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We report a breakthrough development allowing one to solve a broad class of polaron problems
with highly nonlinear electron-phonon coupling that were considered unsolvable without uncon-
trolled simplifications in the past using a Monte Carlo technique formulated in the coordinate rep-
resentation for both the particle and atomic displacements. The only condition is the sign-positivity
of the hopping amplitude. The technique dramatically simplifies (with the corresponding efficiency
gains) for models with dispersionless phonons. Our study sheds important light on the nature and
universality of the most striking qualitative and quantitative effects demonstrated by the “standard”
(Peierls/Su-Schrieffer-Heeger) model based on the linearized displacement-modulated hopping.

Introduction. The effect of phonons on particle mo-
tion in an elastic lattice has been of interest for a long
time [1-14]. Recent progress is motivated by results for
the Peierls/Su-Schrieffer-Heeger (PSSH) model with lin-
ear dependence of tunneling on atomic displacements
[5, 6, 9, 10], see an illustration in Fig. 1. PSSH po-
larons differ dramatically from their counterparts based
on the density-displacement coupling. One distinction—
important in the context of the bipolaron mechanism
of superconductivity—is absence of sharp self-trapping
crossover and steep increase of the effective mass in the
adiabatic regime when the phonon frequency €2 is much
smaller than the particle bandwidth. Another feature of
PSSH polarons is the shift of the ground-state momen-
tum to finite values at strong coupling [5, 6, 9, 10].
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FIG. 1. Tunneling amplitude depends on the distance be-
tween the atoms and is enhanced (suppressed) when they
move closer to (away from) each other. This leads to the
sign-alternating dependence on x; when the particle moves in
the positive vs negative lattice direction, see Eqs. (3)—(4).

The general form of the phonon-modulated-hopping
term between lattice sites j and i is

—tij ({zs}) ala,, (1)
where al is the particle creation operator, and ;; is the
hopping amplitude depending on a set of atomic dis-
placements x;. To define the class of models solvable
by Monte Carlo (MC) methods, consider Eq. (1) in the
z-representation when atomic displacements, and, thus,
hopping amplitudes are real numbers. In many cases—
the textbook double-well potential problem being one of
them, t;; ({z,}) is sign-definite. However, when t;; ({zs})
is approximated by a linear function of {z,}, as is typ-
ically done for PSSH-type models, the sign-definiteness
property is violated for large displacements. This raises

two questions: what is known about PSSH polarons with
highly non-linear coupling to phonons, and whether sing-
changing ¢;; is a key ingredient behind the special prop-
erties of “linearized” PSSH polarons.

For decades, it was believed that numerically exact
studies are possible only for models with linear coupling
to phonons, leading to questionable simplifications of
physics at strong coupling and displacement. In our ap-
proach, the linearity of the coupling plays no role, and the
only necessary and sufficient condition is the particle’s
hopping amplitude to be sign-positive (or sign-definite
on bi-partite lattices). In this Letter, we provide first-
principle numeric evidence that unusual properties of lin-
earized PSSH polarons are absent in a non-linear model
with sign-positive ¢;;. Our approach is based on the ob-
servation that sign-definite ¢;; leads to a sign-positive
path integral formulation in the z-representation. For
dispersionless phonons a substantial part of the path in-
tegral is performed analytically resulting in a simple and
efficient diagrammatic-type ground-state MC scheme.

Model Hamiltonian. Since unusual properties of PSSH
polarons are captured by the linearized one-dimensional
model with dispersionless phonons [5, 6, 9, 10], we con-
sider here its positive-t;; extension:

H=H,+Hy,=— Z t(xi,xj)a;ai + QZb;[bi, (2)

<ij> i
were b, is the phonon annihilation operator on site ¢, z; =
bj—&—bi is the dimensionless harmonic oscillator coordinate,
and 7 = ¢ = 1 goes over all nearest-neighbor sites. We
count energy from the ground state of the phonon field. A
simple physical model for ¢;; dependence on the relative
displacement, AR;;, is formulated as

—S(aFAR;;)?/a?
)

t(xi,xj) = t()e AR” = U(SCZ' — Qﬁj), (3)

with F sign for hopping in the positive/negative axis di-
rection, see Fig. 1. Here S > 1 is the tunneling action in
the rigid lattice with lattice spacing a, and u = 1/v/2MQ
is the zero-point motion amplitude of an atom of mass
M. An equivalent re-parametrization would be

(@i, @) = tetolemm)—eloima)® (4)



with ¢ = tge™%, g = 2S(u/a), and € = S(u/a)? = g%/48S.
The linearized model corresponds to ¢(z;, z;) ~ ttgt(z;—
x;j). In what follows, we set ¢ as the unit of energy and
treat € and g as independent parameters to get a broader
perspective on the model properties.

To begin with, the e = 0 case is pathological. Indeed,
one gains a divergent amount of energy from particle de-
localization between just two neighboring sites shifted
relative to each other by |z| = |z; — 2;41] = co. Finite €
provides a regularization, and the ¢ — 0 limit can be un-
derstood by considering the minimum of the sum of the
oscillator potential energy and the particle kinetic energy
gain as a function z:

E(x) = Qz?/4 — texp{gr — ex®} . (5)

As long as € is very small (e.g., because of small u/a ra-
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FIG. 2. Energy landscape (5) for small € = 0.001 at large and
small values of z. Deep minimum (|Emin| > Q,t) at z > 1
corresponds to the self-trapped state. In the absence of such
a minimum the polaron state is perturbative.

tio), the system undergoes a drastic crossover at small
g = g. ~ /e from a perturbative state to a self-
trapped one. To the leading approximation, the self-
trapped state corresponds to the particle delocalized be-
tween the two nearest sites undergoing a large displace-
ment x > 1; quantum fluctuations of z and tunneling
of the self-trapped state yield small corrections to the
ground-state energy Fg =~ min, F(z). In accordance
with Eq. (5), see also Fig. 2, the self-trapped state with
Eq x —ted”/4¢ exists at g > g, while at g < g. a per-
turbative treatment of the particle-phonon coupling is
justified: Eq ~ —t — ¢g%t%/Q,

Qualitatively, sharp self-trapping crossover at g < 1 is
generic for any tight-binding model characterized by pro-
nounced exponential dependence of hopping on atomic
coordinates and some physical mechanism (parameter-
ized by a small parameter) limiting ¢(z;,z;) for large
displacements—an analog of our e. This consideration
rules out prospects for having light polarons in model (2)
and its analogs at strong coupling when linear coupling
is exponentiated, (1 — gx) — te™ 9%, and the exponent
is allowed to have large values. Only in the perturbative
regime (i.e., at g < g.) the exponential and linearized
models produce similar results.

When € is increased, the situation changes dramatically
as illustrated in Fig. 3. Now the energy minimum is

unique for any value of g. At ¢ = 0.05, a smooth crossover
to the exponential energy-gain regime still takes place at
moderate values of g. At € = 0.2, the regime of strong
coupling g > 1 considered in the previous work can be
reached more easily, see the right panel in Fig. 3, and the
most intriguing question that can only be answered by a
full quantum mechanical solution is whether the ground
state momentum in this case remains zero or shifts to
finite values as in the linearized model.
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FIG. 3. Energy landscape (5) at ¢ = 0.05 (left panel) and
€ = 0.2 (right panel). The absence of a deep (|Emin| > Q,1)
minimum at x > 1 indicates a smooth crossover of polaron
properties from weak to strong coupling.

X-representation. Within the coordinate represen-
tation for both the particle and phonons one can for-
mulate a sign-positive MC approach to a broad class
of polaron problems with arbitrary particle-phonon in-
teractions, of the density-displacement or/and hopping-
displacement type, provided the latter are sign-positive.
This is readily seen with the standard path integral rep-
resentation, where the only condition for the scheme to
be sign-positive is the requirement ¢,; ({zs}) > 0.

Conventional path-integral treatment of phonons in
the z-representation would force one to deal with the
(d + 1)-dimensional configuration space, with the finite
system size L, finite inverse temperature (3, and finite
imaginary-time step Ar. Correspondingly, the MC re-
sults would need to be extrapolated towards the L, 5 —
oo and A7 — 0 limits. However, harmonic nature of lat-
tice vibrations allows one to partially integrate phonon
xz-paths analytically. There are two ways of achieving
the goal. The first one is particularly suited for disper-
sionless phonons considered in this work. An alternative
approach utilizes the sign-positive diagrammatic expan-
sion discussed in the Conclusions and Outlook section.

The Gaussian form of the free phonon propagators in
the z-representation allows one to perform semi-analytic
integration over all z-variables except for those whose
values parametrize the magnitudes of particle hopping
amplitudes and thus have to be sampled along with the
particle worldlines. This naturally leads to the thermo-
dynamic (L — oo) formulation. In addition (and along
similar lines), the Gaussian form of the ground-state wave
function allows one to formulate an explicit ground-state
technique for the imaginary-time polaron Green’s func-



tion in the site representation:

G(r,r) = (a,(7)ag(0)). (6)

Here 7 is the imaginary time, 7 is the (discrete) distance
from the origin, and (...) stands for averaging over the
ground state of the system.

In general, the necessity of performing macroscopic
Gaussian integration when making local updates chang-
ing a couple of variables might bring little advantage
compared to sampling full worldline configurations by
local updates. However, the gain is dramatic in the
case of dispersionless (i.e., spatially local) phonon modes.
Here the paths for phonon modes on different sites are
disconnected—and thus do not need to be sampled—as
long as their z-variables are not associated with the hop-
ping events on the particle’s worldline. Projection to
the ground state of harmonic oscillators involves special
(mixed representation) phonon z-propagators

Uo(x,7) = (Gle™™2|z) = (a]e™"2|G)

connecting the phonon mode ground states (G| and |G)
(at the left and the right ends of the path, respectively)
to the corresponding closest in time hopping events con-
trolled by the given mode. The special propagators
Uo(x, T) are related to generic phonon z-propagators,

Uy, z,7) = (yle 7" |z),

by the obvious relation Uy(y,7) = [U(y,z,7) ¢o(z) dz,
where tg(z) is the ground-state wave function of the
phonon mode in the z-representation. Thanks to our
choice of the phonon ground-state energy. U, propaga-
tors are 7-independent as follows from

e~y /4

Uo(y) = (yle ™2|G) = (yIG) = voly) = @n)/ (7)

A typical “diagram” for G(7,r) is shown in Fig. 4. The
product of all phonon propagators and hopping ampli-
tudes in the graph with n hopping transition constitutes
the configuration weight W,,. An explicit expression for
the propagator U(y, z, T) is given by

(1/2)27—Qy.z.7)

Uly,,7) = \/Amsinh(Qr)
_ cosh(Qr7)(2® +y?) — 2y
Qly,x,7) = 4sinh(Q27) | Y

As long as all the phonon modes are local, adding the
density-displacement (e.g., Holstein) couplings on top of
the hopping-displacement ones comes at little computa-
tional cost. The effect of standard linear and quadratic
in x-variables density-displacement interactions is read-
ily accounted for by an analytic modification of Gaussian
z-propagators for every segment of the particle world-
line between two adjacent hopping events (linear and
quadratic density-displacement couplings lead to a modi-
fied shifted harmonic oscillator Hamiltonian); the cost for
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FIG. 4. Typical z-representation diagram for the Green’s
function G(7,7) of the model (2). The blue solid line is
the particle worldline with kinks—the vertical segments—
representing the hopping amplitudes ¢t. Dashed and dotted
red lines are representing the phonon propagators U and Uy,
respectively. Propagators Uy behave as 7-independent ver-
tices because the phonon ground-state energy is set to zero.

treating generic density-displacement interactions is also
moderate—numeric tabulation of the z-propagator. If the
density-displacement coupling is to the very same modes
that control the value of the hopping amplitude, then we
deal with exactly the same diagrams as in Fig. 4, but now
with modified z-propagators. If the density-displacement
coupling is to separate phonon modes, one needs to in-
troduce propagators for those modes and sample the cor-
responding z-variables specified at all sites connected by
the particle hopping transitions.

Monte Carlo scheme. The sign-positive diagrammatic-
type expansion for G(7,r) in powers of hopping transi-
tions leads to a simple and efficient diagrammatic Monte
Carlo [15, 16] simulation protocol. Our scheme is based
on updates that change (i) the variable 7 [the T-update],
(ii) the variable x,, (1) or a,, (Tx—1) [the z-update], and
(iii) the expansion order, n, by £1 [the (n £ 1)-updates].

e In the T-update, the new value 7/ > 7, is proposed
from the exponential probability distribution P(7') =
—et(T'=™) /1. Here 7, is the time moment of the n-
th (i.e., the last one in time domain) kink and pu < 0
is an auxiliary parameter introduced for controlling the
Green’s function statistics in the time domain. This up-
date is always accepted.

e In the z-update, we select at random one of the hop-
ping transitions and propose to update the oscillator co-
ordinate at one of the two sites involved. This update
changes the product of all phonon propagators depend-
ing on this coordinate times the value of the hopping
amplitude. Since all the functions involved are Gaus-
sian functions of the updated oscillator coordinate, the
z-update is rendered rejection-free by proposing the new
coordinate, z’, from the Gaussian distribution

P(z') = (2n0?) Y2 exp|— (2 — 2)?/207]

with the shift z and dispersion ¢ depending on other
relevant graph variables.
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FIG. 5. Energies, effective masses, and quasiparticle residues as functions of the electron-phonon coupling constant A for two
values of regularization parameters: ¢ = 0.2 (black dashed curves with open circles) and ¢ = 0.05 (red dashed curves with open
squares). Error bars are shown in all plots; for energy values they are orders of magnitude smaller than symbol sizes.

e In the (n + 1)-update, called with probability p, we
propose to insert a kink between the sites R = r,(7,)
and R' = rp41(Tn41). The time 7,41 is selected from
the uniform distribution on the interval (7,,,7) and R’ =
R+1 is selected at random. The new oscillator variables
Zr(Tnt1) = y and zg/(Th41) = z are proposed from the
Gaussian distribution

P(z,y) x e~ 042/ 2Eg(y=2)—cly=2)°

In the (n — 1)-update, called with probability p_, the
last hopping event (if there is one; otherwise the update
is rejected) is simply erased from the configuration. The
acceptance ratio for the complementary pair of the (n +
1)-updates equals

R = & W’ﬂ+1 2(T — Tn) t(ya Z) (9)
p+ Wa Py, z)

Results. Full quantum mechanical solution of the prob-
lem confirms the overall picture established on the ba-
sis of the energy landscape (5) and finds that the dis-
persion minimum remains at zero momentum when the
quasiparticle residue Z collapses to near zero, the ef-
fective mass m, undergoes an explosive enhancement,
and the ground-state energy E exceeds the bare parti-
cle half-bandwidth. This behavior, typical for transition
to the nearly localized state, is illustrated in Fig. 5 show-
ing E, m,, and Z as functions of the coupling constant
A = 2¢%t/Q for two characteristic values of €. (We ex-
tract E, m,, and Z from the Green’s function; all details
can be found in Refs. [9, 15].)

Conclusions and Outlook. We show that unusual prop-
erties of linearized PSSH polarons are absent in a model
with sign-definite ¢;; thereby emphasizing importance
of non-linear terms at strong coupling in real materi-
als. In this respect, special attention should be paid to
the microscopic physics behind sign-alternating phonon-
modulated hopping, such as, e.g., competition between
the tunneling paths in multi-orbital systems [14].
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FIG. 6. Typical z-representation diagram for the Green’s
function G(7,r) for the dispersive-phonon counterpart of the
model (2). The particle worldline and the phonon propagators
in the x-representation have the same meaning as in Fig. 4.
The new elements are the vertical dashed lines representing
the attractive interaction between auxiliary local modes (cf.
[18]). Note also that now the diagram is extensive: It occupies
a macroscopic space-time volume.

Our results are based on the diagrammatic type MC
approach combining the worldline representation for the
particle with the z-representation for atomic displace-
ments. It applies to a broad class of polaron prob-
lems with arbitrary density-displacement and hopping-
displacement couplings, provided the latter originate
from the sign-definite hopping. A dramatic simplifica-
tion of the scheme, with the associated efficiency gain,
takes place in models with dispersionless phonons.

For dispersive phonons, the most challenging aspect of
exact formulation is the necessity of performing an exten-
sive (macroscopic) integration of all atomic coordinates.
There exists a computationally efficient scheme with local
(in space-time) Monte Carlo updates. We observe that
dispersive phonon modes can be always represented as
the result of attractive interactions between local modes.
The standard diagrammatic expansion in powers of the
attractive interaction potential in the x-representation is



then sign-positive and allows efficient MC sampling (cf.
[17, 18]); see Fig. 6. The price one pays for having local
updates is the extensive character of the configuration
space and the necessity of extrapolating to the thermo-
dynamic (L — oo) and ground-state (8 — oo) limits.
An explicit decomposition of the phonon potential en-
ergy into fictitious local part and attractive interactions
is as follows (note that the spring constants satisfy the
relations k;; = Kjs, kii > 0):

S ki = R} — Y |ijlles — sgn(sig) )
©J 7

i<j

I~<6i = Kiji + Z|FL”|
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