain boundary.
Fig. 6 shows a twist angle dependence of the gap map.
As the twist angle increases from Fig. 6(a) to Fig. 6(c),
the difference between the gapless line and the domain
reconnection line becomes more significant. Because the
moiré unit cell becomes smaller for a larger twist angle
case, the width of the helical edge state on the domain
boundary becomes wider compared to the moiré lattice
scale, as reported in Ref. [55]. As a result, interactions
are no longer negligible in cases where domain bound-
aries get close to each other. This interaction shifts the
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FIG. 6. Twist angle dependence of the gap map for the Cs
symmetric twisted BHZ model. (a) 8 = 0.10° (b) 6 = 0.50°,
and (c) 0 = 1.00°, respectively.

parameter at which the reconnection of the helical edge
states occurs from that at which the domain reconnec-
tion occurs. This is a source of the shift of the gapless
line from the domain reconnection line. This effect is not
found in the case of Fig. 5(f) because the TT and NI do-
mains are symmetric and the edge states cannot choose
which domain to go through.

B. Edge state

The obtained correspondence between the topological
invariant and domain connectivity is consistent with the
existence of edge states. In Fig. 7, examples of some
domain structures and truncation conditions are shown.
When an edge cuts a TI domain, the edge is locally con-
sidered a boundary between a TI and the vacuum and
thus there must be an edge state (Fig. 7(a)). Combined
with edge states on the TI and NI domain boundary,
we can see there always is a connected edge state along
the edge when the system has a TI-connected domain
structure (Figs. 7(a)-(c)). Although NI domains can be
cut in some parts of the edge, a connected edge state
exists through the TT-NI domain boundary (Figs. 7(b)-
(¢)). In contrast, there cannot be a connected edge state
along the edge when the system has a NI-connected do-
main structure, i. e., a TI-disconnected domain structure
(Figs. 7(d)-(f)). Even if most parts of the edge cut TIT
domains, the edge state is disconnected by the connected
NI domain (Fig. 7(f)). These results show a clear cor-
respondence between the bulk topological invariant and
the edge state, and the connected edge state is a corre-
sponding edge state of the moiré topological insulator.
It is noteworthy that the existence of the connected edge
state is independent of a truncation condition. This is
consistent with the fact that the Zs bulk invariant in
the class AII generally guarantees the existence of he-
lical edge states regardless of the truncation condition.
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FIG. 7. Domain connectivity and edge states. (a)(b)(c) When
the TI domain is connected, there is a connected edge state
along the edge from one end to the other end. Even if some
parts of the edge are in the NI domains, the edge state is
connected though the domain boundary as shown in (b) and
(c). (d)(e)(f) When the NI domain is connected, there cannot
be a connected edge state along the edge.

In a normal (non-moiré) crystal, only discretized trun-
cation conditions are allowed because one cannot divide
an atom, while in a moiré system, effectively continu-
ous truncation conditions are allowed especially in the
small twist angle limit. The obtained bulk-edge corre-
spondence is consistent with this moiré-specific continu-
ous truncation conditions.

V. TOPOLOGICAL PHASE DIAGRAM IN C;
SYMMETRIC CASE

In Sec.IV, we found a correspondence between the
topological invariant and the domain structure. In the
C5 symmetric case, one of the TT and NI domains is con-
nected and the other is disconnected. This setup suits
the Zy nature of the topological phase of the class AIL.
However, in a general case, the domain structure is not
necessarily classified into two classes. For example, a
stripe pattern of TT and NI domains is allowed, in which
both domains are connected in one direction but discon-
nected to the other perpendicular direction. However, we
do not know any anisotropic topological phase in 2D like
the weak TT in three-dimensional (3D) space. In the fol-
lowing, we discuss what topological phase a system with
such stripe domain structures belongs to. To reduce the
number of sampling points while allowing a stripe pat-
tern, we assume Co symmetry.

A. Bulk topological invariant

To set a Cy symmetric M(r), we take four sampling
points 7y, = & (mL1 +nLs) (m,n = 0,1) in the moiré
unit cell (Fig. 3(b)). In this case, the obtained moiré
lattice belongs to the layer group No. 3 (p112), and the

sampling points are high-symmetry Wyckoff positions 1a,
1b, lc, and 1d. However, in our model, the inversion
symmetry is approximately recovered due to the small
angle approximation and too simple untwisted models in
the sampling points (see Appendix C for details). The
mass values at the sampling points are defined as M.
To obtain a Cy symmetric twisted BHZ model, we as-
sume equivalence between the seven Fourier components
tek—G, @S

tek—G, = th,k—Ga>
e k-G, = thk—Gs) 9)
tek—Gs = lkk—Gs-

With these relations, the seven tx k¢, are uniquely de-
termined from the four sampling points. g r—¢g, are writ-
ten as

1
thk-Go = > Heuz(Mpn, k),

m=0,1
n=0,1
1 G, .
thk—G, = = H, My, k——) ™ (1 =1,4),
kk—G, 8";):1 BHZ( 5 ) e ( )
n:O,’l
1 G, .
thk-G = = Hapz (Mo, k — —5) ™M+ (g
kk—Gy 8m§1 BHZ( s B ) € (
n:O,}l
1 G, .
tek—Gc, = = H My, k——) ™ (I =3,6).
kk—Gy 8mZ(;1 BHZ( B ) € ( )
n;O,}l
(10)
A correction f% is added as explained in Sec.IV.

Next, we determine a parameter space in which to cal-
culate a topological phase diagram. The parameter space
is in principle four-dimensional space of M,,,. How-
ever, now we are interested in the topological invariant of
stripe cases. Therefore, we fix two of them as My, = 0.5
and Mp; = —0.5 and use the other two as axes of a
phase diagram. In this parameter setting, we can see TI-
connected, NI-connected, and stripe domain structures
in the parameter space.

In the parameter space (Mig, M71), we calculate a
band gap and find a gap closing point to determine a
topological phase boundary. In this case, approximate in-
version symmetry is recovered as described above. There-
fore, a gap closing of a topological phase transition occurs
on a time-reversal invariant momentum (TRIM). Then,
a band gap AF is defined as

AFE = min {ELCB(k) — EHVB(k) |k S TRIM} (].1)

Setting the parameters in Eq.(1) asv =1 and A =1,
we calculate AE in the parameter space (Mg, M11) €
[—0.5,0.5] x [—0.5,0.5]. An obtained gap map for twist
angle § = 0.10° is shown in Fig. 8(a) as a contour plot.
Note that the gap is normalized with Ag(6). In Figs.
8(b)-(i), domain structures and band dispersions are also

=2,5),



L —Te_] —| 'y { °Y
[~ & | ~_| g : ‘ o -
band dispersion  domain structure ' [/ domain structure band dispersion
o ‘ [~ & |~ pe - ‘ = o
¥ X T Vv Cw /L B ¥
&3 2 S | (e) (g) SENDE
. N a) gap map ¢ = .10° o
Xv  Im Ym  Cy xz/L ( ) £ap P xz/L Xv Im Ym  Cu
0.
P 7 e
@ o o S © | ) RS
-0 [ : L L [ o
Xm Tm Ym Cwm x / L x / L Xm Y] Ym Cnm
9% 0.
° I ]\/]10
} (d) e
° I y 01 02 03 04 05 06 0.7 08 0.9 -
&3] § NI | AE/NEy(6) = °
> ) & =
o TI ‘ (f)
\
VOXM Tm Ym Cnm LL‘/L 0 /+\ ’ Ym Cnm
\+/ - y 7 ’r/’? —
S = &
"% v Ym  Cu x/L

FIG. 8. Calculated band gap and details in some representative points for the C> symmetric twisted BHZ model. (a) Calculated
band gap for # = 0.10° shown as a contour plot. The parameter space is M1, M11 and the other two are fixed as Moo = 0.5
and Mo1 = —0.5. The dark-colored region is where the band gap at the Fermi level closes. (b)-(i) Domain structure and band

dispersion of eight representative points (magenta dots in (a)).

Integers in band dispersion plots indicate the degeneracy of the

bands. In the counting of the degeneracy in (i), a small gap given by the interaction between domain boundaries is neglected.

(j) Path of momentum space used to plot the band dispersions

shown for some representative points in the parameter
space. The band dispersion figures are plotted along a
path shown in (j). In the cases of (d) and (g), the do-
main structures are NI- and TI-connected, respectively.
In the cases of (b) and (i), the domain structures are
stripe structures. As shown in the gap map (a), param-
eter regions of stripe domain structure, {M;o > 0 and
My < 0} or {My9 < 0 and My; > 0}, are gapless as
a moiré system (dark color). This is a reasonable result
because there should be helical edge states on the par-
allel domain boundaries. When the twist angle is small
enough and the helical edge states are ideally isolated,
the helical edge states give gapless linear dispersion. In
the band dispersion of (b), we can see a clear linear dis-
persion. The double degeneracy is due to the presence
of two domain boundaries in the moiré unit cell . In the
other stripe case of (i), we can see flat zero-energy bands

in (b)-(i).

in the I'ps-Y s line. This is because the direction of the
k path of that part is perpendicular to the direction of
the stripe and thus the helical edge states cannot run in
that direction. On the two axes, (c), (e), (f), and (h)
that are on M9 = 0 or M7; = 0, a domain reconnection
occurs from a TT-connected (or NI-connected) to a stripe
domain structure. On the domain reconnection points,
the domain boundaries singularly touch each other and
thus the system is gapped due to the interaction between
helical edge states. From these results, we have obtained
a qualitative picture of the topological phase diagram in
a small twist-angle case. We know the case of (g) (the
case of (d)) with a TI-connected (NI-connected) domain
structure is a TT (NI) as a moiré system as shown in Sec.
IV. The cases with stripe domain structures are gapless
and thus the topological invariant is not well-defined.

However, in the general theory of the topological phase



transition in the 2D class All, a phase transition occurs
at a point in a single parameter tuning, i. e., the gapless
points should be a line with no width in a 2D parameter
space [60, 61]. Next, we explain why gapless regions can
be obtained contrary to the general theory. The gapless
region is a result of an additional condition that inter-
actions between neighboring helical edge states can be
neglected in the small angle limit. It is confirmed by
examining the twist angle dependence of the gap map
(Fig. 9). In the bottom of Fig. 9, The band gap on the
Mi; = —0.2 line is also shown. While the stripe region
is (almost) gapless when 6 = 0.10° (Fig. 9(a)), there
is a small but non-negligible gap when 6 = 1.00° (Fig.
9(c)). The exact gapless points in the case of 6§ = 1.00°
exist on a line My = —Mj1, which is a phase bound-
ary. The small gap in the stripe region is given by an
interaction between neighboring helical edge states. The
location of the gapless line is determined by whether in-
teractions across the TT or NI domain are dominant, like
the Su—Schrieffer—Heeger model [63]. The interaction is
always non-zero in a strict sense but, when the twist an-
gle is small enough, each domain boundaries are distant
enough in the real space and thus the interaction is neg-
ligible. In that case, the stripe region becomes a gap-
less region approximately even in the normalized scale by
Ay(6), as shown in Fig. 9(a). On the other hand, the gap
in TI-connected (NI-connected) region is given by a finite
size effect along the closed loop of the domain boundary.
Therefore, the band gap in those regions is roughly 1 and
independent of the twist angle in the normalized scale.
The general theory of the topological phase transition as-
sumes all perturbations allowed in the symmetry. There-
fore, when we consider the correspondence to the general
theory in present cases, the interactions between neigh-
boring domain boundaries, which are allowed to exist by
the symmetry of the system, must be included. When
the interaction is negligible as in a small angle case, ne-
glecting the interaction works as an additional condition
and a gapless region with finite width can appear.

To summarize the result above, the property of the
moiré system is still mainly determined by the domain
structure in the Cy symmetric case, and the case with
a stripe domain structure is a gapless system. The ef-
fect of the interaction between helical edge states on the
domain boundaries comes out differently, and it reduces
the dimension of the gapless area to a line, as expected
in the general theory of the topological phase transition.
Here, whether the interaction between neighboring do-
main boundaries is negligible or not is judged by com-
parison with the typical gap value AEy(6), which comes
from the finite size effect along the closed loop of the
domain boundary.

B. Edge state

In the case of a stripe domain structure, the system is
gapless and the edge transport is indistinguishable from
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FIG. 9. Twist angle dependence of the gap map for the Cs
symmetric twisted BHZ model. From left to right: one for
0 = 0.10°, & = 0.50°, and @ = 1.00°, respectively. In the
bottom of each one, the normalized gap on the Mi; = —0.2
(green line) is shown. For § = 1.00°, a line (point) where the
band gap exactly closes is shown as a megenta dashed line
(magenta arrow).
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. I 4

FIG. 10. Stripe domain structure and edge states. (a) When
the edge is parallel to the stripe and in a NI domain. (b)
When the edge is parallel to the stripe and in a TT domain.
In this case, there is an edge state but it is indistinguishable
from the bulk transport. (c) When the edge is not parallel to
the stripe.

the bulk transport. Figs. 10(a) and (b) show the cases
when the edge is truncated parallel to the stripe pattern.
If the edge is in the TI domain, there are helical edge
states on the edge (Fig. 10(a)). However, there also
are helical edge states on the domain boundaries in the
bulk region that contribute to the gapless bulk transport.
When the twist angle is small enough and the helical edge
states are not interacting with each other, the helical edge
states in the bulk region and edge are equivalent and no
edge-specific transport is obtained. When the edge is
not parallel to the stripe pattern (Fig. 10(c)), there is
no connected edge state on the edge. In this case, the
bulk region is not conducting in the direction parallel to
the edge either. If the interaction between helical edge
states on the domain boundary is not negligible and that
across NI domains is dominant, the helical edge states
get gapped by making pairs across NI domains. In this
process, if the edge is in a TI domain (Fig. 10(b)), the
helical edge states on the edge are left, and thus only
the edge remains gapless. If the edge is not parallel to
the stripe pattern, the disconnected parts are effectively
connected by the interaction and gapless edge states are
obtained.



VI. DISCUSSION AND CONCLUSION

In this paper, we discussed the topological invariant
of the twisted BHZ model at the Fermi level, in partic-
ular for the cases when TI and NI domains coexist in
the moiré unit cell. As a result, we found the topological
invariant of the moiré system is determined by the topol-
ogy of the domain connectivity in the real space when
the twist angle is small enough to neglect interactions
between neighboring domain boundaries. We also found
a bulk-edge correspondence that is described by the pres-
ence or absence of a connected line of edge states along
the truncated edge. The obtained bulk-edge correspon-
dence is compatible with the continuous change of the
edge truncation condition that is specific to moiré ma-
terials. The effect of the interaction between neighbor-
ing domain boundaries is also discussed, and it is shown
to work as a correction of the location or width of the
phase boundary. Because the untwisted BHZ model de-
scribes the low-energy physics of general Zy topological
insulators in the class AIl, these results obtained with the
twisted BHZ model are expected to be general. Further,
the discussion in the bulk-edge correspondence suggests
that they can be applied to other topological phases.
In a general case, the domain structure is determined
by a topological invariant defined in the local electronic
states, which can be calculated with an untwisted system
with a proper interlayer displacement. These results give
a method to calculate a topological invariant for cases
where several topological domains coexist in the moiré
unit cell due to the moiré modulation terms. The signifi-
cance of the method is that it does not require a high-cost
calculation such as the all-band calculation. This method
can only be applied to the gap at the Fermi level (charge
neutral level) of the moiré band dispersion that is deter-
mined by the filling of the original untwisted material,
but once the topology of the gap at the Fermi level is
determined, the single band Wilson loop analysis can be
used to explicitly determine the topology of gaps around.
The system we consider in this study, which has a super-
lattice structure of different topological domains, can be a
platform for realizing novel topological systems such as a
Weyl semimetal in a multilayer heterostructure proposed
by Burkov and Balents [64]. This understanding of the
topological properties of moiré materials is expected to
allow us to design novel topological moiré materials with
unique properties, in a way like a “puzzle” with pieces of
topological phases.
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Appendix A: Example of failure in Wilson loop
evaluation

Here, we give an example where the Wilson loop eval-
uation for a few valence top bands fail to capture the
non-trivial topology of a moiré band structure. Fig.11(a)
is a band dispersion of the C3 symmetric twisted BHZ
model (Eqs.(3 and (5)) with My = 0.1, M; = 0.4, and
Ms = 0.5. The band dispersion is gapped and isolated
nearly flat bands appear around the Fermi level. Wil-
son loop spectra calculated for the four Kramers pairs of
nearly flat bands are shown in Fig.11(b) and all of them
are trivial. However, in this case, the three mass val-
ues M, are all positive and thus the whole moiré unit
cell belongs to a TI domain (Fig.11(c)). Therefore, there
must be gapless helical edge states on the edge, even
though the Wilson loop spectra are trivial for the bands
around the Fermi level. This is because the non-trivial
structure of this system exists in higher- or lower-energy
moiré bands. When a band inversion occurs to give a TI
phase, the band gap is usually determined by the energy
scale of spin-orbit coupling (SOC). In a moiré material,
the bandwidth generally gets quite small so that it can
be far smaller than the energy scale of SOC. As a result,
a band inversion can occur across some nearly flat bands
(Fig.11(d)), and the moiré bands around the Fermi level
remain trivial. In a normal (non-moiré) material, this
band inversion does not usually occur because the band-
width is larger than the energy scale of SOC. However, it
easily occurs in a moiré material, and thus evaluating a
few valence top bands is not necessarily sufficient to de-
termine the topological properties of the moiré material.

If we try to make Wannier functions for this system
to calculate edge states, many Wannier functions would
be required. The nearly flat bands around Fermi level
typically made from a Wannier function with moiré-scale
spread. Contrary, the edge state has a atomic-scale pene-
tration length from the edge. A sufficitent set of Wannier
functions is required to reproduce both of them. In this
situation, we must take a wider energy window in the
wannierization, but the higher and lower energy region
in the moiré band dispersion is usually crowded. There-
fore, the direct calculation of edge state with Wannier
functions is not necessarily an easy task.

Appendix B: Gap normalization factor

The gap normalization factor AFEy(0) in Eq.(8) is given
as followings. When there are isolated TI (or NI) do-
mains in the moiré lattice, the low-energy physics is de-
scribed by edge states on the domain boundary [55]. The
edge state basically has linear dispersion (Dirac cone),
but due to the moiré effect, the band is folded with moiré
BZ and gets gapped to make nearly flat bands by the
moiré modulation, which mostly comes from interlayer
coupling terms. From another perspective, this flat band
formation can be understood as a result of the finite size



(a) o My =0.1, My = 0.4, My =0.5 (b)

VBI1 VB2
Sos Ens
02
K &
Ko
VB3 VB4
VBl VB2 g o
0  lvB3 vea = N
P4
04 k k
Im Kum My
(c)  edge (d)

SOC
I band
width

\/ imvemton \/
B

FIG. 11. Example where Wilson loop evaluation of a few
valence-top bands fail to capture the non-trivial property.
(a) Moiré band dispersion of the C3 symmetric twisted BHZ
model with My = 0.1, M; = 0.4, and M2 = 0.5. (b) Wilson
loop spectra for the four Kramers pairs of valence-top bands.
(c) Domain structure and edge state. In this case, the whole
moiré unit cell belongs to a TI domain and there is an edge
state. (d) Schematic picture of the non-trivial band struc-
ture in this system. The band inversion occurs across several
nearly flat moiré bands.
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effect given by the finite length of the domain boundary
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that is making a closed loop. If we assume that a perfect
flat band is obtained at the middle level of the original
bandwidth by the moiré effect, the band gap is

4
AEy(0) = - |§1| = ng sing. (B1)

Although the formation of the perfect flat band is a too
simplified assumption, this value can be used as a typical
energy scale of the band gap and as a normalization fac-
tor to enable a comparison between cases with different
twist angles.

Appendix C: Symmetry of a moiré system

Generally, a twist breaks the inversion symmetry, and
thus a twisted bilayer system does not have an exact
inversion symmetry. The inversion symmetry breaking
occurs in an atomic scale structure of the system, i. e.,
even if we focus on a local structure, the inversion sym-
metry is broken as long as the effect of twist is strictly
considered. However, in the effective model with a small
angle approximation, we assume that the effect of twist
is negligible in the local structure and electronic states in
it, and they are well approximated by an untwisted struc-
ture with a particular interlayer displacement. Therefore,
if the model satisfies two conditions: (i) all sampled lo-
cal structures have the inversion symmetry as untwisted
structures, (ii) the layout of the local models in the moiré
unit cell has the inversion symmetry, the moiré effec-
tive model recovers the inversion symmetry, although a
twisted bilayer system essentially does not have the in-
version symmetry in a strict sense.

In particular cases in this paper, the local model Eq.(1)
has the inversion symmetry and thus condition (i) is sat-
isfied in all cases. In the C5 symmetric cases, condition
(ii) is generally violated. However, (ii) can be satisfied
in some special cases. For example, in the left panels in
Fig.5, the layout of local models is inversion symmetric
around ¢ because M; = Ms, and an approximate inver-
sion symmetry is recovered in the moiré model. In the
C5 symmetric cases, the sampling points are inversion
symmetric and thus condition (ii) is always satisfied.
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