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Motivated by the pseudogap-Fermi liquid transition in doped Mott insulators, we examine the
excitations of a t-J model with random and all-to-all hopping and exchange. The stability of
quasiparticles such as spin-1/2 fermions (Landau quasiparticles), spin-1 magnons, and emergent
Jordan-Wigner (JW) fermions is cast as a problem of localization in the many-body Hilbert space,
which is studied by the FEAST eigensolver algorithm. At low dopings, magnons and JW fermions
are stable and better defined than Landau quasiparticles, which are unstable. Upon crossing a
critical value of doping around pc = 1/3, the stabilities of Landau quasiparticles and the other two
are interchanged. Near the critical doping, these quasiparticles are all found to be ill-defined. The
critical point is thus associated with a localization transition in the many-body Hilbert space. We
discuss the possible role of the JW fermions in the anomalously large thermal Hall response of the
cuprates.

Doped Mott insulators are central to understanding
the unusual normal state of high-temperature supercon-
ductors, particularly the cuprates. The low hole dop-
ing pseudogap phase of the cuprates is characterised by
collinear antiferromagnetic order, low carrier concentra-
tion with poor metallic conduction, a small Fermi surface
[1], and an anomalously large thermal Hall conductivity
even in the absence of doping [2]. At large hole doping,
the system is a paramagnetic Landau Fermi liquid with a
large Fermi surface and spinful fermionic quasiparticles.
In the presence of magnetic order, spin-1 magnons are
natural excitations [3], but the collinear magnetic order
and the low hole concentration in the underdoped phase
make it unlikely that magnons or holes are the mech-
anism for the observed large thermal Hall conductivity
[2, 4–6]. Instead, in analogy with the Kitaev model [7]
where emergent free (Jordan-Wigner) Majorana fermions
have been predicted to result in a quantized thermal Hall
effect [8, 9], and reportedly confirmed in a Mott insulat-
ing Kitaev material α-RuCl3, it has been suggested that
the large thermal Hall effect in the cuprates [4] could
similarly arise from phonons coupling to some emergent
fermionic excitations in the pseudogap phase, including
at zero doping. At a certain critical value of doping,
magnons are not well-defined since magnetic order typi-
cally vanishes before this doping is reached [1], and nei-
ther are Landau quasiparticles since transport proper-
ties [10–12] are inconsistent with a Landau Fermi liquid.
These observations motivate us to pose the question of
stability of different quasiparticles across doping regimes
of a Mott insulator. The nature of quasiparticles under-
goes a drastic change - a metamorphosis - upon varying
the doping, and we identify it as a localization transition
in the many-body Hilbert space.

We shall study the fully-connected and random t-J
model, which has all-to-all hopping tij and exchange

Jij realized as independent random variables with zero
mean. At zero doping, the model with SU(M) symmetry,
and M large, realizes a Sachdev-Ye-Kitaev model of frac-
tionalized fermionic spinons [13, 14]. We are interested
here in the case with SU(2) symmetry and non-zero dop-
ing: this has emerged a useful theoretical paradigm for
studying the normal state properties of doped Mott in-
sulators [15]. Recent analytical treatments of this model
[16, 17] present a picture of a spin glass phase in low
doping regime (with bosonic spinon and fermionic holon
quasiparticles), surviving up to a critical value of dop-
ing pc, separated from a disordered Fermi liquid at large
doping. However whether any of these quasiparticles or
something different is responsible for the anomalously
large thermal Hall effect in the underdoped regime re-
mains an open question. In this paper, we study the
stability of three different quasiparticles across doping
regimes in the random t-J model of a doped Mott in-
sulator by casting the problem as one of localization in
the many-body Hilbert space [18, 19]. This approach
allows the study of quasiparticles such as Majorana or
JW fermions that are otherwise highly nonlocal in terms
of the original microscopic degrees of freedom. We use
a numerical exact diagonalization method based on the
recently developed FEAST algorithm [20] that allows cal-
culation of large numbers of eigenstates in user-specified
energy windows required for this approach.

The Hamiltonian of the random t-J model is

H =

N∑
i 6=j;α=↑,↓

tij√
N
Pc†iαcjαP +

N∑
i<j

Jij√
N

Si · Sj , (1)

where tij and Jij are both randomly chosen from a Gaus-
sian distribution with mean zero and unit variance. P is
the projector prohibiting double occupancy at any site,
and N is the total number of sites. A fraction p of the
sites is empty, corresponding to hole doping. The spin
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operator at each site is Si = 1
2

∑
αβ c

†
iασαβciβ .

At low hole doping, the system has magnetic order
and we show that bosonic spin-1 (magnon) excitations
are good quasiparticles - a fact confirmed in numerous
numerical [3, 21, 22] and theoretical studies [16, 17]. Re-
markably, in this doping regime, we also find that emer-
gent Jordan-Wigner (JW) fermionic excitations are good
quasiparticles reminiscent of the Mott insulating Kitaev
materials [23]. In contrast, spinful fermions are poor
quasiparticles. In the opposite limit of large hole dop-
ing, we confirm that spinful fermionic quasiparticles are
stable while the magnons and JW fermions are not.

Our study indicates, similar to the cuprates, a critical
point separating these regimes, which we identify as a
many-body localization transition. We find that all the
above quasiparticles are bad at criticality.

We formulate the problem of quasiparticle stability
as one of many-body localization (MBL) [18, 19] in the
Hilbert space. Quasiparticles are approximations to the
exact many-body eigenstates, and are useful (when they
exist) for characterizing the many-body excitations be-
cause of their additive properties. Their lifetime and
decay can be understood as follows. Any quasiparti-
cle state |φi(t)〉 can always be expanded as a linear su-
perposition of the exact many-body stationary states
|ψj〉 of the Hamiltonian, |φi(0)〉 =

∑
j bij |ψj〉. At a

later time t, the quasiparticle wavefunction is |φi(t)〉 =∑
j exp(−iEjt)bij |ψj〉, where Ej are the energy eigenval-

ues. If the weights bij are significant only in a finite
window of energies, ∆E, then the wavepacket decays in
a time ∆t = 1/∆E. Since the number of energy eigen-
states of the interacting system generally grows exponen-
tially with the system size while the bandwidth grows as
a power-law, the energy spread of the quasiparticle will
be exponentially small in the thermodynamic limit if the
number of significant bij (in other words, the support size
of the quasiparticle in the many-body Hilbert space) does
not scale in proportion to the dimension of the Hilbert
space. On the other hand, if the support size scales in
proportion to the Hilbert space dimension, the quasipar-
ticle has a finite lifetime in the thermodynamic limit.
These ideas are put on a quantitative footing below.

We first need to define our magnon and fermionic
quasiparticles in terms of the microscopic degrees of free-
dom (spinful electrons). We construct the set of N
magnon states by applying the spin raising operator at
each site on the ground state |χ〉 of only the exchange

part of the Hamiltonian, {c†↑,1c↓,1|χ〉, ...., c
†
↑,Nc↓,N |χ〉},

which are then Gram-Schmidt orthonormalized. We
project the Hamiltonian in Eq. 1 to this one-magnon ba-
sis, and diagonalization yields the N one-magnon quasi-
particle states {|χ′i〉}. To measure the resemblance of a
given magnon state |χ′i〉 with the exact many-body states
|ψj〉 of the full Hamiltonian, we express it as a linear su-

perposition, |χ′i〉 =
∑D
j=1 aij |ψj〉, where D is the dimen-

sion of the Fock space of physically relevant states (i.e.
do not include doubly occupied sites). The JW fermion
creation (annihilation) operators are constructed by tak-
ing the product of the spin raising (lowering) operator
at some site i and a (nonlocal) 1D Jorgan-Wigner string∏
j<i[pjI + njσ

z
j ], where nj = 1 − pj . Note our Jordan

Wigner strings differ from the string operator introduced
in ref [24] for the study of spinon chargon correlations
in the antiferromagnetic t-J model. We repeat a similar
procedure for the fermionic quasiparticles. In particular,
the hole states of density p are obtained by applying an-
nihilation operators (ciα) on the ground state of density
(p− 1/N) of only the hopping part of the Hamiltonian.

The support size ξi of the quasiparticle state |χi′〉 in
the many-body Hilbert space of exact eigenstates is given
by ξi = 1/Pi, where Pi is the inverse participation ratio

(IPR), Pi =
∑D
j=1 |aij |4. This quantity is also closely

related to the time-independent part of the fidelity of
the state, |〈χ′i(t)|χ′i(0)〉|2. The stability of the magnon
and the two fermionic quasiparticles is quantitatively de-
termined by performing a finite size scaling analysis of
their respective support sizes. This requires estimation
of large number of excited states in user specified energy
windows, for which we use the FEAST [20] eigensolver.

Fig. 1(a) shows plots of the disorder averaged squares
of the overlap, |aij |2, for the second lowest magnon state
|χi′〉 with exact many-body states |ψj〉 of the random
t − J model as a function of the many-body excitation
energy measured from the disorder averaged ground state
energy. For every disorder realization α, the overlaps

|a(α)ij |2 are computed, and the combined data for all re-
alizations is binned in equally spaced energy intervals.
The plots show the disorder averaged values, |aij |2 =

(1/Ndis)
∑
α |a

(α)
ij |2 vs average many-body energy in the

bin. Curves for different values of hole doping corre-
sponding to under (spin glass phase), over (Fermi liquid
phase) and the putative critical doping p = pc = 1/3
are shown. Figs. 1(b) and 1(c) respectively show similar
plots for respectively, the second lowest Jordan-Wigner
(JW) fermion and a spinful fermionic (hole) quasiparti-
cle. At low doping densities p < pc, the magnon and JW
quasiparticles have relatively small energy widths when
compared to spinful quasiparticles. At high doping den-
sities p > pc, the magnon and JW quasiparticles have
large widths compared to the spinful quasiparticles. We
also note that JW quasiparticles are generally less stable
than magnons but still good quasiparticles in the under-
doped phase. The plots shown are disorder averaged over
∼ 103 configurations. Low-lying states have been chosen
for stability analysis here as they are more stable than
the higher energy ones and also easier to compute. The
above overlap plots include the effects of both disorder
and interaction related broadening, with the former not
associated with decay. See Supplemental Material (S.M.)
[27] for plots for lifetime broadening ∆ε as a function of
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Figure 1. Plot showing (disorder averaged) squares of the overlap of a magnon (a), a JW fermion (b), and a hole (c) quasiparticle
state (labeled i) with exact many-body states (excitation energy Ej measured from disorder averaged ground state energy of
many body state) of the random t−J model for different values of doping density p, and system size N. For low doping density
p < 0.33, (the spin glass phase) magnons (a) and JW fermions have small support sizes (sharply peaked curves in (a), (b))
indicating a many-body localized state in the Fock space (a stable quasiparticle), while spinful fermions have large support sizes
(broadly peaked curves in (c)), indicating a fully delocalized state in the Fock space (a decaying quasiparticle). At high doping
density p > 0.33, spinful fermions have a small support size (sharply peaked curve in (c)) while magnons and JW fermions
have large support sizes (broadly peaked curves in (a), (b)). At the critical value of doping, p = 0.33, all three excitations have
large widths indicating that they are bad quasiparticles. In the left panel (a-c), the lines are a guide to the eye and not fits.
The points on the lines are the binned values of the disorder averaged |aij |2. The error bars (not shown) are very small due to
disorder averaging with ∼ 103 realizations. Localization and delocalization are quantitatively confirmed by a finite size scaling
analysis (d-f) for the support sizes of (d) magnon and (e) JW fermion and (f) spinful fermionic hole quasiparticle states for
different doping densities, as a function of the many-body Hilbert space dimension D. The fitted solid lines are to the form
ξ = fDc. The abscissae show values of 1/ log2D, while the ordinates show log2 ξ/ log2D. An intercept c ≈ 1 signifies a fully
many-body delocalized state (bad quasiparticle) while a small value of the intercept c ≈ 0 corresponds to a many-body localized
or fractal (stable quasiparticle) state. Note that there is an abrupt jump in exponent c in all three cases upon crossing the
localization threshold. For all values of doping except p = 0.33, where none of the quasiparticles are stable, at all other doping
one or more quasiparticles are found to be good.
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quasiparticle energy ε, which is analogous to ImΣ stud-
ied elsewhere [11, 25]. The expected superlinear energy
dependence of ∆ε for low-lying Landau quasiparticles in
the overdoped regime is clearly seen. In the underdoped
regime, we see a flat and large ∆ε expected for bad Lan-
dau quasiparticles. For magnons, the overlaps of many-
body states with the quasiparticle wavefunction essen-
tially determine the dynamical susceptibility [21]. Start-
ing from the underdoped side, we note the broadening
of magnon quasiparticles with doping as well as energy,
qualitatively consistent with Ref [21]. However our de-
cay width analysis does not give a clear signature of the
quasiparticle stability and transition, for which we find
the IPR method to be better.

To place our above observations on a more quantita-
tive footing, and also determine the stabilities near crit-
ical doping, we perform a finite size scaling analysis (for
details see [18, 19]) of the quasiparticle support sizes in
the many-body Hilbert space.

If the support size ξ of a quasiparticle state scales with
the dimensionality D of the Fock space as ξ ∼ D, the
quasiparticle is said to be fully many-body delocalized
state, and has a finite lifetime that is inversely propor-
tional to its energy width extracted from the support size.
If on the other hand, the support size scales as ξ ∼ D0,
the quasiparticle state is many-body localized in the Fock
space - such a state has an infinite lifetime. A third pos-
sibility may also occurs where the scaling of the support
size is fractal, ξ ∼ Dc, with c < 1 - this represents a
nonergodic delocalized state, which is also a good quasi-
particle for our purposes. A perturbative treatment in
Ref. [26] shows that quasiparticle broadening calculated
from imaginary part of self-energy (ImΣ) is equivalent to
an IPR-based analysis.

Figure 1 (d-f) shows a plot of (log2(ξ))/(log2(D)) ver-
sus 1/ log2(D) for (d) magnon, (e) JW fermions and (f)
spinful fermionic hole quasiparticles. The fits are to the
law ξ ∼ fDc, where f ≡ f(D) has an arbitrary but
weaker than power-law dependence on D. Since the in-
teraction term generally does not connect all fermions
or magnon quasiparticle states to every many body state
even in the fully delocalized phase, we expect f < 1 in the
delocalized regime. In the many-body localized phase, al-
though c = 0, the support size ξ ≥ 1, and in general also
an increasing function of D; consequently, f(D) ≥ 1 is
expected to monotonously increase with D. Fitted lines
with positive (negative) slope (− log2(1/f)) thus corre-
spond to localized (delocalized) phases. For small dop-
ing densities (p < pc), the magnon state (Fig. 1(d)) has
a small support size, a positive slope (− log2(1/f)) and
c ≈ 0 corresponding to magnon localization and stability,
while beyond the critical doping pc = 0.33, support size
of the magnon scales exponentially with c ≈ 1, and has
negative slope corresponding to full delocalization and in-
stability. Elsewhere in the underdoped phase p < pc, we
observe for the magnon a negative slope with intercept

Magnons

JW Fermions

Spinful Fermions

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Figure 2. Plot shows the MBL scaling exponent c versus
doping density for all three quasiparticles. A sharp jump in
c (to values c ≈ 1) is seen for all quasiparticles upon crossing
to the doping regime where they are unstable.

c < 1 corresponding to a nonergodic (fractal) delocal-
ized state, still corresponding to well-defined quasiparti-
cles. The same behavior is shown by the JW fermions
(Fig. 1(e)) although they are systematically more unsta-
ble than the magnons in all doping regimes. The quasi-
particle stability gets reversed for the spinful fermions
(Fig. 1(f)), which are stable for p > pc and unstable in
the underdoped regime. These scaling trends are consis-
tent with the behavior seen in the plots (a-c) of the over-
lap squares. We now discuss the behavior in the vicinity
of pc. Note that the dimensionality D of the Fock space
takes its maximum value at pc = 1/3; in the thermody-
namic limit it is easily checked that at this critical doping,
D ∼ 3N . This indicates three degrees of freedom at each
site, signifying some emergent symmetry at this point. In
comparison, at zero doping, there are only two degrees of
freedom at each site (D = 2N ), and at very high values of
the doping, D increases slower than exponential. From
the scaling analysis in Fig. 1 (d-f), it is clear that the
exponent c ≈ 1 for all three types of excitations when
p ≈ pc = 0.33, consistent with the understanding from
earlier field-theoretical studies[16] that there are no good
quasiparticles at critical doping in this model.

Figure 2 shows the plot of the intercept c versus dop-
ing density p. A sharp step in c is observed near the
vicinity of pc for all quasiparticles. The change in c near
pc for JW fermions is evident (showing they are good
quasiparticles that decay in the overdoped side), but less
sharp than the jump for magnons, which happen to be
better quasiparticles. Interestingly, similar jumps in the
scaling exponent have been seen in MBL transitions in
disordered XXZ Heisenberg chains [26].
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In conclusion, using a many-body localization treat-
ment, we confirm the existence of two phases as a func-
tion of doping density - a spin glass phase at low doping
and a Fermi liquid phase at high values of doping. At
large doping density p > 0.33, Landau quasiparticles are
stable, while at small doping p < 0.33, magnons and
emergent Jordan-Wigner fermions are well-defined. The
stability of the latter was a surprise because it appears
in the presence of magnetic order, and is highly nonlo-
cal in terms of the original electron degrees of freedom.
Magnons and Landau quasiparticles of comparable en-
ergy are not observed to be simultaneously good quasi-
particles for any value of the doping. Near the critical
point p = 0.33, we find that all these three excitations
are bad quasiparticles. The change in the fundamental
nature of our quasiparticles is accompanied by a dras-
tic change (fractionalization), justifying the use of the
term metamorphosis. In contrast, in the magnetic phase
transition for Heisenberg antiferromagnet on a cubic lat-
tice, the quasiparticles on the ordered side (magnons),
as well as on the paramagnetic side (paramagnons) are
spin-1 bosons. A central observation is that the de-
confined critical point is associated with a localization
transition in the many-body Hilbert space. The pos-
sible existence of stable Jordan-Wigner fermions in the
spin glass phase of cuprates could be of experimental sig-
nificance. In the ground state of the underdoped (spin
glass) phase, the JW quasiparticle density is fairly high,
at (1−p)/2. Our analysis lends support to the recent view
that these quasiparticles are likely responsible via their
coupling to phonons for the anomalously large thermal
Hall conductivity seen in the underdoped cuprates (con-
comitant with poor electrical conductivity), and which
is very suggestive of a similar JW fermions mechanism
believed to occur in the Kitaev materials. A high den-
sity of JW fermions in the underdoped phase should also
manifest in low-temperature thermodynamic properties
such as the specific heat.
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