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The past decade has seen the emergence of ab initio computational methods for calculating
phonon-limited carrier mobilities in semiconductors with predictive accuracy. More realistic calcu-
lations ought to take into account additional scattering mechanisms such as, for example, impurity
and grain-boundary scattering. In this work, we investigate the effect of ionized-impurity scatter-
ing on the carrier mobility. We model the analytical impurity potential parameterized from first
principles by a collection of randomly distributed Coulomb scattering centers, and we include this re-
laxation channel into the ab initio Boltzmann transport equation, as implemented in the EPW code.
We demonstrate this methodology by considering silicon, silicon carbide, and gallium phosphide,
for which detailed experimental data are available. Our calculations agree well with experiments
over a broad range of temperatures and impurity concentrations. For each compound investigated
here, we compare the relative importance of electron-phonon scattering and ionized-impurity scat-
tering, and we critically assess the reliability of Matthiessen’s rule. We also show that an accurate
description of dielectric screening and carrier effective masses can improve quantitative agreement

with experiments.

I. INTRODUCTION

The ability to predict the charge transport properties
of semiconductors using non-empirical ab initio meth-
ods is of paramount importance for the design of next-
generation electronics, neuromorphic computing, energy-
efficient lighting, and energy conversion and storage. For
example, as beyond-silicon materials for next-generation
field-effect transistors are being explored, such as wide-
gap semiconductors like GaN [1], SiC [2], and GaxOs3 [3],
or high-mobility materials such as GaAs [4], ab initio
methods for calculating transport properties with pre-
dictive accuracy are acquiring an increasingly important
role.

The past decade has seen numerous developments
in first-principles calculations of phonon-limited charge
transport coefficients such as the electrical conductivity
in metals, and the drift and Hall mobilities in semicon-
ductors [5-11]. More recently, several groups turned their
attention to ab initio calculations of additional scattering
mechanisms [5, 12-16]. Among the various mechanisms,
impurity scattering is of particular interest since ionized
donors and acceptors are ubiquitous in doped semicon-
ductors, and intrinsic point defects are unavoidable in
all other materials [17-19]. In this work we focus on
ionized-impurity scattering, which is expected to provide
the most significant contribution to the carrier relaxation
rates beyond phonons, given the long-ranged nature of
the Coulomb potential.
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Tonized-impurity scattering in semiconductors has first
been studied via the Conwell-Weisskopf model. In this
model, the scattering potential of the impurity is de-
scribed using a Coulomb monopole immersed in the di-
electric background of the semiconductor [20]. The long-
range nature of this potential makes it ill-behaved at
long-wavelength, and the singularity at long wavelengths
is removed using an ad hoc infrared cutoff. A better
handling of this singularity is achieved in the Brooks-
Herring model by considering free-carrier screening [21].
This latter model proved very successful [22], and is still
widely used owing to its simplicity as it only requires
the electronic density of states, the carrier effective mass,
the high-frequency dielectric constant, and the impurity
concentration. Further improvements upon these mod-
els were subsequently introduced, e.g., carrier statistics,
dispersive electronic screening, two-impurity scattering,
and atomic form factors [23]. While this class of models
enjoyed considerable success with calculations of the car-
rier mobility of silicon, they do not perform as well with
other semiconductors [24, 25]. These and other empirical
adjustments make it harder to quantify the role of each
scattering channels, and most importantly decrease the
transferability of the models and ultimately their useful-
ness in materials design.

During the past decade, considerable progress has been
achieved in ab initio calculations of charge carrier mobil-
ities [5-8, 14, 26]. These approaches are based on the
use of electronic band structures from density functional
theory (DFT) [27, 28], as well as phonon dispersion rela-
tions and electron-phonon matrix elements from supercell
calculations or from density-functional perturbation the-
ory (DFPT) [29-32]. To achieve a numerically converged



sampling of the Brillouin zone, most calculations by now
employ Wannier-Fourier interpolation [33-35]. Mobili-
ties are then obtained by solving the ab initio Boltz-
mann transport equation (aiBTE) [26]. The first study
of ionized-impurity scattering from first principles was
reported by Restrepo and Pantelides [5], and more re-
cent, state-of-the-art calculations have been reported by
Lu and coworkers [13, 14]. In this latter work, the au-
thors find good agreement between calculated mobilities
and experimental data for silicon. Additional work using
a semi-empirical approach combining DFT calculations
and models was also reported recently [36, 37]. The pre-
dictive power of ab initio methods for computing mobil-
ities has been continuously improving. State-of-the-art
approaches can predict phonon-limited carrier mobilities
within -50% to 100% of the measurements, for mobility
data spanning several orders of magnitude [38]. Similar
errors have been found in the computation of ionized-
impurity and phonon-limited mobilities up to carrier con-
centrations of 10'® cm~2 [5, 14]. These residual discrep-
ancies could be reduced by improving the calculations
of the scattering matrix elements and the band effective
masses, using for example GW and GWPT [39].

In this work, we investigate from first principles the
effect of ionized-impurity scattering on the carrier mobil-
ity of semiconductors. To this aim, we take into account
both carrier-phonon and carrier-impurity scattering on
the same footing, within the aiBTE formalism as im-
plemented in the EPW code. [40] Given that the shape
of the impurity potential depends on the details of the
crystal structure and its evaluation would require ther-
modynamic calculations of defects and defect levels [41],
we limit ourselves to consider the monopole term of the
scattering potential and a random distribution of impu-
rities. This simplification allows us to achieve an elegant
and compact formalism, and to compute carrier mobili-
ties by using solely the concentration of ionized impuri-
ties as input. To validate our methodology, we perform
calculations for three test systems: Si, 3C-SiC, and GaP.
These materials choices are motivated by the abundance
of experimental mobility data as a function of temper-
ature and ionized impurity density. While these com-
pounds are cubic and exhibit isotropic dielectric tensors,
our methodology can also be applied to anisotropic and
layered materials. For Si there is an abundance of exper-
imental data and previous calculations to compare with.
3C-SiC, which is also referred to as cubic SiC or §-SiC
in the literature, is considered a promising candidate for
next-generation power electronics [42-44]. Several ex-
perimental data sets are available for carrier mobility in
3C-SiC, especially for n-type (N) doping and less so for
p-type doping (Al). GaP is a standard optoelectronic
semiconductor which is of interest in non-linear optical
switching [45-47]; experimental mobility data for GaP
are available both for n-type doping (Sn) and p-type dop-
ing (Zn). For each of these compounds we calculate the
temperature-dependent carrier mobility at variable im-
purity concentration. We investigate the relative impor-

tance of carrier-phonon and carrier-impurity scattering,
and we examine the validity of Matthiessen’s rule [48].

The manuscript is organized as follows. In Sec. II we
briefly summarize the aiBTE formalism, we provide a
detailed derivation of the matrix elements for carrier-
impurity scattering, and we discuss the key approxima-
tions involved. In this section we also discuss free-carrier
screening, and we examine under which conditions the
Matthiessen rule can reliably be used in transport cal-
culations. Section IIT is devoted to the implementa-
tion details and the calculation parameters used in this
work. In Sec. IV we discuss our results for Si, SiC,
and GaP. In particular, in Sec. IV B we present our cal-
culated temperature- and concentration-dependent mo-
bilities and compare our data with experiments. In
Sec. IV C we analyze the relative importance of phonon-
and impurity-mediated scattering processes in the carrier
relaxation rates. In Sec. IVD we test Matthiessen’s rule
by comparing full aiBTE calculations with the results
of separate calculations including only phonon-limited or
impurity-limited mobilities. In Sec. IVE we investigate
how the DFT dielectric screening and carrier effective
masses influence calculated mobilities, and we test sim-
ple correction schemes along the lines of Ref. [10]. In
Sec. V we summarize our findings and offer our conclu-
sions. Additional details on the calculation procedure are
discussed in the Appendices.

II. THEORETICAL APPROACH

A. Carrier mobility from the ab initio Boltzmann
transport equation

A detailed derivation of the aiBTE formalism is given
in Ref. [40]. Here we limit ourselves to summarize the key
equations in order to keep this manuscript self-contained.
Within the linearized Boltzmann transport equation, the
carrier mobility tensor is obtained as:
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where the factor of 2 is for the spin degeneracy, Greek
indices indicate Cartesian directions, Eg indicate the
Cartesian components of the electric field, and Og, fnk
is the linear variation of the electronic occupation of the
state with band index n and wavevector k in response
to the applied field. vy, represents the expectation value
of the velocity operator along the direction «, for the
Kohn-Sham state nk. e, n¢, Quc, and Ny indicate the
electron charge, the carrier density, the volume of the
unit cell, and the number of unit cells in the Born-von
Karman (BvK) supercell, respectively. The n-summation
extends over all Kohn-Sham states, although in practice
only those states near the chemical potential contribute
to the mobility. The k-summation is over a uniform Bril-
louin zone grid.



The variation Og, fank is obtained from the self-
consistent solution of the equation:
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where fgk denotes the Fermi-Dirac occupation of the

state nk in the absence of electric field. The quantity
I'nk—mk+q is the partial transition rate from the Kohn-
Sham state nk to the state mk + q. In many-body
perturbation theory, this rate is derived from the imagi-
nary parts of the electron self-energy, therefore different
scattering mechanisms simply sum to the lowest order in
perturbation theory. In this work, we write the partial
transition rate as the sum of the rates of carrier-phonon
transitions (ph) and carrier-impurity (imp) transitions:

_ Tph imp
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The partial carrier-phonon transition rate is given by [26]:
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where e,k denote Kohn-Sham eigenstates, and wqy
stands for the frequency of a phonon with branch in-
dex v, wavevector q, and Bose-Einstein occupation ng, .
The matrix elements g, (k, q) indicate the probability
amplitude for the scattering of an electron from state nk
to state mk+q via a phonon qv [35]. The partial rate in
Eq. (4) can be obtained either from Fermi’s golden rule or
from many-body perturbation theory [35]. The carrier-
impurity scattering rate required in Eq. (3) is derived in
the next section and is given by Eq. (17).

Together, Egs. (1)-(4) and (17) define the aiBTE
framework employed in this work. This approach consis-
tently captures back-scattering and Umklapp processes,
with a computational cost that is similar to more ap-
proximate approaches based on various relaxation-time
approximations. We refer the reader to Ref. [26] for a
comprehensive review of common approximations to the
Boltzmann transport equation.

B. Scattering of Carriers by ionized impurities in
the monopole approximation

‘To obtain the carrier-impurity transition rate

ke smkiq We proceed as follows: (i) We derive the
matrix element of the scattering potential for a single
impurity in a periodic BvK supercell of the crystal unit
cell; (i) We generalize the matrix element to consider
a number imp Of impurities in the BvK supercell; (iii)
From this matrix element, we obtain the transition rate

corresponding to the Nimp impurities by using the first

Born approximation; (iv) We average the resulting rate
over a random uniform distribution of impurity positions
using a method due to Kohn and Luttinger.

1. Scattering potential and matriz element for single
Tmpurity

We employ the monopole approximation to describe
the potential of an impurity of charge Ze located at the
position rg in the BvK supercell. A more refined choice
would entail explicitly calculating the impurity poten-
tial in DFT and its matrix elements. This approach was
pursued in Refs. [5] and [14], but it carries the disadvan-
tage that one needs to compute defect energetics prior
to mobility calculations, and then perform rotational av-
erages to account for the randomness of the impurity
orientation. Our simpler approach is useful for system-
atic transport calculations when detailed knowledge of
the atomic-scale structure of impurities is lacking, and
can be made more accurate by incorporating dipole and
quadrupole terms along the lines of Refs. [49-51].

By solving the Poisson equation in the BvK supercell
and considering a background anisotropic static dielec-
tric constant tensor e = &7 5, the potential of this point
charge is found to be [see Eq. (S3) of Ref. [49]]:
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modulo an inessential constant that reflects the compen-
sating background charge. In this expression, ¢y is the
vacuum permittivity, G is a reciprocal lattice vector,
and the wavevector q belongs to a uniform Brillouin-
zone grid. Here an in the following, we consider that the
BvK cell consists of Ny, unit cells, so that its volume is
Qse = NucQue, and that the Brillouin zone is discretized
in a uniform grid of Ny points. The potential ¢(r,rg) is
periodic over the BvK supercell.

The perturbation potential resulting from this impu-
rity is V' = Fe¢ for electrons and holes, respectively.
For definiteness, we consider electrons in the following.
The matrix elements of the perturbation V' between the
Kohn-Sham states 1,k and ¥mik+q is given by:

imp
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where the integral is over the supercell. The states can
be written as ¥, = N‘;cl/Qeik‘runk, where u,x is the
Bloch-periodic part and is normalized in the unit cell.
The combination of Egs. (5) and (6) yields:
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having defined the overlap integral:
an,G(kv q) G'rlunk>uca (8)

which is evaluated over the unit cell.
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2. Scattering rate from multiple impurities within the first
Born approximation

We now consider Nﬁ;p impurities located at the po-
sitions ry,re,---,ry,, in the BvK supercell. — The
corresponding perturbation potential is the sum of
the S}gotentials obtained in the previous section, V =
Z;vz'l“’ V(r;ry), therefore the generalization of Eq. (7)
to the case of multiple identical impurities reads:

—e” 4rZ an G(ka q)
g (k, q; {rr}) = 5
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The total scattering rate out of state nk associated
with this matrix element can be written using the first
Born approximation for the scattering matrix [52] [Egs.
(6.1.16) and (6.1.32)]:

unp = Z 7|glmp k » d; {rl})‘z(s(enk - 6mk+q)~ (10)

We note that this expression is an intensive quantity,
as expected, i.e. it does not scale with the size of the
BvK supercell [see discussion after Eq. (17)]. The partial
transition rate needed in Eq. (3) is then defined as:
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Unlike Eq. (4), in this expressions we do not have the
Fermi-Dirac occupations. These occupations drop out in
the linearized Boltzmann transport equation, as it can
be verified, for example, by setting ng, = 0 and wq, =0
in Eq. (4). In Eq. (11) the Dirac delta function ensures
energy conservation, consistent with the fact that we are
considering the scattering by a fixed potential, i.e. we
are neglecting the recoil of the impurity upon collision.
By combining Egs. (9) and (11) we find:

im 62 YA 2
Fnkp~>mk+q({r1}) |:471_50 Qsc :| 5(5nk - Emk+q)
« Z B, c(k,q) mn,G’(k7 ) ZN;%P ei(Ql'I‘J_Q‘I‘I)
0. 1.0, O — ’
- Q e?- Q)(Q' - Q) 1,J=1

(12)

having defined Q = q + G and Q' = q + G’ for conve-
nience.

3. Kohn-Luttinger ensamble averaging of the scattering rate

In order to account for the randomness in the dis-
tribution of impurities, we perform a configuration av-
erage of the scattering rate in Eq. (12) by considering

a uniform probability distribution, following the Kohn-
Luttinger approach [53]:

Flmp ,ave o dry - derbt;)p Flmp 13
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Sc

The only term that depends on the impurity positions in
Eq. (12) is the sum over I, J on the second line. Below we
evaluate the ensemble average of this sum by separating
the I = J and I # J terms:

/ dry---dryge N5,
Nim : : —
sc Qsc p I,Jfl
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Both terms on the r.h.s. require the evaluation of an in-

tegral of the type:
/ dre'Qr. (15)

This integral equals Q. for Q = 0; for finite Q, we note
that the integral becomes the Fourier representation of
the Dirac delta when N,. — 00, therefore it vanishes. In
this limit, Eq. (14) reduces to:
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Using Egs. (16) and (12) inside Eq. (13), we obtain:
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where we use N = Nii /Nyc to denote the number

of impurities per unit cell; Nif is a dimensionless quan-
tity. We note that, in practlcal calculations, the prefac-
tor 1/Ny. in Eq. (17), which also appears in the partial
carrier-phonon scattering rate in Eq. (4), is included as
a k-point weight in Brillouin zone summations, so that
the sum in Eq. (2) becomes N!' - and is mdependent
of the size of the BvK supercell

The scattering rate given in Eq. (17) is similar but not
identical to alternative forms used in previous work. For
example, it differs from classic approaches such as the
Conwell-Weisskopf formula [20] and the Brooks-Herring
formula [21] in that here the details of band structures,
Kohn-Sham orbital overlaps, and anisotropic dielectric
screening are fully taken into account. Furthermore, it
differs from more recent ab initio approaches such as



Ref. [5] in that the long-range nature of the Coulomb in-
teraction is taken into account from the start, as opposed
to being included as an ad hoc correction. Our expression
is similar to the formula provided in Ref. [14], except that
here we take into account the periodicity of the impurity
potential over the BvK supercell and the anisotropy of
the dielectric tensor. The fact that we reached a simi-
lar expression as in Ref. [14] starting from a rather dif-
ferent viewpoint involving the Kohn-Luttinger ensemble
average lends support to both approaches. Though we
apply our methods to three isotropic materials in this
work, we demonstrate in Appendix D that this formula-
tion of carrier-ionized impurity scattering can be applied
to anisotropic materials as well for a trial case of MoSs.

C. Free-carrier screening of the impurity potential

The carrier-impurity scattering rate given by Eq. (17)
contains a singular ¢~% term that is not integrable (with
g = |q]), and leads to incorrect results when used in the
aiBTE of Eq. (2). This problem was already identified by
Conwell and Weisskopf [20], who introduced an infrared
cutoff to suppress the Coulomb singularity.

The formal way to overcome this difficulty is to observe
that ionized impurities are accompanied by free-carriers,
which introduce metallic-like screening of the impurity
potentials. In the Thomas-Fermi model, free-carriers in-
troduce an additional screening

q2
err(q) =1+ %, (18)

where ¢rr is the Thomas-Fermi wavevector. When used
in combination with the impurity potential appearing in
Eq. (17), this additional screening lifts the Coulomb sin-
gularity. In fact, by temporarily ignoring the G vectors
and the anisotropy of the dielectric tensor, free-carrier
screening modifies the denominator of Eq. (17) as fol-
lows:

1 . 1 B 1
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(19)

which tends to the finite value 1/(e%¢%)? at long wave-
length.

To incorporate free-carrier screening in our calcula-
tions, while taking into account all details of band struc-
tures and effective masses, we employ the Lindhard di-
electric function instead of the Thomas-Fermi model, fol-
lowing Ref. [54]. The same approach was employed in
Ref. [14]. The Lindhard dielectric function is given by:

62 47 2 2k+q - frr(L)k

— — 20
4meg q2 NucQuc nk €nk+q — €nk ( )

en(q) =1

Since the density of free-carriers is typically low in doped
semiconductors, we only need the long wavelength limit

of this expression. In this limit, (f2y ., — fh)/(€nktq —

€nk) = afgk/é)enk, therefore we can write:
o
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having introduced the effective Thomas-Fermi vector:
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For parabolic bands, Eq. (21) reduces to the Thomas-
Fermi or Debye model in the respective temperature lim-
its. The free-carrier screening provides an additional
screening mechanism to the dielectric screening of the
insulating semiconductors, and is included in our calcu-
lations by replacing €° in Eq. (17) by the total dielectric
function:

2
e — 41%E (23)
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where 1 denotes the 3 x 3 identity matrix. We note that
this improved description of the screening includes tem-
perature effects via the Fermi-Dirac occupations entering
the definition of the effective Thomas-Fermi wavevector,
Eq. (22).

III. COMPUTATIONAL METHODS

All calculations are performed using the Quantum
ESPRESSO materials simulation suite [55], the EPW
code [40], and the Wannier90 code [56]. The function-
alities related to impurity scattering described in this
work are implemented in EPW 5.7. We employ the
PBE exchange and correlation functional [57] and op-
timized norm-conserving Vanderbilt (ONCV) pseudopo-
tentials from the PseudoDojo repository [58, 59]. For
consistency with previous work, we use the experimental
lattice constant of Si, SiC, and GaP at room temperature,
and the plane-wave kinetic energy cutoff and quadrupole
tensors reported in Ref. [38]. We include spin orbit cou-
pling for the valence bands only, to capture the splitting
of the valence band top. Key calculation parameters are
summarized in Table I.

We calculate effective mass tensors by finite differ-
ences, using a wavevector increment of 0.01 x 27 /a, where
a is the lattice constant reported in Tab. I. The dy-
namical matrix, the variations of the self-consistent po-
tential, and the vibrational eigenfrequencies and eigen-
modes are calculated using a square convergence thresh-
old of 10716 Ry?2. This threshold refers to the change of
the potential variation between two successive iterations,
averaged over the unit cell. Electron energies, phonon
frequencies, and electron-phonon matrix elements are
initially computed on a coarse wavevector mesh using
the EPW code. The electron Hamiltonian, the dynam-
ical matrix, and the electron-phonon matrix elements



TABLE I. Calculation parameters used in this work: Experi-
mental lattice constant, plane wave kinetic energy cutoff, and
non-vanishing elements of the quadrupole tensor are chosen
to be consistent with Ref. [38].

Si 3C-SiC  GaP

Lattice constant (A) 543 436 545
Plane wave kinetic energy cutoff (eV) 544 1088 1088
Qr, 11.83 7.41 13.72
Qrs -11.83  -2.63 -6.92
Coarse k and q grids 123 123 123
Fine k and q electron grid 1003 180% 100°
Fine k and q hole grid 1003 100% 100°

are then interpolated onto fine Brillouin zone grids us-
ing Wannier-Fourier interpolation [33, 34]. Long-range
dipole and quadrupole corrections are employed for im-
proved interpolation of the electron-phonon matrix ele-
ments [38, 49-51, 60].

To compute carrier mobilities, only states within a nar-
row energy window of the band extrema are necessary.
We find that, for the range of temperatures considered in
this work (up to 500 K), a window of 400 meV is sufficient
to obtain converged electron mobilities, and a window
of 300 meV is sufficient for hole mobilities. At 300 K,
converged results can be obtained by using a 200 meV
window for both electrons and holes.

To evaluate the overlap matrices By, g (k, q) required
in Eq. (17) in the fine Brillouin zone grid, we follow the
procedure of Ref. [49] and approximate them as:

mn’
where the unitary matrix U, (k) is the diagonalizer of
the interpolated Hamiltonian into the wavevector k of
the fine grid. This approximation is motivated by the
fact that the carrier-impurity matrix element in Eq. (17)
is strongly peaked at q + G — 0. The strongly-peaked
structure of the carrier-impurity matrix elements as q +
G — 0 is handled by employing ultra-dense Brillouin
zone grids for the electron wavevectors (as reported in
Table I), so as to ensure the numerical convergence of
calculated mobilities.

The Dirac delta functions appearing in Egs. (4) and
(17) are computed using Gaussian functions with a small
broadening parameter. The results are sensitive to the
choice of this parameter, therefore we accelerate the con-
vergence by employing adaptive smearing. The proce-
dure for the adaptive smearing of the carrier-phonon scat-
tering rate, which involves a so-called type-III integral,
is discussed in Refs. [6, 38, 61]. The calculation of the
carrier-impurity scattering rates involves instead a type-
IT integral of the form:

dq
Ly = Z / @fmn(ka q) 0(€mk+q — €nk),  (25)

where Qpz is the volume of the Brillouin zone. In this
case, adaptive broadening can be achieved by using a

state-dependent width o,,xtq. We follow the procedure
by Ref. [61], which gives:
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where v,k 44 is the band velocity, b; is a primitive vector
of the reciprocal lattice, and N; denotes the number of
k-points along the direction of b;. The coefficient « is a
tunable parameter. Previous work has used a = 0.29
for electron-phonon scattering rates [6, 38]. We have
performed a detailed converged test by comparing fixed-
smearing and variable-smearing calculations, and found
that values @ = 0.1-0.3 provide similar results. For sim-
plicity, in this work we use oo = 0.29 as in previous work.
In principle we could perform calculations of carrier
mobilities by setting the impurity concentration and the
carrier concentration separately. This would be required,
for example, for the investigation of compensation doping
of semiconductors. To keep our results as general as pos-
sible, in this work we choose to focus on the simpler sce-
nario where each impurity creates one free carrier, there-
fore we set the carrier density to be equal to the impurity
concentration. We do not consider carrier freeze-out at
low temperature, since this would require the knowledge
of defect energy levels. In our calculations, the role of the
carrier concentration is mainly to modulate the effective
Thomas-Fermi screening wavevector in Eq. (22).

IV. RESULTS AND DISCUSSION
A. Electronic structure

Given the importance of effective masses in mobility
calculations, in this section we review briefly the band
structures and effective masses of Si, SiC, and GaP. Ta-
ble II shows our calculated directional effective masses.
Hole masses are given for the heavy-hole (hh) band, light
hole (lIh) band, and the spin orbit split-off (so) band. The
longitudinal (]|) and transverse (L) electron masses cor-
respond to the principal axes of the ellipsoidal conduction
band extrema.

In Tab. II we see that the light hole and split-off
hole masses are fairly isotropic for all compounds con-
sidered in this work. For the heavy hole masses, the I'-X
direction ([100] crystallographic direction) exhibits the
lightest masses, whereas considerably heavier masses are
found along the I'“K ([110]) and I'-L ([111]) directions.
Similarly, in all compounds considered here the longitu-
dinal electron masses are considerably heavier than the
corresponding transverse masses, as expected. SiC ex-
hibits the heaviest hole masses among SiC, GaP, and Si;
while GaP exhibits the heaviest electron masses.

Our calculated effective masses are in good agreement
with previous calculations at the DFT level [10] as well as
previous calculations at the GW level [10]. When com-
paring to experimental data, we see from Tab. II that



TABLE II. Calculated band effective masses, band gaps, high-
frequency and static dielectric constants of Si, 3C-SiC, and
GaP. All calculations performed within DFT/PBE. Experi-
mental data are from (a) [62] and [63], (b) [64], (c) [65], (d)
[66], (e) [67], (f) [68], (g) [69], (h) [70], (1) [71], () [72], (k)
[73], (1) [74]. All masses are give in units of the electron mass.
The band gaps are in eV. The lines tagged “Dresselhaus” refer
to the effective masses obtained from the Dresselhaus model
fitted to experimental cyclotron data, from Ref. [62].

This work Si SiC  GaP
r-x 0.260 0.592 0.374
mpy, I-K 0.550 1.412 0.837
I-L 0.655 1.646 1.091
I-X 0.189 0.423 0.143
mi, I-K 0.143 0.328 0.125
I-L 0.134 0.309 0.117
I-X 0.225 0.490 0.213
m?, K 0.223 0.472 0.217
I'-L 0.214 0.436 0.206
m:yH 0.959 0.672 1.069
me | 0.196 0.230 0.232
E, 0.554 1.359 1.566
e> 13.00 6.93 10.53
el 13.00 10.23 12.57
Experiment Si SiC  GaP
B along [001]  0.46°
mp, B along [110]  0.53%
B along [111]  0.56° 0.54°
Dresselhaus I'-X 0.40
Dresselhaus I'-K 0.56
Dresselhaus I'-L 0.62
B along [001]  0.171% 0.45°
mi, B along [110]  0.163°
B along [111]  0.160° 0.16°

Dresselhaus I'-X 0.18
Dresselhaus I'-K 0.16
Dresselhaus I'-L. 0.15

me 0.97* 0.68% 1.15° 2.0*
mi 0.19* 0.25% 0.21°, 0.25%
o 1.137 2.429 2.26"
e™ 1.7 6.527 9.117
e° 1170 9.727 11.17

our electron effective masses are within 10% of the corre-
sponding experimental values, which is remarkable con-
sidering that we are using DFT/PBE.

In the case of the hole masses, our calculations are also
in good agreement with experiments. Here we emphasize
that the experimental values usually quoted are not the
effective masses, but the cyclotron masses, which depend
on the direction of the magnetic field and are reported
in Tab. II. These cyclotron masses correspond to aver-
ages of the directional masses and cannot be compared
directly to DFT calculations. To extract the correct di-
rectional effective masses, in the case of silicon we used

the Dresselhaus k - p model which was fitted to experi-
mental cyclotron data. In this model the heavy hole and
light hole masses are parameterized as:

enn(k) =Ak* + [B?k* + C*(k2k] + k2k2 + k2k2)]/2,
(27)

(k) =Ak? — [Bk* + C?(k2k2 + k2k? + k2Kk2))Y/2,
(28)

where k = |k| and the coefficients A, B, and C
are —4.1 h2/2me, —1.6h?/2m., and 3.3 7‘12/2me7 respec-
tively [62]. From this parameterization we obtained the
effective masses reported in Tab. II under the keyword
“Dresselhaus”. From this table we can see that, in the
case of silicon, the light hole and heavy hole masses are
close to our calculated results, with the exception of the
I' — X heavy-hole effective mass which is 65% of the ex-
perimental value[10].

We note that the inclusion of spin orbit coupling in the
valence bands is critical to describe the correct scatter-
ing channels in the calculations of hole mobility. Without
taking into account SOC, the valence band maximum at
T" is threefold degenerate in Si, 3C-SiC, and GaP. SOC
produces split-off holes that are red-shifted by 48, 14,
and 84 meV with respect to the band top for Si, 3C-SiC,
and GaP, respectively, leaving the valence band maxi-
mum twofold degenerate. This energy shift is compa-
rable to phonon energies, and therefore it modifies the
final density of states available for phonon-induced tran-
sitions. Additionally, this shift modifies the final density
of states available for elastic scattering by impurities.

Our calculated dielectric constants overestimate the
experimental values by 15% at most, as expected from
the underestimation of the band gaps [71, 72]. In
Sec. IVE we discuss how one can improve the calculated
mobilities by introducing a posterior: corrections to the
theoretical effective masses and dielectric constants.

B. Carrier mobilities
1. Silicon

Figure 1 shows a comparison between our calculated
mobilities of silicon and available experimental data, as
a function of temperature and impurity concentration.
The mobilities without carrier-impurity scattering [black
lines in panels (a) and (b)] decrease rapidly with tem-
perature, as expected. We find temperature slopes (the
B in pu ~ TP) of —2.1 for electrons and —2.4 for holes,
in agreement with previous work [10, 38]. As we include
carrier-impurity scattering, the room-temperature elec-
tron mobility of silicon reduces from 1381 cm?/Vs to
1153 ¢cm?/Vs at 1.75x10'% cm ™3 [blue line in panel (a)]
and to 812 cm?/Vs at 1.3x10'7 ¢cm™3 [red line in panel
(a)]. Similarly, the room-temperature hole mobility of
silicon decreases from 600 cm?/Vs in the absence of im-
purities to 517 ¢cm?/Vs for an impurity concentration of



2.4x10'6 cm~=3 [blue line in panel (b)], and to 359 cm?/Vs
at the impurity concentration of 2.0x10'7 cm?/Vs [red
line in panel (b)].

Our calculations for the temperature-dependent elec-
tron and hole mobilities show that a single power law be-
comes inadequate in the presence of impurity scattering.
This is also seen in the experimental data from Refs. [75-
78], which are shown as open circles in Fig. 1. We note
that our calculations are in good agreement with the ex-
periments over a broad temperature range. The agree-
ment worsens slightly at low temperature, where carrier-
impurity scattering dominates. This effect likely relates
to the fact that in our calculations all donors and ac-
ceptors are assumed to be fully ionized at all tempera-
tures; as a result of this approximation, we are neglecting
carrier freeze-out and hence we are likely overestimating
the impurity concentration at low temperature. In Ap-
pendix C we show that, by taking into account the effects
of partial impurity ionization, the agreement with exper-
iments improves at low temperature and high impurity
concentration.

Panel (c) of Fig. 1 shows the room temperature elec-
tron mobility of silicon, as a function of impurity con-
centration. The electron mobility is relatively insensi-
tive to the impurity concentration up to 106 cm=3. A
steep decrease in the electron mobility is seen as we ap-
proach a doping density of 107 em™3. Up to this con-
centration, our calculations (purple line) are in excellent
agreement with experimental data (open circles). Above
10'® cm~3, while the agreement with experiment is still
good, we tend to slightly overestimate the measured elec-
tron mobility. This is likely due to two effects: (i) our
formalism does not take into account multiple scattering
events that become important at high impurity concen-
tration, and (ii) our calculations do not include scattering
by free-carrier plasmons, which dominate the mobility at
high carrier density, as shown in Refs. [12, 23]. A sim-
ilar overestimation was observed in Ref. [14], which is
plotted alongside our results. Alongside our results, we
also plot the hole mobilities calculated by Restrepo et
al. [5], which were based on the relaxation-time approxi-
mation. This approximation leads to an underestimation
of the electron mobilities from 10'® to 107 em™3. Our
present calculation, which involves the solution of the
BTE without employing the relaxation time approxima-
tion, provides data in better agreement with experiments.
We also note that our calculations are in good agreement
with those of Ref. [14], which are also based on the BTE.

Panel (d) of Fig. 1 shows the room temperature hole
mobility of silicon as a function of impurity concentra-
tion. As for the electrons, we find generally good agree-
ment between calculations (purple line) and experiments
(open circles) throughout the doping range. We empha-
size that the vertical scales in panels (¢) and (d) are dif-
ferent, and that the theory/experiment deviation at high
impurity concentration is similar in both panels in abso-
lute terms. At low impurity concentration, our calcula-
tions slightly overestimate the experimental data. This

effect can be ascribed to the fact that our light hole ef-
fective masses are smaller than in experiments.

2. Silicon carbide

In Fig. 2 we show our calculated mobilities of 3C-SiC
as a function of temperature and impurity concentration,
and we compare to experimental data from Refs. [24, 79—
85]. In the case of 3C-SiC, the comparison with exper-
iments is complicated by the high concentration of line
defects that nucleate at lattice-mismatched growth sub-
strates such as Si or 6H-SiC [84, 86, 87]. These added ma-
terials defects makes it difficult to obtain data for defect-
free samples. Furthermore, most experimental data are
for co-doped samples, for which the impurity and carrier
concentrations are more difficult to estimate.

In the absence of impurity scattering [black line in
panel (a)], the low electron effective mass of SiC leads
to very high theoretical mobilities, up to 33000 cm?/Vs
at 100 K and up to 2000 cm?/Vs at room temperature.
These high mobilities are in agreement with previous the-
oretical results [38]. In this case, we calculate an electron
temperature exponent 5 = —2.9.

In panel (a) of Fig. 2 we compare our calculations (blue
line) with the data reported in Ref. [79] (red open cir-
cles). In that work, they synthesized 3C-SiC with n-
type impurity density of 5.0x10'® ¢cm™3, and obtained
electron mobilities at 100 K and 300 K of 2040 cm?/Vs
and 584 cm?/Vs, respectively. In our calculations, when
we consider the same impurity concentration, we find
2773 ¢cm?/Vs and 1369 cm?/Vs at 100 K and 300 K,
respectively; therefore we overestimate the experimental
data by a factor of 30%-230%.

In panel (b) of Fig. 2 we show our calculated hole mo-
bility of 3C-SiC as a function of temperature. In the
absence of impurities (black line), the mobility decreases
with a temperature exponent § = —2.1. In this case
we could not find experimental data for uncompensated
samples to compare with. Upon including impurity scat-
tering with an impurity concentration of 10'® cm™3, we
find a significant reduction of the mobility at low tem-
perature (blue line), from 1373 ¢cm?/Vs to 148 cm?/Vs.
At 300 K, the mobility is reduced from 165 cm?/Vs with-
out impurities to 81 cm?/Vs, in good agreement with the
measured value of 50 cm?/Vs reported in Ref. [85].

Panels (c¢) and (d) of Fig. 2 show the room temper-
ature electron and hole mobilities as a function of im-
purity concentration, respectively. The electron mobility
calculated (purple line) at low ionized donor concentra-
tion (10 cm™3) is 2048 cm?/Vs, and significantly over-
estimates the measured value 1000 cm?/Vs in Ref. [80]
(open symbols). However, our calculations get closer to
experimental data in the range of concentrations above
10*® em=3 [24, 81, 88]. A recent study of 3C-SiC epi-
taxially grown on a Si(001) substrate found a high den-
sity of 2D defects including stacking faults with bound-
aries along dislocations, inverted domain boundaries, and



threading partial dislocations [87]. The researchers also
simulated the atomic structure of these defects by molec-
ular dynamics and confirmed their stability. To ra-
tionalize why calculations significantly overestimate the
measured mobilities of 3C-SiC at low impurity concen-
trations, we consider the TEM measurements of Zim-
bone et al. [87]. The authors observe dislocations and
grain boundaries in room-temperature 3C-SiC grown on
a Si(001) substrate, with a separation of 10-250 nm.
These data suggest that scattering from these structural
defects could possibly occur more frequently than scatter-
ing from ionized impurities in a range of concentrations
up to 10'® ecm™3, thus considerably reducing the mea-
sured mobility as compared to our calculations which do
not include dislocations and grains. Quantifying the role
of line and planar defects on electron mobilities in 3C-SiC
calls for additional future investigations.

The hole mobility of 3C-SiC is significantly lower than
the electron mobility, as expected from much heavier hole
masses shown in Tab II. Our calculations (purple line)
at low doping yield a mobility of 164 ¢cm?/Vs, to be
compared to 220 cm?/Vs measured in p-channel 3C-SiC
devices [83] (open symbols). We note that the vertical
scales in panels (¢) and (d) differ, and that our calculated
hole mobilities are in better agreement with experiment
in relative terms. In particular, our data for the hole mo-
bility fall right in the middle of the experimental trend
shown in panel (d).

8. Gallium phosphide

Figure 3 shows our mobility calculations for GaP and a
comparison with experimental data. In panel (a) we have
the calculated electron mobilities as a function of temper-
ature. In the absence of impurities, the calculated elec-
tron mobility (black line) decreases with a temperature
exponent 3 = —2.2; the calculated mobilities at 100 K
and 300 K are 4293 ¢cm?/Vs and 328 c¢cm?/Vs, respec-
tively. Upon including the effect of impurity scattering
(blue line), the mobility decreases significantly, reach-
ing 157 cm?/Vs at room temperature for an impurity
concentration of 2.5x10'® ecm™3. This value is in good
agreement with the measured mobility of 100 cm?/Vs in
Ref. [89] (blue open circles). We note that the electron
mobility of GaP is significantly lower than in silicon, de-
spite the electron effective masses being comparable. In
Sec. IV C we show that this effect arises from the addi-
tional polar phonon scattering that electrons experience
in GaP, which is absent in silicon.

Panel (b) of Fig. 3 shows the calculated phonon-limited
hole mobility (black line), the mobility calculated by in-
cluding impurity scattering (blue line), and experimen-
tal data (open red circles). The phonon-limited hole
mobility decreases with temperature with an exponent
B = —2.5. The calculated mobilities in the absence of
impurities are 5096 cm?/Vs and 252 cm?/Vs at 100 K
and 300 K, respectively. Upon including impurity scat-

tering with a concentration of 2x10™ cm™3, the mobil-
ity at room temperature decreases to 124 cm?/Vs, in
good agreement with the measured value of 90 cm?/Vs
in Ref. [89].

Panel (c) of Fig. 3 shows the room temperature elec-
tron mobility of GaP as a function of impurity concentra-
tion. In the absence of impurity scattering, we calculate
a mobility of 328 cm?/Vs(blue purple), which compares
well with the maximum value 258 cm?/Vs measured in
ultra-pure samples in Ref. [90] (open symbols). In the
intermediate doping regime, our calculated electron mo-
bilities overestimate the experimental data by a factor of
two [89-92], but the agreement improves at high doping
levels.

Figure 3(d) shows the room temperature hole mobil-
ity of GaP as a function of impurity concentration. The
calculated hole mobility is 269 cm?/Vs at low impurity
concentration, and decreases to 94 cm?/Vs at a concen-
tration of 10 cm™3 (purple line). Our calculations are
within a factor of two from the highest measured hole mo-
bilities across the same doping range [89, 93, 94] (open
symbols). We note that electron and hole mobilities in
GaP are very similar across a wide range of tempera-
tures and impurity concentrations (both in experiments
and in our calculations), therefore GaP is an ambipo-
lar semiconductor with well-balanced electron and hole
transport.

C. Carrier scattering rates

In this section we analyze and compare the scattering
rates resulting from carrier-phonon and carrier-impurity
processes in Si, SiC, and GaP. The Brooks-Herring model
for carrier-impurity scattering [21], which is based on the
parabolic band approximation, predicts a scattering rate
that scales as e 3/2, where ¢ is the electron eigenvalue
referred to the band extremum. This trend is a result of
two competing effects: as the energy of the initial state
increases above the band bottom, the scattering phase
space increases as €'/2, while at the same time the square
modulus of the carrier-impurity matrix element given in
Eq. (17) decreases as 1/¢*, which is of the order of =2
This simple trend is opposite to what is expected from
non-polar optical scattering and acoustic phonon scatter-
ing, which tend to increase with energy. These trends in
the scattering rates have been documented and analyzed
for individual compounds in prior work [5, 14, 37]. The
goal of this section is to provide a comparative analysis
of the relative importance of carrier-phonon and carrier-
impurity scattering rates across different materials and
carrier types.

Figure 4 shows the scattering rates Tn_kl of holes and
electrons in Si [panels (a) and (b)], SiC [panels (¢) and
(d)], and GaP [panels (e) and (f)]. For consistency, we
set the impurity concentration to 107 cm ™2 in all cases,
which is in the middle of the range considered in Figs. 1-3,
and the temperature to 300 K. In line with the above dis-



cussion, the carrier-impurity scattering rates decrease as
we move away from the band extrema, while the carrier-
phonon scattering rates increase. In the two polar semi-
conductors that we are considering, SiC and GaP, we
also see a sudden jump in the carrier-phonon scatter-
ing rates. This effect happens when the carrier energy
reaches the threshold for the emission of a longitudinal
optical phonon, thereby activating polar phonon scatter-
ing [49)].

Panels (a) and (b) of Fig. 4 show that, in the case of
silicon, the carrier-ionized-impurity scattering rates near
the band edges are an order of magnitude higher than
carrier-phonon rates (for an impurity concentration of
10'7 cm™3). The additional scattering by carriers causes
a reduction of the mobility by ~ 30% for both electrons
and holes, indicating that impurity scattering is a sig-
nificant effect at this impurity concentration. The rise
of the carrier-electron scattering rates at energies around
150 meV that can be seen in panel (b) correspond to
interband scattering between the two lowest conduction
bands.

Panels (¢) and (d) of Fig. 4 show the scattering rates
in SiC. Unlike in silicon, here the electron and hole scat-
tering rates differ considerably. In the case of holes,
the carrier-phonon and carrier-impurity scattering rates
are comparable in magnitude near the band edge, while
in the case of electrons the carrier-impurity scattering
dominates. This difference is reflected in the calcu-
lated mobilities, where carrier-impurity scattering re-
duces the phonon-limited mobility of holes by ~ 20%
and of electrons by ~ 50% (for the impurity concentra-
tion 1017 em™3).

Data for GaP are shown in panels (e) and (f) of Fig. 4.
In this case the carrier-phonon scattering rates are com-
parable to the carrier-impurity scattering rates. Accord-
ingly, the mobilities are reduced by ~10% from their val-
ues without impurity scattering.

D. Deviations from Matthiessen’s Rule

Matthiessen’s rule [48] is widely employed to interpret
transport measurements. In the context of carrier trans-
port in semiconductors, this rule can be stated as follows:
the contributions of different scattering channels to the
mobility can be obtained by adding the reciprocals of the
individual mobilities. In the case of carrier-phonon and
impurity-phonon scattering, we would have:

1 1 1

—=—+ : (29)
1Y Hph Himp

From a formal standpoint, the rule expressed by Eq. (29)
is obviously related to the choice of expressing the total
scattering rates as the sum or the individual rates, see
Eq. (3). That choice was motivated by the observation
that, to first order in perturbation theory, different scat-
tering channels do not mix. However, it is easy to see
that, even when Eq. (3) is a good approximation, the
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additivity of the rates does not imply the Matthiessen
rule as expressed by Eq. (29). To appreciate this point,
we observe that the ¢iBTE in Eq. (2) can be recast as a
linear system of the type:

A{0g, frx} =0, (30)

where the matrix A contains the partial transition rates
T;kl K the vector b contains the drift term on the left
hand side of Eq. (2), and {0g, fnax} denotes the vector of
solutions. If we break down the matrix A into its contri-
butions from carrier-phonon and carrier-impurity scat-
tering, Apn and Ajnp respectively, we see immediately
that

{08, faxc} = (Aph + Aimp) "'b# A0+ A[Lb, (31)

therefore the additivity of the scattering rates does not
imply the Matthiessen rule. This point can be made
even more explicit by considering the self-energy relax-
ation time approximation to the aiBTE. The approxi-
mation consists of neglecting the first term on the r.h.s.
of Eq. (2), and yields the following expression for the
mobility:
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For this expression to be amenable to Matthiessen’s rule,
the scattering rates would need to be independent of the
electronic state, say TSE = 7P and 7P = 71MP_ This is
typically not the case in most semiconductors. Another
special case where Matthiessen’s formula is meaningful
occurs when one scattering mechanism dominates over
the others. For example, in Eq. (32), when Tgﬁ > TP,
the expression reduces to the phonon-limited mobility. In
this sense, Matthiessen’s rule constitutes a simple inter-
polation formula between the limiting cases of phonon-
limited and impurity-limited mobilities. Indeed, the de-
viations of electrical mobility and conductivity have been
observed and previously reported. Engquist and Grim-
vall compared measured conductivities to model calcu-
lations, and emphasized that the energy dependence of
the respective scattering rates is an important factor in
the deviations from Matthiessen’s rule [95]. Later, Klein
et al. reported deviations from Matthiessen’s rule in the
measured resistivites of perovskite materials STRuOg and
CaRuOj [96]. To place that reasoning on a quantitative
footing, in Fig. 5 we explicitly assess the predictive accu-
racy of the Matthiessen rule.

For this test, we compute the mobilities of Si, SiC,
and GaP by considering the following four scenarios:
(1) phonon-limited mobility ppn (i.e., without including
carrier-impurity scattering); (ii) impurity-limited mobil-
ity pimp (i-e., without including carrier-phonon scatter-
ing); (iii) the mobility according to Matthiessen’s rule,



as obtained by combining (i) and (ii) using 1/um =
1/tph + 1/ ftimp; (iv) the mobility p calculated by includ-
ing both carrier-phonon scattering and carrier-impurity
scattering using the aiBTE.

In panels (a), (c), and (e) we see this comparison for
Si, SiC, and GaP, respectively, as a function of tempera-
ture. As expected, in all cases the phonon-limited mobil-
ities (black lines) decrease with temperature while the
impurity-limited mobilities (red lines) increase. Their
combination results into the characteristic smooth peak
which is best seen in the cases of Si and SiC. In these pan-
els, the dashed blue lines are from Matthiessen’s rule,
and the solid blue lines are the complete aiBTE solu-
tions. We see that the Matthiessen rule tends to overes-
timate the aiBTE mobility, and the deviation is partic-
ularly pronounced when the phonon and impurity con-
tributions to the mobility reduction are comparable. To
quantify the deviation between aiBTE calculations and
the Matthiessen results, in panels (b), (d), and (f) of
Fig. 5 we show the ratio between the two values, as a
function of temperature. In all cases we see that the
use of Matthiessen’s rule leads to an overestimation of
the mobilities by up to 50%, which is significant in the
context of predictive calculations of transport properties.
More importantly, for the compounds considered in this
work (Si, SiC, and GaP), the use of Matthiessen’s rule
would worsen the agreement between calculated mobili-
ties and experimental data.

Based on these findings, we caution against the use
of Matthiessen’s rule in future ab initio calculations of
carrier mobilities.

E. Improving the predictive power of the aiBTE

In this section we investigate simple approaches to im-
prove the predictive accuracy of the aiBTE by overcom-
ing two standard limitations of DFT.

The first limitation is that the DFT band gap prob-
lem typically leads to an overestimation of the dielectric
screening. To mitigate this effect, we investigate a sim-
ple scaling correction, previously done in Ref. [38], to the
matrix elements as follow:

oo (e, q) = g (I, q), (33)
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where eppr is our calculated value, and €qyp is the exper-
imental value. R1.2: The scaling corrections proposed
here are only valid for cubic materials. In principle,
more sophisticated corrections could be envisioned for
anisotropic systems, but the main purpose of such cor-
rections is to evaluate the sensitivity of the results to
the effective masses and dielectric screening. We also
consider the following effective mass scaling correction,
which is directly applied to the calculated mobility:

mD*FT HDFT, (34)
exp

Hecorr =
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where all masses are isotropic averages.

The three compounds considered in this work all have
ellipsoidal conduction band extrema, therefore we can
evaluate the average isotropic mass as follows:

m* = 3(1/mj +2/m7)"". (35)

Evaluating the average hole mass is more complicated
owing to the band degeneracy at I" and the fact that ex-
perimental data usually are reported for a given magnetic
field direction as opposed to a crystallographic direction
(see Sec. IV A). In the case of silicon, we evaluate the av-
erage mass using the values extracted from Dresselhaus’
model (see Sec. IV A). After this averaging procedure,
the hole mass is calculated following Ref. [38]:

,5/2 5/2
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mo=—32 372 (36)
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where all quantities on the r.h.s. are spherical averages in
k-space. In the case of SiC and GaP we are not aware of
a parametrization similar to Dresselhaus’, therefore we
do not investigate mass corrections in these cases.

The carrier mobilities obtained by applying the above
corrections are shown in Fig. 6. In all cases we use the ex-
perimental dielectric constants reported in Tab. II. We
emphasize that these results are not ab initio, and are
obtained by simply scaling our ab initio data with exper-
imentally measured parameters. This scaling is meant to
quantify the sensitivity of our ab initio calculations to
the DFT error in the evaluation of dielectric screening
and effective mass tensors.

Panels (a) and (b) show our results for silicon. The
screening correction to the electron mobilities of Si re-
duces the calculated value at low impurity concentra-
tion from 1381 ¢cm?/Vs to 1133 cm?/Vs. This reduction
causes an underestimation of the experimental value by
approximately 20%. At higher impurity concentration,
the corrected mobility agrees well with experimental re-
sults. The corrections to the electron effective mass of Si
are minor and do not affect the mobility. In the case of
holes, the screening and mass corrections improve con-
siderably the agreement between theory and experiment
(our calculated average hole mass is 0.43 m, while the
experimental value is 0.48 m,). In fact, we obtain a
hole mobility of 463 cm?/Vs at low impurity concentra-
tion, which is within the measured value between 450 and
500 cm?/Vs [77, 78]. The improvement is also noticeable
at higher impurity concentration.

Results for SiC are shown in panels (¢) and (d) of
Fig. 6. In this case, we find that screening and mass
corrections do not significantly improve the agreement
with experiments at low impurity concentration. In par-
ticular, the screening correction reduces the electron mo-
bility from 2047 cm?/Vs to 1815 cm?/Vs, and the mass
correction further reduces this value to 1688 cm? /Vs. De-
spite these corrections, the calculated electron mobility
remains too high by about a factor of two. It is possible



that additional scattering mechanisms such as disloca-
tions could contribute to reduce this difference. In the
case of the hole mobility, the screening correction reduces
the calculated value at low impurity concentration from
164 cm?/Vs to 148 cm? /Vs, which is not significant when
compared to the large spread of experimental values [82—
85].

The screening correction appears to be successful in
the case of GaP, as seen in panels (e) and (f) of Fig. 6.
The electron mobility at low impurity concentration re-
duces from 326 cm?/Vs to 243 cm?/Vs upon applying
the screening correction. This value is in better agree-
ment with the experimental data. Improved agreement
with experiments is also found at higher impurity con-
centration. The correction to the electron effective mass
of GaP is small, and as a result the change in mobility is
not significant. The screening correction for holes brings
the calculated data closer to the experiments. In partic-
ular, at low impurity concentration the hole mobility is
reduced from 269 cm?/Vs to 226 cm?/Vs.

The key takeaway from this analysis is that the screen-
ing correction to the scattering matrix elements can im-
prove the agreement between theory and experiment for
the compounds considered in this work. Based on the
above observations, we suggest that screening and mass
corrections could be used for the purpose of uncertainty
quantification in future ab initio calculations of transport
properties.

V. CONCLUSIONS

In this work we have demonstrated non-empirical cal-
culations of carrier mobilities in semiconductors using the
ab initio Boltzmann transport equations, including car-
rier scattering by phonons and by ionized impurities. To
this end, we developed an ab initio formalism to incor-
porate ionized-impurity scattering within the transport
workflow based on Wannier-Fourier interpolation and im-
plemented in the EPW code.

We described ionized impurities by randomly dis-
tributed Coulomb scatters, and we obtained the carrier
relaxation time by using the Kohn-Luttinger ensemble
averaging procedure. We also incorporated the screen-
ing of the impurity potential by free-carriers, within a
parameter-free effective Thomas-Fermi model.

We validated our approach by performing an extensive
set of calculations of the electron and hole mobilities of
three common semiconductors, namely Si, 3C-SiC, and
GaP. In all cases we find a reasonably good agreement
with experimental data, except possibly for the electron
mobility in SiC which is probably reduced by additional
scattering at line defects in real samples. Our calcula-
tions follow closely the experimental data both as a func-
tion of temperature (at fixed impurity concentration) and
as a function of impurity concentration (at fixed temper-
ature).

Impurity scattering is found to dominate over phonon
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scattering at high impurity concentration and at low tem-
perature. In the former case, the thermal distribution
function of the carrier is peaked near the band edges,
therefore small-q elastic scattering by impurities dom-
inates. In the latter case, the phonon population be-
comes negligible at low temperature, therefore impurities
remain the only active scattering channel. These trends
are fully consistent with the general understanding of car-
rier transport in semiconductors [97]. We also found that
the energy-dependent carrier scattering rates are strongly
dependent on the detailed mechanisms at play in each
compound, and vary significantly over the energy range
of relevance for transport phenomena. This finding un-
derlines the importance of detailed ab initio calculations
to achieve predictive accuracy in the description of trans-
port phenomena of real materials.

In the presence of multiple scattering channels, it
is common to analyze mobility data using the clas-
sic Matthiessen rule. However, by directly comparing
aiBTE calculations including both phonon and impurity
scattering with estimates based on Matthiessen’s rule, we
found that the latter lead to inaccurate results, with de-
viations of up to 50% with respect to aiBTE calculations.
This finding indicates that Matthiessen’s rule should not
be employed in predictive calculations of transport prop-
erties.

Lastly, we investigated simple corrections to DFT cal-
culations of carrier mobilities, by scaling the calculated
dielectric screening and the effective masses via their
corresponding experimental values. We found that the
screening correction generally improves agreement with
experiments.

Overall, our present approach offers a powerful tool for
calculating transport properties in a variety of semicon-
ducting materials of immediate interest, as well as for
screening new putative semiconductors in the context of
materials discovery.

Several improvements upon this work are possible. For
one, we do not account for neutral impurity scatter-
ing. This additional channel could be added by gener-
alizing our monopole model to account for dipoles and
quadrupoles, following similar work performed in the
context of electron-phonon interactions [49-51, 60]. An-
other method for treating neutral or non-ionized impu-
rities has been explored by Lu et al. [13, 14] In that ap-
proach, the impurity potential is calculated in a supercell,
Fourier transformed, and interpolated to fine wavevector
meshes [Ref. 13, 14]. This is particularly useful for low
temperatures below 100 K or high defect concentrations
(above 10! ¢cm™3). While the supercell method for cal-
culating the ionized impurity potential with an explicit
description of the short-range potential is more accurate
in principle, this method considers a periodic arrange-
ment of impurities. Conversely, by using an analytical
matrix element, we can consider randomized impurities
via the Kohn-Luttinger ensemble average. Furthermore,
it has been shown that the scattering rates resulting from
the short-range component of the impurity potential is



four orders of magnitude weaker than the long-range con-
tribution, and three orders of magnitude weaker than
the phonon contribution, even at relatively high impu-
rity concentrations of 10'® cm~3in boron arsenide [98].
Similarly, the electron and hole mobilities in Si calcu-
lated including only the short-range impurity potentials
of interstitial defects and vacancies are as high as ~ 10~"-
1075 cm?/Vs between 2 and 150 K [13], indicating that
the effect of the short-range part of the potential is very
small even at low temperature. These previous findings
lend support to our choice to only include the long-range
Coulomb contribution to the impurity potential in the
calculations of scattering rates and carrier mobilities.

The assumption of uniform randomized impurity dis-
tribution that underpins the Kohn-Luttinger ensemble
average is justified in the case of dopants in tetrahedral
semiconductors, but may no longer be valid in more com-
plex systems where impurities may preferentially occupy
specific lattice sites, create anisotropic distortions, and
even cluster. To capture these effects, one would need to
return to Eq. 9 and keep the impurity structure factor
without performing the Kohn-Luttinger average.

The first Born approximation to the carrier-ionized im-
purity scattering rate employed in this work only consid-
ers single-impurity scattering events. The description of
correlated multi-impurity scattering would require one
to go beyond the first Born approximation; these correc-
tions are expected to become important at high impurity
concentration.

Generalizations to the case of two-dimensional materi-
als should also be possible, for example by following the
related generalization of the Frohlich matrix element to
two-dimensional systems [99, 100]. At high impurity con-
centration one should also account for carrier-plasmon
scattering, for example as discussed in Ref. [12]. And of
course, any improvement in the DFT band structures and
electron-phonon matrix elements would be highly bene-
ficial to further enhance the predictive power of these
calculations [39]. We hope that this study will stimulate
further work along these and other promising directions.
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Appendix A: Bloch overlap integrals and their
approximations

As discussed in Sec. III, the overlap integrals be-
tween Bloch states entering 17 are evaluated in the limit
q+ G — 0 using the unitary matrices from the Wannier
transformation. This approach takes into account the
phases of the Kohn-Sham states at different wavevec-
tors. A simpler approach would consist of replacing
Bpn,c(k,q) by the Kronecker delta d,,,. This strategy
is used in the Conwell-Brooks model [20, 21], but is only
valid in the case of non-degenerate bands and cannot be
used for investigating other effects such as for example
impurity-assisted optical absorption spectra [101].

To quantify the differences between our approach and
the Kronecker delta approximation, we compare these
two quantities in Fig. 7, for the two highest valence bands
of silicon (with SOC). As shown in the figure, the ma-
trix elements connecting this manifold of bands do not
correspond to a Kronecker delta.

We additionally compute the carrier scattering rates
by impurities for holes in Si, near the valence band max-
imum. As seen in Fig. 8, the replacement of the over-
lap integral by a Kronecker delta results in an incorrect
enhancement of the scattering rate, and corresponding
lower mobilities. This comparison shows that it is gener-
ally not justified to replace the overlap matrices by sim-
pler Kronecker deltas.

Appendix B: Reciprocal lattice vector summation
and carrier-impurity partial transition rates

In equation 17 we have a sum over reciprocal lattice
vectors G. In principle, this sum should be performed
over all reciprocal lattice vectors within the planewaves
kinetic energy cutoff. In practice, since this summation
would be computationally expensive, we employ a cut-
off on the first shell, meaning G = n1b; + nsbs + n3bs,
where n, = —1,0, and 1, and b, are the reciprocal lat-
tice vectors. This choice corresponds to including 27 G
vectors. To confirm that the first shell approximation is
sufficient, we computed the carrier-ionized impurity par-
tial transition rates (I'y k—m,k+q) Within a single band
(approximating the Bloch integral by the delta function)
from k = T" to q along the L-I'-X path in the Brillouin
zone using no G-vectors, the first shell 27 G-vectors, and
the fourth shell 729 G-vectors, shown in Fig 9. Using this
approach, the computed scattering rates are already con-
verged by using only the first neighbor shell of G vectors.

Appendix C: Incomplete ionization of dopant

In all calculations presented in this work, we have con-
sidered that the carrier density coincides with the impu-
rity concentration. The implicit assumption underlying



this choice is that all impurities are ionized at all temper-
atures. This is obviously a simplification, since the frac-
tion of ionized impurities depends on the defect energy,
the quasi Fermi level of the system, and the temperature.
These aspects have already been discussed in the case of
silicon in Ref. [14].

In this Appendix we analyze the effect of incomplete
ionization for the case of silicon. To estimate the fraction
f of ionized impurities at a given temperature, we use the
Fermi-Dirac distribution evaluated at the defect level of
the impurity atom, €4 [54]:

1 1
f: Nuc \/Nimp elenk—ea)/kT 4 1° (Cl)

imp n,

Here, NI, is the number of impurities per unit cell. This

fraction vanishes when the temperature goes to zero, and
approaches unity at high temperature.

In Fig. 10 we show the influence of incomplete impurity
ionization on the electron mobility of Si. In these calcula-
tions, we used €4 =45 meV as measured from the conduc-
tion band bottom [102]. By comparing these curves with
Fig. 1(a), we see that the effect of incomplete ionization
improves the agreement with experiments at low temper-
ature and high doping (red curves in both figures). This
is precisely the range where carrier-impurity scattering
tends to dominate over phonon scattering, therefore it is
important to have a precise determination of the impurity
concentration in this range. A more systematic assess-
ment of these effects will require a broader database of
experimental mobilities to compare with.

Appendix D: Test of implementation on anisotropic
systems

All three materials considered in this work have the
zinc-blend structure, and therefore are isotropic in both
screening and electronic structure. To demonstrate that
our formalism also applies to anisotropic materials, we
have computed the electron mobility in hexagonal MoSs
on an under-converged fine k and q grid of 48x48x48
points, including states within 200 meV of the conduc-
tion band minimum with an ionized impurity concen-
tration of 10! cm™. We plot our results in Fig. 12.
We find that both the phonon-limited and the impurity-
limited mobilities in the in-plane direction are orders of
magnitude larger than the out-of-plane mobilities (stack-
ing direction).
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FIG. 1. Comparison between our calculated carrier mobilities in Si with experimental data. (a) Electron mobility of Si as a
function of temperature. The black line and symbols are for low impurity concentration (no impurities in the calculations;
< 10*? cm ™3 impurities in the experiment); the blue line and symbols are for an impurity concentration of 1.75x10*® cm™3; the
red line and symbols are for a concentration of 1.3x10'7 cm™3. Filled disks are calculated values, open circles are experimental
data from Ref. [76] (black) and [75] (blue and red). (b) Hole mobility of Si as a function of temperature. The black line and
symbols are for low impurity concentration (no impurities in the calculations; 10*? cm™2 impurities in the experiment); the
blue line and symbols are for an impurity concentration of 2.4x10'® cm™2; the red line and symbols are for a concentration of
2.0-10'7 cm™3. Filled disks are calculated values, open circles are experimental data from Ref. [103] (black) and [75] (blue and
red). (c) Room temperature electron mobility of Si as a function of impurity concentration. Purple line and filled disks are
calculated data, open purple circles are experimental data from Ref. [77]. Squares and diamonds are previous first principles
calculations from Ref. [5] and Ref. [14]. (d) Room temperature hole mobility of Si as a function of impurity concentration.
Purple line and filled disks are calculated data, open purple circles are experimental data from Ref. [77] and Ref. [78]. Diamonds
are previous first principles calculations Ref. [14].
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FIG. 2. Comparison between our calculated carrier mobilities in 3C-SiC with experimental data. (a) Electron mobility of 3C-
SiC as a function of temperature. The black line and symbols are phonon-limited mobilities (no impurities in the calculations);
the blue line and symbols are for an impurity concentration of 5x10*® cm™3. Filled disks are calculated values, open circles
are experimental data from Ref. [79]. (b) Hole mobility of 3C-SiC as a function of temperature. The black line and symbols
are phonon-limited mobilities (no impurities); the blue line and symbols are for an impurity concentration of 10*® cm™3. All
data are calculated values. (c¢) Room temperature electron mobility of 3C-SiC as a function of impurity concentration. Purple
line and filled disks are calculated data, open circles are experimental data from Ref. [24], Ref. [80], Ref. [88], and Ref. [81]. (d)
Room temperature hole mobility of 3C-SiC as a function of impurity concentration. Purple line and filled disks are calculated
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