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We consider the properties of 7' = 0 quantum phases of matter — especially superconducting and
analogous spin-liquid phases — on infinite cylinders of width L, and analyze the ways in which the
L, — oo (2d) limit is approached. This problem is interesting in its own right, but is particularly
important in the context of extrapolating accessible density matrix renormalization group (DMRG)
results on model strongly interacting problems to the desired 2d limit. Various methods for drawing
firm conclusions about the quantum phases in 2d from relatively small L results are illustrated.

I. INTRODUCTION

Density matrix renormalization group (DMRG) is an
efficient algorithm for computing the ground state prop-
erties of interacting quantum many-body systems in one
spatial dimension (1d) [IH3]. For some time now, DMRG
has successfully been used to study 1d ladders and cylin-
ders of circumference L; > 1 (measured in lattice sites;
see also Fig. [1| for an illustration) [4H35]. As computa-
tional power has increased, so too has the largest acces-
sible L. Consequently, there has been an increasingly
serious effort to extrapolate the results of these studies
to L = oo to infer the properties of 2d systems. This is
challenging, however, since the presently accessible cir-
cumferences are still not very large.

To facilitate this extrapolation, it is useful to have at
hand a “finite size scaling” theory for how various can-
didate 2d phases behave when placed on cylinders of fi-
nite circumference. This was analyzed for the case of
a Heisenberg quantum antiferromagnet by Chakravarty
[36]. He showed that if the ground state in the 2d limit
is an antiferromagnet, then for cylinders of finite circum-
ference, the spin correlation length for even L must di-
verge exponentially as &5 ~ explaL]. E| Thus, antifer-
romagnetic order in the 2d limit leaves an unambiguous
imprint on cylinders of even moderate circumference. In

FIG. 1. Illustration of a segment of a cylinder for the case of
a square lattice.

! Here a = 27ps/c where ps ~ JS? and ¢ ~ 2v/2J S are, respec-
tively, the spin-wave stiffness and velocity of the 2d AF, J is the
exchange coupling, and the approximate expressions are derived
from leading order spin-wave theory with S the spin on each site.
Cylinders with L, odd and S half-odd-integer are gapless due
to a topological term, in agreement with the generalized Lieb-
Schultz-Mattis theorem [37} [38].

the same spirit as Chakravarty’s analysis, finite-L re-
sults for various kinds of topological order were obtained
in Refs. [16] [B9H4T].

Here, we present an analogous finite size scaling the-
ory for s-wave and d-wave superconductors. The general
logic in this paper mirrors closely that of Chakravarty
and Refs. [16], [B9H41]: We start with the assumption that
the 2d limit is a superconductor, and derive from that
assumption the scaling with L, of various observables.
We address the long-distance asymptotic behavior of the
superconducting correlations and their dual, charge den-
sity wave (CDW) correlations, as well as the quasiparticle
spectrum and various more microscopic properties.

We find a number of practically useful results: 1) Any
system which is superconducting in the 2d limit should
exhibit strong, power-law superconducting correlations
with an exponent that rapidly approaches zero at large
L ; superconductivity should not be hard to detect! 2)
If the 2d superconductor has a nodeless gap, introduc-
ing a small amount of anisotropy to the underlying band
structure can substantially speed up the rate at which the
two-dimensional limit is approached. 3) If the 2d super-
conductor has a nodal gap, this can readily be identified
on a cylinder by exploiting twisted boundary conditions;
specifically, the quasiparticle gap minimized over all pos-
sible twisted boundary conditions either vanishes identi-
cally, or is exponentially small in L. Finally, as is the
case for other physical systems [42], twisted boundary
conditions can be exploited to speed up other aspects of
the approach to the thermodynamic limit.

While our results are explicitly applicable only to su-
perconducting (and CDW) orders, we conjecture that the
results may be more generally useful. Specifically, there
are useful formal analogies between the theory of super-
conductors and various other phases of matter — espe-
cially spin liquids. (For a review, see [43].) It is plausible
that the results for s-wave (nodeless) and d-wave (nodal)
superconductors are applicable for other 2d states of mat-
ter with, respectively, a fully gapped or nodal quasipar-
ticle spectrum.



II. STRATEGY

The starting assumption is that the ground-state in
the 2d limit is a superconductor. It is well known that
such a system has a finite temperature power-law phase
which is well described in terms of a non-linear sigma
model describing the phase modes. By analogy, the same
behavior must occur on any large cylinder at T' = 0 with
L playing the same role in the quantum physics as § =
1/T does in the thermal ﬂ Thus, in Sec. we use a
U(1) non-linear sigma model to derive expressions for the
long-distance behavior of the superconducting and CDW
correlations in terms of the superfluid stiffness and phase
mode velocity of the 2d system. At a more microscopic
level, so long as L is sufficiently large, the ground state
can be well described from a starting point of BCS theory.
In Secs. [[V] [V] and [VI} we have explicitly worked out
finite-L; BCS theory for a class of lattice models. The
finite-size scaling properties of various correlations that
depend on the quasi-particle spectrum are determined.

III. COLLECTIVE CORRELATIONS

To address the physics of the U(1) Goldstone mode,
i.e. the phase of the superconducting order parameter,
we take as our starting point the effective action

sz/df/dx/oh dy p;{(ve)uvg(w)? e

Here, the field 0 is the phase-angle of the order parame-
ter, the parameters ps and v are the superfluid stiffness
and mode velocity, respectively, and periodic boundary
conditions are imposed in y. For simplicity we assume
an isotropic superfluid stiffness. (The anisotropic case
reduces to the isotropic one by re-scaling coordinates.)
It is implicit that there is an ultra-violet cuttoff provided
by the BCS coherence length.

Note that all transverse phase fluctuations are gapped.
They can be integrated out, leaving behind the action for
a standard 1d superfluid, i.e. a Luther-Emery liquid.

A. Superconducting correlations

The superconducting order parameter is d(z,y)
Poe’®@y) - As shown in the Appendix [Al the supercon-
ducting correlation function for |z| > L), > 1is

(@ (2,1)B(0)) ~ [(B),]? (ALL> g

]

2 The finite temperature problem in 2d can be formulated in terms
of an imaginary-time path integral on a Euclidean space with an
emergent rotational (Lorentz) invariance and periodic boundary
conditions in the time-direction. The T" = 0 problem on a cylin-
der with periodic boundary conditions in the y direction thus is
formally similar if we identify y with time.

(At shorter distances the correlation function behaves as
in the 2d limit.) Here (®),, is the expectation value of
the order parameter evaluated in the 2d limit and A is a
constant. The explicit calculation in Appendix [A] gives
the universal value A ~ 1.12. The important point is
that the power-law exponent vanishes as L, — oo. To
illustrate the significance of this, note that the distance,
., over which the correlation function decays to 1/e of
its 2d value is exponentially long; ¢, = AL, e*™PsL1/v,
(Note that £, is not a correlation length.)

We note that in the DMRG study [35], power-law su-
perconducting correlations with an exponent clearly scal-
ing as 1/L, were observed in a certain model, and used
to identify a superconducting phase in the 2d limit.

B. CDW correlations

It is well known that a one-dimensional superfluid
exhibits not only quasi-long range superconducting or-
der but also quasi-long range CDW order: The density-
density correlation function at long distances is the sum
of two pieces — a non-oscillating, hydrodynamic piece that
decays as 1/22, and a CDW-like piece with asymptotic
form

((n(@)7(0)))eaw ~ cos(Qx + ) [z~ 3)

where the exponent K is the inverse of the exponent
characterizing the power law for superconducting corre-
lations, Q = wv with v the total number of electrons per
unit cell, a is some phase, and the amplitude depends
upon microscopic details [44]. For the cylinder problem
at hand, v = L, (n) where n is the number of electrons
per site, and K = 2wpsL /v.

CDW correlations with this asymptotic form have been
found in numerical and analytical studies on small-L
Luther-Emery liquids [4], B, 45}, [46]. However, it is easy
to see that with increasing L, this asymptotic form
rapidly becomes nearly impossible to observe. Out to
distances ~ L, all charge density correlations behave
as they would in the two-dimensional limit: any oscillat-
ing piece (e.g. Friedel oscillations) exhibits wave-vectors
that reflect the structure of the underlying Fermi surface,
and possibly details of the gap structure. It is only at
longer distances that power-law correlations with wave-
vector @ = 7L, (n) appear, but they fall with a large
exponent, K = 2mp,L, , and typically have a small am-
plitude. (This may explain the failure to detect the ex-
pected CDW correlations in certain DMRG studies of
relatively wide ladders [47].)

More generally, any cylinder system such that v =
L, (n) is not an even integer possesses either true or quasi
long-range CDW order at wavevector (Q = wv. This fol-
lows from the generalized Lieb-Schultz-Mattis theorem
[38]. As in the superconducting case described above,
if the 2d limit has only short-range CDW correlations
then the order at wavevector @) typically disappears quite



rapidly as a function of increasing L . For instance, frac-
tional quantum hall states and Zs spin liquids on cylin-
ders exhibit density oscillations at wavevector () whose
amplitude decays exponentially with L [16, [39H4T].

IV. BCS ANALYSIS OF LATTICE MODELS

We next turn to a finite-L; BCS analysis of lattice
models with attractive microscopic interactions. They
are valid models in their own right, but can also be con-
sidered as effective models for systems where the pair-
ing interaction arises from more complicated physics. In
this section we will present the relevant models and the
general structure of the theory. Specific applications to
s-wave and d-wave superconductors — which have quali-
tatively different finite-size scaling due to different quasi-
particle spectra — are given in Sections [V] and [V]]

A. Models

The Hamiltonian is

e ¥ [T e
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where cl_ creates an electron at site r = (z,y) with spin
polarization o and S(L,) = Z x {0,1,...,L, — 1} is a
strip of width L, . The functions ¢ and V are real, finite
ranged, and even in r, and the spin structure on V is
rotationally invariant. Finally, since one of the most use-
ful tools in studying the approach to the thermodynamic
limit is to explore the sensitivity to boundary conditions,
we make the identification

CleyiLye = €7 Cay)o (5)

on the fields, implementing spin-twisted periodic bound-
ary conditions in y. [We let ¢ = 1 (—1) for spin
up (down).] This corresponds to the presence of an
Aharanov-Bohm flux ¢ through the interior of the cylin-
der, with opposite charge for opposite spins. Note that
these boundary conditions preserve time reversal sym-
metry for arbitrary ¢, and that any ¢-dependence must
vanish as L | — oo.

B. BCS theory on a cylinder

If we assume that the 2d limit has a spin singlet gap
function, then at sufficiently large L, we can consider a

BCS trial Hamiltonian of the form

Htrial = §

rez’?
r'eS(Ly)
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+ (A(r - r/)CITCI’i + Hc)] . (6)

where the fields satisfy the boundary conditions Eq. .

Since the flux preserves spin rotation about z, we can
continue to assume zero-momentum, S, = 0 pairing.
However, since non-zero twist angle, ¢ # 0, breaks sym-
metry under inversion and spin rotation about any axis
besides z, the gap does not have definite parity or S?:
mixed in with the dominant even-parity singlet compo-
nent is an odd-parity triplet component, whose amplitude
vanishes as L} — oo; likewise 7, in principle, contains a
small odd-parity piece.

Before discussing the self-consistency equations im-
posed on A and 7, we briefly review the properties of
the trial Hamiltonian at arbitrary A and 7. These are
worked out in Appendix[B1] The energy of a quasiparti-
cle with spin polarization ¢ and momentum k is F(ok),

where

E(k) = /e2(k) + A(k)2. (7)
Here (k) = > e ™ 7T7(r) — p is the band energy minus
chemical potential and A(k) = — > e~ TA(r), which
we choose without loss of generality to be real. Owing to

the cylinder geometry and the flux, k is restricted to lie
along momentum space slices satisfying

ky= (2mn+o¢)/L, neLZL. (8)

Finally, the expectation value of any operator can be
computed, via Wick’s theorem, in terms of the basic cor-
relation functions

F(r —1') = (¢ o4 )trial, (9)
G(I‘ - I'/) = <CI/TCrT>trial- (10)

These depend parametrically upon A, L, and ¢, but
when there is no potential for confusion we will leave the
dependence implicit.

Now we turn_to the self-consistency equations, derived
in Appendix In principle, both the gap A and the
hopping 7 must be determined self-consistently at each
L, and ¢. Here, we present a simplified discussion in
which we fix 7 to its value in the 2d limit, which gives
qualitatively the same result as other schemes ﬂ The
self-consistency equation for A is

Afr) = Vsz(r)

[F(r) + F(-1)] + —~*

3 To allow the fixed 7 to be real at arbitrary ¢, we henceforth gen-
eralize Eq. to allow for non-real ¢, analogous to the hopping
in Eq. @



where V;(r) and V;(r) are the singlet and triplet eigen-
values of the interaction at separation r.

Within the BCS theory presented here, we have solved
analytically for the leading order finite-size corrections to
various quantities. The systematic framework for carry-
ing out these calculations is described in Appendix[C] We
now proceed to present the results, along with corrobo-
rating numerical examples. In what follows, a subscript
2d on any quantity denotes evaluation in the 2d limit,
LL — Q.

V. BCS ANALYSIS OF A FULLY GAPPED
SUPERCONDUCTOR

As the first application of the BCS formalism, we con-
sider a system which we stipulate has a fully gapped (s-
wave) superconducting ground-state in the 2d limit, i.e.
such that Eoq(k) > 0 for all k. Such a state has expo-
nentially falling single-particle and spin-spin correlation
functions. The calculational details for this section may
be found in Appendix

A. Corrections to expectation values

We start with the finite size scaling for ground state
expectation values of local operators, as well as of the
gap function which inherits L dependence from the self
consistency equation. It is easy to see that finite size
corrections to these quantities are related to correlation
functions in the 2d limit, evaluated at separation L ¥.
For any fully gapped superconductor, the large-L, form
of the latter is

Foa(L1§) ~ Gaa(L1§) ~ cos(QLLL + a)e /84 (12)

for some correlation length £ | , wavevector @) | , and phase
shift . (For simplicity, power law prefactors will be
omitted here and henceforth wherever we find an expo-
nential decay. It is also typically the case that o takes
distinct values for F' and GG, and indeed takes on unique
values in each asymptotic relation below.) By symmetry,
the expectation of any odd parity operator vanishes in
the 2d limit (L — o0), and still does so for finite L, as
well when ¢ = 0 or w. However, the expectation value of
any even parity operator, A(L |, ¢), approaches its value
in the 2d limit as

[A(L1, ¢) = Aga] ~ ™ "+/%+ cos(¢) cos(QL L1 + @)
(13)
with the same £, and @), that characterize the 2d limit
correlation functions. This means that for the special val-
ues of the flux, ¢ = +x/2, the leading order corrections
to even quantities vanish, and

[A(Ly,+7/2) — Agg] ~ e 24/84 cos(2Q L Ly + o)
(14)

It is important to note that not every observable is re-
quired to converge exponentially fast, because some ob-
servables are not expectation values of local operators.
For example, consider the excitation energy £ to the low-
est energy quasiparticle at fixed flux, equal to

E(L1,¢)= min

allowed k Ek), (15)

where “allowed k” refers to values consistent with the rel-
evant boundary conditions, Eq. . For given A, E(k)
is well-defined at all momenta, so on the basis of the
the preceding discussion, its minimum value over all k
would exhibit only exponentially small finite size varia-
tions, O(e~F+/¢+). However, the 2d momentum at which
E(k) is minimal typically lies a distance O(1/L) from
the nearest allowed momentum, leading to

E(L1,¢) = Ea=O(1/L%). (16)

Faster convergence to the 2d limit can be achieved by
continuously cycling ¢ from 0 to 27 at fixed L;. The
allowed momentum slices then shift upward in lock-step
by an amount 27/L; (the spacing between slices). At
some point in the process, the approximate minimum
hits one of the slices; thus

min[€(L1,9)] = &a = O(e™H+/8). (17)

B. Anisotropy and the approach to the 2d limit

Although introducing lattice anisotropy changes the
point-group symmetry, a fully gapped phase must evolve
smoothly. Specifically, if a 2d system with a lattice Cy
symmetry has an s-wave superconducting ground state,
the same will be true if the hopping matrix elements
in the z and y directions are made somewhat unequal.
Moreover, it is clear that if the hopping in the y direc-
tion is reduced, this should reduce the correlation length
&) in that direction and speed up the approach to the
thermodynamic limit as a function of increasing L .

However, the degree to which &, is reduced by
anisotropy can be surprisingly large. As a warm-up to
the superconductor problem, let us consider a 2d Fermi
liquid. In the isotropic case, correlations fall off alge-
braically in all directions. So long as the Fermi sur-
face remains closed, the same is true upon introducing
anisotropy. However, if anisotropy is sufficiently strong
that the Fermi surface is open, there can be (and typ-
ically will be) directions along which correlations decay
exponentially, even at T = 0. Specifically, correlations
decay exponentially in any direction € along which elec-
trons on the Fermi surface are kinematically forbidden
from propagating, i.e. any € which is not is parallel to
the Fermi velocity vy at any point on the Fermi surface.
Such directions form a fan about +§ — see for example
the open Fermi surface shown in the lower right panel of
Fig.[2l The upshot is that for a Fermi liquid, introducing



sufficient hopping anisotropy to make the Fermi surface
open reduces £, from oo to something on the order of a
lattice spacing.

The effect is similarly dramatic for a superconductor
with a gap function that is small as compared to the
bandwidth. To illustrate this point, we have treated the
2d state described by a trial Hamiltonian with hopping
and gap functions corresponding to

e(k) = —2t, cos(ky) — 2t, cos(ky) — p
Azq(k) = Agq

(18a)
(18b)

for constant Asgy. It is straightforward to find £, in this
model — see Appendix The result is depicted in
Fig. The top panel illustrates how &, evolves as a
function of the anisotropy parameter §t = t, — t,, and
the bottom panel shows representative Fermi surfaces.
There is a critical §t. with the following property:

e For 6t < 6t.: The underlying Fermi surface is closed
in ky, vp points along § at the top of the Fermi
surface, and £, o 1/As,.

e For §t > §t.: The underlying Fermi surface is open
in k,, vp never points along ¥, and £, is on the
order of a lattice spacing.

(To be explicit, dt. is the critical value of ot separating
closed and open Fermi surfaces in the Agy = 0 system.)
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FIG. 2. Top: Plot of £, as a function of 6t = t,—t,, for several
fixed values of Asg, for the model defined by Eq. . The
remaining parameters are fixed as (t, +ty)/2 =1, p = —0.5.
The dark vertical line at §t. = 0.25 separates closed and open
Fermi surfaces. For the Fermi liquid case Azq = 0 (dashed
line), &, is finite only for 6t > dt.. Bottom: representative
closed and open Fermi surfaces for 6t = 0.15 and 6t = 0.35,
respectively.

By Eq. , it is £, which controls the approach to the
2d limit of various properties of the system. Therefore,
for s-wave superconductors characterized by an emer-
gent correlation length &4 = vp/Agq > 1 (where vp
and Agy are typical values of the Fermi velocity and
gap, respectively) we arrive at the following conclusion:
While in the isotropic case the 2d limit is approached
only when L) > &4, if anisotropy is sufficiently strong
that the Fermi surface is open, 2d physics is apparent
when L) > 1, even if &oq > L) .

C. Numerical examples

Here, we numerically study the the crossover from
small to large L. We consider a model with an onsite
attraction, Vi(r) = Vi o for some V < 0 and Vi(r) = 0.
As we discussed above, rather than fixing ¢ we fix 7, which
we now specify corresponds to the nearest neighbor dis-
persion e(k) = —2t; cos(k,) —2t, cos(k,) — p. (Note that
in any case, 7 and ¢ for an onsite interaction would differ
only by a trivial onsite energy.) At all L), the gap is
purely onsite: A(r) = Ad, o where A = A(L,, ¢).

We present data for two observables: the gap, and the
superfluid stiffness down the length of the cylinder,

2
=120 (19)
k 2 gz q2=0

where F/) is the ground state energy per unit area in the
presence of a phase-twisted gap, i.e. under the replace-
ment ACITCI ; eiq”ACiTCI , in the trial Hamiltonian
[48, 49]. p? in this model reduces to the ground state
expectation value of the negative of the kinetic energy
density associated with z-hopping.

First, we illustrate the dependence of observables upon
L, and ¢. Fig. |3 shows representative results for an
isotropic model. At fixed ¢, we see exponentially de-
caying oscillations for the finite-L | corrections to both
A and p?. We also see that these corrections decay at
an asymptotically faster rate for ¢ = 7/2 than ¢ = 0,
and that even for moderate L setting ¢ = m/2 substan-
tially mitigates finite size errors. We also see the cos(¢)-
dependence to corrections predicted for large fixed L .

Next, we illustrate how a small amount of hopping
anisotropy favoring z-hopping over y-hopping can sub-
stantially speed up convergence to the two-dimensional
limit. To isolate the interplay between cylinder geometry
and hopping anisotropy from changes to the 2d state be-
ing approached, we consider two models related by swap-
ping t; < t,, i.e. by a 90° rotation of the hopping pa-
rameters. We chose the hoppings so that the first model
has a Fermi surface open along k, and closed along k,,
and the second has a Fermi surface closed along k, and
open along k,.

These two models have the same gap in the 2d limit.
However, when Agy is small, the gap approaches the 2d
limit very differently in the two cases. Fig. ) shows



L o o e L o o e 100 g B e L e o B B AR
Fl a)i - ¢=07 B, a)il - ¢=0] 002F a) il ~- L1=20]
02F ooz 5 oot ] E ]
F =373 _10"§ :Eg 5 5
5 0.1F /\ 3 42 ;\(r 3 B 001E E
~ E | = o B = C |
< 00k '/\ A /\ 4 = 02k 1 < 000F -
o VUF T ¥ =3 N E E| N F ]
< £ u \/ 3 < E 3 < r ]
2 01 1 2 .t 1 2 -o0f E
E E T0rE g £ ]
025 E F -002f E
o3bd v v 1 g ]O,JmH‘1""nH‘luumxuxuumu y
4 1 14 s 3 40 0
Ly Ly [
0.10 e —— N
F b)i = ¢=04 _jolpab)il - ¢=0] £ b) iii - Ly =20
= E 1 3 E .3 = 0000F E
S 00sF ¢="] N ¢=%3 3 E ]
2 B S E 3 2 00005F 3
= 000 \ \ N /\\\//\ = E E r ]
S =\ <0k ] = E ]
P [ ] 3 107 F El % 0.0000
$ ausf ;s B z
e r b e o4 u F ]
z 2104 4 2 -00005F 3
S r 1 S E RS E ]
-0.10 - C ! E 4
MRV ST B SR R B tosbt e il e —000105 0 v b e T
10 12 14 5 0 1 2 3 4 5 6
Ly L, ¢

FIG. 3. Results of BCS calculations for t; =t, = 1, p = —0.5, and V = —1.5. The two-dimensional gap for these parameters
is Agg =2 0.126. Panels a)i-iii in the top row depict the relative finite-L | error in the gap, and panels b)i-iii in the bottom row
are the same but for the superfluid stiffness. a)i and b)i show the L, -dependence observables at ¢ = 0 and the special flux
value ¢ = 7/2; a)ii and b)ii show the same thing but on a log scale and up to larger L ; a)iii) and b)iii show the ¢-dependence

at L, = 20.

results for a case where Agy ~ 0.055. At moderate L,
A in the model with a Fermi surface closed in k,, suffers
large relative errors, whereas A in the model with a Fermi
surface open in k, is fully converged. We also present
analogous results for p? in Fig. ), though it should be
noted in this case that p? approaches a different 2d limit
in the two models.

VI. BCS ANALYSIS OF A NODAL
SUPERCONDUCTOR

Next, we study the case in which the cylinder in ques-
tion approaches a nodal superconductor in the 2d limit.
Such a state is characterized by a nodal quasiparticle
spectrum, i.e. points Qs4 on the Fermi surface at which
the gap function changes sign. In the vicinity of such
points the quasiparticle spectrum takes a gapless Dirac
form.

For the sake of definiteness, we assume that in the 2d
limit, there exist exactly four nodal momenta for a given
spin polarization: the pair £Q = £(Q) 24, @L,24), the
members of which are related by spatial inversion, and
the pair £(—Q) 24, @1 ,24) related to the first pair by an
assumed reflection symmetry in x.

The calculational details for this section may be found
in Appendix [E]

A. Corrections to expectation values

Similar to the case of a fully gapped superconductor,
finite size corrections to expectation values in a nodal

superconductor are related to correlation functions in the
2d limit at separation L §. The latter take the large-L
form

Foq(L1§) ~ Goa(L1§) ~sin(L1 Q1 24)/L% (20)

However, since the 2d correlations are long-ranged in the
present case, their precise relation to the finite size correc-
tions is somewhat complicated. We find that expectation
values A of even-parity operators satisfy

A(Ly,¢) — Asg
~ 77 (ChlL4Qu 20~ 6) + ClalL4Qu s+ 6)
(21)
where
Cly(0) = i sin(m#)/m? (22)
=

is conventionally known as a Clausen function of order
2 and is odd, 27-periodic, and has a logarithmically di-
verging derivative at § = 27n for n € Z. Note that in
Eq. , the arguments to the Clausen functions are L
times the separation along the y-axis between a given 2d
nodal point and any allowed momentum slice, modulo
2.

In contrast with the fully gapped case, no single twist
angle can eliminate the leading finite size correction.
However, Cls has zero average value (being odd and peri-
odic) so averaging uniformly over twist angles does elim-
inate the leading correction:

(A(Ly,9))y — Aza = O(1/L7), (23)
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FIG. 4. Results of BCS calculations for two models. In the
first, which corresponds to the blue plots, t, = 0.825,¢, =
1.125 which gives a Fermi surface closed in k, and open in
k. In the second, which corresponds to the orange plots,
te = 1.125,t, = 0.825 which gives a Fermi surface open in
ky and closed in k;. In both cases we take p = —0.5 and
V = —1.25, and we fix ¢ = 0 on the cylinders. The two models
have the same 2d limit gap As4 =~ 0.055. Panel a) shows the
finite-L | correction to the gap, and panel b) shows the same
for the superfluid stiffness. (In panel b), the similarity at
L, =5 in the correction to the superfluid stiffness in the two
models is purely coincidental.)

where (), denotes a uniform average over ¢.

B. The quasiparticle gap

The quasiparticle energy near a node is proportional
to the distance from the node. Generically, each node
lies an O(1/L, ) distance away from the nearest allowed
momentum slice. Thus

E(L1,¢)=0(1/Ly). (24)

By varying the twist angle ¢, it is possible to tune the dis-
tance between the allowed momenta slices and the nodes.
The quasiparticle gap thus vanishes substantially faster
with L when it is first minimized over ¢, an observation
that was used in Refs. [24 27] in the spin liquid context.
We find two possibilities:

1. min(z,f(LJ_,q’)) =0

2. ming (L, ¢) = O(e~E+/%) for some £, > 0

In the first case, momentum slices collide with the nodes
upon continuously increasing the twist angle. In the sec-
ond case, the collision is avoided — to remain in the low-
est energy state, the node jumps across any momentum
slice that would intersect the node. The exact criterion
distinguishing the two cases depends upon microscopic
details and is provided in Appendix [EI] However, we
note here that one situation in which the second case oc-
curs is if the interaction is fully attractive, in the sense
that Vs(r), Vi(r) <0 for all r.

C. Numerical examples

We now numerically study the crossover from small
to large L. We work with the Cy symmetric nearest

neighbor dispersion (k) = —2cos(k;) — 2cos(ky) — p
and the nearest neighbor interaction
Vor(®) =Vee > e (25)
ec{+x,+y}

In the 2d limit, the solution to the self-consistency equa-
tion has the nearest neighbor d-wave gap function

Agq(k) = Agg(cos(ky) — cos(ky)), (26)

and corresponding nodes in the spectrum at +(Q, Q),
+(—Q, Q), in the appropriate range of parameters.

At finite L, the gap function generically contains
nearest neighbor s and p-wave components, taking the
form

A(k) = A%(cos(k,) — cos(ky))
+ A% (cos(kz) + cos(ky)) + APV2sin(k,).  (27)

The fact that this model at arbitrary L and ¢ preserves
mirror symmetry in z means that there is no gap com-
ponent proportional to sin(k,).

Fig.( illustrates the L, and ¢-dependence of the
gap function and the component of the superfluid stiff-
ness parallel to the cylindelﬂ We first describe the top
panel, which shows the gap component A®. Needless to
say, this quantity vanishes in the 2d limit. We can clearly
see 1/ Lﬁ_ scaling and the fact that averaging over ¢ re-
sults in asymptotically faster convergence. We also see
in panel a)i that simply setting ¢ = /2 does a relatively
good job at speeding up convergence at short distances,
although in panel a)ii the advantage of averaging becomes
apparent.

4 Note that the superfluid stiffness depends explicitly on the ¢ for
z-hopping, which is distinct from the 7 for z-hopping whenever
the interaction is not purely onsite. So although we are holding
fixed 7, it is necessary to determine the corresponding ¢ using
the appropriate self-consistency equation, which can be found in

Appendix



We next describe the bottom panel, which shows the
finite-size error in the superfluid stiffness. Again we see
asymptotic 1/L? scaling, but it sets in only at very large
L. At smaller circumferences, the finite-size correction
decays like it would in a fully-gapped superconductor. In
particular, for small circumferences, setting ¢ = 7/2 is
essentially equivalent to averaging over twist angles.

Finally, we turn to the quasiparticle gap. Representa-
tive results are depicted in Fig. [f] We see that at fixed
L, the quasiparticle gap is finite at all ¢ but exhibits a
deep, cusp-like minimum. (There is, in fact, a small dis-
continuity in the quasiparticle gap here, but it is well be-
low the scale of the plot.) We also see that ming E(L | , ¢)
vanishes exponentially with a rather short decay length.

VII. CONCLUSIONS

We conclude by summarizing our most important re-
sults and presenting some concrete suggestions to DMRG
practitioners.

Firstly, if the 2d limit is any type of superconductor,
this should be clear from simply looking at the pair-field
correlations at intermediate distances, large compared to
L but small compared to ¢, = AL e>™=L1/v  Specif-
ically, as expressed in Eq. for L, < |z| < £, the
pair-field correlations are essentially equal to those of the
2d system. This probably does not necessitate keeping
the very large bond dimensions needed to properly ex-
tract the correct power-law that characterizes the decay
of correlations at asymptotically long distances.

Secondly, twisted boundary conditions are generally a

very useful tool — see Egs. and Refs [24], 27].

J

If one suspects the system is approaching a fully gapped
superconductor, then using the special twist angle ¢ =
+7/2 can substantially reduce finite size errors. More
generally, averaging over all ¢ can do the same. Twisted
boundary conditions are also an excellent way to distin-
guish between nodal and fully gapped superconductors,
as the quasiparticle gap minimized over all ¢ in a nodal
superconductor will be at worst exponentially small in
circumference. From the observation of a ¢-minimized
quasiparticle gap that does not decrease percipitously
with increasing L, one can confidently conclude that
the 2d limit is fully gapped — i.e. does not have nodal
quasi-particles.

Finally, anisotropy can substantially speed up the rate
at which a fully gapped system approaches the 2d limit.
Specifically, if in the 2d limit, the essential nature of
the ordered state (e.g. is it superconducting or not, or
whether it is a spin liquid or not) is not sensitive to
the specifics of the point-group symmetry one should
introduce a sufficient amount of anisotropy to render
the underlying Fermi surface open. In this case, the
essential correlations of the 2d limit are apparent for
&g > L) > 1, ie. even if L) is small compared to
the typical emergent correlation length, £54, of the 2d
system.
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Appendix A: Superconducting order parameter correlation function

Since the action is Gaussian, (®*(r)®(0)) =

(@7 (r)@(0)) = [ (P)gq

where

](xvy) =

(0(r)6(0)) —

|@o[26PIPO) (%) and (®),, = Boe—#2/2, 50

2!, (A1)

(6%) + (6%)2a- (A2)

Above, r = (z,y), all fields are implicitly being evaluated at the same imaginary time, and expectation values without
a subscript are taken at finite L | whereas those with a 2d subscript are taken at L, = co. We also assume, without

loss of generality, that —L | /2 <y < L, /2.

Applying the standard methods for computing such Gaussian expectation values,

dk, 1 & (@ — 1) f(w, k)

fe(w, k)

I

o Lo

w?/v? + k2

2] 4 R (43)

/ / d2k
k= ke, 27”)

Here, f. is some function implementing a UV cutoff. Besides the fact that it vanishes appropriately fast as its
arguments grow in magnitude, we do not assume any specific form for f..
Applying the Poisson summation formula to the sum over n in Eq. (A3)) and defining

oS5

d2]€ ezk rfc( )

A4
UJ2 /U2 kz I ( )



FIG. 5. Results of BCS calculations for = —1.5, Vs = —2.5, and V; = —1.75. The two-dimensional gap for these parameters
takes the form given in Eq. with Agg & 0.35. Panels a)i-ii in the top row depict the s-wave gap component normalized by
Asg4. Panels b)i-ii in the bottom row show the relative error in the superfluid stiffness. a)i and b)i show the L, -dependence of
observables at ¢ = 0 and the special flux value ¢ = 7/2, as well as the L, -dependence of ¢-averaged observables; a)ii and b)ii
show the same thing but on a log-log scale and up to larger L. The dark gray lines are curves of the form const/L 2, with
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FIG. 6. Quasiparticle gap for the same model parameters as
Fig. |5l The top panel a) shows E(L, = 6, ¢) as a function of
¢. The bottom panel b) shows ming (L, ¢) versus L, on a

log scale.
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we find

100) = | J)+ DLy mli) = J(0,mLL ) (A3)
s m#0

Since we are interested in r > 1, we require the form of J for arguments much larger in magnitude than the cutoff

length:
J(r) = —— +o<12). (A6)

The well-known leading order term is universal (independent of the choice of f.). Thus,

116) = [} = R/ Ly 1) + - R/ Las—/L)] + . (A7)

where

B 1 1
REX =D, (m - (z)2+(A+m)2>’ (49

m>0

and where the terms in Eq. (A7) ... fall off like 1/L2 or 1/r? or faster.

Consider now the limiting behavior of R(z;\) as z — oo. Since R(z; A) is roughly a harmonic sum cut off at upper
limit z, R(z,\) ~ log(z)—c+... for some constant c. It is straightforward to evaluate the constant ¢ numerically. Doing
so to an estimated accuracy of 11 decimal places and using an inverse symbolic calculator [50], we find ¢ = log(2) —
where v is Euler’s constant. Hence, we arrive at the following asymptotic expansion of I(r) with respect to x:

I(r) ~ 110g(1/|x|)+C(Ll)+...] as |z| — oo, (A9)

27TpS Ll

where the coefficient C'(L ) satisfies C(L ) = log(AL1)/L, +O(L7?) and where A = 2~ ~ 1.12 is universal. This
also implies

AL, \ TosTT
@e) ~ @ P() T (A10)
as in the main text, where the precise meaning of this relation is
AL, \ 7Tt
@ (50 2
lim =1+0(L7%). All
ST e0) (£) (A1

Appendix B: BCS theory on a cylinder
1. The trial Hamiltonian

To simplify notation, we assign the z-direction a finite length Lj. We introduce the following mode expansion for
arbitrary r € Z2, consistent with the twisted boundary condition

Ly—1nNi—1
Cprg = e Ck7g|k= 27 2mntody. (Bl)
LHM g_:o g_:o R
Plugging this into the trial Hamiltonian [6]
Ly-1n,—1
Hyga = » Y Z k)0 Clok) o + Ak Yo rcl i, + AT (k )Ck,wk,T] (B2)
Ny =0 ny=0 k= (27r 27rn+ad>)

Ly
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This is diagonalized by the usual Bogoliobov transform: we introduce quasiparticle operators 7it, vk, (which have
the same restriction on their momenta as electron operators with the same spin polarization) through

Cit = Ukt + kY g, (B3)
C_x| = —Uk%iT + URY-kl (B4)
where
2 1 e(k)
ud® = 5 (1+ 5 (85)
2 1 e(k)
ol =5 (1~ 5 (B6)

with E(k) = y/e(k) + |A(k)|?, with the relative phases such that ufvx = —A(k)/(2E(k)). We find the quasiparticle
spectrum from the main text,

Ny—1N.—1

Hipial = Z Z ZE(Uk)’Y}T«,’YkU

nz=0mn,=0 o

+ const (B7)

k= (i,‘] ,27rn+ad))

and we find the basic electron correlators in the ground state of the trial Hamiltonian to be

<CLUCkJ>trial - ;<1 B 2&?1?))’ (BS)

<C—k7ick»T>trial 2E((k)) (Bg)

The real-space correlators @ are then given, in the limit N — oo, by

L, -1
dh, 1S e (CAM)
F iker \ \R/) Bl
(r)= | 5~ o z_: e TN N (B10)
L, -1
dk, 1 < der 1 e(k)

G(r) = — ter (] . B11
(I‘) 27T LJ_ 7;) € 2( E(k)) k:(kw,27r£z+¢) ( )

2. The self-consistency equations

We derive the self-consistency equations using the finite temperature variational principal; the zero-temperature
limit is taken at the end of the derivation. The variational principal says to minimize (with respect to every variational
parameter x in the trial Hamiltonian) the quantity

trlal Ftrlal + <H Htr1a1>tr1al; (B].?)

where Fiyia is the free energy of the grand canonical ensemble defined by the trial Hamiltonian [51]. Using the
Feynman-Hellman theorem, 0Fiyia1/0x = (OHqrial/OX ) the variational equations reduce to

trial?

18 O(H) a1 22 3G* A(r)algx(rﬁm(r)m;f:). (B13)

where () is the area of the system. It is a matter of tedious though straightforward algebra to show
trlal Z2t G* + Z Va|Fa |2 + UalGa( )| } (B14)
where
1
F*(r) = 5 (F(x) + F(-x)) (B15a)

GE(r) = %(G(r) +G(=1)) (B15b)
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and

Vi) =V, (B16)
Vo) = Vi (B17)
% Z VLD L v 4 3vim) (B13)
U ) = —%(vxr) ) (B19)

Thus the self-consistency equations are
r) = 2 VeF(r) (B20)
a;) + 2 U*G(r). (B21)

Eq. (B20) is Eq. from the main text in a slightly different notation. Since we choose to hold fixed 7, Eq. (B21])
can mostly be ignored. It is only needed to compute the superfluid stiffness, which depends explicitly upon the ¢
corresponding to our fixed 7.

3. Other bases and vector notation

It is convenient to allow for a more general basis, i.e. to introduce some orthonormal basis of functions f;(r) and
expand

NOEDIACIN (B22)

and
J
Here
L (FAK)
F; = , B24
7 277' LL HZ f 2Ek k=(kqy 27TL7L+¢) ( a)
= ’ L
LJ_ 1
e(k)
fi ( ) , (B241)
27T' LL nz:: E(k) kz(kw,Qﬂgfda)
and

S e ), (B25)

In what follows we will also introduce a vector notation, letting e.g. [5] ; = Aj, and the same whenever else an arrow
vector symbol is used. In such a notation the gap equation is

— —

A=VF (B26)

where V is a Hermitian matrix encoding the interaction. In what follows, we will pick a basis in which each f; has

definite parity and is real. Let us further assume that A(k) is real, as in the main text. Then &, F , G and V are all
real, and V has no matrix elements connecting even and odd components.
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Appendix C: Finite-circumference perturbation theory

Explicitly including all the functional dependencies of F}, the gap equation is

A=VF(A,LL,¢). (C1)

We rearrange this as
A —VF(A,00,0) =V[F(A, Ly, ¢) — F(A,0,0)] (C2)
=VO'F(A,LL,¢). (C3)

Here, we have introduced some notation: for any expectation value A computed in the trial Hamiltonian with the
gap fixed to A,

SAN L, ¢ =AA, L, ¢)— AN, 0,0). (C4)

We will refer to ¢’ A as the “explicit shift” in the quantity A.

Next, we define A=A — Egd, where Asy is the solution to the gap equation in the 2d limit, and expand the left
hand side of Eq. (C3|) in a power series:

A~ VF(A,00,0) = (1+VM)IA + O((54)?) (C5)
where
OF;(A, 0,0)
M = — ————=
(%) aAJ oL (06)
A=ANoqg
dk 1 A2, (k)
= [ —=fi(k) fi(k - 2d C7
/ PR [2 (k) + Ad,k)  2(e2(K) + A3, ()3 (7
d?k £2(k)
= [ —=filk)fi(k , C8
| 0509 5 st ()
so that M is a positive definite, symmetric matrix. By inverting the series , we can re-write Eq.(C3|) as
SA =V§'F(A, Ly, $)+ [second and higher powers of §'Fi(A, L1, )] (C9)
where
Vo1 vy (C10)
1+VM
Note that V is symmetric. This can be made explicit by writing it as
. ML/2yyM1/2
_\-l/2 0 Y —-1/2
V=M [1+M1/2VM1/2} ) (C11)
Since the explicit shift vanishes as L ;| — oo, the solution to Eq. has the expansion
SA =V F(Aog, L1, ¢)+... (C12)

where the terms in ... are subleading. In what follows we will typically truncate Eq. (C12)) at the leading order term.
The series implicit in Eq. 1} presumes that as L) — oo, there is exactly one solution which approaches &Qd.

In fact, for a nodal superconductor there can be multiple solutions that approach &2(1 as L, — oo. However, we
will see in Appendix that the splitting between solutions is negligibly small. Thus the lowest-order truncation of
Eq. (C12) works well for most purposes.
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1. Invertibility of (1 4+ M'/2vM!/?)

The perturbation theory described above is valid only if (1 + MY/2VM!/2) is invertible. To see that it is indeed
invertible, consider the Hessian matrix of the energy of the 2d state. We find thatﬂ

1 0% (H){3ia1,24
N AN N

=824

= 2[M + MVM] ;. = 2[MY2(1 + MY2VMY/2)MY/2) 4. (C13)

Since we are perturbing about the ground state of the 2d limit, the Hessian and thus (1+M/2VM'/2) must be positive
definite. In other words, (1 + M1/2ymL/ 2) has all positive eigenvalues and is invertible.

2. Corrections to other observables

The finite-size correction to any expectation value A in the trial Hamiltonian can be expanded as

DA(A, 0,0)

0A; R_i,

AA Ly, ¢) — Asa =) SO+ 6" A(Bgg, Ly, ) + ... (C14)
J

By Wick’s theorem, the leading order contribution to (SIA(Agd,LJ_,(ﬁ) is a linear combination of 6’Fj(52d,LL,¢)
and 6'Gj(Aaq, L1, ¢). Additionally, we showed above that JA = V§F(Asq, Ly, ¢). It follows that the leading-
order finite-size correction to any expectation value A is a linear combination of the explicit shifts ¢’ Fj(&gd, L,,9)

and 0'G, (AQd,L 1,9). In what follows, we assume that e(k) is an even function and that Aoy contains only even
components. Then the finite-size corrections to quantities that are even (odd) under inversion are linear combinations

of ' F; (Mg, Ly, ¢) and §'G; (Asa, L1, ¢) such that f; is even (odd).

3. Evaluating the explicit corrections to F' and G.

Applying the Poisson summation formula to Eq. (B24]) we arrive at

SFj(A, Ly, ¢)= e ™ F; (A mLy), (C15a)
§'Gi(A, L1, ¢) = %e"ng(& mL,), (C15b)
0
where
Fi(&) = [ e gy SEE) (160
Gi(A,y) = / (;l:; e“”“yfj(k)% (1 - ;((1;))). (C16b)

Note that each of F. ‘(&2(1, y) and G; (&Qd, y) is a 2d correlation functions at separation yy, convolved with the basis
function f;. Egs. and thus give the precise relation between finite-circumference corrections — which are
proportional to the explicit shifts in F' and G — and 2d correlation functions along the circumferential direction. Note
that fj(&gd, y) or G; (Asq,y) is an even (odd) function of 3 when fj is even (odd).

5 . . . . . .
To be explicit, the Hessian matrix is comprised of four are of order log(A) and 1, respectively) so we treat the Hessian

. 3 2 .
blocks: ) the diagonal blocks (1/€) 9 (H?mal/aAﬁaAk’ as block-diagonal. Moreover, in Eq. (C13) we have omitted
(1/9) 0% (H) {501/ 07507, , and  the off-diagonal  block sub-leading terms that are of order A2 log(A).

(1/92) 0% (H), ;.1 /0A;07), and its transpose. The latter is
of order Alog(A) (as compared to the diagonal blocks which
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Appendix D: The fully gapped case

In this case each of F; and G; are Fourier transforms of functions analytic at real momenta. As a result, they decay
exponentially:

- - _ cos[@ 1y + sgn(y)a] even component
FilAog,y) ~ G:(A ~ e Yl/EL D1
5(Ba2a,y) ~ G5(B2a ) sin[@Q 1y + sgn(y)a] odd component (D)
Note that while Q| and £, are the same for all F; and G; (they are properties of the zero structure of Ea4(k) in the
complex plane — see below), the phase shift « is understood to be unique to the quantity under consideration.
Plugging this form into (C15]), the exponential decay implies that terms with |m| > 1 are subleading. The exception
is for even components at ¢ = +7/2, in which case the |m| = 1 terms cancel and the |m| = 2 terms lead. Explicitly,

- - s(p)e Lr/80 cos(Q L, + a) even component
§/F_ A ,L , N(SIG A ,L , ~ —L, /&L COb(¢)€ 140 D2
3(B2, L1, @) i(Bea L1, @) ~ e sin(g)e L+/¢1 sin(Q L1 +a) odd component (D2)
and for even components at ¢ = +m/2,
8 Fj(Aga, Ly, +m)2) ~ §'G(Aga, Ly, +1)2) ~ e 2E4/84 cos(2Q 1 L) + ). (D3)

Since the finite size correction to any expectation value A is a linear combination of ¢’ F; and §’G; of the appropriate
spatial parity, this implies Eq. and Eq. .

1. The correlation length &

Here we show that in the small gap limit, £, behaves qualitatively differently depending upon whether or not there
is a point on the Fermi surface at which vy points along §. Let us determine £, by evaluating F;.

. dky o~
Fi(Basy) = [ Gt F (Bau k) (D4)

where

. [k £500) Aga(K)
Fidaiy) = - [ G R

The Fourier transform ]?j(ﬁm, k,) will be non-analytic at various points in the complex k,-plane. If & is the point
of non-analyticity with the smallest positive imaginary part, then k?’J =QL +i/&,.

(D5)

The function .fj (52,1, ky) is an integral with respect to k, of a function of (k,, k) that is analytic everywhere except
at isolated singular points — the zeros of the quasiparticle dispersion Es4(k). (We assume an analytic dispersion and
gap function.) It is known that in this situation, fj(&gd, k,) is non-analytic at a point kj, if and only if two solutions
k:(ky) to Ezq(k) = 0 pinch the k,-integration contour as k, — k; [52]. A necessary condition for such a pinching to
occur at ky is for (ky,ky) to solve Eaq(k) = 0 as well as 0, [e2(k) + A%(k)] = 0. Assuming for simplicity a constant
gap function, these equations reduce to

e(k) = £iAaq, (D6a)
Ok, e(k) = 0. (D6b)

If vp points along § at some momentum on the (real) Fermi surface, then the solution to Eq. has an imaginary
part proportional to Agg, leading to £, o« 1/As4. On the other hand, if vp never points along ¥ on the (real) Fermi
surface then the solution to Eq. has an imaginary part that is finite even at Asy = 0 (i.e. even in a Fermi liquid
state), leading to £, on the order of a lattice constant for any Aagy.
For the dispersion e(k) = —2t, cos(k,) — 2t, cos(k,) — p appearing in Eq. , the relevant solution is
(kLK) = (0,arccos((—iloqg — p — 2t;)/2t,)), (D7)

zr vy

yielding £, = 1/Im[arccos((—iAgq — pn — 2t5)/2t,)].
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Appendix E: The nodal case

In this case, F; and G; are Fourier transforms of functions non-analytic at the nodal points, resulting in a power
law decay. The large-|y| behavior receives a contribution from each node. Let vp(k) = Vige(k) and va (k) = Vi A(k)
denote the Fermi and gap function velocities, respectively. Then

X an [ Pa__E(va(Q) )
F; A, y) ~ j QLY
( y) nodes QZ(:Q,QL) f (Q) / (27T)2 2\/(VF(Q> ) Q)2 + (VA(Q) ° q)2
_ fi(Q) det[vr(Q), va(Q)lvr:(Q) seny g, N
odes Qg(:QhQL) (v3,(Q) +v3,(Q))>/? dmy? (Ela)
2 iqyy(_
g &’ ~ ; oiQLy d“q eV (—vp(Q)-q)
( y) nodes QZ(Q7QL) ! (Q) / (27T)2 2\/(VF(Q) : Cl)2 + (VA(Q) : CI)2
— ) £i(Q) det[va(Q), vr(Q)]va.«(Q) 580y iq.y (E1b)

2 2 3/2 2
nodes Q=(Q,Q1) <UFU(Q) + UAU(Q)) 47Ty

where det(vy,vs) = V1gV2y — V1yV2z. The nodal momenta are implicitly functions of A. Plugging Eq. 1) into
Eq. (C15)), this leads to

(R _ £i(Q) det[vr(Q), VA( Q)lvr.(Q) _ o
S Fy(A, Ly, o) . QZ;Q’QL) (02, (Q) + 14, (Q))* o L2 Clo(L.1Q1 —¢) (E2a)
§'G, (A, L1, ¢)= Z /iQ )(jiZ[Z,A)(Q) VF(((%))]:/AQ =) o L2 Clo(L1Q1 — ¢) (E2b)

nodes Q=(Q,Q1)

where the Clausen function of order 2 is defined in Eq. .
Under the assumption that the nodes in the 2d limit are £(Q),24, @1 ,24) and £(—Q 24, Q1 24), We find

[3(Q2a) det[vr(Qaq), va(Qaa)vr.. (Qaq) :
(Vi (Qaa) + UAy(de))?’ L2

Fy Yy

8 Fj(Aog, Ly, ) =

Cla(L1Q12a—¢) £ Cla(L1Qy 24 +¢)] (E3a)

5/Gj(&2d; LL? ¢) =

Here the upper (lower) sign is for even (odd) components. This leads to Eq. from the main text.

1. The quasiparticle gap

As described in the main text, the case in which the quasiparticle gap is finite for all ¢ corresponds to a first-order
transition, i.e. a situation in which there are multiple solutions to the gap equation which cross in energy at some
critical ¢. As discussed above, the possibility of multiple solutions approaching ﬁgd in the limit | — oo is something
which is missed by Eq. .

In this section, we address the splitting of the solutions to the gap equation by truncating the right hand side of
Eq. at first order and solvini the resulting non-trivial equation for A. Ona cylinder, the nodal momenta can
be parameterized as +Q* = j:(QH , f) and :I:(fQi7 Qf), such that Q* — Qgq in the 2d limit. With this in mind,

we work with the following approximation to Eq. (C9):

det[vr(Q2a), va(Q24)]vr 2 (Qa24)

SA =
(v}, (Qaa) + v4,(Qaa))3/? 7TL2

VF(Qea)Cla(L1QT — ¢) + VF (Qua)Cla(L1QT +¢)].  (E4)

where f; = f; if f; is even and f] = —f; if f; is odd. On the right hand side above, the nodal momenta are evaluated
in the 2d limit everywhere except inside the Clausen functions. This is legitimate because only the Clausen functions
have a non-analytic dependence on nodal momenta.
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Note that A enters the right hand side of Eq. || only through Qf Thus, to lowest order we can reduce Eq. {i
to a pair of equations for QT by taking the dot product of both sides with GQT / OA. Tt is straightforward to show
that

—

ot _ - (Q24)vr2(Q24) (E5)
oA det[vr(Qaa), va(Qaa)]’
aQI_ _ _]F/(QQd)'UFr(QZd) (EG)
ON  det[vp(Qaa), va(Qaa)]
Taking the dot product of this with , we find the coupled equations
QF ~ Quaa = 75 [BCL(LLQE T 6) + F'OL(LL QT +9)]. (1)
1
where
_ 2 o ~ o
8- U Qed) Q) TV F(Qua). (E8)

(0%, (Qaa) + V3, (Q24))%/2

and there is a similar expression for 5’

Without loss of generality, let us consider the upper node Qir There is always some ¢* such that there is a
solution to Eq. satisfying L | QI = ¢* + 27mn for integer n, i.e. such that the upper node intersects some allowed
momentum slice. Without loss of generality, assume n = 0. We now address the question of whether or not there
exist additional lower energy solutions that do not intersect the allowed momentum slice.

Let us introduce DT = L, Q" — ¢, which is L, times the distance along the y-axis from the upper node to the
nearest allowed momentum slice. When DV is small, the quasiparticle gap is proportional to |[D*|/L, . The Clausen
function of order 2 has a logarithmically divergent slope at argument 2nm:

Cla(2nm + 6) ~ 0log(e/|0)). (E9)

Using this, for ¢ in the vicinity of ¢* and small D*, we can reduce the pair of equations in Eq. (E7) to the following
equation for DT alone:

D++(¢—¢*)[1+O<I}L>} = %m log(e/|D*)) +(’)<L12L> (E10)

For large L there are two cases:

e 3 < 0: As a function of ¢ there is a single solution branch such that DT vanishes at ¢ = ¢*. In this case
m1n¢,5(LJ_,q’)) =0.

e 3 > 0: As a function of ¢ there are three solution branches in the vicinity of ¢ = ¢*. See Fig.[7] On the
middle (green) branch, DV vanishes at ¢ = ¢*. But this branch is unstable. (This must be the case because
it can “annihilate” with the upper (blue) and lower (orange) branches, each of which is stable since it is the
only solution for ¢ far from ¢*.) Instead, it is always the case that one of the upper (blue) and lower (orange)
branches has lowest energy. DT does not change sign on either the upper or lower branch, but for ¢ such that
these two branches coexist, [D*| = O(e™£+/#) on either one. In this case ming E(L,, ¢) = O (e L+/8). We see
that ¢,, from the main text is equal to 3.

Note that by Eq. 1j the matrix V is negative definite whenever V is negative definite — a condition we referred to
as “fully attractive” in the main text. Thus, Eq. (E8) implies that for a fully attractive interaction, § > 0, and thus
the quasiparticle gap is finite for all ¢. (But its minimum value is exponentially small in L .)

(
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FIG. 7. Solutions to Eq. (E10) for 3/L, = 0.2. The solutions are only schematic, in the sense that terms inside the O symbol
in Eq. (E10) are neglected.
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