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The microscopic origin of the electric Dzyaloshinskii-Moriya interaction (eDMI) is unveiled and
discussed by analytical analysis and first-principles based calculations. As similar to the magnetic
Dzyaloshinskii-Moriya interaction (mDMI), eDMI also originates from electron-mediated effect and
more specifically from certain electron hoppings that are being activated due to certain local inversion
symmetry breaking. However, the eDMI energy is found to be at least a third-order interaction in
atomic displacements instead of bilinear in magnetic dipole moments for mDMI. Furthermore, the
eDMI energy form is presented, and we find that novel electrical topological defects (namely, chiral
electric bobbers) can arise from this eDMI. Thus unraveling the microscopic origin of eDMI has the
potential to lead to, and explain, the discovery of novel polar topological phases.

I. INTRODUCTION

The seminal works that addressed and explained mag-
netic Dzyaloshinskii-Moriya interaction (DMI) were done
in 1957 and 1960 by I. E. Dzialoshinskii[1, 2] and T.
Moriya[3], and named after them. Dzyaloshinskii firstly
pointed out the existence of anti-symmetric form of in-
teraction by symmetry analysis. Moriya then derived
the microscopic origin of the magnetic Dzyaloshinskii-
Moriya interaction (mDMI) by considering the spin-orbit
coupling (SOC) and taking electron hopping as per-
turbation. mDMI revolutionized magnetism, since it,
e.g., explains nontrivial non-collinear topological tex-
tures such as vortices[4, 5], skyrmions[6–19], and domain
walls[20, 21] – that is intriguing both for fundamental
theory and potential applications.

Magnetic effects normally have their electric analogue
counterpart which is deep-rooted in the electromagnetic
theory. Strikingly, despite the fact that ferroelectric vor-
tices and skyrmions have been recently reported in su-
perlattices made of ferroelectric Pb(Zr,Ti)O3 or PbTiO3

sandwiched by either paraelectric SrTiO3 dielectric layers
[22–26] or SrRuO3 metallic layers[27], after having been
predicted [28–30], it was not clear until recently if an
electric analogue of mDMI exists. As a matter of fact,
such exotic orders of electric dipoles were typically ex-
plained by electrostatic boundary conditions [31] rather
than by considering electric Dzyaloshinskii-Moriya inter-
action (eDMI). Recent symmetry analysis and ab-initio
calculations by Zhao et. al.[32] and the observation of
helical textures of electric dipoles[33] in bulk perovskites
(that are systems for which there is no depolarization
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field) have changed such perception. The discovery of
eDMI not only should deepen our knowledge of electro-
magnetic phenomena (e.g. magnetic non-collinear spins
versus electric non-collinear dipole patterns), but is also
of technological importance. For example, mDMI gener-
ally plays an primordial role in generating magnetic topo-
logical phases (e.g., helimagnets[34–36], skyrmions[6–
19], merons[18, 37, 38], etc.). These magnetic topo-
logical phases have potential applications in designing
logical/storage devices based on magnetic fields or elec-
tric currents. However, challenges still exist for mag-
netic topological defects[39, 40], that are (1) the size of
these defects, such as magnetic skyrmions, needs to be
scaled down from micrometer (or 100 nm) to nanome-
ters; (2) topological defects like magnetic skyrmions usu-
ally need an external magnetic field to assist their sta-
bility and the temperature at which they exist can be
rather low; and (3) the response velocity of the mag-
netic topological phases under external field (especially
electric field/current) needs to be improved. The dis-
covery of possible electric topological phases (e.g., the
electric counterpart of mDMI-based helical electric polar
structures[33], electric polar skyrmions[24, 30], electric
polar vorticies[22, 23, 25–27], etc.) has the potential to
overcome these drawbacks, since (i) the observed elec-
tric topological phases are in nanometer scale and many
have been reported at room temperature[22–27, 33]; (ii)
an electric field control of dipole textures would avoid the
Joule heating (and thus leads to low-power devices)[39];
and (iii) electric dipole textures normally have a fast
response to the electric field. Moreover, from a funda-
mental physical knowledge viewpoint, the discussion of
an intrinsic eDMI term that could stabilize the above-
mentioned topological defects has long been overlooked
when studying ferroelectric/polar materials, until recent
ab-initio calculations[32] clearly indicate its existence.

Let us recall that in Ref.[32], phenomenological models
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revealed a sequence of trilinear couplings, which showcase
the existence of eDMI coming from oxygen octahedral
rotations. However, many important ferroelectric mate-
rials (such as PbTiO3, KNbO3 etc.) do not have any
oxygen octahedral tiltings and, as will be shown in this
manuscript, they do possess eDMI. One may thus won-
der if there is a general theory to explain the eDMI from
a microscopic point of view and if the previously found
oxygen-octahedral-tiling-mediated eDMI is only a special
case. In this manuscript, we aim at addressing the mi-
croscopic origin of such a eDMI and answering several
important open questions: (i) what is the microscopic
origin of eDMI energy which gives rise to a cross-product
form of ionic displacements ui and uj :

D(i, j) · (ui × uj) (1)

where D(i, j) is the eDMI vector? (ii) Is eDMI a
classical or quantum effect? (iii) what is the energy
scale of the eDMI? Practically, bulk PbTiO3 is selected
as a study platform. We firstly show that eDMI can be
obtained by extracting the antisymmetric part of the
force constants. Then, a Green’s function perturbation
method in a Tight-Binding (TB) electron Hamiltonian
is adopted to study the origin of such antisymmetric
feature. By carefully looking into the forces coming
from different orbital hopping channels, we then find
that a similar mechanism that gives rise to mDMI also
happens in ferroelectric materials and thus induces
eDMI. More specifically, we discover that (1) certain
local inversion symmetry breaking activates forbidden
electron hopping channels on adjacent atomic sites; and
(2) it is the combination of the orbitals following certain
selection rules that results in antisymmetric form of
forces and thus eDMI. We also provide an analytical
form of the eDMI energy in perovskite materials, as
well as, compute its coefficient which is estimated to
be only one order smaller than that of the typical
energy that favors collinear polar texture. Consequently,
noncollinear arrangments resulting from this eDMI have
the potential to occur and be observed.

II. FORMALISM

A. Antisymmetric force constants and eDMI.

The ferroelectric polarization can be characterized by a
collection of atomic displacements. Taking PbTiO3 as in
Fig. 1 (a) for example, the first-principles calculated nor-
malized polar mode (that is soft in the cubic structure)
consists of titanium and lead cations displaced by 0.78
and 0.31 Å along the positive z-direction, respectively;
the oxygen anions that are on the side of titanium ions
within (001) planes being displaced by 0.38 Å in the
negative z-direction; and the oxygen anions that align
with titanium ions along the z-axis being vertically dis-
placed by 0.08 Å in the positive z-direction. Consider-

FIG. 1. (a) Tetragonal phase of PbTiO3, with titanium ions
displaced along the z-direction; (b) Illustrative plot of some
atomic displacements under a certain force constants Fαβ(i, j)
between titanium pairs with i=Ti0 and j=Ti+1 along the
x-direction: Fxz(Ti0,Ti+1) and Fzx(Ti0,Ti+1); Note that
Fzx(Ti−1,Ti0) is equal to Fzx(Ti0,Ti+1) due to the trans-
lational symmetry along the x-direction. The red vectors il-
lustrate one possible set of the atomic displacement pattern
that could result from a negative Fxz(Ti0,Ti+1) and positive
Fzx(Ti0,Ti+1).

ing that the titanium cation has the largest displacement
and is parallel to the total polarization, we use here the
force constants[41] between titanium sites to study quali-
tatively the force constants of polarization[42] (note that
experiments also use atomic displacements, such as those
of titanium and lead ions, to visualize non-collinear dipo-
lar configurations[22, 24, 25], which is another reason we
use the force constants of specific ionic sites). In the
purpose of studying eDMI, we extract the antisymmetric
part of the force constants matrix between different sites
i and j via∥∥FA(i, j)

∥∥ =
1

2
(‖F (i, j)‖ − ‖F (i, j)‖T), (2)

where T is the matrix transpose operation, ‖F (i, j)‖ is
the force constants matrix between sites i and j, and
the achieved

∥∥FA(i, j)
∥∥ is antisymmetric as it satisfies∥∥FA(i, j)

∥∥ = −
∥∥FA(i, j)

∥∥T. As detailed in Sec. I of the
Supplemental Material[43] (see, also, references [44–65]
therein), it is the antisymmetric part of force constants
that gives rise the energy as in Eq. (1) and defines the
eDMI vector D(i, j) via

D(i, j) = (FAy,z, F
A
z,x, F

A
x,y), (3)

where FAy,z = (Fy,z − Fz,y)/2, FAz,x = (Fz,x − Fx,z)/2,

FAx,y = (Fx,y − Fy,x)/2 and the Cartesian directions of
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x, y, and z are used here to indicate matrix entries of
force constants matrix. Note also that, by antisymmet-
ric part of force constants, we mean the force constants
matrix between a pair of ions rather than the overall force
constants matrix that contains all ions, since such latter
force constants matrix is always symmetric[41].

B. orbital resolved force constants

Normally, density functional perturbation theory
(DFPT) takes the variation of electron density with re-
spect to the ionic displacements and calculates the force
constants in self-consistent processes. Though higher or-
der corrections can be included, the physical insight is
missing. For example, it does not reveal which orbital
specifically contributes to the force constants and how
it results in an antisymmetric character. Alternatively,
we thus decided to use a perturbation method derived
from tight-binding (TB) Hamiltonian to calculate the an-
tisymmetric part of the force constants, which allows us
to analyse orbital-resolved force constants. The details
of this method can be found in Refs. [53, 54] and have
also been summarized in Sec. IV of the Supplemental
Material[43]. Interestingly, a similar formalisation has
been previously used to calculate the magnetic exchange
parameters[57, 60, 62] Jαβ(i, j) which can be seen as a
“force constants” of spins and whose antisymmetric part
corresponds to mDMI. The only difference between cal-
culating Jαβ(i, j) and Fαβ(i, j) is that instead of taking
ionic displacement as perturbation, Jαβ(i, j) takes spin
rotations. Such formalism has also recently been used
to explain mDMI in the tri-halides CrCl3 and CrI3[66],
Mn3Sn[67], and clusters of 3d metals[68].

As detailed in Sec. IV of the Supplemental
Material[43], the force constants Fαβ(i, j) can be writ-
ten as integration of force constants density[53, 54]
fα,β(ε, i, j) as:

Fαβ(i, j) =

∫ εf

−∞
fα,β(ε, i, j)dε (4)

in which

fα,β(ε, i, j) =
∑
m,n

ξm,nα,β (ε, i, j) (5)

where the orbital-resolved force constants density ξm,nα,β
can be further written as

ξm,nα,β (ε, i, j) =

− 1

2π
Im[〈m, i|Ui,αĜ0(ε)Uj,β |n, j〉〈n, j|Ĝ0(ε)|m, i〉] (6)

where U are effective perturbation potentials as de-
fined in Sec. IV of the Supplemental Material[43] and
in Ref. [53]. Note that Ui,α is taken here as a short nota-

tion of ∂U
∂τi,α

, where τ is the ionic position of site i. The

Green’s function operator Ĝ0(ε) is defined as
∑
p

|p〉〈p|
ε−εp+iη ,

where εp and |p〉 are the energy and wavefunction in the
unperturbed system H0; Im is the operation to take the
imaginary part. Since the total force constants of Eq. (4)
is calculated by integrating fα,β(ε, i, j), these latter are
called force constants’ density as a function of energy ε.
Equation (5) defines ξm,nα,β (ε, i, j) as orbital-resolved force
constants density from orbital m on site i and orbital n
on site j and the summations of ξm,nα,β (ε, i, j) over orbitals

m and n gives rise to force constants density fα,β(ε, i, j)
in see Eq. (5). Employing Eq. (4) in Eq. (3), theD vector
can be rewritten in force constants density expressions as

D(i, j) =(Dx(i, j),Dy(i, j),Dz(i, j)) (7)

where

Dx(i, j) =
1

2

∫ εf

−∞
[fy,z(ε, i, j)− fz,y(ε, i, j)]dε (8)

Dy(i, j) =
1

2

∫ εf

−∞
[fz,x(ε, i, j)− fx,z(ε, i, j)]dε (9)

Dz(i, j) =
1

2

∫ εf

−∞
[fx,y(ε, i, j)− fy,x(ε, i, j)]dε (10)

Detailed derivations for reproducing the orbital-resolved
force constants density as in Ref. [53, 54] can be found
in Sec. IV the Supplemental Material[43].

C. numerical details

For the numerical calculation, we use the symme-
try adapted Wannier basis[69] for the TB Hamiltonian.
The wannierization is performed using Wannier90[70]
and Quantum Espresso[71, 72] to extract all the fol-
lowing orbitals of Ti : 4s1, 3p3, 3d5, Pb : 6s1, 6p3, 5d5,
and O : 2s1, 2p3 orbitals, 30 Wannier functions in to-
tal. Note that each Wannier function is two-fold degen-
erated since we are working with spin non-polarized sit-
uation. The core electrons are treated as tightly bond
to the nucleus by optimized Norm-Conserving Vander-
bilt (ONCV) pseudopotentials[73]. The Green’s function
G0(ε,k) is calculated by numerically inverting (ε+εf )I−
H0(k), where H0 is the TB Hamiltonian of the unper-
turbed structure, I is an identity matrix, εf is the Fermi
energy level from the self-consistent first-principle cal-
culation, and k is the Bloch vector defined in the first
Brillouin zone. Fourier transformation can then be used
to determine Green’s function in real space G0(ε, i, j).
The bare potential V b, Hartree potential Vh, and ex-
change correlation potential Vxc are extracted from self-
consistent first-principle calculations in order to evaluate
the Ũ and U b following the definitions in Sec. IV of the
Supplemental Material[43]. The perturbation is induced
by shifting both the ionic potentials and Wannier func-
tions by 0.15 Å, numerically. Since the Wannier functions
are predefined in real space on a coarse grid, the displace-
ments of Wannier functions need to be performed in re-
ciprocal space first and then transformed back. Finite
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difference method is used to obtain the partial deriva-
tives ∂U

∂τi,α
. Furthermore, the integration of the complex

energy in Eq. (4) is performed over a rectangular contour.
The η in the Green’s function is chosen to be 0.1 eV, such
that the evaluation of − 1

π ImTr[G0(ε, 0, 0)] in the original
crystal cell (i = 0 and j = 0) reproduces nicely the same
density of states as calculated from first-principle calcu-
lations. The plane-wave energy cutoffs for wavefunction
and electron density are 50 and 400 Ry, respectively, in
Quantum Espresso. A k-mesh of 9× 9× 8 is used in the
first-principle self-consistent calculations and a q-mesh of
4×4×4 is used in the DFPT force constants calculations.

III. THE EXISTENCE OF EDMI

Note that eDMI was not thought to exist until the
recent work[32] by Zhao et al. that changed such per-
ception by demonstrating that it is allowed by symme-
try. Note also that the phenomenological mechanism dis-
cussed by Zhao et al. includes oxygen octahedral tiltings
and complex energy forms. However, the eDMI should
exist even in systems that do not have oxygen octahe-
dral tiltings, such as PbTiO3. Such fact suggests that
there could exist other and possibly simpler microscopic
explanations of eDMI.

A. intrinsic eDMI in bulk

When performing DFPT calculations on PbTiO3

tetragonal phase (as depicted in Fig. 1 (a) in which the
polarization is along the z-direction), we found that the
antisymmetric part of the force constants between tita-
nium sites being nearest neighbors along the x-direction
is a matrix

∥∥FA(i, j)
∥∥ having the following elements:

∥∥FA(i, j)
∥∥ =

 0 0 −0.73
0 0 0

0.73 0 0

 (11)

where the matrix entries go through the Cartesian
{x, y, z} directions, and i and j are used to indicate the
nearest neighbor pair of the titanium sites along the x-
direction, such as between Ti−1 and Ti0 or Ti0 and Ti+1

in Fig. 1 (b). Consequently, the D(i, j) vector, accord-
ing to Eq. (3), involving first-nearest neighbors along the
x-axis of PbTiO3 is equal to (0, 0.73, 0) which favors ti-
tanium atoms to be displaced anticlock-wisely, as shown
in Fig. 1 (b). On the other hand, when calculating the∥∥FA(i, j)

∥∥ in a case of the polarization direction being
reversed, the calculated D(i, j) vector is found to reverse
to (0,−0.73, 0), which favors titanium atoms to be dis-
placed clock-wisely. Note that the off-diagonal value 0.73
eV/Å2 is only one quarter of the largest component of the
symmetric part of force constants

∥∥FS(i, j)
∥∥
x,x

= −2.84

and even a little bit larger in the absolute value than∥∥FS(i, j)
∥∥
y,y

= −0.64 and
∥∥FS(i, j)

∥∥
z,z

= −0.66, which

suggests a strong competition between the collinear cou-
pling decided by the symmetric part of the force con-
stants and the noncollinear coupling decided by the an-
tisymmetric part of the force constants. Note also that
in the famous bulk/interfacial mDMI pictures[74], the
magnetic interaction between two neighboring ions and
a single third ion (ligand) is the minimal model[40, 75, 76]
to discuss the mDMI. For example, in ABO3 perovskites,
the mDMI is usually rooted in neighboring B-O-B pairs
(e.g., the mDMI of Fe-O-Fe pairs in BiFeO3). To un-
derstand the microscopic origin of eDMI in a way resem-
bling the situation of the mDMI, we start from the B-B
pairs (e.g. Ti-Ti pairs in our model system PbTiO3).
Noteworthy is that such an eDMI is not limited to Ti-
Ti pairs, but is also valid for Pb-Pb pairs. The cal-
culated eDMI for the nearest neighboring Pb-Pb pair,
given by the D(i,j) is (0,0.075,0) which favors A-site Pb
to be displaced anticlock-wised looking from the posi-
tive y-direction. Moreover, when calculating the D(i, j)
vector for polar modes that contain contributions from
all atoms (Pb, Ti, and O), a unitary transformation was
performed on the whole force constant matrix.[77].

B. coupling form and scale of eDMI

In order to determine the energetic coupling form that
can give rise to the eDMI vector, we take the centrosym-
metric Pm3̄m phase as reference and look for the energy
invariants written in terms of the displacements u. The
third order terms are found to be the lowest order that
can give rise to antisymmetric force constants. Actu-
ally, the derived energy term associated with the polar
modes on the nearest neighbor sites should always be in
odd number of orders and the third order is therefore
the minimal requirement. This is because all ui, uj , and
eij (vector that is pointing from site i to j) reverse sign
under inversion operation, which means that at least an
extra odd order of ui or uj needs to be included to make
the energy term invariant under inversion symmetry[78].
Thus a bilinear form as in Eq. (1) with respect to po-
lar modes is forbidden by symmetry, if D(i, j) does not
depend on the u displacements. Assuming the eDMI to
adopt the same form as the second-order mDMI[79] may
not be valid in some materials. In fact, by symmetry
analysis, we find there exists only one third-order eDMI
energy and it can be written in compact form:

Edmi = A−[(ui + uj)× eij ] · (ui × uj) (12)

where A− is constant and A−(ui + uj) × eij is eDMI
D(i, j) vector. Note that we numerically found from
DFT calculations on the ferroelectric tetragonal phase
of PbTiO3 that the magnitude of the eDMI vector
A−(ui + ui) × eij is 7.65 × 106 Nm2/C2. Note that
Eq. (12) is the pure chiral part (giving rise to antisym-
metric forces) of the energy that is itself derived from
two energy invariants (that can be found in Sec. VI of
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the Supplemental Material[43]). An equivalent expres-
sion that is written in atomistic displacement basis is
also presented in Secs. VI B and C of the Supplemen-
tal Material[43], in order to see the roles from individual
atoms.

It is also interesting to realize that the spin current
model [80, 81] gives a mDMI for which the energy is pro-
portional to (ui × eij) · (mi ×mj), and thus for which
mDMI vector is proportional to (ui × eij). Such latter
vector is very similar to eDMI vector A−(ui + uj)× eij
(see Eq. (12)) – which shows again an essential con-
nection between magnetism and electricity. Note that
the spin current model assumes homogeneous dipole mo-
ments, thus ui there is equal to (ui + uj)/2. On the
other hand, Eq. (12) emphasizes that eDMI energy is
third order with respect to the ionic displacements, while
mDMI in the spin-current model is bilinear with respect
to magnetic moments and linear with respect to the ionic
displacement.

The calculated nonzero D(i, j) vector in bulk PbTiO3

suggests that, in addition to the depolarization field, an-
other intrinsic mechanism involving now this kind of force
constants can also contribute to the formation of polar
vortices observed, e.g., in PbTiO3/SrTiO3 superlattices
[22, 24, 25] and especially in PbTiO3/SrRuO3 superlat-
ices [27] (because the metallic SrRuO3 layers can result
in much weaker depolarization field).

C. chiral electric bobbers from eDMI

It is interesting and important to know what type of
dipolar structures one should expect from Eq. (12). Thus
we took the traditional effective Hamiltonian model for
PbTiO3 (see Supplemental Material[43] Sec. VII for de-
tails) and additionally considered the eDMI energy in
Eq. (12) to explore such possible electric defects. When
we increase the magnitude of coefficient A−nn (nearest
neighbor) and A−nnn (next-nearest neighbor) in front of
Eq. (12) from -0.001021 Hartree/Bohr3 and -0.000353
Hartree/Bohr3 (fitted for PTO) to values larger than
-0.001813 Hartree/Bohr3 and -0.000544 Hartree/Bohr3

respectively, chiral electric bobbers (the electric coun-
terpart of the ones in magnetic systems[82–86]) emerge,
as depicted in Figs. 2 (a) and (b). The electric bobber
survives only on the top surface of a monodomain with
polarization pointing downwards, and its chirality is de-
cided by the sign of the coefficient A− of Eq. (12). As
can be seen from Fig. 2 (b), the up dipoles (on the edge
of the blue region) rotate clockwise on the surface layer
along the y-direction, due to a negative eDMI vector with
respect to the x-axis. When we rather use a positive A−
(i.e., reverse its sign), the electric bobber now only exists
on the bottom surface of the monodomain. Anticlock-
wise rotated down dipoles can be seen from Fig. 2 (c)
(on the edge of the blue region) along the y-direction,
due to a positive eDMI vector with respect to the x-
axis. As similar to the chiral magnetic bobbers, singulari-

ties (head-to-head and tail-to-tail dipoles) exist, however,
chiral electric bobbers are rather small and are surface-
dependent. As illustrated in Fig. 2 (d), negative eDMI
always gives a clockwise rotation of dipoles on the top
surface, while positive eDMI favors the anticlockwise ro-
tation of dipoles on the bottom surface; because of the
existence of depolarization field in ferroelectric materials,
the electric bobbers are surface-dependent, say bobbers
with upwards dipoles will locate only on the top surface
and bobbers with downwards dipoles will locate only on
the bottom surface in a ferroelectric monodomain with
polarization downwards.

Note the strength of eDMI needs to be increased by
78% with respect to its ab-initio value to achieve such
electric defects in PTO, but such resulting larger value
may be found in other systems. We also find that such de-
fects do not exist when the film is too thin, e.g., less than
10 unit cells. In addition, though the eDMI is necessary
to stabilize electric bobbers, other intrinsic interactions,
such as j5 and j7 are also found to be important to sta-
bilize such a metastable phase on the surface. We have
also found that eDMI is responsible for the formation of
the mixed Ising-Néel type domain walls[87] (see Supple-
mental Material[43] Fig. 8 for details). Thus it can be
seen that the effect of eDMI can result in novel and/or
complex textures and, due to the strong dipole-dipole in-
teraction, mainly survives near the surface and domain
walls.

IV. MICROSCOPIC ORIGIN OF EDMI.

As well known, mDMI originates from SOC[3]. In con-
trast, the origin of the calculated eDMI (the antisymmet-
ric force constants) is currently unknown and thus needs
to be unsealed. In the following, we will explain the origin
of the antisymmetric feature of force constants as shown
in Eq. (11) via electron hoppings, which will thus fur-
ther explain the microscopic origin of eDMI vector Dij
and its dependency on the polarization orientation as in
Eq. (12).

A. eDMI as an electron-mediated quantum effect

To determine the origin of eDMI, we decided to look in
details at the microscopic full-Hamiltonian[59] (involving
both electrons and ions) and derive the potential energy
surface and its Hessian matrix. By following the text-
book derivation as described in sec. III of Supplemen-
tal Material[43], the force constants expression from the
DFPT can be written as[59]

Fαβ(i, j) =
∂2Ω(τ )

∂τi,α∂τj,β
(13a)

=
∂2Vii(τ )

∂τi,α∂τj,β
+

∫
dr
∂Vie(r; τ )

∂τi,α

∂n(r; τ )

∂τj,β
(13b)



6

FIG. 2. (a) top view of the surface bubble defect achieved
with negative eDMI; (b) cross-section view of the (top) sur-
face bubble defect from negative eDMI; (c) cross-section view
of the (bottom) surface bubble defect from positive eDMI; (d)
schematic illustration to show the charge and chirality of the
surface bubble defects with respect to the sign of eDMI; the
black arrow is to indicate the depolarization field (Ed) direc-
tion; the positive (negative) sign indicates tail-to-tail (head-
to-head) dipolar configuration underneath the top (bottom)
surface. In addition, the red domains have polarization along
the negative z-direction, and the blue domains (defects) have
polarization along the positive z-direction.

It thus involves the second derivative of the potential en-
ergy surface Ω(τ ) with respect to ionic positions τi and
τj (i 6= j) (e.g., Ti0 and Ti+1 in Fig. 1) along α and
β Cartesian directions, respectively. Note that n(r; τ ) is
the electronic density, while the contributions to the force
constant Fαβ is divide into two parts: (1) the energy po-
tential of ion-ion interaction Vii(τ ) that includes the nu-
cleis and inner core electrons that rigidly follow the ionic
displacements and (2) ion-electron interaction Vie(r; τ )
that includes both the ions (necleis combined with inner
core electrons) and valence electrons n(r; τ ). Since Vii is
a sum of repulsive ion-ion Coulomb interactions, the first
term of the right side of Eq. (13b) only contributes to
the symmetric part of the force constants (see proofs in
Sec II of the Supplemental Material[43]). Thus the anti-
symmetric form in Eq. (11) has to come from the second
term of the right side of Eq. (13b), which in fact can be
seen as the electron-density-mediated ion-ion indirect in-
teraction. More specifically, Eq. (13b) indicates that (i)
the change of the ionic position τi,α induces a variation of

electron-ion energy ∂Vie(r;τ )
∂τi,α

at site i, (ii) which couples

to the change of ionic position τj,β on site j through the

electron density fluctuation ∂n(r;τ )
∂τj,β

. Thus though eDMI

is mostly associated with ionic dipoles, Eq. (13) tells that
eDMI is not included in dipole-dipole interaction and, in-
stead of treating electrons as point charges, treating elec-
trons as wavefunctions are important to obtain eDMI.
Thus eDMI originates from an electron-mediated quan-
tum effect. Note that the dipole-dipole interaction that
takes consideration of the Born effective charges in a full
tensor form should include the eDMI energy because the
Born effective changes are associated with the electronic
responses to the atomic displacements, which can be seen
as another perspective to understand the electrons’ role
in the eDMI.

In order to further understand the role of the electrons
in the eDMI, the orbital-resolved force constants [53, 54]
need to be calculated. The second order perturbation
is performed to calculate the orbital-resolved force con-
stants density in Eq. (6) and the perturbation process
can be summarized as in Fig. 3 (a): (i) an atomic dis-
placement ui,α firstly induces an effective perturbation
energy potential change Ui,α on site i (left gray ball) and
scatters state |m, i〉 (lower level on the left) to |m′, i〉 (top
level on the left); (ii) such scattering is propagated by the
Green’s function G0

m′,n′(ε, i, j) from site i to site j (gray

arrow on the top); and (iii) couples to the atomic dis-
placement uj,β on site j (right gray ball) by alternating
the effective perturbation potential Uj,β and scattering
state |n, j〉 (lower level on the right) to |n′, j〉 (top level
on the right); (iv) another Green’s function G0

n,m(ε, j, i)
(gray arrow in the bottom) closes the “loop” by prop-
agating the scattered state n from site j back to state
m on site i. The specific mathematical expression of
such loop can be found in Eq. (32) of the Supplemental
Material[43] and the more detailed mathematical defini-
tions of Ui,α, Uj,β , and the Green’s function G0

m′,n′(ε, j, i)

and G0
n,m(ε, j, i) can be found in the Sec. IV of the Sup-

plemental Material[43]. Note that the orbital scatterings
in Fig. 3 (a) as well as Eq. (6) show that the forces be-
tween atoms need a quantum treatment by the Hellman-
Feynman theorem[47, 51]. The eDMI should therefore be
a quantum effect since the antisymmetric forces can only
come from the interactions between (quantum) electrons
and (classical) ions. It is worth mentioning that such
loop is physically equivalent to the DFPT process when
calculating the force constants from Eq. (13a).

Each loop as in Fig. 3 (a) is one contribution to
the force constants from a set of orbitals m,m′, n′, and
n. The summation of all the possible loops defined by
m,m′, n′, and n orbitals gives rise to the force constants
and can also be calculated by other methods such as
DFPT. In our calculations, there are in total 6561 (sum
over m,m′, n′, and n) loops that contribute to the force
constants. For the simplicity of further analysis, we de-
fine orbital-resolved force constants density ξm,nα,β (ε, i, j)

by summing out the m′ and n′ in the loops, see Eq. (6),
which represents the force constants density contribution
from one orbital m on site i and another orbital n on site
j to the force constants, where α and β are elements
of Cartesian {x, y, z} directions, m and n range among
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FIG. 3. (a) Diagram plot of orbital-resolved force constants density ξm,nα,β defined as
∑
m′,n′

〈m, i|Ui,α|m′, i〉 〈m′, i|Ĝ0(ε)|n′, j〉

〈n′, j|Uj,β |n, j〉 〈n, j|Ĝ0|m, i〉 (see Eq. (6 and Eq. (32) in the Sec. IV of Supplemental Material[43]); Panels (b), (c), (d), and
(e) are plots of orbital-resolved force constant density (ξm,nx,z in blue line and ξn,mz,x in red line) and total force constant density
(fx,z(ε, i, j) in blue area and fz,x(ε, i, j) in red area), as defined in Eqs. (4) and ((5)). More specifically, Panel (c) contains ξm,nx,z

and ξn,mz,x where m = dxz and n = dxz; Panel (d) contains ξm,nx,z and ξn,mz,x where m = dx2−y2 and n = dxz; Panel (e) contains
ξm,nx,z and ξn,mz,x where m = dxz and n = dz2 ; Panel (f) contains ξm,nx,z and ξn,mz,x where m = dx2−y2 and n = dz2 ; and Panel (b)
contains the sum of all the ξm,nx,z and ξn,mz,x plotted in Panels (c), (d), (e), and (f). Panels (g) and (h) are density of states (DOS)
projected on the titanium atom (blue ball in the subset) and oxygen atom (red ball in the inset); Note that the Fermi level is
set at the zero of energy in all the plots.

all the orbitals on site i and j respectively, and ε is the
energy. The sum of the orbital-resolved force constants
density ξm,nα,β (ε, i, j) over m and n is defined as the force

constants density fα,β(ε, i, j), as formulated in Eq. (5).
Thus the total force constants, according to Eq. (4), can
be obtained by integrating fα,β(ε, i, j) from negative in-
finite to the Fermi energy the highest occupied energy
level. Fx,z and Fz,x in Eq. (11) are calculated to be -0.58

and 0.58 eV/Å2 according to our TB model, respectively,
which are comparable to the aforementioned DFPT re-
sults of -0.73 eV/Å2 and 0.73 eV/Å2. We also calcu-
lated the next nearest neighbor Fx,z and Fz,x which are

-0.16 eV/Å2 and 0.16 eV/Å2 according to our TB model,
once again in good agreement with DFPT results of -0.14
eV/Å2 and 0.14 eV/Å2. Note that the slight discrep-
ancy between TB and DFPT results likely comes from
the facts that our TB perturbation drops second- and
higher-order electron density fluctuation and assumes a
rigid Wannier orbital displacements, while the DFPT in-
cludes both the displacement of orbitals and the change
of the orbital shapes during the self-consistent process of
the electron density response.

So far three quantities are defined and will be used in
the future analysis: the summation of (1) the orbital-
resolved force constants density ξm,nα,β (ε, i, j) (see Eq. (6))
over orbital m on site i and n on site j gives rise to
(2) the force constants density fα,β(ε, i, j) (see Eq. (5)),
whose integration over energy ε is (3) the force constants
Fα,β(i, j) (see Eq. (4)) between sites i and j.

B. origin of the antisymmetric feature

The orbital-resolved force constants density ξm,nα,β al-
lows us to analyse the force constants contributions from
different orbital combinations between sites i and j. As in
Eq. (5), the summation of the orbital-resolved force con-
stants density over all possible m and n orbitals gives rise
to the force constants density fα,β(ε, i, j) which is plot-
ted in Fig. 3 (b) represented by the colored areas with
dashed outline (the same quantity is also plotted in Pan-
els (c), (d), (e), and (f)). As can be seen, fx,z(ε, i, j) is
equal to −fz,x(ε, i, j) at any given energy within the nu-

merical round up of 0.01 Å
−2

. The y-component of eDMI
vector D(i, j) is thus derived from the non-zero antisym-
metric force constants density fz,x − fx,z 6= 0 (defined in
Eq. (9)) that is corresponding to the numerical results in
Eq. (11). We are going to use the orbital-resolved force
constants density ξm,nα,β to understand the microscopic or-
bital origin of such eDMI vector. More specifically, it is
going to be seen that the commutation between orbitals
m and n on sites i and j gives rise to inverse off-diagonal
force constants density component, ξm,nx,z = −ξn,mz,x , which
is symmetry protected. The relation of fx,z = −fz,x in
Fig. 3 (b) can thus be understood since fx,z =

∑
m,n

ξm,nx,z

and fz,x =
∑
n,m

ξn,mz,x according to Eq. (5), which explains

the microscopic origin of the existence of eDMI vector
along y axis (see Eq. (9)).

Considering two PbTiO3 unit cells as depicted in Fig. 4
(a), the two titanium atoms (blue balls on sites i and j)
and their intermediate oxygen atom (red ball on site k)
are displaced along negative and positive z-direction re-
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FIG. 4. (a) Two PbTiO3 (P4mm phase) unit cells along the
x-direction; The two blue balls on sites i and j are titanium
atoms, and their intermediate oxygen atom is indicated by
a red ball on site k; The vertical and horizontal blue planes
represent mirrors myz and mxy respectively; A green triangle
is used to indicate the relative displacements between the two
titanium atoms and their intermediate oxygen atom; Panel
(b) shows all the orbitals m and n in the orbital-resolved
force constants expression; Expression of ξm,nx,z is sketched by
a multiplication between the expressions in (c1) and (c2); The
blue vertical lines in (c1) and (c2) are mirror myz operations
and transform the expressions in (c1) and (c2) to the expres-
sions in (d1) and (d2), respectively, and whose multiplication
gives rise to −ξn,mz,x . In all the expression sketches, the yellow
circles and squares represent orbital m and n respectively, the
arrows are used to indicate effective perturbation potentials,
and the green triangles (as also indicated in (a) among sites

i, j and k) are for Green’s function Ĝ0.

spectively. Orbitals m and n of the two titanium sites
are chosen from the 4s1, 3p3, and 3d5 orbitals as listed
in Fig. 4 (b) to calculate the orbital-resolved force con-
stants density ξm,nα,β . (Note that the inner core electrons
such as 1s, 2s, 3s, and 2p orbitals are treated as tightly
bond to the nucleus and thus only give rise to the sym-
metric part of the force constants.) More specifically,
according to Eq. (6), the expression of ξm,nx,z can be writ-

ten as 〈m, i|Ui,xĜ0Uj,z|n, j〉 (illustrated in Fig. 4 (c1))

times 〈n, j|Ĝ0|m, i〉 (illustrated in Fig. 4 (c2)). In both
Figs. 4 (c1) and (c2), mirror myz (vertical lines as also
indicated in (a) as vertical blue plane) operations are
performed. Consequently, in Fig. 4 (c1), the follow-
ing functions are transformed: (1) orbital m on site i
(left yellow circle) and orbital n on site j (right yel-
low square) are transformed to, in Fig. 4 (d1), site j
on the right and site i on the left, respectively; (2) ef-
fective perturbation potential Ui,x on site i (left black
arrow) and Uj,z on site j (right black arrow) are trans-
formed to, in Fig. 4 (d1), −Uj,x on site j (right red ar-
row) and Ui,z on site i (left black arrow), respectively;
(3) G0 (green triangle) is unchanged since it is defined
by the eigenfunctions of the unperturbed H0 and fol-
lows the same crystalline symmetry, P4mm as in the
case of PbTiO3 in Fig. 4 (a). Note that symmetry oper-

ations should never alternate the integration values, thus
we have proved that 〈m, i|Ui,xĜ0Uj,z|n, j〉 (illustrated in

Fig. 4 (c1)) is equal to−〈n, i|Ui,zĜ0Uj,x|m, j〉 (illustrated
in Fig. 4 (d1)). Employing the same three transforma-
tion rules of the functions to (c2) and (d2), the follow-

ing relations can also be proved: 〈n, j|Ĝ0|m, i〉 in Fig. 4

(c2) is equal to 〈m, j|Ĝ0|n, i〉 in Fig. 4 (d2). Interest-
ingly, the transformed expression, as illustrated in Fig. 4
(d1) and (d2), is exactly the expression of −ξn,mz,x , which
means that ξm,nx,z = −ξn,mz,x and fx,z = −fz,x are con-
strained by the existence of the symmetry operation myz.
One should notice that both orbitals m and n can be
odd functions under the mirror operation myz and give
rise to minus signs, e.g. px can be transformed to −px,
dxz can be transformed to −dxz, and dxy can be trans-
formed to −dxy. However, there are always two m or-
bitals and two n orbitals in the multiplication between
〈m, i|Ui,αĜ0Uj,β |n, j〉 and 〈n, j|Ĝ0|m, i〉, which means no
minus sign in total can be given to ξm,nα,β due to the trans-
formation of orbitals m and n. Moreover, not all the or-
bitalsm and n can contribute to non-zero orbital-resolved
force constants density ξm,nα,β and eDMI vector. The sym-
metry of orbitals m and n decides if certain electron hop-
ping channels are allowed to give rise to nonzero eDMI
vector. Taking the structure in Fig. 4 (a) for example,
if one orbital is even (e.g. m = dx2−y2) and the other is
odd (e.g. n = dxy) under the operation of mirror mxz,
the orbital-resolved force constants density will be zero
(ξm,nx,z = ξn,mz,x = 0) (see Sec. V of the Supplemental
Material[43] for the proof from symmetry analysis and
Fig. 1 of the Supplemental Material[43] for the numeri-
cal results).

The antisymmetric feature from the symmetry analy-
sis is consistent with the numerical results as in Figs. 3
(c), (d), (e), and (f), where the red curve and blue curve
are always in inverse sign. More specifically, Fig. 3 (c)

shows ξdxz,dxzx,z = −ξdxz,dxzz,x , Fig. 3 (d) shows ξ
dx2−y2 ,dxz
x,z =

−ξdxz,dx2−y2z,x , Fig. 3 (e) shows ξ
dxz,dz2
x,z = −ξdz2 ,dxzz,x , and

Fig. 3 (f) shows ξ
dx2−y2 ,dz2
x,z = −ξdz2 ,dx2−y2z,x . Figure 3 (b)

sums up the orbital-resolved force constants density ξm,nx,z

and ξn,mz,x that are in Figs. 3 (c), (d), (e), and (f) (red and
blue solid lines). We can see that the total force constants
density fx,z and fz,x (colored area with dashed outline)
are relatively well reproduced in Fig. 3. (b). Contribu-
tions from other orbitals are relatively small or zeros and
can be found in Fig. 1 of the Supplemental Material[43].
Figure 3 (g) explains why the d orbitals contributes most
of the force constants. We can see that the DOS pro-
jected on titanium atom is in the same energy region as
non-zero force constants density (colored areas in Fig. 3
(b)) and some peaks are also consistent, e.g. peaks at
-3.5, -5.5, and -7.2 eV. The reason that the unoccupied
titanium d orbitals have contributed to DOS under the
Fermi level is due to the p-d interactions between tita-
nium atoms (blue balls in the inset of (g)) and their in-
termediate oxygen atom (red ball in the inset of (g)),
which can be seen in Fig. 3 (h) where the DOS projected
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on the intermediate oxygen atom roughly has the same
shapes as the DOS projected on the titanium atom in
Fig. 3 (g).

C. Local inversion-symmetry-breaking and eDMI.

FIG. 5. If sites i, j, and k in Fig. 4 (a) are collinear, expression
of ξm,nx,z is sketched by a multiplication between expressions in
(a1) and (a2); The blue horizontal lines in (a1) and (a2) are
mirror mxy operations and transform the expressions in (a1)
and (a2) to the expressions in (b1) and (b2), respectively, and
whose multiplication gives rise to −ξm,nx,z . When site k is on
top of sites i and j in the triangle, the expression of ξup,m,nx,z

for such case is sketched by a multiplication between (c1) and
(c2) which can be transformed by mirror mxy (blue horizontal
lines) to the expressions in (d1) and (d2) whose multiplication
gives rise to −ξdn,m,nx,z which is for the case that site k is below
sites i and j. In all the expression sketches, the yellow circles
and squares represent orbital m and n respectively, the arrows
are used to indicate effective perturbation potentials, and the
green dots and triangles are for Green’s function Ĝ0.

The intermediate oxygen plays an essential role in the
indirect interaction between the nearest neighbor tita-
nium atoms and so is to eDMI. For instance, in Fig. 5 (a),
when the intermediate oxygen (site k) is collinear with
the two nearest neighbor titanium atoms (sites i and j),
the orbital-resolved force constants density ξm,nx,z can be
proved to be always zero. Following a similar transfor-
mation rules as in Fig. 4, a mirror operation mxy (blue
horizontal line in Figs. 5 (a1) and (a2)) reverses only the
sign in the front of the Uj,z (black vertical arrow on site

j) in (a1) and results in −〈m, i|Ui,xĜ0Uj,z|n, j〉 in (b1),
which indicates that ξm,nx,z = −ξm,nx,z and ξm,nx,z has to be
zero. Thus we have proved that breaking such mirror
symmetry (by forming a triangle among site i, j, and k)
decides if eDMI exist, which is going to be another im-
portant rule in the “orbital selection rules” section. Note
that such mirror-symmetry-breaking (by forming a tri-
angle) will result in a local-inversion-symmetry-breaking
(inversion center on the middle point between sites i and
j) automatically. However, breaking such local-inversion-
symmetry does not always give rise to mirror-symmetry-
breaking. For example, site k can be displaced along the
line that connects sites i and j and away from the middle

point between sites i and j, but eDMI is still forbidden
because of the existence of mirror mxy (see Fig. 5).

More importantly, Fig. 5 has also proved that the di-
rection of the displacement of the site k with respect to
sites i and j decides the direction of eDMI vector. For in-
stance, Figs. 5 (c) and (d) prove that ξup,m,nx,z = −ξdn,m,nx,z ,
where ξup,m,nx,z is the orbital-resolved force constants den-
sity for the case that the site k is displaced along the
positive z-direction (green triangles in (c1) and (c2)) and
ξdn,m,nx,z is the orbital-resolved force constants density for
the case that the site k is displaced along the negative z-
direction (green triangles in (d1) and (d2)). More specif-
ically, in Figs. 5 (c1) and (c2), the mirror mxy (hori-

zontal blue lines) (1) transforms the Ĝ0
up (correspond-

ing the P4mm phase of PbTiO3 with polarization along
negative z-direction) into the Ĝ0

dn (corresponding to the
P4mm phase of PbTiO3 with polarization along positive
z-direction) in (d1) and (d2), (2) transforms the Uj,z in
(c1) (vertical black arrow on site i) into the −Uj,z in (d1)
(vertical red arrow on site j), and (3) changes no other
functions. Thus the ξup,m,nx,z defined by the multiplica-
tion between the expression in (c1) and (c2) is proved to
be equal to −ξdn,m,nx,z defined by the multiplication be-
tween the expression in (d1) and (d2). In addition to
ξup,m,nx,z = −ξdn,m,nx,z , we have already known that (1) the
D(i, j) vector in the P4mm phase of PbTiO3 is propor-
tional to (0,−Fxz, 0) and (2) Fxz =

∑
m,n

∫
ξm,nx,z (ε, i, j)dε.

Thus Dup(i, j) = −Ddn(i, j) can be proved, where Dup
is eDMI vector in the case that the intermediate oxygen
site displaced along the positive z-direction and Ddn is
eDMI vector in the case that intermediate oxygen site
displaced along the negative z-direction. Such conclu-
sion explains why the D(i, j) vector is not homogeneous
in some perovskite oxides[32], for example, with oxygen
octahedral tilting where the oxygen atoms are displaced
alternatively along positive and negative z-direction.

In Fig. 4 (c1), we have also noticed that the in-
verse feature between the off-diagonal components of
the force constants density (antisymmetric in force con-
stants) fx,z = −fz,x is due to the fact that under myz op-
eration one effective perturbation potential, Ui,x (black
arrow) that is perpendicular to myz on site i changes
sign and the other Uj,z (black arrow) that is parallel
to myz on site j does not. Such condition seems also
satisfied by Ui,x (vector perpendicular to myz) and Uj,y
(vector parallel to myz), which is corresponding to the
the antisymmetric feature between force constants den-
sity fx,y = −fy,x. However, fx,y = −fy,x = 0 can be
further proved by the symmetry operation of mirror mxz

that goes through sites i, j, and k (see Sec. V of the
Supplemental Material[43]). This is also consistent with
the results of the force constants calculations in Eq. (11).
On the other hand, neither Ui,y (vector parallel to myz)
and Uj,z (vector parallel to myz) nor Ui,z (vector par-
allel to myz) and Uj,y (vector parallel to myz) change
sign under mirror myz, thus the off-diagonal components
(in y- and z-directions) of the force constants density is
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only symmetric, fy,z = fz,y, and thus does not gives rise
to any eDMI. Taking consideration of fyz = fzy = 0,
fzx = −fxz, and fxy = fyx into Eq. (7), we can see that
the only non-zero eDMI vector component is along the
y-axis which is perpendicular to the (i, j, k) plane. This
is going to be one important rule in the “orbital selection
rules” section to be discussed below.

D. eDMI with tiltings

FIG. 6. Illustration plot of the crystal structure with oxy-
gen octahedral tiltings. Three 5-atom cells along [100] di-
rection are plotted. The cell index are marked on the tita-
nium atoms (blue ball) as R1 = (−1, 0, 0), R2 = (0, 0, 0),
and R3 = (1, 0, 0), respectively. Note that the atomistic ba-
sis is defined in a unit cell in which the titanium atom lo-
cates at the origin (0,0,0) (see Fig. 5 (a) of the Supplemental
Material[43]). Thus the oxygen atoms O1(X) and O2(X) site
at positions r1 = R1 + (0.5, 0, 0) and r2 = R2 + (0.5, 0, 0)
before the octahedra tilting displacements, respectively. The
oxygen octahedra tiltings around titanium atoms in cell R1,
R2, and R3 are anticlockwise, clockwise, and anticlockwise,
respectively. Note that the atomic displacement variables for
titanium atom (µB) and oxygen atom along [100] directions
(µX) are labeled and their definition in unit cell can be found
in Fig. 5 (a) of the Supplemental Material[43]. Note also
that we use R for cell index and r for atom position in this
manuscript.

So far we have noticed one important fact about eDMI:
it comes from the indirect interaction between the nearest
neighbor titanium sites through the displaced intermedi-
ate oxygen site in PbTiO3, which suggests that eDMI is
at least a three-body (indirect) interaction. As a matter
of fact and as it can be seen from Fig. 4 (a) and Fig. 5, the
relative displacement of the intermediate site k along the
z-direction is critical to give non-zero antisymmetric force
constants. It is consistent with the phenomenological
model in Eq. (12), in which the ui+uj includes the rela-
tive displacement of the intermediate oxygen with respect
to titanium sites i and j. Such relative displacement can
be seen from an equivalent expression in Eq. (44) of the
Supplemental Material[43] which is written in atomistic
displacement basis which can be seen as expanding the
polar mode u with the displacements (µB) of titanium
cations and their surrounding oxygen anions (O(X) in
[100], O(Y) in [010], and O(Z) in [001] directions with
respect to the titanium cations in Fig. 5 (b) of the Sup-
plemental Material[43]) (As indicated in Fig. 1 (a), the

polar mode u consists of titanium cations moving in one
direction with respect to the oxygen anions that are on
the side of titanium ions within (001) planes being moved
towards the opposite direction.). Equation (44) of the
Supplemental Material[43] tells us that the displacements
of intermediate oxygen (µX, µY , and µZ in Eq. (44)
of the Supplemental Material[43]) or equivalently polar
modes ui+uj (in Eq. (12) of the main text) that are nor-
mal to eij will give rise to nonzero contribution to the
eDMI energy. On the other hand, if the local inversion
symmetry breaking is from the intermediate oxygen that
is displaced parallel to the line that connects sites i and
j or equivalently (ui +uj)× eij = 0, the eDMI vector is
always zero, as has been proven by Fig. 5.

Interestingly, such displacement of the intermediate
oxygen site can also be associated with oxygen octa-
hedral rotations in some perovskite materials, which is
therefore consistent with a recent finding that eDMI vec-
tor can be related to such rotations [32]. More specif-
ically, in a case with oxygen octahedra tilting pattern
as in Fig. 6, the intermediate oxygen O1(X) that lo-
cates at position r1 = R1 + (0.5, 0, 0) between titanium
atoms in cells R1 = (−1, 0, 0) and R2 = (0, 0, 0) is
displaced relatively upwards (µX(r1) > 0) and the in-
termediate oxygen O2(X) that locates at position r2 =
R2 + (0.5, 0, 0) between titanium atoms in cells R2 =
(0, 0, 0) and R3 = (1, 0, 0) is displaced relatively down-
wards (µX(r2) < 0). Thus two triangles (green in
Fig. 6) are formed: (1) upward oriented triangle among
titanium atom in cell R1 = (−1, 0, 0), titanium atom
in R2 = (0, 0, 0), and oxygen atom O1(X) at position
r1 = R1 + (0.5, 0, 0) and (2) downward oriented trian-
gle among titanium atom in cell R2 = (0, 0, 0), tita-
nium atom in R3 = (1, 0, 0), and oxygen atom O2(X)
at position r2 = R2 + (0.5, 0, 0). According to Eq. (44)
of the Supplemental Material[43] (that is the equiva-
lent expression of Eq. (12) of the main text but writ-
ten in atomistic basis), the eDMI vector D(1, 2) between
R1 = (−1, 0, 0) and R2 = (0, 0, 0) (up triangle case) is
proportional to µX(r1)×eij = (0, µXz(r1),−µXy(r1))
and the eDMI vector D(2, 3) between R2 = (0, 0, 0) and
R3 = (1, 0, 0) (down triangle case) is proportional to
µX(r2)× eij = (0, µXz(r2),−µXy(r2)). Thus D(1, 2)
is along [010] direction and D(2, 3) is along [0-10] direc-
tion, considering that µXz(r1) > 0, µXz(r2) < 0, and
µXy(r1) = µXy(r2) = 0 in the tilting motions in Fig. 6),
which is consistent with our discussion in Fig. 5 (c) and
(d) and, more importantly, reproduces the alternatively
changed D vectors due to oxygen octahedral tiltings as
in Ref. [32].

Thus our microscopic description presents a general ex-
planation of the eDMI that is suitable to ferroelectric ma-
terials with or without oxygen octahedral tiltings. Note
that Eq. (12) further implies that eDMI vector can be
induced by other effects, such as polar motions. In fact,
we perform DFT calculations that show that there can
be noncollinear polar texture without the help of oxy-
gen octahedral tiltings (see Sec. VII of the Supplemental
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Material[43]).

TABLE I. Orbital selection rules of the electric
Dzyaloshinskii-Moriya Interaction in the case of three sites.
The two rules are shown in the bottom of the table. In the
sketch of rule 1, the i, j, and k are used to indicate the three
ionic sites, m1 is a mirror that goes through k-site and is per-
pendicular to the line connecting i- and j-sites, and m3 is a
mirror that goes through all i-, j-, and k-sites. The table in-
cludes the results when such three rules are applied when both
orbitals m and n range over all s, p, and d orbitals. The check
marks in the table indicate the non-zero orbital-resolved force
constants density is in antisymmetric form ξm,nx,z = −ξn,mz,x 6= 0
and gives rise to the y-component of eDMI vector.

s pz px py dz2 dxz dyz dxy dx2−y2
s X X X X X X
pz X X X X X X
px X X X X X X
py X X
dz2 X X X X X X
dxz X X X Xe Xc X
dyz X X
dxy X X X

dx2−y2 X X X Xf Xd X

eDMI orbital selection rules:
rule 1: non-collinear three orbitals

, D(i, j) ⊥ m3

rule 2: mirror m3

the orbitals on sites i and j should be either
both even or both odd with respect to
the operation of mirror m3.

c plotted in Fig. 3 (c); d plotted in Fig. 3 (d);
e plotted in Fig. 3 (e); f plotted in Fig. 3 (f).

E. Orbital selection rules of eDMI

Based on the conclusions we made by the symmetry
analysis as we derive the microscopic origin of eDMI in
Figs. 4 and 5, selection rules can be summarized in or-
der to determine what kind of orbital combinations can
give rise to eDMI (see details in Sec. V of the Supple-
mental Material[43]). With such orbital selection rules
together with the DOS of the material, we can address
which orbitals are allowed and and which orbitals possi-
bly give rise to a quantitatively large eDMI, which makes
engineering of eDMI possible. Two rules are summarized
in Tab. I, assuming a three-site model in which i and j
characterize cation sites (e.g. titanium atoms) and k is
associated with the intermediate anion site (e.g. oxygen
atom) located in the middle of sites i and j: (1) the local
inversion symmetry should be broken by the k-site dis-
placement that is off the line that goes through i and j

sites, and thus a triangle is formed; (2) the orbitals on
sites i and j should be either both even or both odd with
respect to the mirror that goes through all three sites.
Satisfying the two rules, eDMI D vector will exist and
has to be perpendicular to the triangle formed by sites i,
j, and k; In rule (1), not all the local inversion-symmetry
breakings give rise to an eDMI vector. As a matter of
fact, while there are two ways to break the local inver-
sion symmetry, namely (i) site k is displaced away from
the line that connects sites i and j, and (ii) site k is dis-
placed along the line that connects sites i and j, the sec-
ond way does not gives rise to eDMI because, as proven
in Figs. 5 (a) and (b), the orbital-resolved force constants
density ξm,nα,β vanishes due to the existence of mirror mxy.
Extended tables that explain all the symmetry analysis
(that are needed for summarizing Tab. I) are indicated
in the appendix A of the Supplemental Material[43]. Fol-
lowing eDMI orbital selection rules, all eDMI activated
orbital combinations that involve s, p, and d orbitals are
derived and listed in Tab. I. For instance, the main con-
tribution to eDMI of PbTiO3 from ξm,nx,z and ξn,mz,x as dis-
cussed in Figs. 3 (c), (d), (e), and (f) can also be found in
Tab. I, check marks labeled by c, d, e, and f respectively.
Note that Tab. I is also confirmed by our numerical re-
sults involving these s, p, and d orbitals (see sections IV
and V, and Fig. 1 of the Supplemental Material[43]).

V. FURTHER REMARKS

In this work, we discuss an overlooked intrinsic dipo-
lar interaction (eDMI) that could give chiral polar struc-
tures; However, there are other energy terms and extrin-
sic conditions that compete with such kind of coupling
term, which could result in that (1) noncollinear textures
are metastable high energy phases, such as the Bloch
component in the domain walls (high energy defects)[88–
91]; (2) only narrow region in the phase diagram (with
respect to temperature, strain, and even external elec-
tric field) shows nontrivial topological polar texture, also
similar to the magnetic situations[14, 92]; and (3) hidden
phases corresponds to such kind of coupling could exist
under external probes[93], such as laser pulses.

Based on the arguments provided in this manuscript,
the eDMI should have no direct relation to the ori-
gin of the polar instability. Consequently, eDMI
may also exist in different types of ferroelectrics (e.g.
hyperferroelectrics, geometric/steric ferroelectrics, and
even ferroelectric metals) if there are no other mecha-
nisms/constraints forbidding it.

Note that the original effective Hamiltonian
method[58] considers up to the second-order for
polar-polar interaction between cells, which gives rise
to only symmetric force constant matrix – unlike what
the DFPT calculations tell us. The Ginzburg term in
the phase field model[65] (Ginzburg-Landau-Devonshire
theory[44–46]) obviously cannot reproduce antisymmet-
ric force constants either which can be easily seen by
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realizing that the Ginzburg term is only the power of
the gradient of polar modes. Consequently, our work
should lead to revisiting currently used models.

It is also worth mentioning that our proposed micro-
scopic theory for eDMI can be linked to several previ-
ous theoretical works. For example, the three-site model
discussed in the present manuscript bears some anal-
ogy with the “triple-dipole-interaction” problem[94–96]
among three neutral atoms (van der Waals-type inter-
action). Interestingly, the proposed Axilrod-Teller po-
tential for this “triple-dipole-interaction” can also give
a nonzero antisymmetric part of the force constants,
though the influence of the covalent bonding on the
force constants was omitted (only polarization fluctua-
tions were taken into account). In contrast, the study
of vibronic instability[97–99] of some crystals, discussed
the effects of covalent bonding but did not pay attention
to the antisymmetric part of the force constants. We
are also aware of a simple three-site LCAO model de-
veloped by Prosandeev et. al.[100] discussing the corre-
lation of the local atomic displacements in perovskites.
Such kind of correlations were earlier experimentally
discovered from the diffuse scattering of neutrons in
KNbO3[101, 102].

VI. CONCLUSION

In conclusion, the microscopic origin of the elec-
tric Dzyaloshinskii-Moriya interaction is unveiled and
discussed thanks to analytical analysis of the orbital-
resolved force constants calculations. Our present study,

therefore, emphasizes that eDMI exists and sheds some
light into its origin, that is eDMI is an electron-mediated
quantum effect in which (1) the local inversion symme-
try breaking activates previously forbidden electron hop-
ping channels on adjacent atomic sites; and (2) combina-
tion of the orbitals with particular symmetry (following
eDMI orbital selection rules detailed in Tab. I) results in
the electric Dzyaloshinskii-Moriya interaction. Though
both eDMI and mDMI need electron hopping channels
and local-inversion-symmetry breaking to occur, mDMI
needs spin-orbit coupling (soc) to connect spin up and
down, unlike eDMI. Thus eDMI naturally exists in po-
lar materials because of the general existence of local-
inversion-symmetry breaking. Moreover, eDMI energy is
found to be at least third order in ionic displacements
while mDMI energy “only” involves a second order in
magnetic moments. Such differences may result in the
formation of some exotic dipole textures that can differ
from the extensively explored magnetic arrangements.
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[9] U. K. Rößler, A. N. Bogdanov, and C. Pfleiderer, Spon-
taneous skyrmion ground states in magnetic metals, Na-
ture 442, 797 (2006).
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