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We theoretically investigate the dynamics of two spin qubits interacting with a magnetic medium.
A systematic formal framework for this qubit-magnet hybrid system is developed in terms of the
steady-state properties of the magnetic medium. Our particular focus is on the induced dissipa-
tive coupling between the spin qubits. In contrast to the conventional wisdom that dissipation
is detrimental to quantum effects, here we show that a sizable long-lifetime entanglement can be
established via a dissipative environment, in the absence of any coherent coupling. Moreover, we
demonstrate that maximally-entangled two-qubit states (Bell states) can be achieved in this scheme
when complemented by proper postselection. In this situation, the time evolution of the entangle-
ment is governed by a non-Hermitian Hamiltonian, where dynamical phases are separated by an
exceptional point. The resultant Bell state is robust against weak random perturbations and does
not require the preparation of a particular initial state. Our study may find applications in quantum
information science, quantum spintronics, and for sensing of nonlocal quantum correlations.

Introduction.—Entanglement between individually ad-
dressable qubits is the key to many quantum-information
processes [I, 2]. The realization of qubits has been
achieved in several systems, such as trapped atoms [3—

], quantum dots [7-9], superconducting circuits [10], and
nitrogen-vacancy (NV) centers [11], etc. For example, the
NV qubit has a long coherence time and a good perfor-
mance in the initialization and readout of spin states [12—

]. However, because the direct dipolar interactions be-
tween NVs extend only up to tens of nanometers, the
generation of entanglement between distant qubits has
been one of the main adversities in building a scalable
platform for practical applications. A potential solution
to this problem is to exploit hybrid quantum devices [15],
where qubits are interfaced with a solid-state system [16—

]. The latter, being long-range correlated, can act as a
medium to induce an effective coherent coupling between
the qubits, based on which certain two-qubit gates can
be implemented [22, 23]. Meanwhile, the presence of a
medium also enhances dissipation effects. To achieve a
finite entanglement between qubits, the timescale set by
the coherent coupling needs to be shorter than that of the
local qubit relaxation. The competition between the two
has thus been the focus of recent investigations [22-30].

Dissipation, however, is not always detrimental to
quantum effects. Entanglement generation in an open
quantum system by environment engineering was first
discussed in the context of quantum optics [31, 32]. It
was shown formally that two qubits can be entangled by
undergoing Markovian dissipative dynamics [33]. Various
proposals have been made to realize this, mainly in quan-
tum optical and electronic systems [34-45]. In addition,
dissipation is also investigated as a resource for quantum
error correction [46-51] and other quantum information
tasks [52-55]. Non-Hermitian Hamiltonians, frequently
invoked to handle dissipative effects in the Hamiltonian
form, can exhibit exceptional points [56] that have been
shown to be sweet spots to enhance entanglement [57, 58].
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FIG. 1. A system composed of two spin qubits is coupled
with a magnetic environment, which induces local relaxations
a, @, mediates dissipative couplings A, A, as well as coherent
couplings between two qubits. The two qubits may achieve a
stable entangled state with large enough A and A, and even
a Bell state with the help of measurement and postselection.

In this work, we discuss the dissipative coupling and
entanglement generation induced by a generic noisy mag-
netic medium, in a hybrid quantum system sketched in
Fig. 1. In particular, we demonstrate that, when com-
plemented by proper postselections, a Bell state can be
generated through an exceptional point in the time evo-
lution governed by a non-Hermitian Hamiltonian. The
qubits can be N'Vs or other isolated quantum defects and
the medium is a generic solid-state system emitting mag-
netic field noise, which can arise from fluctuations of spin
or pseudospin degrees of freedom [59]. Since many mag-
netic materials with different correlation properties are
generally available, artificial design of the environment is
not required as a first step, while spintronic engineering
and tunability are promising for future studies.

To treat the induced coherent and dissipative couplings
in a unified manner, we derive the full master equa-
tion [60, 61] that determines the time evolution of the



qubit entanglement. Specifically, two distinct types of
dissipation are identified, bearing analogy to the local
damping and the spin pumping-mediated viscosity in the
classical spin dynamics [(62]: One is the local relaxation,
which originates in energy and information exchanges be-
tween a single qubit and the medium. The other is the
dissipative coupling between the qubits induced by the
correlated medium they both couple to. While the for-
mer is detrimental to quantum entanglement, we show
the latter can help to establish a steady entanglement
between qubits, even in a pessimistic scenario where the
coherent coupling is absent. The long-time behavior of
the qubits reflects a phase transition, as a function of sys-
tem parameters. When the dissipative coupling is com-
parable to the local relaxation, the Lindbladian evolution
induced by the medium can result in sizable robust en-
tanglement between the qubits. This can be achieved for
qubit separation on a lengthscale dictated by the relevant
excitations responsible for dissipation (such as magnons
for a magnetically ordered medium).

Model.—Let us consider an illustrative model consist-
ing of two spin qubits weakly coupled to a magnet, with
the following Hamiltonian:

H = Hs + Hg + Hsg. (1)

Here, Hs = —(A10f + A305)/2 is the Hamiltonian for
the system with two qubits subjected to magnetic fields
A and As, respectively, along the z direction, Hg is
an unspecified Hamiltonian of the medium as an envi-
ronment for the system, and Hsg = (57 S+ & - gg)
describes the system-environment interaction with cou-
pling strength A, where &; stands for the Pauli matrice
of the ith qubit, and S, for local spin density operators
it couples to within the medium. Without loss of gen-
erality, we assume A; > Ay > 0. We will consider an
axially-symmetric environment Hg in spin space, while a
generalization would be straightforward. It would also be
straightforward to generalize the treatment to the dipolar
coupling between the qubit and the medium [25, 206].
The following Lindblad master equation of the density
matrix of the two-qubit system can be derived microscop-
ically based on the Born and Markov approximations:

%p: 7Z‘[HS+HCH;/)] — Llpl. (2)

Leaving the derivation to the supplemental materials [63],
we start with a phenomenological understanding of it on
symmetry grounds. Here, Heg is the medium-induced ef-
fective coherent coupling between qubits, participating in
the unitary system evolution, while £[p] is the dissipative
Lindbladian expanded in the usual form:

L] =D houm (O5,00p + pO}, 0, — 20,p01,),  (3)
nm
where the coefficient matrix h is Hermitian and positive-
semidefinite [60, 61], and O = (07,05 ,0],04,0%,0%)
comprises qubit operators.

The most general form of Heg, allowed by the ax-
ial symmetry, is Hog = J,0f03 + J, (cf0% + oic)) +
Dz - 01 X &9, a summation of an XXZ model and a
Dzyaloshinskii-Moriya (DM) interaction term [63]. The
DM interaction must vanish if, for example, the struc-
ture is invariant under 7 z-rotation (see Fig. 1 for the
coordinate frame). These coherent couplings induced by
the magnetic medium can build up a finite entanglement
within the timescale inversely proportional to the cou-
pling strength [63], if it is shorter than the timescale set
by dissipation. In the limiting case of a full isotropicity
in spin space and A; = 0, Heg is further reduced to a
Heisenberg form Heg = J&7 - 2 resembling the RKKY
coupling [64]. These effective coupling parameters are all
real constants determined by the Green’s functions of the
medium [63], as is consistent with previous results from
Schrieffer-Wolff transformation [22, 23, 25-30]. Direct
dipolar interaction between qubits is typically negligible,
except for very small spacings.

In the dissipative Lindblad part, h is block diagonal
due to the axial symmetry. In general terms, we have

h= (: g)@@ ’f)@(i;l* 2) (4)

where a,a,d and fl, A,® are real and complex phe-
nomenological parameters, respectively. These param-
eters represent three types of dissipative effects: a and a
are associated with local decay and the reverse process.
They govern local relaxation of individual qubits, giving
rise to the relaxation time 77 and contribute to the deco-
herence time Ty of a single qubit [63]. In contrast, A and
A are related to cooperative decay and the reverse pro-
cess involving both qubits, and are referred to as dissipa-
tive couplings, which depend on the distance between the
two qubits. They are the focus of this work. d and ® are
pure-dephasing parameters, originating from those terms
in Hsg that commute with Hg, namely A\>_,_, , 0757
They only cause information but not energy exchange be-
tween the system and the medium, and in practice may
be mitigated by dynamic decoupling [65—68]. We neglect
pure-dephasing effects in the following discussion, though
they may also lead to entanglement between multiple
qubits as shown recently [69]. The Lindbladian (3) can
then be brought into a diagonal form with four quantum-
jump operators [70, 71]

a4
S (o7 — %),

yielding
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FIG. 2. Concurrence of two qubits as a function of time,
with initial state |1]), where we set both local dissipation a
and dissipative coupling |A| to be 1. The black curve cor-
responds to the underdamped quantum regime. The orange
curve is at the critical point § = 1, where entanglement de-
cays as C(t) o« te”2%*. The cyan, § = 0.3, and the red, § = 0,
curves are in overdamped quantum regime, where the lifetime
of entanglement is extended dramatically.

where the dissipator is defined as D;[p] = JTJp+pJtJ —
2JpJt.
Microscopically, all parameters are given by the

Green’s functions of the medium in equilibrium [63], such
that the fluctuation-dissipation theorem dictates that
they are not independent: @ = e #2q and A = e P2 A,
where 8 = 1/kgT and A = (A; + Ay)/2. The zero
temperature therefore corresponds to a = A= 0, where
only the decay processes survive. Also, the thermody-
namic stability of the magnetic medium imposes a > |A]
and a > |A| [63], which ensures the matrix h is positive-
semidefinite.

Dissipative coupling vs local relaxation.—Let us now
explore the entanglement evolution of two qubits focusing
on the dissipative effects, by setting ourselves in a pes-
simistic situation where the induced coherent dynamics
is absent:

q” = ~ilHs: p] = L] (7)

Here, we treat the scenario of zero temperature @ = A =
0 analytically to demonstrate the effects of local relax-
ation and dissipative couplings. Numerical results for fi-
nite temperature are presented in the Supplemental Ma-
terial [63], which does not qualitatively change our con-
clusion below.

The qubits are initialized into a trivial product state,
taking the example of |1]) for the sake of concreteness.
We show the master equation (7) can be reduced to an

equation for x = Re (1}| p [{1) [63]:

i+4dai+4(0°+a® —|A?)z =0, (8)

where § = (A1 — Ay)/2 is the local field asymmetry.
This equation resembles a damped oscillator with com-
plex characteristic frequencies

wy = F2wy — i2a, 9)

where wg = /02 — |A|2. The real part gives the co-
herent beating of the density matrix elements, while the
imaginary part reflects decoherence. The contribution
from local relaxation —i2a leads to a decaying envelope
factor e=27" in the entanglement between two qubits (as
detailed below), indicating its detrimental effect on quan-
tum coherence as expected.

We identify three distinct parameter regimes for the
quantum dynamics. In the underdamped regime, § >
|Al, wo is real valued. To quantify the time evolution of
the entanglement between the two qubits, we calculate
the concurrence [63, 72] as a function of time: C(t) =

72at|ASleot|\/52 |Acoswot|?/wd. See Fig. 2. The
entanglement oscillates with frequency 2w as the system
decays rapidly to the ground state |[11) on the time scale
7 = 1/2a. At the critical point § = |A|, wy = 0, there is
no oscillation. The concurrence evolves as C(t) o te 2%,
where the final steady state is also |11). As shown in
Fig. 2, we have a larger transient-peak entanglement and
the decay process is slowed down moderately compared
with the underdamped regime.

In the overdamped regime, § < |A|, wy becomes
purely imaginary and wy = —2i(a £ Kg), with kg =
VA2 — 2. The time-dependent concurrence is C(t) =
2¢24!| Al sinh kot /| A cosh kot|2 — 62 /k3. In addition to
a larger transient peak entanglement, the decay process
has been slowed down dramatically. On a long time scale
t > 1/kg, C(t) ox e=2(¢=%0)t The entanglement can last
for 7 = 1/2(a — ko), which becomes 7 = 1/2(a — |A|)
when the two local fields are the same, 6 = 0. See
Fig. 2. It is clear from this expression of the lifetime
7 that the dissipative coupling A and the local relax-
ation a, though both originating from the qubits-magnet
coupling, have opposite effects on the quantum entan-
glement in the nonunitary evolution. The local dissipa-
tion tends to destroy any quantum coherence whereas
the dissipative coupling can be exploited to extend the
lifetime of entanglement and even realize steady entan-
gled states. With equal local fields 6 = 0, a finite en-
tanglement can persist for a long time before eventually
decaying to zero in the large dissipative coupling regime
|A] < a. Based on their (greater) Green’s function ex-

pressions [03, 73] 2a = z)\QG;JrS (A) = 1A2G§+S (A),
2A = 2A2G5+S (A), Al S a physmally corresponds to

the scenario Wlth two qubits placed within a lengthscale
dictated by the relevant excitations responsible for dissi-
pation. For example, for qubits coupled to a magnetically
ordered medium via processes of magnon absorption and
emission, this lengthscale is set by the wavelength of the
magnon at frequency A. Furthermore, the concurrence
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FIG. 3. Concurrence of qubits as a function of time with ini-
tial state 1)) under continuous measurements and postselec-
tions. We set I' = 2. The black curve § = 5 is in the PT-exact
regime, where entanglement oscillates and its maximal value
is less than 1. At the exceptional point (cyan curve), there
is no oscillation and its maximal value is 1. In P7-broken
regime (red curve), entanglement is C(t) = tanh2I't. The
inset shows the maximal concurrence as a function of §/T".

lifetime extends to infinity 7 — oo when |A| reaches its
maximal allowed value |A| = a, and thus a steady entan-
glement is achieved, C(c0) = 1/2 for the final state

poo = ([11) (1] + 100) (00]) /2. (10)

Noting that the singlet |00) cannot be evolved to a differ-
ent state by the operative jump operators or the system
Hamiltonian, it is a dark state—the system would stay
in this pure state indefinitely. For this reason, a steady-
state entanglement can also be reached at finite temper-
atures when a = |A|, @ = |A| [63], though with a smaller
concurrence. We also remark that finite steady-state en-
tanglement can be achieved in this optimal situation, ir-
respective of the initial two-qubit state as long as it is
not a symmetric state [63].

We stress that the above critical point and the associ-
ated transition from underdamped to overdamped regime
result from the dissipative couplings, which are the main
focus of this article. We next show how to generate Bell
states by exploiting this dissipative coupling, when com-
bined with proper measurements and postselections.

Non-Hermitian Hamiltonian scheme.—Let us turn to
the evolution of qubits under measurements (see Fig. 1),
which is often invoked to perform feedback and condi-
tional control as a valuable resource in controlling open
quantum systems [74-78]. To this end, we rewrite the
master equation (7) in the following form:

4
d .
ap: —Z[ﬂeﬁap] +2ZJiszT7 (11)

i=1

where

He=Hs—iY JlJ, (12)

K2

is a non-Hermitian Hamiltonian. Correspondingly, the
commutator should now be understood as [Hes,p] =
Heusp — pHly = [Hs,p] — {3, JJi p}. By subjecting
the two qubits to continuous measurements of the abso-
lute value of their total spin z component ¢* = o7 + 05
and subsequently conditioning the postselection on zero
outcomes, we can effectively forbid all quantum jump
processes (5), as [J;,c*] # 0. This monitored dynam-
ics of the two-qubit system formally eliminates the last
term in Eq. (11) and reduces quantum dynamics to a
non-Hermitian Hamiltonian form in the o* = 0 subspace
[56], dp/dt = —i[ Hes, p], whose integration is appropri-
ately normalized to give [79]:

e~ iHefit eiﬂlfft

p(t) = P

= , 13
tr (efiﬂefft o eiH It ) (13)

in terms of the initial qubits state pg. Since the effec-
tive Hamiltonian (12) conserves the quantum number ¢*
[Hcs, 7] = 0, the subspace H spanned by {|t]),[{1)} is
closed under time evolution. The eigenkets of Hog in H
are

|s) = e sin@|1]) + cos@||1),
@) = —cosB 1) +€Fsing i), (14)

with associated eigenenergies Ey(,) = Fw—i(a+a). Here,
0 and ¢ are determined by the sum of dissipative cou-
plings T = |A| + |A| and the local field asymmetry 4:
For 6 > T, w = v62 -T2, cosf = T'/\/|w+ 0|> +T?
and e sinf = —i(w + §)/+/|w + ]2 + T'2; for § < T, the
principal value is taken for w = ik = iv/I'2 — §2.

Bell state generation.—We now show that steady Bell
states can be generated based on the monitored dynamics
governed by Heg (12), focusing on the two-qubit dynam-
ics in the subspace H, which applies to zero and finite
temperatures. Similarly to the unmonitored scenario,
we can identify three distinct parameter regimes: parity-
time (PT) symmetry broken regime, § < I', the excep-
tional point, § = I', and PT-exact regime, § > I' [30-82].

In the PT-broken regime, eigenvalues F, and FEj
are purely imaginary with Im E, > Im E;. Thus the
probability in the eigenmode |a) (|s)) grows (decays)
in time, and all probability eventually flows into the
eigenmode |a). For an arbitrary initial state py =
> i j={a,s} Pij [1)j], one can analytically solve for p(t) ac-
cording to Eq. (13):

_ paae%t\a><a|+pas |a><5‘+psa ‘5><a|+Pss€72m |3><S|
Paa€?tt + Das (5|a) + psq (als) + psse™25t

p(t) ;
(15)
which ultimately evolves into the maximally entangled

state |a) = (|1) + €™ [I1)) /2 with €'? = (—k +i0)/T,



when ¢ > 1/2k. Thus, the two qubits eventually reach
the maximal concurrence in the P7T-broken regime, ir-
respective of the initial state as long as p,, # 0. As
an illustrative example, we evaluate the time-dependent
concurrence, with initial state |1]) and equal local fields
d = 0, C(t) = tanh 2T'¢, as shown in Fig. 3. In practice,
the entanglement-growth rate 2« needs to be larger than
the postselection rate (~ the rate of leaking out of the
subspace H of our interest) 2(a+ a — &) for the system to
settle into the Bell state. The optimal scenario is when
§ =0, |A] = a, and |A| = @, the same as that in the
overdamped quantum regime without postselection.

At the exceptional point, Hes is nondiagonaliz-
able, since the eigenstates |a) and |s) coalesce into
(|14 + i [41)) /v/2. The two qubits will gradually evolve
into this sole state where they are maximally entangled.
For example, starting with a trivial state |1J), the con-
currence C(t) = 2I'ty/1 + 22 /(1 + 2I'%t?), algebraically
approaching 1. See Fig. 3.

In the PT-exact regime, the eigenenergies Fs and
E, have nonzero real parts. The amplitudes of eigen-
modes |s) and |a) keep oscillating without reaching a
steady state, hence no steady entanglement. The fre-
quency of entanglement oscillation is 2w, as shown in
Fig. 3. The maximal entanglement one can achieve is
Cmax(n) = /2 —1/n%/n, with n = §/T, which is less
than 1. Notably, the second derivative of Cyax is discon-
tinuous across the exceptional point (n = 1), reflecting a
phase transition (see Fig. 3).

It is clear that we can achieve a Bell state by decreas-
ing the local field asymmetry § for a fixed dissipative cou-
pling I" to reach the P7T-broken regime. We remark that
T" is also potentially tunable by engineering the magnetic
medium spintronically. This discussion, again, highlights
the role of the nonlocal dissipative couplings in realizing
an exceptional point in the dynamics, further trigger-
ing an entanglement transition in the long-time steady
state. In the large nonlocal dissipative coupling regime,
we achieve steady Bell states.

Discussion.—We remark that the non-Hermitian
Hamiltonian scheme is precise when the rate of measure-
ments is infinite. As this rate approaches zero, we recover
the full Lindblad dynamics. It could be intriguing to ex-
plore, within our framework, possible phase transitions
or crossovers induced by finite-rate measurements.

In our case, the possible forms of induced coherent in-
teractions and quantum jump operators are determined
by the axial symmetry of the media. This may render
a general guidance in studying the dynamics of hybrid
quantum systems with other classes of symmetries, espe-
cially their long-time entanglement behavior.

The theoretical framework developed here provides a
good starting point for further studies on the relationship
between the entanglement dynamics and thermodynamic
properties of the medium. One may be able to manip-
ulate entanglement by engineering the medium [41, 83—

], enabled by recent progress in the field of spintron-
ics [87-89]. Tt is especially interesting to look into media
with anisotropies, which have been shown to be good
entanglement reservoirs [90-92]. By extending our equi-
librium Green’s function treatment to allow for a quasi-
equilibrium spin chemical potential, we may study the
scenario with a spintronically pumped medium, where
local relaxations and dissipative couplings are tunable.

For practical consideration in a NV-magnet hybrid
setup, one challenge is to bring down the detuning ¢ of
the magnetic fields at the NV sites to be much smaller
than the dissipative parameters, which are typically on
the scale of MHz or less. It would also be necessary to put
the induced effective Hamiltonian back into the picture,
as the interplay between the coherent and dissipative
evolution can be nontrivial in steady-state entanglement
generation. Though the Markovian nature of the intrin-
sic dynamics can be justified when the NV frequency A is
sufficiently above the magnon band gap (2, such that the
decay time of relevant correlations within the medium,
~ (A — Q)71 is smaller than the timescale associated
with the medium-induced qubit dynamics, disorder and
defects may lead to low-energy excitations that con-
tribute to non-Markovian evolution (which can also be in-
teresting to look into). As a possible low-temperature im-
plementation of the proposed post-selection scheme, we
may post-select on the absence of any emitted magnons.

Lastly, NV centers have been demonstrated as good
quantum probes of local fields and noise [93]. Here, we
propose to extend this to nonlocal characteristics. For
example, one may use it to detect quantum phase transi-
tions and steady exotic phases that are characterized by
nonlocal quantum correlations.

This work is supported by NSF under Grant No.
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