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In spin-orbit coupled crystals, symmetries can protect multifold degeneracies with large Chern
numbers and Brillouin zone spanning topological surface states. In this work, we explore the extent
to which the nontrivial topology of chiral multifold fermions impacts the spin texture of bulk states.
To do so, we formulate a definition of spin-momentum locking in terms of reduced density matrices.
Using tools from the theory of topological quantum chemistry, we show how the reduced density
matrix can be determined from the knowledge of the basis orbitals and band representation forming
the multifold fermion. We show how on-site spin orbit coupling, crystal field splitting, and Wyckoff
position multiplicity compete to determine the spin texture of states near chiral fermions. We
compute the spin texture of multifold fermions in several representative examples from space groups
P432 (207) and P213 (198). We show that the winding number of the spin around the Fermi surface
can take many different integer values, from zero all the way to ±7. Finally, we conclude by showing
how to apply our theory to real materials using the example of PtGa in space group P213.
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I. INTRODUCTION

Over the last several decades, the study of topologi-
cal insulators and semimetals has highlighted the impor-
tance of spin-orbit coupling (SOC) in condensed mat-
ter systems. One of the relativistic corrections to the
Schrödinger equation, SOC is known to split the elec-
tronic energy levels in molecules and crystalline solids[1].
In solid-state systems, SOC can split degeneracies in
the band structure of materials, leading to the emer-
gence of topological insulating gaps[2–6] and topological
Weyl[7–9], Dirac[10–12], nodal line[13, 14], and multifold
fermions[15–17].

In the absence of inversion symmetry, SOC leads to
the splitting of the twofold degeneracy of energy bands
away from time-reversal invariant points in the Bril-
louin zone. When inversion symmetry is broken at the
boundary of a 3D system, or by a substrate for a thin-
film, this is known as the Rashba effect; in simple two-
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band models the Rashba splitting leads to a character-
istic locking of the electron spin s to its momentum k,
〈s〉 ∝ ∇V ×k, where V is the inversion symmetry break-
ing potential. At the surfaces of 3D topological insula-
tors (TIs)—where only one spin-nondegenerate band is
present—spin momentum-locking has served as a smok-
ing gun to identify topological surface states[18, 19]. Ex-
perimentally, it was observed that the spin angular mo-
mentum forms a nontrivial texture surrounding the sur-
face Dirac cone of the TI[20]. Because the spin direction
is locked with the direction of the momentum, backscat-
tering between k and −k by nonmagnetic impurities is
forbidden, which reflects the topological stability of the
surface states[21]. Relatedly, the surface states of topo-
logical semimetals (TSMs) have also been predicted to
show spin textures[7, 22]. The spin textures of the Fermi
arc states on surfaces of Weyl semimetal (WSM) has been
observed in TaAs[23]. Crucially, however, these states do
not feature strong spin-momentum locking.

SOC can also lead to the splitting of doubly degenerate
bands in the bulk Brillouin zone of noncentrosymmetric
3D crystals (the so-called Dresselhaus effect). For chi-
ral crystals–those noncentrosymmetric crystals with no
orientation-reversing symmetries–this leads to the pre-
diction that time-reversal invariant momenta (TRIMs)
generically host topologically nontrivial fermions known
as Kramers-Weyl fermions[16]. In simple models of
Kramers-Weyl fermions the interplay of chirality and
SOC leads to a radial locking between spin and momen-
tum, whereas the spin texture in conventional WSMs
is nonuniversal and does not display spin-momentum
locking.[24, 25]. These studies not only reveal the close
connection between the spin-momentum locking and the
transport properties of TSM, such as magnetoresistance,
but also provide an avenue for electrically controllable
spin texture for future spintronics applications[26–28].

In chiral crystals with additional crystal symmetries,
it has recently been shown that in addition to Kramers-
Weyl fermions there are also topologically nontrivial
multifold fermions with three-, four-, or six-fold band
degeneracies[15]. These fermions permit exotic chiral
optical responses[17, 29], and can be found in various
magnetic materials[30] even when time-reversal symme-
try is broken. Chiral multifold fermions can have large
Chern numbers and feature multiple Fermi arc surface
stats that spanning large fractions of the Brillouin zone,
as has recently been observed experimentally in B20
compounds such as PdGa[31], AlPt[32], RhSi[33], and
CoSi[34]. Since multifold fermions arise due to the in-
terplay of SOC and chiral crystal symmetries, it is natu-
ral to wonder whether they feature similar spin textures
predicted for Kramers-Weyl fermions. Furthermore, the
prevalence of materials with well-resolved multifold de-
generacies near the Fermi level makes this a pressing
question for experimentalists. However, due to the large
number of bands and complicated unit cells necessary
to realize chiral multifold fermions, the nature of any
spin-momentum locking in these systems has not been

systematically explored.

In order to remedy this, and to further explore the
nature of spin-momentum locking in chiral topological
semimetals, in this work we develop a general framework
for determining the universal features of the spin tex-
ture of bands. To do so, we make use of the framework
of topological quantum chemistry (TQC)[35]. TQC pro-
vides a mechanism to map position space data regard-
ing the electronic orbitals in a material to momentum
space information about the band structure. One of the
key concepts of TQC is the band representation[36, 37],
which maps the spin-orbital basis of the electrons on sites
in position space to the momentum space description of
the electronic bands in the Brillouin zone (BZ). Band
representations can be decomposed into elementary band
representations (EBR), which are band representations
themselves but cannot be further subdivided in position
space while preserving the symmetry operations of the
system[38]. Bands that do not transform as a (positive)
linear combination of EBRs do not have a symmetric and
localizable position-space description, and hence corre-
spond to topologically nontrivial bands. Relatedly, if an
EBR with nodal points is fractionally filled with elec-
trons, then the material will be a topological metal or
semimetal[39–42]. With the EBR method, more than a
hundred materials have been identified as candidate TSM
materials[43–47].

The position space inputs to TQC include not just the
location and orbital character of the constituent elec-
tronic states of a material, but also the electron spin
states. In particular, let us consider a set of atomic or-
bitals at a given point in the unit cell of a crystal. The
orbitals at this point transform in a representation of the
subgroup of the space group that leave the point invari-
ant. This subgroup is known as the site-symmetry group.
The site-symmetry group of a point can be viewed as
the symmetry group of the local crystal field potential
at that point; for spin-orbit coupled systems this local
crystal field potential includes spin-orbit coupling, and
so the representations of the site symmetry group are
spanned by spin-orbit coupled basis states. For example,
in an octahedral crystal the fundamental building blocks
of electronic states are atomic S1/2, P1/2, P3/2, and sim-
ilar spin-orbit coupled states. These spin-orbit coupled
basis states then determine the EBRs for the space group.
TQC thus provides a mapping from local spin-orbit cou-
pled orbitals to the Bloch states in the Brillouin zone,
and so encodes information about the momentum space
spin texture of band representations.

In this work, we will show how to extract the spin
texture near chiral multifold fermions using the technol-
ogy of TQC. In particular, we will show how the bulk
spin texture near chiral fermions is determined by the
band representation and basis states forming the degen-
eracy. To do so, we will formulate a theory of reduced
density matrices for spin states in Bloch bands, which
takes into account the nontrivial entanglement between
spin and orbital degrees of freedom implied by SOC and
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crystal field splitting. Using this formalism we will show
that spin-momentum locking in Kramers-Weyl and mul-
tifold fermions comes in a variety of forms, which can be
nonquantized and vary depending on the number of band
representations that are energetically close together. Our
approach goes further than recent works in that we in-
clude the important effects of position space information
in addition to momentum space k · p data, and general-
izes previous results for Kramers-Weyl fermions[16, 48].
Focusing on cubic crystals, we will derive the allowed pat-
terns of spin-momentum locking for fourfold- and sixfold-
degenerate multifold fermions at high-symmetry points.
We will also see that spin-orbit entanglement in non-
symmorphic cubic crystals can lead to spin-orbit cou-
pled (quadratic) twofold degeneracies with zero spin tex-
ture. Finally, we will show how our method can be used
in conjunction with ab-initio calculations to study spin-
momentum locking in realistic materials, with a focus
on the newly-discovered multifold topological semimetal
PtGa.

The structure of the paper is the following. In Sec. II
we introduce the general theory of spin-reduced density
matrices (sRDMs) and show how it applies to elemen-
tary band representations. In Sec. III, as an example, we
calculate the sRDM for the multiplicity-one Wyckoff po-
sitions in the chiral octahedral space group P432 (207).
In Sec. IV we describe the theory of sRDM for composite
band representations and explore the interplay between
on-site spin orbit coupling, crystal field splitting, and hy-
bridization. To study the effect of band representations
with more than one site per unit cell, in Sec. V we calcu-
late the sRDM for multifold degeneracies in space group
P213 (198) at the Γ and R points. We see that the ac-
tion of the crystal symmetries on the sites within the unit
cell leads to nontrivial entanglement between spin and
orbital degrees of freedom, drastically changing the spin-
momentum locking near band degeneracies. We then ap-
ply these results in Sec. VI to the experimentally relevant
example of PtGa in space group P213 (198), and compare
our predicted spin-momentum locking with ab-intio den-
sity functional theory (DFT) calculations. In Sec. VII we
review the steps necessary to apply our method to other
materials and space groups. We conclude in Sec. VIII
with a discussion and outlook towards further extensions
of our method.

II. SPIN REDUCED DENSITY MATRICES OF
IRREDUCIBLE BAND REPRESENTATIONS

Given a set of bands with a chiral multifold degener-
acy, we would like to identify how the real electron spin
maps into the pseudospin space of the degeneracy. For
degeneracies that occur in Wannier-representable bands,
this can be done using the tools of topological quantum
chemistry. In particular, any Wannier-representable set
of bands can be described by a band representation of the
space group. Upon choosing a basis for that band repre-

sentation and restricting to the degeneracy of interest, we
can obtain a mapping between position space and pseu-
dospin space. Following the notation of Refs. [35, 38, 40],
a band representation ρk = (ρ ↑ G)q induced from a site-
symmetry group representation ρ at Wyckoff position q
of the space group G is endowed with a natural basis in
the space

O =

(
n⊗
i=1

Vi

)
⊗ Zd, (1)

of spinful electronic orbitals throughout the crystal. Here
V1 is a vector space spanned by orbitals transform-
ing in the representation ρ of the site-symmetry group
Gq = Gq1

; n is the multiplicity of the Wyckoff position,
and each of the Vi6=1 is the image of V1 under the Wyckoff
orbit. Finally Zd represents the d-dimensional group of
lattice translations. If ρk is an EBR, then ρ is an irre-
ducible representation (irrep) of the site symmetry group.
The spin content of the band representation is contained
within the vector spaces Vi; as a representation of the
site symmetry group Gqi , it is a subspace

Vi ⊂ L⊗ CP1, (2)

where L are orbitals transforming in a spinless represen-
tation of SO(3) (i.e., s, p, or d orbitals), and CP1 is the
Bloch sphere of spin.

The band representation ρk encodes the information
about the symmetry properties of bands throughout
the entire BZ. We can subduce the band representa-
tion onto the little group Gk∗ of a high symmetry point
k∗ to find the irreps of the little group—and hence the
degeneracies—that occur in the band representation, i.e.

ρk ↓ Gk∗ =
⊕
i

ηi, (3)

where the ηi are irreps of the little group Gk∗ . In princi-
ple, the ηi can be determined using Schur orthogonality
relations for the little group and site symmetry group rep-
resentations, without ever referring to the basis O of the
band representation[49, 50]. However, if we keep track of
the basis O, then the band representation gives us a map

sρkik∗ : Wik∗ → O, (4)

from the space Wik∗ carrying the irrep ηi of the little
group into the basis O of the band representation. Con-
cretely, the “pullback map” sρkik∗ is a (n × dim(V1)) ×
dim(Wi) matrix that reexpresses the states spanning the
degeneracy Wi in terms of the original spin and orbital
basis states.

Going further, we can examine how bands disperse
away from the degeneracies at k∗. For small devia-
tions, we can use symmetry-constrained k · p perturba-
tion theory to write an effective dim(Wi)×dim(Wi) Bloch
Hamiltonian describing the dispersion of the degeneracy
ηi away from k∗. If |mk〉 ∈ Wi is an eigenstate of the
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k ·p Hamiltonian of the degeneracy ηi at k near k∗, then
we can define pullback state

|mk(vnσ)〉 = (sρkik∗)|mk〉 ∈ O, (5)

which expresses the eigenstates of the k · p Hamiltonian
near k∗ in the basis of the band representation, where v
indexes states in Vi, n indexes the Vi, and σ is the spin. In
the remainder of this work, we will often leave the map
s implicit in cases where no confusion will arise. The
pullback state encodes how the spin and orbital degrees
of freedom for the Bloch eigenstates evolve as a function
of k.

Now assume we have a measurement scheme like spin-
ARPES, which can measure the spin of an electronic
state, but is insensitive to orbital degrees of freedom.
Then the spin detected in a state |mk〉 near a degener-
acy ηi is described by the reduced density matrix

MS(k) = Trorbitals

[
(sρkik∗)|mk〉〈mk|(sρkik∗)

T
]

=
1

2
(σ0 + n(k) · σ). (6)

A short computation shows that n(k) = (〈σx〉, 〈σy〉, 〈σz〉)
gives (2/~ times) the average spin vector that would be
measured in an experiment. The magnitude of the vector
n(k) quantifies the “quality” of the spin momentum lock-
ing, where |n(k)| = 1 corresponds to a pure spin state
(perfect spin-momentum locking), and |n(k)| = 0 is a
maximally mixed state with no spin-momentum locking.
The unit vector n̂(k) gives the spin-locking direction. We
thus have a map between band representations, and spin
vectors n(k) near degenerate points.

Note that the pullback maps sρkik∗—and hence the

sRDM vectors n(k) depend on the specific basis
used for the band representation, rather than just its
representation-theoretic content. This suggests that n(k)
can change continuously as a function of perturbations
such as the energy splitting between bands carrying the
same irreps. Nevertheless, as long as |n(k)| 6= 0, we can
define an integer-valued winding number

ν =
1

8π

∫
dSµεµνλn̂ ·

∂n̂

∂kν
× ∂n̂

∂kλ
, (7)

where the integral is taken over a constant energy surface
with normal vector dS, εµνλ is the antisymmetric Levi-
Civita symbol, µ, ν, λ index the three momentum direc-
tions, n̂ = n/|n|, and repreated indices are summed. As
an integer invariant, the winding number ν characterizes
the topology of the spin texture n(k) and is robust to
small perturbations.

In the remainder of this work, we will explore how
to compute the pullback maps sρkik∗ and sRDM vectors

n(k) from topological quantum chemistry. We will fo-
cus on two representative examples: the multiplicity-one
Wyckoff positions in space group P432 (207), and the
multiplicity-four Wyckoff positions in space group P213
(198). By focusing on exactly-solvable limits of the k · p

Hamiltonian near the degeneracies that arise, we will be
able to compute the winding number for the resulting
spin textures, which we expect to be robust even away
from the exactly-solvable limit.

III. BAND REPRESENTATIONS FROM
MULTIPLICITY-ONE WYCKOFF POSITIONS

In this section, we shall use the approach outlined
above to calculate the sRDMs for space group P432
(207). More specifically, we shall consider the band repre-
sentations ρk = (ρ ↑ G)q at multiplicity-one Wyckoff po-
sitions. In this case, the band representation O = V ⊗Zd
is spanned by the spinful basis functions v ∈ V of the ir-
rep ρ of the site-symmetry group, repeated in each unit
cell. Despite its simple nature, the procedure outlined
here will be applicable to more complex cases, and the
results will serve as building blocks for the sRDM of sys-
tems with high-multiplicity Wyckoff positions, as we will
see in Sec. V.

A. Weyl fermion with s-like orbitals

Space group P432 (207) is a symmorphic space group
with a cubic Bravais lattice and chiral octahedral point
group 432. The point group (viewed as a subgroup of
the space group) has two independent generators, which
we take to be

{
C+

31|000
}

and {C2a|000}, which are re-
spectively the three-fold rotation around the (111) axis,
and the twofold rotation with respect to the (110) axis.
The site symmetry group of multiplicity-one Wyckoff po-
sitions is isomorphic to the point group. In Appendix A
we summarize the irreps and basis functions for the point
group 432.

Let us first consider spinful s-orbitals |j,m〉 =
|1/2,±1/2〉 with total angular momentum j = 1/2 at
a multiplicity-one Wyckoff position (either 1a or 1b). In
the |j,m〉 basis, the generators of the point group are
represented as

ρj(C+
31) = e

−i 2π
3
√

3
(Jjx+Jjy+Jjz )

,

ρj(C2a) = e
−i π√

2
(Jjx+Jjy)

,
(8)

where Jj are the vector of rotation generators for states
with total angular momentum j. By comparison with
Table. V, it is straightforward to verify that the j = 1/2
states carry a two-dimensional irrep of the site symmetry
group labelled by Ē1.

Since we have only one site per unit cell, the induction
to the band representation ρjk = (ρj ↑ G) is rather triv-
ial; at each time-reversal invariant momentum (TRIM)

k∗, we find that ρjk ↓ Gk∗ yields a two-dimensional repre-
sentation. For each twofold degeneracy, we can examine
its k ·p Hamiltonian. Each symmetry generator g of the
group will place a constraint on the possible form of the
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Hamiltonian as

ρ
1/2
k∗

(g)H(k)ρ
1/2
k∗

(g)−1 = H(gk). (9)

With these constraints, for j = 1/2, we can solve the
most general Hamiltonian for the s-orbital as

H(2)(δk) = v(k − k∗)iJ1/2
i ≡ vfδk · J1/2, (10)

for any TRIM k∗, where the Fermi velocity vf cannot
be determined by symmetry alone. Since we are start-
ing from a multiplicity-one Wyckoff position, the form of
the invariant Hamiltonian depends on neither the specific
TRIM nor the specific choice of multiplicity-one position:
both choices will multiply the representation matrices ρj

by overall phases, which do not affect the commutation
relations with the k · p Hamiltonian. The eigenstate of
H(2)(δk) can be written as

|δkm〉 = e−iφJ
1/2
z e−iθJ

1/2
y

∣∣∣∣12 ,m
〉
, (11)

where |1/2,m〉 are the eigenstates of J
1/2
z and we have

defined the angles (we will use this convention through-
out)

cos θ =
δkz
|δk|

, tanφ =
δky
δkx

. (12)

Using this, we can look at the sRDM for a constant en-
ergy surface, to determine the spin-momentum locking.
However, since we have trivial orbital degrees of freedom,
the reduced density matrix here is just the ordinary den-
sity matrix. We find that M±S (δk) = |δk,m〉〈δk,m| =
1
2 (σ0 ± δ̂k · σ), or

n
±1/2
1/2 (δk) = ±δ̂k. (13)

There is thus perfect spin-momentum locking in this
twofold degeneracy, and the winding number

ν
m=±1/2
j=1/2 = ±1 (14)

by Eq. (7).

B. Fourfold degeneracy with higher Orbitals

We can perform a similar analysis for the fourfold de-
generacies at the Γ and R = (π, π, π) points in space
group P432 (207), which are subduced in band repre-
sentations with multiplicity-one Wyckoff positions. Let
us first consider the band representation carried by the
p-orbitals located at either the 1a or 1b position. Un-
der the action of the site symmetry group, the p-orbitals
transform in the (reducible) representation given by

ρp(C+
31) = e

−i 2π
3
√

3
(J1
x+J1

y+J1
z ) ⊗ e−i

2π
3
√

3
(J1/2
x +J1/2

y +J1/2
z )

,

ρp(C2a) = e
−i π√

2
(J1
x+J1

y) ⊗ e−i
π√
2

(J1/2
x +J1/2

y )
, (15)

where the first and second factor are for the spinless p-
orbital and the spin part respectively. In this basis, the
states are spin-orbit decoupled and we shall denote them
as |j1,m1; j2,m2〉 where j1 = 1 for the p-orbital and j2 =
1/2 for spin. Consulting Table V, we can identify this as
the T1⊗ Ē1 representation of the point group. By taking
traces of the representation matrices, we find that this
representation splits as

T1 ⊗ Ē1 = Ē1 ⊕ F̄ , (16)

where Ē1 is the two-dimensional j = 1/2 representation
we encountered for s-orbitals, and F̄ is the four dimen-
sional j = 3/2 representation. To find the base for these
representations in terms of our spinful p-orbitals, we take
inspiration from the theory of addition of angular mo-
mentum. Since the states in the degenerate subspaces
have total angular momentum j = 1/2, 3/2, the basis
states can be labeled as |j,m〉 respectively (where, unless
otherwise specified, the spin quantization axis is taken to
be ẑ). These states are inherently strongly spin-orbit cou-
pled. We can decompose them into linear combinations
of spin-orbit decoupled states as

|j,m〉 =

j1∑
m1=−j1

j2∑
m2=−j2

|j1,m1; j2,m2〉〈j1,m1; j2,m2|j,m〉,

(17)

where 〈j1,m1; j2,m2|j,m〉 are Clebsch-Gordan coeffi-
cients. The Clebsch-Gordan coefficients serves as a uni-
tary transformation to block-diagonalize the site symme-
try group representations as

ρp(C+
31) = e

−i 2π
3
√

3
(J

1
2
x +J

1
2
y +J

1
2
z ) ⊕ e−i

2π
3
√

3
(J

3
2
x +J

3
2
y +J

3
2
z )
,

ρp(C2a) = e
−i π√

2
(J

1
2
x +J

1
2
y ) ⊕ e−i

π√
2

(J
3
2
x +J

3
2
y )
, (18)

where the summands correspond to the irreps carried by
P1/2 and P3/2 orbitals respectively.

For each irrep, we can induce the band representation
and subduce to either the Γ or R point. As for s-orbitals,
the induction procedure is rather trivial, and we arrive
at the constraint equation

ρj(g)H(k)ρj(g)−1 = H(gk), (19)

for j = 1/2, 3/2. For the twofold degeneracy, the most
general Hamiltonian is again given by Eq. (10) with the
eigenstates given in Eq. (11). However, unlike the case
of s-orbital, where the spin-orbit coupled state is essen-
tially the same as the decoupled state, for the P1/2 or-
bital, the Clebsch-Gordan coefficients serve as a nontriv-
ial pull-back map from the spin-orbit coupled state to the
decoupled state. Thus,

|δkm〉 =

j1∑
m1=−j1

j2∑
m2=−j2

|j1,m1; j2,m2〉×〈
j1,m1; j2,m2

∣∣∣∣e−iφJ1/2
z e−iθJ

1/2
y

∣∣∣∣12 ,m
〉
, (20)
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for j1 = 1, j2 = 1/2. Eq. (20) is a special case of Eq. (5)
as the pull-back map; the second line of Eq. (20), is noth-
ing but the Clebsch-Gordan coefficients in Eq. (17). We
proceed to form the density matrix |δkm〉〈δkm| and trace
out the orbital degree of freedom to calculate the sRDM
as

n
±1/2
1/2 (δk) = ∓ δ̂k

3
. (21)

Unlike for s-orbitals, we see that the sRDM for the
Kramers Weyl fermion with P1/2 orbitals exhibits imper-

fect spin-momentum locking, with |n±1/2
1/2 (k)| = 1/3 < 1.

From this example, it is clear that Kramers Weyls may
exhibit imperfect spin-momentum locking even in iso-
lated two-band models, provided the bands are strongly

spin-orbit coupled[16]. Further, we note that spin-
momentum locking, which serves as an indicator of entan-
glement between different elementary band representa-
tions, is determined not only by the band representation,
but also by the form of the basis functions. Nevertheless,
upon evaluating the winding number, we see that

ν
m=±1/2
j=1/2 = ∓1 (22)

just as for s orbitals.

We next calculate the sRDM for the fourfold degen-
eracy subduced by P3/2 orbitals at Γ and R. Upon
solving the constraint equation in Eq. (19), we find that
the most general Hamiltonian for the fourfold degeneracy
reads[15, 29]

H(4)(δk) = ~v


akz

√
3(a+b)

4 k− 0 a−3b
4 k+√

3(a+b)
4 k+ bkz

3a−b
4 k− 0

0 3a−b
4 k+ −bkz

√
3(a+b)

4 k−
a−3b

4 k− 0
√

3(a+b)
4 k+ −akz

 , (23)

where a = cosχ, b = sinχ and k± = δkx ± iδky. While
this Hamiltonian is hard to diagonalize for generic values
of v and χ, there exist several exactly solvable points.
Focusing on the case where χ = arctan(1/3), we have
H ∝ δk · J3/2, with eigenstates

|δkm〉 = e−iφJ
3/2
z e−iθJ

3/2
y |3

2
,m〉

=

j1∑
m1=−j1

j2∑
m2=−j2

|j1,m1; j2,m2〉

×
〈
j1,m1; j2,m2

∣∣∣∣e−iφJ3/2
z e−iθJ

3/2
y

∣∣∣∣32 ,m
〉
,

(24)

where in the second line we have decomposed the states
to the spin-orbit decoupled states with the Clebsch-
Gordan coefficients. Upon tracing out the orbital degrees
of freedom for the density matrix |δkm〉〈δkm|, we find
that

n
±3/2
3/2 (δk) = ±δ̂k, (25)

indicating that the states with m = ±3/2 are perfectly
spin-momentum locked. On the other hand,

n
±1/2
3/2 (δk) = ± δ̂k

3
, (26)

which indicates imperfect spin-momentum locking of
these bands. The corresponding winding numbers for
these sRDMs are found to be

νmj=3/2 = sgn(m) (27)

which is ±1 depending on the sign of the magnetic
quantum numbers. Eqs. (25) and (26) are obtained for
H(4)(δk) specifically tuned to a exactly solvable point,
and we expect the sRDMs will change if we move away
from these limits. Nevertheless, the winding numbers,
which are quantized, will not change as long as both
|nmj (k)| > 0 and the bands remain nondegenerate over
the Fermi surface. We note also that when χ = −π/4,
then after a reordering of the basis we can put Eq. (23)
into the form H ∝ δk · (J3/2)∗[15]. The sRDM and wind-
ing number in this limit can be obtained from Eqs. (24)–
(26) by the substitution φ→ −φ (or equivalently, δky →
−δky). Away from the δk · J limit, our formalism can

still be applied using the eigenstates of H(4) obtained
from numerical diagonalization.

In summary, we have outlined a general procedure
to calculate the sRDM, and exhibited the results for s
and p-orbitals for the space group 207. One key feature
demonstrated here is that for a single spinless orbital, we
could end up with either an elementary band represen-
tation (like with s orbitals), or a composite band rep-
resentation (like with p orbitals). We saw that whether
the band representation was elementary or composite af-
fected the quality of the spin-momentum locking, mea-
sured by |n(k)|. Further, in a band structure with both
s and p orbitals at the 1a position, a generic twofold
degeneracy will be spanned by some linear combination
of pseudospin-1/2 states from each band representation.
The most general reduced density matrix will then be a
convex linear combination of those from each band repre-
sentation in the spectrum, as we will explore in Sec. IV B.
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IV. COMPOSITE BAND REPRESENTATIONS

In this section, we shall explore in more detail the
sRDM in composite band representations. As we saw
in Sec. III, composite band representations can affect the
quality of the spin-momentum locking in an EBR. There
are two ways this can occur. The first, which we shall
call type-I entanglement, is when a single type of spinful
orbital induces a composite band representation due to
on-site spin-orbit coupling. The second type of entangle-
ment occurs when band representations from orthogonal
sets of spinless orbitals subduce the same degeneracy at
k∗. We shall explain in details the two types of entangle-
ment. For simplicity, we will compute the sRDMs below
only for the simplest δk·Jj form of the k·p Hamiltonians.
Nevertheless, the sRDM for less fine-tuned Hamiltonians
can be computed numerically using our same method.

A. Type-I entanglement: degeneracies with
non-minimal orbital content

In Sec. III B, we calculated the sRDM from the four-
fold degeneracy of P3/2 orbitals, and the twofold degen-
eracy of P1/2 orbitals in space group P432 (207). The
fourfold degeneracy is inherently strongly spin-orbit cou-
pled, however to define the basis states we started from
a spin-orbit decoupled basis. In order to do so, we re-
lied on strong on-site spin orbit coupling to separate
P3/2 orbitals from P1/2 orbitals at each site. In other
words, to obtain the fourfold degeneracy from electrons
with separate spin and orbital degrees of freedom, our
Hilbert space must be at least six dimensional. In fact,
the band representation (F̄ ↑ G)1a with its fourfold de-
generacy is naturally accompanied by the band represen-
tation (Ē1 ↑ G)1a carried by P1/2 orbitals. We saw that

this entanglement resulted in |n±1/2
j | = 1/3 < 1 for both

the twofold and fourfold degeneracies subduced by the p
orbitals.

As we saw above, on-site spin-orbit entanglement is
expected to arise whenever a site-symmetry group repre-
sentation is not an irreducible tensor product of spin and
orbital degrees of freedom. In other words, on-site SOC
can affect the purity of spin states - an S1/2 state is a
pure spin state, while a P1/2 state is not. As we saw in
the case of space group P432 (207), this means that, for
the purpose of spin-momentum locking, we should con-
sider single-valued EBRs, which are doubled due to the
additional spin degree of freedom. The additional entan-
glement due to spin-orbit coupling is then explained be-
cause a spin-doubled copy of a single-valued EBR needs
not be a double-valued EBR (it is in general a compos-
ite band representation). For instance, we saw that to
consider p orbitals at the 1a position in SG 207, we have

T1 ⊗ Ē1 ≈ Ē1 ⊕ F̄ , (28)

where T1 is the threefold degenerate representation of
the site-symmetry group and Ē1 is the representation for

the spin degree of freedom. We refer to this as “type-
I entanglement.” We see that it cannot be removed by
increasing the energy separation between the P1/2 and
P3/2 states.

This is certainly not unique for p-orbitals, and in fact
d-orbitals exhibits more interesting type-I entanglement.
Unlike with p orbitals, when we ignore spin d-orbitals
form a reducible representation of the point group of
space group P432 (207) (which is the site-symmetry
group of the 1a and 1b positions). In order to deter-
mine the appropriate basis for the band representations
carried by the d-orbitals then, we need to consider the
relative strength of on-site SOC and (spin-independent)
crystal-field splitting that determines the splitting of the
spinless representations.

Let us first suppose that on-site SOC dominates. In
this case, the ten d-orbitals first decouple into a D3/2

and a D5/2 representaton of SU(2). The D3/2 repre-

sentation is the irreducible F̄ representation of the site
symmetry group, while the D5/2 representation splits un-

der the crystal field into the sum F̄ ⊕ Ē2. We can find
the bases for these representations, and hence the sRDM
at the Γ or R points following the same treatment as in
Sec. III B. The Clebsch-Gordan coefficients in Eq. (17)
block-diagonalize the d-orbitals into the four-dimensional
D3/2 and six dimensional D5/2 representations, respec-
tively. The D3/2 orbital will subduce the same little
group representation that gives the same eigenstates as
in Eq. (24). The only difference is that the Clebsch-
Gordan coefficients will take different values, and with
these taken into account, we have

n
±3/2
3/2 (δk) = ∓3

5
δ̂k, n

±1/2
3/2 (δk) = ∓1

5
δ̂k, (29)

for the sRDM of D3/2 orbitals.

The situation for D5/2 is slightly more complicated.
Upon substituting j = 5/2 into Eq. (8), we find as men-
tioned above that the D5/2 orbitals carry a reducible
representation of the site symmetry group. Working in
the basis of angular momentum eigenstates |5/2,m〉 for
−5/2 ≤ m ≤ 5/2, the site-symmetry group representa-
tion is block-diagonal, with

ρD5/2(C+
31) = e

−i 2π
3
√

3
(−J

1
2
x +J

1
2
y −J

1
2
z ) ⊕ e−i

2π
3
√

3
(J

3
2
x +J

3
2
y +J

3
2
z )
,

ρD5/2(C2a) = e
i 2π
2
√

2
(−J

1
2
x +J

1
2
y ) ⊕ ei

2π
2
√

2
(J

3
2
x +J

3
2
y )
. (30)

Thus we see that the D5/2 induces a composite band
representation itself, which is very different from the case
of P3/2 and D3/2 orbitals.

With these understood, we proceed to solve for the
eigenstates of the k · p Hamiltonians subduced at Γ and
R. We have a twofold and a fourfold degeneracy which,
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in the δk · J limit have eigenstates

|δkm〉 = e−iφJ
j
z e−iθJ

j
y |j,m〉

=

5/2∑
m=−5/2

j1∑
m1=−j1

j2∑
m2=−j2

|j1,m1; j2,m2〉×〈
j1,m1; j2,m2

∣∣∣∣52 ,m
〉〈

5

2
,m

∣∣∣∣e−iφJjz e−iθJjy ∣∣∣∣j,m〉,
where j = 1/2, 3/2 for the twofold and fourfold de-
generacy respectively. We have explicitly written the
states in the spin-orbit decoupled basis, where the pull-
back map consists both the Clebsch-Gordan coefficients
〈j1,m1; j2,m2|5/2,m〉, as well as the overlap integrals
〈5/2,m|j,m〉. The fact that the pullback map is a com-
posite map is a signature of the composite band represen-
tations. With these taken into account, for the sRDM,
we find that

n
±1/2
1/2 (δk) = ± δ̂k

3
, (31)

for the twofold degeneracy, and

n
±3/2
3/2 (δk) = ±

(
2

5
δ̂k− 3

5
δ̂k

3
)
,

n
±1/2
3/2 (δk) = ∓

(
16

15
δ̂k− 9

5
δ̂k

3
)
,

(32)

for the fourfold degeneracy, where we have introduced
the shorthand

δ̂k
3

=
1

|δk|3
(δk3

x, δk
3
y, δk

3
z). (33)

These sRDMs are labelled by “SOC” in Table. I, referring
to the fact that they are obtained in the limit that on-site
spin-orbit coupling is large. Although not covariant un-

der continuous rotations, vectors of the form aδ̂k + bδ̂k
3

transform in the vector T1 representation of the chiral oc-
tahedral group (see Appendix A), and are hence allowed
by the symmetry of space group P432 (207). We note
that the winding numbers of the sRDMs in Eq. (32) are

ν
±3/2
3/2 = ∓5 (34)

ν
±1/2
3/2 = ±5 (35)

which is very different from what we found in Sec. III B
for P3/2 orbitals. This shows that the winding number of
the sRDM is not uniquely related to the Chern number
of the pseudospin states (equal to 2mfor a ).

Alternatively, we could consider a situation in which
crystal-field splitting dominates over on-site SOC. In
that case, the d orbitals first split under the crys-
tal field into a sum of two spinless irreps of the site-
symmetry group: the three-dimensional pseduovector
representation T2 carried by the (dxy, dxz, dyz) orbitals,
and the two-dimensional E representation carried by the

(dx2−y2 , dz2) orbitals. Including SOC, the T2 representa-
tion decomposes as

T2 ⊗ Ē1 = Ē2 ⊕ F̄ , (36)

while the two-dimensional E representation yields

E ⊗ Ē1 = F̄ . (37)

Although we end up with the same representations as
in the strong SOC case, accounting for the crystal field
splitting in this way gives us a different basis for the band
representations. In particular, note that the four dimen-
sional F̄ representation from the (dx2−y2 , dz2) orbitals
is spanned by pure spin states, by virtue of Eq. (37).
This is in contrast to the D3/2 and D5/2 orbitals in the
strong-SOC limit, neither of which are pure spin states.
We can follow the same procedure as above to compute
the sRDM from the basis of these band representations;
the results are summarized in the rows labelled “Crystal
field” in Table I. Crucially, we note that although the ba-
sis states for the fourfold degeneracy with (dx2−y2 , dz2)
orbitals are pure spin states, the sRDM for these states is
not trivial and isotropic. This is because unlike the P3/2

or D3/2 orbitals, (dx2−y2 , dz2)⊗{|↑〉, |↓〉} orbitals do not
form a representation of SU(2).

We can work out the sRDM explicitly in this case. Let
us choose the basis

|3
2
〉 = |dx2−y2 ↑〉 (38)

|1
2
〉 = |dz2 ↓〉 (39)

|−1

2
〉 = |dz2 ↑〉 (40)

|−3

2
〉 = |dx2−y2 ↓〉. (41)

The states are labelled by their Jz eigenvalue, in a basis
where

Jz =


3
2 0 0 0
0 1

2 0 0
0 0 − 1

2 0
0 0 0 − 3

2

 . (42)

We can find the representation matrices of the site sym-
metry group generators in this basis by subduction from
SU(2). We have that C4z is represented by

ρ(C4z) = exp

[
2πi

4
J3/2
z

]
. (43)

Similarly, a direct computation shows that in this basis

ρ(C31) = exp

[
− 2πi

3
√

3
(Jx − Jy + Jz)

]
. (44)

Finally, time-reversal symmetry in this basis is repre-
sented by

ρ(TR) =

 0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

K. (45)
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This is almost the usual basis for the F̄ representation
spanned by spin-3/2 orbitals, but with some crucial mi-
nus signs. It is straightforward to verify that

H = δk · (J3/2)∗ (46)

is invariant under these symmetries, in the sense of
Eq. (19). The eigenstates of this Hamiltonian are given
by

|mδk〉 = eiφJ
3/2
z e−iθJ

3/2
y |m〉 (47)

where m = ±3/2,±1/2, and |m〉 is one of the states
defined in Eqs. (38)–(41).

From our expressions for the eigenstates, along with
the fact that the states |m〉 are pure spin states, we might
expect that the sRDM for this degeneracy was purely
radial. However, it is important to note that although the
continuous spin-3/2 rotation Eq. (47) is a symmetry of
the Hamiltonian (46), it acts nontrivially on spin degrees
of freedom. To see this and to calculate the sRDM, we
note that in the basis of {|m〉} the spin operators take
the form

sx =
1

2

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 ,

sy =
1

2

0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 , (48)

sz =
1

2

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 .

The vector ~s of spin matrices do not transform as a vector
under rotations generated by the J3/2. Computing the
sRDM, we have

nm = 〈mk|~s|mk〉

〈m|eiθJ
3/2
y e−iφJ

3/2
z ~seiφJ

3/2
z e−iθJ

3/2
y |m〉 (49)

=

{
±(δ̂k)3, m = ±3/2

±
[
2δ̂k− 3(δ̂k)3

]
, m = ±1/2

as stated in Table I. We can evaluate the winding number
of the spin over the Fermi surface for each band to find

νm =
1

4π

∫
dθdφn̂m ·

[
∂n̂m
∂θ
× ∂n̂m

∂φ

]
=

{
±1, m = ±3/2

∓5, m = ±1/2
. (50)

In Fig. 1 we show a plot of the spin texture with winding
−5.

0

FIG. 1. Plot of the spin texture with winding ν = −5 for
crystal-field split d-orbitals in space group P432 (207). a)
shows the vector n(k) on a constant-energy sphere. b) shows
the projection (nx(k), ny(k)) of the spin texture along the
projection of the constatnt energy sphere to the kx−ky plane.
c) shows the analogous projection in the k111 − k11̄0 plane.

We see then that a general feature of type-I entangle-
ment is the dependence of the sRDM on the interplay be-
tween on-site SOC and crystal field splitting. For type-I
entangled orbitals the precise basis carried by each EBR
can range from maximally spin-decoupled when crystal
field splitting dominates over on-site SOC, to maximally
coupled when on-site SOC is sufficiently strong that the
basic building blocks of band representations are total
angular momentum eigenstates. Most realistic mate-
rials will be somewhere in between these two extreme
cases. However, we expect that for most crystalline solids
made of light- or intermediate-weight elements, crystal
field splitting will dominate over on-site SOC. Finally,
we note that type-I entanglement can also occur when
a single EBR subduces two isomorphic representations
at the same high symmetry point. In this case, group
theory alone does not uniquely specify the pullback map,
per Schur’s lemma. While this situation lies outside the
scope of the present work, it may open the door to even
more exotic spin textures than those presented here.

B. Type-II entanglement

In contrast, “type-II entanglement” occurs when we
add additional independent band representations which
subduce the same little group irreps at k∗, but are car-
ried by eigenfunctions with orthogonal orbital wavefunc-
tions. In this case, the basis functions for the irreps are
not restricted by symmetry, but can be arbitraty linear
combinations of the basis functions from each copy, due
to Schur’s lemma. In accordance with perturbation the-
ory, the energy splitting between irreps, along with band
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s p d

D3/2 fourfold
m = ± 1

2
∓ 1

5
δ̂k [∓1]

m = ± 3
2

∓ 3
5
δ̂k [∓1]

twofold ±δ̂k [±1] ∓ 1
3
δ̂k [∓1]

S
O

C twofold ± 1
3
δ̂k [±1]∗

D5/2 fourfold
m = ± 1

2
∓( 16

15
δ̂k− 9

5
δ̂k

3
) [±5]

m = ± 3
2
±( 2

5
δ̂k− 3

5
δ̂k

3
) [∓5]

twofold ± 1
3
δ̂k [±1]∗

m = ±1/2 ± 1
3
δ̂k [±1] dxy, dyz, dzx fourfold

m = ± 1
2
±(δ̂k− 2δ̂k

3
) [×]

fourfold ×

C
ry

st
a
l

fi
el

d

m = ± 3
2
∓(δ̂k− 2

3
δ̂k

3
) [∓1]

m = ±3/2 ±δ̂k [±1] dx2−y2 , dz2 fourfold
m = ± 1

2
±(2δ̂k− 3δ̂k

3
) [∓5]∗

m = ± 3
2

±δ̂k
3

[±1]∗

TABLE I. sRDM of s, p and d orbitals for space group 207. × indicates that the band representation of the spinful orbital
will not subduce an irrep with that dimension at k∗. The square brakets indicate the corresponding winding numbers of the
degeneracies, with [×] indicates the winding number is ill-defined for the sRDM because |n(k)|vanishes at certain points on the
Fermi surface. An asterisk is used to denote cases where the invariant Hamiltonian has the form δk · J∗.

topology, determines the relative weight of each set of
basis functions.

Let us take space group P432 (207) with s and p or-
bitals as an example. As we have seen in Sec. III, the
band representations of s and P1/2 orbitals, denoted as

ρ1,2
k respectively, both subduce a two dimensional irrep η

at the TRIM points. If {|α1
i 〉} ≡ {|α1

1〉, |α1
2〉} is a basis for

η1 formed by states in ρ1
k, and if {|α2

i 〉} is a basis for η2

formed by states in ρ2
k, then the two degeneracies η1 and

η2 will be spanned by the unitary linear combinations

{|β1
i 〉} = a{|α1

i 〉}+ b{|α2
i 〉},

{|β2
i 〉} = a∗{|α1

i 〉} − b∗{|α2
i 〉}, (51)

1 = |a|2 + |b|2.

Now we recall two facts: first, in the absence of any cou-
pling between band representations, {|αi〉} and {|βi〉}
separately span the representation η. Second, since the
band representations ρ1

k and ρ2
k are not type-I entangled,

Trorbs|α1
i 〉〈α2

j | = Trorbs|α2
i 〉〈α1

j | = 0 (i.e., the states are
spanned by different orbital degrees of freedom). Using
these facts, we have for the reduced density matrices

nη1(δk) = |a|2n1(δk) + |b|2n2(δk),

nη2(δk) = |b|2n1(δk) + |a|2n2(δk), (52)

where n1(δk) and n2(δk) are the reduced density ma-
trices for the band representations ρ1

k and ρ2
k taken in

isolation. Besides s and P1/2 orbitals, the contribution
from the twofold degeneracy subduced by d-orbitals must
also be included, as we have seen in Sec. IV A. Note also
that in the “Crystal field” case, the two fourfold degen-
eracies subduced by d-orbitals can also type-II entan-
gled with each other, since the basis (dxy, dxz, dyz) and
(dx2−y2 , dz2) orbitals for each degeneracy are orthogonal
to each other. This contrasts with the “SOC” case, where
the fourfold degeneracis from the D5/2 and D3/2 orbitals
were, by construction, type-I entangled—the orbital part

of their basis functions are not necessarily orthogonal.
As a result, for the sRDM summarized in Table. I, the
sRDM of a certain degeneracy, either twofold or fourfold,
is generally the linear combination of type-II entangled
entries with orthogonal crystal-field split orbitals.

More generally, suppose we have a set of N band rep-
resentations ρIk, I = 1, ..., N none of which are type-I en-
tangled, and all of which subduce an irrep η at k∗. This
could happen if we have multiple orbital types, or multi-
ple occupied Wyckoff positions (see Sec. V). Let {|αIi 〉}
be the basis for ηI formed by states in ρIk, then the states
will be unitary linear combinations

{|βIi 〉} = UIJ{|αJi 〉}, (53)

where UIJ is a unitary matrix, such that the sRDM are

nηI (δk) =
∑
J

|UIJ |2nηJ (δk). (54)

We see that the unitarity constraint, such as Eq. (51),
ensures that the total reduced density matrix is a con-
vex linear combination of the matrices computed from
TQC. In this way, the previous analysis generalizes to
the addition of multiple band representations, and hence
to realistic materials.

V. BAND REPRESENTATIONS FROM
HIGH-MULTIPLICITY WYCKOFF POSITIONS

Let us now move on to the experimentally exciting case
of band representations induced from Wyckoff positions
with more than one site. In this case, we will see that
there can be non-perfect spin-momentum locking even
when there is no on-site spin-orbit entanglement (i.e.,
when the band representation comes from s orbitals). As
we will see, this emerges due to entanglement between
spin and linear combinations of orbitals at different sites
in the Wyckoff position.
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For concreteness, let us focus on band representations
in space group P213 (198). Several materials in this
space group are chiral topological semimetals, such as
RhSi, CoSi, AlPt, PdGa and PtGa[15, 17, 31–34, 51].
The symmetry group has a primitive cubic Bravais lat-
tice, and two additional symmetry generators which we
take to be

{
C+

31|000
}

and
{
C2x| 12

1
20
}

. We shall include
time reversal (TR) symmetry in the following discussion
as well. According to Eq. (1), for a rotationally-invariant
set of basis orbitals that can be written in a spin-orbit de-
coupled basis (i.e. s, p or d orbitals) the (generally com-
posite) band representation matrix for each symmetry
generator g is a tensor product of the Wyckoff position
part, the spinless orbital part and the spin part

ρk(g) = ρk,O(g)⊗ ρk,S(g)⊗ ρk,W (g). (55)

Here ρk,O(g) and ρk,S(g) are the spinless and spinful rep-
resentations for g at the point k, respectively. Note that
this tensor product decomposition gives a slightly differ-
ent basis for states than the canonical induced represen-
tation basis of Ref. [35]. We can determine the Wyck-
off part by induction from the s-type orbitals at the 4a
Wyckoff position, with coordinates

q1

q2

q3

q4

 =


x x x

x+ 1
2

1
2 − x −x

−x x+ 1
2

1
2 − x

1
2 − x −x x+ 1

2

 . (56)

To expose the role of multi-site orbital entanglement, we
will start by taking as a basis for this band representation
s orbitals at each site qi. The site-symmetry group of the
site q1 is generated by C+

31, and is isomorphic to the cylcic
group C3. We give its character table in Appendix A.
Using the formalism of Refs. [35, 38], we can write the
explicit form of the band representation matrices as

ρk,W (C+
31) =


1 0 0 0

0 0 0 1

0 1 0 0

0 0 1 0

 ,

ρk,W ({C2x|
1

2

1

2
0}) =


0 eik1 0 0

1 0 0 0

0 0 0 ei(k1−k3)

0 0 e−ik3 0

 ,

ρk,W (TR) = i


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

K,

(57)

in the basis of (q1,q2,q3,q4). Here K is the complex
conjugation operator. We are interested in the fourfold
degeneracy at Γ, as well as the sixfold degeneracy at R.
Let us focus first on the Γ point.

A. Γ point

1. s Orbitals

Let us start by analyzing spinful s orbitals at the 4a
position, which induce the band representation (1Ē2Ē ↑
G)4a. For the degeneracies at the Γ-point, it turns out
that we can understand the physics much better with a
change of basis. To see that, note that when k = 0 the
vector |q1〉 + |q2〉 + |q3〉 + |q4〉 is invariant under all of
the matrices in Eq. (57). This lets us block-diagonalize
the ρk,W (g), and we find that they split as

ρΓ,W (C+
31) = 1⊕ e−i

2π
3
√

3
(J1
x+J1

y+J1
z )
,

ρΓ,W ({C2x|
1

2

1

2
0}) = 1⊕ e−iπJ

1
x ,

ρΓ,W (TR) = iK ⊕ e−iπJ
1
yK.

(58)

Note that for s-orbitals in any space group the symmet-
ric combination of orbitals is invariant under the action
of the point group (modulo lattice translations), and so
forms a trivial representation of the little group at Γ.

We notice that the first and second parts of the band
representation are those for the spinless s and p-orbitals
respectively. We have thus created linear combinations
of orbitals from different sites, which have the same or-
bital angular momentum as s and p orbitals placed at
the origin of the unit cell in the symmorphic space group
P23. As a result, we shall label the states from the first
direct summand as |s̄〉 and those from the second di-
rect summand as |p̄〉. When we tensor product with spin
|σ ≡↑, ↓〉 and subduce to the little group GΓ, we will find
that the (|s̄ ↑〉, |s̄ ↓〉) state span a spin-momentum locked
Kramers-Weyl fermion with k · p Hamiltonian

H ∝ δk · J1/2, (59)

and sRDM determined by

n
±1/2
1/2 (δk) = δ̂k, (60)

as given in Eq. (13).
Similarly, the states built out of |p̄〉 ⊗ |σ〉 will behave

like P1/2 and P3/2 orbitals at the origin of the unit cell,
with sRDM given in Table. I (note, however, that since
space group 198 has fewer symmetry constraints than
space group 207, the sRDMs of the two will generically
differ when the Hamiltonian is perturbed away from the
exactly solvable limit[17, 29]). Thus, the spin-momentum
locking at Γ for s orbitals—where the pseudospin space
is the physical spin space—is entirely captured by “effec-
tive” orbitals located at the origin of the unit cell. We
summarize the results in the s-orbital column of Table II.

Note that unlike in space group 207, the two twofold
degeneracies subduced by the s orbitals at the Γ point are
actually type-I entangled. This is because the twofold de-
generacy from |s̄〉 ⊗ |σ〉 and the twofold degeneracy from
|p̄〉⊗|σ〉 are both isomorphic to the same two-dimensional
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irrep ofGΓ. In principle this means that the basis orbitals
for each copy of this degeneracy are not uniquely deter-
mined, per our discussion in Sec. IV. However, here we
have chosen a physically-motivated way to specify the ba-
sis, by focusing on the Wyckoff position transformation
and introducing effective |s̄〉 and |p̄〉 orbitals. This cor-
responds to treating band splitting due to intra-unit cell
hopping as dominant over longer range hopping terms.
We will continue with this choice throughout our analy-
sis of p and d orbitals. One should keep in mind, however,
that perturbations away from this limit will change the
basis for the type-I entangled degeneracies of the same
type, and hence perturb the entries in Table II.

2. p Orbitals

The sRDM at Γ from p-orbitals can be similarly clas-
sified using the same “trick” of effective orbitals com-
posed of different Wyckoff sites. The results will depend
on whether on-site SOC or crystal field splitting is the
dominant energy scale, as we have seen in Sec. IV. Let
us first suppose that on-site SOC dominates, and the
five spinful p-orbitals first split into P1/2 and P3/2 or-

bitals. The P1/2 orbitals transform in the 1Ē2Ē rep-
resentation of the site-symmetry group, just like the
S1/2 orbitals (see Appendix A and Table VI). The P3/2

states, on the other hand, further split into the linear
combination 1Ē2Ē ⊕ ĒĒ of site symmetry group repre-
sentations, where the first summand corresponds to the
|J = 3/2,m = ±1/2〉 states, and the second summand
corresponds to the |J = 3/2,m = ±3/2〉, where the spin
quantization axis is taken along the C3 axis (111). The
Clebsch-Gordan coefficients allow us to express each of
these states in the spin and orbital basis, as we have
done in the previous section. Note that the band repre-
sentations induced by the two 1Ē2Ē site symmetry group
representations are generically type-I entangled.

Once we have the states that carry the irreps of the
site-symmetry group, we can proceed to consider the
Wyckoff part of the symmetry transformation as we did
for s orbitals above. This is easiest in the basis of
P1/2 ⊕ P3/2, where since the basis states are rotation-
ally invariant we have—as a refinement of Eq. (55) that
the band representation matrices factorize as

ρk(g) = ρk,SO(g)⊗ ρk,W (g). (61)

In words, the Wyckoff part of the symmetry transforma-
tion is simply an additional tensor product factor on the
spin-orbital part.

We then use the same effective |s̄〉 and |p̄〉 bases for the
Wyckoff part. Since |s̄〉 is a single state, P1/2 ⊗ |s̄〉 and
P3/2 ⊗ |s̄〉 states will each contribute to the sRDM as if
they are placed at the unit cell center. Thus, the twofold-
degenerate representations at Γ coming from from the
1Ē2Ē ⊗ |s̃〉 and the ĒĒ ⊗ |s̃〉 representations will have
the same k · σ invariant Hamiltonian as the twofold de-
generacy at Γ in space group 207 (up to complex conju-

gation). The spin texture will thus be the same as listed
in Table. I, although |n(δk)| depends sensitively on the
Clebsch-Gordan coefficients. However, the situation for
the space spanned by |p̄〉 is a bit more complicated. Re-
call that |p̄〉 behaves effectively as spinless p-orbital with
total angular momentum j = 1. Upon taking a tensor
product with the P1/2 ⊕ P3/2 states using the language
of addition of angular momentum[52], we can keep track
of the dimension for the Hilbert space spanned by |p̄〉 as

3⊗ (4⊕ 2) = (6⊕ 4⊕ 2)⊕ (4⊕ 2)

= ((4⊕ 2)⊕ 4⊕ 2)⊕ (4⊕ 2).
(62)

Here the factors at the left hand side indicates the di-
mension of |p̄〉 and the P3/2 ⊕ P1/2 orbitals respectively.
The first equality results from the effective SOC between
these degrees of freedom. In the last line of Eq. (62),
the states with total angular momentum j = 5/2, de-
noted by 6, further split into a fourfold degeneracy and a
twofold degeneracy due to the crystal field, as discussed
in Appendix A. Thus, we see that with high multiplic-
ity Wyckoff positions, the type-I entanglement of p or-
bitalS can exhibit a rich structure. A repeated appli-
cation of the Clebsch-Gordan decomposition then yields
the sRDMs summarized in the rows labelled by “SOC”
in Table. II. We find that the sRDMs for the P1/2 orbitals
give radial spin texture consistent with what we see for
s orbitals, although with the vector n divided by 3 due
to the Clebsch-Gordan coefficients. For the P3/2 orbitals
we find spin textures more reminiscent of those for d or-
bitals in space group 207 (Table I). We can understand
this through addition of angular momentum: P3/2 ⊗ |s̄〉
states behave like an effective spin-3/2, while P3/2 ⊗ |p̄〉
behaves like an effective D5/2 state.

The situation is very different when the crystal field
splitting dominates over on-site SOC. In this case, the
spinless p-orbitals at the 4a position first split into two
representations of the site symmetry group: a one-
dimensional representation A spanned by the px + py +
pz orbital, and a two-dimensional representation 1E2E
spanned by the (px − 2py + pz, px − pz) orbitals (see Ap-
pendix A for further details). The px + py + pz orbital
will behave like a spinless s-orbital when coupled to the
Wyckoff positions because the orbitals at different sites
are related by symmetry. To see this explicitly, we can
introduce the “dressed” Wyckoff positions as follows

|q̄1〉 ≡ |q1〉 ⊗
|px〉+ |py〉+ |pz〉√

3
,

|q̄2〉 ≡ |q2〉 ⊗
|px〉 − |py〉 − |pz〉√

3
= ρΓ,W⊗O(C2x)|q̄1〉,

|q̄3〉 ≡ |q3〉 ⊗
−|px〉+ |py〉 − |pz〉√

3
= ρΓ,W⊗O(C2y)|q̄1〉,

|q̄4〉 ≡ |q4〉 ⊗
−|px〉 − |py〉+ |pz〉√

3
= ρΓ,W⊗O(C2z)|q̄1〉,

(63)

where ρΓ,W⊗O(g) ≡ ρΓ,W (g) ⊗ ρΓ,O(g) is the orbital
and Wyckoff parts of the representation at Γ, and C2x,
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C2y = C+
31C2x(C+

31)−1, C2z = C+
31C2y(C+

31)−1. This cor-
responds to the basis that would be obtained from the
canonical induction formula. It is straightforward to con-
firm that the band representation matrices in this space
are exactly the same as that in Eq. (57), which are those
for spinless s-orbitals. Hence we expect that the sRDM
of the px + py + pz orbital will be exactly the same
as that of the s-orbital. For the space spanned by the
(px − 2py + pz, px − pz) orbitals, we can similarly in-
troduce the “dressed” Wyckoff positions in this space,
followed by splitting them into effective |s̄〉 and |p̄〉 or-
bitals. It turns out that there are two twofold and three
fourfold degeneracies subduced at Γ in this space (see
App. B), corresponding to the [(1E2E⊗ 1Ē2Ē) ↑ G]4a =
(ĒĒ ↑ G)4a ⊕ (1Ē2Ē ↑ G)4a composite band represen-
tation. Combining the formulas for the basis states with
the δk · J form of the k · p Hamiltonian, we can com-
pute the sRDM as in the previous sections. The sRDMs
are tabulated in the rows labelled by “Crystal field” in
Table. II. The sRDM we find here include fourfold degen-
eracies with spin winding numbers ±5 and ±1, as well as
twofold degeneracies with radial spin texture.

3. d Orbitals

The sRDM of the d-orbitals can be calculated simi-
larly. Let us first consider the case when on-site SOC is
dominant. In this case, the d-orbitals on each site first
split into D3/2 and D5/2 orbitals. D3/2 orbitals trans-
form under the site-symmetry group identically to P3/2

orbitals above.

For the D5/2 orbitals, we again use the fact that for an
SU(2)-invariant set of orbitals the band representation
matrices have a tensor product structure Eq. (61). This
lets us focus on the Wyckoff and spin-orbital part of the
band representation matrices separately. Focusing on the
spin-orbital part, we have at the Γ point that the band
representation matrices are

ρ
5/2
Γ (C+

31) = e
−i 2π

3
√

3
(J3/2
x +J3/2

y +J3/2
z ) ⊕ e−i

2π
3
√

3
(J1/2
x +J1/2

y +J1/2
z )

ρ
5/2
Γ (C2x) = e−iπJ

3/2
x ⊕ e−iπJ

1/2
x

ρ
5/2
Γ (TR) = e−iπJ

3/2
y ⊕ e−iπJ

1/2
y

which coincide with the band representations for P3/2

and P1/2 orbitals at Γ, respectively. However, this does
not imply that the d-orbital have the same sRDMs as
the p-orbital, because the sRDM also depends on the
basis functions (Clebsch-Gordan coefficients) as we have
seen in Sec. IV. Nevertheless, the arguments presented
above for p-orbitals also apply for the d-orbitals if we
substitute the Clebsch-Gordan coefficients of the latter
to obtain the spin-orbit decoupled states. The results
are presented in Table. II. Interestingly, in addition to
bands with spin winding number ±1 and ±5, we find
that with D5/2 orbitals we can get an sRDM at Γ for a

fourfold degeneracy with spin winding numbers

ν
±3/2
3/2 = ∓1, (64)

ν
±1/2
3/2 = ±7. (65)

We can understand this as originating from the D5/2⊗|p̄〉
states, which include an effective spin-7/2 orbital. In
Fig. 2 we show a plot of the spin texture with winding
−7.

(a) (b)

(c)

δky

δk111

δkx

δk

δky

δkx

δkz

0

FIG. 2. Plot of the spin texture with winding numbers ν =
−7 for crystal-field split d-orbitals in space group P432 (207).
a) shows the vector n(k) on a constant-energy sphere. b)
shows the projection (nx(k), ny(k)) of the spin texture along
the projection of the constatnt energy sphere to the kx − ky
plane. c) shows the analogous projection in the k111 − k11̄0

plane.

The sRDMs of the d-orbitals are in fact given for free
when the crystal field is dominant. To obtain a basis for
the crystal-field split orbitals at each site, we can use the
fact that the site symmetry group C3 (and in fact the en-
tire little group GΓ) is contained in the chiral octahedral
group discussed in Sec. III. Recall from Sec. IV A that if
the crystal field splitting dominates over the on-site SOC,
the spinless d-orbitals split into a three-dimensional rep-
resentation of the chiral octahedral group carried by the
(dxy, dxz, dyz) orbitals, and a two-dimensional represen-
tation carried by the (dx2−y2 , dz2) orbitals. If we now
restrict to the point group of space group P213 (198), we
see in Table. III that the (dxy, dxz, dyz) transform exactly
like p-orbitals, and hence give the same sRDMs. For the
(dx2−y2 , dz2) orbitals, it turns out that they carry the
same band representation as the (px − 2py + pz, px − pz)
orbitals, since they both carry the 1E2E representation of
the site symmetry group. In contrast to the strong-SOC
limit, these band representations have isomorphic spin-
orbit decoupled bases, and hence the sRDMs induced
from (dx2−y2 , dz2) orbitals coincide with those listed in
the rows labelled by px − 2py + pz, px − pz in Table. II.
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s-orbital p-orbital

twofold ∓ 1
3
δk [∓1], ± 1

9
δk [±1]

P1/2
fourfold

m = ±1/2 ∓ 1
9
δk [∓1]

twofold ±δk [±1]

S
O

C

m = ±3/2 ∓ 1
3
δk [∓1]

∓ 1
3
δk [∓1] twofold ± 5

9
δk [±1], ± 1

3
δk [±1]∗

P3/2
fourfold

m = ±1/2 ± 1
3
δk [±1], ± 11

45
δk [±1], ∓( 16

15
δk− 9

5
δk3) [±5]

m = ±3/2 ±δk [±1], ± 11
15
δk [±1], ±( 2

5
δk− 3

5
δk3) [∓5]

twofold ±δk [±1], ∓ 1
3
δk [∓1]

m = ±1/2 ± 1
3
δk [±1] px + py + pz

fourfold
m = ±1/2 ± 1

3
δk [±1]

fourfold

C
ry

st
a
l

fi
el

d

m = ±3/2 ±δk [±1]

twofold ∓ 1
3
δk [∓1], ∓ 1

3
δk [∓1]

m = ±3/2 ±δk [±1]
px − 2py + pz

px − pz fourfold
m = ±1/2

±(2δk− 3δk3) [∓5]∗,∓( 2
3
δk− δk3) [±5]∗

±( 2
3
δk− δk3) [∓5]

m = ±3/2 ±δk3 [±1]∗, ∓ 1
3
δk3 [∓1]∗, ± 1

3
δk3 [±1]

d-orbital

twofold ∓ 1
3
δk [∓1], ∓ 1

5
δk [∓1]∗

D3/2
fourfold

m = ±1/2 ∓ 1
5
δk [∓1], ∓ 11

75
δk [∓1], ±( 16

25
δk− 27

25
δk3) [∓5]

S
O

C

m = ±3/2 ∓ 3
5
δk [∓1], ∓ 11

25
δk [∓1], ∓( 6

25
δk− 9

25
δk3) [±5]

twofold ± 1
3
δk [±1]∗, ∓ 1

9
δk [∓1]∗, ± 1

45
δk [±1], ± 1

3
δk [±1]∗

D5/2
fourfold

m = ±1/2 ∓( 16
15
δk− 27

15
δk3) [±5], ± 1

9
δk [±1]∗, ±( 148

225
δk− 27

25
δk3) [∓5], ±( 2

15
δk− 9

25
δk3) [±7]

m = ±3/2 ±( 2
5
δk− 3

5
δk3) [∓5], ± 1

3
δk [±1]∗, ∓( 14

75
δk− 9

25
δk3) [±5], ∓( 8

25
δk− 3

25
δk3) [∓1]

TABLE II. The sRDMs for space group P213 (198) at Γ-point. Entries separated by commas correspond to different degeneracy
points subduced by the same set of orbitals. For orbitals that subduce multiple fourfold degeneracies, the m = ±1/2 and

m = ±3/2 for each degeneracy appear in the same order in both rows. Here δ̂k
3

should be understood as a vector (δ̂k
3

x, δ̂k
3

y, δ̂k
3

z).
The square brakets indicate the corresponding winding numbers of the degeneracies. An asterisk is used to denote cases where
the invariant Hamiltonian has the form δk ·J∗. When crystal field splitting dominates, the sRDMs induced from the d-orbitals
can be determined from the corresponding rows for the p-orbitals, as described in the main text.

B. R Point

Let us now move on to discuss the sRDM at the R
point. Unlike the situation for Γ-point, there is no simple
basis to diagonalize the band representation matrices for
the Wyckoff part alone. To analyze the sRDM in this
case, we will again consider s, p, and d orbitals separately.

1. s Orbitals

Since spinless s orbitals are scalars, we need only con-
sider ρk,S⊗W (g) ≡ ρk,S(g)⊗ ρk,W (g), the tensor product
of the spin and Wyckoff representation matrices for the
symmetry elements. Upon substituting the coordinates
of the R point k = (π, π, π) into Eq. (57), we can block-
diagonalize this representation. We find that there is a
two-dimensional invariant subspace spanned by the vec-
tors

|+〉 =
1

2
(i|q1 ↓〉 − |q2 ↑〉+ i|q3 ↑〉+ |q4 ↓〉) ,

|−〉 =
1

2
(−i|q1 ↑〉+ |q2 ↓〉+ i|q3 ↓〉+ |q4 ↑〉) , (66)

{C3|000}
{
C2x| 12

1
2
0
}

px,y,z

 1

1

1


1

−1

−1


dxy, dyz, dzx

 1

1

1


1

−1

−1


dx2−y2 , dz2

(
− 1

2
−
√

3
2√

3
2
− 1

2

) (
1

1

)

TABLE III. The representations for the symmetry generators
in space group P213 (198) for different spinless orbitals.

as well as an orthogonal six-dimensional invariant sub-
space. A convenient basis for the orthogonal subspace
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is

|1a〉 =
1

2
√

2
(|q1 ↑〉+ |q2 ↑〉+ i|q3 ↑〉 − i|q4 ↑〉

− i|q1 ↓〉+ i|q2 ↓〉+ |q3 ↓〉+ |q4 ↓〉)
|2a〉 = −ρR,S⊗W (C+

31)|1a〉
|3a〉 = ρR,S⊗W (C+

31)2|1a〉

|1b〉 =
1

2
√

2
(i|q1 ↑〉 − i|q2 ↑〉+ |q3 ↑〉+ |q4 ↑〉

− |q1 ↓〉 − |q2 ↓〉+ i|q3 ↓〉 − i|q4 ↓〉)
|2b〉 = −ρR,S⊗W (C+

31)|1b〉
|3b〉 = ρR,S⊗W (C+

31)2|1b〉.

(67)

Re-expressing the matrices ρR,S⊗W (g) in this basis, we
find

ρR,S⊗W (C3) = e
−i 2π

3
√

3
(−J1/2

x +J1/2
y −J1/2

z )

⊕

I2 ⊗

 1

1

1


 ,

ρR,S⊗W ({C2x|
1

2

1

2
0}) = I2 ⊕

I2 ⊗

1

−1

−1


 ,

ρR,S⊗W (TR) = ieiπJ
1/2
y K ⊕ (ie−iπJ

1/2
y ⊗ I3K),

(68)

where I2 is the 2× 2 identity matrix.
Examining the basis in Eq. (66), we find that matrix

elements for all spin operators vanish in this subspace.
This means that regardless of the invariant Hamiltonian
(in fact, the invariant Hamiltonian here is quadratic in
δk to leading order), we have

n = 0 (69)

for the sRDM near the twofold degeneracy. In contrast
to our previous examples, this shows that strongly spin-
orbit coupled degeneracies can have trivial spin momen-
tum locking. The lack of spin-momentum locking here
originates from the high-degree of entanglement between
spin and orbital degrees of freedom in Eq. (66). This
indicates that although the band representation is built
from only s-orbitals, twofold degeneracies can range from
perfectly spin-momentum locked to entirely mixed spin
states.

Next, we examine the sixfold degenerate subspace. We
can write the most general k · p Hamiltonian in the six-
fold degenerate subspace as[29]

HR(δk, b, ϕ, vf ) = ~vf

(
H(3)(δk, ϕ) bH(3)(δk, 0)

b∗H(3)(δk, 0) −H(3)(δk,−ϕ)

)
,

H(3)(δk, ϕ) =

 0 eiϕkz e−iϕky
e−iϕkz 0 eiϕkx
eiϕky e−iϕkx 0

 ,

(70)

where vf is the Fermi velocity, and b, ϕ are real-valued
free parameters. In the simplest case, we have ϕ =
π/2, b = 0, in which case we have a decoupled set of three-
fold degeneracies with δk · J Hamiltonians. In this limit
we have that for each block, labeled as α = ± respec-
tively, the states behave exactly like a spinless p-orbital
as evident from Eq. (68). Thus we shall label the states
as |α = ±, j = 1,m〉 to reflect that the state has to-
tal angular momentum j = 1. With that, we have the
eigenstate of the Hamiltonian HR(δk, b = 0, ϕ = π/2, vf )
are

|α = ±, δkm〉 = e−iφJ
1
z e−iθJ

1
y |α = ±, j = 1,m〉. (71)

Upon decomposing the eigenstates to spin-orbit decou-
pled states using Eq. (67), the sRDM is calculated to
be

nα,m1,i =
m

2
δ̂ki + α

2− 3|m|
2

λijk δ̂kj δ̂kk, (72)

where λijk is a fully symmetric tensor equal to 1/2 when-
ever (ijk) is a permutation of (123), and zero otherwise
(in other words, it is half the absolute value of the Levi-
Civita tensor). We recall that nα,mj are the sRDM for the

state |α, j,m〉, and unlike the isotropic spin-momentum
locking for twofold and fourfold degenerate fermions, here
the spin-momentum locking explicitly reflects the three-
fold cubic symmetry. In Fig. 3, we show the representa-
tions of this spin texture for α = + and |m| = 0, 1. With
Eq. (7), we find that the winding numbers of the n vector
for the |α = ±, δkm〉 states read

να,mj=1 = m, (73)

which is exactly the magnetic quantum number of the
bands. Since the winding number is quantized, we ex-
pect that it will not change when the Hamiltonian is
weakly perturbed away from the exactly solvable point,
as discussed in Sec. III. Furthermore, it should be ro-
bust to the addition of more band representations into
the spectrum, provided |να,m1 | 6= 0. It is important to
note that although the bands with different values of α
feature distinct patterns of spin-momentum locking, they
are in fact degenerate when b = 0, φ = π/2 (or when b
satisfies certain condition, see Eq. (74)). From an exper-
imental point of view, this implies that a probe that is
sensitive only to spin will measure the sRDM averaged
over different α sectors in this limit, thus reproducing a
radial spin texture. However, for generic values of b and
φ, which are material-dependent, this degeneracy could
be lifted along most directions, allowing for the sRDM of
bands with different α to be distinguished. In that case,
one could fit the measured spectrum against the model In
Eq. (70), followed by measuring the sRDMs in different
α-sectors.

2. p Orbitals

The sRDM of the p-orbitals will, again, depend on
the relative strength of the on-site SOC and crystal field
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δkz

δkx δk111

δkx

δk11

(a)

δkz

δkx

(b)

(c)

δk111

δkx

δk11

(e)

(f)

yδk

yδk

yδk

yδk

0

0

FIG. 3. Representation of the spin texture for the sixfold
degeneracy at the R point in space group P213 (198) for |m| =
1 (a,b,c) and |m| = 0 (d,e,f). a) shows the vector n(k) on a
constant-energy sphere for |m| = 1. b) shows the projection
(nx(k), ny(k)) of the spin texture along the projection of the
constatnt energy sphere to the kx − ky plane for |m| = 1.
c) shows the analogous projection in the k111 − k11̄0 plane
for |m| = 1. d) shows the vector n(k) on a constant-energy
sphere for |m| = 0. e) shows the projection (nx(k), ny(k)) of
the spin texture along the projection of the constatnt energy
sphere to the kx−ky plane for |m| = 0. f) shows the analogous
projection in the k111 − k11̄0 plane for |m| = 0.

splitting. Let us consider first the case where the spin-
ful p-orbital is split into P1/2 and P3/2 orbitals due to
SOC. The band representation induced from P1/2 or-
bitals subduces a twofold and a sixfold degeneracies, in
a similar basis as in Eqs. (66)-(67) for s orbitals, with

the spin state | ↑〉 (| ↓〉) replaced by spin-orbit coupled
state |j = 1/2,m = 1/2〉 (|j = 1/2,m = −1/2〉). The
resulting sRDMs are those in Eqs. (69) and 72 multi-
plied by a factor of −1/3, an explicit manifestation of
the Clebsch–Gordan coefficients. We can follow a similar
construction for P3/2 orbitals, and the resulting sRDMs
are listed in the rows of Table. IV labelled by “SOC”.
Again we find that all twofold degeneracies at the R point
have vanishing n. For the sixfold degeneracies, we find
that one of the sixfold degeneracies subduced from P3/2

orbitals has spin winding ναm1 = 3m.

When crystal field splitting dominates, we again find
that the space spanned by the px+py+pz orbital behaves
like that spanned by spinless s-orbitals, after coupling to
the Wyckoff position part. To see that, we can substitute
the “dressed” Wyckoff positions (see Eq. (63)) into the
basis in Eqs. (66)–(67), and show that the band represen-
tation matrices reduce to those in Eq. (68) for s-orbitals.
Hence, the sRDMs from the px + py + pz orbital are ex-
actly those in Eqs. (69) and (72). For the space spanned
by the (px−2py+pz, px−pz) orbitals, with a similar sub-
stitution of the “dressed” Wyckoff positions (see App. B)
we can show that the band representations split into two
copies of twofold and sixfold degeneracies respectively,
with the sRDMs shown in the rows labelled by “Crystal
field” in Table. IV. These are similar in structure to the
sRDMs we found for P3/2 orbitals.

3. d Orbitals

For the sRDM from d-orbitals, our discussion at the
end of Sec. V A still applies. As evident from Eq. (57),
the only difference between the band representation ma-
trices at the Γ and R-points lies in the representation
ρk,W ({C2x| 12

1
20}). This, however, will not change the

fact that spinful d-orbitals, after splitting by strong on-
site SOC, induce the same band representations as p-
orbitals. As a result, we can follow the same calculation
as for p orbitals, followed by substituting the Clebsch-
Gordan coefficients for d-orbitals to obtain the sRDMs.
These are presented at the bottom of Table IV. Similarly,
note that the orbital part of the symmetry transforma-
tions for (dxy, dyz, dzx) and (dx2−y2 , dz2) subspaces, as
presented in Table. III are independent of k. Thus, in the
strong crystal field limit, the sRDMs for crystal-field split
d-orbitals can be obtained from the sRDMs for crystal-
field split p orbitals in Table. IV, just as at the Γ point.

VI. COMPARISION WITH DENSITY
FUNCTIONAL THEORY

Recently, PtGa in space group P213 (198) has
been shown experimentally to host chiral multifold

fermions[51]. In this section, we will combine DFT cal-
culations with our theory of sRDMs to study the spin
texture of the chiral sixfold degeneracy closest to the
Fermi level at the R point in PtGa. To study its elec-
tronic structure, we performed DFT calculations as im-
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TABLE IV. The sRDM for space group P213 (198) at R-point. For six-fold degeneracies with states parameterized by α,m, the
i-th component of the sRDM ni(δk) and the winding numbers are explicitly indicated. For two-fold degeneracies, it turns out
the sRDMs are all zero, which are indicated by 0 and their winding numbers are omitted. When crystal field splitting dominates,
the sRDMs induced from the d-orbitals can be determined from the corresponding rows for the p-orbitals, as described in the
main text. An asterisk is used to denote cases where the invariant Hamiltonian has the form δk · J∗.

plemented in the Vienna ab initio simulation package
(VASP)[53–56]. We use the structural parameters as re-
ported in Ref. [57]. The interaction between ion cores and
valence electrons are treated by the projector augmented-
wave method[58], the generalized gradient approximation
(GGA) for the exchange-correlation potential with the
Perdew-Burke-Ernkzerhof for solids parameterization[59]
and spin-orbit coupling are taken into account by the sec-
ond variation method[60]. We used a Monkhorst-Pack
k-point grid centered at Γ of (9× 9× 9) points for recip-
rocal space integration and 500 eV energy cutoff of the
plane-wave expansion. We will in this section measure k
vectors in reduced coordinates, so that each component
of k lies between 0 and 1.

We start by plotting the calculated ab-initio band
structure. In order to fully characterize the sRDMs near
the R-point, we select three paths, namely (111), (011)
and (001), which are along the R−Γ, R−X and R−M
directions respectively (we adopt the standard labelling
of the high symmetry points in the BZ[49]). We sam-
ple 101 points in the vicinity of the R-point for each
path. Taking (111) as an example, we sample 101 data
points between δk = 0 (exactly at the R-point) and
δkx = δky = δkz = 0.002. For the paths (011) and (001),
we keep δkx = 0 and δkx = δky = 0 respectively. We
show the band structure in Fig. 4(a); we use red for the
bands along (111), blue for bands along (011), and green
for bands along (001). We observe that to linear order the
bands appear to be doubly degenerate and linearly dis-

persing in all directions. Quadratic corrections to the dis-
persion can be observed for the middle two bands along
all three paths. We also attribute the small splitting
of the bands along the (111) direction to the quadratic
corrections, since the splitting is of the same order as
the deviation from linear dispersion along the (011) and
(001) directions. Furthermore, as shown in Ref. [29], if
the bands of a sixfold fermion are degenerate to linear
order along (111), then they are degenerate to linear or-
der for every δk. Although this double degeneracy is
not symmetry protected (and hence nonuniversal), it is
similar to the dispersion in other B20 compounds such
as RhSi, and arises due to the dominance of short-range
hoppings[17]. The bands in Fig. 4(a) are similar to what
we have analyzed in Sec. V B, where we specialized to
the exactly solvable case of Eq. (70) with ϕ = π/2, b = 0.
However, we cannot deduce that b = 0, ϕ = π/2 from the
dispersion alone. In order to make quantitative compar-
ison with the DFT result, we show in Appendix C 2 that
if

b =

√
cos2 ϕ− 3 sin2 ϕ, (74)

then the eigenvalues of H(6)(δk, b, ϕ, vf ) are doubly de-
generate and given by

{0,±2~vf cosϕ|δk|}. (75)

Eq. (75) can be viewed as a first order approximation for
the DFT band structures shown in Fig. 4(a), with two
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FIG. 4. Comparison of
predicted spin-momentum
locking with results from
ab-initio DFT calculations.
(a) The band structure of
PtGa near the R point, fo-
cusing on the sixfold degen-
eracy closest to the Fermi
level. Bands for k vec-
tors along (111), (011) and
(001) are shown in red, blue
and green respectively. The
quantum numbers (α,m)
for the bands are shown ex-
plicitly, and the bands for
distinct α are nearly degen-
erate. The black solid lines
are the fitted result from
Eq. (70), with hvf/a = 2.4
meV, ϕ = 1.4820 and b
given in Eq. 74. (b) The
DFT result for sRDM for
orbitals dxy, dyz, dzx, shown
for different components.
The colors correspond to
the paths in (a). (c) The
DFT result for sRDM with
all orbitals (s, p, and d-
orbitals) included. (d) The
α-averaged sRDMs for the
same orbitals as in (b).

to-be-determined parameters vf and ϕ. Since the sRDMs
depend on ϕ and not vf , we can first determine the value
of ϕ by computing the sRDM from DFT at a single k
point. We can then fit vf to the band dispersion. Fol-
lowing this, we can compare our theoretically determined
sRDM to the spin texture computed from DFT at other
k points.

The sRDMs can be calculated from the ab-initio data
for each sampled data point on a given band n. To do
so, we compute the projection of the DFT wave functions
onto the spherical harmonics |Ylm〉 and collect the results
into an “orbital weight table”[61]. The orbital weight
table consists of four sectors, j = 0, 1, 2, 3, consisting
of the average of the identity operator j = 0, spin sx
(j = 1), spin sy (j = 2) and spin sz (j = 3) of the
projected wave functions. We can organize each sector

into a matrix Mj with matrix element Mβ,lm
j . Here β =

1, ..., 8 labels the eight ions in the unit cell, and lm, which
should be treated as a single index, labels the orbitals. In
App. C 1, we show that the spin-resolved density matrix
for a given orbital lm and ion β, is given by

ρβ,lmδk =
1

2

3∑
j=0

Mβ,lm
j σj , (76)

where σj are the four Pauli matrices (we define σ0 to be
the 2×2 identity matrix). The reduced density matrix is

obtained by tracing out the ionic and orbital degrees of
freedom

ρRDM
δk ≡

∑
β,lm

ρβ,lmδk , (77)

such that the sRDM can be directly extracted from the
DFT data as

ni(δk) = tr
(
ρRDM
δk σi

)
. (78)

PtGa was found to have the strongest SOC among all
the chiral multifold fermionic materials investigated thus
far[51]. From the orbital weight table, we compute that
the dominant contribution (∼ 74%) to bands near the
sixfold degeneracy comes from the orbitals dxy, dyz and
dzx. The sRDMs from these orbitals, calculated with
Eq. (77)-(78) are shown in Fig. 4(b). Here, the x, y and
z components of the sRDMs are shown in separate panels,
with the red, blue and green circles correspond to paths
(111), (011) and (001) respectively. As a comparison, the
sRDMs from all the orbitals, including the small contri-
butions from s, p and d-orbitals, are shown in Fig. 4(b).
Upon comparison, it is clear that the sRDMs from the
dxy, dyz, and dzx orbitals constitute a good approxima-
tion to the total sRDM, and so we will focus on them for
the remainder of the discussion. The sRDMs from other
orbitals will be discussed in details in App. C 1.
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We can theoretically calculate the sRDMs induced
from the above d-orbitals using the approach developed
in Sec. V B. From the DFT calculated orbital weights,
we observe that dxy, dyz and dzx have equally distributed
weights, which hints that crystal field splitting dominates
over on-site SOC, and that the dominant contribution of
sRDM comes from the dxy+dyz+dzx orbitals of Pt at the
4a Wyckoff position. Since this orbital behaves like the
px+py+pz orbital (see Table III), we can use the basis of
Eq. (67) with the Wyckoff positions |qi〉 replaced by the
“dressed” Wyckoff positions |q̄i〉 defined in Eq. (63). The

eigenstates of the sixfold Hamiltonian H
(6)
R (δk, b, ϕ, vf ),

which can be labeled as |α = ±, δkm〉, serve as coeffi-
cients to determine a linear combination of these basis
states, from which we can extract the sRDM nα,m. Pro-
vided Eq. (74) holds, the states |α = ±, δkm〉 are doubly
degenerate with α-independent eigenenergy. As a result,
we expect that the ab-initio calculated sRDMs are av-
eraged sRDM over α, as discussed in Sec. V B 1. In the
δk · J limit with b = 0, φ = π/2, the sRDM is given by
the “Crystal field” px + py + pz row of Table IV, which
coincides with Eq. (72) for s orbitals. To go beyond the
δk · J result quantitatively, we must fit vf and φ to the
DFT using Eq. (74).

With this understanding, we scan through ϕ ∈ [−π, π),

diagonalize H
(6)
R (δk, b, ϕ, vf ) (recall that vf would not

affect sRDM), followed by calculating the α-averaged
sRDM for the dxy+dyz+dzx orbital. After comparing to

n
(d)
z along the (001) direction in Fig. 4(b), we determine

that ϕ = 1.4820 (see Appendix C 2 for more details).
We can then use this value of ϕ to determine the sRDM
along the other paths, shown in Fig. 4(d) . With the
value of ϕ determined, we can determine vf by fitting
the band structures in Eq. (75) to that from the DFT
result. We find that hvf/a = 2.4 meV gives the best fit,

where a = 4.973Å is the lattice constant for PtGa. The
bands computed with this value of vf are shown as black
solid lines in Fig. 4(a).

From Fig. 4, we first notice that the sRDMs are
approximately constant along each path for |δk|a <
8meV/~vf , which is a priori not obvious from Eq. (76)-
(78). However, from Eq. (70), we can always factor out
the momentum for a given path such that the eigenstates
and the sRDM are independent of the magnitude of the
momentum. Thus, this observation serves as the first
confirmation for our theory. For the (111) path, which
is labeled in red, the sRDM from DFT and theoretical
prediction are both isotropic, and show excellent quan-
titative agreement. This suggests that the second order
correction to the band structure, which is visible from
Fig. 4(a), has negligible effect on the sRDM. For the path
(011) labelled in blue, the x-component of the sRDM cal-
culated from DFT is noisy due to the degeneracy of the
bands; averaging over this, we have excellent quantita-
tive agreement. The consistency between the DFT and
theory result is also manifested for the path (001) la-
beled in green (although this was guaranteed by the fit-

ting procedure). For both the ab-initio and the theoret-
ically calculated sRDM, we confirm that the sRDMs for
the dxy+dyz+dzx orbital are radial. This may seem con-
tradictory to our results in Sec. V B, particularly those
shown in Table IV. However, the non-radial texture in
the sRDMs arises because we have manually separated
the two degenerate bands into different α-sectors. As
discussed in Sec. V B, even though b 6= 0, since the bands
are nearly doubly degenerate, the more physical quan-
tity for degenerate bands is the α-averaged sRDMs; the
non-radial α-dependent contributions cancel in the aver-
age. We note that the α-averaged sRDMs at the R-point
for SG 198 are generally proportional to the magnetic
quantum number m, as evident from Table IV.

In summary, with a focus on the sixfold degeneracy
near the R-point, we show that our theory provides both
quantitatively accurate predictions, as well as valuable
insights to some features for the sRDMs of PtGa. We
stress that it is important to distinguish which mecha-
nism, either on-site SOC or crystal field, is dominant and
responsible for the splitting of the band representations.
The sRDM is determined not only by the band represen-
tations, but also the underlying basis that spans the sub-
space of the degeneracy. In fact, considering that SOC is
a relativistic effect, we expect that crystal field splitting
should be the leading energy scale for most real material,
which is also confirmed in our comparison above. Addi-
tionally, we have seen that the energy bands alone are
not enough to uniquely specify the k · p Hamiltonian for
a sixfold degenerate fermion. Our fitting shows that we
need to additionally consider the spin of the eigenstates
to remove the redundancy Eq. (74).

VII. A PRACTIAL GUIDE TO THE METHOD

In Sec. VI we have seen through a specific example
how our method can be combined with DFT calculations
to yield predictions for the spin texture near the sixfold
degeneracy in PtGa. In this section, we will give a general
guide on how to apply the results of this work to other
materials and k points in space group P213 (198). As
we saw in PtGa, the first step is to perform an orbital-
resolved ab initio calculation for bands near the k point
of interest (either the Γ or R point for this work). From
the orbital projection at the degeneracy point, one can
read off the orbitals that compose the band degeneracies
closest to the Fermi level. Since we expect that for most
materials that crystal field splitting dominates over on-
site SOC, we can focus on the linear combinations of
crystal-field split orbitals identified in Tables II and IV.
Once the dominant set of crystal-field split orbitals near
the Fermi level is known, the tables give heuristics for
what to expect for the spin texture in the δk · J limit, in
the absence of any type-II entanglement. To go further
and make quantitative predictions for the spin texture,
we can fit the bands to the low-energy k · p invariant
Hamiltonian, just as we did in Sec. VI and Appendix C.
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We can then numerically construct the pullback map,
and hence the sRDM.

Although we focused on the Γ and R point of space
group P213 (198) here, our method can be extended to
any space group, and to any high-symmetry point. To
do so, we need to compute the invariant k · p Hamilto-
nian for each allowed degeneracy at the high symmetry
point. Additionally, we need to compute the elementary
band representations carried by each set of (crystal-field
or spin-orbit split) orbitals. Finally, for each elementary
band representation we need to compute the expression
for the basis vectors of each degeneracy in momentum
space, analogous to our Eqs. (66) and (67). This allows
for the computation of the pullback maps—and hence the
sRDMs—for any space group.

Finally, let us comment on the domain of validity of
our method. As it is based in using the basis functions
of degeneracies at high-symmetry points, our method
is expected to provide quantitatively correct predictions
close to multifold degeneracies. However, the symmetry-
adapted spin-orbit coupled basis functions we use are
only expected to be accurate close to high-symmetry
points, where spin-orbit splitting of degeneracies at the
high symmetry point dominates over spin-independent
dispersion effects (i.e. when there exists no way to take
an SOC-free limit without changing the degeneracy at
the high-symmetry pont). Farther from a high-symmetry
point, bands can instead be described in terms of nearly-
spin degenerate basis functions that are weakly split by
SOC. In this limit, the approach of Ref. [48] applies. In
a real material we expect there to be a crossover between
these regimes as a function of momentum.

VIII. DISCUSSION AND CONCLUSION

In this work we have shown how the tools of band
representations and topological quantum chemistry yield
insight into the origin of spin-momentum locking in mul-
tifold fermions. We have introduced a set of analyti-
cal tools that let us compute the bulk spin texture for
nodal points in any space group. As a test case, we ana-
lyzed two- and fourfold degeneraces at the Γ and R point
of the chiral octahedral space group P432 (207). We
highlighted the importance of local (position space) basis
functions in determining the spin texture near degenera-
cies, showing that while twofold and fourfold degenera-
cies from s and p orbitals always had radial spin textures
with winding number ±1 over the Fermi surface, d or-
bitals could yield fourfold degeneracies with spin winding
number ±1 and ±5. We additionally applied our theory
to the experimentally interesting case of B20 compounds
in space group P213 (198) like AlPt, PdGa, and PtGa.
Along the way, we have also quantified the fragility of
spin momentum locking both to on-site spin-orbital en-
tanglement and to the mixing of additional basis states.
As an example, we have shown that the spin-orbit cou-
pled twofold degeneracy at the R point of P213 can have

vanishing spin-momentum locking. We also derived the
allowed spin texture for the sixfold degeneracy at the R
point, where the n vector winds either 1 or 0 times around
the Fermi surface despite being non-radial. Additionally,
for p and d orbitals we found that the sixfold degeneracy
could have spin texture with winding ±3. We note that
our results also extend to threefold degeneracies at the
P point in space group I213 (199), which have a k · p
Hamiltonian given by H(3) in Eq. (70) (the analogous
threefold degeneracy in space group I4123 (214) could
be analyzed similarly, but one must account for the en-
larged site-symmetry group at the maximal Wyckoff po-
sitions). Beyond just theoretical analysis, our work can
be combined with ab initio calculations to extract the
spin-momentum locking of Bloch states near multifold
nodal degeneracies, by combining basis orbital informa-
tion with fitting to the k · p dispersion. In contrast to
direct magnetization calculation in DFT, our method al-
lows for systematic approximation schemes by excluding
type-II entangled orbitals. Additionally, we have shown
that our theory allows for a quantitatively accurate pre-
diction of the spin texture along any k direction using
ab-initio data from only a few momenta.

A key point we emphasize is that spin-momentum lock-
ing is not a quantized concept, even in cases where simple
models predict a winding of the spin texture around the
Fermi surface. Indeed, the vector n(k) which determines
the sRDM is not a vector of constant length. We have
shown that both on-site (type-I) and multisite (type-II)
SOC-induced entanglement can affect the magnitude and
the direction of n(k); whenever a perturbation pushes the
length |n(k)| to zero, all spin-momentum locking is de-
stroyed and even spin-textures that appear to have non-
trivial winding can be unwound.

Our work opens the door to several interesting exper-
imental and theoretical questions. First, our predictions
suggest that bulk spin-resolved ARPES in chiral topo-
logical semimetals could reveal interesting spin textures
related to the winding number of topological degenera-
cies. However, our work shows that care must be used in
interpreting the results due to both the nonquantization
of spin-momentum locking, as well as the dense sampling
in momentum space necessary to infer any winding of the
spin texture. Additionally, our work suggests that mate-
rials with chiral multifold fermions may exhibit chirality-
induced spin selectivity and spin transport beyond what
has recently been predicted for simple Kramers-Weyl
fermions[62–64]. Next, our method should also be appli-
cable in a suitably generalized form to the surface Fermi
arc states in topological semimetals. A pressing question
is to what degree the Fermi arc states inherit the spin-
mometnum locking from the bulk, and furthermore how
robust this is to surface effects. This will be the subject
of a forthcoming work. Finally, we showed that fourfold
degeneracies can host spin textures with winding number
±1,±5, and even ±7. This raises the intriguing question
of what happens to spin-dependent interactions such as
triplet pairing or magnetic interaction when projected



21

ρ E C2z C31 C2a C4z Ē

A1 1 1 1 1 1 1

A2 1 1 1 -1 -1 1

E 2 2 -1 0 0 2

T1 3 -1 0 -1 1 3

T2 3 -1 0 1 -1 3

Ē1 2 0 1 0
√

2 -2

Ē2 2 0 1 0 −
√

2 -2

F̄ 4 0 -1 0 0 -4

TABLE V. Character table for the point group 432. The
first column gives the representation label. Each subsequent
column gives the character for elements in the conjugacy class
with representative elemnt given in the first column.

into a Fermi surface with large spin texture. Our work
suggests that superconducting instabilities in chiral mul-
tifold fermions may exhibit a rich structure due to this
spin-momentum locking.
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Appendix A: Some Useful Character Tables

In this section, we provide the character tables for
groups used in this work. We use the notation of
Refs. [50, 65–67] for the representation labels, and the
properties of the basis functions can be found in, e. g.,
Ref. [68]. First, we consider the chiral octahedral group
432 (O), which is the point group of space group 207.
It has eight irreducible representations, five spinless and
three spinful. Each of the representations is also time-
reversal invariant. They are defined in Table V. We note
that the trivial A representation is carried by spinless s
orbitals. The T1 representation is carried by spinless p or-
bitals. The triplet of spinless (dxz, dyz, dxy) orbitals carry
the T2 representation. The pair of (dx2−y2 , dz2) carry
the E representation. For spinful orbitals, we note that
J = 1/2 states transform in the Ē1 representation, while
J = 3/2 states transform in the F̄ representation. Fi-
nally, the |Jmj〉 = |5/2±5/2〉 states transform in the Ē2

representation, while the remaining four J = 5/2 states
transform in the F̄ representation.

ρ E C3 C−1
3 Ē

A1 1 1 1 1
2E 1 e−2πi/3 e2πi/3 1
1E 1 e2πi/3 e−2πi/3 1

Ē 1 -1 -1 -1
1Ē 1 e−πi/3 eπi/3 -1
2Ē 1 eπi/3 e−πi/3 -1

TABLE VI. Character table for the point group C3. The
first column gives the representation label. Each subsequent
column gives the character for elements in the conjugacy class
with representative elemnt given in the first column.

Next, in Table VI, we give the character table for C3,
the site-symmetry group of the 4a position in space group
198. Unlike in 432, here not all of the irreps are time-
reversal invariant. Time-reversal pairs the 1E and 2E
irrep into a “physically irreducible” representation we de-
note as 1E2E. Similarly, for spinful orbitals the physi-
cally irreducible representations are ĒĒ and 1Ē2Ē. For
concreteness, let us focus on the case where the C3 axis
is in the 111 axis, as occurs in space group 198. In
this case, A1 representation is carried by spinless s or-
bitals, and by the spinless px + py + pz orbital. The
(px− 2py + pz, px− pz) orbitals carry the physically irre-
ducible 1E2E representation. Turning to spinful orbitals,
S1/2 and P1/2 orbitals each carry the 1Ē2Ē physically ir-
reducible representation. In fact, choosing the angular
momentum quantization axis along 111, we have that
each pair of mJ = ±(4n + 1)/2 states carry this repre-
sentation, for n = 0, 1, . . . . Alternatively, we have that
mJ = ±(4n − 1)/2 states carry the ĒĒ representation,
for n = 1, 2, . . . .

Appendix B: The band representations for the
(px − 2py + pz, px − pz) orbitals in the strong crystal

field limit

In this section, we shall explicitly construct the band
representation matrices in the subspace spanned by the
(px−2py+pz, px−pz)-orbitals in the limit of strong crys-
tal field splitting for space group P213 (198). We shall
first introduce the “dressed” Wyckff positions in this sub-
space, followed by showing how the band represetnation
matrices split at the Γ and R points. In Sec. V A, we have
explicitly introduced the “dressed” Wyckoff positions for
the px + py + pz subspace (See Eq. (63)); now we intro-
duce the analogous basis for the (px − 2py + pz, px − pz)
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subspace as

|q̄5〉 ≡ |q1〉 ⊗
|px〉 − |pz〉√

2
,

|q̄6〉 ≡ |q2〉 ⊗
|px〉+ |pz〉√

2
= ρk,W⊗O(C2x)|q̄5〉,

|q̄7〉 ≡ |q3〉 ⊗
−|px〉 − |pz〉√

2

= ρk,W (C2y)⊗ ρk,O(C2z)|q̄5〉,

|q̄8〉 ≡ |q4〉 ⊗
−|px〉+ |pz〉√

2

= ρk,W (C2z)⊗ ρk,O(C2y)|q̄5〉

|q̄9〉 ≡ |q1〉 ⊗
|px〉 − 2|py〉+ |pz〉√

6
,

|q̄10〉 ≡ |q2〉 ⊗
|px〉+ 2|py〉 − |pz〉√

6
= ρk,W⊗O(C2x)|q̄9〉,

|q̄11〉 ≡ |q3〉 ⊗
−|px〉+ 2|py〉+ |pz〉√

6

= ρk,W (C2y)⊗ ρk,O(C2z)|q̄9〉,

|q̄12〉 ≡ |q4〉 ⊗
−|px〉 − 2|py〉 − |pz〉√

6

= ρk,W (C2z)⊗ ρk,O(C2y)|q̄9〉.

(B1)

We have constructed the basis by acting with twofold
rotations on the two orbitals |q̄5〉 and |q̄9〉 centered at
q1; unlike in Eq. (63) we now have a two-dimensional
subspace on each site. We can project the spinless band
representation matrices into this basis, and the genera-
tors read

ρ
(8)
k (C+

31) =

(
− 1

2 −
√

3
2√

3
2 − 1

2

)
⊗


1 0 0 0

0 0 0 1

0 1 0 0

0 0 1 0

 ,

ρ
(8)
k ({C2x|

1

2

1

2
0}) = I2 ⊗


0 ±1 0 0

1 0 0 0

0 0 0 ±1

0 0 1 0

 ,

ρ
(8)
k (TR) = iI2 ⊗ I4K,

(B2)

for k ∈ {Γ, R}, and the signs in ρ
(8)
k ({C2x| 12

1
20}) is +1 if

k = Γ and −1 if k = R. We notice the second terms in
the tensor products are nothing but ρk,W (g) in Eq. (57).
Hence at the Γ-point, they can be block-diagonalized as
in Eq. (58) into a one dimensional |s̄〉 and a three dimen-
sional |p̄〉representation. Upon tensoring with the two-
dimensional Hilbert space of spin at each site, and using
the addition of angular momentum we find the Hilbert
space dimensions split as

2⊗ (1⊕ 3)⊗ 2 = 4⊕ 2⊗ (2⊕ 4) = 4⊕ 4⊕ (2⊕ 2⊕ 4),
(B3)

where we have used effective SOC twice to decouple the
irreps. This explains the dimensions of the degeneracies

for the rows labelled by “px−2py+pz, px−pz” in Table. II.
Applying this decomposition directly to the matrices in
Eq. (B2) gives us the pullback maps needed to determine
the sRDMs.

For the R-point, similarly, upon coupling the “Wyck-
off” parts in Eq. (B2) to the spin, they split into a two-
dimensional and another six-dimensional representations,
as in Eq. (68). We can keep track of the dimensions as

2⊗ (4⊗ 2) = 2⊗ (2 + 6) = 4⊕ 12 = (2⊕ 2)⊕ (6⊕ 6)
(B4)

where in the last line, we solved the constraint equation
Eq. (19) in the subspaces denoted by 4 and 12 separately.
Thus we find two twofold and sixfold degeneracies respec-
tively as shown in Table. IV.

Appendix C: Details for comparing theory and DFT
results for sRDMs

In this appendix, we illustrate several techniques used
in comparing our theoretically calculated sRDM to the
results of ab-initio calculations.

1. Calculation of spin reduced density matrix from
the orbital weight table

First, we demonstrate how to obtain the spin reduced
density matrix for a given band n from the orbital weight
table computed from DFT. Suppose for a given band n,
the wavefunction near the R-point can be represented as
follows

|Ψn〉 =
[
χ↑nk(1) χ↓nk(1) ... χ↑nk(8) χ↓nk(8)

]T
, (C1)

where χµnk(β) is the component of the wavefunction with
spin µ at the β-th ion. For the case of PtGa, β = 1, ..., 8
since there are eight ions per unit cell, but our analysis is
completely general. We assume that the wave functions
are normalized, such that 〈Ψn|Ψm〉 = δmn. The orbital
weight table consists of the projections

〈Ylm|

(
2∑

µ,ν=1

|χνnk(β)〉σjµν〈χ
µ
nk(β)|

)
|Ylm〉, (C2)

onto spherical harmonics for j = 0, 1, 2, 3, given in four
rows. Here lm (which should be treated as one index such
as s, px, dx2−y2 , etc) label the orbitals, and β labels the
ions. µ, ν = 1, 2 correspond to spin up and spin down
respectively. We note that 〈Ylm|χµnk(β)〉 is the projec-
tion of the wavefunction onto a spherical harmonic and
spin µ at the β-th ion. Thus, we introduce the following
notation

〈Ylm|χµnk(β)〉 = zβ,lmµ , (C3)
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for a fixed band n (for brevity we omit the n and k labels).
We can then simplify Eq. (C2) as∑

µ,ν=1,2

(zβ,lmµ )∗σjµν(zβ,lmν ), j = 0, 1, 2, 3, (C4)

which reads explicitly

j = 0 :
(
|zβ,lm1 |2 + |zβ,lm2 |2

)
;

j = 1 :
(
zβ,lm∗1 zβ,lm2 + h.c.

)
;

j = 2 :
(
−izβ,lm∗1 zβ,lm2 + h.c.

)
;

j = 3 :
(
|zβ,lm1 |2 − |zβ,lm2 |2

)
.

(C5)

For each sector j, we see that we can view the given or-

bital weights as a matrix Mj , with matrix element Mβ,lm
j

for ion β and orbital lm. The matrix elements are given
in Eq. (C4) as

Mβ,lm
j =

∑
µ,ν=1,2

(zβ,lmµ )∗σjµν(zβ,lmν ), (C6)

which satisfy

Mβ,lm
j=0 =

√
(Mβ,lm

j=1 )2 + (Mβ,lm
j=2 )2 + (Mβ,lm

j=3 )2, (C7)

for each entry (β, lm). Other than this property, we also
note from the first line in Eq. (C5) that all the entries in
Mj=0 are positive. Furthermore, the spherical harmonics
satisfy

〈Yl′m′ |Ylm〉 = δll′δmm′ ,

and are taken by the ab-initio code to be orthogonal for
atoms at different sites[61]. The orbital weight table is
normalized such that

∑
β

∑
lm

2∑
µ=1

∣∣〈Ylm|χµnk(β)〉
∣∣2 =

∑
β

∑
lm

2∑
µ=1

|zβ,lmµ |2 = 1,

(C8)

where we have taken into account two spin species. In
other words, the sum of all entries with j = 0 is unity.

The spin-resolved density matrix for a given orbital lm
and ion β is denoted as ρβ,lm, and it has µν-components
defined as (note the switch of indices)

ρβ,lmµν ≡ (zβ,lmν )∗(zβ,lmµ )

=

[
|zβ,lm1 |2 (zβ,lm2 )∗(zβ,lm1 )

(zβ,lm2 )(zβ,lm1 )∗ |zβ,lm2 |2

]
,

(C9)

which has trace one by virtue of Eq. (C8). We observe
that Eq. (C4) can be rewritten as

ρβ,lmµν =
1

2

3∑
j=0

Mβ,lm
j σjµν , (C10)

where Mβ,lm
j are the matrices given in the orbital weight

table. This can be seen by noting that

∑
µ,ν

ρβ,lmµν σjνµ =
1

2
tr(

3∑
k=0

Mβ,lm
k σkσj) = Mβ,lm

j ,(C11)

which reproduces Eq. (C4). As a result, the spin-resolved
density matrix ρβ,lm is completely determined by the

given orbital weights Mβ,lm
j . The sRDM is then given

by tracing out the ion and orbital degrees of freedom

ρsRDM ≡
∑
β,lm

ρβ,lm. (C12)

We see then that we can write the sRDM as

ρsRDM =
1

2
M0 (σ0 + n · ~σ) , (C13)

where we have introduced

M0 =
∑
β,lm

Mβ,lm
0 , (C14)

nx =
1

M0

∑
β,lm

Mβ,lm
1 , (C15)

ny =
1

M0

∑
β,lm

Mβ,lm
2 , (C16)

nz =
1

M0

∑
β,lm

Mβ,lm
3 . (C17)

Eqs. (C14)–(C17) are the formulas used to obtain the
spin reduced density from DFT for the dxy, dyz and dzx
orbitals, as shown in the main text. To do so, we restrict
the sums over l,m to range only over the d-orbitals of
interest. By factoring out M0 in Eq. (C13), we account
for the fact that the d-orbitals do not fully exhaust the
trace of the density matrix. The sRDM for other orbitals
are shown in Fig. 6, which will be discussed in the next
subsection.

2. α-averaged sRDMs for sRDMs at the R-point
for SG 198

In Sec. V B, we have shown that the most general k · p
Hamiltonian for the sixfold degeneracy near the R-point
reads

HR(δk, b, ϕ, vf ) = ~vf

(
H(3)(δk, ϕ) bH(3)(δk, 0)

b∗H(3)(δk, 0) −H(3)(δk,−ϕ)

)
,

H(3)(δk, ϕ) =

 0 eiϕδkz e−iϕδky
e−iϕδkz 0 eiϕδkx
eiϕδky e−iϕδkx 0

 ,

(C18)

where vf is the Fermi velocity, and b, ϕ are free parame-
ters not determined by symmetry. As shown in Ref. [29],
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HR commutes with the operator

A =

(
cosϕ b

b∗ − cosϕ

)
⊗ I3, (C19)

such that with the eigenstates of A, we can block-
diagonalize the Hamiltonian as

HR(k, b, ϕ, vf ) =
√

1 + |b|2~vf

(
H(3)(π2 − δϕ, δk) 0

0 H(3)(π2 + δϕ, δk)

)
, (C20)

where δϕ = tan−1
(√

cos2 ϕ+ |b|2/ sinϕ
)

. For δk oriented along the (001) or (011) directions, the eigenvalues of HR

read {0,±~vf
√

1 + |b|2|δk|} which are doubly degenerate. Here |δk| is the norm of the momentum along the paths.
For the (111) direction, however, the eigenvalues read{

±2 sin δϕ
|δk|√

3
,±(
√

3 cos δϕ+ sin δϕ)
|δk|√

3
,±(
√

3 cos δϕ− sin δϕ)
|δk|√

3

}
, (C21)

in units of ~vf
√

1 + |b|2. These depend on δϕ explicitly.
In order for the bands to be doubly degenerate, we re-
quire either tan δϕ = 0 or tan δϕ±

√
3. In the first case,

this results in b = 0, ϕ = ±π/2 which is identical to the
case considered in Sec. V B and hence will not be consid-
ered here. Instead, we are interested in the second case,
which results in the relation

|b| =
√

3 cos2 ϕ− sin2 ϕ, (C22)

and the doubly degenerate spectrum

{0,±2~vf cosϕ|δk|}, (C23)

for all three paths. Eq. (C23) serves as a first order
approximation for the DFT band structures shown in
Fig. 4(a). We will now determine the parameters.

We proceed to first determine ϕ by calculating the
sRDMs for the sixfold degeneracy with the method de-
veloped in Sec. V B. For each value of ϕ ∈ [−π, π), we
determine b from Eq. (C22) (it turns out that real values
of b is sufficient for our purposes), followed by diago-
nalizing HR(δk, b, ϕ, vf ). The eigenstates can be labeled
as |α = ±, δkm〉 with eigenvalues E(α = ±, δkm) =
2m~vf cosϕ|δk| for m = 0,±1. Since the eigenstates
are doubly degenerate and do not depend on α, we ex-
pect that the measured sRDM for certain value of m will
be the average over α. In Fig. 5, we show the absolute
value of the α-averaged sRDMs for the (dxy + dyz + dzx)
subspace. We note that from Eq. (C22), b is only well-
defined for ϕ ∈ [− 2π

3 ,−
π
3 ]∪[π3 ,

2π
3 ], and hence the sRDMs

are piecewise functions of ϕ. The different branches of
the sRDMs for a given path, say (111), correspond to
different magnetic quantum m. In order to compare to
the DFT results, we extract the z-components for each
path, and plot them as black solid lines on top of the
theory predictions in the right panel of Fig. 5. We see

that if we choose ϕ0 = 1.4280 to match the value of n
(d)
z

along the (001) direction from DFT, we immediatley get

agreement with our theoretical predictions for n
(d)
z along

the (011) and (111) direction. Alternatively, the same
value of ϕ0 can be determined if we compare, say, the
x-component of the sRDMs. With the value of ϕ0 de-
termined, it is straightforward to determine vf by fitting
the band structures in Eq. (C23) to that from the DFT
result. We find that hvf/a = 2.4 meV, and the resulting
band structures are shown in Fig. 4 in the main text.

In Fig. 6(a-c), we show the DFT sRDMs for the s-
orbital, p-orbitals and the dx2−y2 , dz2 orbitals respec-
tively. The corresponding theory results, namely the α-
averaged sRDMs, are shown in Fig. 6(d-f). For the p-
orbital (with orbital weight around 11%), similar to the
dxy, dyz and dzx orbitals discussed in the main text, we
find the px, py and pz orbitals share the same weights,
and hence the main contribution comes from the one-
dimensional representation px + py + pz. The theory re-
sult has been divided by a factor of 6.81, which is the
ratio between the orbital weights of the dxy + dyz + dzx
orbital and the px + py + pz orbital. Similarly, for the
s and (dx2−y2 , dz2) orbitals, we have divided the theory
result by 3.40 and 15.31 in order to faithfully compare
to the DFT results. From Fig. 6, we see that due to
the relatively large orbital weights, the results for the
s and p orbitals agree quantitatively. The theoretical
predictions for the (dx2−y2 , dz2) orbitals are significantly
different from the DFT result, due to their relatively low
orbital weights (only ∼ 3.2%). We expect that this does
not affect our quantitative understanding for the overall
sRDM, when compared to experiments.
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FIG. 5. The absolute value of the α-averaged sRDMs for
the (dxy, dyz, dzx) subspace for the sixfold degeneracy at the
R-point in PtGa. The three panels correspond to the x, y
and z-components of the sRDMs, and the red, blue and green
solid lines correspond to the α-averaged sRDMs for the paths
(111), (011) and (001), as a function of ϕ, respectively. The
three black solid lines in the right panel correspond to the
z-component of the sRDMs along the three paths. They in-
tersect the colored solid lines at the same value of ϕ0 = 1.4280,
as indicated by the vertical dashed line.
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FIG. 6. Comparison of predicted spin-momentum locking with results from ab-initio DFT calculations. The paths are the

same as the ones shown in Fig. 4. (a-c) DFT results for s, p and dx2−y2 , dz2 orbitals. Note that the label n
(d)
i refers to the

dx2−y2 , dz2 orbitals, instead of dxy, dyz, dzx as in Figs. 4–5. (d-f) Theory results for the same orbitals. The results for the s,
p and (dx2−y2 , dz2) orbitals have been divided by 3.40, 6.81 and 15.31 according to their relative orbital weights compared to
the dxy + dyz + dzx orbital.

[1] C. Kittel, Quantum Theory of Solids (Wiley, 1987).
[2] C. L. Kane and E. J. Mele, Quantum Spin Hall Effect in

Graphene, Phys. Rev. Lett. 95, 226801 (2005).
[3] C. L. Kane and E. J. Mele, Z 2 topological order and

the quantum spin Hall effect, Physical review letters 95,
146802 (2005).

[4] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quantum
spin hall effect and topological phase transition in hgte
quantum wells, Science 314, 1757 (2006).

[5] L. Fu, C. L. Kane, and E. J. Mele, Topological Insulators
in Three Dimensions, Phys. Rev. Lett. 98, 106803 (2007).

[6] Y. Xia et al., Observation of a large-gap topological-
insulator class with a single Dirac cone on the surface,
Nature Phys. 5, 398 (2009).

[7] X. Wan, A. M. Turner, A. Vishwanath, and S. Y.
Savrasov, Topological semimetal and fermi-arc surface
states in the electronic structure of pyrochlore iridates,
Physical Review B 83, 205101 (2011).

[8] B. Lv, S. Muff, T. Qian, Z. Song, S. Nie, N. Xu,
P. Richard, C. E. Matt, N. C. Plumb, L. Zhao, et al.,
Observation of fermi-arc spin texture in taas, Physical
review letters 115, 217601 (2015).

[9] S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane,
G. Bian, C. Zhang, R. Sankar, G. Chang, Z. Yuan, C.-
C. Lee, S.-M. Huang, H. Zheng, J. Ma, D. S. Sanchez,
B. Wang, A. Bansil, F. Chou, P. P. Shibayev, H. Lin,
S. Jia, and M. Z. Hasan, Discovery of a Weyl fermion
semimetal and topological Fermi arcs, Science 349, 613
(2015).

[10] Z. Liu, J. Jiang, B. Zhou, Z. Wang, Y. Zhang, H. Weng,
D. Prabhakaran, S. Mo, H. Peng, P. Dudin, et al.,
A stable three-dimensional topological Dirac semimetal
Cd3As2, Nat. Mater. 13, 677 (2014).

[11] Z. Liu, B. Zhou, Y. Zhang, Z. Wang, H. Weng,
D. Prabhakaran, S.-K. Mo, Z. Shen, Z. Fang, X. Dai,
et al., Discovery of a three-dimensional topological Dirac
semimetal, Na3Bi, Science 343, 864 (2014).

[12] Z. Wang, Y. Sun, X.-Q. Chen, C. Franchini, G. Xu,
H. Weng, X. Dai, and Z. Fang, Dirac semimetal and topo-
logical phase transitions in $A 3$Bi ($A=\textNa$, K,
Rb), Phys. Rev. B 85, 195320 (2012).

[13] Y. Kim, B. J. Wieder, C. L. Kane, and A. M. Rappe,
Dirac line nodes in inversion-symmetric crystals, Phys.
Rev. Lett. 115, 036806 (2015).

https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1038/nphys1274
https://doi.org/10.1103/PhysRevB.85.195320
https://doi.org/10.1103/PhysRevLett.115.036806
https://doi.org/10.1103/PhysRevLett.115.036806


27

[14] Y.-H. Chan, C.-K. Chiu, M. Y. Chou, and A. P. Schny-
der, ca3p2, Phys. Rev. B 93, 205132 (2016).

[15] B. Bradlyn, J. Cano, Z. Wang, M. G. Vergniory,
C. Felser, R. J. Cava, and B. A. Bernevig, Science ,
10.1126/science.aaf5037 (2016).

[16] G. Chang, B. J. Wieder, F. Schindler, D. S. Sanchez,
I. Belopolski, S.-M. Huang, B. Singh, D. Wu, T.-R.
Chang, T. Neupert, et al., Topological quantum prop-
erties of chiral crystals, Nature materials 17, 978 (2018).

[17] G. Chang, S.-Y. Xu, B. J. Wieder, D. S. Sanchez, S.-M.
Huang, I. Belopolski, T.-R. Chang, S. Zhang, A. Bansil,
H. Lin, et al., Unconventional chiral fermions and large
topological Fermi arcs in RhSi, Physical review letters
119, 206401 (2017).

[18] X.-L. Qi and S.-C. Zhang, Topological insulators and
superconductors, Reviews of Modern Physics 83, 1057
(2011).

[19] M. Z. Hasan and C. L. Kane, Colloquium: topological
insulators, Reviews of Modern Physics 82, 3045 (2010).

[20] D. Hsieh, Y. Xia, D. Qian, L. Wray, J. Dil, F. Meier,
J. Osterwalder, L. Patthey, J. Checkelsky, N. P. Ong,
et al., A tunable topological insulator in the spin helical
dirac transport regime, Nature 460, 1101 (2009).

[21] S. Raghu, S. B. Chung, X.-L. Qi, and S.-C. Zhang, Col-
lective modes of a helical liquid, Physical review letters
104, 116401 (2010).

[22] N. Armitage, E. Mele, and A. Vishwanath, Weyl and
dirac semimetals in three-dimensional solids, Reviews of
Modern Physics 90, 015001 (2018).

[23] S.-Y. Xu, I. Belopolski, D. S. Sanchez, M. Neupane,
G. Chang, K. Yaji, Z. Yuan, C. Zhang, K. Kuroda,
G. Bian, et al., Spin polarization and texture of the fermi
arcs in the weyl fermion semimetal taas, Physical review
letters 116, 096801 (2016).

[24] G. Gatti, D. Gosálbez-Mart́ınez, S. Tsirkin, M. Fan-
ciulli, M. Puppin, S. Polishchuk, S. Moser, L. Testa,
E. Martino, S. Roth, et al., Radial spin texture of the
weyl fermions in chiral tellurium, Physical Review Let-
ters 125, 216402 (2020).

[25] S. Kim, R. C. McKay, N. Bielinski, C. Zhao, M.-K. Lin,
J. A. Hlevyack, X. Guo, S.-K. Mo, P. Abbamonte, T.-
C. Chiang, et al., Kramers-Weyl fermions in the chi-
ral charge density wave material (TaSe 4 ) 2 I, arXiv
preprint arXiv:2108.10874 (2021), arXiv:2108.10874.

[26] X.-Q. Sun, S.-C. Zhang, and Z. Wang, Helical spin or-
der from topological dirac and weyl semimetals, Physical
review letters 115, 076802 (2015).

[27] B.-C. Lin, S. Wang, A.-Q. Wang, Y. Li, R.-R. Li, K. Xia,
D. Yu, and Z.-M. Liao, Electric control of fermi arc spin
transport in individual topological semimetal nanowires,
Physical Review Letters 124, 116802 (2020).

[28] W.-Y. He, X. Y. Xu, and K. T. Law, Kramers weyl
semimetals as quantum solenoids and their applications
in spin-orbit torque devices, Communications Physics 4,
1 (2021).

[29] F. Flicker, F. De Juan, B. Bradlyn, T. Morimoto, M. G.
Vergniory, and A. G. Grushin, Chiral optical response of
multifold fermions, Physical Review B 98, 155145 (2018).

[30] J. Cano, B. Bradlyn, and M. Vergniory, Multifold nodal
points in magnetic materials, APL Materials 7, 101125
(2019).
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