
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Anomalous Hall effect at the Lifshitz transition in math
xmlns="http://www.w3.org/1998/Math/MathML">mrow>mi
>Zr/mi>msub>mi>Te/mi>mn>5/mn>/msub>/mrow>/mat

h>
P. M. Lozano, Gabriel Cardoso, Niraj Aryal, D. Nevola, Genda Gu, Alexei Tsvelik, Weiguo

Yin, and Qiang Li
Phys. Rev. B 106, L081124 — Published 29 August 2022

DOI: 10.1103/PhysRevB.106.L081124

https://dx.doi.org/10.1103/PhysRevB.106.L081124


Anomalous Hall effect at the Lifshitz transition in ZrTe5

P. M. Lozano,1, 2, ∗ Gabriel Cardoso,1, ∗ Niraj Aryal,2 D. Nevola,2

Genda Gu,2 Alexei Tsvelik,2 Weiguo Yin,2 and Qiang Li1, 2, †

1Department of Physics and Astronomy, Stony Brook University, Stony Brook, New York 11794-3800, USA
2Condensed Matter Physics and Materials Science Division,

Brookhaven National Laboratory, Upton, New York 11973-5000, USA
(Dated: August 22, 2022)

Zirconium pentatelluride ZrTe5 is a topological semimetal. The presence of a temperature induced
Lifshitz transition, in which the Fermi level goes from the conduction band to the valence band with
increasing temperature, provides unique opportunities to study the interplay between Fermi-surface
topology, dynamics of Dirac fermions, and Berry curvature in one system. Here we present a
combined experimental and theoretical study and show that a low energy model can be used to
understand the complicated Hall response and large anomalous Hall effect observed in ZrTe5 over a
wide range of temperature and magnetic field. We found that the the anomalous Hall contribution
dominates the Hall response in a narrow temperature window around the Lifshitz transition, away
from which the orbital contribution dominates. Moreover, our results indicate that a topological
phase transition coexists with the Lifshitz transition. Our model provides a unifying framework to
understand the Hall effect in semimetals with large Zeeman splitting and non-trivial topology.

Zirconium pentatelluride ZrTe5 lies at the boundary
between a strong and a weak topological insulator, where
the gapless state corresponds to a Dirac semimetal [1–
7]. The non-trivial topology of electronic bands and dy-
namics of Dirac fermions in ZrTe5 have generated con-
siderable attention recently by bringing together chiral
magnetic effect [8], three-dimensional quantum Hall ef-
fect [9], and anomalous Hall effect (AHE) [10–12] in a sin-
gle material. Recent ultrafast terahertz experiments have
found giant dissipationless chiral photocurrent arises at
the temperature where AHE was detected in the same
ZrTe5 single crystals [6, 13].

In non-magnetic materials, such as ZrTe5 and Cd3As2,
the AHE is generally attributed to the intrinsic Berry
curvature of the electronic bands [14, 15]. ZrTe5 has
a large Zeeman splitting with Landé g-factor of ∼ 21,
which in turns produces a large AHE [11, 16–18]. An-
other distinctive feature of ZrTe5 is its anomalous re-
sistivity peak at temperature Tp (≈ 75 K in our sam-
ple), shown in Fig. 1(a). The resistive anomaly has its
origin in the temperature induced Lifshitz transition, in
which the Fermi level goes from the conduction to the va-
lence band with increasing temperature [19–28] and can
be understood in the following way. As the Fermi level
approaches the small band gap, the density of states is
reduced and thus conductivity is suppressed. This behav-
ior is schematically shown in the left insets of Fig. 1(a),
while Fig. 1(b) shows the actual band dispersion taken
by angle-resolved photoemission spectroscopy (ARPES)
at different temperatures on samples used in the resistiv-
ity measurements. The ARPES data were taken along a
momentum cut parallel to the conducting chain axis, the
crystallographic a-axis, with incident photon energy of 6
eV and an overall resolution of 4meV [29].

The large Zeeman splitting, the strong Berry curva-
ture, and the presence of a temperature induced Lif-

shitz transition produce a complicated temperature and
magnetic field dependence of the Hall response in ZrTe5,
shown in 1(d), and it is poorly understood. To under-
stand this, we performed a combined experimental and
theoretical study to investigate various factors that con-
tribute to the Hall response. Using a low energy model,
we quantify the Berry curvature contribution and the
orbital contribution to the Hall response as a function
of magnetic field at different temperatures. We identi-
fied that the Berry curvature makes the dominant con-
tribution to the Hall response in the vicinity of the Lif-
shitz transition, where the orbital contribution is signifi-
cantly smaller due to the reduced density of states. Far
away from the Lifshitz transition, the orbital contribu-
tion dominates the Hall response, while the contribution
from the Berry curvature induced AHE is subdued. This
low energy analytical model reconciles various observa-
tions in ZrTe5.

Experimentally, the transport properties of ZrTe5 were
investigated with the current applied along the a-axis of
the single crystals and the magnetic field applied par-
allel to the crystallographic b-axis, which is the z axis
in the insets of Fig. 1(b,d)) [29]. Both the longitudi-
nal resistivity ρxx and Hall resistivities ρyx are measured
as a function of magnetic field at various temperatures,
and they are shown in Fig. 1 (c,d). In the high field
regime, the Hall resistivity becomes non-linear, signal-
ing the presence of the AHE. This AHE was observed
at temperatures as high as 190 K, which coincides with
the onset temperature at which the light induced chiral
current was observed in the same samples [13]. The non-
linear contribution to the Hall response gets stronger as
temperature decreases. Notably, there is a sign change in
the Hall coefficient as the temperature goes through the
Lifshitz transition, corresponding to the dominant charge
carriers type changing from electron-like to hole-like.
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FIG. 1. (a) Temperature dependence of the longitudinal resistivity of ZrTe5 along the a-axis. The resistivity peak at T = Tp

marks the temperature induced Lifshitz transition. (b) The ARPES of the dispersion near the Γ point at 5 K, 70 K and 150
K. The 70K and 150K data were divided by the Fermi-Dirac function to make the data near the Fermi level clearer, the dotted
lines are guides for the eye. (c,d) Longitudinal and transverse magnetoresistivity across the Lifshitz transition. The insets
show the measurement configurations.

To understand the complicated temperature and mag-
netic field dependence of Hall response in ZrTe5, we in-
vestigate the Hall conductivity, which can be directly
compared with theoretical predictions. The Hall con-
ductivity can be calculated from the magnetoresistivity
measurements via the relation σxy = ρyx/(ρ

2
xx + ρ2yx)

[30]. The total measured Hall conductivity consists of
two contributions, the orbital one and the anomalous one,
σxy = σxyorbital +σAHE [14], where the orbital contribution
σxyorbital comes from the Drude formula [31]

σxyorbital =
enµ2B

1 + µ2B2
. (1)

In the low field limit, σxyorbital ∼ B, while in the high
field limit, σxyorbital ∼ 1/B. The maximum value of
σxyorbital occurs at B = µ−1. Given the high mobility
µ ∼ 105 cm2/Vs in ZrTe5, the maximum σxyorbital appears
at B ∼ 0.2 T. The overall magnitude of σxyorbital depends
on the carrier density n. Fig. 2(a) shows the magnetic
field dependence of the calculated σxyorbital in ZrTe5 at
three different temperatures.

Now, we turn to the anomalous contribution to the
total Hall conductivity, σxy, which is given by the sum
of the Berry curvature over the occupied states,

σAHE =
e2

~
∑
n

∫
d3k

(2π)3
f(En, µ, T )Ωnz , (2)

where Ωnz is the z component of the Berry curvature of
band n, f is the Fermi-Dirac distribution and µ is the
chemical potential. Since the Berry curvature is concen-
trated at the Γ point, which the Fermi level lies close to,
it is natural to start with a linearized low energy model
of the Hamiltonian. We do this by using the k ·p model of
Chen et al. [32], consistent with the symmetries of ZrTe5,

H0 = mτz + ~(vxkxτ
xσz + vykyτ

y + vzkzτ
xσx), (3)

wherem is the effective mass of the Dirac fermions, vi and
ki are the i-th components of the Fermi velocity and crys-
tal momentum, respectively, and σ and τ represent the

spin and orbital degrees of freedom, respectively. Given
the large Zeeman splitting in ZrTe5, the main effect of an
external magnetic field can be incorporated by including
the Zeeman energy term HZ = gµBBσ

z/2 in the total
Hamiltonian. In this linear approximation, the energies
and Berry curvatures of the four bands are given by

Es1s2 = s1

√
(b+ s2

√
m2 + k2⊥)2 + k2, (4)

Ωs1s2z = −s2
m

2(m2 + k2⊥)3/2
, (5)

where the si are ± signs labeling the four bands and the
parametrization in energy units b = gµBB/2, k = ~vzkz
and k⊥e

iφ = ~(vxkx + ivyky) was adopted. The details
of this calculation can be found in [29]. Eq.(5) is well-
known for the case of a band crossing in 2D systems.
Here it shows that the Berry curvature of the four bands
in ZrTe5 is constant along kz. On a given kz slice, there
is a Chern number-like relation∫

k⊥dk⊥dφ Ωs1s2z = −πs2. (6)

This Berry curvature is concentrated on a region of size
m around k⊥ = 0. In the limit m → 0, Ωs1s2z →
−πs2δ(k⊥eiφ). Fig. 2(c) shows the calculated band
structure and the value of the z component of the Berry
curvature at various magnetic fields.

The magnetic field dependence of the anomalous Hall
contribution from Eq. (2) can be understood as follows.
At zero field, the valence and the conduction band are
each doubly degenerate. The Berry curvature of the de-
generate bands have equal magnitude but opposite sign
that cancel out each other completely, as shown on the
left of Fig. 2(c). This leads to zero Berry curvature every-
where in the Brillouin zone, resulting in no AHE. When a
magnetic field is applied, the degeneracy is lifted leading
to a non-zero Hall contribution from the Berry curvature.
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FIG. 2. (a,b) Magnetic field dependence of the calculated σxy
orbital below Tp for several temperatures and the calculated σAHE

for different zero field Fermi levels of ZrTe5, respectively. The charge carrier density n shown in the inset plot of (a). (c) The
calculated electronic band structure of ZrTe5 near the Γ point, together with the calculated z component of the Berry curvature
Ωz, (values shown in the color scale), the dotted line represents the position of the Fermi level.

The anomalous Hall conductivity is then given by

σAHE =
e2

~

∫
dkzdk⊥
(2π)3

(f++ − f+− + f−+ − f−−)

× −mk⊥
2(m2 + k2⊥)3/2

, (7)

where we used the short-hand notation fs1s2 =
f(Es1s2 , µ, T ), and the magnetic field dependent chem-
ical potential is determined by fixing the charge carrier
density in the system.

For simplicity, we first consider the zero-temperature
limit. In a small field (e.g. 0.25 T), the Zeeman energy
splits both the conduction and valence bands into two.
The split conduction bands intersect with the Fermi level
EF at ku and kd for the up-shifted band and down-shifted
band, respectively, shown in the inset to Fig. 2(c). At
the Dirac point, the Berry curvature makes effectively
zero contribution to σAHE due to the opposite sign of the
split conduction bands in this region. This is true for
the states with k⊥ ≤ ku on the conduction bands and
is true for all the states on the valence bands. Only the
states with ku < k⊥ ≤ kd (marked by blue in the region)
effectively contribute to σAHE. As the field increases,
the band splitting increases leading to a smaller value of
ku and a larger value of kd, which gives rise to a rapid
increase in σAHE. ku vanishes when the up-shifted con-
duction band is above EF at ku (e.g. at 4 T), at which
σAHE reaches its maximum value. This picture is con-
sistent with the phenomenological use of the hyperbolic
tangent to describe the AHE in ZrTe5 as done in recent
studies [11, 12] and is explained in more detail in [29].
At a higher field (e.g. 8 T), at which the Zeeman energy
becomes larger than the band gap, a band crossing ap-
pears, creating a nodal line. For even higher fields (e.g.
12 T), the states with a larger Berry curvature on the
up-shifted valence band edge, which is above EF at ku
now, stop contributing to the AHE and therefore only
the states close to the nodal line contribute. This leads
to an accelerated decrease in σAHE with increasing mag-

netic field. The shaded regions in Fig. 2(c) represent
the states that make a net contribution to the AHE. Fig.
2(b) shows the magnetic field dependence of the calcu-
lated σAHE for ZrTe5 using Eq. (7) with different EF

values. The higher the Fermi level is in the conduction
band, the higher the magnitude of σAHE, due to higher
number of participating states. The peak value of σAHE

moves to a higher magnetic field, because a higher Zee-
man energy is needed to drive the up-shifted conduction
band edge out of EF.

Although we explained the magnetic field dependence
of the Hall conductivity through the above semiclassical
formulas, it is known that ZrTe5 may reach the strong
quantum limit at magnetic fields as low as 1 T [4, 8, 32].
An intuitive way of arriving at the anomalous conductiv-
ity in this case is by noting that in symmetric gauge the
Landau levels correspond semiclassically to rings in the
plane of the Brillouin zone normal to the field whose en-
closed area is given by integer multiples of the cyclotron
frequency [33]. Thus, one can immediately quantize Eq.
(7) as∫

dk⊥
mk⊥

2(m2 + k2⊥)3/2
→

∑
n

m

4(m2 + αbn)3/2
, (8)

where

α =
4vxvye~
gµBm

. (9)

Therefore, at zero temperature Landau level quantization
is important when αb is comparable to m2, which indeed
corresponds to magnetic fields of the order of 1 T. Typ-
ically, this prescription is only valid when many Landau
levels are filled, but in the k · p model one can show that
it is also the result of evaluating the Kubo formula in the
exact eigenstates of the minimal-coupled Hamiltonian,
with the details provided in the supplementary materials
[29]. The continuous discussion above should therefore
be understood in terms of the enveloping functions of
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FIG. 3. Magnetic field dependence at various temperatures across the Lifshitz transition of the experimental Hall conductivity
(symbols), the fitted orbital conductivity σxy

orbital (orange lines), and the model prediction of the anomalous conductivity σAHE

(green lines). The total Hall conductivity (black lines) comes from adding σxy
orbital and σAHE.(a, d) Far from the transition

the Hall conductivity is dominated by the σxy
orbital, overlapped with the total Hall conductivity. (b, e) As temperature moves

closer to Tp, the relative contribution of the AHE increases, while σxy
orbital decreases. (c, f) In close proximity to the transition,

σxy
orbital becomes very small in high fields, while σAHE dominates the Hall conductivity. The calculations are performed with

the 3 meV Fermi level above or below the gap.

the expression for the band structure and conductivity
in the presence of Landau levels.

It is known that secondary trivial bands away from
the Γ point are present in ZrTe5. They make a negligible
contribution to the Berry curvature due to their lack of
coupling to any other bands [11]. As such, these trivial
bands would not modify the semiclassical model for the
Berry curvature induced AHE described here. Further-
more, the secondary bands are located a few hundreds
of meV away from the Fermi level, based on our ARPES
characterizations of the same samples [8]. Thus, they
make negligible contributions to the Hall conductivity in
the vicinity of the Lifshitz transition.

Fig. 3 shows the experimental results (symbols) and
the model calculations (lines) of the magnetic field de-
pendence of the Hall conductivity at various tempera-
tures across the Lifshitz transition. The blue and orange
lines are the orbital and the AHE contributions, respec-
tively, to the total Hall conductivity (black lines). For
T � Tp or T � Tp, the total Hall conductivity σxy is
dominated by σxyorbital derived from the classical Drude
formula and σAHE is relatively negligible. This is shown
in Fig. 3(a,d). Such behavior away from Tp reaffirms
the validity of the proposed semiclassical model.As tem-
perature approaches Tp, EF approaches the band edge.
σxyorbital becomes smaller due to reduced carrier density,

while the relative contribution of σAHE grows, as shown
in Fig. 3(b, e). This is more clearly seen in Fig. 3(b),
where the Drude formula (1) cannot explain the sign
change σxy at B ≈ ±3 T and the AHE contribution
becomes clear.

It is quite remarkable that the dominance of the AHE
in the total Hall response occurs in a narrow temperature
window of ± 2 K around Tp. Fig. 3(c, f) show the Hall
conductivity for T = 80 K and T = 75 K, respectively.
At Tp ≈ 75 K, the charge carriers of the system are pre-
dominantly electrons, as shown in the sign of the orbital
contribution, σAHE is several times more than σxyorbital at
high fields. At 80 K, the switch-over of the charge carriers
types occurs, which can be seen from the positive values
of the orbital contribution, where the chemical potential
is expected to lie closer to the valence band edge. From 5
K to 200 K, the mobility obtained from fitting the Drude
formula is in the order of 105 cm2/Vs, while the car-
rier density n goes monotonically from −2.5× 1017cm−3

to 1.8 × 1017cm−3, crossing zero between 75 K and 80
K, in agreement with a previous study on the Lifshitz
transition [19]. The temperature evolution of the carrier
density n is shown in the inset of Fig. 2(a).

We note that the calculated σAHE in our model uses
the chemical potential as the only adjustable parameter,
while all other parameters use the values reported in the
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literature: g = 21.3 [16], the gap is 12 meV [4], the x, y
and z Fermi velocities are 9.7 × 105 m/s, 6.8 × 105 m/s
and 9.7 × 104 m/s [8], respectively, and relevant lattice
constants [1]. Near the Lifshitz transition (e.g. 80 K
and 75 K), we found that the Fermi level positioned at 3
meV above or below the gap produces a temperature and
magnetic field dependence of σxy that is in good quan-
titative agreement with the experimental data. As such,
the calculated anomalous conductivity σAHE should be
understood as a model prediction, not as a fitting of the
data. The discrepancy between the calculation and the
data at 80 K (Fig. 3c) is noted. Quadratic terms in
a k · p model become particularly important when the
Fermi level is close to the edge of the bands; however,
our model does not include these terms. Moreover, as
we discuss below, the Lifshitz transition may be accom-
panied by a topological phase transition. In this case,
band inversion is expected in the system [1], which is
not captured by the simple k · p model used here. Other
band parameters such as the mass and band velocities are
possibly renormalized with temperature [20], which was
also not accounted for in our model. All these factors can
contribute to the discrepancy between our model and the
experimental data at temperatures very close to the Lif-
shitz transition as seen in Fig. 3 (c, f). Nevertheless, this
approach properly captures the dominant factors that ex-
plain the source of the AHE, its strength, its magnetic
field dependence, and how it becomes more pronounced
at the Lifshitz transition. These aspects can be traced
back to the Berry curvature at the Dirac point and the
nodal line structure of ZrTe5. Similarly, this model can
be applied to ZrTe5 samples with different Tp and/or gap
size, as shown in [29], as well as to other Dirac semimetals
with large Zeeman splitting.

Our analysis also shows that, while σxyorb changes sign
at Tp, σAHE does not. The application of the k · p model
then requires the use of different signs for the mass term,
i.e. m < 0 for T < Tp and m > 0 for T > Tp. The k · p
models describing the system above and below the tran-
sition cannot be continuously connected without closing
the gap. The necessity of this sign change to explain
the experimental data indicates the Lifshitz transition
involves a change in band topology, not just a simple
renormalization of the Fermi level. It means that the sys-
tem goes through a temperature driven topological phase
transition between weak and strong topological insulator
as suggested in previous studies [7, 21]. In particular, the
sign change of the mass term can be induced by many
modes of small atomic displacement that preserve the
crystal symmetry [1]. We leave this for future studies.

In summary, we have developed an effective low energy
model that treats the classical orbital and the Berry cur-
vature induced anomalous contributions to Hall effects
on a equal footing in topological semimetals with a large
Landé g-factor. With the input of the materials’ elec-
tronic and structural parameters, the model can predict

each contribution over a wide range of temperature and
magnetic field. It is shown that the model-calculated
temperature and magnetic field dependence of the Hall
conductivity are in quantitative agreement with the ex-
perimental data in ZrTe5 having a temperature induced
Lifshitz transition. We also discovered that a sign change
in the mass term in our calculations is involved as the
system goes through the Lifshitz transition. It would
be interesting to investigate whether the sign changing is
the result of topological phase transition in the electronic
structures that coexists with the Lifshitz transition and
in particular a subtle structural transition.
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