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Despite recent extensive studies of the non-Hermitian topology, understanding interaction effects
is left as a crucial question. In this paper, we address interaction effects on exceptional points
which are protected by the non-trivial point-gap topology unique to non-Hermitian systems. Our
analysis in a two-dimensional parameter space elucidates the existence of exceptional points and
symmetry-protected exceptional rings fragile against interactions; they are topologically protected
only in non-interacting cases. This fragility of exceptional points and symmetry-protected excep-
tional rings arises from the reduction of non-Hermitian topological classifications, which is elucidated
by introducing topological invariants of the second-quantized Hamiltonian for both non-interacting
and interacting cases. These topological invariants are also available to analyze the reduction phe-
nomena of gapped systems. The above results strongly suggest similar reduction phenomena of
exceptional points in generic cases and open up a new direction of research in the non-Hermitian
topology.

I. INTRODUCTION

Extensive efforts have been devoted to under-
standing effects of interactions on topological insula-
tors/superconductors. In particular, it has turned out
that interplay between the topology and interactions
triggers off exotic phenomena such as the emergence
of fractional topological insulators1–8 and topological
Mott insulators9. Furthermore, it has been elucidated
that interactions change the topological classification of
free fermions10–12 which provides systematic understand-
ing of topological states and serves as the corner stone
of the material searching. For instance, interactions
change the Z-classification to the Z8-classification for
one-dimensional topological superconductors with time-
reversal symmetry13. This fact indicates that the num-
ber of possible topological states is reduced by interac-
tions; there exist an infinite number of topologically dis-
tinct states in non-interacting cases while there exist four
topologically distinct states in interacting cases. Further
extensive works have elucidated the ubiquity of such re-
duction of topological classifications14–37. Namely, the
reduction phenomena occur for arbitrary dimensions and
symmetry classes. In addition, they occur even in param-
eter spaces38.

In parallel with the above significant developments, in
these years, a topological aspect of non-Hermitian sys-
tems attracts as one of hot topics in condensed matter
physics39–52. For such systems, extensive works of the
non-interacting non-Hermitian topology have discovered
a variety of novel phenomena induced by the point-gap
topology unique to non-Hermitian systems, such as non-
Hermitian skin effects which result in extreme sensitivity
to the presence/absence of boundaries53–5960,61. Further-
more, the non-Hermiticity induces a new type of topolog-
ical degeneracies dubbed exceptional points (EPs) which
are protected by the point-gap topology62–67. This new

type of topological degeneracies is further enriched by
symmetry, which results in the emergence of symmetry-
protected exceptional rings (SPERs) and symmetry-
protected exceptional surfaces in two and three dimen-
sions, respectively68–74. The EPs and their symmetry-
protected variants in non-interacting systems attract in-
terdisciplinary interests because they are reported for a
wide variety of systems60,65–67,75–81.

The above two progresses lead us the following is-
sues to be addressed; effects of interactions on the non-
Hermitian topology. Although several works addressed
this issue82–103, fate of EPs under interactions remains
highly crucial question. The significance of this question
is further enhanced by recent experimental progresses in
cold atoms104–106 and quantum circuits107.

We hereby analyze effects of interactions on an EP and
an SPER in a two-dimensional parameter space which
are protected by symmetry. In particular, we elucidate
that interactions may destroy the EP and the SPER
without breaking relevant symmetry. The above fragility
of EPs against interactions arises from the reduction of
the non-Hermitian topological classification, which is ob-
tained by comparing topological invariants of the second-
quantized Hamiltonian for both non-interacting and in-
teracting cases. Specifically, our analysis elucidates that
the reduction Z(N+P ′+1)/2 → Z (Z → Z2) results in the
fragility of EPs (SPERs) for systems with charge U(1)
symmetry and spin-parity symmetry (chiral symmetry).
Here, we have focused on the Fock space with the particle
number N . For even (odd) N , P ′ takes ±1 (0).

The above topological invariants are also applicable to
the reduction for gapped systems92,102. For gapped sys-
tems with charge U(1) symmetry and spin-parity symme-
try, our topological invariants indicate the reduction of
one-dimensional point-gap topology: Z(N+P ′+1)/2 → Z.
For gapped systems with chiral symmetry, our topologi-
cal invariants indicate the reduction of zero-dimensional
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point-gap topology: Z→ Z2.
The rest of this paper is organized as follows. Sec-

tion II is devoted to clarifying the fragility of EPs against
interactions in systems with charge U(1) symmetry and
spin-parity symmetry. Section III elucidates the fragility
of SPERs with chiral symmetry. In Sec. IV, a brief sum-
mary is provided. In Appendix A, we count the number
of the subspaces for a given Fock space. In Appendix B,
we demonstrate that there also exist EPs robust against
interactions. In Appendices C and D, we address the
reduction phenomena for gapped systems92,102 by com-
puting the above topological invariants.

II. EXCEPTIONAL POINTS WITH CHARGE
U(1) SYMMETRY AND SPIN-PARITY

SYMMETRY

There exist EPs protected by the point-gap topol-
ogy only when the second-quantized Hamiltonian is
quadratic. In order to see this, let us analyze interaction
effects on EPs for the two-dimensional parameter space
in the presence of charge U(1) symmetry and spin-parity
symmetry. The Hamiltonian reads,

Ĥ = Ĥ0 + Ĥint, (1a)

Ĥ0 = Ψ̂†αhαβ(x, y)Ψ̂β . (1b)

Here, summation is assumed over the repeated indices.
The first-quantized Hamiltonian is denoted by h(x, y).
Real variables x and y describe the two-dimensional pa-
rameter space. Operator Ψ̂† (Ψ̂) denotes a set of creation
operators ĉ†α (annihilation operators ĉα) of fermions. The
subscripts α and β label the internal degrees of freedom
such as orbital and spin. Here, one might consider that
the above setup is somewhat artificial. However, EPs in
such a parameter space have been reported for quantum
circuits79,80.

In this section, we consider a system of fermions with
spin-1/2 whose Hamiltonian preserves charge U(1) sym-
metry and spin-parity symmetry;

[Ĥ, N̂ ]c = 0, (2a)

[Ĥ, eiπŜz ]c = 0, (2b)

with N̂ = N̂↑ + N̂↓ and Ŝz = (N̂↑ − N̂↓)/2. Here N̂σ
denotes the operator of the total number of fermions in
spin-state σ =↑, ↓. The commutation relation denoted
by square brackets [Â, B̂]c := ÂB̂ − B̂Â. The above
equations indicates that the second-quantized Hamilto-
nian Ĥ can be block-diagonalized with respect to N̂ and

P̂ = (−1)N̂↑ = eiπN̂/2eiπŜz . We denote eigenvalues of N̂ ,

Ŝz, N̂σ and P̂ by N , Sz, Nσ and P , respectively.
In the reset of this section, we introduce topological

invariants and demonstrate the presence of EPs which
are fragile against interactions.

A. Topological invariants

For the Fock space with [N,P ], the number (N +P ′+
1)/2 of Z-invariants are introduced in the non-interacting
cases, while the number of Z-invariants is reduced to one
in the presence of interactions. Here, P ′ takes P (0)
for even (odd) N . This fact indicates the reduction of

the topological classification of Ĥ: Z(N+P ′+1)/2 → Z
(for application to gapped systems, see Appendix C). In
other words, there exist EPs which are destroyed by in-
teractions without breaking relevant symmetry. The key
ingredient is the additional symmetry imposed on the
quadratic Hamiltonian Ĥ0 [see Eq. (4)].

1. Non-interacting case

In the presence of the spin-parity symmetry (2b), the
number (N +P ′+1)/2 of Z-invariants can be introduced
when the second-quantized Hamiltonian is quadratic.

Firstly, we note that the spin-parity symmetry imposes
the following constraint on the first-quantized Hamilto-
nian

[h, sz]c = 0, (3)

with sz being the z-component of the first-quantized spin
operator. This commutation relation can be seen by not-

ing the relation eiπŜz Ψ̂†αe
−iπŜz = eiπ(sz)αβ Ψ̂†β . The above

constraint indicates that at the non-interacting level, the
second-quantized Hamiltonian Ĥ0 satisfies

[Ĥ0, Ŝz]c = 0, (4)

meaning that the Ĥ0 can be block-diagonalized with re-
spect to Ŝz.

Thus, the Fock space with [N,P ] can be divided
into subspaces with (N↑, N↓). For each subspace with
(N↑, N↓), the following winding number can be intro-
duced

W(N↑,N↓) =

∮
dλ

2πi
· ∂λ log det[Ĥ(N↑,N↓)(λ)− Eref1l],

(5)

with the block-diagonalized Hamiltonian Ĥ(N↑,N↓), the
reference energy Eref ∈ C, and the identity matrix 1l. The
integral is taken over a closed path parameterized by λ =
(x, y) in the two-dimensional parameter space. Here, we
have supposed that along the path, the point-gap opens
at the reference energy Eref ; det[Ĥ(N↑,N↓)(λ)−Eref1l] 6= 0
holds for λ parameterizing the path. Here, we note that
for a given set of [N,P ], the number (N + P ′ + 1)/2 of
the sets (N↑, N↓) are allowed where P ′ takes P (0) for
even (odd) N . The detailed derivation is provided in
Appendix A.

Therefore, it is concluded that the number (N + P ′ +
1)/2 of Z-invariants are introduced in the non-interacting
cases.
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2. Interacting case

For correlated systems, the second-quantized Hamil-
tonian can be block-diagonalized not with Ŝz but with

P̂ = (−1)N̂↑ due to spin-parity symmetry.
Thus, the point-gap topology is characterized by

W[N,P ] =

∮
dλ

2πi
· ∂λ log det[Ĥ[N,P ](λ)− Eref1l]. (6)

Here, Ĥ[N,P ](λ) denotes the second-quantized Hamilto-
nian for the Fock space with [N,P ].

In the non-interacting case, the above winding num-
bers satisfy

W[N,P ] =
∑

(N↑,N↓)

′ W(N↑,N↓), (7)

where the summation is taken over sets of N↑ and N↓
satisfying N↑ + N↓ = N and (−1)N↑ = P for given N
and P .

Equation (7) indicates that for the Fock space
with [N,P ], the point-gap topological states form the

Z(N+P ′+1)/2 group in the non-interacting case while the
point-gap topological states form its subgroup Z in cor-
related cases In particular, it indicates that interactions
may destroy EPs without breaking charge U(1) symme-
try and spin-parity symmetry if they are characterized
by vanishing W[N,P ] and finite W(N↑,N↓).

B. Analysis of a toy model

EPs can be fragile against interactions due to the
reduction of the non-Hermitian topological classifica-
tion for systems with charge U(1) symmetry and
spin-parity symmetry. In order to demonstrate this
fact, let us analyze a three-orbital system described
by the second-quantized Hamiltonian (1) with Ψ̂ =
(ĉa↑, ĉb↑, ĉc↑, ĉa↓, ĉb↓, ĉc↓)

T ,

h(x, y) =



0 x+ iy 0
1 0 0
0 0 0

0 1 0

x+ is↓y 0 0

0 0 0

 , (8)

and

Ĥint = iV [(Ŝ+
a + Ŝ+

b )Ŝ+
c + h.c.]. (9)

Here, a fermion in orbital l = a, b, c and spin-state σ =↑, ↓
is created (annihilated) by applying operator ĉ†lσ (ĉlσ).
The parameter s↓ takes 1 or −1. Unless otherwise noted,

we set s↓ = −1 in the main text. Operator Ŝ+
l (Ŝ−l ) is

defined as Ŝ+
l = c†l↑cl↓ (Ŝ−l = c†l↓cl↑). The prefactor V is

real. The above Hamiltonian satisfies [Ĥ, n̂cσ]c = 0 for
σ =↑, ↓, and thus, we suppose that108 a fermion occupies

orbital c. In this section, we focus on the Fock space with
[N,P ] = [2, 1] because there is no topologically protected
EPs in the other subspace109 with N = 2.

Let us start with the non-interacting case. For the Fock
space specified by [N,P ] = [2, 1], the second-quantized

Hamiltonian Ĥ0[2,1] is written as

Ĥ0[2,1] =

(
Ĥ0(2,0) 0

0 Ĥ0(0,2)

)
, (10a)

with

Ĥ0(2,0) =

(
0 x+ iy

1 0

)
, (10b)

Ĥ0(0,2) =

(
0 1

x+ is↓y 0

)
. (10c)

Here we have chosen the basis as

(c†a↑c
†
c↑|0〉, c

†
b↑c
†
c↑|0〉, c

†
a↓c
†
c↓|0〉, c

†
b↓c
†
c↓|0〉). (11)

The matrix Ĥ0(2,0) [Ĥ0(0,2)] is the Hamiltonian for the
subspace with (N↑, N↓) = (2, 0) [(0, 2)]. The above equa-
tion is consistent with the fact that the non-interacting
Hamiltonian Ĥ0 can be block-diagonalized with respect
to Ŝz in the presence of spin-parity symmetry [see
Eq. (4)].

The Hamiltonian Ĥ[2,1] exhibits EPs for V = 0, which

can be seen by diagonalizing Ĥ0(2,0) and Ĥ0(0,2). Fig-

ures 1(a) and 1(b) display eigenvalues of Ĥ0[2,1] against
x and y. In these figures, EPs emerge at zero en-
ergy E = 0 and (x, y) = (0, 0) which are denoted by
red dots. The point-gap topology protecting these EPs

(a)
ReE V=0

-3  0  3x -3  0  3y 

-2

 0

 2 (b)
ImE V=0

-3  0  3x -3  0  3y 

-2

 0

 2

-3  0  3
x 

-3

 0

 3

y
 

(c) Arg[detH(2,0)]/π

V=0

-3  0  3
x 

-3

 0

 3

y
 

-1

 0

 1
(d) Arg[detH(0,2)]/π

V=0

FIG. 1. (a) [(b)] The real- [imaginary-] part of eigenvalues

of Ĥ[2,1] for V = 0. (c) [(d)] The argument of detĤ0(2,0)

[detĤ0(0,2)]. We recall that Ĥ[N,P ] and Ĥ(N↑,N↓) denote the

Hamiltonian for the Fock space with [N,P ] and (N↑, N↓). The
data are obtained for s↓ = −1.
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is characterized by the winding numbers. For compu-
tation of W(2,0) and W(0,2), we plot det[Ĥ(N↑,N↓)] for
(N↑, N↓) = (2, 0) and (0, 2) in Figs. 1(c) and 1(d), re-
spectively. From these figure, we can extract the wind-
ing numbers

(
W(2,0),W(0,2)

)
= (1,−1) for Eref = 0 com-

puted along a path enclosing the origin (x, y) = (0, 0).
Here, the path is taken so that it winds the origin in
the counterclockwise direction. Therefore, the EPs [see
Figs. 1(a) and 1(b)] are robust against perturbations at
the non-interacting level because they are protected by
the non-trivial point-gap topology.

In the presence of interactions, however, the above EPs
are no longer protected by the topology, implying that
they can be destroyed by interactions. This is because
the subspaces with (N↑, N↓) = (2, 0) and (0, 2) are unified
in the presence of interactions.

Specifically, Eq. (7) elucidates that the point-gap
topology is trivial in the presence of interactions; W[2,1] =
W(2,0) + W(0,2) = 0 for Eref = 0. Correspondingly, in-
troducing the interaction (9) destroys EPs. For the Fock
space with [N,P ] = [2, 1], the second-quantized Hamil-
tonian is written as

Ĥ[2,1] = Ĥ0[2,1] + Ĥint[2,1], (12a)

Ĥint[2,1] = iV


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 , (12b)

with the basis defined in Eq. (11). Figures 2 displays

eigenvalues of Ĥ[2,1] for V = 1. As observed in this fig-
ure, EPs are destroyed by interaction V which mixes the
subspaces with (N↑, N↓) = (2, 0) and (0, 2).

Putting the above results [Figs. 1 and 2 and Eq. (7)] to-
gether, we end up with the conclusion that the reduction
Z2 → Z results in the fragility of EPs against interactions
for the Fock space with [N,P ] = [2, 1].

We finish this section with two remarks. Firstly, we
note that if the winding number W[N,P ] is finite, the EPs
are robust against interactions, which can be seen in the
case for s↓ = 1 (see Appendix B).

Secondly, we point out that for the Fock space with
[N,P ] = [2, 1], the winding numbers can be analytically
computed along the path specified by x2 +y2 = 1. Along
this path the Hamiltonian is written as

Ĥ[2,1] =


0 eiθ iV 0

1 0 0 iV

iV 0 0 1

0 iV eis↓θ 0

 , (13)

with (x, y) = (cos θ, sin θ) and 0 ≤ θ < 2π. Here, we have
chosen the basis (11). Diagonalizing the above Hamilto-

nian, we have eigenvalues110 for s↓ = −1

Ep±(θ) =

[
cos

θ

2
± i
√

sin2 θ

2
+ V 2

]
, (14a)

Em±(θ) = −

[
cos

θ

2
± i
√

sin2 θ

2
+ V 2

]
. (14b)

For V = 0, eigenvalues for the subspace with (N↑, N↓) =

(2, 0) are given by (Ep+, Em+) = (ei
θ
2 ,−ei θ2 ), which in-

dicates W(2,0) = 1 for Eref = 0. In a simiar way, we
obtain W(0,2) = −1 along the loop. For V > 0, Eq. (14)
indicates that the imaginary-part of all eigenvalues are
finite for 0 ≤ θ < 2π. This fact results in W[2,1] = 0 be-
cause no eigenvalue winds the origin. The above analysis
is consistent with Eq. (7).

(a)
ReE V=1

-3  0  3x -3  0  3y 

-2

 0

 2 (b)
ImE V=1

-3  0  3x -3  0  3y 

-2

 0

 2

FIG. 2. (a) [(b)] The real- [imaginary-] part of eigenvalues of

Ĥ[2,1] for V = 1.

III. SYMMETRY-PROTECTED
EXCEPTIONAL RING WITH CHIRAL

SYMMETRY

As is the case of EPs, there exist SPERs protected
by the point-gap topology only when the Hamiltonian is
quadratic. In order to see this, let us analyze interac-
tion effects on SPERs for the two-dimensional parameter
space in the presence of chiral symmetry. Consider the
Hamiltonian (1) preserving chiral symmetry

[Ĥ, Ξ̂]c = 0, (15)

with anti-unitary operator Ξ̂ which is a product of time-
reversal and charge conjugation operators. In the reset
of this section, we introduce zero-dimensional topological
invariants and demonstrate the presence of SPERs which
are fragile against interactions.

A. Topological invariants

For a given Fock space, a zero-dimensional Z- (Z2-) in-
variant can be introduced in non-interacting (interacting)
cases. This fact indicates the reduction of the topological
classification of Ĥ: Z→ Z2 (for application to a gapped
system, see Appendix D). In other words, there exist
SPERs destroyed by interactions without breaking chiral
symmetry. As is the case of Sec. II, the key ingredient is
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an additional constraint imposed only on the quadratic
Hamiltonian Ĥ0 [see Eq. (18a)].

We also note that Eq. (21) is essential for the above
reduction.

1. Non-interacting case

In the presence of chiral symmetry, a zero-dimensional
Z-invariant can be introduced when the second-quantized
Hamiltonian is quadratic.

Firstly, we note that the chiral symmetry (15) imposes
the following constraint on the first-quantized Hamilto-
nian

ξh†ξ = −h, (16)

with unitary matrix ξ satisfying 111 ξ2 = 1l. Here, we
have considered that h is a traceless matrix. We note
that the chiral symmetric Ĥ0 may include iγα

(
n̂α − 1

2

)
with γα ∈ R and n̂α = ĉ†αĉα. However, this fact does not
affect the following argument. Equation (16) can be seen
by noting the relation

Ξ̂Ψ̂†αΞ̂−1 = ξαβΨ̂β . (17)

Summation is assumed over repeated indices.
As proved below, Eq. (16) results in the following con-

straint on Ĥ0:

Ĥ0 = −Γ̂Ĥ†0 Γ̂, (18a)

with

Γ̂ = (−1)N̂− , (18b)

N̂− = Ψ†
(

1l− ξ
2

)
Ψ. (18c)

Equation (18a) can be proven as follows. Firstly, we
rewrite Eq. (16) as

ξhHξ = −hH, (19a)

ξhAξ = hA, (19b)

where we have decomposed h into the Hermitian part hH

and the anti-Hermitian part hA. Equation (19a) indi-

cates that applying Ĥ0H = Ψ†hHΨ increases/decreases
the number N− by one 112, where N− denotes eigenval-

ues of N̂−. Thus, Ĥ0H anti-commutes with Γ̂ = (−1)N̂− .

Equation (19b) indicates that Ĥ0A = Ψ†hAΨ commutes

with Γ̂. Noting the relation Ĥ0 = Ĥ0H + Ĥ0A, we obtain
Eq. (18a).

Equation (18a) allows us to define the zero-th Chern
number N0Ch which is the number of eigenstates with
negative eigenvalues of

Ĥ0Γ = i
(
Ĥ0 − Eref1l

)
Γ̂. (20)

Here, we have that Ξ̂ and Γ̂ are anti-commute with each
other

Ξ̂Γ̂ = −Γ̂Ξ̂. (21)

In addition, we have supposed that the point-gap opens
(det[Ĥ0 − Eref1l] 6= 0) for Eref ∈ iR. The above zero-
th Chern number is previously introduced for the first-
quantized Hamiltonian h70,72,92.

The anti-commutation relation between Γ̂ and Ξ̂ is es-
sential for the above topological characterization. For
systems where Γ̂ and Ξ̂ commute with each other, N0Ch

does not characterize the topology due to the relation113

Ξ̂Ĥ0Γ = −Ĥ0ΓΞ̂.
In the above we have introduced the zero-dimensional

Z-invariant N0Ch for chiral symmetric systems where Ξ̂
satisfies Eq. (21).

2. Interacting case

In the presence of interactions, the second-quantized
Hamiltonian is no longer quadratic, meaning that
Eq. (18a) does not hold. However, we can still introduce
the following Z2-invariant

ν = sgn
(

det[Ĥ − Eref1l]
)
, (22)

for Eref ∈ R due to the symmetry constraint (15). Here,
sgn(x) takes 1 (−1) for x > 0 (x < 0).

In the non-interacting case, the parity of N0Ch corre-
sponds to ν for Eref = 0;

ν = sgn(det[iΓ̂])(−1)N0Ch . (23)

The above relation can be seen as follows

(−1)N0Ch = sgn
(

det[Ĥ0Γ]
)

= ν sgn
(

det[iΓ̂]
)
, (24)

where we have used the relation det[iĤ0Γ̂] =

det[iΓ̂]det[Ĥ0].
Equation (23) indicates that for the Fock space with

N , the point-gap topological states form the Z group in
the non-interacting case while the point-gap topological
states form its subgroup Z2 in interacting cases. In par-
ticular, it indicates that interactions may destroy SPERs
without breaking chiral symmetry if they are character-
ized by ν = 0 and finite N0Ch.

B. Analysis of a toy model

The SPERs can be fragile against interactions due to
the reduction of the non-Hermitian topological classifi-
cation for systems with chiral symmetry. In order to
demonstrate this fact, let us analyze a system described
by the Hamiltonian with

Ĥ0 = Ψ̂†hΨ̂ +
∑

σ=1,0,−1

iγσ

(
n̂aσ −

1

2

)
, (25)
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Ĥint = U
∑
l=a,b

(
n̂l1 −

1

2

)(
n̂l−1 −

1

2

)
, (26)

h =



2iβ z∗

z −2iβ
3
2 iβ 2z∗

2z − 3
2 iβ

iβ 3z∗

3z −iβ


. (27)

Here, operators Ψ̂ and n̂lσ are defined as Ψ̂ =

(ĉa1, ĉb1|ĉa0, ĉb0|ĉa−1, ĉb−1)T and n̂lσ = ĉ†lσ ĉlσ, respec-
tively. Subscripts l = a, b and σ = 1, 0,−1 label orbital
and spin degrees of freedom114, respectively. Parameters
β, U and γσ are real numbers. A parameter z takes a
complex number, z = x+ iy with x, y ∈ R.

The Hamiltonian is chiral symmetric; Ĥ satisfies
Eq. (15) with70,115,116

Ξ̂ =
∏

σ=1,0,−1

(ĉ†aσ + ĉaσ)(ĉ†bσ − ĉbσ)K. (28)

Here, K is the complex-conjugation operator.
As well as chiral symmetry, the above Hamiltonian pre-

serves charge U(1) symmetry and spin U(1) symmetry117;

the Hamiltonian Ĥ satisfies

[Ĥ, N̂ ]c = 0, (29)

[Ĥ, Ŝz]c = 0, (30)

with N̂ =
∑
lσ n̂lσ and Ŝz =

∑
lσ σn̂lσ. Thus, the Hamil-

tonian can be brock-diagonalized with respect to N̂ and
Ŝz. By Ĥ(N,Sz), we denote the second-quantized Hamil-
tonian for the Fock space with (N,Sz). Here, N and Sz
denote eigenvalues of N̂ and Ŝz, respectively.

We demonstrate that Ĥ(3,0) hosts an SPER character-
ized by the zero-th Chern number for Eref = 0 in the
non-interacting case which is fragile against the interac-
tion U . The emergence of the SPER at zero energy E = 0
can be observed in Figs. 3(a) and 3(b) (see red lines).
On the SPER, four eigenvalues touch for both real- and
imaginary-parts [see Figs. 3(c) and 3(d)]. In addition,
Figs. 3(e) and 3(f) indicate that the zero-th Chern num-
ber for Eref = 0 jumps from N0Ch = 6 to N0Ch = 4 on
the SPER with increasing x. The above results indicate
that the system exhibits the SPER at zero energy E = 0
which is characterized by the zero-th Chern number, a
Z-invariant.

Here, the Z2-invariant ν does not change its value on
the SPER; form Eq. (23) and Fig. 3(e), we can see that
the Z2-invariant remains ν = 1 for Eref = 0 by noting
the relation det[iΓ̂(3,0)] = 1.

The fact that the Z2-invariant does not jump on
the SPER indicates the fragility of the SPER against
the interaction U , which is demonstrated below. Fig-
ures 4(a) and 4(b) display the real- and imaginary-parts
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 0  0.5  1
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R
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 1

 0  0.5  1
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y=0U=0

 4
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 0  1

N
0C

h 
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(e)
y=0 (f)

N0Ch

-1  0  1

x 

-1

 0

 1

y
 

 4

 5

 6

FIG. 3. Eigenvalues of Ĥ(3,0) and its point-gap topology for

U = 0. By Ĥ(3,0), we denote the second-quantized Hamil-

tonian Ĥ for the Fock space with (N,Sz) = (3, 0). (a)
[(b)] The real- [imaginary-] part of the eigenvalues against
x and y. The red lines denote the SPER. (c) [(d)] The
real- [imaginary-] part of the eigenvalues for y = 0. (e) The
zero-th Chern number N0Ch for y = 0. (f) Color plot of
N0Ch. The vertical lines in panels (c), (d), and (e) denote
the critical value xc ∼ 0.6 where the band touching occurs.
Data in panel (e) correspond to the zero-th Chern number
on the black line in panel (f). These data are obtained for
(β, γ1, γ0, γ−1) = (0.8,−3,−2.945, 1).

of the eigenvalues against x and y for U = 0.2. In con-
trast to the non-interacting case, the SPER cannot be
observed; the real- and imaginary-parts do not touch si-
multaneously. The absence of the SPER can also be con-
firmed in Figs. 4(c) and 4(d). These numerical results
demonstrate that the interaction U destroys the SPERs
on which the zero-th Chern number jumps by an even
number.

Putting the above results [Figs. 3 and 4 and Eq. (23)]
together, we end up with the conclusion that the reduc-
tion Z→ Z2 results in the fragility of the SPERs against
interactions.



7

(a)

-1  0  1
x 

 0

 1
y 

-1

 0

 1

ReE U=0.2
×5

(b)

-1  0  1
x 

 0

 1
y 

-1

 0

 1

ImE U=0.2

-1

 0

 1

 0  0.5  1

(c)

5R
eE

 

x 

y=0U=0.2
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FIG. 4. Eigenvalues of Ĥ(3,0) for U = 0.2. (a) [(b)] The
real- [imaginary-] parts of the eigenvalues against x and y.
(c) [(d)] The real- [imaginary-] parts of the eigenvalues for
y = 0. Panel (c) displays the data multiplied by 5 [i.e., 5ReEn
n = 1, 2, . . . , 8]. These data are obtained for (β, γ1, γ0, γ−1) =
(0.8,−3,−2.945, 1).

IV. SUMMARY

We have addressed interaction effects on the EPs and
the SPERs in the two-dimensional parameter space. Our

analysis elucidates that interactions may destroy the
EPs and the SPERs without breaking relevant symme-
try. The fragility of EPs and the SPERs is due to
the reduction of the non-Hermitian topological classi-
fication. Specifically, we have seen that the reduction
Z(N+P ′+1)/2 → Z (Z → Z2) results in the fragility of
EPs (SPERs) for systems with charge U(1) symmetry
and spin-parity symmetry (chiral symmetry). The above
results strongly suggest that the reduction of topologi-
cal classifications results in the fragility of EPs and their
variants in generic dimensions and symmetry classes.

We finish this paper with a remark on gapped sys-
tems. Topological invariants defined in Eqs. (5) and (6)
[Eqs. (20) and (22)] are available for the characteriza-
tion of one- [zero-] dimensional gapped systems. In par-
ticular, Eqs. (5), (6), and (7) indicate the reduction

of one-dimensional point-gap topology Z(N+P ′+1)/2 →
Z for gapped systems with charge U(1) and spin-
parity symmetry (see Appendix C). In addition,
Eqs. (20), (22), and (23) indicate the reduction of zero-
dimensional point-gap topology Z → Z2 for gapped sys-
tems with chiral symmetry (see Appendix D).

ACKNOWLEDGEMENTS

The authors thank Hosho Katsura, Norio Kawakami,
and Takuma Isobe for fruitful discussions. A part of
the computation has been done using the facilities of
the Supercomputer Center, the Institute for Solid State
Physics, the University of Tokyo. This work is
supported by JSPS KAKENHI Grants No. 17H06138,
No. JP21K13850 and No. JP22H05247. This work is also
supported by JST CREST, Grant No. JPMJCR19T1.

1 D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev.
Lett. 48, 1559 (1982).

2 R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
3 E. Tang, J.-W. Mei, and X.-G. Wen, Phys. Rev. Lett.
106, 236802 (2011).

4 K. Sun, Z. Gu, H. Katsura, and S. Das Sarma, Phys.
Rev. Lett. 106, 236803 (2011).

5 T. Neupert, L. Santos, C. Chamon, and C. Mudry, Phys.
Rev. Lett. 106, 236804 (2011).

6 N. Regnault and B. A. Bernevig, Phys. Rev. X 1, 021014
(2011).

7 D. N. Sheng, Z.-C. Gu, K. Sun, and L. Sheng, Nature
Communications 2, 389 EP (2011), article.

8 E. J. Bergholtz and Z. Liu, International Journal of Mod-
ern Physics B 27, 1330017 (2013).

9 D. Pesin and L. Balents, Nature Physics 6, 376 (2010).
10 A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W.

Ludwig, Phys. Rev. B 78, 195125 (2008).
11 A. Kitaev, AIP Conf. Proc. 1134, 22 (2009).
12 S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W.

Ludwig, New J. Phys. 12, 065010 (2010).
13 L. Fidkowski and A. Kitaev, Phys. Rev. B 81, 134509

(2010).

14 F. Pollmann, A. M. Turner, E. Berg, and M. Oshikawa,
Phys. Rev. B 81, 064439 (2010).

15 A. M. Turner, F. Pollmann, and E. Berg, Phys. Rev. B
83, 075102 (2011).

16 L. Fidkowski and A. Kitaev, Phys. Rev. B 83, 075103
(2011).

17 X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83,
035107 (2011).

18 X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 84,
235128 (2011).

19 Y.-M. Lu and A. Vishwanath, Phys. Rev. B 86, 125119
(2012).

20 H. Yao and S. Ryu, Phys. Rev. B 88, 064507 (2013).
21 S. Ryu and S.-C. Zhang, Phys. Rev. B 85, 245132 (2012).
22 X.-L. Qi, New J. Phys. 15, 065002 (2013).
23 M. Levin and A. Stern, Phys. Rev. B 86, 115131 (2012).
24 C.-T. Hsieh, T. Morimoto, and S. Ryu, Phys. Rev. B 90,

245111 (2014).
25 H. Isobe and L. Fu, Phys. Rev. B 92, 081304 (2015).
26 X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev.

B 87, 155114 (2013).
27 Z.-C. Gu and X.-G. Wen, Phys. Rev. B 90, 115141 (2014).
28 A. Kapustin, arXiv:1403.1467 (2014).
29 A. Kapustin, arXiv:1404.6659 (2014).



8

30 A. Kapustin, R. Thorngren, A. Turzillo, and Z. Wang,
Journal of High Energy Physics 2015, 1 (2015).

31 L. Fidkowski, X. Chen, and A. Vishwanath, Phys. Rev.
X 3, 041016 (2013).

32 C. Wang, A. C. Potter, and T. Senthil, 343, 629 (2014).
33 M. A. Metlitski, L. Fidkowski, X. Chen, and A. Vish-

wanath, arXiv:1406.3032 (2014).
34 C. Wang and T. Senthil, Phys. Rev. B 89, 195124 (2014).
35 Y.-Z. You and C. Xu, Phys. Rev. B 90, 245120 (2014).
36 T. Morimoto, A. Furusaki, and C. Mudry, Phys. Rev. B

92, 125104 (2015).
37 T. Yoshida, A. Daido, Y. Yanase, and N. Kawakami,

Phys. Rev. Lett. 118, 147001 (2017).
38 C.-M. Jian and C. Xu, Phys. Rev. X 8, 041030 (2018).
39 Y. C. Hu and T. L. Hughes, Phys. Rev. B 84, 153101

(2011).
40 K. Esaki, M. Sato, K. Hasebe, and M. Kohmoto, Phys.

Rev. B 84, 205128 (2011).
41 M. Sato, K. Hasebe, K. Esaki, and M. Kohmoto, Progress

of Theoretical Physics 127, 937 (2012).
42 S. Diehl, E. Rico, M. A. Baranov, and P. Zoller, Nature

Physics 7, 971 (2011).
43 C.-E. Bardyn, M. A. Baranov, C. V. Kraus, E. Rico,
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T. Neupert, Phys. Rev. Research 2, 023265 (2020).

61 T. Yoshida, T. Mizoguchi, and Y. Hatsugai, Phys. Rev.
Research 2, 022062 (2020).

62 H. Shen, B. Zhen, and L. Fu, Phys. Rev. Lett. 120,
146402 (2018).

63 Y. Xu, S.-T. Wang, and L.-M. Duan, Phys. Rev. Lett.
118, 045701 (2017).

64 A. U. Hassan, B. Zhen, M. Soljačić, M. Khajavikhan,
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value −Ẽ. Thus, tuning parameters does not change the
zero-th Chern number N0Ch when Γ̂ and Ξ̂ commute
each other. In contrast, for systems where Γ̂ and Ξ̂ anti-
commute each other [see Eq. (21)], the zero-th Chern
number N0Ch can change its value; in this case, the rela-
tion Ξ̂Ĥ0Γ = Ĥ0ΓΞ̂ holds .

114 To be strict, the subscript σ = 1, 0,−1 labels pseudo-
spin because fermions should have odd half-integer spin
(1/2, 3/2, 5/2 . . .) .
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117 We have imposed the additional constraints on the Ĥ.

However, these constraints do not affect the discussion
provided in Sec. III A because the block-diagonalization
is not effected by the presence/absence of interactions in
contrast to the case of Sec. II A. Namely, the argument
in Sec. III A is directly available by replacing the Ĥ to the
block-diagonalized Hamiltonian with N̂ and Ŝz, although
an explicit analysis of a toy model without additional sym-
metry constraints is left as a future work .

Appendix A: The number of the subspaces for the
Fock space with [N,P ]

For a given set of [N,P ], we count how many sets of
(N↑, N↓) are allowed, which elucidates the number of the
subspaces for the given Fock space with [N,P ]. We count
the number of the sets (N↑, N↓) for the following four
cases.

(i) For evenN and P = 1, the following sets of (N↑, N↓)
are allowed:

{(2M, 0), (2M − 2, 2), (2M − 4, 4), . . . , (0, 2M)} ,
(A1)

withN = 2M andM being a non-negative integer. Thus,
there exist the number N/2 + 1 of the sets (N↑, N↓) for
the given set of [N,P ] = [2M, 1].

(ii) For even N and P = −1, the following sets of
(N↑, N↓) are allowed:

{(2M − 1, 1), (2M − 3, 3), (2M − 5, 5), . . . , (1, 2M − 1)} ,
(A2)

withN = 2M andM being a non-negative integer. Thus,
there exist the number N/2 of the sets (N↑, N↓) for the
given set of [N,P ] = [2M,−1].

(iii) For odd N and P = 1, the following sets of
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(N↑, N↓) are allowed:

{(2M + 1, 0), (2M − 1, 2), (2M − 3, 4), . . . , (1, 2M)} ,
(A3)

with N = 2M + 1 and M being a non-negative inte-
ger. Thus, there exist the number (N + 1)/2 of the sets
(N↑, N↓) for the given set of [N,P ] = [2M + 1, 1].

(iv) For odd N and P = −1, the following sets of
(N↑, N↓) are allowed:

{(2M, 1), (2M − 2, 3), (2M − 4, 5), . . . , (0, 2M + 1)} ,
(A4)

with N = 2M + 1 and M being a non-negative inte-
ger. Thus, there exist the number (N + 1)/2 of the sets
(N↑, N↓) for the given set of [N,P ] = [2M + 1,−1].

Taking into account the above results, we end up with
the fact that there exist the number (N + P ′ + 1)/2 of
the subspaces with (N↑, N↓) for the given Fock space with
[N,P ]. Here, P ′ takes P (0) for even (odd) N .

Appendix B: Robustness of EPs for s↓ = 1

EPs characterized by a finite value of the winding num-
ber W[N,P ] are robust against interactions. In order to
demonstrate this fact, let us analyze the Hamiltonian dis-
cussed in Sec. II B for s↓ = 1 [i.e., the Hamiltonian (1)
specified by Eqs. (8) and (9)].

As is the case of s↓ = −1 (see Sec. II B), we focus on
the Fock space with [N,P ] = [2, 1]. Figures 5(a) and 5(b)

(a)
ReE V=0

-3  0  3x -3  0  3y 

-2

 0

 2 (b)
ImE V=0

-3  0  3x -3  0  3y 

-2

 0

 2

-3  0  3
x 

-3

 0

 3

y
 

(c) Arg[detH0(2,0)]/π

V=0

-3  0  3
x 

-3

 0

 3

y
 

-1

 0

 1
(d) Arg[detH0(0,2)]/π

V=0

FIG. 5. (a) [(b)] The real- [imaginary-] part of eigenvalues of

Ĥ[2,1] for V = 0 and s↓ = 1. The red dots denote EPs. (c)

[(d)] The argument of detĤ0(2,0) [detĤ0(0,2)]. The data are
plotted in a similar way to Fig. 1.

display eigenvalues of Ĥ[2,1] for V = 0 and s↓ = 1.
For V = 0, the Fock space can be divided into sub-
spaces with (N↑, N↓) = (2, 0) and (0, 2). For both sub-
spaces, EPs emerge which are characterized by the wind-
ing numbers (W(2,0),W(0,2)) = (1, 1) for Eref = 0 [see

Figs. 5(c) and 5(d)]. Thus, recalling Eq. (7), we have
W[N,P ] = 2 for Eref = 0. This result is consistent with
Fig. 6(a); W[N,P ] takes two which is computed along a
path winding around the singular point (denoted by a
white arrow) in the counterclockwise direction.

-3  0  3
x 

-3

 0

 3

y
 

(a) Arg[detH[2,1]]/π

V=0

-3  0  3
x 

-3
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 3

y
 

-1

 0

 1
(b) Arg[detH[2,1]]/π

V=1

FIG. 6. (a) [(b)] The argument of detĤ[2,1] for V = 0 [V = 1]
and s↓ = 1. The white arrows indicate the points where EPs
emerge.

The finite value of W[N,P ] in the non-interacting case
indicates the robustness of EPs against interactions. Fig-
ure 6(b) displays color map of detĤ[2,1] for V = 1. In this
figure, we can see that W[N,P ] takes one which is com-
puted along a path winding around the singular point
(denoted by a white arrow) in the counterclockwise di-
rection. Correspondingly, the EPs emerges even in the

(a)
ReE V=1

-3 0 3 x -3  0  3y 

-2

 0

 2 (b)
ImE V=1

-3 0
 3
x 

-3 0 3 y 

-2

 0

 2

FIG. 7. (a) [(b)] The real- [imaginary-] part of eigenvalues of

Ĥ[2,1] for V = 1 and s↓ = 1. Red dots denote the EPs at
zero energy E = 0. The data are plotted in a similar way to
Fig. 2.

interacting cases. Figure 7 displays eigenvalues of Ĥ[2,1]

for V = 1 and s↓ = 1. The above results indicate that
EPs characterized by a finite value of W[N,P ] are robust
against interactions.

Appendix C: Reduction of one-dimensional
topology for gapped systems

Computing the topological invariants
[Eqs. (5) and (6)], we analyze the one-dimensional
topology of a gapped system, which justifies the re-
duction Z(N+P ′+1)/2 → Z for the one-dimensional
point-gap topology with charge U(1) symmetry and
spin-parity symmetry. In the following, the topology in
a one-dimensional parameter space is mainly analyzed,
although a similar analysis can be done for the topology
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in one spatial dimension as briefly explained around the
end of this section.

Consider the Hamiltonian (1) specified with Ψ̂ =
(ĉa↑, ĉb↑, ĉa↓, ĉb↓)

T ,

h(θ) = diag(eiθ, 0, e−iθ, 0), (C1)

Ĥint = iV [Ŝ+
a Ŝ

+
b + Ŝ−a Ŝ

−
b ]. (C2)

Here, diag(. . .) denotes a diagonal matrix whose elements
are specified by the numbers enclosed in the parentheses.
The coefficient V is a real number. The one-dimensional
parameter space is described by θ (0 ≤ θ < 2π).

The above Hamiltonian preserves charge U(1) symme-
try and spin-parity symmetry [see Eqs. (2a) and (2b)].

We also note that Ĥ commutes with n̂bσ = ĉ†bσ ĉbσ for
σ =↑, ↓. Thus, we suppose that a fermion occupies or-
bital b.

For the Fock space with [N,P ] = [2, 1], the Hamilto-
nian is written as

Ĥ[2,1] =

(
eiθ iV

iV e−iθ

)
, (C3)

with the basis (
ĉ†a↑ĉ

†
b↑|0〉, ĉ

†
a↓ĉ
†
b↓|0〉

)
. (C4)
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FIG. 8. Spectral flow of the Hamiltonian Ĥ for the Fock space
with [N,P ] = [2, 1]. (a) [(b)] Spectral flow for the subspaces
with (N,Sz) = (2, 1) [(2,−1)] at V = 0. (c) Spectral flow for
the Fock space with [N,P ] = [2, 1] at V = 1.

For V = 0, the above representation indicates that the
Fock space is decomposed into subspaces with (N,Sz) =
(2, 1) and (2,−1), and that the winding numbers for these
subspaces take W(2,1) = 1 and W(2,−1) = −1 at Eref = 0,
respectively [see Figs. 8(a) and 8(b)]. Therefore, the

loop structures observed in Figs. 8(a) and 8(b) are ro-
bust against perturbations at the non-interacting level
because they are protected by the non-trivial point-gap
topology.

Here, Eq. (7) indicates that the above loop structure
is no longer protected by the non-trivial topology in the
presence of interactions; because of the winding numbers
W(2,1) = 1 and W(2,1) = −1 for Eref = 0, Eq. (7) results
in W[2,1] = 0. Indeed, the interaction V destroys the loop
structure observed in Figs. 8(a) and 8(b). In order to see
this, we compute the eigenvalues which are written as

E±(θ) = cos θ ± i
√

sin2 θ + V 2. (C5)

This result elucidates that the loop structure is destroyed
by interactions mixing the subspaces with (N,Sz) =
(2, 1) and (2,−1); |ImE±(θ)| > 0 holds for an arbitrary
θ. This fact is explicitly presented in Fig. 8(c).

The above results demonstrate that the reduction of
the one-dimensional point-gap topology for the gapped
systems: Z2 → Z for [N,P ] = [2, 1]. Namely, in the
non-interacting case, the second quantized Hamiltonian
Ĥ0 possesses the non-trivial properties characterized by
W(2,1) = 1 and W(2,−1) = −1 for Eref = 0. However, the
non-trivial topology is not maintained in the presence
of interactions (W[2,1] = 0), which is supported by the
fragility of the loop structure against the interactions [see
Fig. 8].

We finish this section with two remarks. The previ-
ous work102 has also addressed the reduction phenomena.
We note, however, that Ref. 102 has compared the topol-
ogy of the first-quantized Hamiltonian h and the second-
quantized Hamiltonian Ĥ. In contrast, the analysis pro-
vided in this section compares the topology of the non-
interacting second-quantized Hamiltonian Ĥ0 with that
of the interacting second-quantized Hamiltonian Ĥ which
clearly elucidates that the Z(N+P ′+1)/2 group formed by
the point-gap topological states in non-interacting cases
reduces to its subgroup Z due to the interactions [see
Eq. (7)].

We also note that a similar argument is applied to
the point-gap topology in one spatial dimension. In
Ref. 102, the point-gap topology in one spatial dimen-
sion is analyzed for an interacting non-Hermitian chain
with charge U(1) symmetry and spin-parity symmetry
[see Eq. (9) of Ref. 102]. Because the Fock space with
[N,P ] = [3,−1] is divided into subspaces with (N,Sz) =
(3, 3/2) and (3,−1/2) in the non-interacting case, the
topology of non-interacting Hamiltonian is characterized
by the two winding numbers taking W(3,3/2) = 1 and
W(3,−1/2) = −1 at Eref = 0 for the Fock space with
[N,P ] = [3,−1]. Thus, the loop structure is observed for
the non-interacting non-Hermitian chain [see Fig. 3(b)
of Ref. 102]. This loop structure is fragile against inter-
actions because Eq. (7) results in the vanishing winding
number W[N,P ] = 0. Indeed, interactions destroy the
loop structure with keeping the point-gap for Eref = 0
and the relevant symmetry [see Fig. 3(d) of Ref. 102].
Correspondingly, the non-Hermitian skin effect observed
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at the non-interacting level is also destroyed by the in-
teractions [see Figs. 3(c) and 3(e) of Ref. 102].

Appendix D: Reduction of zero-dimensional
topology for a gapped system

We analyze the zero-dimensional topology of a gapped
system, which justifies the reduction Z → Z2 for the
zero-dimensional point-gap topology with chiral symme-
try. Although the following results are essentially the
same as the ones in Sec. III B, we discuss the details by
focusing on a zero-dimensional system with the point-
gap.

Consider the Hamiltonian Ĥ specified with
Eqs. (25), (26), and (27) for given real parameters
x and y = 0 (i.e., z = x, 0 ≤ x ≤ 1). The Hamiltonian

Ĥ preserves the chiral symmetry (15) with Ξ̂ defined in
Eq. (28). Thus, in the absence of interactions, the topol-

ogy of Ĥ is characterized by the zero-th Chern number
N0Ch, a Z-invariant [see Sec. III A 1]. In the presence of

interactions, the topology of Ĥ is characterized by the
Z2-invariant ν.

FIG. 9. Phase diagram of the Hamiltonian Ĥ(3,0). In the ab-
sence of interactions, the zero-th Chern number takes N0Ch =
4 (6) at Eref = 0 for 0 ≤ x < xc (xc < x ≤ 1) with xc ∼ 0.6.
In the presence of interaction, the Z2-invariant takes ν = 1
for 0 ≤ x ≤ 1. Dashed allows illustrate a path parameterized
by λ.

Let us focus on the Fock space with (N,Sz) = (3, 0).
Figure 9 displays topological invariants against x and U .
In the non-interacting case, the point-gap at Eref = 0
closes (detĤ(3,0) = 0) at the point (x, U) = (xc, 0) with
xc ∼ 0.6 which separates two regions of distinct point-
gap topology with N0Ch = 6 and N0Ch = 4 for Eref =
0. In the presence of interactions U , the above point-
gap closing does not occur. Therefore, one can identify
the topology of N0Ch = 6 and that of N0Ch = 4 in the
presence of interactions. Correspondingly the topology is
characterized by ν which takes ν = 1 in the entire region.

In the following, we numerically demonstrate that in-
teractions allow the smooth deformation of Ĥ character-
ized by N0Ch = 6 to the Ĥ characterized by N0Ch = 4
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FIG. 10. (a) [(b)] Spectral flow of Ĥ(3,0) for U = 0 [0.2]. With
increasing x from 0 to 1, the eigenvalues flow along blue curves
as indicated by black arrows. In panel (a) [(b)], eigenvalues for
x = 0, 0.6, and 1 [x = 0, 0.8725, and 1] are denoted by open
circles, crosses, and closed triangles, respectively. In panel
(a), the point-gap at Eref = 0 closes as denoted by the green
arrow. The flow in panel (a) is symmetric about the real- and
imaginary-axes due to Eqs. (15) and (18a). The flow in panel
(b) is symmetric about the real-axis due to Eqs. (15). These
data are obtained for (β, γ1, γ0, γ−1) = (0.8,−3,−2.945, 1).

which keeps the point-gap and chiral symmetry. Fig-
ures 10(a) and 10(b) display the spectral flow for U = 0
and U = 0.2, respectively. As shown in Fig. 10(a), the
point-gap closes at x = xc ∼ 0.6 in the non-interacting
case [see also Fig. 11]. In contrast, the point-gap remains
open in the interacting case [see Fig. 10(b)], which is con-
sistent with the phase diagram [see Fig. 9].

In a similar way, we can see that the gap remains open
along the path parameterized by λ (0 ≤ λ ≤ 1) which
is illustrated by dashed arrows in Fig. 9. Figure 12 indi-
cates that interactions allow the smooth deformation of
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Ĥ characterized by N0Ch = 6 to the Ĥ characterized by
N0Ch = 4 which keeps the point-gap and chiral symme-
try.

The above results justifies the reduction of the point-
gap topology Z→ Z2 for zero-dimensional systems with
chiral symmetry.

 0
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U=0

|E
| 

x 
FIG. 11. The absolute value of eigenvalues |En| (n = 1, . . . , 8)
as functions of x for U = 0. At x = xc ∼ 0.6, the eigenvalues
become zero.

The previous work92 has also addressed the reduc-
tion phenomenon. We note, however, that Ref. 92 has
compared the topology of the first-quantized Hamilto-
nian h and the second-quantized Hamiltonian Ĥ. In
contrast, the analysis provided in this section compares
the topology of the non-interacting second-quantized
Hamiltonian Ĥ0 with that of the interacting second-
quantized Hamiltonian Ĥ which clearly elucidates that
the Z group formed by the point-gap topological states
in non-interacting cases reduces to its subgroup Z2 due
to the interactions [see Eq. (23)].
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(i) (ii) (iii)
|E

| 

λ 
FIG. 12. The absolute value of eigenvalues |En| (n = 1, . . . , 8)
as functions of λ which parameterizes the path illustrated in
Fig. 9. On the dashed vertical lines λ takes λ = 1/3 and 2/3,
respectively. Here, λ parameterizes (x, U) as follows: [region
(i)] for 0 ≤ λ < 1/3, it parameterizes as (x, U) = (0, 0.6λ);
[region (ii)] for 1/3 ≤ λ < 2/3 , it parameterizes as (x, U) =
(3λ − 1, 0.2); [region (iii)] 2/3 ≤ λ ≤ 1, it parameterizes as
(x, U) = (1, 0.2− 0.6λ).


