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We study the intrinsic scattering of phonons by a general quantum degree of freedom, i.e. a fluc-
tuating “field” @, which may have completely general correlations, restricted only by unitarity and
translational invariance. From the induced scattering rates, generalizing the model studied in a com-
panion paper, [Léo Mangeolle et al., arXiv:2206.06183, PRX (in press)], we obtain the consequences
on the thermal conductivity tensor of the phonons. We confirm that, even within our generalized
model, the off-diagonal scattering rates involve a minimum of three- to four-point correlation func-
tions of the @ fields, and discuss the “semiclassical” vs “quantum” nature of all contributions. We
obtain general and explicit forms for these correlations which isolate the contributions to the Hall
conductivity, and provide a general discussion of the implications of symmetry and equilibrium; this
elaborates on, and extends, the results of [Léo Mangeolle et al., arXiv:2206.06183, PRX (in press)].
We also extend the discussion and evaluation of these two- (diagonal scattering) and four-point
correlation functions, and hence the thermal transport, for the illustrative example of an ordered
two dimensional antiferromagnet, where the @ field is a composite of magnon operators arising from
spin-lattice coupling, and confirm numerically that the results, while satisfying all the necessary
symmetry restrictions, lead to non-vanishing scattering and Hall effects. In particular, we inves-
tigate, both analytically and numerically, the dependence of such intrinsic scattering on a crucial
parameter — the magnon to phonon velocity ratio v. We in particular confirm that within some
range of v of order 1 the skew-scattering mechanism leads to comparable thermal Hall conductivity
for thermal currents within and normal to the plane of the antiferromagnetism, and discover that the
temperature scaling of the longitudinal conductivity displays a threshold effect and a non-universal,

continuous variation of the scaling exponent with v.

I. INTRODUCTION

Two-point correlation functions are ubiquitous in the
study of condensed matter systems. They are often the
building blocks of response functions in scattering and
other experiments and appear in Feynman diagrams, as
well as Monte Carlo simulations. They are the central
elements of linear response theory, as is evident from
Kubo’s formula [I, 2]. They are often independent of
the arbitrary phase choice of the wave function.

Higher-order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov ex-
ponent, which measures the rate at which the result of
a measurement diverges after a weak initial perturbation
[3]. Multi-point correlations also naturally describe non-
linear response, e.g. in non-linear optics such as second
harmonic generation, and in “multi-dimensional spec-
troscopy” [4]. They may also arise in scattering mea-
surements at resonance, such as RIXS [5[6]. From a sta-
tistical point of view, higher order correlation functions
measure the non-Gaussianity of the distribution of an
observable. The more strongly correlated a state is, i.e.
the more it deviates from a free-particle description, the
more significant the non-Gaussianity. Hence multi-point

functions are essential harbingers of strong correlations.

In a companion paper [7], we present the study of the
thermal conductivity due to phonons linearly coupled to
another degree of freedom, for example an electronic or a
magnetic one. We summarize the results of that paper in
this paragraph. First, it is demonstrated that this cou-
pling induces two types of scattering of phonons: those
which are symmetric in the sense of respecting detailed
balance, and those which are antisymmetric and obey an
“anti-detailed balance” relation. Only the latter “skew
scattering” events contribute to a thermal Hall effect of
phonons, as proven by formulating and solving the associ-
ated Boltzmann transport equations. Finally, the results
are applied to an example calculation of the diagonal and
Hall components of the thermal conductivity for the case
of a two-dimensional antiferromagnet.

The purpose of the present paper is to extend the prob-
lem of Ref. [7] to the most general case, and to give full
detail of the corresponding scattering contributions and
their derivation. We allow the phonons to be both lin-
early and quadratically coupled to the fluctuating degree
of freedom, i.e. with an interaction Hamiltonian density



(c.f. Eq. (16))
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a*k = aILk are the phonon annihilation

where a,, =a,,,a,;
and creation operators for the nt" phonon mode with

momentum k, and Q7 ann,k, are the collective fluc-
tuating “ﬁelds coupled to the phonons (we discuss even
more general forms in the Appendices). The quantity
Nyc is the number of unit cells in the sample. We pro-
vide a full discussion of all the different scattering con-
tributions generated by these terms (up to quartic or-
der in the phonon coupling, see Sec. , and give a
full exposition of the expressions of the corresponding
rates in terms of correlation functions. We also give a
thorough discussion of the consequences of symmetries
and detailed-balance relations on the Hall conductivity,
and show in particular that the conclusion that two-point
correlations functions do not contribute to a Hall effect,
arrived at in Ref. [7] for the linear coupling model, con-
tinues to hold in full generality.

Up to fourth order in A, where A\ captures the size of
the coupling between one phonon and one @ operator,
and terms involving p phonon operators are assumed to
be of order AP, the longitudinal scattering rate is

Do =D +DP 4 Dy (2)
where D) and D® are obtained in our perturbative
expansion at orders A2 and A%, respectively, and Dy en-
compasses contributions due to other scattering processes
as well as higher-order terms of the expansion.

The skew scattering rate can be similarly expanded in
terms at different orders in A. At fourth order, we find
the full set of scattering rates generalizing the results of
Ref. [7] to include the two-phonon couplings and quan-
tum interference terms:
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The full scattering rate is the total of all the contribu-
tions, summed over 0 = &1 = §,0, q,¢' = £1, and the
[],['] indices which denote the “internal” states of the

scattering process and will be explained in Sec.
The [-, /.| notation in the last term is explained in

Appendix The first term, ws&%}g,;[l’l]’qq/ is that dis-
cussed in Ref. [7].

Most importantly, we have separated the processes into
those which satisfy detailed (o = 1) and “anti-detailed”
(o = —1) balance relations,

Qﬁnfg,k, = g e~ Plawmctd'wune) gyo—a | o=tore,e.

(4)
When these rates are used as input to the Boltzmann
equation, we observe that only the anti-detailed balance
terms can generate a thermal Hall effect. A discussion

of these (anti-)detailed balance relations can be found in

Secs. T2V AT

After the derivation of these relations and their rela-
tion to the thermal conductivity tensor, and a discussion
of the consequences of symmetry for the latter, we turn to
the specific problem of the antiferromagnet introduced in
Ref. [7]. Notably, we significantly extend the treatment
there to unveil the dependence of the thermal conductiv-
ity upon the ratio v = vy, /vpn of the magnon and phonon
velocities, which is striking and non-trivial. In particular
k1, has the scaling behavior

T-1 for v < 3
kL ~ TS—S('U—l)’1

forv >3’

()

exhibiting a threshold effect and a non-universal, contin-
wous variation of the scaling exponent with v, as shown
in Fig. [l Furthermore, we find that the Hall resistivity
dramatically decreases as v increases, due to the reduc-
tion of the allowed phase space for scattering.

The remainder of the paper is organized as follows. We
first (Secs. provide an expanded derivation of the
skew and longitudinal scattering rates, including those
terms which result from “higher-order” @-phonon inter-
actions and are not present in Ref. [7]. We then (Sec.
provide a detailed discussion of the consequences of sym-
metries and “detailed balance”-like relations on the Hall
conductivity. The final section (Sec. is an application
of the results to an ordered antiferromagnet, as in Ref. [7],
which we expand on in considerably more detail, both re-
garding the longitudinal and skew scattering rates. We
obtain analytical results for the longitudinal conductivity
k1, and Hall resistivity oy in terms of multidimensional
integrals, whose scaling we analyze and verify through
numerical evaluation. Seven appendices provide all de-
tails and further generalizations not given in the main
text.
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FIG. 1: Dependence upon v = vy, /vpn of the
longitudinal conductivity as a function of temperature,
in log-log scale, for Dyx = Yext = 1075 (vpn/a). We
highlight the change of scaling behaviors for T > T%
(defined in Eq. (100) at vy /vpn = 3, above which the
temperature scaling exponent of xy, is a continuous

function of vy, /vpn, see Eq. or Eq. .

II. SETUP
A. Derivation

The quasiparticle nature of phonons justifies treating
their dynamics within the Boltzmann equation,

athk + Vpk - Vrﬁnk = an[{Nn/k’}]a (6)

where N,k (i) = (ip|allkank|ip> is the number of (n, k)
phonons (k is the phonon momentum and n an extra
phonon label, containing the band index and polariza-
tion) in the |Zp> state, Nyk = 3, Nuk(ip)ps, is the aver-
age population, and v,k = kank, with w,k the disper-
sion of phonons, is the group velocity of phonons. C is the
“collision integral,” which captures in particular the scat-
tering of phonons with other degrees of freedom (@ fields
whose coupling to the phonons is given by H' in Eq. ().
In turn, using Born’s approximation, we have the follow-
ing perturbative expansion of the scattering matrix:

(f|H'|n){(n|H'|1
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where the |i, f,n) states are product states in the @ (in-
dex s) and phonon (index p) Hilbert space, |g) = |gs)|9p)
for g = 14, f,n, and Eg is the energy of the unperturbed
Hamiltonians of the @ and phonons in state g. n — 07 is
a small regularization parameter. The expression Eq.
can be derived from time-dependent perturbation (scat-
tering) theory, in which 5 captures causality and the reg-
ularizability of 1/(E; — E,) in the case of a continuous

energy spectrum, appropriate for scattering (unbounded)
states which we are interested in [g].
The rate of transitions from state i to state f is ob-
tained using Fermi’s golden rule,
2w 9
Pine = o [T OBy — E). (8)
Note that I'; ¢ is a transition rate in the full combined

phonon-@ system. This in turn determines the collision
integral through the master equation

an = Z f‘ipﬁfp (
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where p;, = >, pi, where p; = %e*ﬁEi is the probabil-
ity to find the system in state i, and Z is the partition
function of the two subsystems. Here

Z F1~>f ng (10)

isfs
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is the transition rate between just phonon states, with
pi, = %e_BEiS~

s

B. Discussion

The above approach is “semiclassical” in two respects.
First, it ultimately treats phonons as quasiparticles
within a Boltzmann equation. This is justified when-
ever the scattering rate is small compared to the energy
of the particles. Second, we use the Fermi’s golden rule
relation, Eq. , to determine the scattering rates. This
approximation leads to slight differences from an exact
calculation of the quantum rates, but preserves all sym-
metries and physical processes, and we expect it to cap-
ture all the key features of a fully quantum approach. We
proceed with the T-matrix approach here which has the
advantage of (relative) physical transparency, as every
effect can be directly identified with a scattering process.

One can understand the need for effects beyond the
first Born approximation entirely through the symme-
tries of the T-matrix. Specifically, since the time reversal
(TR) operator is anti-unitary, and requires complex con-
jugation, one can see from Eq. (| . that under time rever-
sal, TR : T+ T (n — —n under complex conjugation).
Since TR invariance is sufficient to enforce a vanishing
Hall effect, the hermiticity of T is enough to guarantee a
vanishing Hall effect. From Eq. , T is indeed always
hermitian within the first Born approximation, because
H’ itself must be hermitian.

Finally, we note that we are focusing on collisional
effects, i.e. on real transitions induced by interactions,
rather than Berry phase contributions, which arise from
entirely virtual transitions and manifest as modifications
to the semiclassical equations of motion for phonons, e.g.
an anomalous velocity. Formally, real transitions are cap-
tured within the collision integral on the right hand side



of the Boltzmann equation [9], while Berry phase con-
tributions enter the left hand side and in the definition
of the currents. For phonons, our focus on collisions is
justified by strong phase space constraints on the Berry
curvature effects which are typical to acoustic bosonic
modes. Specifically, as shown in Ref. [I0], the Berry
phase contributions are described by an emergent vector
potential which at small momenta must by symmetry be
at least second order in gradients, making it a formally
“irrelevant” perturbation to the phonon Lagrangian, and
strongly suppressing its effects at low temperature [I1].

III. FORMAL EXPRESSIONS FOR THE
THERMAL CONDUCTIVITY

A. Formal expressions

To solve Eq. @, we expand N = N+ SN ke
around the equilibrium distribution Ny}, Wthh solves
Boltzmann’s equation at VI = 0, keep terms up to
linear order in 6N, in the collision integral and for
convenience separate the diagonal D,y and off-diagonal
Mk nx parts, i.e. we write the collision integral

an = Z ( - 5nn’6kk’ Doy + Mnk,n’k’)éﬁn’k’ + O(6N2)a

n’'k’
(11)
J

where by definition Mpx,x = 0. The equation
Crx[{N A, }] = 0 —i.e. the collision integral is zero in
equilibrium—should be considered the definition of the
equilibrium densities { N7}, } of the interacting phonons
(see Appendix |C 3)).

Using Fourier’s law,

j=-kr-VT= v1 Zﬁnkvnkwnk, (12)
nk

and formally inverting the collision integral leads to
the following expressions for the longitudinal /", and
Hall (antisymmetric) s = (k" — k"*)/2 conductivities
(along the u direction and in the pv plane, respectively):

v L/H v
I{lll;/H k T2 V Z nkn’k’ n’k’» (13)
nkn’k’

where v = p for kz. Assuming >, 1o Mpknk < Dpk,
one can effectively invert the collision integral to obtain
the kernels

. e,@hwnk 5 5 eﬁh(wnk‘f‘wn/k/)/Q
Kn n'k! — 1~ 9nn’ '+
KT D T 9D Dy
KH B eﬁh(wnk+wnlk/)/2 ( Slnh(ﬂhwnk/2)
nkn’k’ — 2anD'n,'k’ Sinh(ﬁhwn’k' /2)

Here we identified the equilibrium phonon current J%, =
Ntwnkvl,, and made the “standard” approximation
V.N,uk ~ VN, and looked for a stationary solution
(0;N = 0) to Boltzmann’s equation. While the sign of
tg depends on the details of the system (see later), the
second law of thermodynamics imposes k7, > 0. Consid-
ering Eq. , we therefore expect D,k > 0.

Clearly, only contributions to K L/H

ke Which are sym-
metric (resp. antisymmetric) in exchanging (nk + n'k’)
contribute to Ky (resp. kg). The special case of the
term diagonal in nk,n'k’, being symmetric, does not
contribute to the Hall conductivity. Below we will
isolate the correlation functions of the () operators

which give anti-symmetric (in nk <> n’k’) contributions

smh(ﬁﬁwnk/Q)
80 Sn(Bhw 72y Mnk.n'kers

These correspond to scattering processes which violate
detailed balance.

and hence contribute to kp.

sinh(Bhwni/2) .y )
(smh(ﬁhwn,k,m) Mk (nke € 1) ) 14
Mnk,n’k’ — (nk s n'k')) . (15)
[
B. Model

To describe the interaction between the phonons and
another degree of freedom, we introduce general cou-

pling terms between phonon annihilation (creation) oper-

(1)

ators a,,; and general, for now unspecified, fields Q{q7 K}

which are operators acting in their own Hilbert space
In what follows we only consider the first two terms
of the expansion with respect to phonon operators (see
also Eq. ), i.e. we write the interaction hamiltonian as
H = H[/1] + H[’Q]7 where

H[/1] = Z Z at Qe (16)
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and in the following, we consider Eq. as a pertur-
bative expansion with respect to a small parameter A,



such that formally Qi ~ A, ann,k, ~ A2, etc. Note we
consider generalizations of thls model in Appendix

In the above expression we used a:k = aLk and ?;Lk =
Q{niki}
and Q{_n K} = Q (niki}? and for many-phonon terms, we
have Q7™ = (@I )T,

teraction terms, which may physically be seen as single-
phonon scattering off the ) degrees of freedom, corre-

sponds in particular to a coupling of the ) operators to
the strain tensor £°(r),

ankx. The hermiticity of H' imposes Q{tl_k}} =

The single-phonon in-

21/2 ) ko ﬁn‘i'kﬁ «
o= i S )

(17)
where M. is the unit cell mass and e,y is the polariza-

J

g-nk

tion vector of the |nk) phonon. The two-phonon terms
capture quadratic coupling of the lattice displacements
to the electrons/spins, as is often considered for example
in treatments of Raman scattering [12] [13]. A priori, the
quadratic terms are much smaller than the linear ones,
but the former may be important if they give rise to dis-
tinct effects or contribute at a lower order in perturbation
theory than the linear ones.

C. Scattering rates
1.  T-matriz elements

The transition matrix elements are T¢; = Zl [ll’ ]
(the I; represent which Hy;, appear successively in T o)

that the number of I; appearing in Tf[lil""] is the order of
the Born approximation used for that term), where

T = 3 VN + 52 (FlQU i) T, &5 ), (18)
nkq
(2] i i 1+q . gnk
% = Z Ny + Npne + fs|ann'k/ s) L(ip ) (19)
V Nuc nkq,n'k’q’ q'n'k
O Dilmo) (m Qi lis) . gn
Tl _ Ny e [N =g (fs|QL 1 |ms) (ms niclls) o ank , 20
i—f nqun;k,q/ nk 2 n’k E’is _ Ems — qWnk + in ( P 7'k’ fp) ( )
[
and Tl[ljf] and T[1 U are given in Appendices where
(Eq. - ) and |C 5| - (Eq. (C54)), respectively. Here,
G T gk . sc .2 .pu | =TsE g
(ip — fp) (resp. L(ip qm/ fp)) is a large product of e 5 I35 5 I = T (E: — Ex)
delta functions which enforce Nj:,,k,, ? N V'K # |Ti[ﬂ>f‘2 + ‘T1[1—>1f 2+ |T[ N
A ! 7
nkf (resp. .Vn k ;éf(nkm k )),and N, = N}, +q (resp. « 99e {(Tl[i)lf]> Ti[if} ; L (22)
N =N\+qN., =N +4q). Note that the cases
n .o . (L 2 1] [1,1,1]\ (1]
where nk = n'k’ require a formal correction. However, 2%e { T1—>f TS + (T3 ) Tise

at any given order in the A\ expansion, such terms are
smaller than all others by a factor 1/N,., where N, is
the number of unit cells, and therefore vanish in the ther-
modynamic limit. In what follows we thus use », o
and )y, exchangeably, unless we specify otherwise.

The scattering rate as given by Eq. 7 involves the
squares of the elements of the total transition matrix (see
Appendices . - 5| for computational details). Its full
expression to perturbative order \* is

Dy e =0, +T% 4179 (21)

This decomposition into three terms is discussed in

Sec. [IID3]

2. Collision matriz elements

Following Eq. @, the scattering rates I'; s give access
to the collision integral, i.e. to Mk n/x and Dyx. We de-
compose the latter as D, = Df}k) + D( ) + an, where
D® and D@ are obtained in our perturbatlve expansion
at orders A2 and \*, respectively, and Do encompasses
contributions due to other scattering processes as well as
higher-order terms of the expansion. In the following, we
also use the “[/;]; [I}]” superscripts to denote a term ob-

tained from the product ofT[l ]f and T[Jf within |7} ¢ |?.



For instance, at order A2, we have
Dyl = DM, (23)

Details of the derivation are given in Sec. [IID 1] and
Appendix At order A%, the diagonal and off-diagonal
contributions to the collision integral take the forms

Dl = N Z Z (Mo + 131 [0 | (24)
and
Mnkn’k’ = Nuc N’reL(l]( + i;) [wnkn/k/] (25)
4,q'=

respectively, where Qﬁqk e 1S an off-diagonal scattering
rate which involves two different phonon states |nk) and
[n’k’). More precisely, 207 (resp. 2077) corresponds
to scattering processes where two phonons are emitted
(resp. absorbed), and W+~ W™t to processes where
one phonon is emitted and one is absorbed. D,y is the
diagonal scattering rate, i.e. it is associated with varia-
tions in 6N, only.

We will now decompose the 20774
into

nk.ne Scattering rates

®,q9' 0,499’
Qﬂnk n'k’ T ankn 'k’ + mnkn’k” (26)

where Qﬁfﬁi’,ifgl satisfy detailed (o =
detailed” (¢ = —1) balance equations

’ ’ —_g—
WM, = o e Plawmctdond) qurla® o = +ora,

Physically, Eq. expresses “microscopic” thermo-
dynamic equilibrium between the process which takes
{Nnk — Nox +q, Npiwr — Ny +q/} to the “conjugate”
process taking {N,x = Npx — ¢, Npw — Npw — ¢’}
with ¢,¢' = %1, leaving N~ unchanged for n"k” ¢
{nk,n’k’}. Note that this is different from time-reversal
symmetry which provides a relation between the pro-
cesses acting on {|n;, k;)} phonons to the same processes
acting on the {|n;, —k;)} phonons.

Moreover, since, by construction, the two-phonon scat-
tering rates satisfy

Wikne = Wik (28)
the following relations also hold:
Wt = Pl (29)

Together, these imply that there are only four indepen-
dent such scattering rates between the |n,k) and |n’, k)

phonons, namely Qﬁng:,k/ and Qﬂnk ke With o= @, 0.

As discussed at length, the first Born approximation
alone does not lead to a nonzero thermal Hall effect, nei-
ther do those scattering rates which satisfy detailed bal-
ance as the latter imposes thermal equilibrium between
“left” and “right” scattering. We find the kernels K%/H
defined in Egs. in terms of the 20 scattering rates:

Kl _ ePhen s ePhewnne Z o T Bhw, {me,+,q ( coth(Bhewn) +Coth(6hwn/k/)) _oa®ta }
nkn'k/ — Dk n,n/Okk’ 2NucD e nk,n'k’ \4 2 2 nk,n'k’ ’
(30)
ﬁhwnk ﬁhwn/k/ _
(& e q 1 o hw,, ryer n
KE . = ST, e e (coth(2e ) — g coth(2ignk)) (31)

2]\'fuc-an-Dn’k’ —=

(

terms do not however prohibit their contribution to KL,
See Sec B| for a discussion. Inserting Eq. ( and
Eq. ( mto Eq. ( ., and after some algebra one ob-
tains the results for sp, g, respectively:

Incorporating the expression for D in the denominators
of KXH provides an expansion up to O(\*) of the latter.
We recover, as mentioned before, that the terms in 20%
do not contribute to K (they satisfy detailed-balance).
The “anti-detailed-balance” relations satisfied by the 20°
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where the first term is the leading-order contribution and with J;fk = N zkwnkvnk7 and

, eBhemc/?
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= T T2v >

nk
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D. The collision integral as correlation functions

1. Terms at O(\?)

The diagonal scattering rate Dv(llk), obtained by insert-
ing T, 1[—]>f from Eq. into Egs. la , may now be
cast into the form of a correlation function of @ oper-
ators. To do so, we first enforce the energy conserva-
tion §(Fs — F;) by writing the latter as a time integral,
i.e. use fj;o dte™? = 27§(w); we then identify A(t) =
et Ae~ 1t and use the identity 1 = 3" |fo)(fs|. Tak-
ing the @s in the initial state to be in thermal equilib-
rium p;, = Z7'e P#Fis | summing over |i,), identifying
(A)g = Z 'Tr(e PH A), summing over final phononic
states f, and taking the average over initial phononic

J

®,[2];(2],9¢" _
QBnkn’k’ -

(%X

smh ﬁhwnk/Q) sinh(ﬁhwn/k//2)

qBhw,,/ O,+,q
e k,) ank,n’k’ eﬁhw"/k/ /2 JV (33)
n/k/ .

Dn’k'

(

states i,, we obtain the |7, _>f|2 contribution of ¢,

1

D) =55 [t (@0, QL)) (30

We now apply the same method to higher orders of the
perturbative expansion.

2. Terms at O(\*)

We use the following time integral representation for
the denominators appearing at second and higher Born
orders (using a regularized definition of the sign function,
ie. Tllil%sign(t)e_"'t‘ — sign(t)),

1
z +in

1
= PPE F imd(x) (35)
1 [To°

T2
Using Egs. (19}f20) and Eq. , we find the explicit ex-

pressions for the other semiclassical (I'S®) scattering rates
as correlation functions of the @ operators,

dtleitlz (sign(tl) + 1) .

% } (@ 00, 0). (36)

o,[1,1];[1,1], _
t,t1,t2

t2), Qe (=t + 02){QL o (—11), Q4 (t1)}) (37)

WL = e Mo £ (G H = F AL D, (39)

where we use the shorthand notation
[A(ta), B(ts)] = sign(ts — ta)[A(ta), B(ty)],  (39)

and th,{tj}’ j = 1,..,1, denotes the set of 1 4+ [ Fourier

Enkq

transforms evaluated once at nkg = dWnk + q W

(

and [ times at Azkl; = qwnk - qwnw, ie. Jct.,{tj} =

. n/ n'Kk’
[ dtdty.dtge=nts " e ) The symbols
must be replaced by the same set of operators as the

expression from the above. The commutators and anti-
commutators ultimately capture antisymmetrization and



symmetrization over the nkq ++ n'k’q’ indices. We pro-
6,[1,1;[2],q4’ @,[1,1;[2],q4"

vide expressions for 2070 Qﬂnkn/k, (from
rez); Qﬁ[l 2Aillhad” 5 q gyl b 1iad (from T'%) in Appen-

dices 1- Eqs (C48I]C49|,|C51|,|C56)7 respectively.

8. Scattering channels and conserving approximation

The above terms capture all contributions to the colli-
sion integral arising from the Born expansion of the tran-
sition amplitude, up to perturbative order A*. This gives,
correspondingly, physical processes in the collision inte-
gral which contribute up to O(\*).

In Eq. (21)), while I'}°,; and FQ_>f are “tWO phonon”
terms, the contribution from TY,; is a “one-phonon”
term, i.e. one where the initial i and final £ states differ
by only one phonon |nk). Physically, this contributes to
processes which create or annihilate a single phonon, in
contrast with the O(A\*) processes described so far, which
create/annihilate two phonons with different quantum
numbers. Because the single phonon process is physi-
cally distinct from the two-phonon ones, we expect that
it is independent from the latter in the sense that the
set of all the O(\*) single-phonon processes satisfies in-
dependently all physical constraints such as symmetries
and conservation laws. Hence omitting these contribu-
tions is a “conserving approximation” in the traditional
sense [14], and we will proceed with this omission for the
most part in the following. We however include formal
expressions for these terms in the appendices.

The remaining contributions in Eq. are “two-
phonon” terms, i.e. terms in which the initial i and final
f states differ by two phonons |nk),|n'k’). The two-
phonon, O(A*), contributions to the 20 scattering rates
thus read

©.q99' ©,[1,1];[2],9¢' S,[1,1];11, 1qu
ank n'k’ T QIInk n’'k’ ank n’k’ (40)
®,q9’' ®, [2] qq 69 [ l] l.qq’ @, [1,1]5[1,1],q¢’
ank n'k!’ T mnk n’ + w n’'k’ + Qnnk,n/k’ .

Another physical distinction between the contributions
in Eq. can be made according to the “quantum” o
semlclassmal nature of the terms. The one-phonon Ffif
and two-phonon T%, ; terms in Eq. are “quantum” in
the sense that the physical process corresponding to each
contribution therein is an interference term between dis-
tinct scattering channels. In particular, in a “quantum”
term, the number of scattering events in the two chan-
nels are different. On the contrary, each contribution in
'S, ; is the probability amplitude of one given scatter-
ing channel, corresponding physically to the probability
amplitude of a given scattering process, and in this re-
spect is truly semiclassical. As a semiclassical approxi-
mation, we will neglect “quantum” contributions in the
following; formal expressions for these terms are nonethe-
less included in the appendices. The only “semiclassical”
contributions, up to O(\*), to the collision integral are
from the scattering rates shown in Eq. .

Upon applying our results to the case of a staggered
antiferromagnet in Sec. [V] we focus on the lowest-order

contributions to Knk e and Ka nk.n/k» Which come from

Dfllk) and W97 /- Tespectively. Therefore, in Sec. V] we

nk,n
consider only the lowest-order semlclassmal contribufions

~ ) L 7 ©.0d' . gu© L1k 1],a9q'
Dy = D, + Dpx and Qﬁnkm,k, Qﬂnk k! .

4. Physical interpretation

To leading order, the longitudinal conductivity is con-
trolled by the diagonal scattering rate, whose main con-
tribution occurs at order A\?. The latter is given as the
first term in Eq. , and is shown explicitly in Eq. .
It is related to the Fourier transform of the commutator
of two @,k operators at unequal times. The commu-
tator structure identifies the phonon scattering rate Dfllk)
with the spectral function of the @,k field at energy wyx,
i.e. it captures the proportion of the energy density con-
tained in the @,k field located at w,y, as expected from
(lowest-order) linear response [15] [16].

As mentioned above, the first Born order transition
matrices are hermitian. At second Born’s order, the ad-
vanced/retarded Green’s function, 1/(E;/: — Ey £ in),
appearing in T3, .¢, splits into on-shell and off-shell con-
tributions, so that the scattering rate o |Tin|2 then
involves the product of two on-shell or two-offshell con-
tributions, as well as the products of one on-shell and
one off-shell one. Because of complex conjugation of one
term upon taking the square modulus of the T matrix,
the scattering rates which involve either two on-shell or
two off-shell contributions are blind to the sign of +in,
i.e. to the advanced or retarded nature of the process, and
enforce a detailed-balance relation, Eq. with o = @
Therefore, the only scattering rates which can contribute
to the Hall conductivity are those involving one on-shell
(imaginary part) and one off-shell (real part) scattering
event, which translates here into the product of a com-
mutator and an anticommutator, Eq. .

IV. RELATIONS AND SYMMETRIES

In this section, we explore in more detail some physical
relations verified by the scattering rates defined above,
and their possible consequences on the longitudinal and
Hall conductivities.

A. Time-reversal symmetry: reversal of the
momenta

We investigate the implications of time-reversal (TR)
invariance on our results. In particular, we check ex-
plicitly that the Hall conductivity vanishes in a TR-
symmetric system. It is important to note that, in a



q q
Q operators e = Qn,ik
’ ’
_ N
an,n’k’ - Qn—k,n'—k’
scattering rates pY — pW
g n,k = “n,—k
’ ’
7,99 _ 0,99
wnk,n’k’ - Ugnn—k,n/—k’
: W (mr[S]) _ —sE(S), W (pe[S]) _
conjugate process Wo(s) € S—p Wo(s)
H _ H
kernels Ko = Ko ki
conductivities kg =0

TABLE I: Relations which hold true in the presence of
time-reversal symmetry. The phonon operator relation

al, =a! , holds true even when no time-reversal
symmetry is present. See text for definitions and
justifications.

time-reversal invariant system, the scattering rates are a
priori not time-reversal invariant themselves.

We denote with Q and [a) the time-reversed of operator
Q and of state |n), respectively. Then, because of the
antiunitarity of the time-reversal operator, for any states

n,m and any operator @, we have (n|Qf|m) = <m\@|n>
Moreover, it is possible to choose a polarization index n

. . q . q
invariant under TR, whence a;, = Uy -

Let us now consider what happens in a time-reversal-
invariant system. In that case, the hamiltonian H [/1] =

kg @ialy, must be TR-invariant, so that Qf, =

Qzﬁk. Similarly, TR-invariance of H[lz] (defined in
Eq. (16)) entails Qi‘f;n,k, =

Qqq’
n—k,n’—k’*

1. Consequences for the scattering rates.

Following the same steps as those sketched in
Sec. m and using the fact that E~ = Ej for any
state m of a TR-symmetric system, we can show explic-
itly that, in a time-reversal-invariant system, the follow-
ing relations for the scattering rates exist:

1 1
Dl =D, (41)
%Zﬁﬁ;,k, = UmZ’—qtli,n'—k“ (42)

The o sign in the second relation can be understood
as arising from two facts: (1) schematically, 207 ~
Ef_ém""in Ei_ém_i'r] + o h.c. —which is reflected in the
fact that 209 (resp. 20°) expressed as an integral,
Eqgs. (36}[38), contains an even (resp. odd) number of
sign functions— and (2) an effect of time-reversal on

the T-matrix is to exchange denominators ———— —
Es—Ey+in

(see Sec. [ITID 4|for an interpretation of the +in

1
F~—F~—in
f

regularization).

2. Relation to detailed balance.

The decomposition of the scattering rate Qﬂfg{/ k! =

> Qﬂgﬁ%k/ into odd and even terms under the “con-
jugation” (in the sense of detailed balance, i.e. thermo-
dynamic equilibrium) of the associated scattering pro-
cesses, is also that of its decomposition into terms, odd
and even under the inversion of momentum, in the pres-

ence of time-reversal symmetry. Indeed, if a scattering

nk
process S = ( q—nl>( ) transfers an energy 6E§‘i)p =
q’ -n'k’
qWnk + ¢’ wnr to the phonon system, (anti-)detailed bal-
. . —gnk
ance with the “conjugate process” pc[S] = ( ﬂk
—q'-n'k’

) reads 207 (pc[S]) = 0’22907 (). Meanwhile, in
the presence of time-reversal symmetry, the momentum-
reversal symmetry reads 207 (mr[S]) = 0207(S), for the

qg-n—k
“momentum-reversed” process mr[S] = ( — ) In
q’~n/7k’

other words, in a time-reversal invariant system, the scat-
tering rate associated with the process “conjugate” of a
given process S coincides (up to a Boltzmann weight)
with that of its momentum-reversed one:

WS e, WelS)

259 (S) 259 (S)
Hence, while o was defined as signature of the behavior of
the scattering rates under “process conjugation,” it is also
that of momentum reversal in a time-reversal invariant
system. [17]

8. Consequences for the kernels.

How is this reflected in the kernels K, K#? Because
the relation v,x = Vkwnkx = —vp,—k holds, only that
component of KZ/H which is even upon reversal of the
momenta, k(") «++ —k(")| has a non-vanishing contribu-
tion to the sum Eq. . A first consequence of this is
that, in a TR-~invariant system, the identity

K’rﬁc,n’k’ = _Kffk,n’fk’ (44)

entails ky = 0 — as per Onsager’s reciprocity relations
stating that kp is TR-odd. Note that K* in Eq. (30
involves both 20° and 20®. Therefore, there is no analog
to Eq. for K*. However, in a TR-invariant system,
the 29° term in K¥ does not contribute to x; — this
is consistent with the Onsager-Casimir relations which
state that k1 is TR-even.

This indeed reflects the previous discussion as follows:
when time reversal is preserved, TR-even kr gets con-
tributions solely from “detailed-balance-even” and TR-
even 2P, On the other hand TR-odd kg gets contri-
butions solely from “detailed-balance-odd” and TR-odd
20°. Since the system is actually TR-even, Kz vanishes.



B. Point-group symmetries

Here we provide some sufficient (but non-necessary)
conditions on K ﬁm,k, under which the Hall conductivity
vanishes.

1. Curie relations

From Fourier’s law j* = —x#**V, T, the Curie and On-
sager relations provide general constraints on the k" co-
efficients, and in turn on its Hall component % . In
Table@, we look at the Dy = Dy X Zs point group—the
largest tetragonal point group— with the associated axes
aligned with the orthogonal basis (u, v, p) (uv is the basal
plane and p the transverse direction). We can see that if
the system is invariant under any one of the transforma-
tions g € Dyj, which are odd under the Ay, representation
(i.e. C%, CY, 0y, 04), the Hall conductivity must vanish.

D4h Id 04 Cz Cé Cé/ inv 54 Oh Oy Od

Agg| 1 1 1 -1 -1 1 1 1 -1 -1

wol v o —u Etp v —p v uo xtp  Ev
v | v —u —v Fv £pu —v —u v Fr *pu

4 4 4 P P —pP —P P —P P P
P I L T T L T R L A e

cat | (a) (d) (a) (b) (¢c) (a) (d) (a) (b) (c)

TABLE II: Elements of the Dy point group aligned
along the (u,v, p) basis (with uv the basal plane), their
characters in the Ag, irrep (also labeled I'y), and
transformations of u, v, p, k", k4. The lines for k*”
and k% hold true when the system is invariant under
the corresponding Dy, operation (aligned with the uvp
basis). The last line is the “category” (cat) to which the
operation belongs, as defined in Sec. [VB?2 Here Id is
the identity; Cy is the 7/2 rotation around the p axis;
Cy, C) and CY are 7 rotations around the p axis, yu or v
axes, and in-plane directions bisecting the pu, v axes,
respectively; inv is inversion, Sy are /2 rotations
around the p axis followed by a reflection through the
basal pv plane; o, 0, and o4 are reflections through
the pv plane (o), through a plane containing p or v
and the p direction (0, ), and through a plane
containing the p direction and one bissecting the u, v
directions (o), respectively.

2. Symmetry relations on K™

We now turn to relations specific to the scattering
situation, i.e. we analyze under which conditions on
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KH .. it befalls that k% = 0. We start with the
expression of k% as a momentum integral, Eq. (L3),
ie. wh o< Yk STl KB o and recall JY =
Nsiwnkakuwnk.

If the phonon system is invariant under a unitary trans-
formation g, then wy,y is also invariant under this trans-
formation. In turn only p in J| transforms nontrivially
under g. Therefore:

e Jf the phonon system is invariant under an opera-
tion g € Dy which leaves the u, v axes invariant,
ie. g = Cy,Ch,inv,op,0,, and if one of the two
following conditions, (a) under g the uv product
is even (i.e. g = Co,inv,03) and K2, , is odd,
(b) under g the pv product is odd (i.e. g = C%,0,)
and K fkn,k, is even, is satisfied, then it follows that
ki =0.

e Besides, recalling that by construction kan,k, =
—Kﬁk,nk, if the system is invariant under an op-
eration g € Dy, which exchanges the u, v axes, i.e.
g = Cy4,CY 84,04, and if one of the two following
conditions, (¢) under g the uv product is even (i.e.
g =CY,04) and KX, is even, (d) under g the
pv product is odd (i.e. g = Cy,Sy) and KH2 ., is
odd, is satisfied, then it follows that rf” =

In terms of the behavior of K, this analysis reduces
to: if g € Dy is a symmetry of the phonon system,
and if g+ KB o — —Xas, (9) K no, where xa,,(g)
is the character of g in the Ay, representation of the
Dy, point group, then r; = 0. We emphasize that this
analysis holds if the transformation g is a symmetry of
the phonon system, and whether or not g is a symmetry
of the whole system. For example, we will show explicitly
in Sec.[V.C4]that there are cases where, under TR or oq4
the system is not invariant, but the kernel Kﬁ( i and
the phonon system are, and so kg = 0. ’

Finally, note that the above analysis goes beyond the
general predictions from Onsager, which tell us that kg
vanishes in the presence of some symmetries of the whole
system, namely C%, CY, o, or o4 (as well as time-reversal
discussed in the previous subsection). Here, not only do
we establish relations for the other symmetries in Dy, (as
symmetries of the phonon subsystem only), we also show
in which way kg vanishes, by inspecting the behavior of
the kernels K ﬁ( i under those symmetry transforma-
tions. In turn, this may for example allow to gather in-
formation about the system— about K ﬁ(’n,k,—from the
(non-)cancellation of kg.

V. APPLICATION TO AN ORDERED MAGNET

We now turn to an application of these general results.
There, we keep only the lowest-order terms in the expres-
sions derived above, as described in Sec. [IID 4] and we
consider an interaction hamiltonian density which con-
tains single-phonon interactions with a field @ (this is



the first term in Eq. ())) of the form

H' = Z (“LkQLk + a’nank> ) (45)

nk

as obtained from the simplest case of linear coupling to
the strain tensor.

We consider an ordered magnetic system, which we
take to be a spin-orbit coupled Néel antiferromagnet
with tetragonal symmetry. For concreteness, we treat
the magnetism as purely two-dimensional, i.e. the full
spin+phonon system is described by a stack of two di-
mensional antiferromagnets embedded into the three-
dimension solid, so that in particular, we take, when go-
ing from the lattice to the continuum limit

1 2 i 2
;->a2;/d , ;%(%)2%/“, (46)

where a is the in-plane lattice spacing.

A. Magnon dynamics
1. Low-energy field-theoretical description

We consider a Néel antiferromagnet with a two-site
magnetic unit cell, more precisely a bipartite lattice of
spins such that the classical ground state is ordered in
an antiferromagnetic configuration, with a local moment
1o oriented in the direction n, i.e. n is the Néel vector
which has unit length in the ordered state at zero field.
Within standard spin-wave theory, uo = S with S the
spin value. For concreteness, we will choose the ordering
axis at zero field to be aligned along the 0, axis (the
set (g, 0y, 0;) is an orthonormal cartesian basis)—the
results of this subsection hold regardless of this choice.

A general low energy spin configuration is described
by two continuum fields: the aforementioned Néel vec-
tor n(r) and a uniform magnetization density m(r), such
that

Sr = (=1)"pon(r) + a’m(r). (47)

where (—1)" is a sign which alternates between neigh-
boring sites (recall we are considering a Néel antiferro-
magnet), and both continuum fields are assumed to be
slowly-varying relative to the lattice spacing. Here a is
the 2d lattice spacing. We will assume the non-linear
sigma model constraint that the spin length is fixed to
1o, which implies that

4
|n\2+a—|m\2 =1, m-n=0. (48)

2

Ho

The spin wave expansion consists of expanding these
fields around the zero field ordered state, i.e. ng.q =
Uz, mgy.q = 0. To linear order around this state, we take
n = 04, +n and m = m, where n, = m, = 0, leaving the
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remaining degrees of freedom n,, n,, my, m.. In terms of
the spins, this gives

Sy = (—1)"pot; + Z ((=1)" pona(r) + a®mq(r)) g,

a=1y,z

(49)

Because the local moment along the 0, axis is non-zero,
the low energy fields satisfy the commutation relations
[my(r),n.(r")] = —[m.(r),n,(r")] = —id(r—r’). The low
energy continuum Hamiltonian density for these fields is

Haes = £ (120, > + [¥n. %)
L2 ) + > Lo (50
+ﬂ(my ms —5 M, )
a,b=y,z
where p is the spin stiffness constant, x is the spin suscep-
tibility, V = (95, 0,) denotes the in-plane gradient, and
the T’y are anisotropy coeflicients which open a small
spin wave gap (see App. . For an approximately
Heisenberg system with isotropic exchange constant J,
we have within spin wave theory that x~! ~ 4.Ja?, p ~
2J 3, while I'y, are determined by exchange anisotropies.
The choice to normalize m as a density while keeping n
dimensionless ensures that m,, . fields are just the canon-
ical momenta conjugate to the n., fields, and hence
Eq. is just a Hamiltonian density of two free scalar
boson fields.

The above description is appropriate to describe the or-
dered phase of the antiferromagnet, for any value of the
spin, provided temperature is low compared to the Néel
temperature and any applied magnetic fields are small
compared to the saturation field. These conditions are
well-satisfied in practice in experiments on many antifer-
romagnets. Specifically we will be interested in the case
with an applied magnetic field perpendicular to the axis
of the Néel vector (e.g. along z or y, given the choice in
Eq. ) In general the field induces a non-zero uniform
magnetization along its direction, e.g. for a z-axis field
(m.) # 0. Such a “spin flop” configuration is favorable
for an antiferromagnet in a field.

2.  Symmetry considerations

Two symmetries clarify the calculations and provide
physical insight. The first is the macroscopic time-
reversal symmetry of the zero field state, which is what
makes it an anti-ferromagnet. Specifically, the system
in zero field is invariant under the combination of time-
reversal symmetry TR and a translation 7. Under this
operation, we see that the continuum fields transform
according to

T=TRxT: m—-m, n—n. (51)
The presence of a staggered magnetization (with any ori-
entation) does not break this symmetry, but a uniform



magnetization does. Note that the effective quadratic
low energy Hamiltonian, Eq. , is invariant under this
symmetry. This is true even at non-zero fields, because
the low energy Hamiltonian is quadratic. Thus effects of
time-reversal symmetry breaking will become evident in
terms beyond this form, notably in anharmonic correc-
tions, and in the spin-lattice coupling itself. Specifically,
we see that time-reversal symmetry will be effectively
broken only by terms involving an odd number of powers
of the m,, fields.

The second important symmetry is one which may be
preserved not only by the underlying exchange Hamilto-
nian and crystal structure, but also by the applied field
and the spontaneous ordered moments. In particular,
the latter breaks the original translational symmetry of
the square lattice by a single lattice spacing. However,
a symmetry may be retained under such a simultaneous
translation composed with a Cs spin rotation around the
field axis. In the presence of spin-orbit coupling, generi-
cally the spin rotation must be accompanied by a spatial
rotation, and the full combined operation is in fact noth-
ing but a Cs rotation about an axis passing through the
mid-point of a bond of the square lattice. This of course
requires the C5 rotation in question to be part of the lat-
tice point group. In our problem, this is true when the
field is along z or y (but not for a general orientation in
the yz plane).

This odd symmetry is important for simplifying the
magnon interactions. In particular, if the field axis is
along z, then we see that m, and n, are both even under
this operation, while m, and n, are odd under it (and
vice versa if the field is along y). Note that the fields
within a canonically conjugate pair transform the same
way under this symmetry. We take advantage of these
facts in the following. In particular, only I'y = I'y, and
I'y =T',, do not vanish a priori, which ensures that the
two valleys (¢ = 0, 1) are exactly decoupled.

8. External magnetic field

At the lowest order, an applied external magnetic field
h couples solely to the m field; this is already taken
into account in Eq. where the m fields can acquire a
(static) nonzero expectation value due to the spin align-
ment with the field.

Meanwhile, at higher orders the magnetic field also
couples to the n field; the main contribution comes from
the square, isotropic coupling (n-h)2. Due to the Cy sym-
metry around the field axis (y or z), and since first-order
terms of the form h,n, are forbidden by translational
symmetry, this results in an additional term

Hiela = % > hinl. (52)
a=y,z

Note this form is valid only when the field is along the y or

z axis, not at other angles in the y— z plane (which would

violate the Cy symmetry). The prefactor x/2 is fixed to
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match the results obtained from microscopic calculations
in Ref. [18], and we provide an alternative derivation in
App. [F 3 as well as a more detailed derivation of the full
form of the gap from a microscopic XXZ exchange model
plus a Zeeman coupling to the field in App.

4. Diagonalization

We proceed to diagonalize Eq. , supplemented by
Eq. following the discussion in Sec. by intro-
ducing creation and annihilation operators in the stan-
dard way for free fields. We use the Fourier conven-
tion ¢ = ﬁ [ dx¢(x)e~ * for any continuum field
¢, where V' is the volume of the system. Then

my, = V XQ;O (b—k,o + bL,o) )

1
— zm (b7k70 - bLO) ,

my = V % (b—k,l + b1T<,1> J

1

Nerom (bfk,1 - bLl) , (53)

3
=

nk:fz

where

Qe = o2 k* + AZ, (54)

with vy, = /p/x. The magnon gaps depend on the ap-
plied (transverse) magnetic field in the form

Ay =/T¢/x+h3, (55)

with valley index ¢ = 0,1 and where we set hy = h,
and hy = h,. This reflects the explicit breaking of O(3)
rotational symmetry of the order parameter n by the
transverse field. With these definitions, we obtain

Hxis + Hfielda = Z Z Qk,ZbLgbh[ (56)
¢k

The b, b' fields with index £ = 0 have opposite Cy eigen-
value to those with £ = 1. This guarantees that all terms

preserving Cy symmetry must conserve the two boson
flavors modulo 2.

B. Formal couplings
1. Definitions

In general we can expand the operator @i, which cou-
ples to a single phonon, in powers of the magnon opera-



tors,
} : n,flq1q eik=2 q1
£,q1,2
§ : nf1,£2|(11¢12(1 eik=2pn q2
uc B bé p+2kzb32, +%k,z'
p,t,0
q1,92,%

Note that while the phonons are three-dimensional exci-
tations, and hence have a three-dimensional momentum
k, the spin operators (and hence magnons) only have two
dimensional momenta. We will make use of the following:
k = k + k.10, where k is the projection of k onto the
k., = 0 plane and i, is the unit vector along z. A phonon
is coupled to the sum of spin operators in all layers—we
have here introduced the explicit label z for the layer.
Because the spins in different layers are completely un-
correlated, there are however no cross-terms involving b
operators from different layers, and in correlation func-
tions the sums over z will collapse to independent cor-
relators within each layer, which are all identical to one
another. When possible, we will therefore take z = 0 and
suppress this index.

The naive leading term in Eq. is the single magnon
one A, linear in b, , and b;,k operators (notations defined
below). This results in a quadratic mixing term in the
Hamiltonian, hybridizing phonons and magnons. Being
quadratic, it is trivially diagonalized, and has been con-
sidered by several authors. Generally, such coupling has
little effect except when it is resonant, i.e. near a crossing
point of the decoupled magnon and phonon bands. Since
such a crossing is highly constrained by momentum and
energy matching, it occurs in a narrow region of phase
space, if at all, and is likely to be unimportant for trans-
port. It in any case does not give rise to scattering, the
focus of this work. We therefore henceforth neglect the
A contribution.

Non-trivial scattering processes arise from the sec-
ond order term in the magnon field expansion of Q,x,
parametrized by B. Here as elsewhere we introduce
particle-hole indices ¢1,q> € 4+, —, such that in partic-
ular

b =bl b,,.=0b

£,p,z’ 0,p,z (58)

0,p,z l,—p,z"

Notice the minus sign in the momentum in the second
relation. This means generally that

(bZ p,) bZ —p,z (59)

To make the coefficients unambiguous, we choose the
symmetrized form

n,01,02|q192q __ 1on,€2,01|q2q19
Bk;p = Bk;—p . (60)

Demanding that Q:L'k = (Q;k)T implies that

, 2,01 | —qa—q1—\*
BlZpl 2lqrga+ _ (B]Z; 1l—g@2—q1 ) ) (61)
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If the phonon mode n which QI, is coupled to is C
invariant, then only terms with ¢; = /5 are non-zero.
In Sec. [VCT1] we will introduce a concrete and general
model of spin-lattice couplings, and see that within this
model, almost all interactions obey this selection rule.
In particular, off-diagonal terms with ¢ # 5 arise only
from the A((f% couplings defined in Eq. , which are
furthermore smaller in magnitude than other couplings
as they are related to magnetic anisotropy.

2. Diagonal scattering rate

Contributions to the first-order longitudinal scattering
rate, Eq. , can be computed exactly using Wick’s
theorem. To do so we use the free particle two point
function, which in the notation of Eq. is

<b21,p1,z1 (tl)bZQ P2,22 (t2)> = 551,525217225%7—!126131-"-})270
X f(lz (Qzlypl)e

—iq2Q0, py (t1—12)
9

(62)

where f,(Q) = (1 + q)/2 + np(Q2), where ng(Q) is the
Bose distribution. One obtains two contributions, Dfllk) =
S ,—y DU where DI+ corresponds to the emission

of two magons and DW|~ corresponds to the scattering
of a magnon from one state to another:

D(1)|+ 2T 1 sinh(ghwnk)
nk T R2 N sinh(2h0Q, i) sinh(2h0 i)
uc p.L,e 2/ p—k 2", —p—3
n, 00 | ++— 2
X(S(wnk Qz’p7§ Qel 7p7%) ‘Bk;p ‘ ' ’ (63)
and
- Ar 1 Sinh(ghwnk)
nk 2 : 3
NG S, sinh(5R0, i) sinh(5RQ, L)
R —
X8k~ Dy + Q) B | (6)

Note that the prefactor involves just the number of
two-dimensional unit cells in a single layer, N2d =
Nuc/Niayers, which results because a single sum over z
gives a factor of the number of layers Njayers, convert-
ing the N, to N2¢. One can compare the expressions in
Eq. and Eq. , and observe a difference of a factor
2 in the prefactor, the sign of the second 2 frequency in
the delta function, and that of the second to last index
in B. The squared modulus |---|? can be traced back
to Fermi’s golden rule, and the thermal sinh(- - -) factors,
which originate from Bose factors, fall off exponentially
at large momenta. Energy conservation imposed by the
delta functions strongly constrain these scattering rates.
Specifically, if all magnons have the same velocity vy, and
the phonons have an isotropic velocity vpn, then we find



that
supp (D)) € {(k k2)|(v3, — v2)K[? + 02, k2 > 4A%)

supp (Dr(Ll}z‘_) - {(k7 kZ)|(U[2)h - U12n)|k|2 + U?)hkg < O} ’
(65)

where A = min(Ap, A1) and supp(D) is the support of

D. Tt follows that if vy, > vpn, Dilk)H_ is non-zero in
two regions of large |k, | bounded by hyperboloid surfaces

2 "2
ks _ VUm ™Y . D]- .
K= o ( cone, while D, " is

tangent to the

non-zero in the region outside the said cone, containing
large |k|. The two regions are mutually exclusive, i.e.
for any given k at most one of the two rates is non-zero.

J

0,99
o gkq'k’,p
ue p {Zi 7(11}

prhtal-a q4—an/€4€2 |—qa—q2—q’
k,p+3qk k’,p+qk+3q'k’
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For vy, < wpn, the constraints are even stronger, and
Dfllk)l_ = 0 strictly vanishes, while Dv(llk)H_ is non-zero
within an ellipsoid region containing k = 0. The first
and second scenarios are realized in LayCuOy4 [19], and
in, e.g., FeCly [20], respectively.

3. Off-diagonal scattering rate

Expanding each @ operator in terms of magnon op-
erators in the four-point correlations, i.e. plugging in
Eq. into Eq. , one can obtain the Hall scattering
rate using Wick’s theorem. We find

k.p+akta'k Tk p+ Lk

6472 1 nn'| / ,
_ q19293,€1€203 ~q1q2qa,l1€203 ~ nl2l3]q2q3q n'l3l1|—q3q1q
W = v > 0 D gzttt gl 3 B

nlyls]|qa—q2—q

Bn/€1€4 |—q1—qa—q'
k,p+3ak+q'k’

k’,p+3q'k’

x PP

where we defined Q59 = Q¢.qp, and the product of delta
functions ® and ‘thermal factor’ §

@nnl\qwfz%,fﬂfzea
gkq'k’,p
!’
aq l3,—qs3 l1,— £2,q2
0 (A w t 2qg’Qerq’k’ - Q1QP1 "+ q2Qp+qk+q’k’) ’

nkn

q192q4,€1£203 __ £3,—q3
qkq'k’,p =4qa (28 (Qerq’k’) +1

(2”B(Qf)1’7ql) +q1+ 1) (an<Qf)2<:{]2k+q/k/) +q2+ 1) ’

’
_ qq l,—q1 £2,q2
— 5 (Enkn'k’ + qup + QQQp+qk+q,k,>

(67)

and Zi)lgn/k/ = QWnk + qlwn’k’a A;1L713n/k/ = qWnk — q/wn’k“
Note that while we described and will use below a contin-
uum formulation of the spin wave theory in Sec.[VA] the
result in Eq. is actually valid at the lattice level, i.e.
when the full periodic band structure of the magnons is
included, as it relies only upon the canonical commuta-
tion relations of the magnon operators, and their disper-
sions and couplings are taken completely arbitrary at this
stage. Therefore this formula could be applied directly
in many other circumstances.

We may understand the terms in Eq. as follows:
the second energy conservation delta function comes from
Fermi’s golden rule; the first delta function, and the
denominator in the third line, come from m =

PPﬁ — imd(F; — Ey); while the Bose factors ap-
pear when evaluating the thermal averages of magnon
population numbers, and their product falls off expo-

nentially at large momenta. Qﬂflgf//k/ may display di-

+
aq’ bo—m £2,q2 la,—qa aq’ l1,—q1 42,92
Ao T 01l = @0 e — 20T Ane — 01l + q22

La,
Qp4+€1%k’
(66)

phak+gks 204

(

vergences when the denominator vanishes. One can ex-
plicitly check that the detailed balance relation, Eq. (27),
holds, using the properties of the B coefficients, as well

0,94  _ gp©.d'q
as QIInk,n’k’ - Qﬂn’k’,nk'

C. Phenomenological coupling Hamiltonian

We now propose a symmetry-based phonon-magnon
coupling Hamiltonian, Eq. , for the low-temperature
ordered phase of a Néel antiferromagnet on lattice made
of layers of square lattices, and, as above, we consider
the layers to be magnetically decoupled. Moreover, for
concreteness, we take the classical ground state to be
Néel antiferromagnetic along the @i, axis, so that all the
point-group symmetries of the crystal are preserved by
the magnetic structure, up to a translation of half a mag-
netic unit cell. [2I]

1. Interaction Hamiltonian density

We consider the most general coupling between (1) the
strain tensor, £%9 = 1(9°u” + 0Pu®), where u is the lat-
tice displacement field, and (2) spin bilinears in terms of
the m, n fields, allowed by the symmetries of our tetrag-
onal crystal in its paramagnetic phase, which has the
largest symmetry group provided by the crystal struc-
ture (generated by mirror symmetries Sz, Sy, S, fourfold



rotational symmetry C;¥, translation and time-reversal).
Since we treat the magnetism as two dimensional, the
coupling Hamiltonian is a sum over layers and an inte-
gral over two dimensional space,

§ 2
tctra /d XHtctra

We use r = (x,2) to denote the three-dimensional co-
ordinate. The corresponding local hamiltonian density
reads, with all fields expressed in real space:

(68)

éetra(r) = (69)
N A(m) af
Z So‘ﬂ (A( )by oy + “b —& —m,my ,
a,f 0 X,z
a,b=x,y,z

where ng = jg/a? is the ordered moment density. Here
each A(©) tensor, which we define to be symmetric in both
ab and of variables, has seven independent coefficients,
which we call

A(é) A é)ﬂcw Az(/%)7yy’

Aé&) _ Ag(ﬁ,)’m _ A;i),yy7

Ag&) = A©we = A©wy,

A(&) = A&)= = Aqﬁ),zz’

A(ﬁ) E)yzz

A(ﬁ) E)ymy = A(é) YT Ai(jéw)yr = Ag(ji)mz;’
A(é) AY g) xz _ Aggz),m _ Agi),m _ Aii),127

— A = MDY = A = AO=, (70)
and all other Affb)’aﬁ are zero.

In Appendix we provide a microscopic derivation
of these coupling constants starting from a spin hamil-
tonian Hgpin = Y S¢J(F — #)SE on the distorted
lattice, with ¥ = r+u(r) (J is the exchange parameter
between the a and b spin components, and depends a pri-
ori exponentially on the distance between the two sites).
Expanding of the magnetic exchange at linear order in
the displacement u(r) (away from the position r of the
atoms in the absence of a phonon) results in a magne-
toelastic coupling of the form Eq. , with coefficients
Affb)’aﬁ expressed in terms of spatial derivatives of the
magnetic exchange J.

Within this microscopic approach Aé%% are related
to the spatial derivatives of symmetric off-diagonal ex-
change J*¥, J%, J¥%, while A{%) — A and AY — AL are
associated Wlth the spatlal derlvatlveb of XXZ exchange
anisotropy J*®¥¥ — J#?_ Finally, note that in Eq. (69)
bilinears of the m,n; kind, arising from e.g. alternating
DM interactions JZ i.e. such that JD+ = —JP . r
with a = z,y, could also contribute to the thermal Hall
conduct1v1ty [22], but are not allowed in the single-site
(paramagnetic) Bravais lattice we consider here.
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2. FExpansion

We now carry out an expansion of the m,n fields in
two steps. First we expand around the zero-field, zero-
net-magnetization Néel-ordered configuration (neq =
U, moq = 0), assuming deviations are small and sat-
isfy Eq. . One thereby expresses n, and m, in terms

of the free fields m,,.,n, . as, in real space:
1 1
b= 12 Y (o + et
b=y,z "o
m, = — Z mpnyg, (71)
b=y,z

which are correct to second order in the free fields (this
constitutes a non-linear correction to Eq. ) In a sec-
ond step, we include a net magnetization and expand m
around it, i.e. write m® = m§ + m® where mg is the
sum of both a possible spontaneous magnetization and
response to the external magnetic field. This two-step
expansion physically assumes m < mg < ng. Using
these forms in Eq. , we obtain the spin-lattice cou-
pling to second order in the free field fluctuations:

tetra Z ga,ﬁ Z Z )\ab ff/nO B NagrTbe' v,
a,b=y,z £,§'=
(72)
where 1,0 = n, and 7,1 = m, and with
Ao = A7 — Gap A7,
—1 1),a8 (1),08
)‘3501 = /\z?fw nio [mgAl()x) b m ) “

wherey = 2z, Z = y and we have associated { =n < £ =0
and £ =m < £ =1in A©,

These relations are satisfied for any A((fb)’aﬁ in Eq
(i.e. not necessarily satisfying the constraints Eq. (70])
but do assume a Néel moment along the z direction,
and a net moment in the yz plane. Note that, while
the bare (not linearized) interactions in Eq. did not
couple the n, and my fields, such a coupling is present in
the linearized Agp,01 coefficient (i.e. that coupling n, and
myp). We can see immediately from Eq. that this
coupling vanishes in the absence of “anisotropic” cou-
plings Ag;. Importantly, it also vanishes in the absence
of any uniform magnetization. This is a consequence
of macroscopic time-reversal symmetry, Eq. . Con-
versely, Aqp;01 is the only term in our low energy descrip-
tion of the coupled spin-lattice system which is odd un-
der this effective time-reversal symmetry. Consequently,
time-reversal odd effects like skew scattering must involve
at least one factor of this coupling. This will appear ex-
plicitly at the end of the next subsection.

3. In terms of the eigenbosons, b, b'

We now seek to identify the B coefficients as defined in
Eq. (with the convention Eq. (58)). To do so, we use

(73)

+mpaged).



the Eq. representation of the mg, n, fields in terms of
the b bosons, which diagonalize the pure magnetic Hamil-
tonian, and plug in their expressions into Eq. . This
involves a unitary transformation which can be defined
as (usinga=1wa=yanda=2<a=2z2)

Nagr = Z Z Z Uaf@q(p)bzpeip.rv (74>

p ¢=0,1q=%
with
Uaffq(p) = 76(1—1,2—5 modgFEqZ(p)v (75>
Feqe(p) = (iq)* (—1)%" (xQup)* 2. (76)

Wedeﬁnedfflfﬁ,le 0=1,1=0, and§72§fl
ie. 0 = —1,1 = 1. We also used relation for the valley

J

Bn,fﬂzlqwzq
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£ =0d4-1¢, and conversely a =1+ Ezz + &. Now inserting
this expression into Eq. , and collapsing the a, b sums,
we obtain

fetra = Z Z 5QBZ Z Z ny* ¢ )‘aﬂ —E0,—Eee

aB pP1,P2 q1q2 £1£2=0,1£¢'=

F&Qlel (p1>F€IQQ€2 (p2)b£1pl bZQPQ ’L(p1+p2).r' (77)

We similarly express the local strain in terms of its
constituent Fourier modes, which are proportional to the
phonon creation/annihilation operators, as discussed in
detail in Appendix [A] Putting in these two ingredients,
some algebra (bhOWD also in Appendix [A)) finally yields,

. §05aB _ yafB
if we define A ™ =AUz o 06 moazieer

- 01,0 q q
k;p m Z L) e ﬁgzk;lg,g' Fequey (p + ik) Fergat, (7p + §k> (78)

334

where

ke (el
Lils _ \ibaiap
Ligee = 2o ™

a,f=z,y,z

W1+ kP (21

Wnk

(79)

Eq. may now be inserted into Eq. (66). Note that 4
in F plays an important role as discussed in Sec. [V.C4}

Finally, note that the only coefficients Aqp¢er Which
contribute to B4Y2 with £, # £5 (i.e. to “intervalley hop-
ping” recalling B is the coefficient of b7 by in Q%)
are those which satisfy dq + deer = 1—see App -

for details. Such coefficients involve only the A(g7 cou-

plings, which are typically much smaller than Agg_.5.
Therefore a good approximation is to consider only
those contributions to the scattering rates Eqgs.
with the smallest possible number of intervalley hop-
pings. Now, the forms D) ~ BO&Blh and 90° ~
Bit2 Blats Blsta glals jmpose that intervalley hopping can

only happen an even number of times in D) and 20°.

Because D(k) is a priori nonzero even when Ag 7 = 0, we

2
5.7 ) contributions
.5

On the other hand,

discard the subdominant, of order (//\&

from ¢; # {5 upon calculating D(
a nonzero
Seffaq _ L (goe, S.qd’
ank(?n’i('l T 5 (mnkqu 'k’ + an—qlin’—k’) (80)

requires either (or both) nonzero Ag 7. The first nonzero
term with ¢4 = ¢ = f3 = {4 in turn occurs at order

1
(2;’75) , and therefore corrections due to ¢; # ¢; are

A 1 .
another order ( Al”{) ) smaller for Qﬂ?keg,’ﬁ? We use this

approximation in what follows, i.e. in Secs. [V D]and [V ]

4. Effective breaking of symmetries

(i). Time reversal. We now briefly comment on the
relation between the “effective” time-reversal of the spin
system 7 and the transport properties of the phonon
system. Indeed, it is obvious from Eqs. (63) and Eq. .
that if all the B coefficients satisfy

n,L142]q192q ? n,102]q192q
B - (B: ) (81)

TP P

then D( )k = D and D)ijets qﬁ o = —QHSk 4 s 1-€. the
phonon colhslon mtegral is effectively time-reversal sym-
metry preserving, as discussed in Sec. [[VA] Therefore,
no phonon Hall effect follows if the spin-phonon coupling
satisfies Eq. .

Which terms in Eq. are compatible with an effec-

tive time-reversal symmetry breaking? By direct i inspec-

tion of Eq. (79), one finds that ZEZ [11;[52 o = (21.3%15’%‘ ) )

Thus, only those terms in Eq. ( *Wlth e — may
satisfy B", ! hrbalaigg # ( B elez‘q””q) . All others are such

-p k;p
n f1€2|111Q2q _ n,L102|q1q2q\*
that B 271 = (B .

The breaking of effective time-reversal in the phonon
system thus relies upon the presence of spin-phonon cou-
plings where ¢’ = £, i.e. Aap.01 and Agp 10 (henceforth de-
noted “\,,,,”) coeflicients; this is consistent with the ar-
gument in Sec.[VC2] based on macroscopic time-reversal
T, Eq. (51). Morevoer, going back to Sec.[[VB2] we see

that if mo # 0 but Aég) 0= /\(75)7 then the kernel
Kﬁ( k15 invariant under momentum reversal; and so
ki = 0, even though the system breaks 7.

(ii). o4 operation. Here we briefly study the o4 op-

eration, i.e. a mirror transformation through the plane



containing the Z and L\Ey directions. The system, hav-

ing antiferromagnetic ordering along the x axis as well as
possibly m§ # 0, explicitly breaks this symmetry. How-
ever, if Agg) = Agf) and A(7£) = 0, then o4 is preserved
at the level of the kernel Kﬁ( Wi » Whence kg = 0. This
illustrates the importance of knowing the action of Dy
operations upon the kernels K ﬁ( k> Decause some sym-
metries which are explicitly broken globally might fail to
be effectively broken in phonon scattering.

D. Solutions of the delta functions

Each contribution to the scattering rate involves a mo-
mentum integral over an integrand which contains either
a single delta function or a product of two delta func-
tions. These express energy conservation constraints,
which must be solved to carry out the integration. The
argument of each delta function, which must be set to
zero, is of the form

w — Qg’p — SQ&p,k = 0, (82)

where s = £1. Using the continuum form of the magnon

VURIRP + A7 = vay/[pl+ 67 =

= Ay/vm, we can rewrite this as

dispersion, Q,p, =

Um e p, Where d;

VPP +62+5/lp -k + 67 =q, (83)

where a = w/vy, and s = £1.

The existence and type of solutions depend on the
value of a? — k%, where k* = k2 + k:g When they exist,
the solutions are conics, as is summarized in Table [[TI}

a® k2 <0 0<a?®—k? <462 462 <a®—k>
s = +| no solutions no solutions ellipse
s = — |half-hyperbola no solutions no solutions

TABLE III: Solutions to a single delta function of the
form 0(w — Qg p — s p—k), With s = £1, as a function
of the value of a® — k2, where a = @ /vy, k* = k2 + k2,

and Q p = vm4/p? + 0;. The necessary existence

conditions described in this Table are captured by the
equation s(a? — k%) > 46%(s +1)/2.

s (3=s)aZsinh(Lhw,y) [0
D = 2 / dy Y £ ()75 (
— 00
n

Aoy h2

where

(5 (9) = 6(5 — o)) O(a? — & — 457)
o o T e

17

It is then best to introduce coordinates pj,p1 which
are along the principal axes of the hyperbola/ellipse:

p=pk+pizxk, (84)

where we define k = (keX+k,3)/k (note the denominator
k which differs from & when k. # 0), and we can define
the major a and minor b semi-axes, or conversely, of the
conics:

_ a| 453 - 1 2

a:? ]._ k2, b:§ |a2_k —(52| (85)
An immediate consequence is that, in the case of the
ellipse —a < p| — 3 £ <@and —b < p1 < b, while in the

case of the half—hyperbola. p| = 5 +a.

Both Egq. and a pair of such equations may be
solved analytically, but the solutions are analytically
complicated. We provide their details in Appendix [ET}
and give here only the final results.

1. Diagonal scattering rate

We have, in particular, the following compact form for
Ditlk)ls, with s = &+,

sinh( g hwnk)

(1)|S: (3 — s)ma? Z/
ke (2m)2h? T P sinh (8 1Q,p) sinh (21 p_i)

n, 0,0 |+s— Z
8(wnk — Qep — 8p-1) [Bo 7|

where we converted the two-dimensiong! momentum sum
to an integral using ), — N2dq? (gﬂr)’z, where N2dq?
is the area of the sample in the xy plane.

From now on, in this paragraph and the following, we
make use of the approximation B 0, as explained
previously. Then, collapsing the delta function (to avoid
clutter, we identify y = p,):

n, 0,0 +s—
ki—py L (W) +
y) )~ . . (87)
K ; smh(ghQ&pﬂ(w) smh(ghﬂé’pﬂ(‘y)ik)
[
where a = wpi/vm, n = £1 and
(r—1)/ o
s st 2T’Cr(y)
Ip(y) = (89)

\/ 2y 42|



with

1 62+y2
cn<y>2(k+na 1) (90)
and

Py (y) = e(y)k +y2 X k, (91)

i.e. we identified p; and p in Eq. with ¢,(y) and y,
respectively. At this point it may be comforting to check
dimensions. Noting that y has dimensions of momentum,
i.e. inverse length, and B has dimensions of energy, i.e.
inverse time, one can indeed see that D in Eq. has
proper dimensions of a rate.

J
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2. Off-diagonal scattering rate

In this case, we must solve a pair of conic equations
simultaneously, which takes the form:

w1 — QLP — Slgé,p—kl =0 (92)
w2 — Qé,p - SQQe,p—kz = Oa
i.e.
VP2 + 62 + s21/Ip — ks> + 6 = as,
where a; = w;/vym. Indeed, the integrals which oc-

cur in the second order scattering rates involve pairs of
delta functions, whose arguments are of the form consid-
ered above, with in Eq. (92)), @ = —qlEi‘{(’n,k,, wy =
—q1q Wk, S1 = q1q2, S2 = —q1g3, ki = —gk — ¢'K/,
ko = —¢'k’, 6y = Ay/vm. In this case, each of the two
delta function constraints defines a half-hyperbola or an
ellipse in the p plane, and the integrand is confined to
the intersections of these two curves. Consequently, the
integral will be collapsed to a discrete set of points. It is
straightforward to see geometrically that the intersection
of two curves of these types is, except for the degenerate
cases in which the two curves are identical, a set of at
most four points. The two simultaneous equations can
be solved analytically, but the solutions are algebraically
complicated and we give here only the results and leave
details to the Appendices.

Collapsing the delta functions as explained in Appendix we can write:

2
oq¢ _ 4a E: E: N 76:4:£094,91,q2
ank,n’k’ - W Jm(pj)fpj,qk,q’k’
m J t{ai}

nw—q1q4—q8n’w—q4—qa—q'
k,p;+3qk

k',pj+qk+3q'K k., pj+3q'k k,pj+q'k'+5qk

kop;+aketal Dk p+ 'k

Fmd grttlazas n' Ll —q3q14’
q19qWnk

where Q0 = Q/vy,, and

£03,€1,02|94,91,92
p.qk,q’'k’

ek + Oy p; — 019482 p;+qk

q1 q’wn/k/
Um

Bn/ﬁl—ql—q4—q’BnN|q4—q2—q
‘| }7

+Qep, + 01942 p, 4%

= q1q4 (2nB(Qy prq'x’) +1) (2nB(Q, p) + @1 + 1) (2nB(Q4, prgktqk) + g2 + 1) (94)

is a product of thermal factors and where, when they exist, the solutions, j = 0, .., 3 take the form

_ (G 2)

Pj = ti/2)Vij/2) + U 0] W2l (95)
where, for i = 0,1 v; = ask; + (—1)’a1k,, w; = 2 x v; (note that v; = v;, w; = w, and p; = p, are all in-plane
vectors), t; and ugi) are given in Appendix (also recall we defined 0 = —1,1 =1, 2[2] is # mod 2, and |z denotes
the floor of ), and

p. Nk,
—+ S92 =% ]A
Qf,pj Ql,prb

k, Ap, ~ky Aky+p Aky—p Ak [T

Jas(Pj) = |51 = + s152 ) (96)

Qf,pj Qf,prkl Q&prklgﬂprkz

(

where V; AV, = VFVyY — VYV for any in-plane vec-  tors V, ,. Coefficients o1 are always well defined, but



for each i, uz(-i) are the solutions to a quadratic equa-

tion which has zero, one or two solutions, whether the
discriminant d,,; thereof is negative, zero, or positive.

Necessary (but not sufficient) conditions of existence
of solutions are: (%) the existence of both conics, cf. Ta-
ble[lTT}, (ii) dy,0 > 0 and/or dy,1 > 0, (i) when s; and/or
s is negative, the p; must lie on the 1, 2 = 1 branch of
the 1 and/or 2 hyperbola. Even with these constraints,
spurious solutions exist, so that one must check that the
solutions Eq. also satisfy the equations for the given
values of a1, a2,k;, Ko, ¢, ¢, ;.

E. Scaling and orders of magnitude

In this subsection, we discuss the temperature depen-
dence and magnitude of the magnonic contributions to
the different phonon scattering rates, which determine
the phonon thermal conductivity and thermal diffusiv-
ity tensors. Since we consider a low-energy continuum
theory (without a momentum cutoff) in which the dis-
persion of the phonons is linear, these hold only in the
low-temperature limit, i.e. for T < hvpn/(akg). Simi-
larly, we consider the low-energy dispersion of magnons,
so our results are valid for T' < hvy, /(akg) ~ J/kg. In
Table [[V] we summarize some of the relations derived in
this section.

quantity 71 KL W° 7! oH

skew

TcH»Qz TB*d*ZI Td71+3z Td+2+3z Td71+31
(2 (03 (08

TABLE IV: Scaling relations derived in Sec. and
the corresponding equation number where they appear.
Note that these were obtained within a low-energy
approach which omit in particular larger-k deviations
away from the acoustic phonon linear dispersion limit
and other higher-T effects such as Umklapp [23].

T-scaling

Eq. ref

1. Longitudinal scattering rate: Role of anisotropies and
scaling exponent

First we consider the leading magnonic contributions
to the longitudinal scattering rate, Dsk) The typical
magnitude of this quantity for |k| ~ kpT/vpn sets the
basic rate 1/7. This rate has been studied previously in
classic work on the phonon-magnon coupling in antifer-
romagnets. Reference [24] finds that 1/7 ~ T° (for the
moment we give only the T' dependence under the above
condition, and do not give the prefactor), for a model
of exchange-striction in a Heisenberg antiferromagnet in
three dimensions. This should be recovered from our for-
malism.
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A general estimate can be obtained from Eqgs. .
To evaluate it requires, in addition to the dispersion rela-
tions, the phonon-magnon couplings B, which are given
in Eq. . At the level of temperature scaling for typ-
ical thermal momenta, for temperatures well above the
magnon gap, vmk > A, we may replace k ~ kgT'/vpn,
w ~ vpnk ~ kT and Q ~ kT (the latter is true if the
ratio between vy, and vpy, is order one). Noting that € and
f’ in Eq. equal £1, we see that a general phonon-
magnon coupling is a sum of three contributions,

1
T\? T
BN<kB ) n61<AmkaB T Ay A+ Ay —20 )

M ’ugh ng " xkgT
(97)
Here, as above, we label generic Néel-Néel vector cou-
plings An, = Aap00, Det magnetization-magnetization

couplings A, = Agp,11 and “cross” Néel-magnetization
couplings Apn = Aab 10-

Depending upon which of these terms is dominant,
the temperature dependence of B ~ T1/2+% with 2 =
—1,0,1 corresponding to the A\, Ampn and Ay, terms,
respectively. We can then estimate the scattering rate by
converting the momentum sum over p to a d-dimensional
integral (d is the spin-exchange dimensionality) and re-
calling |p| ~ T. We see therefore that

1
; ~ Td71|B|2 ~ Td+2x. (98)

A priori, the dominant contributions would arise from
terms with z = —1, which have the smallest power of
temperature, which would give 1/7 ~7 T9"2 ~ T in
d = 3 dimensions. This does not agree with Ref. [24].
Instead, one notices that what one might expect to be
the subdominant contribution from z = +1, which gives
1/7 ~ T2 in general dimensions, does agree with the
classic theory for d = 3.

Why is this the case? The resolution lies in the fact
that Ref. [24] assumes isotropic Heisenberg interactions,
and is carried out in zero magnetic field. As a conse-
quence, the Hamiltonian has SU(2) symmetry, and Gold-
stone’s theorem protects the gaplessness of the magnon
modes even in the presence of strain. In particular, be-
cause even an arbitrarily strained lattice must preserve
the gapless magnons in this case, the spin-lattice cou-
pling, Eq. must be spin-rotationally invariant, and
moreover its quadratic expansion, Eq. , must van-
ish for a magnon configuration which is a small rotation
of the Néel order, which corresponds to either n, or n,
non-zero and spatially constant. This means that the
non-zero terms in Eq. involve only £, £ = m and not
n (in a treatment including higher order terms, spatial
gradients Vn would appear, but these scale in the same

manner as m). One can indeed check in Eq. that

when the interactions A((f:/ B are isotropic (x dap),

Ann vanishes, and \,,, vanishes at zero field when the
uniform magnetization m§ = 0. Taking the A, contri-
bution in Eq. gives x = 41 in Eq. as needed for
agreement with earlier work.



What is the physics of the different values of 7 We
see that stronger effects (smaller powers of temperature)
arise from coupling to n than to m. This is a funda-
mental property of antiferromagnets: fluctuations of the
order parameter n are stronger and more long-ranged
than those of the uniform magnetization m, which is
naturally suppressed when antiferromagnetic interactions
dominate. Thus larger effects would be expected from
coupling of strain to the staggered magnetization than
to the uniform one, as the formula indeed shows.

How is this reflected in £ (7)? The last step from
the scattering time 7 to the longitudinal conductivity
is a standard one [23] 25]. The sum over phonon mo-
mentum k in the first term of Eq. is converted to
a three-dimensional integral (the magnon momentum in-
tegral was d-dimensional, with d = 2 in the case of a
layered antiferromagnet).

For temperatures kg1 > A, the scaling for the tem-
perature dependence of the longitudinal conductivity is

Ky ~ T3_d_2w. (99)

As can be seen from Eq. , a crossover between the
low-temperature x = —1 and the high-temperature x =
+1 behaviors occurs at 775,

)\nn

)\mm

kpTy ~ o (100)

Eq. assumes that the intermediate behavior x = 0,
due to the A\, coupling which is proportional to both
anisotropic exchanges and the net magnetization, is neg-
ligible; this is consistent with our numerical results shown

in Sec. The above results, Eqgs. (99)100)), also as-

sume that szlk) is the dominant scattering rate contribut-

ing to the longitudinal inverse scattering time D,x. (The
role of Dy is considered in more detail in Sec. )
However, many more scattering processes, such as bound-
ary or impurity scattering, which in Eq. are encom-
passed as Dy, ontribute (through Matthiessen’s rule) to
the phonon relaxation. Thus, 7, should be considered a
probe of the full D,y.

2. Longitudinal scattering rate: Role of the gap and
magnetic field dependence

Since we have seen that the assumption of isotropic in-
teractions suppresses the coupling to the staggered mag-
netization, this discussion suggests that breaking of spin-
rotation symmetry should greatly enhance phonon scat-
tering. While this may indeed be the case, we should note
a subtlety: although spin anisotropy indeed allows such
coupling, it also allows the formation of a magnon gap
—enlarged by the presence of an external magnetic field,

Ay = /T¢/x + hi. Which behavior should be expected

from the combination of these two effects?
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Regardless of the form of coupling (scaling exponent
x), if kT < A, magnon-phonon scattering will be-
come energetically unavailable. More precisely, DM+,
corresponding to the process whereby a phonon excites
two magnons, is exponentially suppressed due to the re-
quired rest energy 2A, while D=, corresponding to
the process whereby a phonon scatters a magnon, is ex-
ponentially suppressed due to the exponential decrease
of all magnon populations at temperatures below the
gap. Therefore D) as a whole is exponentially sup-
pressed if kT < A; We check this behavior numerically
in Sec. VT 6

Thus, a crossover in the behavior of k1 (T) occurs at
temperature T ~ A/kp. Below TX, the phonon ther-
mal conductivity is mostly due to other scattering ef-
fects, which are captured by Dy in this work. For con-
stant Dy, this yields k;, ~ T3. Above Tk, phonon-
magnon scattering becomes available, and is enhanced
by anisotropic coupling; provided this is the dominant
effect, the resulting thermal conductivity behavior is
K ~ T37972% with £ = —1 which, for d = 2 (two-
dimensional magnons), is the same power of tempera-
ture as that obtained with only constant an. How-
ever, the proportionality constant is larger with phonon-
magnon scattering than without, which, for sufficiently
strong anisotropic couplings (i.e. sufficiently large A,y ),
may lead to a “bump” in k1, (T'), as we indeed numerically
see in Sec.

Remarkably, this effect depends on the external mag-
netic field through the width of the magnon gap (recall
the latter is field dependent), and may be an important
feature of k1, (h,T) — k1(0,T). For the sake of complete-
ness, we note that types of dependences on the mag-
netic field may arise at temperatures where the scaling
exponent x = 0 plays a role, because the \,,, coupling
depends explicitly on the net magnetization mg in (see
Eq. ) It is however not clear how this contribution
could become non-negligible in any range of tempera-
tures, and the gap dependence A(h) is arguably the main
culprit as regards the dependence on h of the longitudinal
conductivity.

3. Transverse scattering: scaling exponent

We can now apply similar reasoning to the trans-
verse/Hall scattering rate 20° from Eq. . Obvi-
ously if temperature is sufficiently low, i.e. below magnon
gaps, the result will be exponentially suppressed. Of
greater interest is the energy regime above the magnon
gaps, in which we may assume acoustic linearly dispers-
ing magnons (and phonons). We proceed by counting
the obvious factors of momentum and energy, and by
assuming the relevant momentum scales are set by di-
mensional analysis, i.e. k,k’ ~ kT /vy, etc. Inspection
of Eq. shows one sum over magnon momentum p,
which converts to an integration in the thermodynamic
limit, two energy delta functions, and one energy denom-



inator, which, using the aforementioned momentum scal-
ing implies that

WO ~ T3BL (101)

Here we considered the magnon momentum integration
as d-dimensional, as in the previous discussion of longi-
tudinal scattering rates.

Now to proceed we must estimate the contribution of
the four B factors. To do so, we need to consider the ef-
fective time-reversal symmetry 7. This symmetry must
be broken to obtain a non-zero effective skew-cattering
rate, Qﬂflfg;ﬁ?/, which in particular is odd under 7. As
discussed in Secs. [VC 2 and [VC3], under T the A,
and A, couplings are even while only the \,,,, couplings
are odd; therefore 20°-* must contain an odd number
of factors of \,,,. Furthermore, in the low field regime
we consider here, 7 symmetry breaking happens through
the development of a small uniform magnetization, hence
Amn X Mg, which in turn is linearly proportional to the
applied field (see Eq. ) Consequently, to obtain the
linear-in-field Hall scattering rate, we should keep just
one (and not three, the other available odd number) fac-
tors of A\p,,,. Therefore, we may use Eq. to estimate

Qn@,eff ~ Td—l)\mn ()\mmT + )\nnT_l)B ~ Td_1+3$.
(102)
Here, as in Sec.[VETI] z = +1 obtains in a large param-

eter region where ):\’"T: < (X]?#)z’ while x = —1 results
if A\, 1s non-zero and dominant in a low-temperature
regime where the magnon gap remains negligible.

It is by no means clear how the latter regime would be
achieved, and if we assume that the z = 41 case domi-
nates, then it is interesting to see that 20 in Eq.
scales like T9t2, which is the same power of temperature
as the magnon contribution to the longitudinal scattering
rate in Eq. .

This scaling is a bit surprising, as we should expect
that the transverse is smaller than the longitudinal scat-
tering, since it comes from a higher order term. To re-
solve this, we should consider more carefully the relation-
ship of 9 to a “skew scattering rate”. In particular,
one should note that Qﬁf&iﬁ(, enters the collision term
via a sum over k’, which converts to an integral over
k’ in the thermodynamic limit. Therefore the measure
of this integral, which is expected to be dominated by
|k'| ~ kpT/vm, kT /vpn, contributes an additional fac-
tor of T° (since phonons are always three-dimensional).
Thus it would be more correct to estimate the skew scat-
tering rate as

1
Tskew

For 2 = 1 and d = 2, this scales as 77 which is indeed
small compared to the T predicted in the same regime
for the longitudinal scattering.

Additionally, we highlight in Sec. VF 7] through nu-
merical evaluations, the strong momentum-orientation
dependence of 20°.

~ TSw@,eff ~ Td+2+3w

(103)
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4.  Transverse scattering: thermal Hall resistivity

We would like to emphasize that within any scatter-
ing mechanism of phonon thermal Hall effect, the skew
scattering rate is a more fundamental measure of chiral-
ity of the phonons than the thermal Hall conductivity.
This is because the Hall conductivity inevitably involves
the combination of the skew and longitudinal scattering
rates (in the form 72 /Tyew ), and the longitudinal scatter-
ing rate of phonons has many other contributions that do
not probe chirality, and may have complex dependence
on temperature and other parameters that obscure the
skew scattering. The scaling of the temperature depen-
dence of 1/7gkew given above is a much more reliable pre-
diction than any corresponding one made for kg for this
reason, and we do not quote the latter here. Instead, to
extract the skew scattering rate, one should look at the
thermal Hall resistivity, o, which is simply proportional
t0 1/Tskew, at least in the simplest view where the angle-
dependence of the longitudinal scattering does not spoil
its cancellation.

We define the thermal Hall resistivity tensor as usual
by the matrix inverse, ¢ = x~!'. In particular, con-
sidering the simplest case of isotropic x** — kp and
K1, > KMV one thus has

nv

pV:Quu_QuuN_HMV""KVu:_K/i 104
n 2 2%% /@% ' (104)

The quantity o}, is independent of the scale of the lon-

gitudinal scattering, in the sense that under a rescal-
ing Dyx — (Dpk, then o% is unchanged (see indeed
Eqgs. (32lf33]) for an explicit check at leading perturbative
order).

As explained before, let us further assume that D, =
1/7 is (n,k)—independent, e.g. as if the case if domi-
nated by some extrinsic effects. In that case, we can
extract the longitudinal dependence from the transverse
conductivity kernel, and redefine Kﬁm,k, = szKﬁm,k,
which is now independent of the longitudinal scatter-
ing rate 77!. Besides, to leading order one has sim-
ply KL .. = TePMnis, G, from which, assuming
wnk = Upn|k| and N°? = npg, we have simply

P U o o g2 o U
W= Tgay 2 )T = e

where by construction the result does not depend on
the chosen direction « of the current (for instance a =
x,y, z). This is the well-known relation between the ther-
mal conductivity 7, and the thermal capacity

L0
v aT

1 . o2 (kT \?
P ] <5 (22)
nk



of the phonon gas. Consequently, Eq. (104]) evaluates to

Q#V:_kl(mph)?( h )8
a B\ 2n2 kT

V -
z : " H v
>< (27T)6 JnkKnkn/k/Jn/k/-
nkn’k’

(107)

This expression does not depend on 7, which justifies
studying og instead of kgy. From it and Eq. 7 one
can readily derive the scaling relation

QH ~ Qn@,eff ~ Td*l*FSI’ (108)

which we check numerically in Sec.

5. Detailed scaling analysis of the longitudinal conductivity

The scaling with temperature described above, ob-
tained by replacing every momentum scale hvm pnk,
hvm phk, hvm pnp by that of the temperature, kg7, are
expected to be valid for v = vy, /vpn of “order one”. Here
we investigate more carefully the dependence of these
quantities on v when the latter becomes large. Surpris-
ingly, we show below that the prediction of Eq. for
the high temperature scaling of k, breaks down already
for v > 3, giving way to a continuously variable power
law exponent. For the thermal Hall resistivity, we find
that the temperature exponent, Eq. , remains inde-
pendent of the velocity ratio.

To obtain these results, we analyze the full integral
expressions directly, distinguishing momentum and tem-
perature dependencies. Various technical details are pro-
vided in Appendix

To analyze ky,, we start by writing the expression for
the diagonal scattering rate, Eq. , in dimensionless
form, in terms of a scaling parameter » and dimensionless
variable ¢,

- prhkz

— i=y/k.
= U y/

(109)

We assume the relevant momentum and energy scales
are large compared to any gaps, 0y < k,kpT/vm, and
therefore in the following set 6, — 0. Then we can obtain
scaling forms,

cn(y) = kéy(), (110)

Q 0
6py")(y)7 " Py (y)—k

Lll+s— _ 13/2 3 ~ 1/2 13
B = K2 B (5) + K2 B
and the precise functional forms of &, (%), ta"(gj) and Beg:
are given in Appendix Eqs. (E20HE25]). We find, after
making the change of variables in the integral of Eq.
from y to 7,

= v kQ(5),

(@) + &2 B (3),

1
DEUT) = 3 K2R (52,0,0),

rz=—1

(111)
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where the scaling functions FS)(%, v,0) are

— s)a? sinh (s +oo = ~
P Ge,)= C= T IR 05 5 ) 750

Aoy, h?

(@)

X - - - (112
2 (F07 @) snh(F @)
Here C,(jj) are quadratic combinations of the original
B, Bin, and By, coefficients given in AppendiX
Eq. (111) agrees with the scaling behavior given in
Eq. (98) (with d = 2). In Appendix we derive the
behavior of the scaling functions Fgf) at small and large
2, which will be useful in the following.

The scaling form of the scattering rate is input to the
thermal conductivity. To see the implication, we presume
for simplicity the total scattering rate Dy = >, folz +
D is dominated by a single value of x . We note in
passing that when the gaps are zero, only one value of
s contributes here: s = —1 for v > 1 (the case of most
interest), and s = 1 for v < 1. Then

2+2zx
Dy = (:5;) (2 Fa(3) + D(T)) . (113)

v huon 242z o . .
Here we defined D(T) = (kB"T) D, which is

temperature-dependent. In particular for z = 0,1, it
becomes very small at high temperature. Inserting this
into Eq. , turning the sum over k into an integral,
and using spherical coordinates, we obtain

KHH ~ ks (hvph)Ml
L 72 \ kgT

+o00 T 21 T T o 4 - —2
/ d%/ d9/ d¢k k* sin O5¢* sinh (V%/Z)
0 0 0 220 42F  (52,v,0) + D(T)

(114)

Now we are in a position to investigate the temper-
ature dependence of the conductivity. To simplify the
discussion, we restrict the remainder of this section to
the case x = 1, since F; is the largest contribution when
spin-orbit coupling is weak, and is also enhanced at high
temperature. First consider the low temperature limit.
Then D(T) becomes large at low T, and we can simply
replace the denominator of the integrand in Eq. by
D(T). This is just the extrinsic limit in which the con-
stant D scattering dominates and one recovers the T3
dependence of the thermal conductivity arising from the
phonon heat capacity.

Next we turn to the higher temperature limit. There,
the parameter D(T") becomes small, and might naively be
neglected. Dropping this term in Eq. , the sole re-
maining temperature dependence is in the prefactor, and
agrees with what was found earlier in Eq. (ford = 2).
This procedure is valid provided the integral in Eq.
converges for D(T') = 0. To check this, we must consider
the potential divergences at small and large s». At small
s, the integrand behaves like 1/(3?F;(5)). As shown



in Sec. Fy(5) grows as small » (see Eq. (E29)), en-

suring there is no divergence. The large s limit is more
problematic. This is because although the sinh™2(s/2)
factor decays exponentially, the factor F, in the denom-
inator also decays exponentially. Specifically, we show in

Sec. that Eq. (112 implies

F, 0) ~ F(v,0)e 0= 115
(e0,0) < F(w,0)e 0% (115)
where the function a(v,0) = 2L(v|sinf| — 1) (see

Eq. (E27)), and F(v,0) a constant. This implies an ex-
ponential growth of 1/F, with 3 when D is neglected.
For v > 3, the integral becomes divergent for D= 0, and
the naive scaling fails.

To see what happens for v > 3, we deduce from the
above discussion that the integral in Eq. becomes
dominated in this case by large x > 1. Then we ap-
proximate sinh Z ~ e*/2, and use the asymptotic form
of F, in Eq. . We must then distinguish two cases.
If o < 1, the s integral converges, even for D(T) — 0,
and we obtain, in the latter limit, k1, ~ T~'. When
a > 1, we must be more careful. Successively perform-
ing the changes of variables u = e™*, u = v].\()(T)a(“ﬁ)f1
and v = w[—a(v,0) " In D(T)]"*@O) " and a saddle-
point procedure assuming « > 1, we arrive at (see Ap-
pendix [E 4))

1 - 1 . 4—a !
FL ~ D) (—ag'mD(T)) ™ Io(v) (116)

where ap(v) = a(v,0) = (v —-1)/2 > 1, Ih(v) =
f0+°° dwm. This entails, up to logarithmic cor-

rections, the result quoted in Eq. ,

forv <3

. 117
forv >3 (117)

T—l
kL ~ {TS—S(U—l)l

We see that the 1/T high-temperature behavior of ki,
changes for v > 3 to a power law with an exponent that
continuously depends upon v, and even changes sign: for
v > 11/3, the conductivity increases with increasing tem-
perature at high T. We indeed recover this nontrivial
feature numerically, see Fig. [I}

Note that this behavior is all obtained within the lin-
earized phonon and magnon models, and thus eventually
changes when the temperature exceeds for example the
Debye energy.

F. Numerical results
1. Implementation

Details about the numerical implementation are given
in Appendix In short, we use C together with (i)
the Cubature library to perform the one-dimensional
momentum integrals (appearing in the definitions of
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ng)ls, Eq. ), (ii) the Cuba library [26] to perform
multi-dimensional integrals (three-dimensional for x7",
first term in Eq. (32)), and in six-dimensional for o,

Eq. (107)).

2. Choice of parameters

(i). Polarization vectors In Eq. , L is the trace
over the product of the coupling matrix A, with matrix
elements \*?, and that, S, which determines the struc-
ture of the strain tensor and has matrix elements

E (e + K ()

Wnk

SEP = (118)

Values of (n,k) such that this factor vanishes corre-
spond to phonons which are not coupled to the magnons,
and whose longitudinal conductivity is solely driven by
Dy, i.e. other scattering effects. While this may indeed
happen in practice, to highlight the effects of phonon-
magnon scattering we choose a basis of polarization vec-
tors (€0, €1k, €2x) such that this is never the case (at
least for « = 3, as with A;. 5 which are much larger than
Ag7).

These polarization vectors enforce &, _x = €}, =
—€nk (so that Sfliciﬁi = SZfB = —S;lf;aﬁ) as well as
the tetragonal symmetry of the crystal, as required by
the general theory of elasticity [27]; explicit expressions
are given in App.

(it). Extrinsic phonon scattering rate For similar
reasons, the extrinsic phonon scattering rate is taken
to be Dpx — 7Yext, & constant independent of (n,k)
and small compared with the typical D,k as soon as
T > T} (see Sec. . In very clean monocrystals and
in the absence of any other phonon scattering events,
Yext ~ Uph/L reduces to the rate at which phonons
bounce off the boundaries of the sample (of size L).

(iii). Phonon dispersion The phonon dispersion re-
lation is chosen linear, m-independent and isotropic,
wnk = Upnlk|, so that the different regimes of scaling
exponents x appear clearly.

8. Units and numerical values

We express our numerical results in units where
heode = 1, k%’de =1, vg‘ﬁde = 1 and with unit lattice spac-
ing a®de. Then, the mass of the unit cell M, is expressed
in units of My = U—’?u and is typically large—of the order

ph

Mye ~ 10*My. T is expressed in units of Ty = Z?;‘ and
should verify T'/Ty < 1 so that the assumption of linearly
dispersing phonons is correct. Correspondingly, we can
define an energy ey = kpTp, and the isotropic part of the
exchange J is expressed in units of €.

The magnon velocity is fixed according to linear spin

wave theory, which gives vy, = 2v/dJSa/h, with J the




isotropic magnetic exchange constant. We take d = 2
and S = 1/2; moreover, it is known that for S = 1/2
there is a renormalization factor Z ~ 1.2 enhancing the
velocity, so that vm/vpn = V2ZJ/€y ~ 1.7.J /€y in our
units. Since, for isotropic exchange, x = Lm%], we also
take Yooy, = 4(J/€o)-

Spin-phonon couplings A 7 are expressed in units of
€0/a = hvpn/a®. We describe a possible microscopic
mechanism for spin-strain coupling in App. where
we show that A 5 typically arise as derivatives of the
isotropic magnetic exchange constants. Since the latter
ultimately arises from the overlap of atomic wavefunc-
tions, which vary over distances of the order ap the Bohr
radius, we expect Ay 5 ~ J/ap. Meanwhile Ag 7 come
from anisotropic exchanges and are thus expected to be
considerably smaller.

Since the differences Ag% - Ag‘c) and Aff) — Aff) are
due to anisotropic exchangfes, they are chosen a fraction
of a Agg)g) Since these magnetoelastic couplings typically
arise as derivatives of magnetic exchange, we also take
Agm) ~ —Al(»n) for i = 1..7; see App. for a detailed
derivation.

Scattering rates D,k and 7ext are expressed in units
of 7o = vpn/a, and we assume 7ex; to be small, of the
order of 1/L with L the size of the sample—typically
Yoxt ™~ 10_7vph /a. Finally, thermal conductivities are
expressed in units of kg = kpvpn/a®.

For numerical calculations, we kept most dimensionless
materials parameters (e.g. the ratio of vy, and wvp),) fixed
and constant, with the values given in Table [VI} Those
parameters for which we explore a given range of values
are given in the captions of the figures in the following
subsections. The fixed values are loosely inspired by Cop-
per Deuteroformate Tetradeuterate (CFTD), a square
lattice S=1/2 antiferromagnet which has been intensively
studied via neutron scattering [28430] due to its conve-
nient scale of exchange which suits such measurements.
For our purposes, CFTD has the desirable attribute that
the magnon and phonon velocities are comparable (based
on an estimate of the sound velocity from the correspond-
ing hydrate [31]), which creates a significant phase space
for magnon-phonon scattering. By contrast, in LasCuQOy,
Um is much larger than vpy.

Xo' Ao Ko

Vph h_ hvpn 2 ¢ kBUph
a Vph@ akp kBTO coa a

vo ag Yo Mo To o

TABLE V: Table of units of velocity vg, distance ag,
rate vg, mass My, temperature Ty, energy g, inverse
susceptibility xq 1 coupling A and thermal
conductivity o used in Table [V1]

Finally, note that the following scaling relations for xp,,

wr (109 2} vex) = G sz ({60AY) 7} Grexe) . (119)
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—1 T Y z
Um Uph X no a My mg Mg Mg Ao AI

5
0.2 0.04
0.05 0.0

v 1.0 2.08v 1/2 1.0 8-10® 0

13 8 (€ 3 (&) 3 3
A AL AP AP AP AP Al
n=0| 48v 4.0v b56v 40v 4.8v

0.24v 0.32v

m=1|—4.0v —4.8v —5.6v —4.8v —4.0v —0.32v —0.24v

TABLE VI: Numerical values of the fixed parameters
used in all numerical evaluations, expressed in the units
given in Table [V] The upper and lower entries for m}
and m§ correspond to the two cases for calculating o7/
and %, respectively. v = v, /vpn is a dimensionless
multiplier used to reproduce the effect of a varying
magnetic exchange scale, which mainly impacts
Um, x,Af. In the plots, we use the values v = 2.5, 5, 10.

and for oy,
on ({AS) 5} {AGI}, mE”)
= 3G G o ({0 A 51 QALY Gami?)
+0 ((m§™)P(AEN?), (120)

hold for any rescaling factors (o,.. 3. Eqgs. (119}120]) make
it possible to extrapolate results from our calculations for

values of the parameters which are not explicitly explored

in Table [V and Figs. [i{a), fb), f(a), and 2[(b).

4. Results for kp,

Numerical results for x,(T) are displayed in Figs.[2(a),

2(b) at fixed v = v /vph = 2.5.

Fig. 2(a) shows plots of k1 (T) for several values of
the extrinsic scattering vexy and fixed v = vy /vpn =
2.5. This figure exhibits all the behaviors described in
Secs. [VET] [VEZ2] with the extra feature that here there
are two crossovers temperatures, TX ; and T} ; defined
by the two different magnon gaps Ay, A; whose values
we give in Tab. [VII These are more clearly visible in
Fig. P[b), where we show (T in a small window of
low temperatures and for smaller values of Yeyxs.

Four scaling regimes can then be identified:

(7). For T < TR, only extrinsic scattering con-
tributes to the full phonon scattering rate, and xj o
T3 /’Vext .

(ii). For T | ST < T} g, both the extrinsic and
the z = —1 phonon-magnon (only in the ¢ = 1 valley)
scattering rates contribute with the same scaling expo-
nent, yielding k7, o« T2 with a smaller proportionality
coefficient than in the first regime.

(iii). For T} £ T < T, both the extrinsic and
the £ = —1 phonon-magnon (now in both valleys) scat-
tering rates contribute with the same scaling exponent,
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FIG. 2: Longitudinal thermal conductivity sy, (in units of ko = kpvpn/a?) with respect to temperature 7' (in units
of Ty = hwpy/(akg)), for four different values of Yext. () Yext = 1-107%*(vpn/a), 2 € [4, 7], from darker (z = 4) to
lighter (z = 7) shade. The dashed gray line indicates the evolution of the crossover temperature Ty as a function of
Yext- Inset: log-log plot; the scaling behaviors are consistent with the analysis presented in the text. The inset is
reproduced in App. (G| (b) Yext = 1-107%(vpn/a), z € [6,9], from darker (z = 6) to lighter (z = 9) shade. The two
crossover temperatures Tx ; and T , are defined in the text up to a prefactor; here we identify the corresponding
features in #7, but do not indicate specific values of T'. See App. @ for a log-log plot.

yielding k7 oc T2 with yet a smaller proportionality co-
efficient.

(iv). For T > T%, the + = +1 phonon-magnon
scattering rate is dominant and yields kr, oc T~!. Note
that T is defined in Eq. in the D, = 0 case; here
by T we mean the more general crossover temperature
in the presence of a finite Dy = Yext-

The exponents quoted above are found with very good
accuracy from a log-log scale plot (see inset of Fig. a)
and Appendices), regardless of the value of vext; in that
sense these exponents are universal. The influence of
(non-universal) Yex; on the results of Fig. 2f(a) is essen-
tially threefold:

e Since the full phonon scattering rate is D,x =
VYext + Dfllk), unsurprisingly k1, (7T') is always a de-
creasing function of Yext-

e The “bumps” at T' ~ T& , come from the fact that
the £ = —1 phonon-magnon scattering rate is much
larger than 7e.xt as soon as the gap permits this
scattering process; therefore, for large enough 7ext,
this feature disappears. More precisely, one should
compare Yext With Dy := 02 f2Ar/Myc, where
the dimensionless parameters 7, f are defined by
Ann = NMAmm and Ay 5 ~ fJ/a. The first bump is
noticeable iff Yext < Dpn,1, and the second bump is
noticeable iff max(Yext, Dnn,1) S Dan,o-

e Since 7Yext and the A, coupling lead to the same
scaling exponent, the T ~ T% crossover results from
a competition between \,,,, on the one hand and
(Yexts Ann) on the other; thus the larger ~ext, the
greater the dependence of T on Yext, and T3 (Yext)
is an increasing function of 7ext.

Finally, Fig. [1| shows plots of k£ (T) for several values
of the velocity ratio vy, /vpn = v at fixed yexy = 107¢. In
particular, we recover, at T' > TY, the particularly non-
trivial behavior described in Sec. namely that for
all v values greater than v = 3 the high-temperature
behavior of ki, goes like T3-8(v-1)7" (Eq. ) and
the exponent indeed changes signs at v = 11/3, i.e. the
conductivity increases with increasing temperature for
v > 11/3.

5. Results for ou

We evaluated numerically o for both pr = zy and
xz, in both cases with a net magnetization mg oriented
along p, the axis perpendicular to the Hall plane pv. Re-
sults are presented in Fig. 3] Here the dashed straight
lines on the double logarithmic scale indicate the ex-
pected T* scaling.

This behavior is consistent with the arguments given in

Sec. especially Eq. (108), with d = 2-dimensional



magnons and scaling exponent © = +1, corresponding to
the temperature regime where isotropic exchange dom-
inates over the phonon-magnon coupling. We expect
from Eq. that deviations from this scaling behav-
ior would be observed at lower temperatures, not inves-
tigated here.

We emphasize that the numerical values of o7} and o3}
are of the same order of magnitude. This is remarkable
in a layered system which has entirely different magnon
dynamics in the xzy and zz planes, in this case where
magnons are explicitly two-dimensional, carrying energy
only within zy layers. It can be understood from the
fact that here phonons are isotropic, carrying energy in
all three directions, and that including T-odd scattering
exists in all directions, therefore allowing a Hall effect in
both the zy and xz directions.

Numerically evaluating the dependence on v = vy, /vpn
of ou, we find that |g7//0%7| < 1 for all the values of v
studied, and that the prefactors of o7/, 0% are rapidly
suppressed for large v, as shown in Fig. [3| From a simple
analysis, we expect |07/ /0%f| « 1/v for large v. The
reason for the overall suppression of the Hall resistivity
with increasing v is also clearly due to the diminishing
phase space for scattering, but we have not obtained the
exact dependence analytically.
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FIG. 3: Hall resistivities oif (T")/00 and ¢§(T)/ 0o for
three values of v = vy, /vpn. The low temperature
saturation of ¢ff (T)/ 0o observed for v = 10 is due to
the non-negligible contributions of the A, term in that
range. This is confirmed by the data shown in empty
blue diamonds, which is the result of calculations at the
same value of vy, /vpn = 10 and approximately the same
coupling constants as the full blue diamonds, except
that A, = 0 there (the values of \,,,, are also slightly
different but, importantly, the values of A, are
unchanged).
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Finally, we note that for our choice of antiferromag-
netic order along the Z-axis in this model and within
linearized spin-wave theory, 0%/ = 0.

6. Results for Dy

Fig. a) shows the angular dependence of D,.
Throughout this section, we use k = k(cos ¢ti,+sin ¢,
with ¢ € [0,27], and k, = kcos@ with § € [0,7]. Note
that, in turn, k> = k2sin®6. Also, since all the results
are invariant under k, — —k, i.e. § — 7w — 0, we plot
results for 6 € [0, /2] only.

(i). In-plane ¢(k) angular dependence. We see from
Fig. a) that phonon-magnon scattering is typically
larger for values of ¢(k) associated with high-symmetry
axes of the system, i.e. ¢ = 0 mod[n/2]. This is inherited
from the structure of £ = Tr[ATS] in Eq. (79), which
enters the magnetoelastic coupling, Eq. . The lat-
ter is by definition invariant under all symmetries of the
crystal, so that components of the strain tensor couple to
functions of the magnetization fields m, n with the same
symmetries.

Now, while the symmetry group of the crystal struc-
ture is tetragonal, the Cy symmetry is spontaneously
broken by the antiferromagnetic order along the x axis,
while the C; and mirror symmetries are preserved when
the magnetic field is along the z axis. More precisely,
how does the C, symmetry (as acting on the «,f in-
dices) break? Since the S factor in Eq. has the
same structure as the strain tensor itself, it preserves Cy;
therefore the latter can only be broken in the A factor.
Let us focus on the A, Ann cases, since these coeffi-
cients can be nonzero in the absence of a net magne-
tization mg. A broken Cj symmetry then means that
0 # N, == Ao e — Aou.ce- By inspection of Eqgs.
and , one sees that there are two ways the latter can
be nonzero: (1) in the ({ = n) channel, \| , is propor-
tional to anisotropic exchanges; and (2) in the (§ = m)
channel, ], , contains both isotropic and anisotropic ex-
change constants, and is consequently much larger than
AL From this analysis, it follows that the deviation

from Cj symmetry as captured in Dfllk) by M o 1s largest
for values of |k| where the A, contributions dominate
over the Ay, ones, i.e. at large [k| (recall Eq. (97)). One
can check that this is indeed the case, as is shown in
Appendix [G}

(it). Out-of-plane O(k) angular dependence. The
out-of-plane angular dependence illustrates quite clearly
the dynamical constraints satisfied by D,x, as outlined

in Sec. By inspection of Eq. (65]), we define

0_ = arctan (v;hl vl — v?n) : (121)
01" (Ik|) = arcsin (vg' /02, — 4A//k2),  (122)
017 (|k|) = arcsin (vy," /02, — 4A/[k[2),  (123)
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FIG. 4: Diagonal scattering rate ng)/% at fixed temperature T' = 0.5Tp and in polarization n = 0. (a) as a

function of 6(k) = arccos(k,/|k|) €

[0,7/2] (horizontal axis) and ¢(k)
fixed |k| = 0.5/a. (b) as a function of (k) = arccos(k./|k|) €

= Arg(k, + ik,) € [0, 27] (vertical axis) for
[0,7/2] (horizontal axis) and |k|a (vertical axis) for

fixed ¢(k) = 0. Other parameter values are explored in App.

where A’ = max(Ag, Ap). Note that outside the domain

by continuity one fixes 9 12— .

of definition of
The figure Fig. éi)can then be divided in four areas as
follows:

e The vertical black band at angles 6(k) €

[GSFI) ([k|), 6] corresponds to values of (k, |k|) such
that energy and momentum conservation cannot be

satisfied simultaneously because of the magnon gap
A; therefore Dik =0=D,,.

e For angles 0(k) > 0_, scattering of the “ph+m —
m” type becomes possible, i.e. D~ > 0. Meanwhile,
following Eq. (65), D* = 0.

e Conversely, for 0(k) < Of)(|k|), scattering of the
“ph — m+m” type becomes possible, i.e. D™ > 0,
while D~ = 0.

e For 6 € [Gf), 9(:)], scattering of the “ph — m+m”
type is possible only in the valley with the smallest
gap, while in the other no scattering can happen;
therefore, in that region D* > 0 but its value drops
(without vanishing a priori) at the interface (k) =

6 (|K).

(iii). Dependence on |k|. In Fig. [db), we show the
dependence of D,x as a function of the norm |k| and the
out-of-plane angle 6. This plot displays divergences near
the singular lines 0 (1.2) ,0_, which can be attributed to
the thresholds for magnon scattering just above the gaps.

The angular width §6(k) of the two black and darker
regions bounded from the right by 6_, where scatter-
ing is forbidden in at least one of the two valleys, varies
with |k|. From Eq. , we see that this width scales

like 60 ~ (Ag/vpnlk|)?. These regions extend down to
|k| = 0, reflecting the fact that phonons with too little en-
ergy are unable to excite magnon pairs. The momentum
magnitude thresholds for the excitation of magnon pairs
are naturally given by ki = 2A /vy, and ko = 2A /vy,

7. Results for 20°,

nkn’k’

Although the angular dependences of the Qﬂfl’(iq,/k,
skew-scattering rates are more intricate than those of
D,x, a few general remarks can be made. In particular,
in Fig. [5l where we plot 209~ as a function of 6 and
¢ at fixed [k'| = 0.8/a, k, = 0.2/a, ky, =0, k., = 0.1/a
(and temperature T = 0.57}), we have:

e Although k. # 0, we can still take advantage of the
k. <» —k. symmetry, and it is sufficient to consider
6(k’) € [0,w/2]. This comes from the fact that,
for purely planar magnons, the phonon momenta
k., k. are not coupled. Meanwhile there is a priori
no ok, k') & —p(k, k') symmetry except when
k is along one of the high-symmetry axes of the
crystal, as is the case here (cf. k, = 0).

e The vertical black line at 6(k’) = 6_ can still
be identified, and corresponds to magnons being
gapped as in Dilk) However, in 20°, the width and
position of the gapped (black) zone now depend
also on ¢(k,k’), due to the second energy conser-
vation constraint in 20° (a feature absent in D)
where there is only one energy constraint).

e In Appendix [G] we explore other orientations of
in-plane (k;,k,), and show that the features of
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Qﬂflgf/;(, quoted above still hold. This is consistent
with the above observations being consequences of
the energy conservation constraints, which depend
only of the relative angle ¢(k) — ¢(k’) since both
phonon and magnon dispersions are isotropic in the
zy plane.

e In Fig. QITSI’(;,J{(, also seems to vanish along
certain special lines, especially those located at
ok, k') = 0,7/2,7,37/2,2m. These features are
not independent of the orientation ¢(k); in fact
they are salient features of the in-plane momenta
being along the high-symmetry axes of the crystal.
Thus, they do not result from energy conservation
constraints, but from subtle effects in the structure

of Eq. .

Finally, we point out that the values of 20° in Fig. |5 are
small compared to the values of D) obtained for simi-
lar values of momenta. This can be understood from the
combination of (1) the anti-detailed-balance structure of
20°, from which it follows that Qﬁfl’gg,k, +Qﬂ§fﬁ:n,7k, =
O(my) as shown in Sec. and (2) the Cy sym-
metry of the system around the 2 axis, which (since
for planar magnons k, ¢ —k, is a symmetry) entails

0,99  _ gy3©.94 .94  _ ;
W, e =W g Thus 90, = O(my) itself.

This, together with the analysis given in Sec.[V C4]show-
ing that terms which are odd in m are also proportional

to anisotropic couplings, implies that 235,70, , is indeed

typically much smaller than ng)
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G. Discussion of the results in absolute scales

Here we discuss the absolute scales of k1, og and kg
we obtain using the parameter values from Table [VI] and
those in the figure captions. First it is instructive to esti-
mate the basic scales for thermal conductivity and tem-
perature derived from phonons, which define the scales
for our numerical plots. Using the phonon velocity for
CFTD, USETD = 4-10% m-s~! and its in-plane lattice
parameter a®FTP = 5.7.1071% m, we find (see Table,

o kGTTP =0.17 WK tm™,
o TFFTPD = 54 K,
e v =7.0-10"2 Hz.

Note that these scales do not vary greatly for many
materials. For example, in LayCuQy4, we find x5 =
0.38 W-K~'m~! and T}¢© = 80 K. Importantly, the
scale kg is order one in SI units, which allows a roughly
direct comparison with most data.

Next we can use the actual computed values to see
what this mechanism predicts for the “test” material

CFTD. We have at T' ~ 0.57y =~ 27 K,

° K%FTD ~ 125k ~ 22 W-K~'.m~! for any of the
Yext Values presented in Fig. a)7

o for Yoy = 1074y = 7.0 - 10% Hz, 37 ~
0.3T) ~ 16 K,

o for Yoy = 1077y = 7.0 -10° Hz, T3P ~
0.17Tp ~ 5.4 K,

o o5FTD ~2.107%9p ~ 1.2- 107 Km-W~!,
o |05FTP| =~ 2.6-1073,
o [kCFTP| ~ 5.8-1072 W-K~tm~!.

Note that k7, kg and 6y all depend on the choice of
values for vext.

VI. CONCLUSIONS
A. Summary of results and method

In this paper, we studied the problem of scattering of
phonons due to a weak intrinsic (i.e. without disorder)
coupling to a fluctuating field ), which is itself a quan-
tum mechanical degree of freedom. Using the T-matrix
formalism, we derived the scattering rates of phonons up
to fourth order in coupling. The result is expressed gen-
erally, without any assumptions on the nature of the fluc-
tuating field (i.e. it can be highly non-Gaussian), in terms
of correlation functions of ). Using these scattering rates
in the Boltzmann equation leads to general expressions
for the thermal conductivity tensor, and, when symme-
try allows, a non-vanishing thermal Hall effect. A central



result is that the skew scattering of phonons (which we
define sharply as a scattering component which obeys an
anti-detailed balance relation), and hence the thermal
Hall conductivity, is proportional to a four-point corre-
lation function of ), which we give explicitly. We high-
light throughout the various constraints due to symme-
try (both exact and approximate), unitarity, and thermal
equilibrium.

As an illustration of the method, we applied these
results to the case where the fluctuating field @ arises
from spin wave (magnon) excitations of an ordered two-
sublattice antiferromagnet. We model the latter via stan-
dard spin wave theory, for which phase space constraints
imply that the dominant contribution arises from bilin-
ears in the creation/annihilation operators of the spin
waves. We obtain a general formula for the second order
and fourth order scattering rates in terms of the disper-
sion of phonons and magnons, and the spin-lattice cou-
pling constants. To obtain concrete results, we focus in
particular on the limit in which the relevant magnons
are acoustic, and we assume tetragonal symmetry and
two-dimensionality of the magnons (but we retain the
three dimensionality of the phonons). Under these as-
sumptions we obtain all the (seven) symmetry-allowed
spin-lattice coupling interactions, and calculate the sec-
ond order and fourth order scattering rates, and thereby
the thermal conductivity, including a phenomenological
parallel scattering rate of phonons due to other mecha-
nisms, e.g. boundary and impurity scattering. The final
formulae are evaluated via numerical integration for rep-
resentative model parameters. We observe a number of
distinct scattering regimes, which we identify with fea-
tures in the longitudinal thermal conductivity. We ob-
tain a non-vanishing thermal Hall effect, in agreement
with general symmetry arguments. Please see Sec. [V] for
details.

B. About (anti-)detailed balance

The detailed-balance and anti-detailed-balance rela-
tions, Eq. , played an important role in our discus-
sion of the thermal Hall effect. A few comments on their
nature and implications are appropriate.

Quasi-equilibrium assumption: These detailed-balance
relations arise (as generalizations of the Kubo-Martin-
Schwinger relations [32]) from the assumption that the @
fields relax to equilibrium between two scattering events.
This is typical in a linear response regime, when trans-
port is dominated by the contribution of well-defined
quasiparticles and drag effects are negligible.

Role of the self-energy: Within our treatment, the rela-
tions we obtain rely on the fact that, at the order consid-
ered, the equilibrium phonon distribution is the unper-
turbed one (this is shown in particular in Appendix.
At a general order in perturbation theory, this is not
guaranteed a priori, because the phonons are renormal-
ized by an interaction-induced self-energy whose real part
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shifts the dispersion relation and hence the equilibrium
populations. However, within the quasi-particle picture,
it seems likely that this assumption of a preserved spec-
trum of bare phonons is not necessary, and the (anti-)
detailed-balance relations should hold for the renormal-
ized phonon quasiparticles.

No two-point contributions to the Hall effect: The
detailed-balance relations enforce that all terms involved
in the calculation of the thermal Hall conductivity which
contain two-point correlation functions of the @ fields
cancel each other and therefore provide no contributions
to kg. This relies on the linear-response limit: the can-
cellation occurs when we expand the collision integral to
linear order in the 0 N out-of-equilibrium populations.

C. Relation to other work

While we are not aware of any general results on the in-
trinsic phonon Hall conductivity due to scattering, there
are a number of complementary theoretical papers as well
as some prior work which overlap a small part of our re-
sults. The specific problem of phonons scattering from
magnons was studied long ago to the leading second or-
der in the coupling by Cottam [24]. That work, which as-
sumed the isotropic SU(2) invariant limit, agrees with our
calculations when these assumptions are imposed. The
complementary mechanism of intrinsic phonon Hall effect
due to phonon Berry curvature was studied by many au-
thors [10, B3H35], including how the phonon Berry curva-
ture is induced by spin-lattice coupling in Ref. [11]. The
majority of recent theoretical work has concentrated on
extrinsic effects due to scattering of phonons by defects
[36H39]. The pioneering paper of Mori et al. [9] in par-
ticular recognized the importance of higher order contri-
butions to scattering for the Hall effect, and is in some
ways a predecessor to our work.

D. General observations

While often times scattering is regarded as a process
which destroys coherence and suppresses interesting dy-
namical phenomena, our work reveals that higher order
scattering probes highly non-trivial structure of corre-
lations. Due to the constraints of detailed balance, the
skew scattering, appropriately defined, contains only con-
tributions of O(Q*) and no terms of lower order in @,
and so can in principle directly reveal subtle structures
in the quantum correlations, without a need for subtrac-
tion. Measurements of such skew scattering of phonons—
which a priori include but are not limited to the thermal
Hall effect—might therefore be considered a probe of the
quantum material hosting those phonons. Taking ad-
vantage of this potential opportunity is a challenge to
experiment, as well as to theory, which should interpret
the results and predict systems to maximize the effects.



We would like to comment on the analysis of ther-
mal Hall effect experiments in quantum materials. As
is well-known, thermal Hall conductivity is generally a
small effect. In particular, the dimensionless measure of
the Hall angle, 6 = tan™! (x}’ /k*?) is always much less
than /2 by two or more orders of magnitude, even in
systems where thermal Hall effect is lauded as “huge”.
(An actually large thermal Hall angle (0 = O(1)) is
obtained only the quantum thermal Hall regime when
phonons are ballistic and edge states dominate over the
bulk phonon contributions, which is extraordinarily dif-
ficult to achieve.) For small 0, the skew scattering con-
tributions are perturbative to the thermal conductivity,
i.e. proportional to the latter rate 1/7gkew. Dimensional
reasoning implies that therefore kg ~ 72 /Tskew, Where T
is the standard, non-skew scattering time. This means
that the thermal Hall conductivity has a very strong de-
pendence on 7, which is often sample-dependent and of
course grows with sample quality, implying that the ther-
mal Hall conductivity is larger in cleaner samples.

This dependence also means that kg itself, as well
as the dimensionless Hall angle 0y ~ kpg/kp depend
not only on the skew scattering but also the ordinary
scattering. Since the latter receives contributions from
many different mechanisms, which may themselves have
strong temperature and field dependence, neither kg it-
self nor kp /Ky, are ideal quantities to examine to probe
the physics of skew scattering. Instead, we suggest that
the thermal Hall resistivity, o = —kp /K%, is the quan-
tity which is most easily interpreted physically. This
quantity is independent of the non-skew scattering, at
least when the latter is largely momentum-independent,
and is always independent of the overall scale of non-skew
scattering. The temperature and field dependence of oy
is generally expected to be simpler than that of the other
quantities, at least when phonon skew scattering is the
dominant mechanism for the Hall effect. This expecta-
tion is true not only when the skew scattering is intrinsic,
as studied here, but also for extrinsic skew scattering due
to defects.

E. Future directions

Our general formalism can be applied very broadly. In
particular, because it does not require any assumptions
on the nature of the @ correlations, it may be applied
directly to exotic states, to quantum or classical critical
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points, or to situations in which the @ field is a compos-
ite operator. We will present an application to fermionic
systems, including the spinon Fermi surface spin liquid,
in an upcoming paper. Apart from other specific appli-
cations which may be easily imagined, it would also be
interesting to explore further how general properties of
four-point correlations of (Q may be detected via phonon
skew scattering. In particular, the correlations which en-
ter the scattering rates are not obviously time-ordered,
and we wonder if these might contain some information
on many-body chaos (Ref. [3]).

Despite the generality of our formulation, it is still
specialized in several ways. We consider only scatter-
ing contributions to the phonon Boltzmann equation. In
general the interactions with fields @) will both induce
scattering and modify the dynamics of the phonons in
a non-dissipative way, e.g. induce phonon Berry phases
[I1]. While we believe it is usually the case that scat-
tering is dominant, a more complete treatment includ-
ing both effects would be of interest. Furthermore, in
this paper we fully “integrate out” the electronic degrees
of freedom, and follow the distribution function of the
phonons only. More generally, there are coupled modes
of phonons and electronic states, and one can consider
the distributions for these coupled modes. One expects
such effects are important largely when there are reso-
nances between phonons and electronic excitations. All
these problems could be addressed via a Keldysh treat-
ment of coupled quantum kinetic equations, which is an
interesting subject for future work.
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Appendix A: Strain tensor

In Sec. [V C]we employ a continuum model of the spin-
phonon system. The phonons themselves correspond-
ingly derive from the theory of continuum elasticity,
which has the Hamiltonian density

1

1
Ha =11 + 5()&6%5046576.

5 (A1)

Within this appendix, p is the mass density (we will
take pV = MucNy) and Cagys is a rank four ten-
sor of elastic constants, which can be taken to satisfy
Cagvs = Cgavs = Capsy = Cisa3- The canonical
variables of this classical field theory are the displace-
ment field v, and its canonically conjugate momentum
II,,. Due to translational and rotational symmetry, the
Hookian potential energy is expressed solely through the
strain tensor,

EP(R) = % (Datus + Optia) - (A2)
By construction the strain is a symmetric tensor in its
two indices, i.e. ET = £. Define the Fourier transforms

1 k- 1 ik-
ux:—gezxu,ﬂx:—gelxﬂ.
#( ) \/V - .k #( ) \/V - H,k
(A3)

Here since u,(x) and II,(x) are real fields, we have
Up,—k = Uy and I, _y = II*, . The Fourier space fields
satisfy the commutation relations

(I, 15 Upkr] = 0,00 Ok 4x,0- (A4)
We obtain
H = zk: {%)Hu,*knu,k + %’Caﬂ(k)ua,—k%,k} ;
(A5)
with
Kap(k) = Canssksks. (A6)

The matrix K,p is by construction real and symmetric,
and hence has real eigenvalues IC,,, which additionally
must be positive for stability. We define the eigenvalues

and eigenvectors €5 via
Kas(k)en (k) = Kn(k)eq (k), (A7)

with €2(—k) = (¢%(k))* and the standard normalization

Saled(k)) et (k) = pns. Now we make the change of
basis

e = Y hue =D ek (AS)

which gives

Mk, Un/k’] = 10nn Ok+Kk’ 0, (A9)
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1 1
He = Z {Qpnn,—kﬂn,k + §]Cn(k)un,—kun,k} .
n,k

s

(A10)
Now we can finally define creation/annihilation operators

1 1

_ T
Unk = a ., +a _.),
kT VB 7 e O

1
Mok = i (pKa) (@, = @], ), (A11)
with canonical boson operators
{ankv a‘j:blkl] - 6nn’5k,k’a (A12)
and the Hamiltonian
Hy = ankalkank, (A13)
nk
and
n(k
Wnk = Kn( ) (A14)
p

Having finally arrived at the canonical phonon operators,
we recombine the several steps of the above procedure to
obtain the expression for the displacement field,
u,(x) = iz# (a +al )s“ etk
w \/‘7 o \/2ank nk n,—k /) “nk '
(A15)

Now we can use the definition in Eq. of the strain
to obtain

EM (x) = (A16)

1 1 i v v 1k-x
YV Z V2Ponk (ank + aIL,fk) B} (Kreme + Vel ) e e,

nk n
(A7)

Now let us consider the coupling of the strain to the con-
tinuum spin fluctuations, Eq. of the main text. The
full spin-lattice coupling in three dimensions is written
as

=) / dardy £ (%) Npieer o~ Magace .
z
(A18)
Note the sum over discrete 2d layers. We now insert the
Fourier expansion of the strain from Eq. (A16]) and the

corresponding Fourier expansion of the magnetic fluctu-
ations, which we repeat here:

1 ,
Nagx = Na ,zelgvé- A19
3 i Eq ¢a (A19)



In this equation, and in the rest of this section, we are
careful to denote two-dimensional vectors with an under-
line. Since magnetic fluctuations in different layers are
taken as independent, we do not introduce a z-component
of the wavevector for the magnons, and simply leave z
explicitly as a layer index for these fields. Note also the
prefactor Eq. therefore involves the square root of
the two dimensional area of a single plane, Asg.

J
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With this in mind, we obtain from Eq. (A18))

1 ik, z
-1 = \/*ZZAabgf’nO me ke (A20)

)
X 5 (k'u'EZk —+ k”sﬁk) (ank + al’ik) nag’giék’znbglﬁigiék’z.

From here we can see that

i (Kt + kvehy
Z Nob: &5’”0
20V V2pWnk o)

x Zzelk ZnaE,pffk 2Me’ ,—p— 1Lk,

(A21)

an =

Next we use Eq. (74) to express this in terms of canonical bosons:

i (ktely + kvely

@i = 42V pwnk

ZZZ > Nireema "

z P qq &'ab

zkzz(

)6(5a Let )+ (

’

€/2 € /2pa a
X (XQ5E,175,p—%k) (XQ‘Sb—l,E’ p—* ) b — kéa 1£7zb—p— k5b 1,675 z"

(A22)

We now define £; = 8,_1¢ = 0,1 and f5 = &_1 ¢/, which is inverted by a = 1+ &0, + € and b = 1 + "0y + £'. This

gives

i (ktely + kvel,

@nic = 42V pwnk

z P qq &40

X (Xﬂél,p—%k)g/

From here, we recognize that Qnx = @, in Eq. ,
and thereby extract B. We use Vp = NycMyc.-

Appendix B: General hydrodynamics of phonons

Our goal is to derive the thermal current carried by
the phonons,

1 _
=7 ZNnkakwnk, (B1)

nk

in order to extract the thermal conductivity tensor. This
requires knowledge of the average phonon populations
Nk, which, in presence of a gradient of temperature,
differ from their equilibrium values. These populations
can be obtained by solving Boltzmann’s equation

athk + Vnk - Vank = an[{Nn’k’}]7 (B2)

where the collision integral C,x[{ N/ }] depends on the
populations in all (n/,k’) states. To solve this equation,

S 3D ) B PV

—6—¢ jikoz(_ )+ FDHE (04150 EE
o+ E 416,670 (=1) ’ s

Q(Xgéz,—p—%k)f /2 bq 1k gl’zbq_p_,k lo,2" (A23)

(

we expand the out-of-equilibrium populations around
their equilibrium value as N,x = Ny + 0N k. Within
linear response, the perturbations can be considered
small and we may expand the collision integral

an[{Nn’k’}] = Onk + Z ann’k'éNn’k’ + O(6N2)a
n'k’

(B3)
around its value O,k in equilibrium. Since the thermal
current must vanish in equilibrium, O,x must be zero
(we go back to this statement in Sec. . In Eq. ,
the “collision matrix” Cpxn/k is defined as the first-order
Taylor coefficient, and one neglects the quadratic order in
the perturbation. Formally inverting the collision matrix
in the stationary Boltzmann equation (i.e. Eq. with
;N = 0) leads to

Wn'k’

ON kpT?

= Cijkln’k/ (Neflk/) n’k’ 8VT <B4)



From Egq. and Fourier’s law, we can identify the
components of the thermal conductivity tensor:
KM £ gVP 1

2 2kpl? V Zk, ke e

(Ot e €79 (N3 )2 £ (nk > 'K)) .

(B5)

This expression shows that a nonzero phonon Hall con-
ductivity requires the factor in the second line to be
nonzero, which is equivalent to

an,n/k/ P (Nf;lk,)z 75 Cn’k’,nk eBwnk (NSE)Q’ (BG)

where the constraint is now on Cjx ks instead of its
inverse. In other words, only the antisymmetric in nk <>
n'k’ part of Cpi nae €7n'% (N} )2 contributes to the
Hall conductivity.

In order to proceed further analytically, and invert the
scattering matrix, we the separate diagonal from the off-
diagonal parts in ann’k’ = _5nn’6k k' Dnx + Mnkn’k’a
and assume that Dpx > >, Mpknkr. This ought to
be the case whenever the interactions are small, and/or
if other damping processes are large. Then, C;kln,k, ~
*5nn’6k,k/D,;11 - Mnkn/k/D'r_LliDr:’i(" The antisymmetry
in nk < n'k’ condition for the Hall conductivity men-
tioned above leads to the fact that the diagonal term
contributes to the longitudinal conductivity, but not to
the Hall part, and translates into

KM — gVH 1
2 = 2kpT? V Zk/
: [Mnk,n’k’ eﬁw K (Ne(/]k/)

The longitudinal conductivity is

Wk Uy Whrkr V2 e
an Dn/k’

(B7)

(nk <> n'k’)] .

1
KM = 2 T2V Z WnkWn'k/ Up Uhes (B8)
B nkn’k’
| P icae Dottt [ s (e 2
an anDn’k’

Note that we will include all other (diagonal) scatter-
ing processes not taken into account here (e.g. boundary
scattering, scattering by impurities, phonon-phonon sc-
cattering etc.) by adding a phenomenological relaxation
rate an to the diagonal of the scattering matrix.

Appendix C: From interaction terms to the collision
integral

1. General method and definitions

We now aim at deriving an expression for the colli-
sion integral of Boltzmann’s equation using kinetic the-
ory methods. The probability for the system to be found
in a given quantum state |i) = |i,)|is) is governed by the
master equation

Opiyi, = Y [Tryosipia Pro 1.
Fols

—Tipicsfofo Piyic] »

(C1)
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where we will compute the transition rates I'; s, , .
using scattering theory. The probability of a phonon
state |ip) is then obtained by summing over all possi-
ble spin configurations of the system, p;, = >, pi,i.-
Assuming the phonon and spin probabilities are inde-
pendent, i.e. p; i = pi,pi,, and defining the transi-
tionrates 'y i, = >, ¢ g r.i,i. Py, between phonon
states only, we obtain the master equation for the prob-
abilities of phonon states. We may in turn express the
collision integral in the RHS of Boltzmann’s equation,
which is given by the time evolution of the popula-
tions in each phonon state [i,) through the definition

Cok[{ N} = >i, Nok(ip) Oepi,, in terms of transition
rates between phonon states:
nk {Nn’k’ Z Flp—>fp nk(fp) - Nnk(ip))pip,
ip,fp
(C2)

where N,k (ip) = <ip\ajlkank|z'p) is the number of (n, k)
phonons in the |i,) state and N, = ZZ-P Nux(ip)ps, is
the average population. The only phonon states involved
in the sums are those whose populations of (n, k) phonons
are different. Now, in order to obtain the scattering rates
between spin-phonon states, we use Fermi’s golden rule

= Et,1.),

where the factor Ny ensures that I'; ; .y 7, is a finite
quantity in the thermodynamic limit, consistent with the
choice of H' as a hamiltonian density. We use Born’s
expansion of the scattering matrix

<f5fp|Hl|i ip>
+ Z fop‘H [nsmp) (nsnp| H'|isip) +
z ip T Ensnp + ”7

Civivos ot = 27 | Tisiyspop, | 0(Eia, (C3)

Tiip—sfaty = (C4)

NsNp

where H' is the (perturbative) interaction hamiltonian
between the phonons and the Q fields, and the n — 0%
appearing in the denominator of the second-order term
ensures causality, which will prove crucial in the follow-
ing.

To describe the interaction between phonon and spin
degrees of freedom, we introduce general coupling terms
between phonon creation-annihilation operators agrlz and

general, for now unspecified, fields Q?b K} which depend

on the spin structure: denoting ank =a,, and a,; =

ank, and similarly for the @ operators, Qz_niki} = Q}niki}
and ngki} = Q{niki}7 we write the couplings
=2 (C5)
nk g=+
1

A q q qq’
H[Q] - /N. Z Z a’nka'n’k’ ann’k” (CG)
UC nk,n'k’! q,q'==+

where ann,k, = Qil,i,nk = (Q;ﬁ;ff;,)f ensures the her-
miticity of H| 2] Here and throughout the manuscript,



a square bracket index, e.g. [p] denotes the number of
interacting phonons.

By definition the term H [’p} involves p phonon creation-
annihilation operators, and as such typically arises from
microscopic models as the pth spatial derivative of orbital

overlaps. Consequently, we assume H, [’2} to be of the same

order of magnitude as the square of H, [’1}, that is to say,

e~ Qfﬁln/k, ~ A2 with X a small parameter. In this
paper, we keep only the first two terms of the expansion
(i.e. we take H' = H{; + Hy)).

2. Computation at first Born order

In this subsection we consider only the first term of
Born’s expansion. The transition rates associated with
H = H[’l] + H [’2] at this order derive from the matrix

elements:
1 " . . -nk
T =3 VNL, + 55 (£l Qi) TGy T3 £,),
nkq

(€7)
2 1 i 1 i "+1
T = e Do D VNt TN + 55
U pk,n'k’ qq’

, ) . gnk
'<fs|Q$3(n’k/|7’S> ]I(@p q,q_Tn,l)(, fP)7

(C8)

where (i, anls fp) means that the only difference be-
tween |i,) and |fp) is that there is ¢ = =1 more phonon
of species (n,k) in the final state. Note that the cases
where nk = n’k’ require a formal correction. However,
at any given order in the A expansion, such terms are
smaller than all others by a factor 1/N,., where N, is
the number of unit cells, and therefore vanish in the ther-
modynamic limit. In this article we thus take ),
and )y, exchangeably, unless we specify otherwise.

We then compute the squared matrix element. “Cross
terms” such as (i|H[y|f)(f[H[,[1) (which are of or-
der A\3) vanish because <ip\21\|ip> = 0 for any opera-
tor A containing an odd number of phonon creation-
annihilation operators. At order A%, there thus re-
mains only (i|H{,|£)(f|H[,[i), and at order A% only
(1| Hy |£) (2] H | 5)-

a. Terms at O(\?)

At order A2, we have therefore

= Z (Nllc,n + %1) ]I(ip (ﬂ; fp)

nkq

7l ’2

(is|Quicl fo) (fs|Quiclis)- (C9)

We then enforce the energy conservation §(Fs — E;) =
d(qwnk + E¢, — E;,) by writing the latter as a time
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integral, i.e. fj;o dte®? = 278(w), identify A(t) =
et Ae= 1 use the identity 1 =Y, |fs)(fs], and take
the spins in the initial state to be in thermal equilibrium
pi, = Z e PFis. Finally summing over |i,) and identi-
fying (A)s = Z~'Tr(e #H A), we find

1]; . - .
Wt =23 il Quitl ) el Qs
x0(qunk + Ey, — E;)

_ / T aterient (Qri(h) 7(0),(C10)

— 00

Note that this calculation, in a time-reversal symmetric
system, leads to the extra symmetry W}lﬂ;m = Willl[{lcj
The scattering rate between phonon states, for the one-

phonon interaction term at first Born’s order, then reads

1];[1 i 151 . -nk
T =3 (Wi + =2 whE 16, 25 7). (c)
nkq

To arrive at the collision integral, the final step in-
volves summing over final phononic states f, and taking
the average over initial phononic states ¢,. We find, the
contributions to C at order A? to be:

1];[1 1];[1 e
0" =3 a Wil (N + ) (c12)
q==

I

n,k,q *
=%

(C13)

We will address the constant term Ogl]{;[l] (expected to
be zero) in more detail in Sec. The collision ma-
T

trix is clearly diagonal, i.e. M}llk;n/k/ = 0. Therefore this

A2 contribution to C may contribute to the longitudinal
conductivity, but not to the Hall conductivity.

b.  Terms at O(\?)

We address the O(A?) term in a similar fashion. There,
the energy conservation reads §(E: — Fi) = d(qwnk +
¢ wnw + Ey, — E;,), and we find

2):[2 1 202 . gnk
e WEEE oy Wiy ©% £,)
pp 2Nuc q'n'k
nk,n'k’ q,q’ ==
(N + 45) (Nfuk' + %) ; (C14)
where
2]5[2 oo ; /
T[Lllzl[,r]L’k’q/ = 2/ det e—z(qwnk+q Wnner ) (015)
— 0o
% (@it (1) Qi ()
and Wﬁlj}[i,k,q, = W,[lz,]li[i], nkge DY definition. The result-

ing collision integral, up to linear order in the perturbed



populations ON contains the following contributions:
2 2];[2
P DD DL
NUC
n'k’ q,q'=

(Neq + q+1) (Netllk/ + q+1)7

_ plel _ N Y

n'k’ q,q'= +

(C16)

4 2];[2
(Ve + 25 W

q7n/qu/7
(C17)

2];[2
Mg, -

ca | q+1y ppl2i2)
Nuc q (Nn(ll(+%) Wnkq;ﬂ’k’q"

q,9'=+

(C18)
As above, we will address the constant term in Sec.
The diagonal contribution is of order A*, and we there-
fore expect it to be subdominant compared with the A2
contribution from the previous section. Finally, the off-
diagonal contribution is nonzero. However, we will show
that its contribution to Chx n/k’ ePWnner (Nf;lk,)z is purely
symmetric under nk <> n'k’ and therefore contributes
only to the symmetric off-diagonal conductivity but not
to the Hall one — see Eq. (B6).

c. Detailed balance

First, we notice that a change of variables is <+ f, in
Eq. (C10) leads to the detailed-balance relation

Wi = i emasen (C19)
An immediate consequence is that OE]](;M 0 if we

take the equilibrium phonon population N} to be Bose-
Einstein’s distribution, as was physically required. Sim-
ilarly, for the two-phonon interactions at first order, we
find the detailed-balance relation

W[ﬂ;m/k' —B(qw”k-‘rq w /k/)W[Q] (2]
nkq,n

ko qn'k— (C20)
Again, taking N, to be Bose-Einstein’s distribution im-
: [2];[2]
plies O}/
also implies

= 0. Moreover, the detailed-balance relation

2 W, /! €
M[ll[n’] ’eﬂ . (Nn(}k/)

. (nk <> n'k’), (C21)

i.e. there are no antisymmetric contributions, and hence
no thermal Hall effect at first Born’s order. While we
proved this explicitly for the one-phonon and two-phonon
cases, this is true in general (along with O, = 0) for any
number of phonon creation-annihilation operators at first
order in Born’s expansion (see Sec. [D 2 d]).

d. FExtra structure

Independently, by writing

1

Qi () Qnx(0) = Qi (1),

: 1 0)] + Q5 (1), Q1 (0)}

(C22)
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it is straightforward to show that only the commutator
term contributes to WTE %((1(1) WT[:L(I) The final expres-
sion for the diagonal of the colhslon matrix Eq. ( -

takes the form of the spectral function:
(101 T e
D =~ / dte™" < ([Quc (1), Qi (0)]) 5 (C23)
—00

In the two-phonon case, such a commutator structure
does not naturally appear, and

—N2 S 3 0 (No + 4 (C24)
UC ik q,¢'=+

[ dt emitmn e (Q et ()G, 0)

2];[2
pi =

ﬂ )

at order \* and first Born’s order.

3. Energy shift of the phonons

We now address the constant term O, appearing in
the collision integral, which must vanish because there is
no current in equilibrium. Its cancellation is equivalent
to a redefinition of the energies of the phonons, due to
their interaction with the @) degrees of freedom. This en-
ergy shift corresponds to the real part of the associated
self-energy. Consequently, the equilibrium phonon pop-
ulations N}, are a priori not equal to N2E,  the Bose-
Einstein populations for the unperturbed phonon energies.

In this subsection, we show that the energy shift, al-
though a priori nonzero, does not alter the results which
we obtained for the thermal conductivities, up to the
order A\* in our perturbative expansion. To understand
this, we decompose

Onc[N] = O INGA] + O INGAL] + O(X°) (C25)
where, as for D,k elsewhere in this paper, the upper
index O®) indicates a term of order A\?P.

We have shown in Sec.that O;lk) [NBE)] = 0. How-
ever, Ofk) [NBE)] # 0 a priori, so that an energy shift is
actually required to cancel the equilibrium current. We
thus consider the physical requirement, Ok [N, 5] = 0,
to be an equation on the unknown Ny, .

Now expanding Ny, = NBE, + 6N, (with 6N,
at least of order A?), this equation becomes

0= O INSR] + D ONS Ones ON[NER]
n’k’
+ OZNBE 1 + 0(A%) (C26)
At order A2, one recovers oW [NBE] =0, as is required

by detailed balance (see Sec. D 2D)).



At order A%, formally inverting this linear equation,
one obtains

IEEDY (5N;jkj0( o [NF ”k”]>_1 ’

= nk,n'k’

xOZ2) INBE.]  +0(OY).  (C27)

This correction Eq. to the phonon equilibrium pop-
ulations is of order A\°.

This ensures that using the approximate populations
N, = NBE, leads to a correct estimation of Dfllk) the
lowest-order contribution to Dy, of order A\2. However,
the next-order contribution fok) ~ A% can only be es-
timated correctly if one adds to it the correction that
ON;:L brings to D(l). Similarly, using the approximate
populatlons N, = NE,E, leads to a correct estimation
of the lowest-order contribution, of order A%, to Mxn/i/
as expressed in the main text. Corrections of order \°,
not considered in the present work, would require that
the population corrections N} be taken into account.

4. Computation at second Born order

As discussed at length, the first Born approximation
alone does not lead to a nonzero thermal Hall effect. Here
we compute that which appears when the Born expansion
is taken up to the second Born order. More precisely, we
consider all possible terms up to second Born order that
lead to an off-diagonal scattering rate of order at most
A%. This includes terms like (£ |Hfy)[n)(n|H[)|) as well as
(£[H|}jIn) (n[H{y|1), but not (i|H}y |n)(n|Hj,|1) since this
term is already of order A* (thus contributes to |T}_,¢|?
at order \° at least).

J
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a. Term with one-phonon interactions only

The first of these terms reads

Tt _

i—f
nk,n'k’ q,q’ ==

f 1—¢'
Nn’k’ + 2q

. -nk
I(iy o fo);

q' 'k’

(C28)

Z (fs] Qe ms) (ms | Q7 lis)
Eis - ElmS — QW n + ”}

ms

where the upper index indicates that within Born’s ex-
pansion, 714! ~ LD

The squared T-matrix elements now include cross-
terms between the first and second orders of Born’s ex-
pansion (although we keep only terms of order \* at
most). Here we give details of the calculation of one

term, the square of Eq. (C , lﬁf’ .

In the numerator, the matrix elements of the
Q@ operators can combine themselves in two differ-
ent ways, which we denote in the following as (a):

(is| Qs k|m8><mS|Qq/k/|fs><fs|Q ,k,|m )(m Q‘an|%>; and
(0): (56 Qe [m6) (| Qe LFo) (Fol Qr [l (| Q1 ).

We use the following time integral representation of
each of the denominators (using a regularized definition
of the sign function),

1 1
=PP— Find 29
= 71 dt itlxs' (t ) + 71 / dt the
= 1811 .
2% 1€ gty 2% 1€

and a introduce a third time integral to enforce the energy
conservation Er — B; = ¢'wyw + qunk + Ey, — E;,. The
product of the denominators (cf. Eq. (C29)) leads to four
terms, which can be labeled by two signs s,s’ = &, and
we define, for convenience,

1—s 1—s’

Ossr (1, 12) := [—sign(t1)] > [sign(t2)] 2. (C30)

Then, the transition rate coming from this part of the total squared matrix element can be written as a sum of

eight terms:

I [1 1 _
Zp" P

> 2

nk,n'k’ q,q’

it ) (Nz/k/+ +1> 3 ZWnlkén}kl,]lz),SS 16, “ ),

e (C31)
s,8'=+i=a,b

where we defined (notice the order of the first two operators in the correlator and the sign ¢; £ t5 in the exponential):

1,1];[1,1
Wi

A{Quit (-t~ 12) Qe (1 + 12) Qs (1) Qi (+11))

_ / dtdtldt2®55/ (tlu t2)6i(qwnk+q/wn/k/)tei(tl—tz)(qwnk—q/wn/k/)

W[l 1];[1,1],(b),ss’

nkqg,n'k’q’

Qe (—t = 12)Qu (—t + 12) Qe (—11) Q2 (+11))

/dtdtldt@@és (tl,tg) z(qwﬂkJrqw /k/)t i(t1+t2)(qwnk— qw )

(C32)

- (C33)



We will investigate the symmetries of these terms in
Sec. and show that only some combinations con-
tribute to the thermal Hall conductivity. In fact the
eight terms from Eq. can be rewritten as products
of (anti-)commutators. Meanwhile, defining the sym-
metrized in (nkq <> n'k’q’) collision rate,

W[1,1];[1,1],ss’ _ Z W[1,1];[1,1],(z‘),ss’ + (nkq N n’k'q'),

nkq,n'k’q’ nkq,n'k’q’
i=a,b
(C34)

we obtain components of the part of the collision matrix
J
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2
due to ‘T[l’l] :

i—f

SRR S WM

n'k’ q,q’ s,8’
(e gkl eq g+1
(Nn,k + 2 ) (Nn’k’ + 2 ’

(C35)

DI S (e, L) Sl

n'k’ q,q’ s,s’
(C36)
(1L e 1 [1](2),s5’
Mnk,n’k’ - Z q (Nn?k + %) Z Wnkq,n’k’q" (037)
a,q’ s,s’

b. Commutators and anticommutators

In what follows, we write [A, B]. = AB + BA.

Upon replacing Qpd(—t — t2) Qe (—t +t2) by Qo (—t — t2) Qe (—t + t2) — [Quf (—t — t2), Q% (—t +t2)]. in the

W[l,l];[l,l},(a),ss'

definition of Wy

nkq,n'k’q’ n

hereabove, (after changing to +» —t5 if s’ = —) one obtains —ng’;];[,ll’(l,]q’/(b)’ssl. Therefore,
W IER b e gy DR (s / dtdtydtaO (1, t)e!@metd wand )t giltr+ta) (dwni—a i)
Qi (=t = 2), Qe (—t + )]0 Qe (_tl)Qik(+t1)>ﬂ - (C38)

Similarly, upon replacing Q%,,,(—t1)Q%, (t1) by Q% (—t1), Q% (t1) — [Q%, . (—t1), Q% (t1)]s into Wr[zllé;!;['lllllgf(ams n

WL G)ss" 5 o g (C38)), (after changing t; <> —t; if s = —) one obtains
[1,1];[1,1],(a),ss”

nkq,n'k’q’
Therefore, the only nonzero contribution to W2 "y, o
the form

W[l’l];[l’l]’,ﬁ/ — /dtdtldtz(_)ssl(tl’t2)ei(qwnk+q/wn/k/)te'i(tl+t2)(qwnk_qlwn/k/)

Qi (—t — t2), Qe (—t + )] [Q% e (—11), QP (1)1 )

nkq,n'k’q

where s,s' = 4 corresponds to an energy conservation
constraint, i.e. to on-shell scattering event, while s, s’ =
— corresponds to a PP(E; — E,)~! term, i.e. off-shell
scattering (with i,n, f the initial, intermediate, and final
states in the second-order process).

Note that, in a time-reversal symmetric system, these
satisfy the symmetry

W[l,l];[l,l],ss’

— e/ WILLL]s s
nkqg,n'k’q’ T ssW,

n—kg,n’'—k’q"’

(C41)

reflecting the role of +in in the denominators in terms of
causality.

[1,1};[1,1],(b),ss’ [1,1];[1,1],(a),ss’
_Wn/k’q’,nkq - Wn/k/q’,nkq .

+ Wil/icl/]{;?;,lll]{’q(b)’ssl + (nkq & n'kK'q’), i.e. Eq.(C34), takes

(C39)

, (C40)

(

c. Detailed balance

Using the method of the previous subsection Sec.
we show the following (“anti-”)detailed-balance relations

[171];[171]7(‘1)75‘9/ — / [171];[171]7(‘1)75/3 7ﬁ(qwk+q'wk/)
Wnkq,n’k’q’ =ss Wn’k’fq/,nqu € )

(C42)

Winigon " = s WRITLO bl
(C43)
From this, the same holds for the symmetrized in nkq <>
n'k’q’ scattering rate:

[L,15[1,1],88" 1 —Blqwi+q wir )yl 1,115[1,1] 887
Wikgnikiq =S5 € Wik —gnie—q'

(C44)



We now identify

11] [1,1],s,—s

o,[1,1];[1,1],
mnk[n’l](’[ Z nkq,n'k’q’ ’ (C45)
1,1];[1,1], 1 1];[1,1],ss
Qng?k[n’l](/[ o Z kq]n’k’] ] (C4G>

complete expressions of which are given in the main text.
By construction, these enforce

o,[1,1]5[1,1] 99" _

1,1)5[1,1
7 b — o e Blawtd Wi ) 7 o,[1,1]5[1,1],—g—¢’

nk,n/k’
(C47)
where 0 = @ (resp. 0 = ©) indicates that 20 enforces
detailed balance (resp. “anti-detailed balance”).

One contribution comes from the “cross-term” 29%{(Ti[
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d. All contributions

As mentioned at the beginning of this subsection, other
terms of order A\* contribute to the thermal conductiv-
ity at second Born’s order. In the following, we use the
shorthand [A(—t), B(t’)]] = sign(t+1t')[A(-t), B(t')] and
£, 1) (resp. ft/{t y)> J =1,..,1, denotes the set of 1 +1
inverse Fourier transforms evaluated once at szl;/ f =

qWnk + ¢ wne and [ times at A k, l = qWnk — ¢ Wnk!s
n'k’

ie. f, ) = = [dtdt;. dte” e ZA"qu (141 (resp.

once at qupx and [ times at ¢'w,y, i.e. ftl,{tj

[ dtdty..dtelawnteid wane ittt

) T1[1_>1f }, which contributes to the scattering rates in the

form of
. oNL2
6,[1,1];[2], ~
ank[n’k]’[ haa = hic Jm]{t <ann’k’( ){Q /k/( t1)7 Qik(tl)}> (048)
Hl1
oNL/2
®,[1,1];[2], uc A
Wi =~ Im ][ (@i (01 Qe (1), Qlu 1)) (C49)
sl1
The last contribution comes from considering the second Born’s order matrix element
1 : / . nk
T2l = DY ( 1/k,+1+7Q>\/m]1( 5 ) (C50)
i AT n 2 nk 2
Nue nk,n'k’ q,q'==%
Z (£:Q ,k,|ms><mS|an ) n (fs |an n'k’ |ms><m5\Q;,i,|is>
mg Efs B Ems - q W'k + “7 Els - -EmS + q/wn/k/ + 177 ’
which contains two-phonon operators, of order A2. At order A%, it is thus involved in the “cross-term”
2 %e{(Tl[ﬂf)* lilf]} which contributes to scattering rates in the form of Qﬁfkﬂ,L, e =Yt QﬂLkJ,LJI’gq , where
(2,1];[1],94 N&C/2~ ' —q : 1>
Wil = Im o (QuiDlsien(t1)) T Qo (—0), Qe O (C51)
»U1
and we recall the shorthand [A, B]+ = AB + BA.
[
The first two terms enforce the usual, “two-phonon”, phonon” (anti-)detailed balance,
(anti-)detailed balance relations
2,1];[1], —qBwnicgy[2:15[1],
W = semaomquiR LT (Cs3)

a,[2]5[1,1],9¢’

W, omkia =0 e~ Blawictd wi) g2l [1.1].aq”
nkq,n'k’q

nkq,n'k’q’" > (052)

with 0 = @, 5. Meanwhile, the last term satisfies “one-

where we used a different notation (s = =+ as a lower
index) to emphasize the difference with the other terms
derived hereabove.

5. Computation at third Born’s order

The only third-order element of 75, .+ which can appear
in a term of order A* in [Ty ,¢|? is
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TILLY /71+ -k (FalQLL, Iml) (m QY Im.) (ma|Q%, |is)
1—>f - Z N:Lk + ) ( n’k’ + ) ( fp) Z {(Eis_Emsk_qwnk"rin)(Efks—Em/s _q/“-’n:(k/ +i77)
nkq,n'k’q’ mg,m’
N (1@, Im) (ml1Q% Ima) (ms|QY,  lis) (F1 QU m ) (mLIQE, Imy) (m. QY lis) (C54)
(Big =Em, —q'wpne +in)(Bpe —Ey —q'wpne +in) © (Big =By —q'woe +in) (Epg =B, +qwaictin) |0
which is involved in the scattering rate
;0 1,1,1] 1 130
22n1['7,kn’l](’[ b qq 29%2 |:(T1[—>f T]F—]>f:| Z 'Sznnknll](lHS]S?q ) (C55)
8,8' =%
where we denote
[1,1,1];[1],4’ ' ,
Wi = e (@t (@), Q). Q) ). (C56)
t,t1,t2 ’

[sign(t —t)] 2 [sign(t’

(4w, B@),cwn)

s,s’

This term enforces an unusual version of (anti-)detailed
balance, namely

Qﬁ[lvlvl];[l]aqq

—qBunigy(L 11 1],—a,q"
nkn'k’|ss’ ss'e Rl

nkn’k’\ss’ ’

(C57)

where the index ¢’ remains inchanged.

Appendix D: Generalizations

1. Generalized model and higher perturbative
orders

To describe the interaction between phonon and an-
other degree of freedom, we introduce general coupling

terms between phonon annihilation (creation) operators

afjlz and general, for now unspecified, fields Q}ZLJ K}

which are operators actlng in their own Hilbert space,

ie. we write H' = >, H, l], with

{qJ
e 3, [tz

In this expression, m is the number of phonon creation-
};_ }11 l1 1
of the perturbative expansion mtroduced in the main text
and the other appendices, this means QEZJJ };f}ll"ll ™ P
note that since the perturbative expansion is considered
(formally) up to infinite order in this appendix, we make
this specification only for the sake of clarity. To avoid am-
biguities, we assume that all the n;k; indices involved in
a given term of H ['” are distinct; this is correct in the ther-
modynamic limit. Note also that, for the sake of clarity
in the following developments, the normalization factors
of Ny are not defined following the same convention as
in the rest of the paper.

In what follows, we take special notations for the first
two indices: nik; = nk, noks = n'k’. Using the model

Hf = (D1)

annihilation operators coupled to Q{q’ . In terms

’

—¢)7

(A(t)B(t’)C(t”) +sB(t"A@)Ct") + s’A(t)C(t”)B(t’)) :

(

Eq. and following the general procedure described
in Sec. |C|and in the main text, one can then (at least
formally) derive the collision integral which always takes
the form

— 1
S D S DI
p=1 {niki}Yi=2,.. p{qi}i=1,..p
P
N it1 (p){ai}
x [H (N, + 112)] Wiy
i=1
where the index (p) denotes a term of order A\??. The
scattering rate W{(z)qu}f W{(Z) {f}‘}’ 1” is the sum of
all the scattering rates of the [l1,..,Ly]; 1}, .-, 1,,/] kind

(according to the nomenclature introduced in the main
text) such that Y ;% [; +ZT:'1 I = 2p. In terms of phys-
ical process, each of these terms corresponds to the in-
terference between two scattering channels, [l1, .., ;] and
(%, .,1/./], such that in all, 2p phonon creations or anni-
hilations occur between the initial i and final f states.
Note that in the present paper, we compute explicitly
this expansion up to p = 2.

We then expand the phonon average populations as

Np, = Ny +0N,,x,. Following Eq. (1), the diagonal
scattering rate is obtained as D,k = & an
N=Nea'

It can be decomposed as Dy = szl Dﬁﬁg, where

= SN OEDY

{nikiti=2,. . p {qi}i=1,..p

q1 (D3)

() {ai}
W{nz 7-}

Similarly, the off-diagonal scattering rate is obtained

as Mpxnw = Oy, Cnx|— . It can be decomposed

N=N¢e4

n'k’



as Mk nir = Y pen nk > Where

1
Mrg@n,k, = Z Z ¢ (D4)
ue {nik;}Yi=s,..p{qi}i=1,..p
p
« (Nzth(_’_ L;‘l) [HS (Neq . + Q7+1)‘| W{(Zi {f}l}
=

Like in the equations for p = 1,2 derived explicitly
in Appendix [C] ¢; always factorizes in the collision inte-
gral, as the change in number of nk phonons due to the
scattering event.

2. Special properties of first Born’s order
a. Definitions and basic results

At first order of the Born expansion, all contributions
to the collision integral are “semiclassical”, in the sense

J
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defined in Sec. [[IID 3} i.e. an operator Q""" |~ does

only appear in the collision integral as [Q} % |2

To make this statement more precise, we rewrite

l r l

1
Hy=—=> 3 (ITebw)( IT o)
N"llc r=0{n;k;}i=1.;, J=1 Y j=r+1 Y
1 Henrrt] =
X (l— ) Qn1k1 nrk \nr+1kr+1 niky? (D5)
where the upper indices of () are r times '+’ and

9 )

I — r times '—’, and @ is by definition symmet-
ric under permutation of its lower indices in the two
blocks {n;k;}i=1, » and {n;k;}i=r41,. ; separately. Her-
miticity is guaranteed by Q+""+|7""7 =

| niki.n,Kp|npp1kepr..nkg
+,t ’
(Qnrﬂkrﬂ.‘mkz\nlklunrkrﬁ' Note that at first Born’s or-
der, distinct scattering channels [/] and [I'] do not in-

terfere for [ # I’; one can thus study independently the
contribution of each H, [’l] to the collision integral.

The contribution to the squared T-matrix obtained from H, [’l] at first Born’s order is

l

1 2_ 1 1
T1—>f‘ —Egom >

{nikiti=1..1

+{n;k; }1

x I(i, ———
P
—{”jkj}lr-H

T

H(Nfzjkj +1)

1

. Foeot ==
») <18|Q{njkj}i+1|{njkj};

(D6)

l
10 <N;jkj>]

j=r+1

Fyeest =5 — )
.fs><fS|Q{n]k YrlH{n k; }T+1|Zs>,

Summing over all scattering channels, the first Born’s order contribution to the collision integral is

l

— Ormi Ok ks
I SIS | AR | FUNIC R

= UCT 0{niki}i=1,..1 =1 Jj=r+1

where

Pyl / dre (i @m0y @ngie )t <

{n;k;}i{n;k; }7‘+1

Following the same steps as in Sec. it is easy

[2:[1]
to see that W{ b7k Y,

balance, namely

always enforces detailed-

it — B

{nik; T Hnsks}y

!
njkj Z_;zr-H "JkJ)

Y
W{"jkj}hl\{"jkj}f' (D9)

We now prove two important properties of the collision
integral, as obtained from first Born’s order, which derive
therefrom.

(I =7)0nm, s 5k,kr+1) ;1

’I“'(l _ 7‘)' {njkj}ﬂ{"jkj}lﬂ-l7
(D7)

+et =y — +e ==
{Njky}lr+1\{“jkj}{( )Q{njkj}l"l{njkj}lr+1> ’ (D)

(

b. No equilibrium current

The equilibrium current is due to O,k = Cpk [Nk —
N3], the constant term in the collision integral.

In the present case, by performing a change of index
r + | —r in the second term of (--- —...) in Eq. (D7),
and resorting to the detailed balance relation Eq. (DY)
and taking N7\, = m, one can easily show that

Onk = C}li[ﬁnjkj = Ns?kj] =0. (D10)
This means that no shift of the phonons’ energies is
needed at first Born’s order to guarantee cancellation of
the equilibrium current.
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c. No phonon Hall effect

The off-diagonal contribution to the collision matrix at
first Born’s order, M} o = =0y, an, reads

o] l l
]_ e e l 3 l
Mflllla(m’k’ = Z N Z H (N, qk +1) H (Nn?kj)w{[ij[llj}ﬂ{"jkjy 1 (D11)
=1 " U r=0{n;k;};=1, 1 =1 j=r+1 r
1
X m (T(Sn,m 5k,k1 ((7" - 1)5n”n25k’,k2 + (l - T)én’,nrﬂak’,krﬂ)

_(l - T)(Sn,nrJrl 5k,kT+1 (Tan/,nl 6k’,k1 + (l - Tr— 1)57L/777,7-+2 6k’,kr+2) )

(

After some algebra, following essentially the same steps  phonon operators in the Hamiltonian and of the nature
as outlined hereabove, it is possible to show that of the operators () to which they are coupled.

Ml

B 1
k,n/k/eﬂw n'k’ (Negk/) - M

nl’gk’,nkeﬂwnk (NZE)2 :

(D12) Appendix E: Application—further technical details

This, as was illustrated several times in the main text

and the appendices, entails that M'® does not contribute 1. Solving the delta functions
to ku — see Eq. [B6] We have thus shown that no con-
tribution to the thermal Hall conductivity can possibly In order to solve the two simulaneous delta functions,

come from first Born’s order, regardless of the number of ~ we use the following rewriting of 25°,

J

2
we,qq’ _ 64m § E : 43751732\114411@23 Bnéz%lqz%q Bnleshl—%thq/ (El)
k'K pd N 2d 7'k k,p+3gk+q’'k’ k', p+ g’k
uc
P {4i,qi}
nl1ly|—q1qa— agn "04Lo]— <Z4 q2—q'
PP k,p+3qk k’,p+gk+5q'k’

> + (na q, ka Q4) A (nla q/a kla %)] }

Wn
2umqy ((“f)m k4 O p — 0104, prax

)

s A A Qq'wne | A
’ ’ n
§ | vmqr | =2 + Qb+ 102, prakrqie | | 6 (—2vmq1 {7 + Q0 p — 0193825 p+g'k

m m

where Qy p, = Q. p/Vm and

Feoibalteto® — g1 (205 (Qpy prgwe) + 1) (2n8(Qe,p) + a1 + 1) (208 (R, prgiergie) + a2 + 1) (E2)

is a product of thermal factors (note F = 1 F, cf. Eq. (94)). Now collapsing the delta functions, we can write:

k,p;+35qk k',p;+qk+1q'k’
Wn
20mq1 (qlq £ 4 Q) P G192 pJ+qk)

m

l nll|—q1qa—q un’ €| —qa—q2—q'

e,qq¢ _ E : E : nl’l’\qzqdq n'l|—q3q1q’
QUnk;ﬂ’k’ - h41)2 Jm k,p;+1 qk+q’k’Bk/ pj+1 q/k/PP
J e}

+(n,¢,k, q4) < (n', ¢, K, —q4)] } Jw(Pj)]:ﬁf’;L({zlcﬁ,’@7 (E3)

where, when they exist, the solutions, j =0, .., 3 take the form (recall v; =v;, w; = w;, p; = Bj)

_ G 2)
Pj = ti/2)Vij/2) + U e W2l (E4)



where, for i = 0,1
vi = azsk, + (—1)"ark,,
o ask? + (—1)'a1k3 — araz(as + (—1)'ay)
T 2V$ b
A; = 4azz+1("'2 — (kA kz)z)a
B; = (-1) 4ab+1(k1 A kz)( Aijt1
Ci - — (az+1<az+1 - 26[)

and Joy(p;) is given in the main text, Eq. .

k?—l—l +2(vi - k;1q)ti),

2. Choice of polarization vectors

Below, we enumerate possible explicit choices for a ba-
sis of polarization vectors (€g k, €1k, €2x). In the numer-
ical calculations, we use choice 2.

a. Choice 1

A simple choice is that of momentum-independent po-
larization vectors, which can be, for example: q(k) = X,
61(k> = S}a EQ(k) =Z.

b. Choice 2

Below, we describe the choice of polarization vectors
used in the numerical implementation. Its polarization
vectors €, x form an orthonormal basis in which k points
along the [1,1,1] axis, so that k- &, x = % Vn. This,
as explained in the main text, ensures that the structure
factor 8*” does not vanish for o = 8, corresponding
to the largest coupling constants A; 5 (as opposed to
anisotropic Ag 7 for which a # f).

The starting point is the orthonormal basis made of
three vectors e,,n = 0, 1,2, defined as

eoz\%(\fx—kz)
—( X+\[}’+\[Z) ; (E8)
(=% — V39 + V22)

e =

aa

€y = —&—

in this basis, Z = [1,1,1]. To rotate the Z axis into k’s

direction, we define the polar angles of k,

0 = arccos(k,/k|), (E9)

¢ = Arg(ks + iky), (E10)

so that a good choice for the three polarization vectors is
Enk = Ra(0) - Rg(0) - ding [s(), 1,1] -e, (1)

for n =0,1,2. In the above, we defined Ry (7) to be the
direct rotation matrix around the p axis by an angle ~,

z+1) (@iv1(aivr +260) — z+1)
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wW; = Z X Vi, (E5)
(+) —B; + —4A,C; B

S 6

u’L 2A1 ? ( )

(ET)

- 4(a?+1 - k?Jrl)(Vi 'kiJrl)ti + 4(a12+1vz2 — (v 'ki+1)2)t227

(

and we used the “sign” function

(k) = {+1 ?f keD, (E12)
-1 if keD_

with respect to two domains D4, corresponding (up to

unimportant details in a set of null measure contained in

the k., = 0 plane) to the “upper” (k, > 0) and “lower”

(k. < 0) halves of R?, and more precisely defined by

D+:{k|k2>00r (k. =0 (E13)
and (ky > 0 or (k, = 0 and k, > 0)) },
~={k |k <00r (k=0 (E14)

and (k, <0 or (k, =0 and k, < O)))}

such that R3 = D, UD_ U {0}. The role of this s(k)
function is to help ensure that this choice of polariza-
tions enforces €, (—k) = €, (k)*, as well as all the tetrag-
onal symmetry group of the crystal. This last statement
means that under a symmetry operation g belonging to
Dy, the symmetry group of the crystal, they transform
as

Eng k

: :Cnn

where g- denotes the action of g on a vector, and most im-
portantly the ¢/ , coefficient either is d,,,» or exchanges
the n = 1 and n = 2 polarizations, depending on whether
k is in a high-symmetry position. Indeed n = 1,2 are
constructed degenerate (as eigenvectors of the dynam-
ical matrix) at the high-symmetry planes and axes of
the Brillouin zone. See Ref. [27] for details and further
discussion on the behavior of polarization vectors under
symmetry operations.

)9 - en(k), (E15)

c. Choice 8

One may also use the Hall-plane-dependent basis for
the polarization vectors and label €,), assuming uv is



the Hall plane, p is the direction transverse to the plane,
and prp forms a direct orthonormal basis:

ok = ik/|k| (longitudinal),
k
€1k = p X (transverse, in Hall plane),
| a, x k|
€ €0k X € Mk — k4, k*a, (transverse)
2k = €0k X €1k = v .
[k[[a, x k|
(E16)
Then, if o, B, p, v, p € {x,y, 2}, we can write:
. 1 2gi
Shel = SEOKP, E17
ka ‘k‘ ( )
1 qi
Shot = k" (k0p,0 + kP60,
,Wk|upxk|( (K505, )
—k" (K*0p, + kP 0ay))
1 -1
Sgel = K2(k*03,, + k78,
2k \/ﬁ |k||up X k| ( ( B,p 7[7)
-2k kP k)

so that Lo oc k- A -k, £
k) — (k- X-k)k]*.

For this choice of polarization vectors, the phonon-
magnon coupling constants can be decomposed in such
a way that their behavior under operations of the Dy
point-group defined in the (u, v, p) basis becomes trans-
parent, in other words in terms of the basis harmonics
of the “Hall geometry” point-group. Note that, because
the magnetic space group of the system is a priori inde-
pendent of the symmetries associated with the choice of
“Hall geometry,” the coefficients of the harmonics need
not be independent. (In the the square lattice case dis-
cussed here, some of the symmetries of the system coin-
cide with those of the Hall geometry, so that these coeffi-
cients are not entirely independent. Note that this causes
additional constraints for the existence of a nonzero Hall
effect.)

o [k x (A-K)]?, L2 o [K2(A-

3. Numerical implementation

N1l yaf .
We define A/¢, >\££1+5+1 Frtgrérrieer S° that, in
particular,
34102508  yap
A 1 ? - /\€1+1 lo+1;110
Zl ZQ OLB aﬁ
A A21+1 Z2+1 00’
41752;04,3 _\aB
Ao N /\£1+1,22+1;1o’ (E18)

(note the bars) and

Azle2

L1, NS ;
chts = e [(Ree)” 3o Rpglmedsmed,

a,f=zy,z

'Sik} -

(E19)
Moreover, given (i) our choice of isotropic elasticity, (i)
a given Hall plane uv and perpendicular Hall axis, p, (i)
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by =4ty =4, \ is a function of A5 _7 contains 72 values,
which can be parametrized by a smgle index i = 0,..,71
through, e.g. i = 36 + 18¢" + 9¢ + 3a + 3 if we 1dent1fy
(z,y, z) with (0,1,2) for @ and 3, § is a complex function
of n,p,k,q,¢,c, 8.

4. Details of the derivation of the general forms of
the scaling relations

Here we give details about the results and calculations

in Sec. VES

a. Dimensionless functions

The functional forms of the scaling functions intro-

duced in Eq. (110) are

(@) = 5 (Isin 6] + o' X(3)) (20)

0(G) = ;\/sm 0X2(j) + v=2 % 21| sin 6] 1X (§),
with
372
[ F21
(y) _|_ Sin2 0 — U727 ( )
and
EZZI@) =0 (U_2 —sin® 0 — 47)?),
E=Y(g) = 6,10 (sin®§ — v2)
1
(r—1)/2
Iy sUD2re, (5) (E22)
I NVEGE P

Inserting the expressions for £ and F into that of B, we
find

n, 00| +s—

k p<ﬁ) (y)_,'_b (E23)
ng¢€ NGB G (5)E (—1)E+E)E
gENC V2Mue ; O«ﬁzzr,y,z « -
k%e Bk + kB ey 1 /1
= &3
— (X (1) 72 (X2 (1) 72

because Fego(—p) = Feqe(p). Then, for 6, = 0, and
defining k* = (k)q, the Beer introduced in Eq. (T10) are:

-1, -1
5 1SX Uy MaB aﬁ 7.8
=2 m Ao k% k
nn 9 2Muc'Uph aﬁ;yz ( + £ k)
Q@@ (@), (B24)
~ —ing 2xv N2 A 2
Bim = 5 AT (Rl + kPey)
mm 2Mucvph aﬁ;y’z k n
(@@ (@), (E25)



and

N G VR

= kol + kPee
mn 9 2MucUph ( nk nk)

a,f=x,y,z
(A5 (@) =3 ()
+5 A5G (O ()7 (" (7)) 2] (B26)

b. Details of the behavior of the scaling function F

Here we derive the behavior of the scaling functions
F.(5z,v,0) defined in Eq. at small and large s.

Let us first consider the large-s¢ limit. The hyperbolic
sines in the denominator of the integrand grow expo-
nentially in this limit (because the two Q}t” (7) functions
cannot be simultaneously be made to vanish), so that
they can be approximated by their leading exponential
forms. An application of the saddle point method then
shows that the integral is dominated by region around
g = 0, and is exponentially suppressed for large s.
For v|sinf| > 1, i.e. when the azimuthal angle of k
is smaller than v™!, this suppression exceeds the expo-
nential growth of the sinh 5¢/2 prefactor, and the scaling
function decays exponentially:
”
5 (

F.(s,0 > |sinf]™!) 3 P |3 1—U|sin9|)}. (E27)

For smaller angles where v|sinf| < 1, F does not de-
cay exponentially in the large x limit. Here Eq.
is correct to exponential accuracy, i.e. it is asymptoti-
cally correct for In(F) at large sc. To this accuracy, the
asymptotics are independent of x.

Now consider the small s limit. The naive result for
the scaling function is obtained by expanding both the
hyperbolic sine in the numerator and the two in the de-
nominator of the integrand around zero leads to

ARS
Fgf)(%<< 1,0,0) ~ lM

+o0 N N
/ dﬂzfﬁ(ﬂ)JE(ﬂ)Zm~

— 0o 7

(E28)

This expression is correct provided the integral in the
second line converges. The convergence is problematic

J

HI

tetra
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only at large ¢ for the case s = —1 (in the case s = 1, the
integral is confined by the fsfl factor to a finite domain).
In this limit the Jacobean J 5==1 grows linearly in § as
does 2, while the factor C,(7) behaves as §%*. As a result,
the integral converges for the case x = —1 and the 1/
scaling is correct in this case. In the cases x = 0,1, the
integral is logarithmically and quadratically divergent at
large 4, respectively.

In the latter two cases, we must reconsider the naive
result in Eq. (E28). The divergence in this equation is
an artificial result because the hyperbolic sines in the
original expression in Eq. grow rapidly once 0 >
»~! and ensure convergence of the integral (i.e. the large
§ > |vz|~! contribution is negligible). Proper behavior is
restored for small ¢ by simply using the expanded form of
Eq. but only integrating up to an upper cutoff || <
|>cv|~*. This regulates the divergences and one obtains
additional In(1/s) and 2 factors multiplying the 1/
form for the cases z = 0, 1, respectively. Collecting the
above results we see that

% r=1
R ~ {80 4 (E29)
i r=—1

This function is non-zero for |vsin @] > 1, while F(+1) is
non-zero when |vsin 6| < 1.

In the latter case, as mentioned above, the integral
over § always converges because the set of integration
is an ellipse instead of a half-hyperbola. Therefore the

naive scaling is the correct one and the Fiy (5) o 1/
el

behavior holds for all z.

Appendix F: Application—further physical details
1. Microscopic derivation of the coupling constants

We consider the most general coupling between the
strain tensor and bilinears of the m,n fields, exhibit-
ing all the symmetries allowed by the crystal symmetry
group in the paramagnetic phase: the D, tetragonal
point-group; translations of one unit cell —which forbids
interactions of the mgn; type; and time-reversal. The
corresponding hamiltonian density (where for the sake of
readability we have replaced ng — 1) reads:

= Agm) (mwmwé’m + mymygyy) + Agn) (nznzé’m + nynygyy) + Aém)mzmzé‘zz + Aén)nznzé’zz (F1)

+Agm) (mwmIgyy + mymygxx) + Agn) (nxnxgyy + nynygxx) (F2)

+ (Agm)mzmz + Aén)nznz> (5” + Eyy) + Aflm) (mxmz + mymy)é’zz + Afln) (rlmnz + nyny)f)zz (F3)

+4A((3m)mmmy5:”y + 4Aén)nmny5wy + 4A(7m) (mzmzé’“ + mymzé'yz) + 4A(7n) (nzn. €% +nyn,£%%). (F4)



We now propose a microscopic origin to the Agg) coefhi-
cients appearing in it.
We start from a generic spin exchange hamiltonian of

the form
Heoo= Y SR wiSki, (F5)
RR' ab

where R, R’ indicate the actual locations of the sites in
the distorted lattice, and each sum spans the whole dis-
torted lattice.

We then express R = r + u,, where r belongs to the
undistorted lattice and wu, is the displacement field at site
r. Taylor-expanding the coefficients J&° g, with respect
to the displacement field (and identifying Sg = Sg), we
thus obtain He, = HO + H. + O(u?), where HY =
Hex‘R,R/Hr,r’ and

Zzsa v

r,r’ ab,v

) O JE Sb,.  (F6)

n=r—r’

Then, identifying a5 = 3(0aus + dpua) the symmetric
rank-2 elasticity tensor (i.e. strain tensor), we identify
H! = H] , where

sse

sss - § r+n

] Eap(r)+. ..,

(F7)
where a,b = x,y, z is a spin axis index, o, 8 = z,y,z is a
spatial index, and “4...” encompasses terms featuring
wqpg the anti-symmetric rank-2 elasticity tensor, as well
as higher-order derivatives of the displacement field.

Note that in this microscopic derivation, we identify
Sk — S&. In fact, also expanding the magnetization
fields (and not only the magnetic exchange) with respect
to displacement yields an interaction term which is for-
mally of the same order as that derived here. However,
magnetization in an ordered magnet is a slow variable,
while J varies over distances of the order of the lattice pa-
rameter a, therefore such terms are quantitatively much
smaller by a factor O(kpT'a/vy,), both within and beyond
the Born-Oppenheimer approximation.

Finally, we take the particular case of a square lat-
tice with tetragonal symmetry, and describe the spins
in terms of m,n fields as in the main text, namely
Sy = (=1)%uon(r) + a’m(r). We identify H!,_ =
Zr H‘éetra(r) + e

7704 s + g0y ]

where “+...7 is made of rapidly os-

cillating (time-reversal breaking) terms, and H;,, is as
displayed in Eq. , with identification
m),x 1 a
MG =520 (als +m300) I (F)
n
n),« 1 T a
Ay = 53¢ (a5 +p0a) I o (F9)
n

where the sum over 1 spans the whole direct (two-
dimensional square) lattice, and w = (Z, Tar) with a the
square lattice parameter.

46
2. Contributions to intervalley couplings

In the main text, the ng,,m, fields live in the valleys
identified by:

{=0:

=1: Ny, My.

Ty, Ty,

(F10)

Therefore, intervalley couplings are of the form Agp;eer
with dger + dqp = 1. More explicitly, using Eq. , they
are:

)‘Zfoo = A(n)’aB (F11)
)\yz 1 — A(m) aﬁ
«a -1 m),« z A (m),« n),«a
)‘ygf,Ol = ’I’Lio [mgAézL p + n/LOAg:a:)7 b + mgAéx)7 B} ’
-1
Nl = = [mEAG S+ mE AT 7 + miAL P
0
Also recall from Eq. that
£),xy __ &), yr __ &),xy __ Eyz _ A &)
Ay = A = A = G = pLD
NG~ A A~ A© A0, (1)

and all other values of «, 8 yield 0 for this set of lower in-
dices. From this, it is clear that the A;&) couplings always
mix valleys, regardless of mg, and contribute a Ay..¢¢
term. This intervalley coupling is a small contribution
which does not contribute to 7 breaking. Meanwhile,
the T-odd Ayy01 and A1 intervalley couplings both

contain contributions from both A%mz and A m.

3. Derivation of the gaps from a sigma model

Here we provide a heuristic microscopic argument for
expressing the gaps in terms of spin-spin couplings. We
ignore spin-lattice coupling, and just consider corrections
to the isotropic Heisenberg model. We assume the addi-
tion of a term of the XXZ anisotropy form:

Hxxz =gJ Y (28787 — S7S7 — 818Y).
(i)

(F13)

This is to be added to the isotropic Heisenberg model,
along with a Zeeman coupling to the transverse field.
Carrying out the long-wavelength expansion in terms
of m and n fields, we obtain the corrected potential
part (i.e. without gradient terms) of the nonlinear sigma-

model Eq. :

1
’HNLS = —X|m|2 + 2gJa? (21rn2 — mi — mi)

(F14)

2

I
— 2gJa—(2) (2n§ — ni — nZ) — hymy, — h,m,.
Note that the first term includes an m? term, which is
absent in the quadratic expansion describing linear spin



waves in the main text. Indeed this term is higher order
in the small fluctuations around an x-ordered state when
carrying out a zero field spin wave expansion, which was
the case in the main text where the external field had

J

Expanding around the z-ordered state, using that m, =

yields

1
”HNLS:E(m +m?) + 2gJa* (2m? —

1
+ ﬂ—2gJa2>(m§nz+mn +2mmnn)+29J'u0 1-—

Note that the first term on the second line is of the form
(m -n, )2, where the | indicates the components of the
vectors normal to the ordering direction. Since we in the

—MyNy

2 M(2) 2 2
my) =297 5 (202 —ny)
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already been integrated out to yield the n,n; mass term.
We also included an external uniform field which lies in
the y — z plane.

—m.n, and n, =1 — %(ni +n2+ nig(mi +m?)),

— hymy —h.m,

2

1 1
§(n§+n§ + ﬁ(mi +m?)) (F15)
0

(

in the main text on symmetry grounds.
We now show this explicitly. We shift the definition
My = Mg + Xaha for a = y, z, and expand the result to

next step shift the magnetization by its value induced by quadratic order in m,n. Here x, = (1/x +4gJa?)~! and
the field, this is proportional to (h-n)?, as is postulated  x, = (1/x — 2gJa?)"L.
J
This gives
1
HGp = M (m2 +m?) + 2gJa* (2m? — m2) —ZQJMO (2n2 —n2)
1 1

+ (ﬂ - 29JC12) (th§n2 X2h2n2 + 2xyxzhyhonyn.) — 29‘](173 [”3 +nZ 15 (F16)

where the ‘- .-’ in the last brackets account for terms higher order in field, magnetization fluctuations, etc.

The anisotropy coefficients, denoted by
quadratic in the n,,n, fields read

1
Xoho (7 —2gJa )
2x

Hnn

Note that the two terms proportional to n? from the
right-most contributions on each line of Eq. (F16) above
canceled. That means the the coefficient of n2 in
Eq. - vanishes if h, = 0. This occurs because of
Goldstone’s theorem and the assumed XXZ form of the
anisotropy: if the field is purely along the z direction,
XY symmetry of the Hamiltonian under rotations about
the z axis is preserved, and this makes one of the spin
wave modes remain gapless. Conversely, for a field along
the y direction, and in the presence of anisotropy, both
modes are generally gapped.

We can simplify the above expression if we assume
lg| < 1, which means x,' = x;' ~ x~! = 4a*J and
therefore 1/x > gJa?; hence

Xh 2 xh?
5t { 2

12
— GgJa—g} nﬁ + xhyh.nyn..
(F18)

Hnn ~

The above shows that if h, is small or zero, stability

I'yp in the text, can now be extracted. The terms in ’H‘Kffs which are

{ hg(ix—nga>—

2 1
GgJ%} n2 + 2x,x:hyhe <E - 2gJa2> nyn..  (F17)

(

requires ¢ < 0. This can be understood from the fact
that, if the field is along ¥y, then Hxxyz is the only term,
in the pure spin hamiltonian, breaking explicitly the O(2)
symmetry in the x — z plane. It should therefore favor
antiferromagnetic alignment along the z axis, which is
the initial assumption of this derivation. It also proves
the § prefactor used in the main text.

The coefficients in Eq. (F'18) give contributions to I'y,,
I'.. and I'y., respectively. In this Appendix, as opposed
to the more general expressions given in the main text,
we assume they are the only contribution.

Since taking the magnetic field purely along one of the
two axes y, z guarantees that I'y, = 0, so that (as ex-
plained in the main text) the two magnon valleys are
independent, let us assume that the field is along the y
axis. Then one gap is Ay = |hy|, the Zeeman energy
associated with the field along y. The other gap gets
contributions both from the anisotropy and the Zeeman
energy associated with the field along z.
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Note that the anisotropy-induced gap involves the values of g.
square root of the anisotropy, i.e. AO’h = 4/3|g|J o,
which is not necessarily very small for reasonably small

J

Appendix G: Application—Supplementary figures

Here we present further calculations of scattering rates and (diagonal) thermal conductivity for the model of Sec.
as supplemental figures.

k| = 0.0625/a k| = 0.125/a k| = 0.25/a
] 27 | ] 2 ‘ ]
@ 0.002 S\
— | 0: . = . - 0 ]
(1) 0 0(k) /2 " ° (2) 0 0(k) /2 " (3) 0 0(k) /2 "
k| =0.5/a k| =1.0/a k| =2.0/a
2m | ] 2m ] 27 [ ' : ]
g 0.006 g 0.0075 g
\S \S \S 0.015
0t , 0 ) 0 15 |
(4) (5) 0 (k) /2 (6) 0 0(k) /2

FIG. 6: Diagonal scattering rate D, with respect to 8(k) € [0,7/2] (horizontal axis) and ¢(k) € [0, 27| (vertical
axis) for fixed temperature T' = 0.5 Tp, polarization n = 0, and momentum (1) |k| = 0.0625/a, (2) |k| = 0.125/a, (3)
|k| =0.25/a, (4) |k| = 0.5/a, (5) |k| =1.0/a, (6) |k| =2.0/a. Color scales vary from figure to figure. Note that the
Cy4 symmetry is approximately preserved for small |k| but broken at large |k|, as stated in the main text. Also note
how scattering processes at 6(k) < 6_ become allowed for wy, > 2A,2A’; then dominant at large |k]|.
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n=20 n=1 n=2
! ] ] 27 | ] 27 | ]
: 1 0.010 :
| ] i 1 0.006 0.006
: ! 3 —
| 0.006 | 0.004 -~ | 0.004
! 4 ! 4 - |
:' 1 0.004 :' 1 [ "
I f .
1 0.002
0 o (k) /2

o(k)

0 0

(1) 0 0(k) /2 (2) 0 0(k) /2 (3)
FIG. 7: Diagonal scattering rate D,y with respect to 8(k) € [0,7/2] (horizontal axis) and ¢(k) € [0, 27| (vertical
axis) for fixed temperature T' = 0.57;, momentum |k| = 0.5/a, and polarizations (1) n =0, (2) n=1, (3) n = 2.

Color scales are different in (1) and (2,3). Subfigure (1) is reproduced from the main text. Note that with our choice
of polarization vectors €, k, results for n = 1 and n = 2 are simply related by the mirror symmetry ¢ — 7 — ¢.

k)=0;n=1 W =r/2in=0 K =/2im=1
"0 ‘ | 15 1.5 0010
1.0- 1 0.008 10 Lo
= ] 0.006 =2 o o 0.006
= | | = 3
0.5 0004 0.5 0.5 0.004

’ ‘ ‘ ‘ 7 ! 0 0 0 0
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FIG. 8: Diagonal scattering rate D,y with respect to 8(k) € [0,7/2] (horizontal axis) and |k|a (vertical axis) for
fixed temperature T' = 0.5Tj and (1) ¢(k) =0 and n =1, (2) ¢(k) =7/2 and n =0, (3) ¢(k) = 7/2 and n = 1.
Color scales are different for the three subfigures. The ¢(k) = 0 and n = 0 case is displayed in the main text. Note
that polarizations n = 1 and n = 2 yield the same results here. Note also that the general features are the same for
polarizations n = 1,2 as for n = 0: although the scattering rates of n = 1,2 polarizations for energies w,x 2 2A are
not as clearly visible as they are for n = 0, they are finite (of order 10~* in our units) and are only parametrically

smaller than those for the n = 0 polarization, due to purely geometrical factors (Sz;fﬂ in the main text).
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FIG. 9: Longitudinal thermal conductivity k7, with respect to temperature T, in log-log scale, (left) for four different
values of Yext = 1-107%(vpn/a), z € [4, 7], from darker (z = 4) to lighter (z = 7) shade, (right) for four different
values Yexs = 1-107%*(vpn/a), z € [6,9], from darker (z = 6) to lighter (z = 9) shade. Note that the two “bumps”
come from the competition between voxy and Dy, ¢ for valley index £ = 0, 1, as explained in the main text.
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FIG. 10: Skew-scattering rates (1) QHSI’JL,_k, and (2,3) QIISI’(;,'L,, with respect to 6(k’) € [0, 7/2] (horizontal axis) and
ok, k') = ¢(k') — ¢(k) (vertical axis), for fixed magnetization my = 0.052, temperature 7' = 0.5T), momentum
|k'| =0.8/a, k, =0.1/a, and (1,2) k, = 0.2/a, k, =0, (3) k, =0, ky, = 0.2/a. The case Qﬂfl’(;,_k,,kx =0,k, =0.2/a
is in the main text. The colorbars are different for each figure and not linearly scaled. Note that thanks to
anti-detailed-balance, angular dependences of Qﬂfﬁ,{l_{,, Qﬂfﬁ,—k, are identical to those of QUSI’{;/_I(” QUSI’{;,J{(,,
respectively, for an isotropic phonon dispersion.
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