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We study a random circuit model of constrained fracton dynamics, in which particles on a one-
dimensional lattice undergo random local motion subject to both charge and dipole moment con-
servation. The configuration space of this system exhibits a continuous phase transition between
a weakly fragmented (“thermalizing”) phase and a strongly fragmented (“nonthermalizing”) phase
as a function of the number density of particles. Here, by mapping to two different problems in
combinatorics, we identify an exact solution for the critical density n.. Specifically, when evolution
proceeds by operators that act on ¢ contiguous sites, the critical density is given by n. = 1/(£ — 2).
We identify the critical scaling near the transition, and we show that there is a universal value of
the correlation length exponent v = 2. We confirm our theoretical results with numeric simulations.
In the thermalizing phase the dynamical exponent is subdiffusive: z = 4, while at the critical point

it increases to z. 2 6.

I. INTRODUCTION

An isolated system with many degrees of freedom is
thermalizing if it is able to dynamically act as a bath
for all of its small subsystems and thus bring them all
to thermal equilibrium with each other. The eigenstate
thermalization hypothesis (ETH) extends these consider-
ations to specific quantum states, by asserting that when
a large thermalizing system is in an energy eigenstate,
the reduced density operator of each of its small subsys-
tems is the same as in the corresponding standard ther-
mal ensemble (see, e.g., Refs. [1, 2] for reviews of ETH).
The last few decades have seen intense interest in sys-
tems and states that fail to thermalize or to obey the
ETH, and which therefore cannot be described by con-
ventional equilibrium thermodynamics even at arbitrar-
ily long times. Some prominent examples include many-
body localized states [3-9] and quantum scar states [10-
25].

The recently-identified fracton systems [26-35] pro-
vide yet another pathway by which a system can fail to
thermalize. In fracton systems, thermalization can be
avoided because of kinetic constraints on the system’s
dynamics, which prevent the system from exploring the
full set of states consistent with the conserved quanti-
ties. A now-paradigmatic example of fracton dynamics
is that of a one-dimensional system of charges for which
both the charge and dipole moment are conserved. The
dipole moment conservation ensures that a single, iso-
lated charge cannot move freely through the system, un-
less an opposite-facing dipole is simultaneously created
from the vacuum [31, 36]. Recent work has shown that
when such a system evolves under local dynamics, the
configuration space associated with a given symmetry
sector can become “fragmented” [37-41]. That is, the
set of all microstates that are consistent with a given
value of charge and dipole moment may separate into
many dynamically disconnected sectors which are mutu-
ally inaccessible by the dynamics. Here we refer to these

dynamically disconnected sectors as “Krylov sectors.”

Fragmentation of the symmetry sector, where it occurs,
may happen in either a weak or a strong way [37, 39].
Under weak fragmentation, there is a dominant Krylov
sector that contains the vast majority of states in the
symmetry sector, such that in the limit of infinite sys-
tem size the probability that a randomly-chosen state
is contained within the largest Krylov sector approaches
unity. When there is strong fragmentation, on the other
hand, even the largest Krylov sector contains a vanish-
ingly small fraction of the symmetry sector. If we as-
sume that the dynamics is ergodic within each Krylov
sector, then in the latter case no initial state is able to
thermalize, while in the case of weak fragmentation a
randomly-chosen initial state will, with a probability that
approaches unity in the thermodynamic limit, thermal-
ize. Thus, as a shorthand, throughout this paper we refer
to the transition between strong and weak fragmentation
as the “thermalization transition”.

Initial work on the thermalization transition in fracton
systems focused on the effect of varying the spatial range
£ of the operators governing dynamical evolution, or on
varying the size ¢ of the local Hilbert space at each site
[42-46]. When /¢ or ¢ is large enough, the system ther-
malizes under either random dynamics or certain types
of Hamiltonian dynamics, while small ¢ and ¢ prevents
thermalization. In a recent paper, however, Morningstar
et. al. [47] showed that the thermalization transition may
also be effected by changing the filling of the system for
fixed ¢ and ¢q. Here, as an example, we focus on the
case of a one-dimensional lattice of sites for which the
charge at each site can be any non-negative integer. If
the average filling n of the lattice satisfies n < 1, then a
typical state consists of rare charges that are well sepa-
rated from each other. Since isolated charges are unable
to move while satisfying the dipole moment constraint
(and since negative values of the charge are forbidden),
this system is unable to evolve under the action of lo-
cal operators, and it fails to thermalize. On the other
hand, when n > 1 local operators can easily rearrange



charges locally while satisfying the dipole moment con-
straint, and the system thermalizes. Thus, varying the
filling n allows one to study the thermalization transition
in terms of a continuous variable (unlike ¢ and ¢, which
are discrete), and thus to identify the critical exponents
and critical scaling associated with the transition.

In this paper, we focus on the model introduced in
the previous paragraph (which we define more precisely
below), which differs slightly from that of Ref. [47], and
we study the filling-induced thermalization transition. In
addition to numeric simulations, we provide exact solu-
tions for the size of the symmetry sector and also the
size of what appears to be the largest Krylov sector in
the large-system limit. These solutions, which we obtain
by a mapping to two separate problems in combinatorics,
provide us with exact solutions for the critical filling n.
as a function of gate size £. Specifically,
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We are also able to exactly identify the correlation length
exponent v = 2, which is universal to all models of this
type. Numerical simulations suggest a large dynamical
critical exponent z. = 6, consistent with the results in
Ref. [47].

II. MODEL

We consider a “bosonic” system of N indistinguish-
able particles moving on a 1-D lattice of size L with
closed boundary conditions. Each site z, with z =
0,1,...,(L—1), has an occupation number given by a non-
negative integer, n, = 0,1,2,.... The system evolves by
a random sequence of /-site local gates, as illustrated in
Fig. 1. The gates are each chosen randomly from the set
of operators that conserve both the charge N and the
dipole moment P, with N = 3" n, and P =} n,.
Since the fragmentation of the Hilbert space arises from
the classical charge and dipole moment constraints, we
are able to restrict our attention to an effectively classical
Markov dynamics for which each operator takes a given
charge state (a string of definite values of n,) to another
given charge state. This approach is equivalent to the the
recently-described “automaton dynamics” method [48-
51].

This restriction of the dynamics to classical charge
states implies that each operator is chosen from a small,
finite set. For example, in the case ¢ = 3 any allowed op-
erator is a multiple of only two nontrivial actions, which
we denote Us 4. Specifically, Us 1 makes the transforma-
tion {ng—1,Mg, Ngt1} = {Ne—1 £ 1,0, F2,n,41 £ 1} for
some location x, as illustrated in Fig. 1. In our dynam-
ics, each operator is chosen randomly from one of these
possibilities and then applied to a random set of ¢ con-
tiguous sites. If the operator does not produce a valid
basis state — i.e., if one of the occupation numbers would
become negative — then no operation is applied.
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FIG. 1. An illustration of the dynamics with charge- and
dipole-conserving 3-site gates Us,+. The circuit (above) shows
the sequence of random operations, while the balls (below) il-
lustrate the occupation numbers of the state. Yellow balls
represent the starting positions of particles involved in the
first two applied operators, blue balls represent the final po-
sitions of these particles, and grey balls show particles that
remain in place. These two operations are the only 3-site
gates for our model.

For a given charge N and system size L, there is some
finite number of basis states which all have the same
given dipole moment P. We refer to this set of states as
the symmetry sector. Within the symmetry sector, there
may be states which cannot be evolved into one another
through the application of only local dipole-conserving
gates of size ¢. For example, in the case L = 5, N = 3,
and P = 6, the two states (1,0,1,0,1) and (0,0,3,0,0)
are dynamically disconnected when ¢ = 3 despite belong-
ing to the same symmetry sector. We refer to each subset
of the symmetry sector for which any pair of states within
the subset can be reached one from another through local
gates as a Krylov sector. The Krylov sectors are depen-
dent on the gate size £, while the symmetry sectors are
not. For example, when ¢ = 2 all Krylov sectors contain
only a single state, since there are no nontrivial 2-site
operators that conserve both charge and dipole moment;
in the limit £ = L each symmetry sector consists of only
a single large Krylov sector, since all possible N- and
P-conserving transformations are possible.

With these definitions, we can concretely define a ther-
malized system in terms of the proportion of states within
a symmetry sector that belong to its largest Krylov
sector (LKS). Specifically, we define the quantity D =
Drxs/Dsym, where Dixg is the number of basis states
within the largest Krylov sector and Dgyy, is the num-
ber of basis states in the corresponding symmetry sector.
The thermalized phase is characterized by D — 1 in the
limit L — oo with n = N/L held fixed, while the local-
ized phase exhibits instead D — 0.



III. SOLUTION FOR THE CRITICAL FILLING

In this section we present results for the size Dgym
of the symmetry sector and the size Dkg of a specific
Krylov sector (which, as we discuss below, is apparently
the largest Krylov sector). By considering the scaling of
Dgyr and Dgg with the system size L, we are able to
precisely identify the critical density n. associated with
the thermalization transition. We restrict our attention
primarily to the symmetry sector with dipole moment
P = N(L —1)/2, whose average local charge density is
symmetric about the center of the system. Throughout
this section we focus on the smallest nontrivial gate size,
¢ = 3; the generalization to larger £ is provided in Sec. IV.

A. Scaling conjecture for localized and thermalized
regimes

We begin by conjecturing that in the localized phase,
n < ne, the relative size D of the LKS is exponentially
small in the system size L, while 1 — D is exponentially
small in the thermalizing phase, n > n.. This conjec-
ture is supported by numerical observations in Refs. 37
and 39, as well as our own numeric simulations. Under
this conjecture, all Krylov sectors must occupy an ex-
ponentially small fraction of the symmetry sector in the
localized phase. Likewise, in the thermalized phase, all
Krylov sectors other than the LKS occupy an exponen-
tially small fraction of the symmetry sector.

In the remainder of this section we demonstrate the
existence of a particular Krylov sector that occupies a
power-law fraction of the symmetry sector at the filling
n = 1. Given our scaling conjecture about D, such a
Krylov sector can only exist precisely at the critical fill-
ing. Consequently the value of n, must be equal ton, =1
(for gate size £ = 3). As we argue below, the Krylov sec-
tor we identify is very likely to be the LKS, which allows
us to study the critical scaling of D near the transition.

B. Size of the symmetry sector

In order to identify the critical filling, we first study
how the size of the symmetry sector scales with L and
n. For this question we can exploit an exact analogy
between the number of states in the symmetry sector and
the number of non-decreasing lattice paths in a square
grid that enclose a fixed area. The key idea is that one
can define a “height field” y(z) defined for discrete values
x by y(x) =D, <, Nw [46, 52]. This height field has an
endpoint y(L — 15 = N that is fixed by the total charge,
and an area under the curve ) y(z) = N(L—-1)—P
that is fixed by the dipole moment. Thus the number
of states in the symmetry sector is equal to the number
of such curves with fixed endpoint and fixed area. An
example is shown in Fig. 2.
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FIG. 2. Analogy between non-decreasing integer lattice paths
and symmetry sector states. The z-axis corresponds to po-
sition and each particle corresponds to a one unit move in
the y-direction. This construction guarantees that the area
bounded between the curve and the y-axis is equal to the
dipole moment of the state.

Fortunately, this latter problem has been studied in
the mathematical literature [53-55]. In the limit of large
N and L, the number of non-decreasing integer lattice
paths has been shown to follow [53]
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Here N (v;u,0?) denotes a normal distribution for the
variable v with mean p and variance ¢2, and P =
P — N(L—1)/2 is the dipole moment relative to a coor-
dinate system with its origin at the center of the system.
This expression can be roughly understood as follows. If
the dipole constraint (or, in analogy, the area constraint)
is removed, then the number of lattice paths can be found
by straightforward combinatorics to be (N tL _1). Intu-
itively, symmetric states (lattice paths with area half of
the rectangle) are the most likely, and as L — oo the
likelihood of a given value of P follows a Gaussian distri-
bution.

Notice, in particular, that at n = 1 the value of Dgyp,
at P = 0 scales with system size as 4F /1% = 4N /N2,

C. Size of the Krylov sector containing the
uniform state

Now that the asymptotic scaling of the size Dgym of
the symmetry sector is understood, we consider the frac-



FIG. 3. Analogy between tournament scoring sequences and
states in the apparent LKS. On the left are tournament graphs
for N = 5 teams, with the score of each team (the number
of outgoing edges) labeled. A given scoring sequence corre-
sponds to a particle distribution, with the number of wins for
each team corresponding to the position x of a particle. In
this analogy, it is clear that Us + corresponds to flipping the
result of a game between two teams that that have either the
same number of wins (Us,+) or a number of wins that differ
by 2 (Us,—). Note, particles are indistinguishable in our dy-
namics and in this figure are only labeled for clarity.

tion of the symmetry sector that is occupied by a spe-
cific Krylov sector. In particular, we consider the Krylov
sector containing the uniform state (n, = 1 for all z).
This Krylov sector belongs to the symmetry sector with
N = L and P = 0. As we now show, for this specific
Krylov sector we can make use of another exact analogy
to a problem in combinatorics.

In order to find the size of the Krylov sector contain-
ing the uniform state, we draw an analogy to a classic
problem in combinatorics: the number of unique scoring
sequences of an N-team round robin tournament [56, 57].
A round robin tournament is a directed graph in which
each of the N nodes (“teams”) is connected to all N — 1
other nodes, as shown in Fig. 3. An outgoing (incom-
ing) edge at a particular node corresponds to that team
winning (losing) its match-up with the team at the other
end of the edge. An ordered list of numbers of outgoing
edges from each vertex makes up a “scoring sequence” for
a given tournament graph — that is, a “scoring sequence”
is the rank-ordered record of how many games were won
by each team. We make an analogy to this problem by
relating the number of wins by each of the N teams to

the positions of the N particles in our system.

For example, a tournament in which one team loses
all of their games, one teams wins one game, one teams
wins two games and so on would have a scoring sequence
{0,1,2,..., N — 1}. In our analogy, this sequence corre-
sponds to a single particle at each lattice position. Fur-
thermore, the action of a local gate, Us +, is analogous to
flipping the outcomes of certain games in the tournament.
If two teams have the same number z of wins (by analogy,
two particles have the same position x) and then the re-
sult of the game between them is flipped, then one team
decreases its win total by 1 and the other team increases
its win total by 1 (one particle hops left to position z — 1
and one hops right to position = + 1). Thus, by flipping
the outcome of this game we have performed a Us ; gate
centered at the position z. Similarly, by flipping the out-
come of a game in which a team with z + 1 wins defeated
a team with z — 1 wins, we can effectively apply a Uz _
gate. While flipping the outcome of some games would
effectively implement longer range gates (if the two teams
involved have a number of wins that is different by more
than 2), we show in Appendix A that there is a one-to-one
mapping between the set of states within this Krylov sec-
tor and the set of scoring sequences, so that the effect of
any such long-ranged gate can be equivalently produced
by a sequence of local gates. Thus, we have shown that
the number of states in the Krylov sector that contains
the uniform state is equivalent to the number of unique
scoring sequences in an N-team round robin tournament.

Having made this analogy, we can understand the size
of this Krylov sector by looking up the result for the
number of unique scoring sequences in the mathematical
literature. Specifically, Refs. 56 and 57 show that

4N
Dgs ~ W (3)
at large N > 1.

One can now compare Eq. (3) with the size Dgym of
the corresponding symmetry sector, given by Eq. (2).
For the corresponding density n = 1 and dipole moment
P =0, Eq. (2) gives Dgym ~ 4" /N2, which means that
the Krylov sector containing the uniform state occupies
a fraction D ~ 1/N'/2 of the symmetry sector. From the
exponential scaling conjecture of Sec. IIT A, a Krylov sec-
tor occuping a power-law fraction of the symmetry sector
can only exist precisely at n = n.. Hence we conclude
that n, = 1.

D. Size of the LKS at n < n,

We now conjecture that the Krylov sector containing
the uniform state, considered in the previous subsection,
is precisely the LKS at n = 1 and P = 0. This conjecture
can be checked by explicit numerical enumeration of all
states in the symmetry sector when L is not too large;
this procedure confirms our conjecture for L < 15.



Another way to motivate the conjecture that the LKS
contains the uniform state is to notice that any Krylov
sector can be uniquely labeled by a “fully extended state”
for which no Us, operations can be applied. Such a
fully extended state must have n, = 0 or 1 for all
1 < 2z < L — 2, with any remaining charges on the
boundaries (x = 0 and z = L — 1). One can show (see
Appendix B) that no two different states satisfying both
of these criteria can belong to the same Krylov sector.
By labeling each Krylov sector by its corresponding fully
extended state, we can now identify the LKS by select-
ing the fully extended state that allows for the largest
number of other states to be accessed through successive
applications of the Us _ operation. Since the interior of
a fully extended state is sparsely populated, excess par-
ticles on the boundary are effectively trapped for N = L
and cannot spread into the bulk of the system. Therefore,
states with many charges on the boundary are dynami-
cally connected to relatively few other states. This intu-
ition suggests that the fully extended state corresponding
to the LKS is the one with the least amount of charge
on the boundaries. For the case of N = L, this state is
precisely the uniform one. Hence the relative size of the
LKS D(n =1) ~1/VL.

Let us now extend this result to the case n < 1, for
which N < L. The key idea is that for n < 1 the LKS
still contains a fully extended state with a long chain of
~ N successive 1’s, surrounded by zeros on either side.
Applying gates to this state may change the occupation
numbers in the middle of the chain, but the surrounding
zeros always remain inert. Thus, the corresponding LKS
is very similar to that of a system at the critical filling
and a smaller system size nL.

More precisely, we can argue, using similar logic as
above, that the LKS must either contain the state
A=1{0,..,0,1,0,1,1,1,...,1,1,1,0,1,0,...0} if N and L
have the same parity (both odd or both even), or
the state B =10,...,0,1,1,...1,1,0,1,1...,1,1,0,...0} if
N and L have opposite parity. A and B represent
“nearly-uniform” states in the case where the number
of particles is not large enough to fill the entire sys-
tem uniformly. Here we focus on the case of N and
L having the same parity, although the reasoning for
both cases is the same. We now compare the number
of states that are accessible starting from state A to the
number of states that are accessible from a state with
N — 2 centered particles (i.e., removing the leftmost and
rightmost particles from state A) and to the number of
states that are accessible from a state with N + 2 cen-
tered particles (i.e., adding two new particles to fill the
empty spaces just to the right of the leftmost particle
and just to the left of the rightmost particle in state A).
Let us refer to the size of the Krylov sectors containing
these two modified states as Dy_o and Dy, respec-
tively. The number that we care about, Dy ks, is bounded
from below by Dy_2 and from above by Dyys. Since
D42 describe the number of LKS states in a system of
size N 4+ 2 with uniform filling n. = 1, it follows that

AN=2) /(N - 2)>/2 < Digs < 4NF2) /(N +2)5/2. From
this inequality we conclude that
4nL
D ~— 4
LKS (nL)5/2 ( )

for all n < 1.
Equations (2) and (4) allow us to write down the rel-
ative size D of the LKS for n < 1 for the case of a sym-

metric dipole moment (P = 0):

D
D — ZLKS

n+1 (4n)™ o 5
Dsym ~ n3/2ﬁ <(n+1)(n+1)> . ( )
The second equality corresponds to the limit nL > 1.
Notice that the factor in parentheses,
(4n)"/(n +1)™*tD is smaller than unity for all
n < 1, and thus the LKS (and subsequently all other
subsectors) occupies an exponentially small portion
of the symmetry sector as L. — oo. This exponential
scaling is consistent with our conjecture in Sec. IITA,
and demonstrates that n < 1 corresponds to strong
fragmentation. Exactly at the critical filling, the relative
size of the LKS has a power-law decay with system size:

D(n=ne) ~ = (6)

Equations (5) and (6) are verified numerically in Fig. 4.

In Appendix C we generalize the argument in this
section to arbitrary gate size £ > 3, and we obtain
ne = 1/(¢ —2). In Sec. IV we present an alternative,
shorter derivation of this result for n. by considering a
system with periodic boundary conditions.

E. Numerical results for D

The most straightforward numerical procedure for
studying the relative size, D, of the LKS is to list all
the possible states that have a given NV and P and then
sort them into their respective Krylov sectors for £ = 3.
This type of exact enumeration is only possible for suf-
ficiently small L and N, since the size of the symmetry
sector grows exponentially in L. However, recursive al-
gorithms based on the analogy presented in the previous
subsections, and detailed in Appendix D, can be used to
extend to larger system sizes. In Fig. 4(a) we verify the
scaling of D (for the conjectured LKS) given by Eq. (5) at
n < 1. Figure 4(b) shows the value of D at n = n. =1,
which verifies Eq. (6).

IV. EXTENSION TO ARBITRARY GATE SIZE

So far we have focused primarily on the case of dynam-
ics with 3-site gates. We now consider the extension of
our results to arbitrary (integer) gate size £ > 3. Our goal
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FIG. 4. The relative size of the apparent LKS as a function of
filling n and system size L. (a) For n < 1, the relative size D
of the LKS approaches the scaling suggested by Eq. 5 in the
limit L — oo with no fitting parameters. Increasingly dark
symbols correspond to progressively larger system size. (b)
Exactly at the critical filling, n = 1, D decays as ~ L™/2.
This transition from exponential decay at n < 1 to power law
decay at n =1 is indicative of the thermalization transition.

is to demonstrate that the critical density n, = 1/(¢—2),
as mentioned in the introduction.

Our strategy for proving that n, = 1/(¢ — 2) is to
consider the case of two slightly different values of n that
both approach 1/(¢ — 2) in the limit L — 0. We show
that the larger of these two fillings has D — 1 in the
limit L — oo, while the smaller filling gives D — 0 in
the limit L — oo. This difference establishes the critical
filling n. = 1/(¢ — 2) in the limit L — oo.

Our arguments are considerably simplified by focusing
on the case with periodic boundary conditions, which
produces the same critical density in the limit L — oo.
In this case, we should be careful to define the dipole
moment modulo the system size, so that its value is un-
changed when, say, two particles are initially at z = 0
and then one hops to x = L — 1 while the other hops

to x = 1. Thus for periodic boundary conditions we de-

fine the dipole moment as P = (Zf:_c} nxx) mod L. If

we further restrict our consideration to values of N and
L that are coprime, then we can show that all possi-
ble values of P produce equivalent sets of states and are

therefore equivalent to each other. This equivalence is
apparent if one imagines the process of taking a partic-
ular state and shifting the origin of the coordinate axis
2. This shift produces an equivalent state with a differ-
ent value of P. By doing such shifts one can reach any
value of P, and therefore when N and L are coprime all
possible values of P have the same Dgyr, and Dyxs.

It is also useful to note that any local f-site gate
that conserves both charge and dipole moment can
be decomposed into a sum of simple gates that cor-
respond to pairs of particles hopping either toward or
away from each other by one site. That is, we need
only consider the successive application of gates Uy + =
{£1,F1,0,...,0,F1,+1}, where 3 < k < ¢ and there are
k — 4 zeros.

We begin by considering a system with N particles and
a number of lattice sites given by L = N(¢ — 2) + 1, so
that the average particle density n = [1 —1/L]/(¢ —2) is
slightly smaller than 1/(¢ —2). We now imagine the pro-
cess of producing a “fully extended state” starting from
an arbitrary initial state within a particular symmetry
sector (we need not specify the value of P since for the
case of periodic boundaries all values of P are equiva-
lent). Specifically, we repeatedly apply Uy 4+ operators
(for 3 < k < £) until there is at most one particle in
every set of £ — 2 contiguous sites. (Note that if any set
of £ —2 contiguous sites has more than one particle, then
there is some operator Uy 4 that can be applied.) This
procedure can only produce a single unique final state,
comprising N units of the sequence {1,0,...,0} with £—3
zeros, and one additional zero whose position determines
the dipole moment P. Thus, since any arbitrary initial
state can be connected to the same fully extended state,
it follows that all states within the symmetry sector be-
long to the same Krylov sector, and hence that D = 1.
(Notice that for the case of periodic boundary conditions
we have D = 1 exactly at n > n., even for finite L,
unlike the case of closed boundary conditions.) In Ap-
pendix E we demonstrate more rigorously that all states
with L = N(¢ — 2) + 1 are dynamically connected to a
unique fully extended state.

Let us now consider the process of constructing a fully-
extended state from an initial state with one additional
lattice site, L = N(£—2)+2, so that n = [1—2/L]/({—2)
is slightly smaller than in the previous case. Repeated
applications of Uy 4 eventually produce a fully extended
state that is similarly composed of many repeating units
{1,0,...,0} with £ —3 zeros. There are still N such units,
but, unlike in the previous case, there are now two addi-
tional zeros to be placed somewhere among them. Since
there is more than one extra zero to be placed, the po-
sitions of these extra zeros are not uniquely specified by
the dipole moment P. Indeed, the number of possible
positions for the zeros in the fully extended state grows
linearly with the system size L, and different fully ex-
tended states cannot be evolved one into another. Since
there is an extensive number of fully extended states,
each belonging to a different Krylov sector, it is natural
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FIG. 5. The relative size D of the LKS for systems with periodic boundary conditions, as measured by numeric simulations.
The value of D is plotted as a function of the filling n for different values of the gate size £. Data shown here corresponds to
system size L = 241 and is averaged over 1000 random choices of the initial state (see the Appendix F for a full description of
the simulation protocol). The vertical dashed lines show the predicted critical filling 1/(¢ — 2).

to conclude that the symmetry sector must become in-
creasingly fragmented as L — oo, and consequently that
D — 0.

Formally, this last logical step has the status of a con-
jecture: we are conjecturing that none of the ~ L distinct
Krylov sectors is dominant in the sense of occupying all
but an exponentially small portion of the symmetry sec-
tor. But, given that the difference between the various
fully extended states that label the Krylov sectors is only
the placement of two zeroes, we consider it to be a very
natural conjecture, which implies that D — 0 in the limit
L — oc.

Thus, since we have demonstrated that a density n =
[1 —1/L]/(£ — 2) produces D = 1 and a density n =
[1—2/L]/(¢£—2) produces D — 0 in the limit L — oo, it
follows that the critical density must be equal to 1/(¢—2).

We numerically confirm the relation n. = 1/(¢—2) us-
ing simulations of systems with periodic boundary condi-
tions. Our approach is to begin with a randomly selected
initial state from the symmetry sector with a given P and
then repeatedly apply Uy 4 operations (for 3 < k < /)
until the system has reached a fully extended state. We
repeat this process for many random choices of the ini-
tial state, and we estimate D by the frequency with which
the most commonly-encountered fully extended state is
reached. The results are shown in Fig. 5 for different gate
sizes ranging from ¢ =3 to £ = 7.

V. CRITICAL EXPONENTS OF THE
THERMALIZATION TRANSITION

A. Correlation length exponent

Using the previous result for the critical density n., we
can explore the critical behavior near the transition. We

first examine the correlation length exponent, v, defined
by £ « 1/(n. —n)”. Here, ¢ has the meaning of the
typical length of a locally thermalized region within the
nonthermalizing phase, n < n.. Within such locally ther-
malized regions, the local particle density exceeds n.. As
the global density n is increased towards n., the typical
length of these segments diverges.

The universal value of the correlation length exponent
v = 2 can be seen by the following simple argument. If
the average particle density of the system is n < n., then
a randomly-chosen region of size Ly > 1 has a charge Ny
that is drawn from a probability distribution with mean
po = nLg and a variance o3 that is proportional to the
number of sites L in the region. In order for the region
to be locally thermalized, the number of charges in the
region should exceed n.Lg. Such a statistical fluctuation
is reasonably likely only when Ny — pg is of order o( or
smaller. Equating these two quantities gives an expres-
sion for the typical length £ = Lg of a locally thermalized
region, (n—n.)& ~ /&, or in other words & ~ 1/(n.—n)?.

At a more precise level, one can calculate the proba-
bility p(n, Lo;n.) that a region of length Lo contains at
least n.Lg particles. In Appendix G we present a full cal-
culation of this probability along with numerical results
for p(n, Lo; n.) obtained by randomly sampling the sym-
metry sector. We find that the probability p(n, Lo;n.)
decays exponentially at large Lo as exp(—Lgo/£), with

_ 2ne(ne +1)
gu Zelet D) ™

This result establishes that v = 2.



B. Dynamical Exponent

Our numerical simulations also enable us to estimate
the dynamical exponent z. that describes the character-
istic timescale of the dynamics at the critical point. We
characterize the dynamics using the time- and position-
dependent two-point correlation function

Cla,t) = (g ra(to +1) = n)(na, (to) — 1)), (8)

where n,(t) denotes the particle number at site z and
time ¢ and (.) denotes an average over all choices of 2y and
tg. This correlation function C(z,t) can be defined by
simulating the dynamics via the circuit in Fig. 1 starting
from an initial state that is chosen randomly from the
set of all basis states in the symmetry sector. We define
our unit of time such that L gates are applied during one
time step. Results for C'(z,t) are produced by averaging
over many random choices of the initial state and its
subsequent evolution.

In order to estimate the dynamical exponent, we at-
tempt to scale the position coordinate and the value of
C(z,t) such that curves C(z,t) corresponding to differ-
ent times t collapse onto a single curve when plotted
as C(z,t)xo versus x/xo(t) for some choice of zo(t). A
natural choice is to define z((¢) as the position of the
first zero of the correlation function at the time ¢, i.e.,
C(zo(t),t) = 0. If we assume that xo(t) takes the form
of xo(t) ~ t'/%, then we can extract the dynamical ex-
ponent, z., from fitting this curve. Performing this fit
for early times, 10 < ¢t < 10°, gives a value z. ~ 5.2,
while doing so at later times, 10°° < ¢t < 107, gives
2¢ & 6.2. (The numerical results in Fig. 6 are converged
statistically, in the sense that including only half as many
simulated trajectories in the numerical average produces
an indistinguishable plot.) Therefore, we can say that
estimating z. in this way gives z. = 5.7£0.5. This result
is in qualitative agreement with Ref. [47], which found a
slow dynamical exponent of z. 2 7 in a similar system
with constrained dynamics. This large value of z. should
be contrasted with the universal hydrodynamics z ~ ¢'/4
that has been established in the thermalizing phase for
dipole-conserving fracton systems [44, 46, 47, 58-60].

We caution, however, that our results do not show con-
vincing scaling of the correlation function; even at the
latest times different curves C(z,t)zo do not completely
collapse onto each other when plotted as a function of
x/xo(t). Our numerical results for z((t) also show some
deviation from the power-law trend at the largest values
of ¢, toward (perhaps) larger values of z.. We thus con-
sider that the dynamics at the critical point remains to
be completely understood, and we leave this for future
work.

VI. CONCLUSION

Fracton systems represent a new frontier for the
physics of thermalization and localization, in which the
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FIG. 6. Scaling of the correlation function C(z,t) at the crit-
ical point n = 1 for dynamics with three-site gates. We scale
the value of the correlation function and the position coordi-
nate by the value zo(t) at which the correlation function is
first equal to zero. Curves correspond to different values of
the time, logarithmically spaced from ¢ = 10? (light blue) to
107 (dark blue). The inset shows that the growth of zo with
t can be fit to a power law with exponent z larger than 5.

thermalization transition is driven by kinetic constraints
on the dynamics rather than by any kind of disorder.
While such a transition can be effected by discrete vari-
ables like the size of local gates or the local Hilbert space
dimension at each site [42-46], varying the filling n of
the system allows one to access the thermalization tran-
sition as a continuous phase transition [47]. Here we have
provided the first exact solutions for the filling-induced
thermalization transition, focusing on the critical filling
n. and the dynamical exponent v. The model we explore
differs only slightly from the one in Ref. 47, namely by
allowing an unlimited (positive) occupation of each site
rather than by restricting each site to occupation num-
bers n = 0,1, 2. This difference has enabled us to exploit
exact analogies to known problems in combinatorics.

It is worth noting that the phenomenology of the tran-
sition in our model coincides with what was demon-
strated in Ref. 47 for the case where the maximal fill-
ing at each site npmax = 2, down to the critical filling.
In Ref. 47, the authors considered the case of gate size
¢ = 4 and they found a critical filling which was very
close to 1/2 = 1/(¢ — 2). (By a “particle/hole” symme-
try m 4> Nmax — N, their model also exhibits a transi-
tion at n = 3/2.) While the analogies we used to derive
ne = 1/(£—2) are not exactly applicable for systems with
finite nmax, there may be straightforward arguments to
extend our result for the critical filling to such systems.

Also similar to Ref. 47, our model exhibits a large
apparent dynamical exponent z.. Our best estimate
from scaling of the two-point correlation function gives
ze & 5.7+ 0.5, but given the imperfect scaling and trend
toward larger apparent values of z. at larger times, we
take this value to be a lower-bound estimate. Refer-
ence 47 reports z. ~ 7+0.5, which they similarly take as a



lower bound. Given these large values and the imperfect
scaling, it may be that the correlation length at the crit-
ical point does not have a power-law scaling with time,
and therefore that z. is not well defined. This conjecture
may be a fruitful focus of future work.
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Appendix A: Proof of the analogy between the
number of states reachable from the uniform state
and the number of tournament scoring sequences

In Sec. IIT C we drew an analogy between the size of the
Krylov sector containing the uniform state (conjectured
to be the LKS) and the number of scoring sequences in a
round robin tournament. In that argument, we demon-
strated that flipping the result of a game is analogous
to applying a dipole-conserving gate. However, this gate
only acts on £ = 3 contiguous sites if we flip the result of
a game between two teams with the same number of wins
(or the reverse of this operation), as shown in Fig. 7. On
the other hand, flipping the result of a game between, say,
a team that has 1 win and a team that has 7 wins would
be equivalent to a 7-site gate. In this appendix, how-
ever, we prove that all scoring sequences can be reached
through only 3-site operations.

Claim:

A) All tournaments contain the scoring sequence
{0,1,2, ..., N—1}. This sequence corresponds to the state
with one particle at every site, which we have argued be-
longs to the LKS.

B) Given a valid scoring sequence {x1,xs,...,xn} for
an N-team round robin tournament, if there are two
teams ¢ and ¢ + 1 such that x; = x;41, one can apply
Us 4+ and create a new valid scoring sequence. If there
are two teams ¢ and ¢ + m such that z; + 2 = z;1,,, one
can apply Uz _ and create a new valid scoring sequence.
This establishes that all states in the LKS correspond to
valid scoring sequences.

C) Starting from any valid scoring sequence for an N-
round robin tournament, we can reach the scoring se-
quence {0,1,2,...,N — 1} through the repeated applica-
tion of Usz 4 operators. Therefore, all valid scoring se-
quences correspond to a state in the LKS.

Together, (A)-(C) show that all valid scoring sequences
correspond to a state in the LKS and that all states in
the LKS correspond to a valid scoring sequence, thus
establishing a one to one mapping between the sets. This
mapping guarantees that the sets are the same size.

Proof:

O

z—1 r+1 z—1 T

FIG. 7. Allowed game flips that correspond to 3-site dipole
conserving operations. The game flips on the left correspond
to Us,+ and the game flips on the right leave the scoring se-
quence unchanged and thus correspond to the identity oper-
ation.

A) For N = 1, the only scoring sequence is {0}. As-
sume that {0,1,2,...,N — 1} is valid for an N team
tournament. Then if we add an additional team that
beats every other team, the newly added team will have
N wins and no other team’s score will change. Thus,
{0,1,2,.., N — 1,N} is a valid scoring sequence for an
N + 1 tournament. By induction, part (A) is proven.

B) Intuitively, Us 1+ corresponds to flipping the out-
come of a game with certain conditions, as shown in
Fig. 7, and therefore still produces a valid tournament.
More formally, a valid scoring sequence {x1, 2, ...,xN}
is defined by three criteria [61]:

1.0<z1 << ...<zy<N-1
k
2. Y =2 T 2 (g)

3. yn = Zf\il Ti = (];])

We will show that the action of a 3-site gate preserves
these three conditions. Firstly, condition (3) is always
satisfied under the application of Us + since both simply
shift a win from one team to another while the total, yy,
remains fixed.

Now, let us assume that there are exactly m > 2 teams
with the same score, so as to allow for the application of
Us.+. By requirement (1), these teams are consecutive in
the scoring sequence and thus z; < ;41 = Tj4o = ... =
Titm < Titm+1. Once the Us | gate is applied, x;11 will
decrease by one while x;,,, increases by one, leaving the
order the same. Consequently, y;11 through ;1,1 will
all decrease by one while the remaining y;’s remain the
same. Therefore, in order for this operation to be legal,
we must require that the original y;.1 through y;4m—1
satisfy requirement (2) with a strict inequality. In order
to show that this strict inequality is always obeyed, we
will consider by contradiction the case when condition (2)
is an equality for yp with i +1 <k <i+m —1 (i.e. Jys
such that g, = (£)). One can see the intuitive meaning
of this equality condition by noting that any subset of k

teams in a tournament plays exactly (g) games amongst

themselves. Therefore, since all of these (g) games ap-

pear as wins for teams in that subset condition (2) is



an equality when those k teams lose all games against
teams not in the subset. Since teams in the subset can
only beat other teams in the subset, x; < k—1 for ¢ < k.
For teams outside the subset, this condition guarantees
they win at least k games (as they beat everyone in the
subset) and therefore, x; > k for ¢ > k. Thus, if y, = (’;),
then x; < k — 1 for ¢ < k while x; > k for i > k. There-
fore, if condition (2) is equality at k, then xy < zx11. By
negation, if xx = g1 (since xy cannot be greater than
Zg+1) then condition (2) is a strict inequality at k. Con-
sequently, if z; < ;41 = Tig2 = .. = Titm < Titm+1
then condition (2) is a strict inequality for y;41 through
Yi+m—1 and the Uz ; gate can be applied.

If we now consider a scoring sequence in which two
teams differ by exactly two points then it is straightfor-
ward to show that the Us _ operation can be applied. Let
T < Tigl = .. = Tigm < Titm+1 With 2, +2 =24 41-
Then, in this case, the order is preserved while x; is in-
creased by one and ;1 is decreased by one. Further,
the values y; through y;4,, are all increased by one while
the rest are unchanged. Thus, condition (2) is trivially
satisfied and the Us,_ gate can be applied.

Since we know that {0,1,...,N — 1} corresponds to
the state of one charge at every site, which belongs to
the LKS, and the application of Us 4 (the only opera-
tors needed to reach every state in the LKS) results in
a valid scoring sequence, then every state in the LKS
corresponds to a scoring sequence.

C) Consider an arbitrary scoring sequence. While
there are two teams that have the same score, repeat-
edly apply the Us ;. operation, which is always allowed
by claim (B). The only case in which this process ter-
minates is when the scoring sequence {0,1,...,N — 1} is
reached. Since this scoring sequence corresponds to a
state in the LKS, and since only 3-site gates were ap-
plied, it follows that the original scoring sequence must
have also corresponded to a state in the LKS. Therefore,
every valid scoring sequence corresponds to a state in the
LKS.

With both (B) and (C), along with the fact that a scor-
ing sequence cannot correspond to two different fracton
states and vice versa, we prove that the number of valid
scoring sequences for an N-team round robin tournament
is equal to the number of state in the LKS for N = L.

Appendix B: Labeling Krylov sectors by unique
fully extended states

As part of the argument for the size of the LKS in Sec-
tion III C, we state that a Krylov sector can be uniquely
labeled by its corresponding fully extended state, for
which no Us ; operations are possible. Here, we will
argue this point more strongly.

Let us assume, for the sake of contradiction, that there
exists a Krylov sector with arbitrary N, L, and P that
contains two fully extended states, X and Y. We will
denote the occupation numbers of the two fully extended
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states as {nX } and {n)}.

Since X and Y belong to the same Krylov sector, we
can create a sequence of Us 1 operations that connect
them. Let us imagine the sequence of operations the
transforms X into Y. Suppose that the leftmost site in
which X and Y differ is x, for some index a. If we as-
sume, without loss of generality, that nY > nJX, then
the extra particle at site ¢ must have been taken from
sites ¢ > a, since X and Y are identical at all smaller
index. Therefore, the sequence of operations that trans-
forms X into Y must include an operator Us 4 applied at
1 = a+ 1, which brings the extra particle to site i = a. In
order for this operation to be possible, there must have
previously been two or more particles at site ¢ = a + 1.
Since ng,; <1 (by definition of a fully extended state),
applying Us 4 at ¢ = a + 1 requires again that a particle
came from 7 > a + 1. Repeating this logic, we see that
constructing the state Y apparently requires an opera-
tion U3 4 to be applied at i = L — 2, and thus np_» > 2.
Since X is fully extended, ny_, < 1, so applying Us
at i = L — 2 requires that a particle must have come
from the right of it. However, this is impossible since no
operation can be applied on the boundary (: = L — 1).
In short, the particle that arrives at site ¢ = a must be
brought from the right, but by the definition of a fully
extended state this extra particle can be taken neither
from the bulk of the state nor from the rightmost bound-
ary, and thus we arrive at a contradiction. So we must
have X =Y.

Therefore, there cannot be two fully extended states
within a single Krylov sector, and consequently each
Krylov sector can uniquely be labeled by its correspond-
ing fully extended state.

Appendix C: Generalizing the tournament analogy
to arbitrary gate size

In Sec. II1 C we made an analogy between the size of
the Krylov sector containing the uniform state and the
number of scoring sequences in a round robin tourna-
ment. This analogy allowed us to prove that n, = 1
for the case of gate size { = 3. Here we consider the
extension of this argument to generic gate size £. Specif-
ically, we can make an analogy to the number of scor-
ing sequences in an (¢ — 2)-fold round robin tourna-
ment, in which each team plays every other team ¢ — 2
times. We will show that the number of scoring se-
quences in an N team (¢ — 2)-fold tournament is equal to
the number of states in the Krylov sector that contains
the state X = {1,0,..,0,1,0,...,0,1,0...,0,1,0,...,0, 1},
where there are N ones and ¢ — 3 zeros between each
one.

The definition of a scoring sequence {z1, xa, ...,z x } for
such a tournament is [56]:

(1)OS$1SZ‘QS...S.INS(K—Q)(N—I)

2) o= 2 > (0—2)(5).



(3) yv = Sy = (L =2)(5).

We will now generalize the argument laid out in Ap-
pendix A. We begin by noticing that the scoring sequence
{0,0—2,2(¢ —2),....,(N — 1)(¢ — 2)} satisfies these con-
ditions and corresponds to the state we have called X.
Therefore, we have a mapping between one state in the
(¢ — 2)-fold tournament and a state in the Krylov sector.

Next, it is clear that any /-site gate is equivalent to
flipping the result of a particular game. Therefore, any
sequence of (-site gates that transforms the state X to a
different state Y in the Krylov sector can be represented
as a series of game outcome flips that takes the fully ex-
tended scoring sequence to a different one. This mapping
ensures that every state in the Krylov sector corresponds
to a scoring sequence.

Finally, we will show that given a scoring sequence
in which two teams scores differ by less than ¢ — 2, ap-
plying Uk<¢+ results in a new valid scoring sequence.
Begin by assuming we start with some scoring sequence
{x1,29,...xy} where x; + k = x4, with 0 < k < £ —2
such that a Uy 4 gate can be applied to take z; — z; — 1
and T;1; — Tiim + 1. Assume that there 35 with
i < j<i+msuchthat >/ _ zy =y; = ({ — 2)(%)
This condition guarantees that teams one through j only
win games amongst themselves and lose all other games.
Therefore, since ¢ < j, x; < (j — 1)(£ — 2) and since
i+ m > j Tirm > j(€ —2). Consequently, we arrive at
ZTitm —2; > £—2 which contradicts the construction that
i+ k =2y, with 0 < k < ¢ — 2. Therefore, by contra-
diction, we see that if two teams differ by 0 < k < £ —2,
then there is no y; = (¢ — 2) (%) and thus applying Uy 4
will result in a valid scoring sequence satisfying (1)-(3).

This process will only terminate when all teams’ scores
differ by at least £ — 2. The resulting scoring sequence is
unique, by the argument in Appendix B, and is precisely
X. Therefore, all scoring sequences are reachable from
X. This mapping ensures that every scoring sequence
corresponds to a state in the Krylov sector.

Together, these arguments form a one-to-one mapping
from states in the Krylov sector containing X to the num-
ber of scoring sequences in an N-team (¢ — 2)-fold tour-
nament.

Now we can turn to finding the number of scoring se-
quences in an N-team (¢ — 2)-fold tournament.

From the definition given by conditions (1)-(3) above,
we follow the argument laid out in Ref. [62]. First, we
restrict ourselves to considering the case of N = 2M.
Then we can consider two sets of M numbers that fully
determine the original scoring sequence:

eq;,=x;for 1 <i< M
[ bl = (672)(2]\/[7 1) —To2M+1—4 for 1 S 7 S M.
Here, the a; encode the first M numbers in the scor-

ing sequence and the b; encode the remaining M. With
these new quantities, we can impose new constraints that
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imply conditions (1)-(3). Counting the number of scor-
ing sequences of this type provides a lower bound for the
total number of scoring sequences.

Assume a; and b; meet the following constraints:

(4) Yy a = it by
)a1<a2< SU,M:(E*Q)(M*I)

) ap = (0 =2)(k—1)
)b1<b2 by = (0—2)(M —1)

) b > (0—2)(k—1).

From these constraints it is straightforward to show
that (4) implies (3) while (5) and (6) imply (1). Addition-
ally, constraint (6) implies (2) for k¥ < M. Furthermore,
conditions (7) and (3) imply (2) when M +1 <k < 2M.

Since conditions (4)-(8) imply (1)-(3), any valid sets
of a; and b; will also correspond to a valid scoring se-
quence. Thus counting the number of valid sets of these
new variables gives us a lower bound on the number of
scoring sequences.

(®
(6
(7
(8

Now we notice that if we denote Efvil a; = T, then
the total number of sets fulfilling (4)-(8) is given by Z:

(0—2)M?
DKS<n—£ éM)>Z— Z f(T; M, 0)?

T=1
(C1)
where f(T) is the number of sets of a; such that (4)-(6)
are satisfied. The square comes from the fact that the
b; are defined in exactly the same manner and have the
same sum. Additionally, the sum, T" has to be between 1
and (¢ — 2)M? (although many of those values will have
H(T; M, £) =0).
Next, we apply Jensen’s inequality to Eq. C1 to obtain:

2
L—2)M?
1 (

sz ZfTMé : (C2)

From this expression we notice that the summation is
exactly the number of non-decreasing lattice paths from
the origin to the point (M — 1, (¢ — 2)(M — 1)) that stay
at or above the line y = (¢ — 2)z. This combinatorics
problem, the “weak ballot problem”, is solved exactly by
the (¢ — 2)-Catalan numbers [63]:

(£—2)M?

. _ -)M
Tzﬂ f(T; M, 0) = G

() ©

Combining Eqgs. (C2) and (C3), we obtain:

DKSZ(é ;) ((4 2)1M+1((£_J\;)M>)2

(-1) (M (¢ = 1))
2m(f — 2)30 M3 <MM(M(£ - 2))M<e—2>>

1 [(e—1)EDN\
s (=)

2

(C4)



Remembering that N = 2M we arrive at:

-1
Dks 2 L ((é— ok )>

~ NS\ (0 —2)t=2)
Now that we have have a lower bound for the size of
the Krylov sector, we can obtain an upper bound from
the size of the symmetry sector. By construction, we have
L =({—2)(N—1)+1, which corresponds ton = 1/({—2)
in the limit of infinite system size. At this density, the

size of the symmetry sector is given by Eq. 2:

N

(C5)

1 [ (n+1)e\"
Daym~ o \ T
( 1 +1)(232+1) (an
1 —2
~ 3z T (C6)

With this expression, we now have an upper and lower
bound on the size of the Krylov sector, both of which
have the same exponential factor. Putting these together
gives a relative size of the Krylov sector

10—\
Ne ((é— 2><H>)
with 2 < a < 5. The lower bound on Dgg can be tight-
ened directly from Ref. [56] to 2 < a < 5/2. From this
expression, along with the conjecture that D is exponen-
tially small below n. and 1 — D is exponentially small
above n., we can extract the critical filling. It is clear
that at n = 1/(¢ — 2) the symmetry sector and a Krylov
sector both have the same exponential scaling. There-
fore, at this density, we have found a Krylov sector that
makes up a power-law fraction of the symmetry sector
and thus, n. =1/(¢ — 2).

If we further conjecture that o = 5/2 is constant in
£ and that the Krylov sector we are considering is the
largest one (using arguments similar to those in the main
text), then we can obtain the scaling of D for n < ne.
With these assumptions, we arrive at:

=)D\

(n+1)(n+D)

Dygg ~ (C7)

L
n+1
n3/2\/L

(C8)

forn <mn.=1/({ - 2).

Appendix D: Algorithm for determining the size of
largest Krylov sector

This section is largely based on Ref. 64 and generalizes
the result from N = L to any N and L such that either
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N >Lor (N+L)=1 (mod 2). Reference 64 presents a
recursive algorithm for calculating the number of unique
scoring sequence in an N-round robin tournament. It
begins by defining a function fy;(P,y) that counts the
number scoring sequences 0 < 1 < 29 < ... < zy =¥y
with the following constraints:

1.
N
> a;=P (D1)
2.
k k
> x> (2) (D2)

i=1

Notice that fy(N(N —1)/2, N — 1) is the number of
scoring sequences for an N-team round robin tourna-
ment in which the maximum score is N — 1. To find the
total number of scoring sequences one can simply sum
IN(N(N —1)/2,k) for [(N —1)/2] <k < N —1. This
quantity can be calculated by now noticing the following
recursive definition for fus(P,y):

1 ifP=y>0

D3
0 otherwise (D3)

f1(P,y) :{

P
— P M-1
fu(Py) = kzz:ofol(P y.k) AP —y= (")

0 otherwise.

(D4)
This prescription allows for efficient calculation of the
function fp(P,y) and therefore, the number of unique
scoring sequences. We can then use our analogy be-
tween the number of scoring sequences and the size of
the LKS in order to extend this algorithm to calculating
the size of the LKS for any N and L such that either
N >Lor (N+L)=1 (mod 2). In order to extend this
formula, we notice that Eq. D2 reaches equality for all
k exactly with the scoring sequence {0,1,2,..., N — 1}.
In the analogy to fractons, this scoring sequence corre-
sponds to the uniform state. We notice that this is the
fully extended state (see Appendix B). Further, since all
states in the LKS can be reach from the uniform state
through only the applications of Uy _ operations, we are
able to define a similar constraint based on this unique
state (for all of the LKS for any N and L such that either
N > Lor (N + L) =1 (mod 2)). If we label the fully
extended state in the LKS as X = X3, X5, ..., Xy (where

0<X; <X;y1 <N —1), then the Eq. D2 becomes

(D5)

k k
i=1 i=1



Therefore, we can define a new equation z(N, L, k) =

Zle X, based on the fully extended X in the LKS with
N and L. Then, we have a new recursive function,
gu (N, L, P,y), defined as:

1 ifP=y>0

D6
0 otherwise (D6)

QM(N,L,P,ZJ)—{

gM(N;Lapa y)
P
- k=0
0 otherwise.

(D7)

With this new function, we now have an efficient way
in which to calculate number of states in the LKS:

=2

_lgN(N,L,N(L —1)/2,k).

LKS(N,L) = (D8)

=
Il

While this method will work generally for any P, we
restrict ourselves to thinking about the case of P =
N(L — 1)/2 in which we have a conjectured structure
of the fully extended state.

Appendix E: Uniqueness of the fully extended state
for periodic boundary conditions

In this Appendix we consider the question of whether
a fully extended state can exist, and whether it is unique,
when the system has periodic boundary conditions. We
focus on the case where the gate size ¢ = 3.

A fully extended state is defined as a state for which
no operations Us 1 can be applied. For the case of closed
boundary conditions, it is clear that a sequence of re-
peated applications of the operator Us ; must eventu-
ally terminate, since each application of Us ; increases
the system’s quadrupole moment, Q@ =/ ngx?, by two.
Therefore, since the fully extended state has a finite value
of @, there can be no infinite cycle of Uz ; gates and
thus a fully extended state must exist. However, when
the system has periodic boundaries ) can only be de-
fined (mod L?), and thus the previous argument does
not guarantee the existence of a fully extended state. In
the remainder of this Appendix we demonstrate that any
state with N < L cannot be subjected to an infinite cy-
cle of Us 4 operators, and thus it must eventually reach
a fully extended state consisting of only zeros and ones.
We then show that this fully extended state is uniquely
specified for a given starting state.

Consider an arbitrary starting state with some given
values of N, L, and P (mod L). For the sake of contra-
diction, assume that there is an infinite set of Us | gates
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that never reaches a fully extended state. Since there is
a finite number of states, there must be some state X
that returns to itself after a finite set of gates have been
applied. Let us denote the number of Us 4 gates applied
at site x in during cycle as a,. It is clear that since the
charge is conserved during cycle,

Uy—1(modL) — 20z + Gz 41(modr) = 0 for all z.

The only solution to this set of equations is a9 = a1 =
... = ar—1 = a. Therefore, any cycle consists of the same
number of Uz 4 operations being applied at every site.
Now, imagine marking a particle any time it is moved
by one of these gates in the cycle. The first gate marks
two particles. If the next gate is not applied to a site
immediately adjacent to the first, then it will also mark
two new particles, while if it is applied to a site adjacent
to the first gate it will mark at least one new particle. In
general, a gate will mark at least two minus the number of
gates previously applied adjacent to that site. Therefore,
by the time a gate has been applied to every position,
which is guaranteed whenever a > 0, there are at least L
marked particles. Thus, any infinite cycle requires that
N > L. Conversely, for N < L, the repeated application
of Uz ; gates must eventually terminate by producing a
state for which no site x has n, > 1, i.e., a fully extended
state. Therefore, for the cases considered in Sec. IV,
N =L—-1and N = L — 2, a fully extended state is
guaranteed to exist.

We can now prove that the fully extended state is
unique, following a proof presented in Ref. [65]. Con-
sider an arbitrary initial state with N < L and assume for
the sake of contradiction that there are two different se-
quences of Us  gates that reach different fully extended
states. We can denote the sequences of Us 4 operations
by X = {21, 29, ...,2,} and Y = {y1,y2, ..., Ym }, where x;
(y;) denote the position of the i-th gate in the first (sec-
ond) set of gates. Since the two sequences reach different
final states starting from the same initial state, there
must be some first instance, k, where x; # y;. Since a
gate can be applied at xj to the state reached after the
first £k — 1 gates, there must be at least two particles at
xk. Since the final state will not have two particles at
any site, there must be some future gate such that k’ is
the next instance in Y where yir = xj to ensure that
this site eventually reaches less than two. So despite not
applying the gate to xp at the k-th step, there must be
some future step k' that does.

Since this gate is applied later in the Y sequence, we
can modify the order of this sequence by moving yis to
the k-th position. This move changes the Y sequence to
Y'= Y1y - Yk—1,Yk's Yk» Yk+15 - Y/ =1, Y/ +15 s Ym- This
new sequence is still valid since we know that yi = x
is a valid gate to apply at step k since Y is the same as
X up to this point. Further, since there are no y; = yu
for kK < i < K/, and all other positions have a charge
greater than equal to what its value would have been
without the application of ¥/, the remaining gates are
allowed. Therefore, Y’ contains all the same gates as Y,



and so reaches the same final state, but is now identical
to X up to at least the first k+1 gates. By repeating this
procedure of swapping the order of gate application in Y,
we will eventually reach a point when the new sequence
is equal to X. At this point it is clear that X and Y
must be the same up to the order of the gates applied.
Therefore, the fully extended states that they reach must
be identical.

These two proofs together establish that a system with
periodic boundary conditions has a unique fully extended
state any time N < L. In fact, the arguments presented
here can be equally applied to the case of closed bound-
ary conditions, which recovers the result presented in Ap-
pendix B.

Appendix F: Algorithm for selecting a random state

Here we present an algorithm for selecting a random
state from the symmetry sector with a particular charge
N and dipole moment P. If we consider periodic bound-
ary conditions, then generating a random state for a sys-
tem with GCD(N, L) =1 can be done as follows:

1. Draw a random variable, Ny, which corresponds to
the number of particles at the first site of the sys-
tem. Ng is drawn from the probability distribution
p(Ng) = (N_]\L[(’fQL_z)/(NZfl_l) which comes from
the number of states for the remaining N — Ny par-
ticles on the L—1 sites divided by all possible states.
Place Ny particles at the first site.

2. Consider the remaining sites and particles of the
system, i.e., update N - N — Ng and L — L — 1.

3. Repeat steps 1 and 2 until N and/or L reaches 0.

4. The resulting state has some dipole moment P. If
we shift all of the particles one space to the right,
then we will increase the dipole moment by, N
which is guaranteed to change the dipole moment
since P is defined modulo L. Continue shifting the
state until the desired P is reached.

Appendix G: Derivation of the correlation length
exponent

In the main text we give a heuristic argument for the
correlation length exponent v = 2. Here we make that
argument more rigorous. To do so, we calculate the prob-
ability that a given segment of a state is locally thermal-
ized, i.e., it has a filling that exceeds the critical value.
If there is a well defined correlation length &, this prob-
ability should decay exponentially with the size of the
segment, and the exponential decay constant defines &.
As before, we will assume that GCD(N, L) = 1. This as-
sumption assures that to create a random state (detailed
in Appendix F) one can ignore the dipole contstraint
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FIG. 8. Numerically-estimated probability that a segment of
length Lo segment has particle density n > n.. We generate
375 random states with L = 10000 with values of the average
density n ranging from 0.6 (bottom curve) to 0.8 (top curve).
For each curve, we sample 100 random segments of length Lo
and calculate the probabilty that the segment is locally ther-
malized (its density exceeds n. = 1). Our numerical results
closely match the theoretical result of Eq. G1, and they dis-
play exponential decay with Lo in the range 1 < Lo < L.

and then circularly shifting the origin of the coordinate
axis. Therefore, the probability p(n, Lg) that a segment
of length Ly contains at least Ny = n.L¢ particles is given
by

N (NU+L0—1> (N—NU+L—L0—1)

p(n,Lo) — Z Lo—1 L—Ly—1

N():nCL() (szfl)

(G1)

In Fig. 8 we compare this expression with results ob-
tained from numerical simulations, which show strong
agreement. Equation (G1) can be rearranged to obtain:

p(”a LO)
B NI(L —1)!
 (Lo—-DNL—Ly—D(N+L-1)!
N
(Ng + Lo — D!((n+ 1)L — Ng — Lo — 1)!

x _Z : Nol(N — No)! :

No=n.Lg

NUL = D!((ne +1)Lo — D)!((n 4+ 1)L — (ne 4+ 1)Ly — 1)!

(LO — 1)'(L - LO — 1)'(]\7 + L — 1) (Tl(-Lo) (nL — ’fl(.Lo)
N—n.Lo Ny

Z H ((ne+1)Log—1+4)(nL —n.Lo—1)
ncLo—H (n+1)L—(ne.+1)Lo—1—14)

N{=0 i=1
(G2)

Roughly, the expression inside the summation on the last
line contributes most when N{, and thus i, is small with
respect to nL — n.L. Therefore, the product simplifies
to (n(ne +1)/(ne(n +1)))No in the limit of 1 < Ly < L



and fixed n. Therefore,

p(n, Lg) ~
NIUL — 1)Y((ne + 1) Lo — 1)}((n + 1)L — (ne +1)Lo — 1)!
(Lo — D)WL —Lo— D!((n+ 1)L — D)!(n.Lo)!(nL — nLop)!
N—ncLo n(nc + 1) N
8 Néz_:o (nc(nJr 1))
NLY((ne + 1) Lo)!((n + 1)L — (ne + 1) Lo)!
~ ML — Lo)l((n + DD Lo)!(nL — neLo)!
L L L)@t DD nn+)
Lne+1D)Lo((n+ 1)L — (nc+1)Lg) ne—n
_ NWLI((ne +1)Lo)!Y((n + 1)L — (ne + 1)Lo)!
(L)L — Lo)!((n + 1) L)Y (neLo)!(nL — neLo)!
ne(n+1)
(ne +1)(ne —n)’

(G3)
Through several applications of Stirling’s approxima-

tion and subsequently taking the limit where L and Lg
go to infinity we arrive at

p(na LO)

 ne(n+1) \/ nL(ne + 1)((n+ 1)L — (ne + 1)Lo)
T (ne+ 1) (ne—n) \ 27Lo(L — Lo)(n + 1)n.(nL — n.Lo)
exp (_ nL(n.+1)((n+ 1)L — (n. + 1)L0)>
Lo(L = Lo)(n + 1)ne(nL — ncLo)
( 0" ((n + 1)L — (ng + 1) Ly) ™) )L
(n+1)+t)(L — Lo)(nL — n.Lo)™

(ne + 1)t D(L — Lo)(nL — n.Lo)"
) ( ne“((n+1)L = (ne + 1)Lo)"e+! >

X

X

Lo

n+1 e (ne + 1)(nc+1)nnc Lo
T ne—n\ 2x(n.+1)Lg \ nec(n+ 1)net!
ne—n\ 2r(n. + 1)L
_nt 1 Ne o—Lo/¢.
ne —n'\ 2r(n. + 1) Lo

(G4)

This last expression defines the correlation length by
equating the exponential factor in the expression for
p(n, Lo) with exp[—Lg/&]. Therefore, we arrive at

-1
g(n) - 1Og ((nc+1)(nc+l)nnc)

e (nt1)netl

(G5)
_ 2nc(ne +1)
T o (n—mne)?

This last equality corresponds to the limit n, — n < n.,
and recovers the expected result v = 2.
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