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We establish, in the spirit of the Lieb-Schultz-Mattis theorem, lower bounds on the spectral de-
generacy of quantum systems with higher (Gauge Like) symmetries with rather generic physical
boundary conditions in an arbitrary number of spatial dimensions. Contrary to applying twists
or equivalent adiabatic operations, we exploit the effects of modified boundary conditions. When
a general choice of boundary geometry is immaterial in determining spectral degeneracies while
approaching the thermodynamic limit, systems that exhibit rigid non-commuting Gauge Like sym-
metries, such as the orbital compass model, must have an exponential (in the size of the boundary)

degeneracy of each of their spectral levels.
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I. INTRODUCTION

In the current work, we extend earlier results con-
cerning the degeneracy of quantum systems (principally,
those relying on the Lieb-Schultz-Mattis theorem [1] and
its higher dimensional generalizations [2-4]) to models
with rigid “higher symmetries” that exhibit an exponen-
tial (in the linear (d = 1) system size, area (d = 2), or
higher (d > 2) dimensional volume) spectral degeneracy
[4-14]. Known arguments for establishing degeneracies
(including, principally, the Lieb-Schultz-Mattis theorem)
employ geometries with generalized Bloch type boundary
conditions [15]. While, as we will explain, the proof of ex-
ponential degeneracy for systems exhibiting rigid higher
symmetries is rather trivial in classical (large spin or sim-
ilar) limits, this is not the case for quantum systems.

In our efforts to establish the exponential spectral de-
generacy that these quantum systems feature, we will fol-
low an approach different from that of the known proofs
of the Lieb-Schultz-Mattis theorem and its extensions.
Our proof will, instead, rely on altering the boundary
geometry of the system from that of a pristine hypercu-
bic (or other) lattice with (Born-von Karman or Bloch
type [16]) periodic boundary conditions to the very same
lattice having an exterior boundary that is not cleaved
so perfectly as to be symmetric along all Cartesian di-
rections. For such general “real life” boundaries, we will
rigorously establish a degeneracy that is exponential in
the size of the boundary. As we will spell out in some de-
tail, this modified boundary geometry may be changed by
the inclusion of terms forming a “zipper Hamiltonian”.
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When added to the existing interactions (i.e., the sys-
tem with generic non-Bloch type boundary conditions for
which we may rigorously prove exponential degeneracy in
a finite-size system), the zipper Hamiltonian effectively
restores conventional periodic boundary conditions. We
will illustrate that, under rather mild assumptions, in
the thermodynamic limit of various systems, the zipper
Hamiltonian may not lift the exponential degeneracy.

Recently, there has been a renewed surge of interest
in physical theories whose extensive degeneracy is in-
timately related to associated higher symmetries (also
heavily studied in myriad contexts as “d-dimensional
Gauge Like Symmetries” [11-14, 17-20] “unusual” [21],
“stratified” [5, 6], low-dimensional [7, 22], “sliding” [8,
23], “infinite but nonextensive set of conservation laws”
[24], “generalized”, “generalized global” or “higher form
symmetries” [25-31] (and their “higher group” mixtures
[32, 33]), and “subdimensional” or “subsystem symme-
tries” [34-41]). In numerous theories with d-dimensional
Gauge Like Symmetries, the spatial support of the sym-
metries is malleable and thus of a topological character
while in many other theories, this spatial support can-
not be deformed arbitrarily and is rigid. Some authors
like to reserve the designation of “subsystem symme-
tries” to automatically imply these d-dimensional Gauge
Like Symmetries associated with specific rigidly defined
d-dimensional spatial regions that cannot be arbitrarily
deformed. We will explicitly refer to these symmetries as
“rigid higher symmetries.” In this latter case, which will
form the focus of our work, there may generally be an
extensive number of independent symmetries. Numer-
ous finer classifications of higher symmetries and their
extensions exist (e.g., whether they are invertible or not)
with non-trivial consequences, e.g., [42-45]. References
[17] and [18] initiated a study explaining how the gauge



like character of these symmetries mandates, in various
circumstances, topological order. Subsequent, very pen-
etrating, results linking these symmetries to topologi-
cal phases appeared in Ref. [26] and other illuminat-
ing works. As befits their name(s), these higher or d-
dimensional Gauge Like Symmetries act nontrivially on
a d (or d+ 1)-dimensional spatial (or space-time) subvol-
ume of a theory defined in D (or D + 1) spatial (space-
time) dimensions. The d=0and d =D (or d = D + 1)
dimensional spatial (or space-time) limits correspond to
the standard local (gauge) and global symmetries.

The more non-trivial d-dimensional Gauge Like Sym-
metries lie between the diametrically opposite limits of
local and global symmetries (0 < d < D) (and thus act
on a lower dimensional subvolume of the physical sys-
tem). These symmetries may be associated with various
groups. A general study of the consequences of these
symmetries and, in particular, of the dimensional reduc-
tions that they imply in systems with topological order
first appeared in [11-13, 17-20]. The upshot is that, as a
rule, when the dimension of these symmetries is smaller
than that of the system (d < D), a generalization [11, 12]
of Elitzur’s theorem [46] (physically capturing the exis-
tence of d-dimensional topological defects in D spatial
dimensions) leads to an effective dimensional reduction
from D — d dimensions for various observables and gen-
eral spatio-temporal correlation functions [11-14, 17-20].
This holds true regardless of whether the submanifolds on
which the d-dimensional Gauge Like symmetries operate
are spatially rigid or not. For low d, the proliferation of
d-dimensional topological defects at finite temperatures
may, unfortunately, lead to a loss of memory in topo-
logical quantum memory schemes [13]. This particular
corollary may be proven by application of the generalized
dimensional reduction inequalities [12, 13, 17-20] to au-
tocorrelation functions. For the special cases of stabilizer
models (including the celebrated Kitaev Toric Code [47],
the Chamon model [48], the Haah Code [49], the X-cube
[50], and other models, e.g., [13, 51, 52]) the lower di-
mensional symmetry inequalities are further augmented
by exact dualities [12, 13, 17-20, 51, 52] that map the
partition functions and the equations of motion of these
higher (D > 1) dimensional systems to those of dual
one-dimensional systems. A trivial consequence of those
dimension reducing dualities is that the equations of mo-
tion for general observables will exactly map to those of
the lower dimensional dual systems [12, 19, 20, 53]. This
implies that their autocorrelations are identical to those
of lower dimensional systems, suggesting that some of
these systems might not be immune to thermal fluctua-
tions [54].

Intrinsically, the action of d-dimensional symmetries
on a spatially smooth low-energy configuration (i.e., one
with infrared (IR) Fourier components) may generate
other degenerate low-energy states that are not, at all,
necessarily slowly varying in space, and have significant
weight associated with their ultraviolet (UV) compo-
nents. This seemingly rather odd facet has reignited var-

ious questions and investigations as to how continuum
field theories may describe such highly degenerate sys-
tems with unconventional IR-UV mixing [30, 34, 55, 56].
Of particular current note are studies of “fracton” the-
ories [28-30, 35, 38, 48-52, 56—69] and their hybrids
[70, 71] (including, using the above noted dualities, the
exact finite temperature solutions [12, 51, 52] of all of
the first fracton models [48, 49, 57, 59]). Some qual-
itatively similar behaviors also appear in theories ex-
hibiting a “fragmentation” of their Hilbert space into
individual ergodic subspaces that do not readily enable
transitions from one subspace to another [72]. Prede-
cessors of current fracton-like models featuring an ex-
tensive number of d-dimensional Gauge Like symmetries
have been the “compass models” and their duals that
we will study in Section IIT [5-8, 1014, 17-20, 24, 73—
78], which include celebrated Kugel-Khomskii type mod-
els [14, 21, 73]. These decades-old models [73] and their
extensions describe orbital (and spin) degrees of freedom
in transition metal compounds [73-75]. Compass models
are some of the simplest models capturing the quintessen-
tial physics associated with the physical connections be-
tween degeneracies and d-dimensional Gauge Like Sym-
metries that we wish to explore.

Before proceeding further, we briefly comment on the
relation between symmetries and degeneracies in classical
(large spin or similar) limits with a particular focus on
theories exhibiting rigid higher symmetries such as the
classical variant of the 90° square lattice compass model
[14] that we will specifically elaborate on later. In clas-
sical theories, the system is in a product type state. In
these theories, no entanglement exists between the dis-
joint spatial regions where the different higher symme-
tries may operate. Thus, given a classical (spin, field, or
other) configuration C, one may turn, in a binary fashion,
“on” or “off” the M independent classical higher sym-
metries that operate on different subregions of C. The
2Ma different binary strings defined by the choice of ap-
plying/not applying these M, different symmetries may,
generally, be associated with 2™« states that are degen-
erate with C. Symmetries that have more than two group
elements, allowing for more than just “on” or “off” appli-
cations, may yield a degeneracy that is larger yet. If the
number of independent symmetries M scales as a lower
dimensional subvolume of the system then the above
implies sub-extensive exponential degeneracies. Apart
from classical compass type systems and classical rendi-
tions of various quantum models with topological order
[79], different subvolume exponential degeneracies were
also found to appear in classical field theories with non-
Abelian backgrounds [80], originally introduced as mod-
els of glasses [81], as well as a host of classical spin models
with spiral and other ground states [79, 82, 83]. In both
classical and quantum continuum gauge theory formula-
tions that treat elasticity as that of a strongly anisotropic
medium in space-time, defects are constrained to lower
dimensional regions [84, 85] matching more recent frac-
ton inspired gauge theory formulations [66].



As is well known, in quantum theories the relation
between symmetries and degeneracies is more intricate.
Quantum fluctuations may lift classical degeneracies.
These fluctuations can select and stabilize a particu-
lar lower energy ordered state in a space spanned by a
plethora of many classically degenerate states — a mech-
anism often colloquially called “quantum order by dis-
order” [14, 86-91]. Despite being notably different, this
phenomenon is superficially reminiscent of anomalies in
quantum mechanics. Anomalies refer to situations in
which a symmetry that exists classically is no longer a
symmetry of its regularized quantum theory. Although
the classical d-dimensional symmetries at hand may re-
main symmetries of the quantum theory, unlike quan-
tum anomalies, the degeneracies that the classical sym-
metries imply need not carry over to their quantum coun-
terparts. Indeed, in the quantum arena, symmetries do
not straightforwardly imply the existence of degeneracies
(e.g., the eigenstates of the Hamiltonian may transform
as singlets under the various symmetry operations). One
of the simplest textbook examples illustrating this dic-
tum is afforded by the absence of non-trivial transforma-
tions of the (even and odd) symmetric (D = 1) double
well eigenstates under the parity symmetry operator. By
sharp contrast, degeneracies always necessarily mandate
the existence of symmetries (within any linear subspace
spanned by n > 2 orthogonal degenerate eigenstates,
there is an internal SU(n) “rotation” symmetry asso-
ciated with general superpositions of these degenerate
states) that, rather trivially, does not change the energy
(see, e.g., Ref. [17]). Determining the spectral degenera-
cies is typically done on a case by case basis for numerous
problems across diverse fields, both fundamental and ap-
plied [92-96]. Degeneracies that do not exist in finite size
systems can, in some instances, rear their head so as to
only emerge asymptotically in the thermodynamic limit.
The latter situation arises in diverse situations including,
e.g., those cases in which tunneling between edge states
is suppressed in the thermodynamic limit [97]. In the
context of the compass model (with periodic boundary
conditions) that we will use as an example in this work,
an exponential degeneracy was suggested to appear in
the thermodynamic limit in Refs. [9] and [10].

Our work aims to show how, in specific circumstances
(including those of altered boundary conditions), higher
symmetries may rigorously lead to degeneracies in quan-
tum systems. We will discuss how localized changes (zip-
per interaction terms) in the system Hamiltonian may
connect it to a system with exactly provable degenerate
states. Furthermore, if the choice of boundary conditions
is immaterial (i.e., do not modify the spectral properties
of the system in the thermodynamic limit) then exact
spectral degeneracies may still emerge asymptotically in
this limit for general boundary conditions.

Our principal findings can be succinctly summarized
by two basic inter-related maxims for a system of linear
size L featuring d-dimensional Gauge Like Symmetries:

(A) Symmetries and, in particular, rigid d-dimensional

Gauge Like Symmetries mandate exponential degenera-
cies when the choice of boundary conditions is immaterial
in the thermodynamic (L — oo) limit. That is, the log-
arithm of the degeneracy of each level [98] of energy E,
g(E), scales asymptotically at least as fast as L%,

lim L% Ing(E) >0, (1)

L—oo
with
d=D-d (2)

denoting the co-dimension of the spatial dimension (d) of
the higher (Gauge Like) symmetries.

(B) Given boundary conditions for which exponential
degeneracy may be rigorously proven for finite system
sizes, the same exponential degeneracy may persist in the
thermodynamic limit in the presence of other boundary
conditions or interactions with different environments.

In what follows, we provide simple formal proofs of
these maxims for general systems before turning to model
system applications. Readers preferring to have a con-
crete application in mind before reading these general re-
sults may instead first peruse Section III, and then read
the more general abstract discussion in Section II.

II. ON EXPONENTIAL DEGENERACY AND
BOUNDARY CONDITIONS

A. A Fundamental Theorem

In order to establish maxim (A), we start with a simple
Lemma.

Lemma 1. Consider a system governed by a Hamilto-
nian Hopen on a D-dimensional spatial volume €p, and
free (open) boundaries, for which there are two “dual”
sets of independent symmetries {U,} and {V,} (with
a=1,2,..., M) satisfying the following conditions:

(1) All operators in one of these two sets mutually
commute with one another,

[UCLa Ua’] =0. (3)

(2) For any symmetry U, in the above set there is only
a single dual operator V, that does not commute with it.
Specifically,

[Ua, Vo] =W, # 0 and [U,, Vo] =0 for a #d, (4)

where the operator W, does not have a null space.

When the above conditions are met, each eigenstate of
Hopen is, at least, 2M fold degenerate.

Proof. Given condition (1), we may label all of the
eigenstates of Hopen by the eigenvalues {A,} of the M
independent symmetries {U,} (along with any additional
quantum numbers if additional degeneracies appear in a
sector of fixed eigenvalues of all {U,} operators). That
is, all of the energy eigenstates are of the form

|w>:|)‘1'”)‘a~-'>\M7{V}>7 (5)



with {v} additional labels (comprised of the energy eigen-
value and other quantum numbers if any) for all states
within a given sector of {\,},. To illustrate that for
any a, there are, at least, two states with different eigen-
values of U, having the same energy, we may next invoke
condition (2). As the commutator W, does not have
a null space (W, |¢) # 0), it follows that |¢)) is not an
eigenstate of V,. Thus, the state V,|¢) is linearly inde-
pendent of [¢)). Since V, is a symmetry of the Hamil-
tonian, it further follows that the two states |¢) and
Valtp) are linearly independent eigenstates of Hopen shar-
ing the same eigenvalue (energy). Lastly, the commuta-
tivity [Ug, Vo] =0 for a # o’ implies that V,|¢) is still
an eigenstate of all other operators U, with a’ # a. Re-
peating the latter sequence of steps when the two states
|¢)) and V,|¢) are acted by other symmetries V,, with
a' # a, it follows that the states V™V |¢)) (where
ng = 0,1 and n, = 0,1) constitute four linearly inde-
pendent eigenstates of the Hamiltonian. Recursively it-
erating the above procedure for other symmetries of the
V type, one sees that the 2M states V" V52 ... VM [4)
(where for each 1 < a < M, we may set n, to be either 0
or 1) are linearly independent degenerate eigenstates of
the Hamiltonian. The existence of (at least) the above
2M independent degenerate eigenstates establishes the
Lemma. B

If all quantum numbers {v} in Eq. (5) are eigenval-
ues of operators that each commute with the symmetries
{U,} and {V,} then the degeneracy of each state of fixed
{x}{ exhibits a degeneracy that is an integer multiple of
2M,

A simple application of this Lemma illustrates the well
known four-fold degeneracy of the Toric Code model [47]
on a simple 2-torus. In this model, there are only M =
2 independent symmetries of the U type and M = 2
of the V type that satisfy the conditions of Lemma 1.
Indeed, these are none other than the standard logical Z
and X operators of the Toric Code model [47]. However,
far more non-trivial degeneracies appear when there is a
large number M of independent higher symmetries that
satisfy the conditions of Lemma 1.

In particular, this Lemma leads us to our central the-
orem,

Theorem 2. General Hamiltonian systems (e.g.,
lattice theories on general graphs) that exhibit, at least,

M >l e,d >0, (6)

independent symmetries that satisfy the conditions of
Lemma 1, have for all energy eigenvalues E of the Hamil-
tonian a degeneracy

g(B) > 222" (7)

Proof. This follows from an immediate application of
Lemma 1 given Eq. (6). W

In Section III D, we will illustrate via an example of a

4

compass model [5-8, 10-14, 17-21, 73-77] with modified
boundary conditions, so that the conditions of Lemma
1 are satisfied, how higher symmetries imply a non-
trivial exact exponential degeneracy. If the symmetries
in Lemma 1 correspond to spatially rigid independent
higher (or Gauge Like) symmetries of dimension d that,
by virtue of being independent, cannot be continuously
deformed into one another, then d’ = D — d as explained
above. We note that since there may be additional multi-
plicities of {v} associated with any set of the eigenvalues
of the mutually commuting operators (including Hopen
itself), the degeneracy of each of the eigenvalues E of
Hopen may be an integer multiple of 2M associated with
independent sign flips of each of the eigenvalues A, of
the symmetries U,. We also emphasize that the theorem
refers to symmetries that are independent. This is cru-
cial since its number M is dependent upon the type of
boundary condition, as we will explain below.

The above considerations may be sharpened as follows

Corollary 3. Consider the situation in which (i) the
operators {U,} and {V,} are not symmetries of the full
Hamiltonian Hopen and commute with Hopen only in a sec-
tor of given fixed energy E and (ii) the operators {U,}
and {V,} satisfy the conditions of Lemma 1. In this case,
the proofs of Lemma 1 and Theorem 2 apply for the pro-
jected Hamiltonian PgHopen PE with Pg being the pro-
jection operator onto the space of energy E to establish
exponential degeneracy. Thus, even if {U,} and {V,}
are not exact symmetries of the full Hamiltonian Hgpen
and only commute with it within a given energy subspace
(i.e., these operators are emergent symmetries [99]) then
in that energy subspace the exponential degeneracy of
Theorem 2 is ensured. Similar results apply if {U,} and
{Va} satisfy the conditions of Lemma 1 and only become
symmetries in those projected sectors of fixed quantum
numbers other than those of constant energy.

In the systems that we will investigate in more detail,
including compass model [5-8, 10-14, 17-21, 73-77] ex-
amples in Section III, the many-body Hamiltonian Hopen
is a sum of few body interactions or “bonds” b,,

Hopen = » by, (8)
il

We stress that the exact exponential degeneracy of The-
orem 2 applies to all eigenstates and is not limited to the
ground state sector of the system. Indeed, later on we
will discuss finite temperature theories.

We next outline the reason why, for typical spin and
bosonic systems, boundary conditions can be invoked
such that the conditions of Lemma 1 apply for M > cL?
independent symmetries with the co-dimension d’ of Eq.
(2). In fact, common open boundary realizations of real
physical systems satisfy Eq. (6). In what follows, we will
denote the generic local spin or Bose operators by {¢/}.
Here, 1 is an internal label and r the appropriate exter-
nal position (site) index. These operators will explicitly
become the Pauli operators {o#} (with p = z,y,2) in



spin S = 1/2 models. For generic finite size lattices (or
graphs) different from those with periodic boundary con-
ditions, such an extensive number of independent sym-
metries trivially appear as a result of geometric consider-
ations. In Bose and spin systems, whenever the symme-
try operators {U,} have their support on d-dimensional
regions {R,} that are spatially disjoint (i.e., when these
regions share no common sites), then they will commute
since Bose and spin operators on different spatial sites
trivially commute and Eq. (3) is satisfied. This is gener-
ally not true when they do overlap and non-trivial com-
mutators will appear. Indeed, if the regions R, and R,
(respectively, the spatial supports of the symmetries U,
and V,) share common sites while R, and R, (respec-
tively, the spatial supports of the symmetries U, and V}
with @ # b) share no common sites then, generally, U,
and V, need not commute with one another. Lastly, U,
and V;, with a # b do not have overlapping spatial sup-
port and may trivially commute (giving rise to Eq. (4)).
In mathematical terms,

Re NRy =0, for a # b,
Raﬂﬁbzﬂ), for a # b,
RaNRa # 0. (9)

In many systems, geometry alone (whether the spatial
(or spatio-temporal) support of the symmetry operators
overlaps or does not) mandates Egs. (3) and (4). That
is, geometry determines whether the symmetry opera-
tors commute. By definition, for a system in D spatial
dimensions exhibiting d-dimensional Gauge Like Symme-
tries, the symmetries U, or V; have their support on a d-
dimensional spatial region R, and R,. For a generic open
volume Qp in D dimensions (i.e., not one with square or
cubic boundaries), there are foliations of Qp into O(L%)
regions {R,} and into O(L?) regions {R;} on which
the symmetries {U,} and {V;} have their support. That
is, for random open boundaries of Qp, we can partially
slice it into O(L?) non-overlapping d-dimensional hy-
perplanes satisfying the conditions of Lemma 1. For
fermionic (or non-commuting elementary degrees of free-
dom) systems, if the symmetries involve an even number
of operators per site (and/or regions {R,} and {R;} hav-
ing an even number of sites) then the mutually commut-
ing nature of the symmetries on different disjoint regions
is, once again, ensured.

The above discussion might seem a bit abstract. To
make it more concrete, we will shortly turn (Section III)
to simple examples. An important ingredient will be
the use of general boundary conditions that are different
from those of the conventional Born-von Karman form.
These general boundary conditions are not merely aca-
demic. Indeed, real materials are not wrapped around
tori that endow them with periodic boundary conditions
nor are they boxed to textbook type square (or hyper-
cubic) boundaries. The boundaries 9Qp of real physical
systems Qp are typically very different from these con-
ventions and may generally span many possible geome-

tries. The use of periodic boundaries has indeed largely
been a matter of convenience (i.e., since these allow for a
Fourier space analysis and have no identifiable boundary
sites so as to emulate bulk macroscopic systems in which
nearly all real space sites lie far from the boundaries).
The use of periodic boundary conditions has, for these
and related reasons, become very common by now. In
Section IIID below, we will examine boundaries differ-
ent from the periodic ones to illustrate how our central
Theorem 2 mandates an extensive degeneracy of this sys-
tem. Nearly identical constructs may be introduced for
many other theories and disparate boundary conditions
different from those that are customarily employed.

Before proceeding further, however, we must note that
our considerations do not apply for many other systems,
such as Kitaev’s Toric Code model [47], where local op-
erators are defined on bonds and not sites (vertices). In
particular, the (D = 2 dimensional) Kitaev Toric Code
model [47] supports its well-known d = 1 symmetries
[17, 47] but our geometric construct will not allow for
these to be independent of one another. As we remarked
after illustrating Lemma 1, only M = 2 sets of these in-
dependent symmetries exist for the Toric Code model. In
a related geometrical vein, the symmetries of the Kitaev
Toric Code model are not rigid. These symmetries are
associated with the products of Pauli matrices along any
of the many contours that wind around one of the two
cycles of the torus. An arbitrary smooth deformation of
a given initial contour on which a Pauli string product
is defined leads to another operator that remains a sym-
metry. This new string product on the deformed contour
is not independent from the symmetry operator associ-
ated with the initial contour. In fact, all such deforma-
tions lead to symmetry operators that act identically on
a given ground state. By contrast, for the compass mod-
els that we detail in Section III, the symmetries have
their support on particular rigid spatial regions. When
these regions are disjoint, the associated symmetries are
independent of one other.

B. Exact universal exponential degeneracy of
hybrids of thermal systems and their environment

We conclude this section with two exceptionally simple
yet general results relating to maxim (B).

We consider a Hamiltonian Hgpen that is a sum of
bonds {b,} (Eq. (8)) with each of these bonds being in-
variant under all of the symmetries {U,} and {V,}. For
this Hamiltonian, we may establish

Corollary 4. If a degeneracy that is an integer mul-
tiple of an exponential in the linear system length (or
any other) is established for each level of Hopen satisfying
the requirements of Theorem 2 then, a degeneracy of (at
least) 2™ also follows for the expectation value (as eval-
uated in eigenstates of Hopen) in the same Hilbert space,
of any Hamiltonian Hgyp, that is formed by summing any
subsets of the bonds appearing in Hgpen.



Proof. The sequence of steps used to establish Theo-
rem 2 can be repeated verbatim here since each of the
individual bonds b,, whose sum forms Hy,,, commutes
with all the symmetries {U,} and {V,}. Thus, for each
eigenstate [1)) of Hopen, the expectation value (1| Hgyp|t))
will remain invariant under the change of sign of any of
the symmetry eigenvalues {A1 ...\, ... Ar}. Since there
are 2 such subsets, the corollary follows. W

The subsets of the above bonds appearing in Hopen may
tessellate any subregion g of the domain Qp. The
above proof is rather general and also holds when sub-
region g, is not be geometrically contiguous. In what
briefly follows, we consider what occurs when g}, is not
composed of disjoint volumes. Formally, in the thermo-
dynamic limit, we may regard Qg C 2p as the “system
bulk” and the remaining Qeny = (2p — Qsup) as the ther-
mal reservoir or “environment” with which it interacts
and is in equilibrium with. This is so since the combined
“system-environment” hybrid is described by Hopen. If
this hybrid is in thermal equilibrium then its state will be
a thermal state defined by Hopen. From Theorem 2 and
Corollary 4, in each of the exponentially many degen-
erate ground states (which may be regarded as thermal
states at temperature 7' = 0) of the environment-system
hybrid of Hopen, the energy of the system alone (Hgyp)
is exactly the same. Identical results trivially hold for
all excited states. Thus, the logarithm of the number
of states of this hybrid having the same system energy
(1h|Heup|®0) is bounded from below by O(L%). The lin-
ear dimension L of the system is less than or equal to
that of the “system-environment” hybrid Qp for which
Theorem 2 applies. We stress that this conclusion holds
for all possible Hamiltonians Hopen satisfying the require-
ments of Theorem 2 that includes the system Hgyp, as a
subset. For any such Hamiltonian, we may deform the
volume ¢, defining the “environment” and make it ar-
bitrarily small as long as the requirements of Theorem
2 are still satisfied. In particular, since Qs C p, for
all such deformations of the environment that geometri-
cally surrounds the system, we will consistently obtain a
universal minimal lower bound of O(L%) on the ground
state entropy. This hints that the introduction of various
boundary effects in the thermodynamic limit may still
leave the ground state entropy bounded by O(L%).

Although obvious, we should perhaps emphasize that,
in general, [Hopen, Hsub) 7# 0. Thus despite the fact that
they may share the same eigenvalues of their common d-
dimensional symmetry operators when diagonalized sep-
arately, Hopen and Hy,p, do not have identical eigenstates.
That is, this corollary is not a trivial consequence of en-
larging the Hilbert space of the system (on which Hgyp
operates) by the additional degrees of freedom of the en-
vironment.

We may further trivially invert the roles of the “sys-
tem” and “environment” to obtain an additional re-
sult. Towards this end, we may let the closed “system-
environment” hybrid be a system for which we cannot
prove by Theorem 2 the exponential degeneracy (i.e.,

when the conditions of this theorem are not met) and
take the “system” to be a theory on a volume g, for
which the conditions of Theorem 2 are satisfied. When
ensemble equivalence holds (as expected in the thermo-
dynamic L — oo limit), this will lead to another very
simple consequence.

Corollary 5. Consider a subvolume (g}, of linear di-
mension L for which the conditions of Theorem 2 apply.
We further assume that an ensemble equivalence holds
between the system properties on g, when it is closed
(i.e., within the microcanonical ensemble) and for the
system properties on g within the (canonical ensem-
ble type) thermally equilibrated system-environment hy-
brid on Qp. Under these conditions, the system’s ground
state entropy on g, will be > (’)(Ld/).

Proof. The von-Neumann entropy of the “system” on
Qsub at any given temperature (including the limiting
T = 0 case associated with the ground state sector) is

Ssub = _Trsubpsub 10g2 Psub> (10)

where the reduced density matrix

Psub = Trenv Psub—env (11)

is formed by a partial trace of the density matrix of the
system-environment pgyp—eny Over the Hilbert space of the
environment (env). In the microcanonical ensemble, the
entropy of the system is given by the logarithm of the
number of its ground states. Thus, from Theorem 2,

Seup > O(LY). (12)

We next invoke ensemble equivalence. This equivalence
implies that calculations with the reduced density ma-
trix of Eq. (11) reproduce computations with the density
matrix of the closed system (i.e., those within the micro-
canonical ensemble). Considering the ground state sector
of the system-environment hybrid, we see from Eqs. (10)
and (12), that whenever the system satisfies the require-
ments of Theorem 2, the partial trace of Eq. (11) yields
a reduced density matrix for the system with an entropy
that is bounded from below by O(LY). W

Similar entropy bounds may be derived on various
system-environment hybrids that contain one or more
subregions. All such bounds are consistent with known
entropy inequalities such as those of Ref. [100]. How-
ever, further applying the entropy inequalities of Ref.
[100] and subsequent works to the considerations under-
lying Corollary 5 does not rigorously establish exponen-
tially large ground state degeneracy in any theory with
higher symmetries on an arbitrary volume Qp (i.e., in-
cluding those for which the conditions of Theorem 2 are
not satisfied). Returning to the proof of Corollary 5, we
emphasize that even if the ground states of the system-
environment hybrid are not highly degenerate, for all
“system” subvolumes g for which the conditions of
Theorem 2 are met, the ground state entropy bounds of
Eq. (12) are satisfied. Notwithstanding special excep-
tions (see, e.g., Ref. [101]), as is heavily emphasized in



statistical mechanics textbooks, ensemble equivalence is
quite pervasive in the thermodynamic L — oo limit of
rather general theories. In the above, we considered gen-
eral ensembles formed by system-environment hybrids.
In the conventional “canonical” setting, the environment
is far larger than the system while in the microcanonical
ensemble, the system on {)gp is closed and there is no
environment. Here, ensemble equivalence in the form of
the irrelevance of the fine details of the boundary envi-
ronment with which the system interacts and equilibrates
with is conceptually similar to independence of the sys-
tem behavior from its boundary conditions.

In order to make the content of Corollaries 4 and 5
clear, we will discuss their implications for the square
lattice compass model at the end of Section IIID.

In Section IV, we will return to a general discussion
of maxim (B) as it pertains to the effects of boundary
conditions.

IIT. EXAMPLES: SQUARE AND CUBIC
LATTICE COMPASS MODELS

A. Definition of the 90° square lattice model

As an example in which Theorem 2 comes to life, we
will first consider the spin S = 1/2 square lattice 90°
compass model, the simplest of all compass models [5-
8, 10-14, 1720, 73-78].

We start with a brief definition of this model. The 90°
square lattice or planar compass model (PCM) [8] on a
square lattice of size N = L x L (with a lattice constant
that we set to be unity) is given by a simple bilinear in
the Pauli operators,

HPCM:_ Z JHUTI,LO':f+e#. (13)

=T,y

Interactions (or “bonds”) involving the x spin operators
S# = g% /2 (here and throughout we set i = 1) occur only
along the spatial x direction of the lattice. Similar spa-
tial direction-dependent spin exchange interactions ap-
pear for the y components of the spin. Thus, the PCM
displays exchange interactions with two Pauli matrix fla-
vors along the x and y square lattice directions, which we
henceforth refer to as e, with p = z,y (see Fig. 1). This
model may be regarded as a square lattice rendition of
Kitaev’s honeycomb model [102] (in which all three dif-
ferent Pauli matrices appear along the three honeycomb
lattice directions connecting nearest neighbors).

Before proceeding, we provide a quick summary of how
compass models such as that of Eq. (13) naturally arise.
These models have been used in numerous arenas [14] in-
cluding frustrated magnetism, cold atoms, and quantum-
information [76] to name a few. Compass models are best
known for describing the real-space directional charac-
ter of orbitals in transition metal compounds. In these
systems, the orbital states dictate the overlaps between
electrons on neighboring real space ions. This, in turn,

leads to a dependence of the interactions in real space on
internal-space pseudo-spin states describing the orbitals.
This intricate coupling leads to Hamiltonians describing
these systems that, similar to the PCM , exhibit a depen-
dency of real space couplings on the internal pseudo-spin
components. Inasmuch as finite size computations can
ascertain [9, 10, 78], when endowed with periodic bound-
ary conditions, the PCM exhibits a spectral gap between
its claimed ground state sector of an exponentially large
number (O(21)) of states and the lowest-energy excited
states.

Obviously, models exactly dual to the PCM will share
identical spectra [19, 20]. For instance, a simple duality
taking J, <> Jp and Jy, <> h [8, 20] maps the PCM of Eq.
(13) onto a model first introduced by Xu and Moore [24]
for describing Josephson coupled superconducting arrays,

HXM:—JPZHO'i—hZO'f. (].4)

O red T

In Eq. (14), [[,cq o7 and ) denote, respectively, the
product of the four spins lying at the vertices of minimal
square lattice plaquettes [J and the sum over all such pla-
quettes [ in the square lattice. As discussed elsewhere
[8, 24], Hxm (in a square lattice) displays O(L) mutually
commuting d = 1 symmetries for which Theorem 2 can-
not be applied. In the next subsections, we turn to the
investigation of the symmetries of the PCM on systems
with conventional and modified boundary conditions. A
proof of a high degeneracy of the PCM (employing its
mutually non-commuting symmetries on systems with
modified boundary conditions) allows a demonstration
of a similar degeneracy for Hyp.

Cir

FIG. 1. (Color online.) The PCM, Eq. (13), on an open
square lattice. Interactions along the two external Cartesian
directions are associated with couplings J,, u = x,y. Corre-
sponding with each of the highlighted contours C§ and C7,
are the symmetries of Eq. (15).



B. d=1 Gauge Like Symmetries of the square
lattice 90° compass model

The PCM is invariant under the following Zs symme-
tries [8-11, 13]

ol = H iott | for p=u=x,y (15)

recy

with C)' L e, axis (see Fig. 1). We briefly review some
of the properties of these symmetries. Our notation will
follow that of [8, 11, 13] while the results pertaining to the
commutation and anti-commutation of these symmetry
operators amongst themselves were first reported in [9,
10]. All of the symmetries associated with lines C}’, that
are all parallel to the same direction u, commute amongst
themselves,

0,0 =0. (16)

By contrast, operators of the type of Eq. (15) that are re-
lated to orthogonal lines anticommute with one another,

{07,043y =0. (17)

The above anticommutativity is apparent since any
two orthogonal lines ¢ and ¢’ intersect and share one
common lattice site r’.  Associated with this point
of intersection, Of has a single factor of o7, in the

string product of Eq. (15). Similarly, OAé’, has, in the
string product of Eq. (15) that defines it, a factor of
o?,. The anticommutator {o¥,0%} = 0 implies the
anticommutation relation of Eq. (17). For general
boundary conditions discussed in the next subsections
[103], different independent composites of the two dual
sets of d = 1 symmetries {OY} and {O%} on horizontal
and vertical lines correspondingly relate, in the general
setting of our central Theorem 2, to the two respective
sets of operators {U,} and {V,}.

When J, = J,, a global reflection symmetry augments
the symmetries of Eq. (15) [17]. We will, however, focus
on the anisotropic model of Eq. (13) with J, # J,. As

[Hpcm, Of] = 0, similar to Eq. (5), we can label, with
some abuse of notation, the eigenstates of the Hamilto-
nian HPCM by

1) = A1 A, {v}), (18)

with A, = £1 an eigenvalue associated with the mu-
tually commuting symmetries Oéf (all operators with the
same value of 1) and {v} an additional label for all states
within a given sector of {\,.¢}f_,. This latter label may
mark the energies of these states and, when additional
degeneracies appear, any other remaining quantum num-
bers. .

The symmetries O} of Eq. (15) have exceptionally sim-
ple pictorial representations. For all sites r lying along
columns/rows, these symmetries respectively correspond

to reflections about internal spin directions u. Specifi-
cally, given a site r, the operators O/ either implement

(i) for p = z, the transformation S* — S¥ and SY —
—SY for any vertical line ¢ containing r, or

(ii) for p = y, the transformation S*¥ — —S¥ and
SY — SY for any horizontal line ¢’ containing r.

In the large spin S limit of Hpcym, the model trans-
forms into a classical spin model with classical XY spins
of unit norm S, = (5%, 5¥) replacing the Pauli operators
in Eq. (13). It is readily verified that the above two
operations (i) and (ii) remain symmetries of this large
S rendition of the Hpcy Hamiltonian. As we now ex-
plain, the symmetries (i) and (ii) imply that the classical
(S — o0) limit of the PCM trivially exhibits a degen-
eracy that is exponential in the linear system length L.
Towards this end, envision classical XY spins at any lat-
tice site r. Clearly, any such classical spin S, cannot be
parallel to both its internal vertical and horizontal spin
directions. Thus, any such classical spin will change un-
der the application of (at least) one of the two symmetries

Of and OAZ associated with the vertical and horizontal
lines that pass through the site . With this simple obser-
vation made, proving the exponential degeneracy of the
classical system is rather immediate. Towards this end,
consider traversing the real space square lattice along one
of its main diagonals (comprised of L sites). In what fol-
lows, we sequentially label the L sites along such a given
diagonal by 7diag. Consider any rgiag that lies at the in-
tersection of the vertical line ¢ and the horizontal line
¢'. The classical spin at rq4iag (as well as the spin at any
other site) might be invariant under a reflection about
its internal z direction or its internal y axis. However,
as just noted above and as we reiterate again, any such
classical spin cannot possibly be simultaneously invariant
under reflections about both its internal x and y direc-
tions. Thus by applying, given any site rqi,g, at least one

of the two reflection operations Of or (jg, will generate
a new degenerate classical spin configuration. For each
of the L sites lying along the diagonal, let us define an
associated reflection symmetry O,  (of either type (i)
or (ii)) that is guaranteed to change its configuration.
As we traverse the square lattice along one of its main
diagonals, we may turn “on” or “off” these L reflection
symmetries O, . Following this recipe, we may generate
25 states (i.e., XY spin configurations) that are degener-
ate with any initially given classical spin state. This is an
example of the rather universal exact degeneracies of the
classical model (which appear for general systems inde-
pendent of their size or boundary conditions) that were
discussed in the Introduction. In the context of that ear-
lier discussion, in the PCM, the number of independent
classical rigid higher symmetries, M = L.

Complementing these above exact d = 1 reflection
symmetries, the classical system further exhibits an
emergent continuous rotational symmetry that appears
in its ground state sector. For instance, for positive cou-
pling constants J, = J, = J, it is indeed readily es-



tablished that all uniform (i.e., ferromagnetic) states are
ground states of the Hamiltonian with continuous global
rotation connecting these ground states. These global
emergent symmetries remain unchanged in the classical
limit for states formed by the application of any com-
bination of the d = 1 symmetries on the classical ferro-
magnetic states. Similar to anomalies in quantum field
theories, this continuous symmetry of the classical sys-
tem in its ground state is no longer a symmetry of the
quantum theory in its ground state sector. In this sense,
this is an emergent anomaly.

In what follows, we focus our attention on the spin
S = 1/2 quantum model of Eq. (13).

C. Open square lattice with boundaries parallel to
the Cartesian directions

We first briefly summarize the standard open bound-
ary condition realization of the S = 1/2 PCM. We will
then turn to consider other boundary conditions and il-
lustrate how they imply an exponential degeneracy of the
spectrum. Our bound on the degeneracy applies for each
level of the spectrum, not only the ground state sector.

When the square lattice is aligned along the Cartesian
x and y directions, then given any eigenstate of the form
of Eq. (18) with p fixed to be either x or y, we can apply

a symmetry operator of the type O}‘ﬁé" to |1). This leads
to a new eigenstate of Hpcwm,

OZ iu‘)\u;L-)‘u;La (1) =1 = Aue = A, {v})
= |v') 19)

that has the same energy as the original state |¢)). The

result of Eq. (19) is the same for all lines C! with
1 < ¢ < L. Thus, given any initial eigenstate |¢)), we
see that we can construct a second eigenstate that has
the same energy. A two-fold degeneracy [10] thus fol-
lows from the existence of the non-commuting symme-
tries of Egs. (15) and (17). An identical effect and con-
clusion trivially follow from time-reversal symmetry (and
Kramers degeneracy) as applied to square lattices with
an odd Lx L size [13]. On a square lattice having its edges
parallel to the Cartesian directions, no additional degen-
eracy follows from symmetries. Indeed, numerically only
a two-fold degeneracy is observed on finite size square
lattices [9, 10]. Indeed, as our proofs make clear (requir-
ing the need for the conditions underlying Theorem 2
to be satisfied), the existence of higher symmetries does
not imply an exponentially large degeneracy of all finite
size systems. A curious numerical observation [10, 78]
of the PCM on finite size square lattice (insofar as finite
size calculations can suggest) is that as the system size
becomes progressively larger, multiplets of O(2%) states
each seem to become degenerate as L — oo (with a gap
between these multiplets that decays algebraically with
system size). The results of our work will further ratio-
nalize how a degeneracy that is exponential in the system

perimeter may arise. We first explain why in open sys-
tems with various boundaries, the symmetries of Eq. (15)
mandate a degeneracy of each level that is exponential
in the perimeter.
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FIG. 2. (Color online.) The system of Eq. (13) on a square
(L = 8) lattice with cylindrical boundary conditions (black
grid, left panel) and its cut along a slanted line (highlighted
in red). The cut leads to the system shown on the right. On
the original cylinder, the two (yellow) lines marked by P; were
one and the same. The nearest-neighbor PCM Hamiltonian
on the open parallelogram on the right can be made to agree
with that on the cylinder by inserting additional interactions
(staircase blue line) that become non-local on the parallelo-
gram. The sum of these additional 2L — 1 interaction terms
defines the “zipper Hamiltonian” H,. See Section IV and, in
particular, Eq. (28) for a discussion of the H, that captures
the blue staircase bonds needed to seal the open parallelo-
gram on the right, and transform it (as a closing a zipper) to
the closed cylinder on the left. Both the cylindrical system on
the left and the open parallelogram on the right are invariant
under d = 1 symmetries of the type of Eq. (15). Both, open
and cylindrical, systems are invariant under the symmetries
O?, associated with the horizontal lines C}, (marked in green).
The open system is invariant under the symmetries O% affili-
ated with all vertical lines C7 connecting one side of the open
system to the other. However, since the vertical boundaries
of the cylindrical system differ from those of the open system,
its symmetries differ. For instance, individually, while the
two operators Of2:3 and OAZ:H (marked in yellow) are exact
symmetries of the open system Hamiltonian Hgpen they are
no longer symmetries of the cylindrical system. However, the
product O3Of7; is that of Eq. (15) associated with spanning a
vertical generator of the cylinder and, as such, is a symmetry
of the cylindrical system.

D. “Cylindrical cuts”, “toroidal cuts”, “dilute
vacancies” and other boundary conditions or
changes of internal geometry for which exponential
degeneracy follows from symmetries

We next consider, see Fig. 2, a finite L x L square
lattice which lies inside a parallelogram of an angle 6 rel-
ative to the x axis (with the z and y coordinates defining
the nearest-neighbor compass interactions of Eq. (13)).
This lattice can be viewed as that generated by “cutting”
and “opening up” an L x L square lattice with cylindrical
boundary conditions. If the cut were performed along a



Cartesian direction (8 = /2 in Fig. 2), the result would
be the standard square lattice with open boundary con-
ditions. If, however, the cut is performed at another
general angle 6, the resulting parallelogram will define
the lattice that we focus on now. This parallelogram will
be composed of L horizontal lines (each of length L).
In Fig. 2, we show a parallelogram formed by choosing
0 = w/4. In traversing the lattice by a distance of order
unity along the vertical direction, these lines are hori-
zontally displaced relative to one another by one lattice
constant. Thus, overall, the horizontal span of the lat-
tice is equal to (2L) lattice constants. We will denote
the Hamiltonian of Eq. (13) on the so-generated open
cylindrical cut by Hgpen. As earlier, the operators of Eq.
(15) are symmetries for lines C} orthogonal to the p di-
rection. Now, however, we have the lines {C7}7L, and
{CIYE_,. Clearly, if two eigenstates have a differing set
of Ay eigenvalues then they will be orthogonal to one
another,

L
Ayt Ayin AVHA N, V) = H On, o\

vt
=1

(20)

From the symmetry operators of Eq. (15) we can con-
struct the subset of composite symmetry operators

os=1]0z, (21)
tes

where S is any of the possible subsets of the integers
{1,2,3,..., L} labeling the L leftmost vertical lines. Note
that here we allow for the action of the independent ver-
tical symmetry operators {O7} only on the L leftmost
vertical lines out of the (2L) vertical lines. The effect
of higher ¢ > L vertical symmetry operators Of on the
eigenvalues Ay;1...Ay;1 can be expressed in terms of that

of lower ¢ operators {OAf}zL:I. That is, with reference
to Fig. 2, for all 1 < ¢ < L, the result of applying
Oy O7 ., on the set of eigenvalues \,.1...Ay.1, is the same
as that of applying Of (which simply flips the sign of
all of these eigenvalues). There is an exponentially large

number (i.e., Zé:o ({;) = 2 of such independent sub-
sets of products amongst the vertical symmetry opera-
tors. On the square lattice of subsection IIIC, the ap-
plication of these symmetry operators in this subset can
lead to one of two outcomes: if the set S contains an
even number of integers then given any eigenstate of the
form of Eq. (18), the product O%|¢) will give back the
same full set of symmetry eigenvalues \,.,». By contrast,
if the set S contains an odd number of integers 1 < ¢ < L
then O%[y) = |¢') with |[¢') being the state defined in
Eq. (19). Now, here is one of trivial yet nonetheless
crucial points that we wish to bring to the fore: The ap-
plication of the symmetry operations of Eqgs. (21) on an
initial state |¢) will give rise to an exponential number
of orthogonal states,

O5l) = NS Ao WD = 05). (22)
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Here, )\5; o = NeAye. For a given ¢/, the Ising variable
ne = £1 denotes the even/odd parity of the number of
vertical lines C§ associated with the set S (ie., ¢ € S)
that intercept the line C%. Each of the possible differ-
ent general choices for the set S will uniquely lead to a
different binary string B = (/\5;1.../\5;L). By the orthog-
onality relation of Eq. (20), this implies an exponen-
tially large number of degenerate orthogonal eigenstates.
In particular, since each amongst the possible different
choices of the strings (Ay.1 = £1,..., Ay, = £1) can be
achieved then the system will have a degeneracy which
is (at least) of size 2. More generally, the degeneracy
as associated with the )., eigenvalues alone is bounded
by the cardinality M = |B| = |S] of the set of attainable
binary strings by applying the different operators {Og}
as in Eq. (22). For general 6, the number of such binary
strings scales as |[B| = 2. When 6 = 7/2, the number
of different obtainable binary strings (and thus a lower
bound on the degeneracy) is |[B] = 2 (as in subsection
IIIC). If, in approaching the thermodynamic limit, the
same degeneracy is found irrespective of the tilt angle 6
then we see how a degeneracy of 2 must appear for a
square lattice oriented along the Cartesian axes.

In fact, this is an example of the consequences of our
general Theorem 2. Towards this end, we may identify
Ur=0p_, Vi - Oj—1, Uz = O%:gv Va :A(szlofzz)a
vy Utca<r = O)i_,, Vica<r = (OF_, 107_,), ... s0
that M = 2L, (See [103] for further comparison to the
case of conventional boundary conditions.)

Interestingly, our open parallelogram construct is a bi-
partite lattice with sublattices A4 and Ap of equal car-
dinality. One can construct the unitary operator

Un = [] 7. (23)

reAa

such that {Hopen,Uch} = 0, meaning that the spectrum
of Hopen is symmetric with respect to zero and, thus, U
is a chiral symmetry. This result is valid for any bipartite
lattice.

Thus far, in this subsection, we considered a cut of the
cylinder of Fig. 2 to generate the open system of Hgpen
for which we can establish the exponential degeneracy.
Along nearly identical lines, we may similarly examine a
torus that is cut a general angle 6 # 7/2 and opened up
to as produce an oblique cylinder. For such general angles
#, Theorem 2 will then imply the existence of an expo-
nential ground state degeneracy on the resultant oblique
cylinders.

Similar constructs may be devised for many other
boundary geometries. For instance, placing the square
lattice on a closed cone (with the generating line of the
cone defining the y-axis and its base parallel to the x-
axis) instead of the cut cylinder of Fig. 2, would, for
general opening angles of the cone, enable a proof a de-
generacy that would scale, once again, exponentially in
the linear system dimension. One may similarly examine
a hybrid of two such cones sharing the same base and



in an analogous fashion also for a trapezoid. A partic-
ular realization of these other geometries is that of the
“Aztec diamond” lattice (a square lattice rotated at 45°
so as to have a diamond shaped boundary) [104-106].
More generally, a repetition of the above steps for generic
geometries in which the top and bottom boundaries (or,
similarly, left and right boundaries) are shifted relative to
one another by a distance that is O(L), will yield a lower
bound of the logarithm of the degeneracy that is of order
O(L). Further yet, numerous other open boundaries ex-
ist other than the above boundary conditions that corre-
spond to different cuts of cylindrical or toroidal systems.
As the reader can indeed see, the boundaries of generic
open two-dimensional systems of linear size L will allow
for O(L) independent d = 1 symmetries. Thus, the log-
arithm of degeneracy of general physical realizations of
two-dimensional systems will scale as O(L). The same
considerations can be extended to arbitrary dimensions.

In addition to modifying boundary conditions to go to
the open parallelogram or other systems for which we
can prove our theorem, we can also modify the internal
geometry by inserting dilute vacancies such that the con-
ditions of Theorem 2 are satisfied. For the PCM on an
L x L square lattice, we can remove a single site from
every column at a different height, i.e., we insert L va-
cancies. Then, an exponential degeneracy is assured by
Theorem 2.

Along related lines, we may arrive at similar conclu-
sions by noting that there is, in the conventional square
lattice boundary condition geometry of Section IIIC, a
two-dimensional representation of all of the algebraic re-
lations, Egs. (16) and (17), and thus a required two-
dimensional degeneracy of each level yet not beyond that.
That is, for the conventional boundary conditions, we
may represent each of these horizontal/vertical d = 1
symmetries as, respectively, the same single Pauli y or
same Pauli x operator while still maintaining all of the
algebraic relations. We cannot do this for the modified
boundary conditions discussed in this subsection since,
by our construction, the algebraic relations between the
operators of Eq. (15) are no longer uniform. Depending
on the lines on which they act, the operators OZ will com-
mute or anticommute with different other subsets of these
d = 1 symmetries. Then, this increase of dimensionality
of the smallest irreducible representation capturing the
algebra (a representation of minimal size 2¥) mandates
that each of the levels is exponentially degenerate.

Before concluding this subsection, we briefly return to
Corollaries 4 and 5. In the context of Corollary 4, we
note that if the region Qp is a parallelogram (as it is in
the current example of the PCM) then we may take its
subset, for instance, to be a square that can be inscribed
in the parallelogram p. For situations in which we can
prove exponential degeneracies for Hopen augmented by a
number of additional boundary terms (e.g., any number
of horizontal bonds in our example of the PCM and a
reduction by a factor of a half in our lower bound on the
degeneracy when any vertical bond was added), we may
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similarly remove any subset of the bonds to establish, at
least, the same degeneracies. With reference to Corol-
lary 5, we may take Qp to be of any shape (including
the open square lattice of Section III C) and Qg C Qp
to be a parallelogram of linear scale L inscribed within
it. Qgp may similarly be any other subvolume of Qp
such that the Hamiltonian Hopen on it satisfies the re-
quirements of Theorem 2. Corollary 5 then asserts that
if ensemble equivalence holds (as expected in the ther-
modynamic limit), given the T = 0 ground state sector
density matrix on 2p, the reduced density matrix of Eq.
(11) on Qgyp yields an entropy satisfying Eq. (12).

E. The cubic lattice 90° compass model

Complementing Kitaev’s honeycomb model [102], the
above square lattice compass model may be trivially ex-
tended to other geometries [14]. In particular, the cubic
(L x Lx L) lattice 90° compass model Hamiltonian Heem
is given by the righthand side of Eq. (13) with the sum
over p now spanning the three external spatial Cartesian
directions p = x,y,z and the three associated internal
spin components (see Fig. 3). This model features d = 2
symmetries given by Eq. (15) where, on the cubic lat-
tice, p = x,y, and z and C}' L e, now become d = 2
dimensional planes P 1 e,. That is, rather explicitly,

ok = Hioﬁ‘ Jfor p=xz,y,2 . (24)
rcP

Similar to the discussion in Section IIIB, in the large
spin classical (S — co) limit, the d = 2 symmetries that
this system hosts become reflections about internal spin
directions. The exponential degeneracy in the number of
planes L similarly follows. We now discuss the S = 1/2
quantum model.
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FIG. 3. (Color online.) The cubic lattice compass model and
its symmetries of Eq. (24) (see text).

With the trivial replacement of the d = 1 dimensional
line label ¢ by that of the d = 2 dimensional plane P,



the symmetries OAﬁ satisfy the commutation relations of
Eq. (16), i.e., [OAﬁé, O",] = 0. Whenever there are, at the
intersection of two orthogonal planes P L e, and P’ L
e+, an odd number of sites, we will find the D = 3
dimensional analog of Eq. (17), i.e., the anticommutator

{0}, 0} =0. (25)

As in the square lattice compass model, the eigenstates
of the Hamiltonian Hcem will be of the form of Eq. (18),
[¥) = [Apa- A, {v}) with {A,, Ay, ... Ay} now Abe—
ing the set of eigenvalues {\,,} of the symmetries {O%}
associated with the L parallel planes {P} that are or-
thogonal to e,. So long as we ensure that intersecting
orthogonal planes share an odd number of common sites
so that Eq. (25) is satisfied, all of the previous consider-
ations that detailed above for the square lattice may be
repeated for the cubic lattice. In particular, if we consider
boundary conditions satisfying this intersection property
then we may examine three-dimensional variants of the
deformed boundary conditions of Section IIID. Given
the L symmetry eigenvalues {),, }, repeating the con-
siderations for the square lattice compass model for the
cubic compass model, we find that each energy eigenvalue
(whether that of a ground state or an arbitrary excited
state) enjoys, once again, a degeneracy that is an integer
multiple of 2.

F. Continuous symmetry compass type models

All of the symmetries in the compass model examples
discussed thus far were of a discrete (Z2) nature. A sim-
ple model harboring a continuous U(1) symmetry is given
by the cubic lattice Hamiltonian

Hypy =—-J Z (0707 e, + 0707 10,)

r VAT

+H:({o7}),  (26)

where H;({o*}) is any (Ising type) Hamiltonian in the
operators {o¥}. The Hamiltonian of Eq. (26) is invariant
under continuous rotations in the planes P 1 e,

H 07 /2, (27)

reCy

In the taxonomy of Refs. [11-14, 17-20], the operators
of Eq. (27) are d = 2 dimensional (since the planes P
are two-dimensional) U(1) symmetries. On an L X L x L
lattice, there are L such planes P and thus L symmetries
of the type of Eq. (27).

A more realistic and much more isotropic compass type
system displaying continuous higher SU(2) symmetries is
that of the Kugel-Khomskii model [14, 73], that we briefly
alluded to in the Introduction. The three-dimensional
Kugel-Khomskii model was first introduced [73] to de-
scribe super-exchange in transition metal systems. This
model features planar SU(2) symmetries associated with
each of the individual (d = 2) planes [14, 21].
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From a generalization of Elitzur’s theorem [11, 12]
that invokes an extension [107] of the Mermin-Wagner-
Coleman theorem [108, 109] to zero temperature gapped
systems, continuous d < 2 symmetries in systems hav-
ing a spectral gap cannot be broken even at zero tem-
perature nor can they be broken at finite temperatures
(i.e., positive energy density above the ground state) in
both gapped and gapless systems. Various U(1) (and
SU(2)) symmetric systems harbor a spectral gap, e.g.,
[110] (including the AKLT spin chain [111]). In the con-
text of the focus of the current paper, it follows that in
gapped renditions of the above and similar systems, two-
dimensional (and/or other continuous) U(1) symmetries
cannot be broken. The above U(1) symmetric model il-
lustrates how continuous higher symmetries may appear
in lattice systems.

In what follows, when referring to examples, the canon-
ical model that we will refer to will largely be that of the
spin S = 1/2 PCM of the earlier subsections.

IV. EFFECTS OF BOUNDARY CONDITIONS
ON SPECTRAL DEGENERACIES

We next turn to the influence of the boundaries on
spectral degeneracies. We will do so by amending the
open system Hamiltonian Hopen on the volume Qp by
additional terms (whose sum is the “zipper Hamiltonian”
H,i,) that will capture the effects of changing the bound-
ary conditions. In effect, we will “stitch” back the open
system to form a closed surface. Intuitively, one may an-
ticipate H,ip to not radically influence the spectrum of the
bulk system. As we will argue, the effect of H,i, on the
system degeneracy may indeed be rather modest (van-
ishing in the thermodynamic limit) in certain situations.
Augmenting Corollaries 4 and 5, this will strengthen the
plausibility of maxim (B) of the Introduction as it per-
tains to boundary effects. To make our discussion clear,
we first explain what H, is for the PCM of Eq. (13) and
then outline results for general systems.

We proceed with the “surgery” outlined in Fig. 2.
Following the incision of the lattice on the cylinder (left
panel of that figure) and the “flattening” of the square
lattice leading to a open parallelogram boundary (right
panel), we may “sew” back the missing cut links associ-
ated with the lattice sites that lie on the boundaries of
the open square lattice. We do so as to exactly repro-
duce the Hamiltonian of Eq. (13) on the original square
lattice on the cylinder.

Within the coordinate frame of the open square lat-
tice, all of the interactions contained in Hy;, (linking one
boundary site on one side of the system to another on
the opposite side) are long ranged (of spatial separation
that is of the order of the system size O(L) — oo in the



thermodynamic limit). Referring to Fig. 2, we may write

L= T _T Y Y
HZ|p = Z (Jﬂa Oy O-r—i-(L—l)ew + JU UTU7-+(L—1)eI+ey)
reBy,

> boy. (28)
oy

The unitary operator Uy, of Eq. (23) anticommutes with
Hip implying that like Hopen it, too, trivially has a spec-
trum that is symmetric about zero. For the PCM, the in-
dex 07 in Eq. (28) labeling the boundary bonds forming
H,ip is comprised of the spatial location » € By mark-
ing the line of sites lying to the left of the “cylindrical”
cut and the index u = x,y denoting the internal compo-
nents of the spins appearing in the first equality of Eq.
(28). In the (uncut) cylindrical system on the left panel of
Fig. 2, these long range terms by, correspond to nearest
neighbor interactions (see also the staircase on the right-
hand panel of that figure), and H,i, is a one-dimensional
Hamiltonian having a rather trivial spectrum (Appendix
A). The complication arises for the full spectral problem
posed by the cylindrical Hamiltonian

Hcyl = Hopen + Hzip~ (29)

In the zipper Hamiltonian bonds associated with inter-
actions between spins that lie on the same row commute
with all of the symmetries O}, and thus do not lift the
degeneracy of the states of Eq. (21) associated with their
eigenvalues. By contrast, the vertical bonds in H, do
not commute with these symmetries and thus may lift
the earlier found exponential degeneracy.

Indeed, both the open cylindrical cut Hamiltonian
Hypen and the closed cylinder Hamiltonian Hey commute
with the horizontal line symmetries {OAZ} of Eq. (15)
(and thus, trivially, with their products). However, it is
only for Hypen that we are able to rigorously establish
the existence of an exponential degeneracy for arbitrary
linear system size L. In the PCM, if we add (i.e., “stitch
back”) a subset of Ly vertical bonds that appear in Eq.
(28) and further similarly add (or “sew back”) all of the
horizontal bonds appearing in Eq. (28) to Hopen then we
will be left with (L — Ly5*) horizontal symmetries {083,
Repeating mutatis mutandis the steps of Section III, we
will then be able to prove that each of the eigenstates has
a degeneracy that is an integer multiple of oL-Lai,

In the common eigenbasis of the symmetries {U,} (i.e.,
the symmetries Oé’/ commuting with Hcy|) and Hy, the
effect of Of is to flip the sign of the single vertical line
C7 that has P as one of its endpoints. Furthermore, the
open string Of flips the sign of all of the OA% eigenvalues
{A1,..., AL} associated with horizontal lines C}, that in-
tersect with C7. In the ground state, one would expect
all of the vertical links to have a negative contribution to
the energy.

Although the first equality of Eq. (28) is specific to
the PCM, the more abstract second equality may apply
to any system. In all such systems, when summed over
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all 07, the individual long range boundary bond opera-
tors will form the relevant zipper Hamiltonian. In gen-
eral, the boundary bonds bs, are functions of local op-
erators (fields) ¢# associated with the boundary r € By,.
Whenever we change the boundary conditions for an ar-
bitrary local Hamiltonian (that may differ from that of
the PCM), we will be able to express Hi, as a sum of such
local terms. Similarly, instead of sewing the boundaries
of the open parallelogram to form a cylinder, one may re-
populate the dilute vacancies discussed towards the end
of Section IIID to form other zipper type Hamiltonians
(in which the Hilbert space will now be increased) that
are a sum of local terms.

Generically, the full Hamiltonian involving H,i, does
not commute with Hypen. This non-commutativity makes
the analysis using symmetries less obvious. Nonetheless,
rather broad conclusions may still be drawn. In what fol-
lows, we outline the general structure of the exact eigen-
states when the effects of the zipper Hamiltonian H, are
included. We then discuss the diagonal matrix elements
of Hip in the eigenbasis of Hopen in systems with a spec-
tral gap. The latter result shows that, to lowest order
in perturbation theory, exponential degeneracy remains
asymptotically unchanged in the thermodynamic limit.
Henceforth, our discussion will become more qualitative.

We now return to the general problem (not focusing
our discussions to the example of the PCM) and refor-
mulate some of our considerations more broadly. Since
the symmetries {U,} are not lifted by Hp, it follows that
the eigenstates of Hc, may be expressed as a linear su-
perposition of eigenstates of Hopen, in general of different
energy (Eq. (5)), with the same symmetry eigenvalues,
ie., as

MAg. o Ar, {ven}) =

ZCAl)\Q...AL,{V}‘)\l)\Q"')\M7{V}>' (30)
{v}

We underscore that in the above sum, sectors of dif-
fering quantum numbers {v} of the open system eigen-
states may be mixed. By contrast, different eigenval-
ues of the symmetry operators U, cannot be superposed.
Thus, rather trivially, H, cannot directly lift the de-
generacy associated with the symmetries {U,} by mix-
ing states with different eigenvalues of these symme-
tries. In a related vein, since Hc, commutes with the
symmetries {U,}, it follows that all of the projected
Hamiltonians P,y Hey Pp,y are block diagonal in the
eigenspace of Hopen. This structure of Hamiltonian (and
ensuing form of its eigenstates) is reminiscent of that in
textbook type [16] Bloch systems wherein mixing may
occur only between states, differing by reciprocal lat-
tice vectors K , in different Brillouin zones (playing the
role of {r}) yet not between states belonging to the
same Brillouin zone (with crystal momentum labels
in the first Brillouin zone replaced here by the eigenval-
ues A\Az...Ar). Augmenting Eq. (30), as the commu-
tation relations [Hey,U,] = 0, for all a = 1,2,..., M,



further make clear, symmetry considerations trivially re-
duce the eigenvalue problem of H.y, to that in the oM
decoupled sectors labelled by different eigenvalue strings
{A1...Am}. In each such sector, we need to diagonal-
ize the projected Hamiltonian Py, x . Hei Py, .. 2., With
Py, ..a,, denoting the projection operator to a set of fixed
higher symmetry eigenvalues. The union of the eigenval-
ues of these projected Hamiltonians over all {\; ... A}
trivially forms the complete spectrum of H.,. Since
[Hopen, Va] = 0, the eigenvalues of the projected Hamilto-
nians Py, . Hopen P>, ..a, are the same in different sec-
tors {\q}* - this is, in essence, the content of Lemma
1. As we noted previously, for the very same reasons,
the demonstration of exponential degeneracy can be fur-
ther extended to the eigenstates of HCCy = Hopen + Hj

zip
where HZ, is the sum of all of the bonds appearing in

H;, that commute with all of the operators {V,}24,. In
the context of the PCM, Hz, is the sum of all horizontal
boundary terms appearing in Fig. 2 connecting sites that
lie along opposite sides of the cylindrical cut. However,
as we further underscored for the full the zipper Hamil-
tonian Hi, (not the sum zip of the subset of bonds in
H,, that commute with {V,}2,), due to Eq. (29) the
commutator [Hyip, Vo] = [Hey, Vo] # 0 for general V.
As a consequence of this non-vanishing commutator, the
eigenvalue problem of Py, . HciPx, . .2, in different
sectors Aj...Aa is not identically the same. This dis-
crepancy led to the aforementioned possible removal of
the spectral degeneracy This lifting of the degeneracy is
associated with the mixing of states of different quantum
numbers {ve,} in Eq. (30) (as noted, the latter labels
include the respective eigenvalues of Hopen)-

As we elaborate in Appendix B, the Wigner-Eckart
theorem may be naturally extended for higher symme-
tries. This trivial generalization leads to selection rules
on non-vanishing matrix elements of general operators
(including the zipper Hamiltonian) in the common eigen-
basis of Hopen and its symmetries.

The expectation values of H,, in the cylindrical states
Mg ... AL, {veyi}) of Eq. (30) are trivially equal to the
energies associated with H;, on these states on the closed
cylinder. Since Hyjp is a sum of short range terms on the
cylinder, the expectation values in these cylindrical states
are, generally, finite (also within the thermodynamic L —
oo limit). For the translationally invariant ground states
on the cylinder, these expectation value will equal to the
average expectation per bond within the global ground
state of Hcy times the number of bonds appearing in H;p.

We now briefly turn to a somewhat more specific
discussion of theories (dependent on the local operators
{¢$#}) that exhibit higher symmetries. In the eigenbasis
of Hgpen, the diagonal matrix elements of H,, are
the expectation values of the sum of these interactions
(Hzip = >_5, boy({¢}'})) in the eigenstates of Hopen. Note
that in any eigenstate (1|bg,|?) is a sum of correlation
functions involving the boundary local operators {¢#}.
If the connected correlation function between local
observables in eigenstates of Hgpen decays exponentially
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in distance between these observables then we may state
another simple Lemma.

Lemma 6. Consider the open system Hamiltonian
Hopen to be a sum of interactions of finite range and
strength (Eq. (8)) such that the eigenstates of Hgpen do
not support, in any eigenstate, infinite range nor alge-
braic correlations between local boundary fields ¢# (i.e.,
for asymptotically large separation distance L, the corre-
lation functions [112] are given by C' + O(e~/¢) with C
being a constant that depends only on the energy eigen-
value of Hopen, and & a characteristic correlation length).
Under these conditions, the diagonal elements of H;, in
the eigenbasis of Hopen (i.€., (¢|Hyip|t)) = Za,y (¥|bay |1¥)
with |¢) an eigenstate of Hopen) must tend to a uniform
constant in the L — oo limit.

Proof. Hyyp, is a sum of, at most, O(LP~!) boundary
interactions between local boundary operators ¢# that
are a distance O(L) apart. Given the assumption above,
each of the interaction terms by, formed by their prod-
ucts has, in a sector of fixed eigenvalue of Hgpen, a con-
stant expectation value of C' up to exponentially small
corrections in L. This implies that the diagonal matrix
elements of H,, are a sum of O(LP~1) individual expec-
tation values (bp,) that, up to the above stated uniform
shift, are each bounded by decaying exponential in L.
Such a sum is bounded from above by a number of or-
der O(LP~1e~L/€) and thus tends to zero in the L — oo
limit. W

Thus, in the thermodynamic limit, the expectation
values (H.y) in each of the exponentially many degen-
erate eigenstates of Hopen are the same. We reiterate
that, as our proof of Lemma 6 illustrates, this property
emerges only in the asymptotic L — oo limit. For finite
L, there are additional deviations O(LP~1e~%/¢) about
the asymptotic uniform constant value of (Hcy).

In those models in which H, is a positive semidefi-
nite operator and C' = 0 in the ground state manifold
of Hopen, there is an (asymptotic) exponentially large de-
generacy in the ground state of Hc,. The proof of the
latter assertion is nearly immediate as we now explain. In
such all such models, each of the ground states of Hypen of
which, by Theorem 2, there are exponentially many, may
be taken as variational ground states for Hy. In each of
these (linearly independent) variational states [113, 114],
Lemma 6 asserts that the expectation value of H, tends,
in the thermodynamic limit, to zero. On the other hand,
positive semidefinite Hamiltonians H, imply that the
ground states of Hopen provide lower bounds to Hey. It
follows that Hey enjoys precisely the same (asymptotic)
exponentially large (in Ld/) ground state degeneracy in
the thermodynamic limit.

In Appendix C, we will review general arguments for
the exponential decay of correlations in the ground states
of Lorentz invariant gapped systems that admit a Wick
rotation. If the thermal averages may be replaced by
eigenstate averages (in the spirit of the Eigenstate Ther-
malization Hypothesis [115-118]) then it follows that all



diagonal matrix elements of H, vanish in the thermo-
dynamic limit.

In Appendix D, we specifically demonstrate that
Lemma 6 mandates that to lowest order in degenerate
perturbation theory (in the perturbation Hy;, that alters
the system boundary conditions), the exponential degen-
eracy of Hopen is not lifted.

In Appendix E, we review and extend the discussion
of perturbation theory of a different sort. For the par-
ticular case of the PCM, such perturbative considera-
tions complemented by numerical results for the isotropic
model with periodic boundary conditions [9, 10, 78] sug-
gest that, within its ground state sector, the PCM may
preferably order along the x or y spin directions. Thus,
a natural set of variational ground states for the PCM
is given by the 2% product states of spins along different
columns (or rows) that are all positively or all negatively
oriented along the z (or y) and superpositions thereof.

V. THEORIES WITH UV/IR MIXING
DISPLAYING CONVENTIONAL IR BEHAVIOR

We now discuss the physical consequences of the degen-
eracies that we rigorously established for various bound-
ary conditions and suggested for others. As we reviewed
in the Introduction, the application of higher symmetries
naturally leads to a mixing of IR and UV modes. This
mixing is apparent in the ground states. Already at the
classical level, the low energy field configurations involve
Fourier modes of both very low and very high wavenum-
bers. Similar to (d = 0) gauge symmetries, also d = 1
discrete symmetries or d = 2 continuous symmetries that
give rise to low energy short wavelength variations of the
fields cannot, by the generalized Elitzur theorem [11, 12],
be spontaneously broken. Just as in gauge theories in
which the local symmetries cannot be spontaneously bro-
ken, these low d-dimensional Gauge Like symmetries do
not preclude the existence of usual thermodynamic tran-
sitions. Indeed, just as the two-dimensional Ising model
displays spontaneous symmetry breaking, general sys-
tems with higher d > 2 discrete symmetries (either exact
or emergent) may be broken spontaneously [11, 12].

We first briefly discuss the case of exact higher symme-
tries in which our earlier results establish a degeneracy
of each energy level. Lemma 1 implies that if all quan-
tum numbers {v} in Eq. (5) are eigenvalues of mutually
commuting operators that also commute with all of the
symmetries {U,} and {V,} then the finite temperature
partition function of the full system Zgpen = Tr(e=AHoen)
is trivially an integer multiple (2) of the partition
function associated with the trace of e=#Herer over a re-
stricted Hilbert space in which all eigenvalues A\, (with
a=1,2,..., M) are of a uniform sign. This, e.g., implies
that if the higher symmetries are of the Z5 type (as in the
PCM) then we may “fold” the system back onto the sec-
tor in which the symmetry eigenvalues are uniform and
do not change when traversing the lattice. That is, the
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contribution to the partition function from states asso-
ciated with a “UV” type rapid change of the symmetry
eigenvalues {)\,} is identical to that from either of the
uniform “IR” sectors of these symmetry eigenvalues in
which they all obtain a uniform value, A\ = ... Apq = £1.
For more general higher symmetries, we may examine low
temperature fluctuations about any of the exponentially
many ground states. The contributions to the partition
functions from those eigenstates associated with low en-
ergy fluctuations about uniform states (states {|¢iow,ir)})
are identical to those associated with their counterparts
that are related by applying the symmetry operators V,
on these states {|tow,ir)}. Notwithstanding an exponen-
tial degeneracy, the free energy density will thus be equal
to that of the “IR” system that one may focus on.

We note (as was briefly mentioned in the Introduction)
that in several theories featuring higher symmetries, an
exact dimensional reduction may occur as may be estab-
lished via dualities, e.g., [12, 14, 51, 52]. The associated
dual lower dimensional models [12, 14, 51, 52] may belong
to universality classes with conventional IR behaviors.
These dualities have been used to establish exponential
degeneracies in other systems, such as those trivially en-
countered when mapping spins to Majorana fermions in
high dimensional interacting (Hubbard type and other)
systems, as in, e.g., Ref. [119].

As we underscored earlier, some systems have sym-
metries that are not exact but rather only emerge at low
energies as symmetries of the projected ground state sub-
space, e.g., the classical 120° compass model that exhibits
emergent discrete d = 2 symmetries in its ground state
sector [5, 6, 14]. In this and other theories with such
higher symmetries, entropic fluctuations may stabilize or-
dering about a uniform state [5, 6, 14] or those with other
symmetry allowed orders [11, 12]. Where rigorous results
exist, it is seen that at positive temperatures, whenever
spontaneous symmetry can occur, UV /IR mixing may
be lifted [5, 6, 14] and, at low temperatures, the system
will display long wavelength fluctuations about the low
energy, higher symmetry allowed [11, 12] orders. Such
finite temperature entropic “order by disorder” stabiliza-
tion effects appear in numerous other systems [14, 120-
123]. As we alluded to in the Introduction, such symme-
tries may lead to a proliferation of minimizing modes on
d-dimensional (“flat band” type) surfaces in k space [14].
Such numerous low-energy states can also lead to glassy
dynamics and rich spatial structures [80, 124, 125].

VI. CONCLUSIONS

Our central result is that of Theorem 2. Systems dis-
playing spatially rigid higher (independent) symmetries
that are embedded on general open geometries display
an exponentially large spectral degeneracy. The situation
for the conventional textbook Born-von Karman (i.e., pe-
riodic) boundary conditions is more subtle, since those
symmetries may not be independent. We demonstrated



that by modifying the boundary conditions, the indepen-
dent higher symmetries may be guaranteed to transform
given eigenstates differently. By the modification of the
boundary conditions (or, as discussed in Section III D, in-
ternal geometry), the number of such independent sym-
metries can be made to be vary from finite values to a
number that is exponentially large in the system size.
This independence allows for a spectral degeneracy that
is exponential in the number of independent symmetries.
If this result does not depend on the boundary condi-
tions then the degeneracy holds rather universally. We
discussed specific conditions under which this degener-
acy may persist asymptotically when the geometry is de-
formed to be that of the Born-von Karman or other types
by the addition of external environments with which the
system interacts or by the insertion of a “zipper Hamil-
tonian”.

Our formal theorem for the exponential degeneracy of
systems with rigid higher symmetries may be rationalized
more intuitively whenever the correlations are local. In-
deed, as noted in the Introduction and Section III B, in
the classical analogs of the systems discussed, the degen-
eracy is exponentially large. This occurs since the local-
ized rigid higher symmetry operations that act on differ-
ent regions of space are, in the product type states ap-
pearing in the classical limit, independent of each other.
The number M of these higher symmetries in the clas-
sical limit scales as Ld’/7 where L is the linear extent
of the system residing in D spatial dimensions. Here,
d" = D — d with d characterizing the dimensionality of
the higher symmetries (these symmetries act on volumes
of size L?). The degeneracy of each configuration of the
classical system is, at least, exponential in M. The
subtlety that triggered the current paper originates from
nontrivial correlations between the fields/spins. These
correlations enable the entire quantum state of the sys-
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tem to transform as a singlet (or doublet, etc.) under
different rigid higher symmetries. In other words, cor-
relations allow for the situation in which a new inde-
pendent quantum state does not appear whenever any
of the numerous independent rigid higher symmetry op-
erations (whose number we denoted by M) is applied.
However, if the correlations between the disparate inde-
pendent symmetry operators that have their support on
different spatial regions decay asymptotically with the
distance between their support (say with a finite length
R) then the classical arguments as to why the logarithm
of the degeneracy should scale with the system size might
still be repeated verbatim for the Mncorr, = O((L/R)dl)
effectively uncorrelated independent symmetries.

The above intuition can further rationalize why, for
the modified boundary conditions that we employed in
the current work, the exponential degeneracy may also
rigorously persist also for finite size systems. Indeed,
by comparison to the more conventional case, when our
boundary conditions are employed, the fields/spins along
the boundaries are attached to fewer other fields/spins
and are thus less correlated with these. This, in turn,
may allow for a larger independence between the higher
symmetries enabling a higher degeneracy.
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Appendix A: Spectrum of the compass model zipper Hamiltonian H,

Much of our discussion focused on the projected H;, in the the common eigenbasis of Hopen and the symmetries in
a sector fixed {v} and {v'}. We may also readily compute the eigenvalues of Hyi, sans such a projection. Towards that
end, we simply view H,;, as a one-dimensional Hamiltonian on a 2L spin chain formed by the “zipper” Hamiltonian

of Eq. (28) which we rewrite as

L L—1
Hyn = —J. > zo—J Yo
zip = z 025-102; y 09j025+1»
j=1 j=1

(A1)

with open boundary conditions. This Hamiltonian can be diagonalized analytically by using the techniques developed
in [126]. Each eigenvalue is at least 2L-fold degenerate. If we examine our Hy, on the original Hilbert space of the
N spins lying on the cylinder of Fig. 2, each eigenvalue is, at least, 2V ~L-fold degenerate. In addition, the spectrum
of H, is symmetric with respect to zero, since there exists a chiral operator equivalent to the Uc, of Eq. (23) that
satisfies {Hip,Uen} = 0.

Appendix B: Wigner-Eckart-type selection rules and sparsity of the zipper Hamiltonian

Independent bounds, fortifying the considerations underlying our results, arise from the Wigner-Eckart theorem
[92, 94, 127] as in its common applications to SU(2) and other symmetry groups [128]. Here, we extend these
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considerations to the matrix elements of the few body operators by, (Eq. (28)) in the higher (d > 1 dimensional)
symmetry operator eigenbasis [17]. The arising symmetry constraints will, in particular, demand that each of the
operators by, is a sparse matrix when written in the eigenbasis of Hopen spanned by the states of Eq. (5). To see why
this is so, we first consider as a general illustrative example, the textbook situation of an SU(2) symmetry eigenbasis
labelled by the eigenvalues of the total squared angular momentum J? (eigenvalue j(j+ 1)) and J, (eigenvalue m).
Specifically, for the M independent higher form symmetries, we consider situations in which we express the zipper
Hamiltonian Hy;, as a sum of products of spherical tensors {Tgkzqe}?il that transform irreducibly under each of these
higher symmetries. With the full eigenvalue spectrum of Hgpen labelled by the higher symmetry eigenvalues along
with any additional multiplet index {v} (that includes the energy eigenvalue), the Wigner-Eckart theorem states that

for any irreducible operator Ték‘qg,

keqe
T(Z

<J/1m/1 o Jem Y mly (V') jimi.jeme. .l Jmmag, {V}>

1 <-/ N N / ‘ k

= — e TS

2J£+1J1 Voo i VT

Here, (j;m};keqeljeme) denote the Clebsch-Gordan coefficients associated with the d-dimensional Gauge Like symme-

try of the ¢-th layer. Thus, for any Hamiltonian H,, that spans, at most, the spatial support of R independent

d-dimensional symmetries disjoint regions, the matrix element between two orthogonal eigenstates of the d > 1-
dimensional symmetry operator

J1~-~J'e-~-JM’{V}><J§zm2;kzq£‘Jeme>~ (B1)

. . . K . . .
<J’1m’1...J’Em’g...Jj\,lm’A,,,{y’} ‘T/qZ Jjimi .. jemg... ... JMmM,{y}>:O (B2)
in numerous instances. Given its above definition, R may be viewed as a measure of the “range of the interaction.” If
when contrasting the ket and bra of Eq. (B2), more than R different eigenvalue pairs (jemy) differ from one another
then the associated matrix element of Tek"’qe will vanish. Furthermore, for those few symmetry eigenvalues that do

differ from one another (i.e., those marking off-diagonal elements in the symmetry eigenbasis), additional constraints
will appear if the tensors Tekgq"’ are products of a finite number of single body operators (each of finite maximal
angular momentum). Thus, when the off-diagonal matrix elements are nonzero, since the total (d-dimensional)
angular momentum that a local operator can carry is finite, the eigenvalue differences |j; — ;| and |my — m’y| can
assume, at most, system size independent values of order unity. Such constraints can indeed be readily extended for
symmetries other than SU(2). Applying these symmetry selection rules illustrates that, for the compass and other
local models, the matrix elements of various local operators in the eigenbasis of Hopen of Eq. (5) vanish. Indeed, Hyip
is diagonal in the symmetry projected eigenbasis of Hopen. The application of the higher symmetry variant of the
Wigner-Eckart theorem to other local operators generally illustrates that these may only have sparse non-vanishing
matrix elements.

Appendix C: Exponential decay of the matrix elements of the projected H,, in the eigenbasis of general
gapped systems as suggested by Wick rotations in Lorentz invariant theories

We next briefly review considerations for exponential decay of correlations in gapped systems and extensions
thereof to off-diagonal matrix elements. An insightful approach [129] for establishing the exponential decay of spatial
correlations relies on quasi-adiabatic processes and the Lieb-Robinson bounds [130]. In what follows, we discuss
and extend an earlier method that relates correlations and evolution in time to those in space. Specifically, we will
briefly touch on an analytic continuation (specifically a Wick rotation) of Lorentz invariant theories or their effective
non-relativistic limit. This will allow us to relate temporal correlations (that are naturally associated with spectral
gaps) to spatial correlations. We will extend the dynamics provided by a general Hamiltonian Hopen with eigenvectors
{|tm)} to the Euclidean domain and illustrate that when the respective energy difference of the associated eigenstates
is finite then the diagonal matrix elements of the additional bonds (Hyip) that appear when the boundary conditions
are changed,

L1£I;O</\u;1"-/\u;ll> {V/}leip‘)‘u;lm)‘u;La {v}) =0. (C1)

To establish Eq. (C1), we trivially apply standard Euclidean space demonstrations of the decay of correlations in
the presence of a spectral gap (i.e., that of the diagonal component of the field bilinears) as in, e.g., Ref. [131]. We
will consider, for a general Hamiltonian, equal time matrix elements of the product of two fields (spins). We define

Fr(r,r") = (ol dfi o) = Y Vol @k [thm) (bl &l [4h0) (C2)

m
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with 1) denoting a ground state and |¢,,), m # 0, an excited eigenstate of Hopen. We next focus on each of the
matrix elements in the sum of Eq. (C2) and evaluate these by analytic continuation to the field theory to Euclidean
space where we can invoke rotational invariance. In the original theory, the two fields ¢# and ¢, at the sites r and r’
lie on the same time slice. With some of abuse of notation with r and r’ next denoting the corresponding Euclidean
space vectors that include temporal coordinates, the separation (' — r) is, obviously, space-like. We can express the
two fields in terms of displacements from the field at the origin,

¢,LTL — e—ipr ¢g eipr’
b e gt i (C3)

On inserting the complete set of eigenstates of the Hamiltonian Hopen, Eq. (C2) becomes

Fr(rr’y = S (Wole ™" @l e ) (mle™® ¢l ¢ 1), (C4)

m

We next use the aforementioned translational and rotational invariance of the Euclidean theory to evaluate F*(r,r’).
With the aid of these symmetries, we may translate and perform a Wick rotation so as to arrive at r — (0,6) and
7 — (x|t — t|,0) [132]. The resulting vectors lie along the time axis of the Euclidean theory with [t/ — t| = [/ — 7.
With p denoting the energy-momentum 4-vector, this yields e ¢} e — eFHE 1) gt EHE =) Here, the sign
in the exponential is chosen so as to ensure a well-defined analytic continuation. This yields

Fr(rr') = > (ol gl [tom) [2e~ BBl =11, (C5)

To obtain the connected correlation function, i.e., the contribution to F*(r,r’) from the excited states, we subtract
from Eq. (C5) the ground state products (1o|¢h|10)?. The exponential factor in Eq. (C5) then suggests that, in
gapped systems, the constant time connected correlation function must decay exponentially in the spatial separation
|r — r'|. Equation (C5) therefore illustrates that if H, contains O(L) terms that each connect sites separated by a
distance |r — 7’| = O(L) then, in the presence of finite gaps, E,, — Ey > 0, the diagonal matrix elements of Hj, in the
eigenbasis of Hopen Will vanish in the L — oo limit. Although, one may expect individual off-diagonal matrix elements
of bounded local operators to decay with increasing system size (as in, e.g., the Eigenstate Thermalization Hypothesis
[115-118]), the full contribution of the (exponential in size) number of off-diagonal matrix elements to the energy
eigenvalues is more complex. Clearly not all off-diagonal matrix elements (i.e., those between different excited states
|t )) can be uniformly bounded such their sum vanishes exponentially with the distance |r — | when the square
norm (¢ ¢! ) (5 #H) is a constant and thus so is its expectation value in any state, e.g., (¢, |(dh @) (dh o) |[Ym) =
> (Wm0 @ 1n)|* = const. An example of a situation in which such a square norm is constant is that of the Pauli
bilinears appearing in the zipper Hamiltonian of the compass model (Eq. (28)). When ¢# are Pauli operators, the
latter “const” is equal to one.

Appendix D: Lowest-order degenerate perturbation theory

In this short Appendix, we establish a simple theorem:

Theorem 7. Given the assumptions of Lemma 6, in the thermodynamic L — oo limit, to lowest order in degenerate
perturbation theory, the exponential degeneracy of Hopen Will not be lifted by the perturbation Hip.

Proof. To lowest order in degenerate perturbation theory, we need to diagonalize H,;, in a projected fixed energy
eigenbasis of Hopen. In general, Hi, contains off-diagonal matrix elements that may mix the different degenerate states
of Hopen that have different eigenvalues of the symmetry operators. The diagonalization of Hi, in this exponentially
large space of degenerate eigenstates of Hopen is not at all trivial. However, the assumption of Lemma 6 simplifies the
problem considerably and immediately leads to the above stated result. The diagonalization of H;, in the projected
subspace of degenerate states of Hypen will trivially lead to states that are still eigenstates of Hopen having the same
fixed eigenvalue of Hopen. By Lemma 6, given any such eigenstate [1)) of Hopen, the corresponding expectation value
associated the correlator between the boundary fields that are a distance L apart,

{lbor ({4 D)lw) = C + O(e7H/%), (D1)

with C' a fixed constant independent of the state |¢)) (dependent only on the energy eigenvalue of Hopen), and £ a
correlation length.

Thus, the proof of Lemma 6 demonstrates that, in the thermodynamic L — oo limit, the expectation value of
any of the terms appearing in Hj, will tend to a uniform constant value. As we emphasized above, since the
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condition underlying Lemma 6 is made for any eigenstate of Hgpen, it will, in particular, include also those specific
eigenstates that diagonalize H;, in the projected fixed energy eigenbasis of Hopen. These latter states are the zeroth
order eigenstates in degenerate perturbation theory. The eigenvalues of these states yield the energy to first order in
degenerate perturbation theory. We thus see that, to this order in perturbation theory, all corrections due to Hy,
correspond to a uniform energy shift. Thus, to first order in perturbation theory, when L — oo, the, at least, 2 -fold
degeneracy of Hopen is not lifted by H,i,. M

We briefly remark in [133] on our PCM example where H,i, is a bilinear in the boundary spins and (Hi,) becomes
a sum of two-point correlators. In systems with a spectral gap (as further discussed in Appendix C for Euclidean

theories), the ground state correlation functions may indeed decay exponentially with the distance between the local
fields.

Appendix E: Another (higher-order) perturbation theory

We now sketch a different perturbative approach that generalizes those introduced in [9, 10] for the PCM. The
perturbation theory that we consider is that for rather general systems that exhibit higher symmetries. Specifically,
we consider systems in D spatial dimensions displaying d-dimensional symmetries (d < D) for which the Hamiltonian
can be expressed as

H = Hy+ Hperr . (E1)

Here, Hy is a Hamiltonian that has its support on M = O(L?) decoupled d-dimensional regions {R,} where the
d-dimensional higher symmetries operate. Here, as throughout, d’ = D —d (Eq. (2)). The perturbative “interaction”
Hpere couples these M regions each of dimension d to one another. In what follows, we will ask what transpires
when Hpert is a sum of local operators. Following the steps that led to Lemma 1, we see that, in the absence of the
interaction term Hper, each level has a degeneracy that is an integer multiple of 2M (for spin-1/2 systems). The
corresponding basis set of eigenstates can be expressed as the tensor product

[AAz . A, V) =M, {nn ) @ (A, {1e}) @ - @ | A, {va})- (E2)

Here, each of the wave functions |A,, {v4}) has its support on the d-dimensional volume R,. As throughout, A\, mark
the eigenvalues of the symmetry operators U,. Since Hper is local, only terms that are of sufficiently high order
O(||Ra4|]) = O(LY) in perturbation theory might lift the degeneracy of the eigenstates of Eq. (E2). Thus, in the
thermodynamic L — oo limit, the exponential degeneracy may remain unchanged to all orders in perturbation theory.
In [138], we briefly review and write this perturbation theory for the PCM which suggests these simple product states
as good variational ground states (which may become better with increasing system size L).
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[138] Such an occurrence indeed happens in the PCM [9, 10] where the ground states of the decoupled horizontal Ising chain
Hamiltonian
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correspond to spins that are polarized along a uniform (i.e., the x) direction [9, 10]. Since there are L decoupled Ising
chains, the ground state degeneracy of Hy is 2°. The local perturbation

Hpert - - Z Jy 0'30'3{_‘_6?/ (E5)

flips pairs of spins on neighboring horizontal chains. Only if O(L) such spins are flipped may one ground state of Hy be
linked to another. Indeed, for the PCM, the perturbative corrections due to Hpert are exponentially small in L [9, 10].
We may consider the Hamiltonian of Eq. (E1) to be defined on a closed cylinder (so that it becomes the cylindrical
Hamiltonian H.y). In this case, perturbation theory would suggest that, in the common eigenstates of the Hamiltonian
Hy and all of the higher symmetry operators, the expectation values of Hperr (and any of the local terms forming Hpert)
monotonically decrease with L. In the Hperr — 0 limit of the PCM, common eigenstates of the Hamiltonian H = Hy and
of all of the symmetries {Oa} are rather trivial to write down. These are formed by having, along each row, one of the
two equal amplitude (i.e., symmetric or antisymmetric) superpositions of all of the spins fully polarized to the right or to

the left, i.e., by direct products of states of the form % (\ e T Y 1= IR T e)) along each one of the horizontal

rows. Since there is a binary (&) choice for each for each row, there are 2” such product states. By being “fully polarized
to the right or to the left”, we allude here to all the spins being in the (+1) eigenstate (| =— ... —)) or all of the spins
being in the (—1) eigenstate (| <« ... <)) of all local Pauli operators oy that are associated with sites r belonging to
that row. These states are eigenstates of each of the oy operators. Since the perturbative corrections decrease with the
system size, these common eigenstates of Hy and all of the symmetry operators might constitute good variational ground
states. The above perturbative considerations suggest that the matrix elements of Hperr vanish as L — oo and thus equal
norm superpositions of all spins pointing to the right or left along different rows may be simply replaced by the 2% product
states of | —— ... —) along any one of the L rows or by | < ... <) alone (and general linear combinations thereof).



