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Symmetry fractionalization is a ubiquitous feature of topologically ordered states that can be
used to classify different symmetry-enriched topological phases and reveal some of their unique
experimental signatures. Despite its vast popularity, there is currently no available framework to
study symmetry fractionalization of quantum spin ice (QSI) — a U(1) quantum spin liquid (QSL)
on the pyrochlore lattice supporting emergent photons — within the most widely used theoretical
framework to describe it, gauge mean-field theory (GMFT). In this work, we provide an extension of
GMFT that allows for the classification of space-time symmetry fractionalization. The construction
classifies all GMFT Ansétze that yield physical wavefunctions invariant under given symmetries and
a specific low-energy gauge structure. As an application of the framework, we first show that the
only two Ansétze with emergent U(1) gauge fields that respect all space group symmetries are the
well-known 0- and 7-flux states. We then showcase how the framework may describe QSLs beyond
the currently known ones by classifying chiral U(1) QSI. We find a new chiral QSL described by
m/2-fluxes of the emergent gauge field threading the hexagonal plaquettes of the pyrochlore lattice.
We finally discuss how the different ways translation symmetries fractionalize for all these states
lead to unique experimentally relevant signatures and compute their respective inelastic neutron
scattering cross-section to illustrate the argument.

I. INTRODUCTION

Intrinsic topological phases of matter are novel ground
states of many-body systems characterized by long-range
entanglement (LRE) [IH6]. LRE leads to drastic phe-
nomenological consequences such as topology-dependent
ground state degeneracies and the emergence of decon-
fined fractional excitations and low-energy gauge struc-
tures. The definition of topologically ordered states in
terms of LRE is independent of the presence of any sym-
metries. However, in the presence of symmetries, such as
the space group of a lattice or on-site symmetries, topo-
logically ordered phases of matter acquire a finer classifi-
cation as they can split into different symmetry-enriched
topological (SET) classes [7THI2]. In distinct SET phases,
the global symmetries fractionalize in different ways, i.e.,
the emergent quasiparticles carry different fractions, so
to speak, of the local constituents’ quantum number (e.g.,
the charge or spin of the electrons) [I3HI9]. The inves-
tigation of symmetry fractionalization in SET classes is
a uniquely important tool in our current quest for the
experimental realization of topological phases of mat-
ter. It provides a classification framework and highlights
distinct experimentally accessible signatures since sym-
metry fractionalization can be measured by conventional
shot-noise and neutron scattering experiments [20H23].

Some of the most experimentally relevant potential re-
alizations of topological order are quantum spin liquids
(QSLs); quantum paramagnetic ground states of spin
systems where competition between different local inter-
actions is so intense that it prevents conventional mag-
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netic long-range order and instead results in LRE [24-
28]. One of the most paradigmatic QSLs is quantum
spin ice (QSI). QSIis a QSL on the pyrochlore lattice (see
Fig. a)) with an emergent compact U(1) gauge struc-
ture that provides a lattice realization of quantum elec-
trodynamics with a gapless photon-like mode, charged
particles with mutual Coulomb interactions (spinons),
and magnetic monopoles [29H34]. It is known that con-
sidering the symmetries of the pyrochlore lattice, QSI
can realize at least two different SET phases: the O-
and 7-flux states (0-QSI and 7-QSI) where the hexag-
onal plaquette of the pyrochlore lattice (see Fig. C))
are threaded by static 0- and m-fluxes of the emergent
U(1) gauge field respectively [35H38]. Currently, the
only available classifications of SET phases on the py-
rochlore lattice beyond the 0- and 7-flux states rely on
the projective symmetry group (PSG) [39-42]. As in-
troduced by Wen in his seminal work [43], the PSG
is historically the first attempt to provide a classifica-
tion scheme for QSLs using space-time symmetry frac-
tionalization. In this framework, a specific parton con-
struction is first assumed. Different PSG classes (i.e.,
different patterns of space-time symmetry fractionaliza-
tion) correspond to inequivalent mean-field (MF) solu-
tions within that specific slave-particle construction [44}-
49]. The PSG can classify QSLs invariant under a given
set of symmetries, such as fully symmetric QSLs where
all space-time symmetries are preserved or chiral QSLs
with broken time-reversal symmetry [50, 5I]. It further
provides variational wavefunctions to study the physi-
cal properties of these prospective QSLs. For QSI, all
PSG classifications have used Abrikosov fermions [41], 52]
or Schwinger bosons [39, [40, 2] parton constructions.
These are generic slave-particle constructions for spin
systems that do not have any apparent connection to
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the physics of QSI, thus making the physical relevance of
the identified QSLs dubious.

On the other hand, a parton construction with a trans-
parent connection with QSI is gauge mean-field theory
(GMFT) [36, B7, B3l B4]. In this formalism, bosonic
spinons hop on the parent diamond lattice while inter-
acting with an emergent compact U (1) gauge field, which
directly corresponds with our conceptual understanding
of QSI. GMFT is still a widely used theoretical frame-
work to study QSI and has successfully unveiled many
vital insights. However, it remains unclear if a classifica-
tion scheme similar to the PSG can be applied to GMFT.
Indeed, there are salient differences between GMFT and
other parton constructions upon which the PSG classifi-
cation is based (i.e., Abrikosov fermions and Schwinger
bosons) that make the construction of such a theoretical
framework non-trivial. For instance, many ideas from
the PSG are challenging to apply to GMFET since the
emergent gauge structure, which is the cornerstone of the
PSG construction, has an entirely different physical ori-
gin. In conventional parton constructions, the emergent
gauge field fluctuations are introduced to project back
the parton wavefunction to a physical subspace with a
fixed number of partons per site. On the other hand,
the emergent gauge structure in GMFT imposes a lat-
tice analog of Gauss’s law after artificially introducing
a slave bosonic Hilbert space at every site of the parent
lattice. Furthermore, the spins in GMFT are represented
by directed link variables in contrast to purely on-site op-
erators in the Abrikosov fermions and Schwinger bosons
representations.

In this work, we provide a projective extension of
GMFT that allows for the classification of space-time
symmetry fractionalization. After briefly reviewing the
physics of GMFT, we explain how to find all possible
Ansatze that yield physical wavefunctions invariant un-
der a specific set of symmetries and construct their corre-
sponding variational MF wavefunction. With this frame-
work in hand, we first show that assuming the full space
group of the lattice, only two QSI states are possible:
the 0- and 7-flux states. Even though our extension of
GMFT confirms that all fully symmetric QSI states were
previously known, it is still an essential step towards
the unambiguous experimental realization of QSI since
it provides a natural framework that can be extended to
study QSLs beyond the fully symmetric U(1) case. For
instance, it can be used to classify Zs QSLs born out
of the condensation of spinon pairs or chiral QSLs. The
latter classification of chiral QSLs might be especially rel-
evant since recent numerical and analytical studies have
found some evidence hinting at the presence of a dis-
ordered phase that breaks time-reversal or inversion in
proximity to the SU(2) symmetric Heisenberg point [55-
[59]. Therefore, to exemplify the framework’s usefulness,
we classify chiral U(1) QSI states. We find two states re-
lated by time-reversal symmetry described by mw/2- and
3 /2-fluxes piercing the hexagonal plaquettes. We finally
compute the spinon contribution to the neutron scatter-
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FIG. 1. (a) The sites of the pyrochlore lattice form a three-
dimensional network of corner-sharing tetrahedra. The down
(up) tetrahedra are colored in purple (green). (b) The par-
ent diamond lattice and the three basis translation vectors.
(c) When seen along the [111] direction, the pyrochlore lat-
tice forms alternating two-dimensional kagome and triangu-
lar layers, whereas the parent diamond lattice forms puckered
honeycomb layers with an ABC stacking. (d) The unit cell of
the pyrochlore and parent diamond lattice.

ing cross-section for all these states and show how the
spectral periodicity of the two-spinon continuum can be
used to distinguish them experimentally.

The rest of the paper is organized as follows: In Sec. [[]
the conventions we use for the pyrochlore and its parent
lattice are discussed before reviewing the GMFT con-
struction in Sec. [[Ill Our projective extension for GMFT
is presented in Sec. [[V] and then applied to classify sym-
metric and chiral U(1) QSI states. We move on to dis-
cuss the experimental signatures of these different QSLs
and compute the spinons’ contribution to their respective
neutron scattering cross section in Sec.[V] In Sec. [VI] we
finally end with a discussion of our work’s implications
and future directions.

II. CONVENTIONS
A. Pyrochlore and parent diamond lattice

The magnetically active ions in spin ice form a py-
rochlore lattice, an FCC Bravais lattice with four sublat-
tices shaping into a network of corner-sharing tetrahedra
as illustrated in Fig. [[{a). To identify the position of
a unit cell on the pyrochlore lattice, we introduce the
global cartesian coordinates (GCC), which are the stan-



dard frame coordinates of the FCC cube with edge length
set to unity, and the following three basis vectors (as ex-
pressed in the GCC and illustrated in Fig. [[[b)-(c))

&) = % (0,1,1) (1a)
6y = % (1,0,1) (1b)
6y = % (1,1,0). (1c)

For later convenience, we also introduce €y = (0,0, 0).
The diamond lattice is premedial to the pyrochlore lat-
tice [60]. It is often colloquially referred to as the dual
diamond lattice. To be rigorous, we shall hereafter refer
to it as the parent diamond lattice. This parent lattice
is an FCC Bravais lattice with two sublattices positioned
at the center of the up and down pointing tetrahedra, as
shown in Fig. [[{b). The initial pyrochlore lattice sites
are at the center of the bonds on the diamond lattice.
Each down tetrahedron (see Fig. [[{a) for definition) is
connected to four nearest-neighbor up tetrahedra by

by = %1 (1,1,1) (2a)
1

b; = Z (*13 1, 1) (2b)
1

by =5 (1,-1,1) (20)

by = % (1,1,-1). (2d)

Each up tetrahedron is connected to four down tetrahe-
dra by the opposite vectors. To label the position of the
sites on this parent diamond lattice, we introduce the sub-
lattice indexed diamond coordinates (SIDC), where the
unit cell is identified by a linear combination of the three
basis vectors in Eq. . The two sublattices are defined
by the sublattice displacement vectors —n,bg/2, where
na = 1 and np = —1 with « labeling the sublattice, and
A (B) stands for down (up). This coordinate system is
related to the GCC by

ro = (7“1, T2, Tg)a = 7r1€1 + ro€y + r3é3 — %bo (SIDC)

1 o
S (ra+r3,r 473, +12) — %bo

. (GCC)

Finally, spins at every site are defined in a sublattice-
dependent local frame. The local basis on each pyrochlore
sublattice is defined in Appendix [A]

B. Space group

The space group (SG) of the diamond lattice is Fd3m
(No. 227). This space group is minimally generated by
five operators: three translations T; (i = 1,2,3), a ro-
toreflection Cy (i.e., Cg = IC3 where Cs is a threefold

rotation around [111] and I is the inversion), and a non-
symmorphic screw operation S. These space group gen-
erators act on the position vector written in the SIDC as

T, vrq — (11 + 01,2+ 052,73 + §i,3)a (3a)
66 Ty — (—7‘37—7“17—7“2)7“’3(0[) (3b)
Sirg = (—=r1,—ra, 1 + 12 + 13+ 6(17,4)“’3(&) , (3¢)

where m4 p(c) are cyclic permutations of the A and B
sublattices.

III. PARTON MEAN-FIELD THEORY
A. Slave-spinon formulation

For completeness, we briefly review the physics of
quantum spin ice (QSI) and the GMFT parton construc-
tion. For a more detailed exposition of the formalism, we
refer the reader to Refs. [36], 37, 53], 54].

For the sake of simplicity, we restrict our analysis to
the XXZ model

Hxxz = Z (JzzSZR,-Sf{’j —Jx (Sﬁisf_i; + Sﬁfsﬁé>) ’
(R:R/)
(4)

where the spins are written in the local frame, and the
sum is over nearest-neighbor sites of the pyrochlore lat-
tice. We consider the spins to be effective spin-1/2 dou-
blets that transform as usual spinors under elements of
the local site symmetry group Dsq [61]. In the antifer-
romagnetic Ising limit (i.e., J+/J,, — 0 and J,, > 0),
the J., coupling enforces the sum over the z-component
of the spins to be zero for every tetrahedron (i.e., 2-
in-2-out). This set of local constraints, known as the
ice rules, is a lattice equivalent of the requirement for
the spin field to be divergenceless and leads to an ex-
tensive ground state degeneracy. The effect of a small
transverse term Ji can then be treated perturbatively
within this manifold of 2-in-2-out states. By going to the
third order in degenerate perturbation theory, the effec-
tive Hamiltonian is a compact U(1) lattice gauge theory
of the form [62]

Heg ~ —J31/J2, ZCOS(V x A), (5)
O

where the sum is taken over hexagonal plaquette and the
lattice curl (V x A)n = E@.’j)eO A;j is equal to the
flux through the hexagonal loops (see Fig. [[|(c)). This
emergent U(1) gauge structure is, in a sense, inevitable
since the sum over the z-component of all spins within
any tetrahedra must commute with the effective Hamil-
tonian as it is defined in a manifold where ), , S¥ = 0.
For a ferromagnetic transverse coupling Ji > 0, the ex-
istence of a deconfined U(1) QSL (i.e., QSI) with 0-flux



threading the hexagonal plaquettes (i.e., (V x A)q = 0)
is well established from quantum Monte Carlo (QMC)
simulations [63H66]. In this perturbative regime, the ex-
act mapping between Jy < 0 and Jx > 0 [37, 60] indi-
cates that a m-flux QSI state (i.e., (V x A)n = 7) exist
for J+ < 0. However, the sign problem of QMC in that
parameter regime makes the fate of the m-flux state am-
biguous beyond the perturbative Ising regime.

To go beyond the perturbative regime |Ji| < J,., the
theory cannot be restricted to the 2-in-2-out manifold
since tetrahedra configurations that do not respect the
ice rules then play a significant role. GMFT is a the-
ory introduced by Savary and Balents [53] that attempts
to properly describe the U(1) deconfined phase without
appealing to any perturbative argument. In this frame-
work, bosonic particles that conceptually correspond to
defect tetrahedra breaking the ice rules are introduced
at the center of each tetrahedron on the parent diamond
lattice. The Hilbert of interest is therefore augmented to
t%i)ig = L%?'spin ® %Qv where %spin = ®N%:1/2 is the
initial Hilbert space of the spins-1/2 on the pyrochlore
lattice and 77 is the Hilbert space for the new bosonic
field Qr, € Z that is defined on each parent diamond
lattice site r,. The canonically conjugate variable to the
bosonic charge is ¢, (i.e., [¢r,,Qr,] = 7). This natu-

J

rally leads to the definition of raising and lowering op-
erators ‘IJ;[a = ¢'ra and ®,, = e~ ¥ra respectively. To
project back J%;, onto the initial physical spin Hilbert
space, the discretized Gauss’s law

3

Qra = TN Z Sia‘“]abu/?’ (6)

pn=0

needs to be enforced for all tetrahedra. All matrix ele-
ments are reproduced with the replacements

1,
SjA—i-b“,/Q = (I)IA <26 Ara,m-%—bu) (I)!‘A+bﬂ (78,)
SiA+b“/2 = EI‘A,I‘A+b“ (7b)

where A and FE are canonical conjugate fields that
act within the S, subspace of J#,,. The local z-
component of the spin now corresponds to the emer-
gent electric field, and the raising/lowering operators
create a pair of spinons on the parent lattice while
crea?i@rsg/ annihilating an electric field quanta to respect
Eq. (6).

With those replacements, the XXZ Hamiltonian is

Jzz J ) —
2 T o Ar r b Ar r b
Hr tor E Qra [ E E (I)ra (I)ra I uem (Arg ra+naby afatna u),
ro

To W,VF#H

The J,, term represents the energetic cost for the exis-
tence of spinons while J4 leads to hopping of the spinons
between different tetrahedra of the same type (i.e., up
or down) while being coupled to the gauge field. The
Hamiltonian has the following U (1) gauge structure

(I)r(v — ‘I)r(, eiXra (8)
Arar’B — Arar;} - XI'/ﬁ + Xra
as a direct consequence of the physical constraint (@
This completes the reformulation of the initial nearest

neighbor Hamiltonian as a compact U(1) lattice gauge
theory coupled to quantum rotors.

B. Saddle-point approximation

The total partition function, taking into account both
partons and gauge fields, is

2= [ D@",2,Q. A, B\ (eSS, (0)

where Sgpyv = foﬂ ar ¥ Z< >(E;ar,ﬁ)2 enforces the odd
vacuum condition Erar;j = +1/2 by taking the U — oo

’
l"a!‘ﬁ

(

limit, and Spatter describes the quantum rotors coupled
to the U(1) gauge field

B
s = [ (z (07, 007, + N (9707, — 1)
0

Ty

wig (z P )) H) |
w

(10)

The Lagrange multipliers Al and ([ enforce the con-
straint |®] @, | =1 and Eq. () respectively at all sites
of the diamond lattice.

To get a tractable model, a saddle point approximation
is performed by fixing the gauge field to a constant back-
ground (i.e., A — A), which amounts to decoupling the
dynamics in Sy, and in 5. We also allow the gauge
charges to take on any integer value Q,_, € (—o0,0) in-
stead of being constrained to |Qy, | < 25. Doing so and
integrating out the charges yields

Zyp = /D[@*,cp}e*SGMFT, (11)



where the saddle point action is

p 1
SaMFT = / dr (Z Fa‘r(b:zarq):a + HamFT
0 zz

+iY N (DIFPT — 1)) (12)

and Hamrer is the J4 term in H,opor but with the gauge
fields fixed to constant values. At this stage, an Ansatz
is usually made about the gauge field background A. For
instance, with ferromagnetic (antiferromagnetic) trans-
verse coupling, one assumes a gauge field configuration
with 0-flux (7-flux) threading the hexagonal plaquettes
as a consequence of the perturbative argument outlined
above. However, one must wonder if these two Ansétze
are the only possible U(1) QSLs that respect all lat-
tice symmetries and if there is a way to systematically
find all gauge field Ansétze that respect a given set of
symmetries. In the following section, we describe such
a framework and classify all fully symmetric and chiral
U(1) QSLs within the GMFT parton construction.

Once the gauge background has been specified, the
ground state within this parton mean-field theory ap-
proach can be identified. The quantum rotor formalism
captures many different phases. Most importantly, it can
describe U(1) QSLs that formally correspond to decon-
fined phases within the traditional U(1) lattice gauge the-
ory. From this deconfined phase, transition to an ordered
phase is described either by the Higgs mechanism that
occurs through condensation of the spinon (i.e., (®) # 0)
or gauge field confinement (i.e., (¢’!) = 0). The frame-
work also describes Zy QSLs born out of spinon pairs
condensation (i.e., (P®) # 0) from the U(1) QSL in the
presence of spinon-spinon interactions.

IV. PROJECTIVE CLASSIFICATION
A. Generalities

We here discuss the general ideas behind the projective
classification of SET phases within the GMFT parton
construction. This construction is inspired by the pro-
jective symmetry group (PSG) analysis. For a detailed
discussion of the PSG, we refer the interested reader to
Refs. [43, 44l 50, [51].

After performing a saddle point approximation by re-
placing the gauge connection operators with a fixed back-
ground, the theory does not have a U(1) gauge structure
since Gauss’s law is not respected anymore. This stems
from the decoupling of the gauge i, and bosonic 73
Hilbert spaces. However, even if the gauge structure
is absent at the MF level, it still has important conse-
quences. To see this, one can consider the action of the

FIG. 2. Graphical representation of the projective construc-
tion. The space represents all possible gauge configurations
{A}, and the red curves correspond to sets of gauge config-
urations related by a gauge transformation G (i.e., different
equivalence classes). Depending on the set of equivalent gauge
configurations, a symmetry O can map a representative of an
equivalence class to an equivalent (right part of the figure)
or non-equivalent (left part of the figure) field configuration.
In the first case (right), there exists a gauge transformation
Go such that Go o O maps the representative point to it-
self, whereas no such gauge transformation can be found in
the second case (left). The MF eigenstate on the right (left)
yields a physical spin wavefunction that is symmetric (not
symmetric) under O.

operator generating the U(1) gauge transformations

U({X}) = Hexp (ina (Qr(, - Z El‘mra-"-??abp,))
' (13)

on a GMFT eigenstate assuming a specific gauge back-
ground {A}

Haner ({A}) [V ({4})) =€ ({4}) [ ({4})). (14)

This operator maps the gauge configuration to another
one U : {A} = {G(4A)} = {A¢} by a transformation
of the form expressed in Eq. . To simplify the nota-
tion, we use a subscript to denote the transformed gauge
field and suppress the explicit mention of the y param-
eters. It is first straightforward to see that all GMFT
eigenstates with gauge configurations related by gauge
transformations (i.e, |[¥({A4})) and |¥U({Ag}))) are de-
generate. Indeed,

Honer ({A6}) [V ({4a})) = € ({4a}) [¥ ({46}))
= UHawrr ({4}) UTU @ ({4}))

=& ({4} [v ({4e}))

implies £({A}) = E({Ag}).

Next, the GMFT eigenfunctions are not physical spin
wavefunctions in general unless they happen to satisfy
Eq. @ To recover a physical spin wavefunction one can
think of using a projector-like transformation Pgauss that



removes any charge configuration that does not respect
|Qr, | < 25 and acts on the S, part of ’\Il({A})> =

{E}) @ {Q}) such that Pgauss |¥({A})) respects the
constraint of Eq. (6). Accordingly, since [U, Pgauss] = 0
because U acts trivially on any state that respects the
lattice Gauss’s law, all GMFT eigenstates that only differ
by a gauge transformation yield the same physical spin
wavefunction

PcaussU ’\I’({Z}» = Pgauss ‘\II({ZG})>
= UPGauss |2 ({4}))
= PGauSS |\II({Z})> .

This argument is independent of the way one chooses to
implement the projection back to the physical spin space
Paauss- Accordingly, although the gauge structure is not
explicitly present, the MF theory still has a redundancy
in its description. This redundancy has important and
subtle consequences. If we require a GMFT wavefunction
to yield a physical spin state that respects a symmetry
O, then this amounts to requiring that O maps the MF
wavefunction |¥({A})) to the same MF state up to a
gauge transformation. That is, for a GMFT wavefunc-
tion to yield a physical state that is symmetric under
a specific transformation, there needs to exist a gauge
transformation Gp such that the MF state is invariant
under Gp o O. Equivalently stated at the Hamiltonian
level, a specific gauge background {A} will yield a sym-
metric physical state under O if

Go o O : HaoMmrr ({Z}) — HaoMFET ({Z}) . (15)

This idea is illustrated graphically in Fig. 2] As a re-
sult, all static gauge field configurations corresponding
to physical states invariant under a given set of symme-
tries {01, Oa, ...} can be classified by identifying the asso-
ciated gauge-enriched operations {O1, 0y, ...} = {Go, o
01,Go, 0 O, ...} that can leave Hgypr invariant.

As a final remark, we note that the subgroup of pure
gauge transformations Gigg ol that leave the MF Hamil-
tonian invariant is not associated with any symmetry of
the initial system but rather the emergent low-energy
gauge structure of the model. This subgroup is called the
invariant gauge group (IGG). From an algebraic stand-
point, the gauge-enriched group F is a central exten-
sion of the original group F = {0, 0s,...} by the IGG

J

J
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(F = F /IGG), and the second cohomology group classi-
fies all inequivalent gauge-enriched classes.

Looking at Eq. , it can be observed that the IGG of
the GMFT action is U(1) x U(1) since the two diamond
sublattices are decoupled. This is a very particular prop-
erty that stems from our restriction to the XXZ model.
The IGG would reduce to U(1) by adding any coupling
between the two sublattices. Such coupling could be in-
duced by interactions beyond the XXZ model. Since the
U(1) x U(1) gauge structure is a fine-tuned and fragile
property whose naturalness is ambiguous, we will restrict
our attention in the rest of the paper to the more physi-
cally relevant case where the IGG is U(1). This will also
allow us to make contact with existing literature on QSI.
This potential U(1) x U(1) gauge structure remains an
interesting observation that requires clarification.

B. Projective construction

We now discuss the detailed implementation of the for-
malism. Within GMFT, the spin operators are mapped
to directed link variables. Consequently, it can be re-
marked that time-reversal and certain space group oper-
ations map a bosonic creation operator to an annihilation
one and vice versa. For instance, a transformation acting
purely on the lattice that changes the orientation of the
links (i.e., maps bonds A — B to B — A) effectively
inverts the annihilation and creation operator. As such,
the symmetry operations can not be adequately repre-
sented by acting solely on ®,_. To build a representation
of the space-time symmetry operations on the bosonic
fields that correctly encodes this information, we thus
introduce the vector field

. o,
7, - (@ ) (16)

and the gauge matrices

inuzra Tatnabu 0
G(ra; Ta + naby) = (6 | 4 > |

0 e~ MaAra ratnaby

(17)

With this notation, the GMFT Hamiltonian is written as

+ - -
Hemrr = _§ Z Z \I]Ia"l'nabu gj(ra + nab;u ra)gj(rom ro + nabu)\I/raJrT/ar,/' (18)

To p,VFER

and the action of the symmetry generators on the bosonic
field can be represented by (see Appendix

Tz :\I_}ra — 0 1) \IjTi(ra) = Z/{Ti\I_}T,L-(ra) (193)
O T 10 U = U= T 19b
6 ro T 01 Ceo(ra) — Y"Cs “ Co(ra) ( )
S, — 10 Usra) =UsVs(r,)- (19¢c)



As discussed in the previous subsection, a gauge trans-
formation of the form

= ei(b(roc) 0
Gl (00 i) ) Yre = 9(ra) e, (20)

is associated with each symmetry operation to make it
projective. The projective transformations that act on
the spinons are

Ty : Wy, = Gr[Ti(ra))" " Ur, Vg, v, (21a)
Co : Br, v G, [Colra)"Oolhs, Wg, () (21D)
S Wy, = Gs[S(ra)]" Us e, (21c)
where the gauge matrices are of the form
ei¢0[0(ra)] 0
GolO(ra)] = ( 0 ewo[om)]) (22)
and the factors ny, = 1, ngy, = 1, ng = —1 are intro-

duced to correctly apply the gauge transformation con-
sidering if the creation and annihilation operators have
been exchanged.

C. Symmetric U(1) quantum spin ice states

We are now in a position to classify QSLs that real-
ize different patterns of space-time symmetry fraction-
alization. We first classify all QSLs which have an
IGG of U(1) (ie., ¢o € [0,2m) for all phase factors
in the gauge-enriched symmetry operations) and respect
all space group symmetries. The detailed classification
is presented in Appendix [C] We find that two different
classes associated with the phase factors

(le (ra) =0 (238.)
o1, (Ta) =namry (23b)
o1y (ra) =mam (11 +72) (23¢)

bcg (ra) =mamri(ra +13) (23d)
65 (ra) =5-

—— (=r1(r1 + 1) +ro(ra + 1) + 2r173) ,
(23e)

where n4 is a parameter that can be either 0 or 1. It is not
obvious from these equations, but it is later shown that
these two GMF'T classes are nothing but the well-known
0- and w-flux states for n; = 0 and ny; = 1 respectively.

D. Chiral U(1) quantum spin ice states

A relevant extension of the previous classification of
symmetric QSLs is the classification of chiral QSLs with
an IGG of U(1). Chiral QSLs are classically associated
with noncoplanar magnetic order [67, [68]. In contrast to
symmetric QSLs, chiral QSLs break time-reversal sym-
metry and some lattice symmetries modulo a global spin

flip [42 [51]. Namely, a parity eo is associated with every
symmetry operation O. The parity is defined to be even
eo = 1 if the GMFT Ansatz respects the symmetry and
odd ep = —1 if the Ansatz only respects it modulo time-
reversal. There is a subgroup x. of the space group with
operations that can only be even. Mathematically, all
elements of y. are sent to the identity by any morphisms
from the SG to Z,. Careful consideration of the diamond
lattice SG algebraic constraints shows that the even sub-
group x. is generated by {T1,7T3,T3,C3,C%} where we
have introduced C% = S71C3S (see Appendix . On
the contrary, the operators Cg and S have an undefined
parity. The GMFT Ansétze are then only required to be
invariant under operations of the even subgroup and can
thus be enumerated by the same procedure we used for
the fully symmetric case but using x. instead of the whole
SG. The chiral classification should capture all symmetric
Ansétze that have been previously identified since these
will correspond to the cases where Cg and S have an
even parity (es = €5, = 1). The new Ansiitze that can
describe chiral QSLs will be those where there is at least
one SG operation with an odd parity ep» = —1. Proceed-
ing as such, we find four different GMFT classes with the
phase factors

¢1, (ro) =0 (24a)
o, (ra) =51 (24D)
1, () :”é 2% (11 — 12) (24c)
e, (Ta) :%n (r3 — r2) (24d)
by (ta) =— 2% (ry 20y 473 — T) + 7315 — 1+ 260,0))

(24e)

where ny/5 € {0,1,2,3}. The ny/p = 0 and ny/p = 2
Ansétze correspond to the ny = 0 and n; = 1 states
from our previous fully symmetric classification respec-
tively. The ni/; = 1 and ny/, = 3 GMFT Ansitze are
new chiral states that are related by time-reversal. They
correspond to a single chiral QSL. Since this classification
encompasses the previous symmetric one, we shall only
use and refer to the results of the chiral classification in
the rest of the article.

E. Gauge field configuration at the saddle point
1. Relating the gauge field on different bonds

The value of the gauge field on every bond needs to
be determined to build the GMFT action for the classi-
fied Ansédtze. The transformation properties of the gauge
field are first necessary to determine the relation be-
tween the values of the gauge field on different bonds
of the parent diamond lattice. It can be deduced by us-
ing the spinon transformations and requiring that the



Hamiltonian is invariant under the gauge-enriched sym-
metry operations. Indeed, the gauge-enriched operators
O must be symmetries of the GMFT Hamiltonian (i.e.,

J
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O : Hamrr — Hewmrr). For the GMFT Hamiltonian to
be invariant under the projective operations, we have the
requirement that

G1(0(ra), Ora + nabp)) = Ub[Go(O(ra))1]"0 G5 (xa, Ta + naby)[Go (O(ra + naby)]" Uo, (25)

for space group operations.

2. Unit cell

We can use this relation to find the complete gauge
field configuration of the n;,, = 0, 1, 2, and 3 GMFT
Ansatze. To do so, the value of the gauge field on a given
representative bond is initially arbitrarily fixed. Since all
bonds of the parent diamond lattice are related by com-
positions of the symmetry generators for the symmetric
and chiral cases, the value of the gauge field on all other
bonds of the lattice can be determined. A translation
of the entire GMFT unit cell is a trivial operation. Be-
cause T; = 1 for ny/p = 0, T? = 1 for nip = 2 and
Ti‘l =1 for ny/y = 1 with i € {2,3}, the GMFT unit cell
comprises 1, 4 and 16 primitive unit cells of the parent
diamond lattice for these three cases respectively. There-
fore, the problem of finding the gauge field configuration

—_ A7'A‘7‘A+b/: =0
s A7'.4-,7'A+b“ =T

* Ararath, =T/2

FIG. 3. Gauge field configuration within the unit cells for the
(a) 0-flux (nq/2 = 0), (b) m-flux (n1/2 = 2) and (c) 7/2-flux
(n1/2 = 1) QSI states. As indicated by the arrow, all lines are
directed bonds that go from the A (purple) to the B sublattice
(green). The full circles represent directed bonds coming out
of the plane.

(

on all bonds reduces to determining the gauge fields on
bonds within a single GMFT unit cell. After proceeding
as such (see Appendix, we find the unit cells depicted
in Fig. 8 The ny/5 = 0 and ny/5 = 2 GMFT Ansétze
are described by static patterns of 0 and 7 gauge field
fluxes through all hexagonal loops of the diamond lat-
tice respectively. As a result, we shall refer to them as
the 0-flux and 7-flux QSI states in the rest of the paper.
We note that these two states are time-reversal invariant
even though we did not require it explicitly. The ny,, =1
Ansatz is described 7/2-fluxes threading the hexagonal
plaquette. The flux is equal to the phase spinons acquire
after transporting them around a closed loop (i.e. coun-
terclockwise rotation in Fig. . We shall simply refer
to this chiral GMFT Ansatz as the m/2-flux state. The
nie = 3 Ansatz is related to the n;/; = 1 Ansatz by
replacing the 7/2-fluxes with 37 /2-fluxes and vice versa
(i.e., time-reversal operation). The 7/2- and 37/2-flux
states have the same physical properties. We shall ac-
cordingly only consider the n;,; = 1 state in the rest
of this paper. Now that the gauge field configuration
has been determined, we can forget about the details of
the GMFT classification construction and only retain the
definition of the Ansitze given in Fig.

V. EXPERIMENTAL SIGNATURES

With the background gauge field configurations in
hand, the GMFT action can be fully constructed and
used to evaluate observables for our three prospec-
tive QSI states. The only caveat is that the con-
straint on the rotor length at every site |®f @, | = 1
that is imposed by the site- and time-dependent La-
grange multiplier A\[ is particularly difficult to enforce.
To resolve this issue, we follow the usual prescription
and perform a large-N approximation by replacing the
site-dependent Lagrange multipliers field by sublattice-
dependent global ones A% to only enforce the average con-
straint ) <(I)ia <I>ra> /Ndu.c = & for a € {A, B} where
Nq.u.c. 18 the number of diamond lattice primitive unit
cell and k is a real parameter. As a side note, we mention
that there exist alternatives to this large-N approxima-
tion. One of them is the exclusive boson representation
of the XY quantum rotor introduced in Ref. [69], which
also has the advantage of allowing the straightforward
application of standard diagrammatic techniques. Our



classification scheme is independent of such a choice.
After this standard approximation, the translational
symmetry of the lattice can be used to Fourier trans-
form our bosonic operators and, in all cases, rewrite the
GMFT action in the general form (see Appendix |F))

SeMFT = Z Z (I;L,mn,a

k,iw, a€{A,B}

[ga (k7 an)} -1 5k,iw” NeZ)
(26)

where the wavevector sum is over the reduced first Bril-
louin zone, the spinon vector field is

Bf o0 = (Pl a0 Phicon Nasa) (27)

with the indices labeling all sites of either the A or B
sublattices inside the unit cell of a specific GMFT Ansatz,
and the spinon Matsubara Green’s function is

UJQ
> > Ilel><Ns.1 + Ma(k)

2Jzz
(28)

(@2 (k,iw,)] ! = (X’ +

M“(k) is an Ng X Ng matrix, with Ng being the number
of primitive diamond lattice unit cells within the unit
cell of a specific QSI state. It encodes all information
regarding the spinon hopping processes and background
gauge field. Identifying the poles of the Green’s function
(see Appendix , the spinon dispersion is of the form

E2(k) = /2. (0 + =5(K)), (29)

where ¢S (k) are the eigenvalues of the M“(k) matrix.
Since Ny = 1, 4, and 16 for the 0-, -, and 7w /2-flux case
respectively, we have two bands for n;/; = 0 (one band
for the A sublattices and one band for the B sublattices),
8 bands for ny/, = 2, and 32 bands for n;/, = 1. In all
cases, the bands associated with the A sublattices are

degenerate with those of the B sublattices.

A. An aside on the large-N approximation

Before discussing specific experimental signatures of
the classified QSI states, we make a few comments re-
garding the large-N approximation. Interpreting the real
and imaginary parts of ®;,, = gy, 1 + iGr, 2 as two-
dimensional coordinates, the initial hard constraint on
the rotor length constrains the system at every site to be
on the unit circle qul + qug = 1. Such a constraint
is important for the mapping between the initial spin
model and the slave-particle construction to be exact.
The large-N approximation allows the particle to move
on the entire two-dimensional plane and only restricts its
average displacement. In the existing GMFT literature,
k = 1 is always chosen. However, since the correspon-
dence between the slave-particle construction and the ini-
tial spin model is lost by relaxing the hard rotor length

constraint, we would like to argue that there are a priori
no reasons why such a choice ought to be made. Indeed,
the k parameter should instead be chosen to reproduce
results in a given limit without consideration for the ini-
tial hard constraint, in analogy to how the average boson
occupancy can be tuned to interpolate between the quan-
tum and classical regime in Schwinger boson mean-field
theory [44) [70 [71].

In our case of interest, a natural regime where GMFT
should be expected to reproduce known results is the
Ising or classical spin ice limit (i.e., Jy/J,, — 0). In
such a limit, the spinon dispersion is classically expected
to become completely flat at an energy of J,./2 [72].
To try and reproduce this result, we first note that in
the Ising limit, the rotor length self-consistency equation
reduces to (see Appendix

1 Jow Jio0 [ J.
K Ny.ue. ? ; 53 (k) 2\ K2’

with the corresponding spinon dispersion

e ) =0 VT (31)

In order to respect the classical limit £ (k) = J../2, the
parameter k = 2 needs to be chosen.

On top of reproducing the classical spin ice limit, we
find that x = 2 significantly improves the accuracy of
the GMFT results. For instance, GMFT with x = 1
tends to widely overestimate the stability of QSI. For the
0-flux state, GMFT with x = 1 finds that the QSL is
stable until Ji/J,, = 0.192, whereas the transition to a
magnetically ordered phase occurs for the much smaller
coupling strength of Ji/J,, = 0.05 in QMC simula-
tions [63] 64, [73, [74]. With x = 2, we find a critical
value of Jy/J.. =~ 0.048, which is in surprisingly good
agreement with QMC. Using k = 2, we further find a
broad agreement for the position of the lower and upper
edges of the two-spinon continuum with QMC results
(see Fig. [f(2.a)-(3.a) compared to results in Ref. [65]).
For these reasons, all remaining results are presented for
K=2.

B. Spectroscopic signatures of space group
fractionalization

For the m-flux (ny/2 = 2) and 7/2-flux (ni/, = 1)
states, crystal momentum fractionalizes. Namely, the
spinons acquire a non-zero Aharonov-Bohm phase after
transporting them around the shortest closed loop since

LM1/2™

TiTi+1Ti_1T»_+11 =e' 2 s (32)
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for i € {1,2,3}. Such a fractionalization of translation
symmetries has important consequences. It was pointed
in Ref. [20] and later restated for QSI in Ref. [23], that



such a fractionalization leads to a spectral enhancement
of the two-spinon density of states that could be measur-
able in INS. To see this, we can consider a two-spinon
eigenstate with momentum q

) = las2), (33)

where z stands for all other labels like the energy of the
state and the spins of the spinons. The momentum is
expressed as q = ¢1G1 + ¢2Go + q3G3 where G, are the
reciprocal lattice basis vectors associated with the basis
vectors of Eq. (i.e., G; - €; = 2md;;). Under the as-
sumption of symmetry localization [I7], acting with the
translation operator on this two-spinon state amounts
to translating the two spinons individually against a
translation-invariant background

T [) = T(OTi(2) las 2) = €™ |aq;2),  (34)

where (1) and (2) label the spinons, and the last equality
follows from the fact that |q;z) is a momentum eigen-
state. At the MF level, the spinons are non-interacting.
Translating one of them is a good symmetry that leads
to eigenstates with the same energy

> = ‘w(ml,mz,m3)> . (35)

These degenerate eigenstates may have a different mo-
mentum that is not connected by the reciprocal lattice
basis vectors, as can be seen from Eq. . ) and repeated

usage of Eq. .
T4 [ ma ms))
= (BODBE) T OB O (1) )
= (T (T (T (OT(E) 1)
=e! (m2= mf’)Tml(1)T~2m2(1)T~§”3(1)T1(1)T1(2) [¢)
(2ot D [y ) (36)

Repeating the argument for T, and T3, we see that for
any state with momentum q there exist other degenerate
eigenstates with the same quantum numbers at momen-
tum q + 22 (p1G1 + p2G2 + p3G3) with p; € Z.

The degeneracy between states connected by fractions
of the reciprocal lattice vectors has important conse-
quences. It implies that the two-spinon density of states
and the edges of the two-spinon continuum all have to
obey

T ()T ()T (1) [

1/2

n
in/g (q) = Qn1/2 <q+ 2 (p1G1 +p2Go —|—p3G3)) s
(37)

/
4
where with p; € Z. As a specific example, we can
consider the path in the reciprocal lattice connecting
the T' point to X = (G; + G2)/2. For the w-flux
state the spinon dispersion must satisfy £5(I') = £5(X)
which leads to Q,,,—2 (I') = Qy, ,=2 (X) for the two-
spinon spectrum, whereas we have £(TI") = £9(X/2) =

10

570‘()() and Q7’t1/2:1 (F) = QTl1/2:1 (X/2) = Q’f11/2:1 (X)
for the 7/2-flux state. By comparison, there is no
constraint between Q,, ,—o (') and Q,, ,—o (X) for the
0-flux state. Similarly, the two-spinon spectrum be-
tween the I' and L = (G; + G2 + G3)/2 points re-
spects Qp, ,=2(I') = Qp, ,=2 (L) and Qy, ,=1 (I') =
Qnyjp=1(L/2) = Qp, ,=1 (L) for the 7 and 7/2-flux
states respectively.

It should be noted that since neutrons couple to spin-
1 excitations and the spinons carry spin-1/2, a neutron
scattering event corresponds to the creation of a spinon
pair. For the deconfined QSI phases, INS probes the
two-spinon continuum. The enhanced spectral periodic-
ity described in Eq. may be measured in INS and
by other spectroscopic probes, thereby potentially offer-
ing a practical and accessible way to distinguish between
different QSI states experimentally and numerically.

C. Dynamical spin structure factor

Even though the spinon continuum for different QSI
states has to respect certain symmetries constraints, it
does not necessarily imply that the space group fraction-
alization will lead to experimentally measurable signa-
tures. Indeed, the inelastic neutron scattering (INS) in-
tensity depends on other factors which do not have to re-
spect the enhanced spectral periodicity. To see if spectral
periodicity offers a useful way to distinguish the differ-
ent QSI states experimentally, we explicitly compute the
INS cross-section. The dynamical spin-spin correlations
in the local frame are captured by the components of

N1 Z ez‘q-(RFR_’j)

" RiR)

« / aret (S, (1)5%,(0)) . (38)

SLF(CL )=

where the sum is taken over all sites of the pyrochlore
lattice R;, with ¢ € {0,1,2,3} labelling the sublat-
tices. To make direct contact with experimental measure-
ments, the spins need to be rotated from their sublattice-
dependent local frame to the global frame, and the cou-
pling between the neutron and the magnetic dipole of the
spins is considered by introducing a transverse projector
and g-factors. The INS cross-section is (neglecting any
form factor) proportional to

dQU qa9b wt a b
“0ds ™ ; (&w e ) /dte (m®(q,t)ym"(—q,0))

(39)

_ \/]\:/lvi Ze ZRac cdsd ’ (40)
c,d

uc g
T
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FIG. 4. Dynamical signatures of the symmetric and chiral QSI states. (1) Spinon dispersion , (2) dynamical spin correlations
in the local sublattice-dependent frame and (3) neutron scattering cross-section for the (a) 0-flux state at J+/J.. = 0.046, (b)
m-flux state at J1/J.. = —1/3 and (c) 7/2-flux state at J+/J.. = —1/3. Solid white lines denote the upper and lower edges of
the two-spinon continuum. The results are broadened by a Lorentzian function with a full width at half maximum of n = 0.02
to mimic finite lifetime effects. The inset of panel (1.a) shows the first Brillouin zone of a face-centered cubic Bravais lattice

and its high-symmetry points.

where the R,, matrices are sublattice-dependent rotations
from the local frame to the GCC, and the g-matrix con-
tains the g-factors of the spin in the local frame.

The z-components of the local dynamical correlations

%%, x (EE) are associated with the emergent photon
propagator. One can compute the contribution of the
photon to the INS cross-section [30]. However, since we
are not considering gauge fluctuations within our GMFT
approach, obtaining a quantitative comparison between
the contribution of the matter and the emergent gauge
bosons might be challenging. Furthermore, the pho-
tons and spinons usually operate on entirely separate
energy scales. In most cases, the photon contributes
on an energy scale which may be very challenging to
resolve experimentally [65]. For these reasons, we set
g = g¥¥ # 0 and ¢g** = 0 to consider only the most

significant contribution to the dynamical spin structure
factor: spinons scattering.

The spinon dispersions, dynamical spin correlations in
the local frame, and neutron scattering cross-sections for
the three QSI states of interest in a regime where they are
not condensed are shown in Fig. 4l For the 0-flux state,
the INS cross-section shows a broad continuum with most
of its spectral weight close to the upper two-spinon con-
tinuum edge and high-intensity peaks at the X and L
points. It should further be noted that the GMFT calcu-
lations are consistent with the QMC results of Ref. [65]
(see Appendix [H for a detailed comparison). For the -
flux state, we get bands that are very flat in most direc-
tions. This leads to an INS cross-section that is separated
into three different energy sectors, where the lowest, cen-
tral, and highest contributions correspond to processes



involving two spinons of the lowest band, the two differ-
ent bands, and the upper band respectively. Much of the
spectral weight is concentrated in the lower edge of the
two-spinon continuum. This clearly makes the spectral
enhancement observable especially for the paths I' — X
and I' — L. Finally, the 32 bands of the w/2-flux state
lead to a blurry INS spectrum with a few high-intensity
peaks. The spectral enhancement might not be as ob-
vious as in the w-flux case, but we observe a twofold
repetition of high-intensity peaks at the same energy for
the I' - X and I' — L paths.

VI. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we provided an extension of GMFT to
classify all GMFT Ansatze corresponding to physical spin
wave function respecting a given set of symmetries. In
the case where the physical spin state resulting from
the variational wavefunction is a deconfined QSL, the
theoretical structure classifies SET phases captured by
the GMFT parton construction. We explained how sub-
tleties that made the application of ideas from the PSG
to GMFT challenging like the origin of the gauge struc-
ture and the mapping of the spin operators to directed
bond variables could be properly taken into account.

Application of the theoretical construction shows that
there only exist two GMFT Ansétze that respect all lat-
tice symmetries, the 0- and 7-flux states. There is an-
other chiral QSL that breaks time-reversal symmetry and
is described by either 7/2- or 37/2-fluxes. These states
are distinguished by the way translation symmetries frac-
tionalize. We showed how this symmetry fractionaliza-
tion leads to distinct experimental signatures through the
spectral enhancement of the two-spinon density of states.
To explicitly confirm that such a signature should be ex-
perimentally accessible, we computed the spinon contri-
bution to the INS cross-section and confirmed that the
0-flux state shows no spectral enhancement, whereas the
doubling of the unit cell for the n-flux state is visible.
The fourfold spectral enhancement for the chiral 7 /2-flux
state is also present but might be harder to detect.

The GMFT approach relies on a saddle point approx-
imation where the gauge field is fixed. One might legiti-
mately question the relevance of our classification scheme
considering the disregard of any gauge field fluctuations,
especially considering recent indications that the gauge-
matter coupling in QSI is stronger than in ordinary QED
[75]. Strong gauge interaction in QSI is a topic of great
interest that will undoubtedly lead to significant phe-
nomenological consequences. For instance, it was re-
cently shown that the gauge degrees of freedom and their
fluctuations are important to understand qualitative and
quantitative features in the dynamical correlations of
quantum spin ice [34] [76]. However, we would like to
point out two crucial observations as to why GMFT still
provides an essential tool for studying QSI. First, sym-
metry fractionalization is believed to be a robust char-
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acteristic of a topologically ordered phase that is stable
to perturbations [I3] [43]. Accordingly, our classification
scheme and observations regarding the enhanced spectral
periodicity should remain valid in the presence of strong
interactions. Second, the excellent agreement between
the dynamical spin correlations obtained in QMC and
GMFT presented in Appendix [H] should serve as a con-
vincing piece of evidence that the correlations obtained in
GMFT capture the most important features and can be
meaningfully used to compare with experimental results.

Our investigation opens the door to many relevant
theoretical investigations. First, the framework we in-
troduced can be used to classify Zs QSLs. This classi-
fication is especially important since the presence of a
Zo QSL with ferromagnetic transverse coupling was re-
cently suggested by QMC simulations [63]. However, be-
sides its position in the phase diagram, nothing is known
about this prospective Zy QSL. Furthermore, another re-
cent investigation provided an underlying mechanism to
generate interactions between fractionalized quasiparti-
cles coming from the constraint on the physical Hilbert
space that could lead to the formation of an intermediate
Zo QSL between the deconfined U(1) QSL and confining
magnetically ordered phase just as observed in QMC [77].
With the numerical hints for the existence of the phase
and a potential underlying mechanism to explain its ori-
gin, our extension of GMFT could then serve to explore
the nature of this intermediate phase. It could be used
to classify possible phases, examine their stability, and
compute their experimental signatures to compare with
possible future QMC results. An interesting question of
great current experimental interest is if a similar scenario,
the presence of an intermediate Zy QSL between the U(1)
deconfined and confining phase, is also realized for anti-
ferromagnetic transverse couplings. Such a scenario is
much harder to investigate since QMC is plagued by a
sign problem in that region of the phase diagram. Still,
we hope that by providing the variational wavefunction of
prospective states, our work might help shed some light
on this issue.

Our classification scheme can also be applied for less
symmetric variants like the pyrochlore lattice with the
application of an electric field [78] or the breathing py-
rochlore lattice [25] [62] [79HR3]. There has been a revival
of interest in breathing pyrochlore magnets due to pro-
posals that they may stabilize QSLs with a rank-2 U(1)
tensor gauge structure and fractonic excitations [84HSG].
Many candidate pyrochlore materials have a breathing
anisotropy [87H93]. It would be interesting to see how
this breaking of the inversion symmetry could lead to
potentially new GMFT classes and if a framework anal-
ogous to GMFT could be introduced for tensor gauge
structures.

Another exciting direction to take our construction
is to apply it to the dipolar-octupolar case [61], 94H96].
There has been a tremendous interest in this case since
the analyses of available data suggest that the pyrochlore
compound CesZro07 is in a region of parameter space



that is believed to stabilize the m-flux U(1) octupolar
QSI [97HI0T]. However, even if the position of CesZry07
is well known in parameter space, there are still doubts
regarding the nature its the ground state. Indeed, the
compound is far from the perturbative Ising limit, where
the theoretical prediction for the m-flux U(1) octupolar
QSI ground state is well established. It was further re-
cently shown that many experimentally observed key fea-
tures could be explained by an entirely different Z, QSL
state with bosonic excitations [39]. It would then be in-
teresting to apply our framework and compute the INS
cross-section of the octupolar m-flux QSI state to see how
it compares to measurements on CesZrsO7.

A question that requires further investigation is the
naturalness of the chiral m/2-flux state. We have dis-
cussed its properties but have not addressed its stability
and potential material realization. It could be stable, es-
pecially if one considers coupling constants beyond the
XXZ model. A promising regime to investigate would be
any path in the parameter space of all possible couplings
that interpolates between the classical spin ice Ising limit
and a noncoplanar magnetically ordered state.

Finally, we believe our work might stimulate the devel-
opment of a framework that could compare SET phases
classified in different three-dimensional parton construc-
tions. More broadly, we hope it might provide insights
into the study of symmetry fractionalization for three-
dimensional topologically ordered phases, a subject still
in its infancy.
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Appendix A: Local coordinates

There are four sites of the pyrochlore lattice within a
primitive unit cell. Their position can be expressed by
defining & = 1&; (i = 1,2,3) to be the displacement
of the i = 1,2,3 sublattices from the i = 0 sublattice
respectively (where ég = &y = 0). The basis vectors of
the local frame at each of these sublattice sites are defined
in table [

TABLE I. Local sublattice basis vectors

I 0 1 2 3
z, (111 —H(-L11) —@1,-11) #11L-1)
Vo %(0 -1,1) 7(0,1,—1) ;1(0,1,1) 7(0,1,1)
X, s (-2,1,1) #(21,1) —S=(2,1,-1) =(2,-1,1)

Appendix B: Transformation of the parton operators

We are considering effective spin-1/2 Kramers dou-
blet [61]. Under the generators of the space group, the
pseudos-spins transform as

T {Sk, S, Sk } = {Shm) Sty Shmo |

(Bla)

G {SE@" ﬁ?ﬂ’sﬁi} H{AYS%G(RY:)’7856(111-)’S%e(m)}
(B1b)
S+ {ShorSn Sk | {150 TSdm St
(Ble)

where v = €2™/3_ In terms of the GMFT parton con-

struction, this corresponds to
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_ 1 . 1 .
. A T —iA
06 '{5(1)114 e iraratin (I)!‘A-l-bu’ §(I)I‘A+bue Hramatiu (I)I‘A ’ ETA;"A'f‘b“}

— AT (r )T (e
(I);i(!‘A-i-b“)e TZ( A),TZ( A+b“)(I)Ti(l‘A)7ETi(rA),Ti(rA+bu)} (BQa)

Tt iAg, o Y st iAo -
a1 6(ra),Ce(ra+bu) Pp— 2P Cg(ra),Ce(ra+bu) p— i —
= {2(1)06(1-A)e ‘ (I)Ca(r,q-‘rbu)’ 2®CG(rA+b“)e . (PCG(I‘A)’ECG(I‘A),CG(I‘A"I‘bM)

(B2b)

1 . 1 )
. A —iA
S .{§¢1A61 PA’rA+b“q)rA+bu7§(bI‘A+bue 7 rA'rA+b"L(I)I‘A?E!'A,TA+bH}

— {_gqﬁ e I ASEA SEATh gy ) _%@g

1AS(x0).S(r g +bp
S(ra+by) ¢ ‘

)(I)S(I‘A—i-bu)v_ES(rA),S(rA-&-bH)}- (B2c)

(ra)

(

With the vector notation introduced in Eq. , we can which translate directly to the gauge-enriched relations
rewrite these transformations as in Eq. accompanied
by the gauge field transformations
Ti :Ary ratbu 7 AT (r,) Ti(ra+b,.) (B3a)
66 ZArmraer“ — Aég(ra),aﬁ(l‘a“rb“) + 27'('/3 (B3b)
S :Ar, ratb, = —AsEa),S(rat+b,) +57/3.  (B3c)

Appendix C: Classification of symmetric U(1) spin
liquids

1. Generalities

To classify symmetry classes, one starts from all alge- 61 0620' = (Go, 001)o(Go, 0 Oz)o- - = '’ € IGG,
braic constraints of the form (C2)
with ¥ € [0,27). We can use the following conjugation
0O10050---=1 (C1)  relation
J
1.3 ¢im0i¢0,; (07 (ra)] 0 - —1 no, =
Or0Go, 00 Wra 0 oo [0 ] ) Fro = (60,107 )" B (C3)
[
to map all these gauge-enriched constraints to phase re- the phase factors are mapped to
lations of the form .
do(ra) = do(ra) + ¢c(ra) —nogc(O~ (ra)) (C5)
b0, (To) + 10, b0, [01—1 (I‘a)] To identify mequlvalent. solutions, all gauge _degrees of
. . freedom must be fixed in the process of solving the al-
+n0,10,00, (037 001 (ra)] +--- =14 mod 27 gebraic equations. Considering spatially isotropic phase

(C4) factors, there are two distinct gauge transformations for

The GMFT classes for a given IGG are then obtained each sublattice (o € {4, B} ) in every direction (rq, r2
by listing the gauge inequivalent solutions of all phase and r3)
equations of the form (C4)). That is, it must be impossible o o ,
to relate two distinct GMFT classes by a general gauge Giat6Gi,a(ra) =V, aTido, 4, (C6)
transformation G. Under such a gauge transformation, GiB : ¢¢,B(ra) = Va,,BTi0a,B, (C7)



one constant gauge transformations for every sublattice

GS* - Pgest (Ta) = ada,a (C8)
GE' : ¢get(ra) = ¥Bda,B, (C9)
where g, , and 1, are defined modulo 2. We are also
free to add a site-independent phase factor to our five

SG phases. Therefore, 8 local gauges and 6 phase factors
must be fixed to get unambiguously inequivalent results.

2. Algebraic constraints

For the parent diamond lattice, the algebraic con-
straints are

TTin Ty ' T =1,i=1,2,3 (C10a)
Ccé=1, (C10b)

STyt =1, (C10c)
CeT,Ci' Ty =1,i=1,2,3 (C10d)
STS™' Ty ' Ty =1,i=1,2, (C10e)
ST3S~ Ty =1 (C10f)
(CeS)' =1 (C10g)

(C39)* =1, (C10h)

(Gr.Ty) (Gryy, Tia) (Gr, )t (G, Tiya) € IGG, (Clla)
(G¢,Cs)° € IGG, (C11b)

(GsS) (G, T3) ' € IGG, (Cllc)

(Ge,Cs) (Gr,Ty) (G, Co) ™ (Gryyy Tinr) € IGG, (C11d)
(GsS) (Gr,Ty) (GsS) ™ (Gp,Ts) " (Gr, T;) € IGG, (Clle)
(GsS) (G, T3) (GsS) ™ (G, Ts) ™' € IGG, (C11f)

[(Ge,C) (GsS)]" € 1Ga, (Clig)

[(00606)3 (GSS)T € IGG. (C11h)
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which correspond to the gauge-enriched operations
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In the case where IGG = U(1), these constraints are explicitly

o1, (ta) + 01y, [T (va)] — o, (T3] (ra)] — ¢T@+1 (ra) =97, (Cl2a)

$c, (ta) + 0, [Cg* (ra)] + b, [Cs 2 (ra)] + b6, [Cs° (ra)] + d6, [C5 " (ra)] + o6, [C5 7 (ra)] = %6 (C12b)
¢s (ra) — ds [S7' (ra)] — d1, (o) = Vs (C12¢)

¢, (o) + o1, [C5 ' (va)] — ¢, [Tit1 (va)] + o1y [Tinr (va)] = Yo7, (C12d)

05 (ra) = ¢, [S71(ra)] — 05 [T5 ' Ti (va)] — o1, [Ti (va)] + 61, [Ti (va)] = s, (Cl2e)

bs (ra) — Ty [571 (ra)] - 95 [ ( )] o1y (ra) = VST, (C12f)

b, (ta) + 05 (G5 (ra)] = ¢0, |(Co8) ™ (ra)| =
+¢s {(06506506) ' (ra } b, [(C 5CsS5CsS)
)]

(bC*G (ra) + ¢C’G [Cg (r )] + ¢CG [ - (ra)] + ¢s [CG

where all ¢ € [0,2m), i = 1,2,3 for Eqgs. (Cl2a)
and (C12d)) and ¢ = 1,2 for Eq. ( m All phase equa-

tions are defined modulo 2. We will not indicate that
subtlety explicitly for simplicity’s sake.

3. Solution of the constraints
a. Inter-unit cell part

Let us first consider the constraints coming from
the commutativity of the translation operators given
in Eq. (Cl12a)). Using our gauge freedom, we can set
¢1,(r1,72,73)0 = ¢1,(0,72,73)0 = ¢711(0,0,73)0 = 0,
which then leads to

¢T1 (ra) =0 (C13a)
o1, (ra) = —¥rym1 (C13b)
o1, (ra) = Y1 — Yp, 1. (C13c)
Plugging this into Eq. (C12d]), we get
%GTI :(ZSEG (’]"17 T2, Tg)a — ¢66(T1’ T2 + ]., Tg)a
—rin (Cl4a)
Vaer, =05, (11,72,73)a — d5,(r1,72,73 + 1)
+ Y2 —Ynre + (C14b)
Vaers =05, (11,72,73)a — b5, (11 + 1,72, 73)0
+¢r, 3 — Y7o (Cl4c)
This yields ¥, = ¥, = Y1, and
95,(ta) =¢5,(0a) = r2tg,r, — r3¥a,n,
—Tl%GTS —’LZJTl (7’17’2 — 7’1’)"3). (C].E))

5 [(CasCo) ™ (ra)] + 6, [(CoSCo8

ra)] - éc, [(C39)
bc, [(C35Cs) ™" (ra)| = e, [(CESCR)

)~ ()]
—1 )1( ):|

)7 (ra)] = 65 [(CeSCeSCoSCo

(ro)]
7 (ra)] — 658 (ra)] = Y5, (C12h)

Yees  (Cl2g)

-1

(

We can then replace the translation phase factors in the

constraints (C12¢) and (C12f) to find

Ys1, =¢s(r1,72,73)a — ds(r1 + 172,73 — 1)

+ (—1 —-r+ Tg)le (ClGa)
Vs, =¢s(r1,72,73)0 — ¢s(r1,m2 + 1,73 — 1)4

+ (1= 3r1 +r2)Yr, (C16b)
Yst, =¢s(r1,72,73)a — ¢5(r1,72,73 — 1)o.  (Clbe)

These equations impose ¢, = nym with ny € {0,1} and
¢s(ra) =¢s(0

1
+ - (—rl + 1o+ 2ryry — r% + r%)

2
+ (7"1 + 7o +’I"3)1/}ST3. (Cl?)

o) — T1¥sT — rotsT,

Having the general form of the phase factors for the five
space group generators, we can find all other constraints
by replacing these in the remaining equatlons The finite
order of the rotoreflection Cg expressed in ) leads
to

3¢5,(04) +3¢5,(08) = Y5, - (C18a)
Eq. yields
thg = — 2rothsy, — 2rihsT, + (11 4+ 12)YsTy
+ ¢5(04) — ¢5(0p) (C19a)
s == 2rothsr, — 2r1¥sT, + (1 + 71+ 7r2)Yst,
— ¢5(04) + ¢5(05B) (C19b)
which leads to
sy = 25 (C20a)
Vs, = Vs, (C20Db)
s = Vs, (C20c)
¢5(04) — ¢5(0B) = Vs, (C20d)



Eq. (Cl12g) gives

0= 2(%6:5 = VGer, — VEem, — 2st,)  (C2la)
7/’565 = %GTl - %GTQ - w@-n — 2sr, (C21b)
which is equivalent to
Ngys™ = Yoer, — Yoo, — Voer, — 20sm, (C22)
with ng ¢ € {0,1}. At last, Eq. (C12h) gives
V56, = Voer, — Yoem, — Yoer, — 2¢sT, (C232)
0=4vYe,r, — Vo, — Yoor, — 2¢sn,-  (C23Db)
Using the previous constraints, these imply
Veor, — Yesr, — Yeor, — 2¥sT, =0 (C24a)
ng,s =0 (C24b)
’(/1556 =0. (0240)

b. Gauge fixing and intra-unit cell part

Now that all constraints coming from the space group
have been determined, we need to fix all remaining gauge
degrees of freedom and solve the intra-unit cell equations.
Let us briefly summarize the results we have determined
thus far. From the space group constraints we obtained

the phase equations (C13)), (C15) and (C17), and the

constraints

365,(04) + 3¢5, (08) =Yg, (C25a)
¢s(04) — ds(0) = s,  (C25b)
Yo, — Yo, — VYe,r, — 2¥st, = 0. (C25¢)

These constraints can be simplified by fixing some gauge
degrees of freedom to remove redundant solutions. The
phase associated with T7, T5 and T5 appear an odd num-
ber of times in Eq. . Similarly, T3 is also present
an odd number of times in Eq. . Consequently,
we can make use of our gauge freedom and IGG struc-
ture (i.e., o — ¢o + x, where x € [0,27)) for ¢p,,
¢, and ér, to set Y5 1 = Vg1, = ¥s1, = 0. Such a
gauge fixing also implies ¢z 5. = 0 from Eq. , and
$5(04) = ¢5(0p) from Eq. (C25b). Next, we can use
a constant sublattice-dependent gauge transformation of
the form

¢(ra) = ¢u7

As the phase factor transform according to ¢o(rs) —
do(ra) + ¢(ra) — no¢ [0~ (ry)] for a general gauge
transformation, our initial gauge fixing for ¢r, o1,
and ¢p, are unaffected by the gauge transformation of

Eq. (C26) while ¢, and ¢ are mapped to

95, (00) = Na(Pa — ¢B) + dg,(0a)
$5(04) = (pa + ¢5) + ¢s(04)

where a € {A, B}. (C26)

(C27a)
(C27b)
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We can then choose ¢, and make use of our IGG freedom
for ¢z, and ¢g to fix

¢5,(08) = ¢5,(04) = ¢5(04) =0 (C28)

This implies that ¢z, = 0 from Eq. (C25aj).
We conclude that there are only two GMFT classes

given by the phase factors summarized in Eq. .

Appendix D: Classification of chiral U(1) spin liquids
1. Even subgroup

We are interested in finding the even subgroup x. C
SG of transformations. To do so, a parity is associ-
ated with every transformation. This parity indicates if
the GMFT Ansatz respects that symmetry directly (i.e.,
eo = 1 for all O € x.) or modulo a time-reversal oper-
ation (i.e., e0 = —1 for all O € x,). It is first trivial
to notice that, since €2 = 1 for ¢ = %1, all SG genera-
tor squared are elements of the even subgroup {T%, T3,
Ts, S2, 62 = C3'} € x.. Next, all SG algebraic con-
straints expressed in Eq. can be translated into the
following equations for the parity of the SG generators

€T, €T, 1 €T, €T 11 — 1,i = 1,2,3 (Dla)
€, =1, (D1b)
e, = 1, (Dl1c)
€T €0 €Ty, = 1,1 =1,2,3 (D1d)
eser esener, = 1,0 =1,2, (Dle)
ESET,ESET, = (le)

4
(6@665) =1 (Dlg)

2
(e%ﬁes) =1 (D1h)
Most of these equations are trivial. However,

Egs. (D1c), (D1d), and (Dle|) imply ey, = €7, =€, =1
while Cs and S remain of undetermined parity. From
this point, new generators of x. can be found by using

the fact that

0;10.0, € x. (D2)
for any O, and O, € x.. We can then proceed iteratively
for any O, and O, until no new generators of y. are
produced. In this case, the only new generator of x.
that can be found this way is

Cl = 871058 = S~1(Cy)S. (D3)
In summary, {11, T, T3, C3, C4} € x. are the generators
for the even subgroup of spatial transformations.
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2. Algebraic constraints

The algebraic constraints on the even subgroup gener-
ators determined in Appendix [D 1] are

TTin T ' T =1,i=1,2,3 (D4a)
Cs =1 (D4b)
cP=1 (D4c)
(CsCh)? =1 (D4d)
CsT,C5 ' T =1,i=1,2,3 (D4e)
CyT (Cy) T T =1 (D4f)
CiTy (C3) ' Ty =1 (Ddg)
CYTs (Ch) ' Ty = 1. (D4h)
These correspond to the following gauge-enriched opera-
tions
(G, T3) (G Tid) (G, T) ™ (G, Tiga) ' € IGG (D5a)
(Ge,Cs)® € IGG (D5b)
(GeyCh)° € 1GG (D5¢)
(Ge,Cs) (Gey Ch) (Gey Cs) (Gey C%) € IGG (D5d)
(GeyCs) (G, Ty) (GeyCs) ™t (G, Tin) ™ € IGG (D5e)
(GeyCh) (GrT) (Gey €)™ (G 1) (Gr, To) ™ € IGG (D5f)
(GeyCh) (Gr,Tz) (G C3) ™ (G, Th) € IGG (D5g)
(GeyCh) (Gr,T3) (Gey C4) ™ (G Th) (G T) ™' € IGG. (D5h)

When IGG = U(1), these constraints lead to the following phase equations

¢Ti [I‘a] + ¢Ti+l [ z‘i ( )] ¢T [ z+11( )] - (bT +1 [I‘a] = wTi (
¢C3 [r@} + ¢C3 [03 (I'a)] + ¢Ca [03 (I'a ] ,(/JCS (D6b)
(

)

b0y [ral + b0y [(CH)° (ra)| + by [(CH) (ra)] = ey, (D6e)
b, Ira] + by [(C3) 7 (v >] + 60, [(C5Ch) (xa)] + by [Ch (ra)] = Ve, DGd)
by [ra] + o, [Cy ( o)] = 6, [T (ra)] = ér,, [ra] = Yoy, (DGe)
by Iral + 6m, [(C5) " (ra)] = by [T (xa)] + b, (1175 (1)) — o1, [ra] = Yieym, (D6)
b0y [ra]wn (€37 (va)] = b0y 111 ()] + 613 111 (ra)] = iy, (D6g)
bcy [ra] + o1, [(C1)" (va)| = by [TT5! (ra)] + 61, [TT5 ! (v)] — o [l = voyr, (D6h)

where all ¢ € [0,27) and i = 1,2,3 for Egs. (D6al) 3. Solution of the constraints

and (D6e)).

a. Inter-unit cell part

Proceeding in a similar way to the fully symmet-
ric classification, we can use our gauge freedom to set



o1, (11,72,73)0 = 01,(0,72,73)0 = ¢711(0,0,73)q = 0.
This leads to

¢r,(ra) =0 (D7a)
o1, (ra) = —rym1 (D7b)
o1y (ra) = ryr1 — Pryra. (D7c)

From Eq. (D6€)), we get

Yo, =Pcy (r1,72,73)a — ¢y (r1,72 — 1,73)a
+ r1Yn

VYesr, =00, (r1,72,73)a — G5 (11,712,713 — 1)
— by + Tathr, — Ty

Vo1, =0, (11,72,73)a — G5 (11 — 1,72,73)a

(D8a)

(D8b)

— 3¢, +ratr, (D8c)
which enforces ¢, = ¢, = ¥, and
by (ra) =00, (0a) + rotbey, + 1300,
+ 7‘1¢CgT3 — P (7“17"2 - 7"17”3)o (D9)

Replacing the translation phase factors in Eqgs. —
(DGE) gives

Yoy, =00y (r1,72,73)a — oy (r1+ 1,12 — 1,13)0

+riYr, (D10a)
Yeyr, =¢cy (11,72,73)a — ¢Cg (r1+1,72,73)a
- 7“2¢T1 (DlOb)

¢C§T3 =¢Cg(7"177”277"3)a — ¢y (r1+1,m2,73 = 1)a
+ ((50470 + 37"2 -+ ’I"3). (DlOC)

Solving these equations, we get that 41y, = 0 which

implies 17, = “£2% for ny/2 € {0,1,2,3} and

t (ro(2ry +r2 — 1)) + r3(1 4+ 24,0 +73)

+roveyr, — (r1+ 12 +13) Ve, + m3to;rs-
(D11)

¢C§ (ra> -

The finite order of the C3 operation expressed in

Eq. gives the equation

Yo, =(r1 +r2+713)(Vesr, + Yesr + YouT)

+ 3¢C3 (Oa) (D12)
which leads to the constraints
Yoy1y + Yoy, + Yosr =0 (D13a)

300, (04) = e, for a € {A,;B}. (D13b)

Similarly, Eq. (D6c) associated with the finite order of
C’, imposes

ey == r3(Yeyr, + boyr, = 3Voyry) +300;(0a)

My /9T
+ (-ﬂ’chl + 2¢cyr, — ; ) da0. (D14)
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After solving the finite difference equation, one finds

0 =Yooy, + Yoy, — 3oy, (D15a)
n1/27T

boy == Yeyn + 2oyr, — —5— +30cy(04) (D15b)

Yoy =36c;(0p). (D15¢)

Replacing all the space group generator phase factors in

Eq. results in

Yoy, =(r +13) (Yeyr, — Yoy + Yoyr — Yost
+est, +Yosts) + (Yoyr, — YesTi)da,0

+ 2(¢Ca (004) + ¢C§ (Oa)) (DIG)
which is equivalent to the constraints
0 =Ycyr, — Yoyr, +Voyr,
— Vo5t +YosT, + Yoyt (D17a)
Yo,y =(Woyr, — Yosm)
+2(¢c5(04) + ¢c;(04)) (D17b)
Yoscy =2(905(08) + écy(05)). (D17c¢)
b. Gauge firing and intra-unit cell part
In summary, we have the phase equations

, , and , with the following

constraints
0 =tcery + Youm +Yosm (D18a)
Yo, =300, (04) (D18b)
Yoy =3¢c, (05) (D18c)
0 =teyr, + Yoyr, — 3oy, (D18d)
ny/em

Yoy == Yeyr + 2oy, — —5— + 304 (04)
(D18e)
Yoy =3¢cy(0B) (D18f)

0 =voir, — Yoir, + Yoir,

— Yoy +Yesr, + Yoyt (D18g)

Yooy =(Veyr, — Yosn) + 2(0c;(04) + dcy(04))

(D18h)
Yegoy =2(dcy (08) + dcy (08)). (D18i)
First, from Egs. (D18a) and (D18d))
Vo, = —Veu Ty — VT (D19a)
Yoir = =Yooyt + 3oy (D19b)
Next, from Eqs. (D18b)) and (D18d])
$c;(0a) = % (D20a)
$c, (05) = % (D20b)



We can use our gauge freedom for ¢r,, ¢1, and ¢, to
fix Yoy, = Yes1s = Yoy, = 0 since the phase factors
for T1, 15 and T3 appear an odd number of times in

Eq. (DGe). Next, with Eq. (D18g) we get

nCéTgﬂ'
’(/}CéTg, = 2 )

(D21)

where ng; 7, € {0,1,2,3}. We can then use our IGG de-
gree of freedom to fix )¢, = 0 because the phase factor
for C5 appears an odd number of times in Eq. .
The sublattice-dependent constant gauge degree of free-
dom ¢gest (ro) = 1pdap can also be fixed. Under such a
gauge transformation, the phase factors of the symmetry
generators transform as

o1, (ra) = ¢1,(r0) (D22a)
¢C3 (ra) — ¢C3 (ra) <D22b)
bcy(ra) = dcy(ra) +2(Yada,a +¥pda,p).  (D22¢)
Therefore, we may use it to fix ¢c;(04) = ¢¢;(0p) = 0.

Eqgs. (D18f)), (D18h)) and D18iEnow directly imply ¢y =

Yesey, = 0. Finally, Eq. (D18e) yields neyr, = nyj2.
In conclusion, we find four GMFT classes characterized
by the phase factors of Eq. .

Appendix E: Relation between gauge field on
different bonds

As explained in Sec. [VE] we need to pick a specific
representative bond and then map it to all other bonds
of the lattice to find the gauge field configuration for all
Anséitze. We take the bond (04 — 0p) to be the rep-
resentative bond of reference and set the corresponding
gauge field to an arbitrary value A. Then we can find a
mapping from it to the three other bonds of the primitive
diamond unit cell: (04 — (1,0,0)p), (04 — (0,1,0)5),
and (04 — (0,0,1)p). All other lattice bonds can be
obtained by iterative application of the translation oper-
ators from these four primitive bonds.

1. Symmetric classification

For the fully symmetric case, the four bonds of the
diamond lattice primitive unit cell are related by the fol-
lowing composition of the symmetry generators

E: (04 - 05)— (04 — 0p) (Ela)

06 oSo 06 (04 - 0g) — (04 — (1,0,0)5) (Elb)
OﬁoSoC(). (04 > 05)— (04 — (0,1,0)5) (Elc)
SoCh:(04 — 05) > (04 — (0,0,1)5). (BELd)

From these transformations, the mapping of the gauge
field between different bonds expressed in Eq. , and
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the phases in Eq. , we get the following relations for
the gauge field on all bonds of the diamond lattice

40,004,000, = A (E2a)

Alry irairs)a(r1 o) s = A (E2b)
Ay o) as(ridlrars)s = —A+mm(re +r3)  (E2c)
Ay rare) as(rerat lrs)s = —A+n17r3 (E2d)
Z(Tl77’27T3)A7(T1,r2,r3+1)3 =—A (E2e)

2. Chiral classification

The quotient group associated with the even subgroup
(i.e., Xe/To where Ty is the abelian normal subgroup of
translations generated by T3, T and T3) has two genera-
tors C5 and T o C%. The following operations relate the
bonds of the primitive diamond unit cell

E:(04 —0p)— (04 — 0p) (E3a)

Tl ] 03 (OA — OB) — (OA — (1,0,0)3) (E3b)

(Ty 0 C4)?:(04 — 0B) = (04 — (0,1,0)5) (E3c)
C30(Ty0C%)?:(04 — 0p) — (04 — (0,0,1)p).

(E3d)

Using these transformations and the phase factors for the
chiral classification of Eq. , we find that the gauge
fields on different bonds of the diamond lattice are given
by

A(0,0,0)4,00005 = A (Eda)

Alry roirs)a(rr ) s = A (E4b)
Ao asmtrara)s = A+ 22 (rg = 13) - (Ede)
Ay raira)as(rrat L)y = A — nléﬂrs (E4d)
Z(h,rz,rg)A,(rl,rz,mH)B = A (Ede)

Fixing A = 0, we get the unit cell illustrated in Fig.

Appendix F: Constructing the saddle point action

To write down the GMFT action at the saddle point,
we define the Fourier transform of the spinon field oper-
ator as

1 .
O] == ) Priu, e TR (FI)
T VBN 2o

where N, .. is the number of unit cells, 8 = 1/kgT is the
inverse temperature, and the position on the diamond
lattice is

roy =Tyc +Ts—

No
—b F2
by (F2)



with ry. and rg labeling the position of the GMFT
Ansatz unit cell and sublattice respectively.  The
wavevector sum is performed over the reduced first Bril-
louin zone associated with a GMFT Ansatz. For the 0-,
m- and 7/2-flux, there are respectively 1, 4, and 16 sub-
lattices per GMFT unit cell, as can be seen from Fig.
To write down the action in of the - and 7 /2-flux states
in a compact form, we introduce the spinon field vector
notation of Eq. for both A and B diamond sublat-
tices. After introducing these Fourier transformed vector
fields, the GMFT action takes the general form given in
Eq. . The spinon hopping matrix is defined by the
relation

§ : E : ktwn,a

kjiw, «

_Jx o By R
K,iwn ,rs+Nay,a = Kiwn,rs+na€y,o

k,iw, rs,a

exp [—ina (k- (€, — &) — (Ar, rotnaby

k)q)k W, ,Q

(F3)

Appendix G: Evaluation of observables
1. Green’s function

The spinon Matsubara Green’s function can be explic-
itly written by diagonalizing the spinon hopping matrix
and inverting the right-hand side of Eq. to get

g/fl/ (ka iwn) - <CI)L Wy Ly a(I)k7iWn7V C¥>
2J..UZ (k)US (k)

—sz—l—QJ .

(A*+e2(k))’

(G1)

where the U“(k) contains the eigenvector of M*(k)
and e%(k) are the corresponding eigenvalues (i.e.,
Ut (k)M(k)U*(k) = diag (e9(k),...,e%_ (k))). Per-
forming an analytical continuation iw, — w + in* and
identifying the poles of the retarded Green’s function, we

\/2Jzz (A + £ (k).

Performing the Matsubara sum and taking the 7' — 0
limit yields

get the spinon dispersion 50‘

Z (k, iw,)

Z(—U"

B Z It )UQ*( ) (ﬂfﬁk))

T—-0 JzzUu—y(k)U'?p(k)
E ; I (G2)
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FIG. 5. Diagonal part of the dynamical spin structure factor
in the local frame for the 0-flux state with Ji/J.. = 0.046.
The results can be directly compared with the QMC calcula-
tions presented in Ref. [65].

2. Self-consistency condition

The sublattice-dependent Lagrange
needs to be fixed such that the constraint

1
Nd.u.c ; <<I)I‘a (bra - n

o

multiplier A%

(G3)

is respected for both o € {A, B}. Performing the sum
and taking the T"— 0 limit leads to

Z Z Ml (k, iwy,)

BNduckzw

T—0 zz
- Nd.uAC zk: ZY: 5:/1 (k)

R =

(G4)

Appendix H: Comparison of the 0-flux state
dynamical spin structure factor with quantum
Monte Carlo

We want to compare the dynamic correlations we ob-
tain with GMFT for the O-flux state with the QMC re-
sults presented in Ref. [65]. In this QMC investigation,
the sublattice-dependent dynamical correlations are de-
fined as

1 ia-(R,—R]
Siv(aw) =5 — 3 @)
u.c. R“7RL
y / aret (SE (157, (0)).

(H1)

where R, and R, label all sites of one of the four py-
rochlore sublattices (i.e., u, v € {0,1,2,3}) for the whole
lattice and the spins are written in the local frame. The



investigation reports the diagonal part of the dynamical
spin structure factor u S;M_ (q,w) for the XXZ model
with Ji/J,, = 0.046 along the I' = X and I' — L direc-
tions. To directly compare to these results, we compute
the diagonal part of the dynamical spin structure factor
for the 0-flux state with GMFT for the same coupling and
along the same path in the first Brillouin zone. The re-
sults are presented in Fig. |5l These results are in surpris-
ingly good agreement with QMC. First, the upper and
lower bounds on the two-spinon continuum match. On
top of being in the same energy range, subtle details like
the flat upper edge of the two-spinon continuum along
I' — X in comparison to a minor decrease for the I' — L
path and a slightly lower position of the lower edge of
the continuum at the L compared to the X points are

22

captured. Next, the spectral weight behaves the same
way. In both calculations, a broad continuum with most
of the spectral weight close to the upper edge of the two-
spinon continuum is observed. The spectral intensity in-
crease along the paths I' - L and I' — X with maxima
at the X and L points reported in QMC is further re-
produced within GMFT. This surprising correspondence
with QMC results should be taken as a compelling tes-
timony to the reliability of GMFT. We again stress that
this similarity is only possible with x = 2 for the rotor
length self-consistency equation. With the usual choice
of k = 1, the position of the two-spinon continuum is
approximately twice as large, in complete disagreement
with QMC.
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