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Recent experimental papers on hole-doped overdoped cuprates have argued that a series of observations show-
ing unexpected behavior in the superconducting state imply the breakdown of the quasiparticle-based Landau–
BCS paradigm in that doping range. In contrast, some of the present authors have argued that a phenomenolog-
ical “dirty d-wave” theoretical analysis explains essentially all aspects of thermodynamic and transport prop-
erties in the superconducting state, provided the unusual effects of weak, out-of-plane dopant impurities are
properly accounted for. Here we attempt to place this theory on a more quantitative basis by performing ab-
initio calculations of dopant impurity potentials for LSCO and Tl-2201. These potentials are more complex
than the pointlike impurity models considered previously, and require calculation of forward scattering correc-
tions to transport properties. Including realistic, ARPES-derived bandstructures, Fermi liquid renormalizations,
and vertex corrections, we show that the theory can explain semiquantitatively the unusual superfluid density
measurements of the two most studied overdoped materials.

I. INTRODUCTION

Cuprates have represented a challenge to the central
paradigms of condensed matter physics since their discov-
ery in 1986.1,2 High-temperature superconductivity evolves
with doping out of the Mott state together with a host of ex-
otic and poorly understood phenomena such as the pseudo-
gap phase, the strange metal phase and various intertwined
orders, so it has been natural to formulate the problem as one
of understanding the ground state of the doped Mott insula-
tor. Indeed, there is general agreement that aspects of the
underdoped phase diagram imply a definitive breakdown of
the Landau–BCS quasiparticle-based approach to interacting
electrons. On the other hand, an alternative philosophy con-
sists in assuming that it is equally valid to attack the supercon-
ductivity problem from the overdoped side, where intertwined
orders are largely absent and there is no pseudogap. It is as-
sumed in such an approach that the Landau–BCS theory ap-
plies for sufficiently high doping p, implying that in the range
of experimental interest between p ' 20 − 30% it should be
a good starting point, with significant but perturbative correc-
tions due to reduced quasiparticle weights, and residual quasi-
particle interactions represented by Landau parameters.

Recently, this notion was challenged by several experi-
ments on epitaxially grown overdoped LSCO films, closely
spaced in doping. Papers reporting both superfluid density3

and terahertz conductivity4 measurements revealed strong de-
viations from naive expectations for a clean d-wave supercon-
ductor, and claimed furthermore that disorder could not ex-
plain these effects, primarily based on the observed linearity
of the measured superfluid density ∆ρs(T ). However, in a se-
ries of papers,5–7 some of the present authors argued that ac-
counting for the weak-scattering nature of the dominant out-
of-plane dopant impurities, as well as the realistic low-energy
electronic structure, could explain these observations. These
works calculated, for the same set of phenomenological impu-
rity parameters within the so-called “dirty d-wave” theory,8,9

not only superfluid density and optical conductivity, but also
specific heat and thermal conductivity, concluding that the

theory accounted well for the properties of the superconduct-
ing state in the overdoped regime of LSCO and Tl-2201 (crys-
tal structures shown in Figs. 1 and 2), the two materials that
have been systematically studied at high overdoping. Never-
theless, there has been an ongoing reluctance to accept that
simple impurity models, based on pointlike defects and pre-
dominantly Born-limit scatterers, are applicable and operating
in a physically relevant parameter regime.4,10

Accounting semiquantitatively for differences among over-
doped cuprate materials requires a detailed understanding of
the dopant impurities themselves. In Refs. 5–7, overdoped
cuprates were modeled by a 2D tight-binding band, and spec-
ifying a relatively weak onsite impurity potential, of order
0.1t, where t is the nearest neighbor Cu–Cu hopping in the
plane. But in real cuprates, the dopants and defect atoms
are situated in various sites of the crystal, and may therefore
be expected to produce quite different effective scattering po-
tentials as experienced by electrons propagating in the CuO2
plane. For example, in LSCO, both the apical oxygen va-
cancies, and the Sr dopants that substitute for La at the so-
called A site, are located only one layer away (0.5a away,
where a is the in-plane lattice spacing) from the nearest CuO2
plane (Fig. 1). In Tl-2201, oxygen interstitials, and the ex-
cess Cu that substitutes for Tl,11 are located at least two lay-
ers (1.2a) away, producing correspondingly weaker in-plane
potentials12,13 (Fig. 2). In addition to the effect on the magni-
tude of the potential, defects residing outside the CuO2 planes
produce a longer-range scattering “footprint” in the CuO2
plane, which is particularly important for transport, where a
predominance of forward scattering enhances the current. As
we show below, the in-plane momentum dependence of the
effective impurity potential is nontrivial, being determined by
the projection of the impurity position onto the CuO2 plane. In
particular, the nature of the scattering depends sensitively on
whether the defect is site-centered or plaquette-centered with
respect to the CuO2 lattice, as shown schematically in Fig. 3.
(For the body-centered tetragonal structures shown in Figs. 1
and 2, each defect is simultaneously site-centered with respect
to one neighboring CuO2 plane, and plaquette-centred — al-
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FIG. 1. Several unit cells of body-centered-tetragonal La2−xSrxCuO4,
showing the location of the dominant defects: Sr dopants, substitut-
ing for La at the A site; and apical-oxygen vacancies, VO. (Impurity
locations are indicated by dashed circles.) Note that, as experienced
by electrons propagating in the CuO2 planes, each defect plays a dual
role: once for the closest CuO2 plane, located a distance 0.5a away;
and again for the more distant CuO2 plane, a distance 1.2a away. The
body-centered tetragonal structure means that in one case the impu-
rity is site centered, and in the other plaquette centered. In particular,
the apical-oxygen vacancy is centered directly above a Cu site, im-
parting significant pointlike character to its impurity potential, as we
will see below.

beit at different distance — from its other neighboring CuO2
plane.) These factors all influence the strength and range of
the potential, and in turn determine the degree of pairbreaking
and the resulting anisotropy of the quasiparticle and transport
scattering rates.

Recognizing the importance of apical oxygen vacancies in
LSCO, a recent study has taken the first steps toward under-
standing the role of these defects in the overdoped cuprates.14

Unfortunately, that work assumed an incorrect form for the
impurity potential, stating without proof that the apical O va-
cancy has zero potential on the Cu site below it. In addi-
tion, the study did not carry out a self-consistent treatment
of the self energy, using instead the normal-state form for the
scattering rate. Furthermore, Ref. 14 neglected to consider
forward-scattering corrections and explicit gap renormaliza-
tion, both of which are important when the impurity potential
is momentum dependent, and have a significant effect on both
the qualitative and quantitative behavior of the superconduc-
tivity and the electrodynamics. We discuss this work further
in a separate comment.15

Confirming the general dirty d-wave description of the
overdoped cuprates thus requires a more accurate calculation
of impurity potentials, including the vertex corrections to the
transport properties that arise with extended impurity poten-
tials. In this paper, we perform a series of ab-initio calcula-
tions of the tight-binding impurity potentials due to various
dopants and defects, including their local modification of the
hopping parameters, using a Wannier-function-based super-
cell approach,16 and revisit the calculations of Refs. 5–7. We
also discuss the influence of band structure effects, includ-
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FIG. 2. Several unit cells of body-centered-tetragonal Tl2Ba2CuO4+δ.
Tetragonal Tl-2201 naturally grows with an excess of Cu (indicated
by dashed circles) that substitutes for Tl atoms in the Tl2O2 double
layers, and makes a significant contribution to the hole doping of this
material.11 As in LSCO, these copper defects play a dual role: simul-
taneously site-centered with respect to the nearest CuO2 plane and
plaquette-centered with respect to the more distant one. (The Tl2O2

double layers also host interstitial oxygen dopants, not shown here.)
The large unit cell height of Tl-2201 means that these defects are
located well away from the CuO2 planes (at least 1.2a), leading to
weaker impurity potentials that have strong forward-scattering char-
acter.

ing the proximity in the overdoped regime of the van Hove
singularity at the (π, 0) point, which necessitates the use of
momentum sums rather than Fermi-surface integrals. We find
that the success of the previous phenomenological approach is
confirmed by the more complete ab-initio-based calculations
presented here.

The nonuniversal details of the calculations may seem te-
dious to those interested in drawing broad conclusions for the
generic cuprate phase diagram, but we regard them as essen-
tial to establishing the applicability of the quasiparticle-based
Landau–BCS paradigm to the overdoped cuprates in the sense
described above. We believe that it is important to investigate
conventional explanations for the apparently unusual physics
uncovered in Refs. 3 and 4 and other works before turning
to more exotic explanations.17 Conversely, if alternative the-
ories beyond the Landau–BCS paradigm are put forward, it
seems reasonable to insist that they be capable of explaining
the experimental data, and the variation of properties between
different cuprates, at the same level of detail as presented here.
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FIG. 3. A one-band model of the square CuO2 lattice, depicting the
tight-binding impurity potential as experienced by an electron prop-
agating in the CuO2 plane. Terms δHi

RR′ in the impurity Hamiltonian,
Eq. (1), that are equivalent by symmetry have been grouped, result-
ing in a sequence of site energies, Vi, and a hierarchy of modifica-
tions of the nearest-neighbor hopping integral, δti, which are listed
in Tables I–III for the various impurities. (For clarity, modifications
of the next-nearest-neighbor hopping integrals are not shown, but are
also included in the model.) (a) An in-plane, site-centered defect,
e.g., a Cu vacancy in the CuO2 plane, which we treat as a point scat-
terer with a single, on-site impurity term V0; (b) an out-of-plane, site-
centered defect, e.g., an apical O vacancy, located a height z above
the nearest Cu; and (c) an out-of-plane, plaquette-centered defect,
e.g., a Sr substituting for La at an A site located a height z above the
nearest CuO2 plaquette. Note that while a site-centered defect can be
predominantly pointlike (i.e., V0 � V2,V4, ...), a plaquette-centered
defect is always equidistant from its four closest Cu sites: it therefore
has finite range and is inherently of forward-scattering character.

II. FORMALISM

A. Band structure

For our purposes here, an ab-initio description of the effec-
tive impurity potentials is desired to convince the reader that a
realistic, materials-specific description of overdoped cuprates
has been obtained. Here one immediately encounters the usual
challenge associated with describing cuprates by first princi-
ples approaches, namely that density functional theory (DFT)
in its simplest form fails for the cuprate parent compounds be-
cause it cannot describe the Mott insulating state. While con-
siderable progress has been made incorporating correlations
into DFT to describe high-energy physics,18,19 these methods
are not appropriate for a complete ab-initio description of low-
energy phenomena, accurate at the few meV level. We there-
fore adopt a hybrid approach, starting with a low-energy tight-
binding model describing the CuO2-plane states of the no-
tional pure material, with hopping matrix elements taken from
fits to ARPES measurements on LSCO20,21 and Tl-2201.22 To
capture the continuous evolution of electronic structure with
doping, tight-binding parameters for LSCO are interpolated
between the fixed dopings at which the ARPES measurements
were performed.20 The only parameter with strong doping de-
pendence is the chemical potential, which is set using the di-
rect correspondence between hole doping and Fermi volume.
The doping dependence of the next-nearest-neighbour hop-
ping is relatively weak, and all other tight-binding parameters
are doping independent. For Tl-2201, limited ARPES data22

means that doping dependence of electronic structure is gen-
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FIG. 4. Sommerfeld specific heat coefficient γ for Zn-doped LSCO.
Experimental heat capacity data from Ref. 23 are fit using the
ARPES-derived bandstructure20 with scattering rate ΓN and Fermi-
liquid mass enhancement m∗/m as adjustable parameters, from which
we determine m∗/m = 2.5. The unrenormalized Sommerfeld coeffi-
cient is shown below for comparison.

erated via rigid band-shift, with the only doping-dependent
parameter the chemical potential. (For more details of the pro-
cedure see Refs. 5 and 7.)

The only additional renormalization that needs to be
considered when modeling the pure electronic structure is
the many-body renormalization that occurs close to the
Fermi level, which flattens the dispersion ξk by a factor of
m/m∗. As discussed in Ref. 7, the ARPES measurements of
Plate et al. for Tl-2201 were performed at very low energies22

(tens of meV) and already capture the m∗ renormalization.
In LSCO, by contrast, the ARPES tight-binding fits to the
dispersion21 are carried out over a wider energy range — typ-
ically 0.5 eV — and therefore do not include the many-body
renormalization. While some flattening of the LSCO disper-
sion is visible in ARPES (see Fig. 6 of Ref. 21), it is not suf-
ficiently well resolved to determine m∗/m. Instead, we turn to
heat capacity measurements on Zn-doped LSCO,23,24 where
the Zn doping has been used to suppress Tc in order to ac-
cess the Sommerfeld coefficient in the low temperature limit.
We model the Zn dopants as strong-scattering impurities with
normal-state scattering rate ΓN , and obtain a good fit to the
doping-dependent Sommerfeld coefficient with ΓN = 85 K
and m∗/m = 2.5, as shown in Fig. 4. This value of m∗/m has
been used in all subsequent calculations on LSCO.

B. Impurity potentials

We then describe the influence of the impurity in ques-
tion in terms of a lattice impurity Hamiltonian Himp, as de-
scribed below. The impurity Hamiltonian consists of mod-
ifications of both the site energies and hopping matrix ele-
ments relative to the pure system, and is determined by a
Wannier-based method for calculating impurity potentials16

that has been used successfully, e.g., to accurately simulate
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FIG. 5. Impurity matrix elements as a function of momentum transfer k − k′ ≡ q = (qx, qy) for: (a) the apical oxygen vacancy in LSCO; (b)
the Sr dopant in LSCO; and (c) the Cu–Tl substitution in Tl-2201. Matrix elements V(q) are obtained from Eq. 2, using the site-energies V i

R
from Tables I to III, respectively. (Hopping modifications are not included, but are in any case small.)

strong disorder in superconducting materials.16,25–27 In this
method, two DFT calculations are carried out for each type of
impurity: one of a 3 × 3 × 1 supercell containing a single im-
purity (La35SrCu18O72, La36Cu18O71 or Tl35Ba36Cu19O108);
and a reference calculation for the corresponding pure sys-
tem (La4Cu2O8 or Tl4Ba4Cu2O12). For the (La,Sr) substitu-
tion and the O vacancy impurity potential in LSCO we have
repeated the calculations for two different hole dopings, deter-
mined in each case by integrating the density of states (DOS)
down from the top of the band to the Fermi level. In addition
to the undoped calculations (in which no holes or electrons
were added, other than those added by the impurity itself),
we have repeated the calculations with a hole doping (pvH)
for which the van Hove singularity in the single impurity su-
percell lies at the Fermi level, and a second doping with 0.07
extra holes per Cu (pvH + 7%). The reason for deriving the
potentials at pvH and pvH + 7% is that the enhanced density of
states at the van Hove singularity has a strong effect on screen-
ing, making the impurity potentials substantially more local.
More details of the first principles derivation of the impurity
potential are given in Appendix A.

Each pair of DFT calculations is Wannier-projected onto a
one-orbital lattice to obtain the supercell Hamiltonian for the
ith impurity type, Hi

supercell, and the reference Hamiltonian, H0,
respectively. The difference between the two tight-binding
models then defines the Hamiltonian associated with the ith

impurity,

Hi
imp ≡

(
Hi

supercell − µ
iN̂ i

)
−

(
H0 − µ0N̂

)
=

∑
R,R′,σ

δHi
RR′c

†

RσcR′σ

≡
∑
R,σ

V i
Rc†R,σcRσ +

∑
R,R′,σ

δti
RR′c

†

RσcR′σ ,

(1)

for which the Bloch-wave matrix elements are

V i
k,k′ =

∑
R,R′

δHi
RR′e

−ik·Reik′·R′

=
∑

R

V i
Re−i(k−k′)·R +

∑
R,R′

δti
RR′e

−ik·Reik′·R′ .
(2)

Here µi and µ0 are the chemical potentials of the simulation
with and without the impurity, respectively, determined di-
rectly from the DFT calculations via integration of the DOS.
The 2D lattice vectors R and R′ are measured in a coordinate
system in which the impurity sits directly above (or below)
the origin. Unlike the tight-binding Hamiltonian of a trans-
lationally invariant system, where all the site energies VR are
equivalent and the hopping integrals tRR′ can be classified into
a small hierarchy of increasing-range terms (nearest neighbor,
next-nearest neighbor, etc.), the impurity Hamiltonian lacks
translational symmetry, with V i

R and δti
RR′ falling off with

distance from the impurity site. It is nevertheless useful to
group equivalent terms together: this is illustrated in Fig. 3,
and leads to the momentum-dependent form factors discussed
in Appendix A and listed in Tables I–III. For the materials
of interest here, defects can be classified into two types –––
site-centered and plaquette-centered — depending on where
they sit with respect to the Cu atoms of the CuO2 plane. For
the body-centered-tetragonal structures of LSCO and Tl-2201
shown in Figs. 1 and 2, each out-of-plane defect in fact plays a
dual role: site-centered with respect to one neighboring CuO2
plane and plaquette-centered with respect to the other. To il-
lustrate the qualitative differences between the impurity po-
tentials, the impurity matrix elements are plotted in Fig. 5 as
|V(q)|2, using the site energies from Tables I–III and Eq. 2.
The Cu substituents in Tl-2201, located well away from the
CuO2 planes, have strong forward-scattering character, with
|V(q)|2 peaked sharply near q = 0 and its Umklapp replicas.
By contrast, the impurity matrix elements in LSCO are more
rounded, reflecting the much smaller separation of the defects
from the CuO2 planes. The pointlike nature of the apical oxy-
gen vacancy results in a significant constant contribution to
|V(q)|2.

Since DFT calculations on cuprates systematically overesti-
mate the electronic bandwidth relative to the bandwidth mea-
sured in ARPES experiments, the DFT impurity potentials are
first expressed in units of the DFT-derived nearest-neighbor
hopping |t|, with the physically relevant value of |t| set later by
ARPES, when including the impurity potentials in subsequent
parts of the calculation. With these approximations in mind,
a full, material-specific tight-binding model including disor-
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der is obtained, to which we add a phenomenological d-wave
pair potential to describe the superconducting state. The same
procedure is followed systematically for all material systems
considered.

As mentioned above, the dominant defects in LSCO are
apical oxygen vacancies and the Sr2+ dopant ions that substi-
tute for La3+, thereby removing electrons from the conduction
band. It is expected that each added Sr atom should dope one
hole into the CuO2 planes, but the reality is more complicated.
A discrepancy between Fermi volume and Sr content has been
found in a number of ARPES studies,20,28,29 with the careful
3D Fermi-surface measurements of Ref. 29 revealing a Fermi
volume equivalent to p = 0.32, significantly larger than the
Sr concentration of their La1.78Sr0.22CuO4 sample, x = 0.22.
A possible explanation of this effect is that in chemically tun-
ing the Sr concentration, the equilibrium oxygen content is
also changed. One way of taking this into account is to set
the doping-dependent concentration of Sr defects, nSr, using
the relation nSr = x = 0.69p. We also consider the conven-
tional relation, nSr = p, and show that this does not signifi-
cantly change our results. The relevant concentration of oxy-
gen vacancies is more difficult to determine, but is known to
be significant.30–32 There are two inequivalent oxygen sites in
LSCO: planar oxygen and apical oxygen. Structural refine-
ments of x-ray diffraction data for LSCO in Ref. 31 reveal
that the planar oxygen site is fully occupied in well-annealed
crystals (i.e., annealed at 500◦C for 1 week, in 1 atm O2). By
contrast, the apical oxygen is much less tightly bound, with
the same sample containing apical oxygen vacancies at the
nVO ≈ 9% level. Apical oxygen vacancies are also likely
to be highly relevant to the molecular-beam epitaxy (MBE)
thin films3 of interest in the current study: their large lateral
dimension makes diffusion times long, and their very high
quality and crystallinity mean there are no grain boundaries
or screw dislocations to provide an easy diffusion path per-
pendicular to the film. This is particularly apparent when the
MBE films are patterned into narrow microbridges and an-
nealed in ozone3 ––– rapid diffusion of oxygen across the mi-
crobridges reduces their residual resistivity by up to a factor of
4 compared to the unpatterned cm2 films.4 With this in mind,
our calculations of superfluid density for LSCO have been per-
formed over a range of apical oxygen vacancy concentrations,
4% ≤ nVO ≤ 8%.

The dominant defect in Tl-2201 is a consequence of its
crystal growth. The high volatility of Tl2O3 at the growth tem-
perature leads to a deficit of Tl, which is replaced by an excess
of Cu that substitutes onto 4% to 7.5% of Tl sites.11,33–35 At-
tempts to suppress the Cu–Tl substitution using high-pressure
encapsulation11 have been partially successful, but reveal that
the excess Cu+ plays a vital role in making Tl-2201 an over-
doped cuprate. (Cu+ has a valence of -2 relative to Tl3+, mak-
ing it an effective hole dopant. Interstitial O2− in the Tl2O2
double layers is similarly effective at doping holes into the
CuO2 planes.) We have calculated the impurity potential of
the Cu substituent and, assuming each Cu dopes two holes,
have set its concentration to be nCu = p/2. Here nCu gives the
concentration of Cu substituents as a fraction of the in-plane
Cu and varies smoothly from 8% to 15% across the overdoped

=

P = + + + . . .

L

S = + + + + +
. . .

FIG. 6. Diagrammatic expansions of the disorder-averaged self en-
ergy Σ and polarization bubble Π, in the realistic disorder model.
Circles denote pointlike strong impurities, which are treated in the
t-matrix approximation. Crosses denote one type of weak extended
scatterer, treated in the Born approximation. For simplicity the other
species of weak scatterer are not shown, but appear as additive terms
in the actual calculations. Only weak scatterers contribute to the ver-
tex function Λ, and there are no crossing diagrams between different
impurity types.

range. This is broadly in line with the direct measurements of
Cu concentration cited above, remembering that there are two
Tl sites for every in-plane Cu. To the extent that oxygen inter-
stitials are present, we expect them to behave as dopants, and
as scatterers, in much the same way as the Cu substituents,
given their similar location and relative valence.

C. Superconducting State

Within the Matsubara formalism, the Nambu space Green’s
function for a dirty superconductor can be written as36

G(k, iωn) = −
iω̃k,nτ0 + ∆̃k,nτ1 + ξkτ3

ω̃2
k,n + ∆̃2

k,n + ξ2
k

, (3)

where ξk is the single-particle dispersion relative to the Fermi
level and τi are the Pauli particle–hole matrices. In antici-
pation of momentum-dependent scattering effects that arise
from out-of-plane scatterers (and unlike the more common
case of point scatterers) we include momentum dependence in
the renormalized Matsubara frequencies, ω̃k,n ≡ ω−Σ0(k, ωn),
and allow for explicit renormalization of the superconducting
gap, ∆̃k,n ≡ ∆k + Σ1(k, ωn). We give the explicit forms of ω̃k,n
and ∆̃k,n below. In principle, the band energy ξk should also be
self-consistently renormalized by the disorder, but this effect
is generically weaker, indeed vanishing identically in the case
of pointlike impurities in a particle–hole symmetric system.
Furthermore, the real part of the self energy Σ3 ≡ ξ̃k − ξk is
already incorporated into the ARPES-derived electronic struc-
ture employed here.

For a separable pairing interaction, V0dkdk′ , the gap equa-
tion for a weak-coupling unconventional superconductor is36

∆k =
2T
N

Ωc∑
ωn>0

∑
k′

V0dkdk′
∆̃k′,n

ω̃2
k′,n + ∆̃2

k′,n + ξ2
k′
, (4)

where Ωc is a high frequency cutoff, the k′ sum runs over the
first Brillouin zone, and N is the number of sites in the lattice.
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For the tetragonal cuprates we are interested in, the d-wave
eigenfunction takes the form

dk ∝
[
cos(kxa) − cos(kya)

]
, (5)

where a is the in-plane lattice spacing, and dk is normalized
such that 1

N
∑

k d2
k = 1. The system thus condenses into the

state ∆k = ∆0dk at all temperatures below Tc.
In addition to the weak-scattering ab-initio potentials dis-

cussed above for the out-of-plane impurities, we also allow
for a small density of in-plane strong scatterers, such as Cu
vacancies. The combined effect of the strong and weak scat-
terers is shown diagrammatically in Fig. 6. Since the out-of-
plane potentials are relatively weak, they can be treated in the
Born approximation, a statement that we justify in more detail
below. The in-plane strong scatterers are treated as pointlike
unitarity scatterers in the t-matrix approximation. The out-of-
plane defects generate potentials with significant spatial ex-
tent, leading in turn to strong momentum dependence in the
matrix elements Vk,k′ . As a result, vertex corrections must be
included in the calculation of two-particle properties such as
superfluid density, resistivity and optical conductivity.

Including the extended nature of the dopant defects, the
renormalization equations acquire a somewhat different form
than is usual, but the self-energy contributions from the vari-
ous impurity types are still additive.37

ω̃k,n = ωn +
1
N

∑
i, k′

ni

∣∣∣V i
k,k′

∣∣∣2 ω̃k′,n

ω̃2
k′,n + ∆̃2

k′,n + ξ2
k′

+
ΓU

N

G0
(6)

∆̃k,n = ∆k +
1
N

∑
i, k′

ni

∣∣∣V i
k,k′

∣∣∣2 ∆̃k′,n

ω̃2
k′,n + ∆̃2

k′,n + ξ2
k′
, (7)

where

G0 =
1

πNN0

∑
k

1
2 Tr

[
τ0G(k, iωn)

]
; (8)

N0 is the single-spin density of states per unit cell, calculated
self-consistently at the Fermi level; ni = Ni/N is the concen-
tration of the ith impurity; and ΓU

N is the normal-state scattering
rate associated with the strong-scattering impurities.

We note that the use of the Born approximation has been
criticized as corresponding to an unphysical limit consisting
of an infinite number of infinitely weak scatterers.4 This is too
narrow an interpretation. In fact, for dilute pointlike scatter-
ers in effectively three dimensions, the Born approximation
is justified whenever the quantity VimpN0 is significantly less
than one. (It is also common to parameterize the strength of
a scatterer in terms of the cotangent of its scattering phase
shift, c = cot δ = 1/(πVimpN0): the Born-limit then cor-
responds to c significantly greater than 1.) In our previous
work assuming pointlike impurities, we compared results for
superfluid density calculated over a wide range of scatter-
ing phase shifts and showed that ρs(T ) was qualitatively un-
changed for c ≥ 2, illustrating the broad applicability of the
Born limit.7 For the extended impurities considered here, the
need to include vertex corrections to two-particle properties
would make the full t-matrix approximation computationally

expensive. There is, however, a simple test we can perform.
The ab-initio calculations show that our strongest scatterer,
the near apical oxygen vacancy in LSCO, is essentially point-
like (i.e., V0 � V2,V4, ...), allowing it to be treated as a point
scatterer in the t-matrix approximation, then compared to re-
sults obtained in the Born approximation. This test is carried
out in Appendix D, with the conclusion that the Born approx-
imation is well justified for all of our out-of-plane extended
defects.

Another interesting aspect of extended impurities is that
they give rise to momentum-dependent first-order corrections
to the impurity self-energy, in contrast to the case of pointlike
scatterers, for which the first-order correction is a constant
that can be absorbed into the chemical potential. However,
as discussed in Appendix A, the momentum dependence of
the first-order self-energy arising from the hopping modifica-
tions corresponds to the same form factors as in the normal
state dispersion, such that these terms simply renormalize the
band structure. Since we use tight-binding models derived
from ARPES experiment, these effects are already incorpo-
rated into the dispersions adopted.

D. Transition temperatures Tc0 and Tc

For a clean system, ωn and ∆k are unrenormalized and the
gap equation is36

∆k =
2T
N

Ωc∑
ωn>0

∑
k′

V0dkdk′
∆k′

ω2
k′,n + ∆2

k′ + ξ2
k′
. (9)

This allows the pairing strength V0 and cutoff Ωc to be pa-
rameterized in terms of a notional, clean-limit transition tem-
perature Tc0, by carrying out the Matsubara sum in Eq. (9)
at temperature Tc0, where ∆k is vanishingly small and can be
eliminated from the denominator:

1
V0

=
2Tc0

N

Ωc∑
ωn>0

∑
k

d2
k

1
ω2

k,n + ξ2
k
. (10)

In the presence of disorder, the gap equation at Tc reduces to

∆k =
2Tc

N

Ωc∑
ωn>0

∑
k′

V0dkdk′
∆̃k′,n

ω̃2
k′,n + ξ2

k′
. (11)

We now take Tc(p) to be given roughly by experiment, in
each case assuming a parabolic form for the “superconduct-
ing dome”. Equations (10) and (11) can then be solved nu-
merically in the presence of disorder to infer the value of Tc0
required to produce a given Tc. The variation of Tc0 with dop-
ing reflects the intrinsic physics of the cuprate pairing interac-
tion, in particular its weakening on the overdoped side. We
note that Tc0 should be considered an upper bound on the
clean-limit transition temperature, as we have not included
pair-breaking effects arising from inelastic scattering, or fluc-
tuation effects such as the Berezinskii–Kosterlitz–Thouless
vortex-unbinding transition.
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FIG. 7. Comparison of point-scattering and realistic disorder models in LSCO and Tl-2201. (a,b) Normal-state elastic scattering rate ΓN as
a function of angle φ, measured from the zone axes. Dashed lines indicate the values of ΓN used in the point-scattering models of Refs. 5–7.
(c,d) Clean-limit transition temperatures Tc0(p) parameterize the pairing strength required to produce the parabolic “superconducting domes”
Tc(p) of LSCO and Tl-2201. Disorder parameters for the LSCO and Tl-2201 plots are as shown in panels (c) and (d), respectively.

E. Superfluid density

The superfluid density is calculated within the Matsubara
formalism by evaluating the electromagnetic response func-
tion in the static limit, Ω→ 0:38,39

Qi j =
e2T
N

∑
ωn>0

∑
k

vi
k Tr

[
G(k, ωn)Λ jG(k, ωn)

−τ3G(k, ωn)Λ jτ3G(k, ωn)
]
, (12)

where the first term and second terms are the diagmagnetic
and paramagnetic contributions, respectively. The group ve-
locity along the j-direction is v j

k = ∂ξk/∂k j, and Λ is the
impurity-renormalized current vertex function,

Λ(k, ωn) = vk
(
γ0(k, ωn)τ0 +iγ1(k, ωn)τ1 +γ3(k, ωn)τ3

)
, (13)

where explicit expressions for the vertex components
γn(k, ωn) are given in Appendix E. The final result for the 2D
superfluid density is

ρ2D
s (T ) = µ0Q

xx =
8µ0e2T

N

×
∑
ωn>0

∑
k

(
v j

k

)2 ∆̃2
k,nγ0(k, ωn) − ω̃k,n∆̃k,nγ1(k, ωn)(

ω̃2
k,n + ∆̃2

k,n + ξ2
k

)2 .
(14)

The alert reader will note that we have presented formu-
las in which the k-sum is performed over the whole Brillouin
zone, rather than over the Fermi surface itself as in the previ-
ous work of Refs. 5–7. This is done both because the kernel
in the energy integration of Eq. (14) does not necessarily fall
off rapidly enough near the Fermi surface, and because quan-
titative inaccuracies arise if calculations are carried out on the
Fermi surface near those dopings where the van Hove singu-
larity is close to the Fermi level. A comparison of the two
approaches is given in Appendix B, along with details of the
implementation of the full-Brillouin-zone sum.

Sufficiently far from the van Hove singularity, where it is
possible to linearize the spectrum ξk and carry out the ξ inte-
gration, Eq. (14) can safely be recast as a Fermi surface aver-
age. Including vertex corrections, this leads to the following
expression for ρ2D

s :

ρ2D
s (T ) = 2πµ0e2N0T

×
∑
ωn>0

〈 (
v j

k

)2 ∆̃2
k,nγ0(k, ωn) − ω̃k,n∆̃k,nγ1(k, ωn)(

ω̃2
k,n + ∆̃2

k,n

)3/2

〉
FSk

,
(15)

which reduces to the familiar form for superfluid density used,
e.g., in Refs. 5–7 in the limit γ0 → 1 and γ1 → 0 when the
impurity potentials are pointlike.

III. RESULTS

The ab-initio calculations of impurity potentials are pre-
sented in Appendix A, in Tables I to III. DFT calculations
were initially performed for LSCO, for the undoped super-
cells La35SrCu18O72 and La36Cu18O71. In LSCO, the density
of states has a particularly strong doping dependence: at a hole
doping of around 19%, the Fermi surface undergoes a Lifshitz
transition and a van Hove singularity passes through the Fermi
level. To understand how this influences screening, two fur-
ther sets of calculations were carried out: one at p = pvH,
with electron count adjusted to place the van Hove singularity
at the Fermi level; and an even more overdoped calculation
at pvH + 7%. Proximity to the van Hove singularity does in-
deed have a significant effect on the potentials, particularly for
the near apical oxygen vacancy Vnear

O . In Table I, we see that
for undoped La36Cu18O71, the impurity potential for Vnear

O is
rather extended: the on-site energy V0 is comparable in mag-
nitude to the combined energies of the four nearest-neighbor
sites (4 × V2). This changes markedly at pvH: Vnear

O becomes
essentially pointlike, with V0 � V2,V4. As expected, the
screening effect diminishes somewhat beyond the van Hove
singularity: at pvH + 7% the on-site energy V0 increases by
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6%, while the nearest-neighbour energy V2 doubles, leading
to a slightly more extended impurity potential. Proximity to
the van Hove singularity also has a systematic effect on the
screening of the potential of the Sr dopant, as seen in Table II.
However, the changes are not as strong, nor as important: un-
like Vnear

O , the Srnear defect is plaquette-centered, so its impu-
rity potential is inherently extended. Results for the Cu defect
in Tl-2201 are presented in Table III. Here DFT calculations
were only carried out for the undoped Tl35Ba36Cu19O108 su-
percell: there is no Lifshitz transition in Tl-2201 in the rele-
vant doping range and, as discussed in Sec. II A, the Cu–Tl
substitution already has a hope-doping effect.

As mentioned above, the spatially extended nature of the
realistic disorder model gives rise to impurity matrix ele-
ments Vk,k′ with very strong momentum dependence. This,
combined with anisotropic electronic structure, leads to elas-
tic scattering rates that vary strongly around the Fermi sur-
face, something that is a well-established part of cuprate
phenomenology.21,22,40–49 Recognizing that our calculation in-
cludes only disorder contributions, and not inelastic scatter-
ing, the normal-state elastic scattering rate ΓN(φ) is plotted in
Figs. 7(a) and (b), for LSCO and Tl-2201. ΓN(φ) is defined to
be the imaginary part of the τ0 self energy above Tc, evaluated
on the Fermi surface, at angle φ. The scattering rate has sig-
nificant angle dependence in both materials, being strongest
in both cases at the antinodes, with minima along the zone
diagonals, in qualitative agreement with ARPES21,22,42,45,47,48

and transport40,46,49 experiments on various cuprate materials.
In LSCO, the calculated ΓN(φ) has very little doping depen-
dence, but in Tl-2201, both the magnitude and angle depen-
dence of ΓN(φ) increase significantly with hole doping.

ARPES experiments do not, in general, have sufficient res-
olution to allow a quantitative comparison with our calcu-
lated ΓN(φ). Clearer insights come from angle-dependent
magnetoresistance (ADMR), with Γ(φ) accessible through de-
tailed, Boltzmann-transport fits to the ADMR data. We are
not aware of ADMR measurements on LSCO, but results
have recently been reported for Nd-doped LSCO,49 in which
the Nd dopants shift the Lifshitz transition upwards from
p = 19% to p = 24%. By carrying out these measurements
at multiple temperatures, elastic and inelastic contributions
to Γ(φ) have been separated. The results from Ref. 49 re-
veal an elastic scattering rate in Nd-LSCO qualitatively sim-
ilar to our calculations, with minima along the nodal direc-
tions and maxima at the antinodes. Converting the ADMR
values to temperature units, and remembering that the exper-
imentally accessible scattering rate is 2ΓN(φ), the nodal min-
imum in Nd-LSCO corresponds to Γelastic

ADMR(φ=45◦) = 35 K.
This is somewhat smaller than our calculated nodal minimum
for LSCO in Fig. 7(a), ΓN(φ = 45◦) ≈ 65 K, which assumes
a concentration of apical oxygen vacancies nVO = 6%. We
have also carried out calculations for nVO = 4% and find
ΓN(φ=45◦) ≈ 43 K. This is significantly closer to the ADMR
value, and indicates that a lower concentration of apical oxy-
gen vacancies in the Nd-LSCO crystals could easily account
for the difference. The antinodal scattering rate is another
matter, however. In our calculations, the angular variation in
ΓN is slightly less than a factor of 2. The scattering rate in-

ferred from ADMR varies by a factor 8 around the Fermi sur-
face, reaching an antinodal maximum of 275 K in ΓN units.
We suspect that this discrepancy is an artifact of the Fermi-
surface-based Boltzmann-transport approach used to model
the ADMR data, which breaks down in the vicinity of a van
Hove singularity for the reasons we give in Appendix B, re-
quiring full-Brillouin-zone k-sum methods instead.

For overdoped Tl-2201 (Tc = 15 K), the detailed interpre-
tation of ADMR data in Ref. 46 found an elastic scattering
rate corresponding to ΓN = 20 K, with no significant variation
around the Fermi surface. This is close to what we calculate
for Tl-2201 at optimal doping, but not with the doping depen-
dence we show in Fig. 7(b). A detailed investigation of the be-
havior of the normal state scattering rate is beyond the scope
of the current work, but it is worth emphasizing two key differ-
ences between LSCO and Tl-2201 that must play an important
role in any attempt to do so. First, LSCO passes through a Lif-
shitz transition in the overdoped superconducting range, with
the van Hove singularity significantly enhancing its antinodal
density of states; the Tl-2201 Fermi surface is far from the
vHS, with a relatively isotropic density of states. And second,
the elastic scatterers in Tl-2201 are located much further from
the CuO2 planes than in LSCO, with concomitantly softer and
longer-range potentials, as can be seen in Tables I to III.

For comparison purposes, the values of ΓN used in the
point-scattering models of Refs. 5–7 are also shown in
Figs. 7(a) and (b), and correspond quite closely to the min-
ima of ΓN(φ) in LSCO and Tl-2201. This leads to an im-
portant insight — when defects are spatially extended, sig-
nificantly higher scattering rates can be tolerated, particu-
larly near the antinodes. This is because extended defects
are inherently forward scattering. Near the antinodes, for-
ward scattering couples states for which the d-wave gap has
the same sign, a process akin to Anderson’s theorem,50 and
harmless to superconductivity.51,52 This can further be seen in
Figs. 7(c) and (d), where plots of clean-limit transition temper-
ature, Tc0(p), show the pairing strength needed to produce the
parabolic “superconducting domes” of LSCO and Tl-2201.
We see that the required pairing strength is somewhat lower
than for the point scatterers of Refs. 5–7, despite the larger
average scattering rate in Figs. 7(a) and (b). For LSCO this
is particularly welcome, as the large values of Tc0(p) needed
in Refs. 5–7 were a distinct weakness of the point-scattering
approach. It is intriguing that this suggests an intrinsic pairing
scale of about 80 K in doped La2CuO4, slightly higher than
the 70 K of superoverdoped Ba3Cu2O4−δ.53 As expected, in
the Tl-2201 system, the Tc suppression by disorder is consid-
erably weaker than in LSCO.

Figure 8 shows zero-temperature superfluid density as a
function of transition temperature Tc in LSCO and Tl-2201.
The ab-initio calculations do a remarkably good job of cap-
turing the experimental behavior, particularly in the case of
Tl-2201, where the sole assumption is that the concentration
of out-of-plane scatterers is given by nCu = p/2. In LSCO, the
data of Ref. 3 are well described by a calculation based on 6%
apical oxygen vacancies. In Appendix C, the effect of varying
the concentration of Sr and VO defects in LSCO is explored
in more detail. The pointlike potential of the apical oxygen
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FIG. 8. Zero-temperature superfluid density as a function of tran-
sition temperature Tc for LSCO and Tl-2201. Disorder parame-
ters are as shown including, for LSCO, two different doping depen-
dences of Sr concentration, nSr(p). LSCO data: � MBE thin-film
mutual inductance.3 Tl-2201 data: � single-crystal microwave;54

� single-crystal µSR;55 �, � polycrystalline µSR.56,57

vacancies has a significant pair-breaking effect; the spatially
extended potential of the Sr defects renders them fairly benign
to the superfluid density, as can be seen in Fig. 8 by comparing
the traces for nSr = p and nSr = 0.69p.

Figure 9 shows the temperature dependence of ρs for the
same ab-initio potentials as in Fig. 8, along with the experi-
mental data for LSCO from Ref. 3. As expected from Refs. 5
and 7, the temperature dependence is remarkably linear down
to temperatures of order 1 K, at which point the materials enter
a gapless regime indicative of a narrow impurity band, con-
trolled in our model by the presence of a small density of
unitarity scatterers. In general, the agreement with the data
of Ref. 3 shown in Fig. 9(a) is excellent over the entire tem-
perature and doping range, with the exception of deviations
near Tc, which are discussed in Ref. 5; and for the very lowest
Tc sample, which was discussed in detail in Ref. 10. We do
not currently understand the latter discrepancy: the disorder-
averaged theory suggests that significant curvature will occur
in ρs(T ) at the lowest temperatures, but this is not visible in
the experimental data on that sample. It may be that the very
low Tc samples are more inhomogeneous and have such low
superfluid density that they are indeed dominated by phase
fluctuations rather than Bogoliubov quasiparticles.

IV. DISCUSSION

A. Critical assessment of approach

Here we present what we regard as the strong and weak
points of the analysis we have presented. A major advan-
tage of our approach, a simple extension of “dirty d-wave the-
ory”, is certainly its simplicity: one can work in the supercon-

ducting state with a theory of well-defined quasiparticles and
calculate essentially any observables. We have now updated
this theory to start from ab-initio calculations of the relevant
impurity strengths in the systems of interest, and shown that
the results continue to agree well with recent superfluid den-
sity experiments; the number of free parameters not precisely
constrained by experimental data or the ab-initio calculations
has thus been significantly reduced. Furthermore, we show
in Appendix B that the van Hove singularity, which naively
could give rise to anomalies in such a theory at dopings when
it approaches the Fermi level, is in fact rather benign when
properly treated using momentum-sum methods rather than
Fermi-surface averages.

Nevertheless, the present approach could be improved in
several ways. First, as we have noted above, one could study
the out-of-plane dopant impurities within the t-matrix rather
than Born approximation. This would be more accurate,
but makes calculation of the corresponding vertex corrections
to two-particle properties significantly more expensive. We
have argued that, for the calculated impurity potential values,
t-matrix and Born approximation calculations must give es-
sentially identical results.

A complete theory would also account explicitly for the
doping effect of Sr/La, Cu/Tl, and O vacancy impurities on
the electronic structure. This approach, i.e., assuming that ev-
ery impurity dopes the system, was adopted, e.g., in Ref. 58.
While appealing in its simplicitly, it does not reflect the com-
plexity of different impurities and dopants in the cuprates. We
have therefore chosen to calculate the ab-initio scattering po-
tentials directly, and have incorporated the changes in elec-
tronic structure by adopting the ARPES-derived tight binding
models interpolated across the doping range. A direct im-
plementation of ab-initio doping is beyond the scope of the
present theory, but it might be feasible in some future im-
plementation of DFT+DMFT or similar realistic theories of
electronic structure incorporating correlations.

In addition, we have performed our calculations of
superconducting-state observables on a two-dimensional lat-
tice of Cu 3dx2−y2 orbitals. We thereby miss explicit inclu-
sion of O and other out-of-plane ionic degrees of freedom in
the tight-binding electronic structure, except insofar as they
contribute to the single hybridized Cu–O band near the Fermi
level. In some cuprates, 3D effects can be important at the
level of electronic structure, particularly in tight-binding de-
scriptions of the CuO2 plane near van Hove singularities, as
shown in Ref. 59.

Finally, we note that as in previous work, we have assumed
that the pairing interaction binding electrons into a d-wave
state can be adequately described in the weak-coupling limit,
by a separable pairing interaction, the strength of which is pa-
rameterized by an assumed Tc0(p), chosen to reproduce the
experimental superconducting phase diagram. In a complete
theory, the weakening of the clean-limit pairing interaction
with increasing doping in the overdoped regime should be cal-
culated from microscopics as well. For example, one might
expect the doping and disorder to modify the particle–hole
susceptibility as one moves across the phase diagram, thereby
modifying the underlying spin-fluctuation pairing strength.60
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FIG. 9. Temperature-dependent superfluid density of overdoped LSCO and Tl-2201. (a) Superfluid density data for LSCO from Ref. 3, with
shading indicating the stated 2% experimental uncertainty. The dashed line indicates the construction used to estimate the corresponding mean-
field transition temperature T MF

c . (b,c) Superfluid density for LSCO and Tl-2201 calculated in the realistic disorder model, for the disorder
parameters shown, as doping (and therefore Tc) are varied.

Including simple models of the disorder self-energy in such
theories has already been attempted.61 It will certainly be
worthwhile to explore combining these approaches with our
microscopic, material-specific disorder models.

B. Electronic inhomogeneity

In this paper, we have explored the predictions of a simple
theory describing a homogeneously disordered system, i.e.,
we have assumed that defects are distributed randomly and
perturb the otherwise homogeneous system only weakly. This
allows the application of a conventional disorder-averaged
“effective medium” approach, which can be considered a sim-
ple generalization of the successful “dirty d-wave” theory ap-
plied earlier to cuprates. In such a picture, the temperature
dependence of thermodynamic and transport properties in the
superconducting state is dominated by Bogoliubov quasipar-
ticles. Furthermore, the disappearance of superconductivity
on the overdoped side of the dome must be considered to be a
consequence of a combination of a weakening of the d-wave
pairing interaction and disorder (see, e.g., Ref. 61).

On the other hand, there are several studies of cuprates gen-
erally, and of LSCO in particular, which propose a very dif-
ferent picture of the overdoped systems, one in which larger-
scale inhomogeneity is intrinsic to the materials, and therefore
Tc is determined not by uniform suppression of the gap, but by
the destruction of the Josephson coupling between grains by
phase fluctuations. For example, a recent study62 considering
several measures of superconductivity on an overdoped LSCO
crystal found strong nanoscale inhomogeneity in STM and an
onset of diamagnetism many degrees above the onset of zero
resistance, consistent with a theory of granular superconduc-
tivity by Spivak et al.63 There is evidence from STM on many
Bi-based cuprates of substantial inhomogeneity of local gaps
and other properties of these samples.64,65

Nevertheless, thermodynamic measurements tend to infer
much narrower spatial distributions of superconducting prop-

erties in the overdoped regions than STM, particularly in the
cleaner YBCO material66,67 (overdoped with Ca). Even in
LSCO, sample quality varies dramatically between crystals
and thin films of various types, and there is to our knowl-
edge no evidence for gross inhomogeneity in the epitaxially
grown films of Ref. 3 with which we compare here. Recently,
a careful study of Ca substitution concluded that reducing
the disorder strength can dramatically extend the Tc dome of
LSCO,68 supporting the notion that the destruction of super-
conducitivity depends strongly on the scattering potentials of
the dopants, as assumed here. From the theoretical standpoint,
while it has been proposed that highly disordered d-wave su-
perconductors can exhibit responses consistent with a granular
picture58 a recent study searching for this effect found no sig-
nificant self-organization of regions of well-defined phase.69

It therefore seems likely that, while granular, phase-
fluctuation-dominated behavior may indeed exist in some
overdoped samples, it is not intrinsic to cuprates, but rather
due to chemical inhomogeneities that arise naturally in the
growth process of some samples of some materials. In this
case, the description of the somewhat idealized disorder-
averaged dirty d-wave theory may indeed prove adequate for
most of the overdoped phase diagram, until the falling su-
perfluid density induces strong phase fluctuations70 that may
overcome the quasiparticle responses for some observables in
samples with very small Tc. Furthermore, it seems to us un-
likely that a theory of weakly Josephson-coupled grains can
explain the superfluid density, optical conductivity, specific
heat and thermal conductivity at the same semiquantitative
level put forward here and in Refs. 5–7.

V. CONCLUSIONS

As discussed in the introduction, we have started from the
point of view that the experimental data on the overdoped
side of the cuprate phase diagram can be explained within
the Landau-BCS paradigm, provided the details of the disor-
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der present as a result of the doping process are properly ac-
counted for, with appropriate Fermi liquid renormalizations of
quasiparticle masses fixed by experiment. Within this scheme,
the dopant disorder is taken to be weak enough to apply the
Born approximation for impurity scattering. A small concen-
tration of strong, pointlike scatterers, representing in-plane
defects such as Cu vacancies, has also been included, in or-
der to reproduce the small gapless impurity band observed at
the lowest temperatures. The impurity potentials themselves
have now been calculated from first principles, scaled only
by an overall bandwidth renormalization, yielding a tractable
theory within which any superconducting state observable can
be calculated. We have shown here that for the two cuprates
that can be easily overdoped, these simple conventional pro-
cedures produce results consistent with the “anomalous” be-
havior of the superfluid density that has been observed.
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Appendix A: Impurity potentials

As summarized above, the calculation of the impurity po-
tential associated with a given defect requires two DFT calcu-
lations to be carried out: one for a supercell containing a sin-
gle impurity; and a reference calculation of the corresponding
pure system. For these calculations we employed the Vienna
ab-initio simulation package (VASP)71 with the generalized
gradient approximation of Perdew, Burke and Ernzerhof,72

and a plane-wave energy cut-off of 650 eV. For the refer-
ence systems we used the conventional orthogonal La4Cu2O8
and Tl4Ba4Cu2O12 cells with with structural parameters corre-
sponding to the Inorganic Crystal Structure Database (ICSD)
entries 41643 and 65326 respectively.73 The k-grids were
taken to be 21× 21× 6 and 7× 7× 6 for the La4Cu2O8 normal
cells and supercells, respectively. For the Tl4Ba4Cu2O12 nor-

(a)

(b)

(c)

FIG. 10. Comparison of the VASP DFT bandstructure (solid
lines) with the Wannierized bands (dashed lines) used to gen-
erate the tight-binding impurity potentials, for (a) the undoped
La4Cu2O8 normal cell and (b) the La35SrCu18O72 supercell,
containing one Sr dopant. The high symmetry points are
given by: Γ = (0, 0, 0), X = ( 1

2 , 0, 0), M = ( 1
2 ,

1
2 , 0), Z = (0, 0, 1

2 ),
S = ( 1

2 ,
1
2 ,

1
2 ), P = ( 1

2 , 0,
1
2 ), and Z = (0, 0, 1

2 ). For the La4Cu2O8

and La35SrCu18O72 bands these are expressed in the reciprocal basis
vectors of the orthogonal La4Cu2O8 and La35SrCu18O72 unit cells,
respectively. (c) The Wannier function, displaying well-localized
Cu dx2−y2/O px,y anti-bonding character. We emphasize that the Wan-
nier bands are only used in the determination of the impurity poten-
tials: the empirical ARPES band structure is the basis for all other
calculations.

mal cells and supercells, the k-grids were taken to be 12×12×2
and 4 × 4 × 2, respectively. To derive the impurity potentials
for the (La,Sr) substitution and the O vacancy impurity poten-
tial in LSCO with the additional hole dopings we proceeded
as follows. We adjusted the VASP parameter NELECT in such
a way that the van Hove singularity in the supercell lies at the
Fermi energy. For the La35SrCu18O72 supercell this required
us to subtract 0.11 electrons per Cu from the default value
of NELECT. For the La36Cu18O71 supercell this number was
0.26 electrons per Cu instead. This difference can be roughly
understood from the fact that a Sr dopes 1 hole, and an O va-
cancy removes 2 holes: 0.11 + 1/18 ≈ 0.26 − 2/18. We note
that for these impurity potential derivations, NELECT was ad-
justed both in the single impurity supercell, and the reference
system (La4Cu2O8 in this case) by the same number of holes
per Cu. Adjusting the NELECT parameter adds a constant
positive/negative background potential that essentially mim-
ics the many positively/negatively charged Sr and O vacancy
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Defect
&

location

Impurity
term

Representative
coordinates

Impurity potential
∆E/|t| × 1000 Form factor

f (q) or f (k,k′)
Form factor

f (q = 0) ≡ f (k = k′)
R/a R′/a undoped pvH pvH+7%

Vnear
O

z = 2.4 Å
site-

centered

V0 = VR (0,0) – -323.96 -358.68 -381.55 1 1

V2 = VR (1,0) – -104.36 -12.90 -25.40 2
[
cos(qx) + cos(qy)

]
4

V4 = VR (1,1) – -39.01 11.09 -13.77 4 cos(qx) cos(qy) 4

δt0 = δtR,R′ (0,0) (1,0) 8.08 14.83 16.52 2
[
cos(kx) + cos(ky) + cos(k′x) + cos(k′y)

]
4
[
cos(kx) + cos(ky)

]
δt2 = δtR,R′ (1,0) (1,1) 4.97 8.96 9.64 4

(
cos(kx − k′x)

[
cos(ky) + cos(k′y)

]
+ cos(ky − k′y)

[
cos(kx) + cos(k′x)

]) 8
[
cos(kx) + cos(ky)

]
δt′0 = δtR,R′ (0,0) (1,1) 4.36 3.20 4.84 4

[
cos(kx) cos(ky) + cos(k′x) cos(k′y)

]
8 cos(kx) cos(ky)

Vfar
O

z = 4.2 Å
plaquette-
centered

V1 = VR
(

1
2 ,

1
2

)
– -52.48 -45.78 -59.18 4 cos

(
qx
2

)
cos

( qy
2

)
4

V3 = VR
(

1
2 ,

3
2

)
– -13.59 -7.72 -17.31 4

[
cos

(
qx
2

)
cos

( 3qy
2

)
+ cos

(
3qx
2

)
cos

( qy
2

)]
8

δt1 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,−

1
2

)
12.29 18.68 20.09

8
[

cos
( kx+ky

2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt3 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,

3
2

)
5.95 5.85 6.21

4
[

cos
( 2kx+2ky−k′x−k′y

2

)
cos

( kx−ky
2

)
+ cos

( 2kx−2ky−k′x+k′y
2

)
cos

( kx+ky
2

)
+ cos

( kx+ky−2k′x−2k′y
2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky−2k′x+2k′y
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt′1 = δtR,R′
(

1
2 ,

1
2

) (
− 1

2 ,−
1
2

)
3.66 1.01 0.51 8 cos

(
kx+k′x

2

)
cos

( ky+k′y
2

)
8 cos(kx) cos(ky)

TABLE I. Impurity parameters for the apical oxygen vacancy, VO, in LSCO. Ab-initio potentials from Wannier-projected DFT are tabulated
in units of the DFT-derived nearest-neighbor hopping, |t| = 524.7 meV, at three hole doping levels: the undoped La36Cu18O71 supercell; pvH,
with the van Hove singularity tuned to the Fermi level; and pvH + 7%. Representative values of the coordinates R and R′ are given in a
coordinate system where the defect is located a distance z above the origin. For Vnear

O (z = 2.4 Å), the origin is centered on a Cu site. For
Vfar

O (z = 4.2 Å), the origin is centered on a CuO2 plaquette. Additional, symmetry-related copies are implied, and when included produce the
momentum-dependent form factors shown, with momenta in units of 1/a, the inverse lattice parameter. For the site-energy terms, the form
factors depend only on the momentum transfer q = k − k′. Form factors for the hopping modifications depend on k and k′ separately.

defects that are distributed throughout the sample, not the sin-
gle, isolated impurity for which the ab-initio potential is being
calculated. In the single-impurity approach taken in our study,
these background corrections are the most straightforward ap-
proximation to take into account the potentials induced by the
nonzero density of dopants and vacancies present in sample.
In addition to the van Hove hole doping pvH, we also derived
the impurity potentials of the (La,Sr) substitution and the O
vacancy in LSCO for the hole doping pvH + 7% in which 0.07
extra holes were doped per Cu. In total eleven DFT calcu-
lations were performed to derive the impurity potentials of
the (La,Sr) substitution and the O vacancy in LSCO for var-
ious hole dopings. For the undoped impurity potentials we
simulated La4Cu2O8, La35SrCu18O72 and La36Cu18O71 with
the default value of NELECT. For the (La,Sr) potential at pvH
and pvH + 7% we simulated La4Cu2O8 and La35SrCu18O72
in which 0.11 and 0.18 electrons were removed from the de-
fault value of NELECT. For the O vacancy potential at pvH
and pvH + 7% we simulated La4Cu2O8 and La35SrCu18O72 in

which 0.26 and 0.33 electrons we removed from the default
value of NELECT. We emphasize again that in addition to the
explicit removal of electrons, the impurities themselves also
dope holes and electrons: a Sr dopes 1 hole, and an O vacancy
dopes 2 electrons.

We note that the impurity potential needs to be parti-
tioned from its super-images. To this end we use the par-
titioning scheme detailed in the supplement of Ref. 16.
The Wannier-function-based Hamiltonian has been derived
using the Wannier90 software.74 Specifically, we projected
Cu-dx2−y2 orbitals on the bands within low energy windows.
These low energy windows were taken to be [−4.5, 2.5] eV
for the La4Cu2O8 normal cell and La35SrCu18O72 supercell;
[−4.6, 2.3] eV for the La36Cu18O71 supercell; and [−3, 2.8] eV
for the Tl4Ba4Cu2O12 normal cell and the Tl35Ba36Cu19O108
supercell. To obtain projected Wannier functions we set
num iter = 0. Due to the large number of orbitals in the
supercells, the disentanglement procedure became unstable.
Therefore, we set dis num iter = 0. As a result, the Wan-
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Defect
&

location

Impurity
term

Representative
coordinates

Impurity potential
∆E/|t| × 1000 Form factor

f (q) or f (k,k′)
Form factor

f (q = 0) ≡ f (k = k′)
R/a R′/a undoped pvH pvH + 7%

Srnear

z = 1.8 Å
plaquette-
centered

V1 = VR
(

1
2 ,

1
2

)
– 97.56 70.80 69.44 4 cos

(
qx
2

)
cos

( qy
2

)
4

V3 = VR
(

1
2 ,

3
2

)
– 18.28 6.99 7.73 4

[
cos

(
qx
2

)
cos

( 3qy
2

)
+ cos

(
3qx
2

)
cos

( qy
2

)]
8

δt1 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,−

1
2

)
-27.84 -29.81 -30.18

8
[

cos
( kx+ky

2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt3 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,

3
2

)
-18.14 -15.79 -14.21

4
[

cos
( 2kx+2ky−k′x−k′y

2

)
cos

( kx−ky
2

)
+ cos

( 2kx−2ky−k′x+k′y
2

)
cos

( kx+ky
2

)
+ cos

( kx+ky−2k′x−2k′y
2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky−2k′x+2k′y
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt′1 = δtR,R′
(

1
2 ,

1
2

) (
− 1

2 ,−
1
2

)
-5.77 -5.78 -5.40 8 cos

(
kx+k′x

2

)
cos

( ky+k′y
2

)
8 cos(kx) cos(ky)

Srfar

z = 4.8 Å
site-

centered

V0 = VR (0,0) – 30.83 -9.12 -22.24 1 1

V2 = VR (1,0) – 15.71 -4.57 -3.86 2
[
cos(qx) + cos(qy)

]
4

V4 = VR (1,1) – 15.79 0.62 3.33 4 cos(qx) cos(qy) 4

δt0 = δtR,R′ (0,0) (1,0) -10.03 -9.81 -8.96 2
[
cos(kx) + cos(ky) + cos(k′x) + cos(k′y)

]
4
[
cos(kx) + cos(ky)

]
δt2 = δtR,R′ (1,0) (1,1) -7.16 -6.28 -5.47 4

(
cos(kx − k′x)

[
cos(ky) + cos(k′y)

]
+ cos(ky − k′y)

[
cos(kx) + cos(k′x)

]) 8
[
cos(kx) + cos(ky)

]
δt′0 = δtR,R′ (0,0) (1,1) -1.75 -1.31 -0.47 4

[
cos(kx) cos(ky) + cos(k′x) cos(k′y)

]
8 cos(kx) cos(ky)

TABLE II. Impurity parameters for the Sr dopant in LSCO. Ab-initio potentials from Wannier-projected DFT are tabulated in units of the
DFT-derived nearest-neighbor hopping, |t| = 524.7 meV, at three hole-doping levels: the undoped La35SrCu18O72 supercell; pvH, with the van
Hove singularity tuned to the Fermi level; and pvH + 7%. Representative values of the coordinates R and R′ are given in a coordinate system
where the defect is located a distance z above the origin. For Srnear (z = 1.8 Å), the origin is centered on a CuO2 plaquette. For Srfar (z = 4.8 Å),
the origin is centered on a Cu atom. Additional, symmetry-related copies are implied, and when included produce the momentum-dependent
form factors shown, with momenta in units of 1/a, the inverse lattice parameter.

nier bands in some parts of k-space were shifted downwards
in energy relative to the DFT bands (see Fig. 10). The most
important consideration for the purposes of calculating impu-
rity potentials is that the underlying Wannier functions have
well-localized Cu dx2−y2/O px,y anti-bonding character, as can
be seen in Fig. 10(c). In any case, some of the mismatch is
cancelled because the impurity potential is the difference be-
tween the single impurity supercell Hamiltonian and the ref-
erence Hamiltonian, as shown in Eq. 1.

Results for the ab-initio impurity-potential calculations are
presented in Tables I–III, with numerical values of the real-
space matrix elements δHi

RR′ = V i
RδR,R′ and δti

RR′ given for
representative choices of R and R′, in units of the DFT-
derived nearest-neighbor hopping |t|. As shown in Fig. 3, it is
useful to group together terms that are equivalent by symme-
try. Transforming to momentum space, as shown in Eq. (2),
the grouping of like terms leads to a set of form factors that

enter the matrix elements V i
k,k′ . For the site energies these are

f (k,k′) = f (q) =
∑

{equiv.R}

ei(k−k′)·R =
∑

{equiv.R}

eiq·R , (A1)

and for the hopping modifications

f (k,k′) =
∑

{equiv. (R,R′)}

eik·Re−ik′·R′ , (A2)

where in each case the phase factors are summed over the set
of equivalent lattice vectors R or pairs of lattice vector (R,R′).
By using a 2D coordinate system in which the impurity sits
directly above (or below) the origin, we obtain form factors
that are purely real. These are listed beside their correspond-
ing impurity terms in Tables I–III, along with the form factor
evaluated in the limit k = k′ (i.e., q = 0), as this is the form in
which it enters the first-order self energy. In this limit, the site-
energy form factors are constants that can be absorbed into the
chemical potential. Interestingly, in the q = 0 limit, the form
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Impurity
term

Rep. coords. Impurity potential
∆E/|t| × 1000

Form factor
f (q) or f (k,k′)

Form factor
f (q = 0) ≡ f (k = k′)R/a R′/a

Cunear

z = 4.7 Å
site-

centered

V0 = VR (0,0) – 155.72 1 1

V2 = VR (1,0) – 77.50 2
[
cos(qx) + cos(qy)

]
4

V4 = VR (1,1) – 66.97 4 cos(qx) cos(qy) 4

δt0 = δtR,R′ (0,0) (1,0) -9.15 2
[
cos(kx) + cos(ky) + cos(k′x) + cos(k′y)

]
4
[
cos(kx) + cos(ky)

]
δt2 = δtR,R′ (1,0) (1,1) -7.39 4

(
cos(kx − k′x)

[
cos(ky) + cos(k′y)

]
+ cos(ky − k′y)

[
cos(kx) + cos(k′x)

]) 8
[
cos(kx) + cos(ky)

]
δt′0 = δtR,R′ (0,0) (1,1) -2.88 4

[
cos(kx) cos(ky) + cos(k′x) cos(k′y)

]
8 cos(kx) cos(ky)

Cufar

z = 6.9 Å
plaquette-
centered

V1 = VR
(

1
2 ,

1
2

)
– 100.50 4 cos

(
qx
2

)
cos

( qy
2

)
4

V3 = VR
(

1
2 ,

3
2

)
– 37.29 4

[
cos

(
qx
2

)
cos

( 3qy
2

)
+ cos

(
3qx
2

)
cos

( qy
2

)]
8

δt1 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,−

1
2

)
-6.45

8
[

cos
( kx+ky

2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt3 = δtR,R′
(

1
2 ,

1
2

) (
1
2 ,

3
2

)
-2.83

4
[

cos
( 2kx+2ky−k′x−k′y

2

)
cos

( kx−ky
2

)
+ cos

( 2kx−2ky−k′x+k′y
2

)
cos

( kx+ky
2

)
+ cos

( kx+ky−2k′x−2k′y
2

)
cos

( k′x−k′y
2

)
+ cos

( kx−ky−2k′x+2k′y
2

)
cos

( k′x+k′y
2

)] 8
[
cos(kx) + cos(ky)

]

δt′1 = δtR,R′
(

1
2 ,

1
2

) (
− 1

2 ,−
1
2

)
-0.89 8 cos

(
kx+k′x

2

)
cos

( ky+k′y
2

)
8 cos(kx) cos(ky)

TABLE III. Impurity parameters for Cu substituted onto the Tl site in Tl-2201. Ab-initio potentials from Wannier-projected DFT are tabulated
in units of the DFT-derived nearest-neighbor hopping, |t| = 537.8 meV, for a Tl35Ba36Cu19O108 supercell. Representative values of the
coordinates R and R′ are given in a coordinate system where the defect is located a distance z above the origin. For Cunear (z = 4.7 Å), the
origin is centered on a Cu site. For Cufar (z = 6.9 Å), the origin is centered on a CuO2 plaquette. Additional, symmetry-related copies are
implied, and when included produce the momentum-dependent form factors shown, with momenta in units of 1/a, the inverse lattice parameter.

factors derived from the hopping modifications take on pre-
cisely the form of the band dispersions they modify, meaning
that they can be be directly absorbed into a renormalization of
the hopping integrals. In this sense, we have taken the first-
order self energy into account from the outset, since we base
our energy dispersions on ARPES-derived tight-binding pa-
rameterizations.

To account for the doping dependence of the ab-initio im-
purity potentials in LSCO, linear interpolation is used be-
tween pvH and pvH +7%. The overdoped regime is sufficiently
far removed from the undoped compounds that interpolation
does not make sense below pvH; constant extrapolation of the
pvH values is used instead.

Appendix B: Momentum sums and the van Hove singularity

In calculations such as those carried out here, Brillouin-
zone momentum sums are typically converted to Fermi-
surface integrals, by linearizing the dispersion ξk in the vicin-
ity of the Fermi surface: i.e., ξk → ~|vF,k‖ |δk⊥. In a 2D system

of area L2,

BZ∑
k

Ak →
L2

(2π)2

∫
FS
dk‖

∫
dk⊥A(k‖, k⊥) (B1)

≈
L2

~(2π)2

∫
FS
dk‖

∫ ∞

−∞

dξ
1
|vF,k‖ |

A(k‖, ξ) , (B2)

with the ξ integral carried out in closed form, and the remain-
ing k‖ integral expressed as a Fermi surface average. Implicit
in this conversion is that the Fermi velocity vF,k‖ not go to zero
anywhere on the Fermi surface, and that the kernel of the inte-
gral, A(k‖, ξ), die off fast enough that the ξ integral not extend
beyond the boundary of the irreducible Brillouin zone.

These requirements fail spectacularly in LSCO, which un-
dergoes a Lifshitz transition at p ≈ 19% when the van Hove
singularity (vHS) passes through the Fermi energy, as shown
in Fig. 11(d). For our realistic disorder model, in which the
calculated scattering rates and self-energies (e.g., in Eqs. (6)
and (7)) are highly sensitive to the density of final states, the
consequences of persisting with Fermi surface averages can
be dire. This is seen in Figs. 11(a)–(c) for LSCO. When the
calculation is restricted to the Fermi surface, the normal-state
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FIG. 11. Comparison of Fermi-surface-average and momentum-sum methods in LSCO, in the vicinity of the van Hove singularity (vHS) at
hole doping p = 19%. (a) Average normal-state scattering rate, 〈ΓN〉FS. (b) Clean-limit transition temperatures Tc0(p) required to produce the
parabolic dome of transition temperature, Tc(p). (c) Resulting zero-temperature superfluid density, ρs(T = 0). (d) One quadrant of the 2D
Brillouin zone, at the Lifshitz transition (p = 19%), schematically showing how the momentum sum (discrete points) can be implemented
using an energy cutoff of ±40 meV about the Fermi surface (solid line). The plots in (a)–(c) use the disorder parameters shown in panel (a).

scattering rate 〈ΓN〉FS diverges at the vHS; the required pair-
ing strength, parameterized by the clean-limit transition tem-
perature Tc0(p), has a sharp peak; and the zero-temperature
superfluid density, ρs(T = 0), is driven to zero. None of these
effects is physical or in accord with experiment. By contrast,
when the momentum-sum method is used, 〈ΓN〉FS, Tc0 and
ρs(T = 0) pass smoothly and monotonically through the vHS.
Well away from the vHS, the Fermi-surface calculations agree
with the momentum-sum method but, as Figs. 11(a)–(c) show,
the anomalies associated with the vHS persist over a surpris-
ingly wide range, so caution is warranted.

Momentum sums are computationally more expensive than
Fermi-surface averaging. To mitigate this, after taking ad-
vantage of symmetry to down-fold all sums into the irre-
ducible octant, an energy cutoff can be implemented to elim-
inate unneeded k-points, on the basis that the kernels of the
sums fall off sufficiently rapidly with ξk. We have verified
this by testing for convergence, with the result that an en-
ergy cutoff of 40 meV safely eliminates any cutoff depen-
dence. In calculations of the sort presented here, the coarse-
grained and energy-cut-off momentum sum typically consists
of 4700 k-points within the irreducible octant. Figure 11(d)
illustrates the situation in LSCO, showing how the k-sum
method nicely regularizes the approach to the vHS at the (π, 0)
point. However, for completeness, the energy cutoff was re-
moved for the final calculations presented in the paper, which
were carried out using full-Brillouin-zone sums consisting of
approximately 12000 points.

Appendix C: Effect of VO and Sr concentration in LSCO

The effect of Sr dopant and apical-oxygen-vacancy concen-
tration on the zero-temperature superfluid density of LSCO is
shown in Fig. 12. Two doping dependences of the Sr con-
centration are compared: one derived from ARPES Fermi
volume, nSr = 0.69p; and the conventional relation, nSr = p.
The impurity potential of the Sr dopants, which is extended
in real space and therefore inherently forward scattering, does
not have a strong pair-breaking effect, with the superfluid den-
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FIG. 12. The effect of Sr and apical-oxygen-vacancy concentration
on the superfluid density of LSCO. Solid lines are calculated using
the doping relation from ARPES Fermi volume, nSr = 0.69p; dashed
lines are based on the conventional doping dependence, nSr = p.
nVO = 4, 6 and 8% and Γu

N = 0.57 K. Experimental data from Ref. 3.

sity relatively insensitive to changes in Sr concentration. Re-
sults are also shown for three different concentrations of api-
cal oxygen vacancy. This defect, which has a nearly pointlike
impurity potential, causes significant pair breaking.

Appendix D: Effect of intermediate-strength scatterers

As mentioned in Sec. IV, a possible shortcoming of the
approach taken in the current paper is that we have treated
the out-of-plane dopant impurities in the Born approximation,
where the perturbation series for their self energies, Eqs. (6)
and (7), are truncated at second order. This makes the cal-
culation of vertex corrections tractable, and becomes exact in
the weak-scattering limit, VimpN0 � 1. A better approach
would be to study these impurities in the t-matrix approxima-
tion where, by summing the perturbation series to all orders,
arbitrary scattering strengths could be accurately accounted
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FIG. 13. Zero-temperature superfluid density for LSCO, calcu-
lated by treating the near apical oxygen vacancy, Vnear

O , alternately
in the t-matrix and Born approximations. In the t-matrix ap-
proximation (solid lines), Vnear

O is modelled by an intermediate-
strength point scatterer of scattering parameter c. In the Born
approximation (dashed lines), the full extended impurity potential
nVO = 4, 6 and 8%, nSr = 0.69p and Γu

N = 0.57 K. Experimental data
from Ref. 3. Inset: c = cot δ for the Vnear

O impurity, for nVO = 6%.

for. This is unfortunately beyond the scope of the current pa-
per, due to the computational cost of implementing vertex cor-
rections in the full t-matrix approximation.

To test the adequacy of the Born approximation, we fo-
cus on the strongest out-of-plane scatterer in LSCO, the

near apical oxygen vacancy, Vnear
O . As can be seen in Ta-

ble I, the impurity potential for Vnear
O is nearly pointlike, with

Vimp = V0 � V2,V4, .... To good approximation this enables
us to treat the Vnear

O defects as point scatterers, and therefore
to use the t-matrix approximation. The contribution of Vnear

O
to the τ0 self energy in the point-scattering limit then takes the
form

Σt−matrix
0 = Γ

G0

c2 + G2
0

, (D1)

where Γ = nVO/(πN0) parameterizes the concentration of the
apical oxygen vacancies, and c = 1/(πVimpN0) is the cotan-
gent of the scattering phase shift.

To implement the t-matrix approximation for the near api-
cal oxygen vacancies, the Born term for Vnear

O in Eq. (6) is
replaced by Eq. (D1). Note that for point scatterers there is
no contribution to explicit gap renormalization in Eq. (7), and
no contribution to vertex corrections. Figure 13 shows the re-
sults for zero-temperature superfluid density in LSCO. Born
and t-matrix approximations are in very close agreement over
the whole doping range, with a small deviation in the vicinity
of the van Hove doping. The doping dependence of the Vnear

O
scattering parameter, plotted in the inset of Fig. 13, shows the
reason for the deviation: c(p) has a small dip near p = 19% as
a result of the van-Hove enhancement of N0 at this doping.

Referring to Table II, we see that the impurity potential for
Srnear is significantly weaker than for Vnear

O , even taking into
account that the plaquette-centered Srnear affects its nearest
four Cu neighbors equally. We are therefore confident that
although the out-of-plane defects approach intermediate scat-
tering strength (c ∼ 1), the Born approximation remains valid.

Appendix E: Disorder renormalization of 2-particle properties

Within the ladder approximation, the current vertex Λ(k, ωn) can be approximated by a sum of ladder diagrams and then
resolved into components γ0, γ1 and γ3 in particle–hole space.38,39

Λ(k, ωn) = vkτ0 +
1
N

∑
k′

∑
i

ni

∣∣∣V i
k,k′

∣∣∣2 v j
k′τ3G(k′, ωn)Λ(k′, ωn)G(k′, ωn)τ3 (E1)

γ0(k, ωn) = 1 +
1
N

∑
k′

∑
i

sk,k′ni

∣∣∣V i
k,k′

∣∣∣2 γ0(k′, ωn)
(
∆̃2

k′,n + ξ2
k′ − ω̃

2
k′,n

)
− 2γ1(k′, ωn)∆̃k′,nω̃k′,n + 2iγ3(k′, ωn)ξk′ω̃k′,n(

∆̃2
k′,n + ξ2

k′ + ω̃2
k′,n

)2 (E2)

γ1(k, ωn) =
1
N

∑
k′

∑
i

sk,k′ni

∣∣∣V i
k,k′

∣∣∣2 −2γ0(k′, ωn)∆̃k′,nω̃k′,n + γ1(k′, ωn)
(
−∆̃2

k′,n + ξ2
k′ + ω̃2

k′,n

)
+ 2iγ3(k′, ωn)ξk′ ∆̃k′,n(

∆̃2
k′ + ξ2

k′ + ω̃2
k′,n

)2 (E3)

γ3(k, ωn) =
1
N

∑
k′

∑
i

sk,k′ni

∣∣∣V i
k,k′

∣∣∣2 2iγ0(k′, ωn)ξk′ω̃k′,n + 2iγ1(k′, ωn)∆̃k′,nξk′ − γ3(k′, ωn)
(
∆̃2

k′,n − ξ
2
k′ + ω̃2

k′,n

)
(
∆̃2

k′,n + ξ2
k′ + ω̃2

k′,n

)2 (E4)
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where sk,k′ = v j
k′ · v

j
k/|v

j
k|

2. When it is safe to assume a linearized spectrum ξk, the ξ integrations in Eqs. E1 to E4 can be carried
out, allowing the vertex functions to be recast as Fermi surface averages.

Λ(k, ωn) = vkτ0 + N0

〈∑
i

ni

∣∣∣V i
k,k′

∣∣∣2 v j
k′τ3G(k′, ωn)Λ(k′, ωn)G(k′, ωn)τ3

〉
FSk′

(E5)

γ0(k, ωn) = 1 + N0

〈∑
i

ni

∣∣∣V i
k,k′

∣∣∣2 sk,k′
∆̃2

k′,nγ0(k′, ωn) − ∆̃k′,nω̃k′,nγ1(k′, ωn)(
ω̃2

k′,n + ∆̃2
k′,n

)3/2

〉
FSk′

(E6)

γ1(k, ωn) = −N0

〈∑
i

ni

∣∣∣V i
k,k′

∣∣∣2 sk,k′
∆̃k′,nω̃k′,nγ0(k′, ωn) − ω̃2

k′,nγ1(k′, ωn)(
ω̃2

k′,n + ∆̃2
k′,n

)3/2

〉
FSk′

(E7)

γ3(k, ωn) = 0 . (E8)
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3 I. Božović, X. He, J. Wu, and A. T. Bollinger, “Dependence of
the critical temperature in overdoped copper oxides on superfluid
density,” Nature 536, 309–311 (2016).
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22 M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruix-
ing Liang, D. A. Bonn, W. N. Hardy, S. Chiuzbaian, M. Falub,
M. Shi, L. Patthey, and A. Damascelli, “Fermi surface and quasi-
particle excitations of overdoped Tl2Ba2CuO6+δ,” Phys. Rev. Lett.
95, 077001 (2005).

23 N. Momono, M. Ido, T. Nakano, M. Oda, Y. Okajima,
and K. Yamaya, “Low-temperature electronic specific heat of
La2−xSrxCuO4 and La2−xSrxCu1−yZnyO4. Evidence for a d-wave
superconductor,” Physica C 233, 395–401 (1994).

24 Yue Wang, Jing Yan, Lei Shan, Hai-Hu Wen, Yoichi Tan-
abe, Tadashi Adachi, and Yoji Koike, “Weak-coupling d-wave

http://dx.doi.org/ 10.1038/nature14165
http://dx.doi.org/https://doi.org/10.1146/annurev-conmatphys-031218-013210
http://dx.doi.org/https://doi.org/10.1146/annurev-conmatphys-031218-013210
http://dx.doi.org/10.1038/nature19061
http://dx.doi.org/ 10.1103/PhysRevLett.122.027003
http://dx.doi.org/ 10.1103/PhysRevB.96.024501
http://dx.doi.org/ 10.1103/PhysRevB.96.024501
http://dx.doi.org/ 10.1103/PhysRevB.98.054506
http://dx.doi.org/10.1103/PhysRevResearch.2.013228
http://dx.doi.org/10.1103/PhysRevResearch.2.013228
http://dx.doi.org/10.1103/PhysRevB.48.4219
http://dx.doi.org/10.1016/0038-1098(93)90837-D
http://dx.doi.org/10.1016/0038-1098(93)90837-D
http://dx.doi.org/ 10.1063/1.5037554
http://dx.doi.org/10.1016/j.jcrysgro.2009.10.042
http://dx.doi.org/10.1016/j.jcrysgro.2009.10.042
http://dx.doi.org/ 10.1103/PhysRevLett.95.097006
http://dx.doi.org/10.1209/0295-5075/81/37008
http://dx.doi.org/10.1103/PhysRevLett.128.137001
http://arxiv.org/abs/2206.01301
http://dx.doi.org/ 10.1103/PhysRevLett.106.077005
http://dx.doi.org/ 10.1103/PhysRevLett.106.077005
http://dx.doi.org/10.1038/s41567-022-01575-2
http://dx.doi.org/10.1038/s41567-022-01575-2
http://dx.doi.org/ 10.1126/science.aat5975
http://dx.doi.org/ 10.1038/s42005-018-0009-4
http://dx.doi.org/ 10.1103/PhysRevB.74.224510
http://dx.doi.org/ 10.1088/0953-8984/19/12/125209
http://dx.doi.org/10.1103/PhysRevLett.95.077001
http://dx.doi.org/10.1103/PhysRevLett.95.077001
http://dx.doi.org/ 10.1016/0921-4534(94)90768-4


18

BCS superconductivity and unpaired electrons in overdoped
La2−xSrxCuO4 single crystals,” Phys. Rev. B 76, 064512 (2007).

25 Tom Berlijn, Chia-Hui Lin, William Garber, and Wei Ku, “Do
transition-metal substitutions dope carriers in iron-based super-
conductors?” Phys. Rev. Lett. 108, 207003 (2012).

26 Limin Wang, Tom Berlijn, Yan Wang, Chia-Hui Lin, P. J.
Hirschfeld, and Wei Ku, “Effects of disordered Ru substitution
in BaFe2As2: Possible realization of superdiffusion in real mate-
rials,” Phys. Rev. Lett. 110, 037001 (2013).

27 Tom Berlijn, Hai-Ping Cheng, P. J. Hirschfeld, and Wei Ku,
“Doping effects of Se vacancies in monolayer FeSe,” Phys. Rev.
B 89, 020501 (2014).

28 J. Chang, M. Mansson, S. Pailhès, T. Claesson, O. J. Lip-
scombe, S. M. Hayden, L. Patthey, O. Tjernberg, and J. Mesot,
“Anisotropic breakdown of Fermi liquid quasiparticle excitations
in overdoped La2−xSrxCuO4,” Nat. Commun. 4, 2559 (2013).

29 M. Horio, K. Hauser, Y. Sassa, Z. Mingazheva, D. Sutter,
K. Kramer, A. Cook, E. Nocerino, O. K. Forslund, O. Tjern-
berg, M. Kobayashi, A. Chikina, N. B. M. Schröter, J. A. Krieger,
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