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Several works have recently addressed the emergence of exceptional points (EPs), i.e., degeneracies
of non-Hermitian Hamiltonians, in the long-wavelength dynamics of coupled magnetic systems.
Here, by focusing on the driven magnetization dynamics of a van der Waals ferromagnetic bilayer,
we show that exceptional points can appear over extended portions of the first Brillouin zone as
well. Furthermore, we demonstrate that the effective non-Hermitian magnon Hamiltonian, whose
eigenvalues are purely real or come in complex conjugate pairs, respects an unusual wavevector-
dependent pseudo-Hermiticity. Finally, for both armchair and zigzag nanoribbon geometries, we
discuss both the complex and purely real spectra of the topological edge states and their experimental

implications.

I. INTRODUCTION

Non-Hermitian phenomena are ubiquitous in nature
and in recent years have attracted widespread attention
in several areas of physics [THI6]. While non-Hermitian
Hamiltonians arise in any open system wherein coupling
to the environment leads to dissipation, intense research
efforts have been devoted to non-Hermitian phases stem-
ming from the interplay between gain and loss. In partic-
ular, whereas loss and gain are balanced, a system might
be described by a PT-symmetric [I7TH2I] or pseudo-
Hermitian [20H25] Hamiltonian. The later, despite be-
ing non-conservative, can display a purely real energy
spectrum due to the existence of stationary states[26].
In pseudo-Hermitian systems with discrete spectra and
complete biorthonormal sets of eigenbasis vectors, the
eigenvalues undergo a transition from real to complex in
correspondence of non-Hermitian spectral degeneracies,
i.e., exceptional points (EPs) [27-29].

EPs are non-Hermitian degeneracies at which both the
eigenvalues and eigenvectors coalesce [27, [B0H32]: their
properties are strikingly different from the Hermitian de-
generacies at which only eigenvalues degenerate. Gener-
ally, N eigenvectors can coalesce at the same EP, dubbed
therefore an N-th order EP [3I] B3H35]. For a small
deviation € < 1 around an N-th order EP, expanding
the eigenvalues in terms of a Puiseux series, the term
of order €'/M can appear, with M an integer satisfying
1 < M < N [33 B6H39]. Particularly, for M > 2, we
have €'/M > ¢ signaling a drastic response of the sys-
tem to a perturbation around the EP [27, B1], which has
led to numerous efforts in the development of EP-based
sensors [I], 40}, [4T].

EPs yield several other intriguing phenomena, such as
enhanced spontaneous emission [42], anomalous lasing
behavior [43H47], unidirectional reflectionless light prop-
agation [48450], and dynamical phase transitions in non-
linear systems [51]. Heretofore, EPs have been predicted
and observed in a plethora of systems, including but not
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limited to photonic [27, B2] 52], magnonic [53H55], elec-
tronic [56, 57], acoustic [8, [58HE0], optical [T, [61H64] and
magnetic systems [6] [34] 53], [65H67].

In magnetic systems, loss of magnetization dynamics is
unavoidable due to ubiquitous interactions between mag-
netic moments and crystalline lattice [68H72], while gain
can be introduced via experimentally-established tech-
niques, such as spin-torque transfer [73H76] or parametric
driving [77, [78]. The feasibility with which the balance
between gain and loss can be tuned makes magnetic sys-
tems promising solid-state hosts of EPs [34, (3]. How-
ever, so far the majority of systems that have been inves-
tigated display second- or higher-order EPs at a single
wavevector k - most commonly at |k| = 0, corresponding
to the long-wavelength limit of magnetization dynamics.
While such EPs can be detected indirectly by probing
the system’s parameters [53], it is unlikely that the pres-
ence of a single EP will influence the response functions
routinely probed in spintronics setups. Several system’s
properties, such as, e.g., transport coefficients, depend on
integrals over the entire first Brillouin zone: a singularity
at a single wavevector will likely not significantly affect
their values.
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FIG. 1. Our proposed setup: an AA-stacked vdW ferromag-
netic bilayer deposited on a platinum strip. An electric cur-
rent flowing into the platinum (Pt) film is converted into a
spin current Js injected into the bottom magnetic layer.

In this work, we unveil the emergence of broad pat-
terns of second-order EPs in the reciprocal space of a
van der Waals (vdW) bilayer deposited on a platinum
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substrate, depicted in Fig. Via spin current injec-
tion from the platinum substrate and modulation of
the interlayer coupling, one might realize a balance of
gain and loss between the bottom and top layer [79-
81]. The resulting spin dynamics can be captured
by the coupled Landau-Lifshitz—Gilbert (LLG) equa-
tions [82], 83], which, upon linearization, yield an effec-
tive non-Hermitian Hamiltonian. For balanced gain and
loss, we find that the eigenenergies are always purely
real or come in complex conjugate pairs. While the
spectrum is evocative of parity-time (P7T-) symmetry or
global (i.e., parameter-independent) pseudo-Hermiticity,
we show that our model possesses instead a k-dependent
pseudo-Hermiticity. We find that a multitude of excep-
tional points - arranged in, e.g., exceptional rings [84H80]
- can appear in the first Brillouin zone of the honeycomb
lattice. Finally, we investigate the topological edge states
that emerge in the presence of Dyzaloshinskii-Moriya in-
teraction (DMI) and reveal topological insulating phases
analogous to Hermitian quantum theories.

This work is organized as follows: In Sec. II we derive
the effective non-Hermitian Hamiltonian describing our
model. In Sec. ITI, we perfom a symmetry analysis of the
non-Hermitian Hamiltonian. In Sec. IV, we discuss the
emergence of multitude of exceptional points and topo-
logical edge states. In Sec. V we present our conclusions
and an outlook.

II. MODEL

We consider an A A-stacked ferromagnetic bilayer with
spins localized on the A and B sublattices of the honey-
comb lattice. The Hamiltonian is given as
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where m() is the magnetic moment orientation at the
ith site of the [th layer, and [ = 1,2 labels the bot-
tom and top layers, respectively. J > 0 parameterizes
the ferromagnetic nearest-neighbor (NN) Heisenberg in-
teraction, D > 0 the next-to-nearest neighbors (NNN)
Dzyaloshinskii-Moriya interaction, with v;; =
+1, A > 0 the uniaxial anisotropy, A > 0 the ferromag-
netic interlayer coupling exchange strength, My > 0 the
magnitude of magnetic moments, and h = hz an exter-
nal magnetic field oriented along the z direction. In our
proposed setup, shown in Fig.[I] a charge current flowing
into a metal with strong spin-orbit coupling results into
injection of a spin current J; into the bottom layer via

_Vji =

the spin Hall effect [87H89]. We assume the current to be
strong enough to compensate for the damping of magne-
tization dynamics in the bottom layer, yielding effective
gain [6]. The ferromagnetic layers interact via weak van
der Waals forces, whose strength can be further tuned
by, e.g., adding a non-magnetic layer within them. Here
we focus on a state with balanced gain and loss, i.e., we
assume that the interlayer coupling is weak enough that
only a small portion of the current J; reaches the top
layer, whose dynamics remains then lossy.

The dynamics of the magnetization mgr,z) at the jth
site of the bottom (top) layer obey the LLG equations:
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where m) = dd—tj. Here v > 0 is the gyromagnetic ra-

tio, and we have introduced the effective magnetic field
h(l,)eff =-M_ laHo/am . It is important to note that
the Gilbert damprng parameter «a > 0 appears with op-
posite sign in Eq. ., reflecting gain of the magnetiza-
tion dynamics of the bottom layer. Substituting Eqs.
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To obtain the effective non-Hermitian Hamiltonian as-
sociated with Eq. , we consider small deviations

of the magnetic moment from its equilibrium direc-

tion, here taken to be along z, by assuming m() ~

(5m(l)’ 5m(l)’y , 1), with

Sm (l) z(y) _ |5m fﬁ(y)|ez(wt krz) (5)
where w and k = (k;, k,) are the spin-wave frequency
and wavevector, respectively, and r; denotes the position
of the ith magnetic moment. By plugging Eq. . ) into
the linearized form of Eq. . we find

H() VU (k) = E(k)¥(k), (6)
where W(k) = (v (k), v’ (k), v F (k), v (k))T, with
,w(l) (k) (l)1 + Z(Sm(l)i(y,

vy (k) = <” Cidmiy (7)
and E(k) = Aiw(k). The effective non-Hermitian Hamil-

tonian H (k) reads as
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with n,m =1,..,4.

Figures [2| show the complex energy spectra of the
Hamiltonian for different values of a. With a CrBr3
bilayer in mind, we take J = 1.48 meV, A = 0.02 meV,
D = 0.22 meV, A = 0.01 meV [90], Ms; = 3up, with
up the Bohr magneton, and set h = 0.1 T. We consider
damping coefficients of the same order of magnitude of
the ones reported for chromium trihalide crystals, i.e.,
a ~ 0.01 —0.001 [9I]. The real energy spectrum displays
four bands: the two lower (higher)-energy bands corre-
spond to the acoustic (optical) modes of the top and bot-
tom layers, whose degeneracy is lifted by the interlayer
coupling A, as shown in Figs. [J[a),(c),(e) and (g). The
gap between the two lower- and the two-higher energy
bands is controlled by the strength of the DMI. From
Figs. b),(d),(f) and (h), one can easily see that the
eigenvalues are purely real or come in complex conju-
gate pairs depending on the strength of the parameter
« introducing non-Hermiticity. Besides, the real and the
corresponding imaginary levels always avoid crossing si-
multaneously, except at EPs [92].

els) magnonic energy spectra along a high-symmetry direc-
tion in the Brillouin zone for different values of the gain/loss
parameter a. Here T' = (0,0), M = (v/37/3a,1/3a),
and K = (2v/37/9a,27/3a). From the top to the bot-
tom, the degree of non-Hermiticity is varied as a =
0.05 (a,b), 0.01 (c,d), 0.0032 (e,f), 0.001 (g,h). Other pa-
rameters are set to J = 1.48 meV, A = 0.02 meV, D = 0.22
meV, A = 0.01 meV, M; =3up and h =0.1 T.

Eigenvalues being either real or coming in complex
conjugate pairs suggests that the Hamiltonian is
PT-symmetric or pseudo-Hermitian. As we will dis-
cuss in more details in the next section, our Hamilto-
nian holds a peculiar type of pseudo-Hermiticity, which
is k-dependent.

III. SYMMETRY ANALYSIS

Hamiltonians exhibiting eigenvalues that are purely
real or come in complex conjugate pairs usually fall into
two categories, i.e., PT-symmetric or pseudo-Hermitian.
A Hamiltonian H is dubbed PT-symmetric if it satisfies



the relation [93]
MH* (k)M = H(k), (16)

in reciprocal space, where M is a unitary matrix, with
MM* = £+1. On the other hand, pseudo-Hermiticity
requires [93]

nH (k)n " = H(k), (17)

where 7 is a unitary and Hermitian matrix, with n? =
1. When n = 1, Eq. reduces to the condition of
Hermiticity.

We find that there is no parameter-independent lin-
ear automorphism such that the Hamiltonian satis-
fies for every wavevector k. To prove it, it is con-
venient to rewrite the Hamiltonian - normalized by
hy/Ms(1 + a?) - as
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where og represents the 2 x 2 identity matrix, and o; is

the ¢th Pauli matrix with ¢ = 1,2, 3. Let us assume that
the Hamiltonian has global pseudo-Hermiticity with

Uzzawau@Om p,v=0,1,2,3, (19)

v

where a,,, are constants. Equation (17)) yields
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Taking the term < D in Eq. as an example, one can
show that the constraint leads to

E a0, @ 0y, (00 ® 03 + iaos ® o3)
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which implies

@go = g1 = Qo2 = Qg3 = G11 = 22 = 0, (22)

a1z = az1 = agg = azz = az; = azz = 0. (23)

Similarly, by considering the other terms entering
Eq. , we find that Eq. is satisfied only when

ayy =0 for p,v=0,1,2,3, (24)
indicating that the Hamiltonian can not have a k-
independent (i.e., global) pseudo-Hermiticity for all
values of the momenta. Following the same approach, it
is straightforward to prove that the Hamiltonian does
not possess PT-symmetry either.

We find that PT-symmetry and global pseudo-
Hermiticity are restored only in the long-wavelength
limit, i.e., by setting k = 0 in Eq. . For vanishing DMI
strength, i.e., D = 0, one recovers P7T-symmetry over
the full Brillouin zone, but no global pseudo-Hermiticity.
We have also explored an antiferromagnetically coupled
ferromagnet bilayer, realized by our model for A <0,
and found that it can not display P7T-symmetry or global
pseudo-Hermiticity, independently of the values of the
wave vector k and DMI strength D.

To explain the purely real or complex conjugate paired
spectrum of Eq. , one needs instead to invoke a gen-
eralized pseudo-Hermiticity

n(E)HE) (&) =H(E) , (25)

where the unitary Hermitian matrix n depends continu-
ously on a parameter £. In our case, when setting & — k,
Eq. holds for every wavevector k. The matrix n(k)
can be constructed from eigenbasis of H (k) [26], i.e.,
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IV. RESULTS
A. Exceptional points

In the pseudo-Hermitian system with a discrete spec-
trum and a complete biorthonormal set of eigenbasis vec-
tors, EPs signal a transition at which a system’s eigenval-
ues turn from real to complex conjugate pairs. It is thus
not surprising that EPs emerge in Eq. at the value
of o that separates a complex conjugate spectrum from
a purely real one. What is remarkable is the simultane-
ous emergence of multiple EPs in the first Brillouin zone.
Figures [3(a), (c) and (e) show the Riemann surfaces of
the imaginary parts of the two lowest (real-energy) bands
of Eq. for, respectively, o = 0.01, 0.0032, 0.001. For
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FIG. 3. Top panels: imaginary parts of the first, F1, and second, Fs, lowest-energy eigenvalues. Bottom panels: square of

the overlap of the two right eigenvectors, Pep = ’(gﬁf"qﬁ?)f

, within the first Brillouin zone. The non-Hermiticity is tuned to

a = 0.01 (a,b), 0.0032 (c,d), 0.001 (e,f). Other parameters are set to J = 1.48 meV, A = 0.02 meV, D = 0.22 meV, A = 0.01

meV, M; =3up and h =0.1 T.

« = 0.01,0.0032, both real and complex conjugate eigen-
values are present in reciprocal space, while a weaker
non-Hermiticity, i.e., @ = 0.001, allows for a purely real
spectrum at every wavevector. Figure a) shows that a
ring of exceptional points (ER) appears, and, for smaller
a, evolves into a pattern with the hexagonal symmetry
of the honeycomb lattice, as shown in Fig. c).

It is not straightforward to extrapolate the precise
shape of the continuum formed by EPs from the en-
ergy spectra displayed in Figs. [3{(a) and (c). To visualize
in more detail the EPs distribution over the first Bril-
louin zone, we plot (the square of) the overlap, Pgp =

|<¢ﬂ¢§> 2, of the two lowest-energy right eigenvectors
of the non-Hermitian Hamiltonian in Figs. Bf(b), (d)
and (f). While approaching an exceptional point, the two
eigenstates coalesce, i.e., Pgp — 1.

It is natural to expect that EPs dwelling in significant
portions of the first Brillouin zone might influence any
physical properties whose strength depends on an inte-
gration over the all states.

While we have focused on degeneracies between the
two lowest (real-energy) bands, an analysis of the EPs
emerging between the two higher-energy bands reveal
analogous features.

B. Topological edge states

The Hermitian Hamiltonian is known to be topo-
logically nontrivial [94]. The source of a nontriv-

ial band gap is the Dzyaloshinskii-Moriya interaction,
which breaks the time-reversal symmetry of the magnon
Hamiltonian [95]. To explore the topology of its non-
Hermitian counterpart , we start by introducing a
gauge-invariant Berry curvature [96], [97]

By (k) = (047, (k)|0; 67, (K)), (28)

where 4,j = k;,ky, and p,v = L, R . Invoking Eq. ,
four Chern numbers can be defined for each nth band as

e =5 [ (B, 00 = B () (29
27T BZ e Y rye

H. Shen et al. [98] have shown that a non-Hermitian
Chern topological phase is characterized by a single
Chern number, i.e., CEL = CLE = CRL = CRR  We
calculate CEF using Fukui’s method [99] while setting

a=0.01 and find CE = CRR = _CEE = _CIR = 1.
The complex frequency spectra that result from ex-
act diagonalization of Eq. for « = 0.01 in a zigzag
and armchair open boundary geometry are displayed in
Figs. [f{a) and (b), and Figs. [4{c) and (d), respectively.
In both geometries, we find four edge states - in agree-
ment with the Chern numbers (29). Figures[dfa) and (c)
show that, in both geometries, the edge states reside in
the (real-energy) bulk gap and display a double degener-
acy. On the other hand, due to level repulsion [92], there
is no degeneracy in the imaginary part of the complex
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FIG. 4. (a,b): Real and imaginary part of the energy spec-
trum on a zigzag ribbon with open boundary conditions along
the z direction. (c¢,d): Real and imaginary part of the energy
spectrum on an armchair ribbon with open boundary con-
ditions along the y direction. Edge states (red and green
lines) come in complex conjugate pairs. Blue lines represent
the bulk modes. The parameters are set to J = 1.48 meV,
A = 0.02 meV, D = 0.22 meV, A = 0.01 meV, My = 3ug,
h=0.1"T and a = 0.01.

energy spectrum. Instead, edge states come in complex
conjugate pairs, as shown in Fig. b) and (d).

Figures a—d) show that the energy spectra for both
zigzag and armchair nanoribbons become purely real
when the strength of non-Hermiticity is decreased, i.e.,
a = 0.001. We find that, due to the pseudo-Hermiticity
of our model , the spectra are always real or complex
conjugate paired. Thus, our results suggest that wave-
vector dependent pseudo-Hermiticity , contrary to
PT-symmetry [100], can yield truly topological insulat-
ing states.

However, in a magnetic system, a purely real bulk
and edge spectrum might hinder the direct observation
of topological edge state due to the Bose-Einstein oc-
cupation of the modes. Reference [6] [65] showed that
magnonic topological edge states yield clear experimen-
tal signatures in the nonlinear spin dynamics when the
bulk spectrum remains real while an edge state acquires
nonzero negative imaginary eigenenergy (i.e., signaling a
growth of the magnon population). In Ref. [6] [65] such
scenario is realized in a one-dimensional P7T-symmetric
system whereas the boundary naturally break the sym-
metry, leading to complex conjugate edge states coexist-
ing with a purely real bulk spectrum.

(@) (b)
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Im[E] (meV)

1 N —0.01
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Re[E] (meV)
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-n/3 0 /3 —-n/3 0 n/3

FIG. 5. (a,b): Real and imaginary part of the energy spec-
trum on a zigzag ribbon with open boundary conditions along
the z direction. (c,d): Real and imaginary part of the energy
spectrum on an armchair ribbon with open boundary condi-
tions along the y direction. Red and green lines correspond
to the edge states, while blue lines represent the bulk modes.
We find that the spectra are purely real. The parameters are
set to J = 1.48 meV, A = 0.02 meV, D = 0.22 meV, A = 0.01
meV, M, =3ug, h=0.1 T and o = 0.001.

In our system, however, open boundaries preserve the
wavevector dependent pseudo-Hermiticity , and, as a
consequence, the bulk and edge states are simultaneously
purely real or complex conjugate paired.

V. CONCLUSION AND OUTLOOKS

In this work, we investigate the properties of a spin-
orbit-coupled ferromagnetic bilayer whose magnetization
dynamics is driven via spin current injection. We de-
rive an effective non-Hermitian Hamiltonian by lineariz-
ing the coupled Landau-Lifshitz-Gilbert equations of mo-
tion while assuming balance of gain and loss between the
top and bottom layers. We find that, due to fine-tuned
balance of gain and loss, the energy levels come always
real or complex conjugate paired. Although the spec-
trum hints at PT-symmetry or (parameter-independent)
pseudo-Hermiticity, a more detailed symmetry analysis
shows that our system displays a k-dependent pseudo-
Hermiticity.

By tuning the parameter controlling the gain/loss of
magnetization dynamics, we observe that a multitude of
exceptional points can appear in the first Brillouin zone



of the honeycomb lattice. It is well known that a system
displays a strong spectral response to perturbations at an
exceptional point. Thus, the presence of a relevant num-
ber of EPs might significantly affect properties routinely
probed in spintronics setups whose strength depends on
a Brillouin zone integration of response functions. Future
work should address a Green’s function theory for spin
transport in the presence of EPs. In particular, it could
be intriguing to investigate how thermal spin transport
might be affected by coherently driving EPs with, e.g.,
an external RF field [T0I]. Furthermore, the non-linear
spin dynamics in correspondence of multiple EPs, which
might be related to dynamical phase transitions and nu-
cleation of spin textures [511 [I02], should be also object
of future investigations.

We find that the Dzyaloshinskii-Moriya interaction
yields topologically nontrivial non-Hermitian magnon
bands.  Furthermore, we show that a wavevector-
dependent pseudo-Hermiticity can lead to a purely real

bulk and edge spectra, analogously to Hermitian topolog-
ical insulating phases. However, exact diagonalization for
both a nanoribbon with zigzag and armchair boundary
conditions shows that the system can not realize a purely
real bulk spectrum with a lasing edge state for a relevant
number of momenta, which would allow to observe topo-
logical signatures in the nonlinear spin dynamics [6, [65].
We leave to future work a systematic analysis of the sym-
metry constrains yielding the above mentioned scenario.
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