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We explore the effects of spin-orbit coupling on nuclear wave packet motion near an out-of-
equilibrium molecular junction, where nonzero Berry curvature emerges as the antisymmetric part
of the electronic friction tensor. The existence of nonzero Berry curvature mandates that different
nuclear wave packets (associated with different electronic spin states) experience different nuclear
Berry curvatures, i.e. different pseudo-magnetic fields. Furthermore, for a generic, two-orbital two-
lead model (representing the simplest molecular junction), we report significant spin polarization
of the electronic current with decaying and oscillating signatures in the large voltage limit — all
as a result of nuclear motion. These results are consistent with magnetic AFM chiral-induced spin
selectivity experiments. Altogether, our results highlight an essential role for Berry curvature in
condensed phase dynamics, where spin separation survives dissipation to electron-hole pair creation
and emerges as one manifestation of nuclear Berry curvature.

I. INTRODUCTION

Spintronics has a long history, originating with the fa-
mous concept of giant magnetoresistance[l]. Nowadays,
there are dozens of approaches for directly manipulat-
ing spin[2-5] including: various kinds of spin injection
(e.g. based on transferring photonic angular momenta
to electrons), spin pumping based on transferring spin
angular momenta from magnetically precessing sources
to conducting spin carriers, spin-transfer torque (which
is the reverse of spin pumping), and spin Seebeck ef-
fects where a thermal gradient leads to a spin current
in magnetic materials. The above-mentioned concepts
can be realized not only in conventional inorganic ma-
terials but also for organic molecules[6]. Most recently,
there has been an enormous amount of interest in the
spin hall effect[7] (which separates different spin carri-
ers) and the spin quantum hall effect[8] (which allows
current to flow on the surface of topological insulators
without back-scattering). There is no sign that progress
in the arena of spintronics is slowing down.

Recently yet another approach for manipulating spin
carriers has been proposed which is based on molecular
chirality — chiral-induced spin selectivity (CISS). Going
back to early photoelectric experiments applied to DNA
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monolayers on metal surfaces[9], numerous experiments
have since confirmed a CISS effect within various molec-
ular monolayers[10], light-emitting diodes[11] and even
single molecules[12]. In general, the CISS effect stipulates
that, under finite voltage, the current running through a
chiral set of molecules can be very spin-polarized. For
our purposes below, magnetic AFM CISS experiments
have also been performed, whereby a monolayer of chiral
molecules is in contact with a ferromagnetic material un-
der an external magnetic field[13]; different majorities of
spin sources are generated when two opposite directions
of the magnetic field are applied, and correspondingly
different currents are measured.

In order to explain the CISS effect, many explanations
have been offered. Early on, scattering mechanisms were
proposed, whereby a helical molecule can filter electrons
according to angular momentum (which can be pinned to
the SOC)[14]. Dephasing approaches with leakage cur-
rents (and effectively multi-terminal physics) were also
proposed[15]. More recently, investigations have been
made not only in the linear, but also in the nonlinear
response regime[16]. Overall, there is today a reason-
ably large list of possible CISS mechanisms (e.g. [17]) —
though in all cases, the necessary SOC required for large
spin-polarization is still too large as compared with ab
initio calculations[18; 19]. See Refs. [20] and [21] for a
summary of recent CISS theories. At the moment, there
is still no widely accepted theoretical understanding of
the CISS effect.

Noting that nuclear motion is clearly important in
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DNA transport[22-24], recently we[25] and Fransson[26,
27] have suggested that CISS may arise from still an-
other source: molecular vibrations. In particular, we
have pointed out that CISS may well arise from semiclas-
sical Berry forces. Note that the influence of Berry forces
is currently being explored within the quantum chemistry
for small molecules with spin-orbit coupling[28], but the
effect of Berry forces in the condensed phase (with fric-
tion) is not well known. The goal of this article is to ex-
plore if and how nuclear dynamics and Berry force may
in fact lead to the manipulation of electronic spin in the
condensed phase.

In Sec. II, we demonstrate how and why a pseudo-
magnetic field enters the nuclear equation of motion un-
der a Born-Oppenheimer framework. In particular, in the
context of quantum transport across a molecular junc-
tion, we show that the friction tensor (which incorporates
all nonadiabatic effects induced by a molecule interacting
with an electronic metal bath) contains an antisymmetric
component associated with the nuclear Berry curvature.
These results are quite general. Thereafter, as an appli-
cation, we focus on a minimal junction model with two
spatial-orbital, two-nuclear and two-spin degrees of free-
dom (DOF) coupled to two leads, and for such a system,
we calculate the friction tensors, the covariance matrix,
the adiabatic force and the current. In Sec. III, us-
ing the quantities just described, we run dynamics and
present our results for the spin current and spin polar-
ization. We investigate a few different parameter regimes
and find varying amount of spin separation; where pos-
sible, we give a phase-space microscopic explanation for
the large spin polarization that we observe. Finally, in
Sec. IV we conclude.

II. THEORY

A. Electronic Friction, Berry Curvature and
Langevin Dynamics

To explain our approach, consider the standard Born-
Oppenheimer ansatz[29]: a nuclear wave packet moves
along on a surface corresponding to a certain elec-
tronic state I. The nuclear Hamiltonian is: H =
(P — A1)2/2M + X! where P is the nuclear momentum,
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AT = ip(I|V|I) is the nuclear Berry connection, and A
is the adiabatic surface of the state |I). The correspond-
ing nuclear Berry curvature €);; = 8Z-A§ — 9; Al provides
a pseudo-magnetic field in the nuclear ij-space. Notice
that when a complex-valued Hamiltonian is considered
(e.g. when there is electronic spin), Al does not van-
ish and the effect of €};; must be included for accurate
dynamics on surface I[30].

Now, the discussion above was effectively predicated on
modeling a small, isolated system with nuclear and elec-
tronic degrees of freedom. Within the condensed matter
community, the key question is whether such effects can
be meaningful in the presence of dissipative channels. To
that end, in order to treat a molecule on a metal surface
(where there is a continuum of electronic bath states and
the system is effectively open electronically), one promis-
ing semiclassical approach is to apply an electronic fric-
tion tensor 7,, and random force ¢, in addition to the
adiabatic force F,, where p and v label nuclear space
directions[31-35]. According to such a treatment, which
is valid both in and out of equilibrium[31, 36] provided
that the electronic bath in the metal responds quickly
and a Markovian ansatz is appropriate[37], a (molecular)
nuclear degree of freedom near a metal surface is driven
by a Langevin equation:

MR, =F, =Y yuwR+ (1)

Here, M is the mass of nuclei and R, is the nuclear posi-
tion in the p direction. Equation (1) describes dynamics
on a mean-field surface such that nonadiabatic effects are
included.

Consider a non-interacting Hamiltonian

H=> My,R)did, + UR),
Pq

where JL, cZ,, creates/annihilates an electron in orbital
p and U(R) is a purely nuclear potential energy. The
friction tensor +,,, the symmetrized covariance matrix
(D3, +D3,)/2 of the random force ((,,¢,) (note that only
symmetrized covariance matrix is required for running
dynamics), and the adiabatic force F), are

/ de Tr{9, OGO, HG= } + H.c., (2)
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where G and G< are retarded and lesser Green’s func-
tions of the electron. See Appendix A for details e.g. the
derivation of Eq. (3); thereafter, the random force can be
sampled by Cholesky decomposition of (D%, + D5,)/2.
(In Appendix B we prove that the symmetrized covari-
ance matrix is always positive definite — for a real-valued
or complex-valued Hamiltonian, and for a system in or
out of equilibrium).

When contemplating Eq. (1), note that, at equilib-
rium, because of the fluctuation-dissipation theorem that
relates v,, to the covariance, one can use F), alone to
determine the equilibrium density distribution (7., or
(CuCy) are not needed); see Appendix C for a proof. Out
of equilibrium, however, there is no such fluctuation-
dissipation theorem and there is indeed the possibility
that the steady state distribution (and therefore steady
state observables, e.g. the electronic current) will depend
on vy, and ((,¢,) as well as F,.

At this point, let us address 7,,. The friction tensor
Yuw in Eq. (1) can be divided into a symmetric part
”ySV (which controls dissipative processes) and an anti-
symmetric part (which generates a Lorentz-like motion
in the nuclear space and is effectively a generalization
of the Berry curvature €2;;). The relative magnitudes
of the symmetric and antisymmetric components can be
calculated rigorously for a many-body Hamiltonian[34].
At equilibrium, previous work[30] has shown that the
Lorentz-like force vﬁy can be as large as 72,/ (and some-
times even larger at low temperatures). In this article,
we will show that such a nuclear Lorentz-like force can
actually lead to different electronic currents for different
spin carriers in the presence of an nonequilibrium cur-
rent and voltage for a model that roughly captures the
diphenylmethane molecule in a junction.

B. A Generic Hamiltonian with Two Spatial
Orbitals

Consider a simple model with two spatial orbitals (1
and 2) coupled to two leads, such that the Hamiltonian
depends on two nuclear degrees of freedom (z and y are
considered). The total Hamiltonian H can be divided
into four parts, the kinetic energy of nuclei, the subsys-
tem (molecule) Hy, the bath continuum (two leads) Hy
and the subsystem-bath coupling H.,

R P2 . R .

H = =7+ Hy + Hy + He, (5)

He=> b3, (R)bib, + U(R), (6)
Prq

ﬁb = Z Ekaé-};;aékﬂﬂ (7)
k,a={L,R}

He =" Vykabléra + He., (8)
p,ka
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FIG. 1. A schematic picture of our molecular junction model.
w1, and pur are chemical potentials of the left and right leads,
and the source-drain voltage Viq = p1, — pur controls the volt-
age bias. Other parameters are defined in the text.

where l;; (l;p) creates (annihilates) an electron in the sub-
system spin orbital p (which is an element of {1,2} ® {1
,4}), U(R) represents a nuclear-nuclear electrostatic po-
tential (which does not depend on any electronic degree
of freedom), c;fm (cka) creates (annihilates) an electron in
the k-th spin orbital of the lead o (L /R denotes left /right
lead) with the orbital energy €xq, Vp ko is the tunneling
element between the subsystem spin orbital p and the
lead spin orbital ka. In Eq. (8), the Condon approxima-
tion has been applied (so that V, ro does not depend on
R); typically speaking, one can roughly recover the size
of the friction tensor without incorporating non-Condon
effects|38].

We focus on a shifted parabola model as a rough model
for a diphenylmethane molecule in a junction:

st r+ A Ax —iBy
h _<Ax+iBy SN (9)
1 1
UR) = 5952 + Ky + §Xy2 + Kyy. (10)

Note that such a shifted parabola model is commonly
used in simulating electron transfer as well as excitation
energy transfer processes[39], where the initial (single
particle) state is localized on one orbital with one nuclear
distribution (geometry), and the final state localizes on
the other orbital with another nuclear distribution. Here
A tunes the energy gap between two orbitals, A and B
control the rates at which the diabatic and spin-orbit cou-
plings change (respectively) as a function of geometries x
and y. We include a scalar potential U(R) that tilts the
overall energy landscape; such a tilt has been shown to
be crucial when understanding the dynamics of photoex-
cited molecules relaxing through conical intersections[40].
Note that this potential does not affect the electronic fric-
tion in any way. The linear terms k& and x,y effectively
decrease the symmetry of the total adiabatic state and x
is the ratio of the mode-y frequency to the mode-z fre-
quency. In practice, the scalar terms have nothing to do



with spin, but as discussed below, these terms can be cru-
cial for generating a strong spin current. For a discussion
of parameters, see Appendix D.

C. Separation of Spin DOF

In principle, all orbitals in Egs. (5)-(8) (p, ¢, k) are
spin orbitals. However, for a system with exactly two
spatial orbitals, a key observation is that, at any fixed
geometry, one can always define a new spin “up” basis
| 1) which is not coupled to the new spin “down” ba-
sis | /). In other words, we can postulate that there
are two independent Langevin equations driven by two
friction tensors and random forces. This conclusion can
be reached as follows (also see Appendix E for details):
A general spin-orbit interaction is (L - S where £ is the
coupling strength, L is the angular momentum operator
and S = ho /2 is the spin operator. Since Ly, vanishes
in all spatial directions (p = 1,2), the new spin basis
can be obtained by diagonalizing £L15 - S which leads to
eigenvalues +a where a = ih¢|L12|/2 is purely imaginary
(note that Ly is purely imaginary). Thus, the subsystem
Hamiltonian (at one geometry) becomes

B W 0 a I11)
. (W E a* 0 2 1)
h™ = Bow|t 0 —alj1yy

W E —at 0 )21

(11)

where I » represent orbital energies and W denotes the
diabatic coupling between the two orbitals. For all of
the discussion below, we will work in this new basis, and
for notational simplicity we will discard the prime. No-
tice that the two 2 x 2 blocks, defined as h*T and hst,
are complex conjugates of each other, and the pure spin
rotation that diagonalizes the term Lo - S does not af-
fect the orbital energies and couplings. According to Eq.
(11), if we assume that the spin basis does not change
(or changes weakly as a function of R), then there is no
interaction between two spin carriers, and we may propa-
gate the two spin degrees of freedom separately (with hsT
and h®'). Obviously, if there is no spin-orbit interaction,
and h%T = h%, the dynamics of the different spin carriers
will be the same. However, when h%T # h%, we will show
that substantially different spin currents can arise.

D. Evaluating Friction Tensors, Covariance Matrix
and Adiabatic Force

We will now evaluate Egs. (2)-(4) for the molecular
junction Hamiltonian described by Egs. (5)-(8).

We begin with the friction tensor. For an arbitrary
voltage, Eq. (2) can be further simplified under the Con-

don approximation where the coupling V), o is indepen-
dent of the nuclear position R. As a result, H in Eq.
(2) can be replaced with h°. Then G can be expanded
in molecular orbital basis, turning G into GG which is the
Green’s function of molecule. An analytic expression for
the friction tensor for a general two-orbital two-mode
Hamiltonian (namely h" = h(z,y) - o) was derived in
Ref. [30] (and see Appendix A); the results are

Vi =V + Vi (12)
2 [ .
o == /_OO de{ — 2Re {C€} (9,h - 0,h) (h- k)

+2%e {C&} (9,h - h) (),h - k)
+2%e{Ce} (0,h - h) (9,h - k)

+ e (O @+ 1)} 0,h-0,n . (13)
=2 [ e ~am{c @42} w- @nxam)

+2k0Im {Cé} h - (9,h x 9,h) }, (14)
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where C' = — (€2Eh2) il ﬁ
a complex number. I' represents the molecule-lead cou-
pling strength, which is a constant under the wide-band-
limit approximation, i.e. I' = I'y; = I'95. Here, we have
defined T'yp, = 2707, Vinka Vi pa0(€ — €ka); NOte that
the off-diagonal elements I'12 and I's; are zero because
orbital 1 couples only to the left lead and orbital 2 cou-
ples only to the right lead. See Fig. 1 for a schematic
picture.

The components of k are

w0 = U+ ) (4 0) + fule + hal + fle — haP!].

k1 =Re {[fL (€" + h3) + fr (€ = h3)] (h1 +ih2)},
kg =ImA{[fL (6" + h3) + fr (€ = h3)] (b1 +ih2)},

K3 :% [(fR — fu) (B} + 13) + fule+ hs|* — frlé - h3|2} :

Notice that all of the k’s are real functions. Also, when
the total system is in equilibrium, i.e. when fr, = fr = f,

1'\2
I€0=f<e2+h2+z),

Kk =2fch.

Equations (12)-(14) will be used below to propagate Eq.
(1).

Next, we will derive an analytic form for the random
force covariance matrix for the two-orbital two-mode sys-
tem Hamiltonian, hT = h(x,y) - 0. As in the case of
the friction tensor, if we consider the Condon limit, the
trace in Eq. (3) is taken over only the molecular orbitals.
Therefore,
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Here,

1

o) = e—h—XR

is the molecule retarded Green’s function with X% denot-
ing the molecule retarded self-energy,

R E R
Emn = Vm,kagkavka,n,
ko

with git, = (€ — €xa + in) ! as the lead retarded self-

energy; G<(¢) is the molecule lesser Green’s function.
Now, for our two-orbital two-mode model Hamiltonian,

in the standard wide-band-limit approximation, the re-

2

tarded self energy becomes LR = —if‘ngg/2 since the
left lead couples only to orbital 1 and the right lead
couples only to orbital 2 (as assumed in the calculation
of friction tensor). With this simplification, it follows
that[30],

GR = (¢+h-o), (16)

2 _ |2

G< =il

1
2 _ p2

By using Eqs. (16) and (17), Eq. (15) becomes (i = 1)

% (DS, + D3,,) _1 /OO de { — 2%Re{C"}(9,h - 9,h)(h - k) + 2Re{C'}(0,h - h)(J,h - k)

— 00

+2%e{C"}(0,h - h)(d,h - k) + 2keRe{C'E},h - O,h

+C” [2(8ﬂh- k)(0,h- k) + (kg — K*)0,h - &,h] }, (18)
[
where molecule. For the Hamiltonian in Eq. (11), we run
9 Langevin dynamics and calculate the spin current IT/+
o = 1 i 1 by taking an ensemble average over nuclear DoFs,
S\ & -h? €2 —h2|’
o 2| 1 4 I = /deP Lo (R)pH(R, P). (19)
= 2 _p2

Equation (18) is the covariance matrix we use for eval-
uating the random force in practice for propagating the
Langevin equation, Eq. (1).

Finally, in our two-orbital model, according to Eq.
(17), the adiabatic force Eq. (4) becomes

f\ 00
FN:_;‘/7

E. Evaluating the Current

2

! Ouh-k—-0,U.

€ —h?

We describe details of current calculations in this sec-
tion. Let pr and pgr be the fermi levels in the left
and right leads, with voltage V' = ur — pugr across the

The nuclear probability density pT/+(R,P) is determined
by sampling 1000 trajectories, running dynamics accord-
ing to Eq. (1), and evaluating how many trajectories are
at (R,P) in phase space at steady state. We make the
ansatz that the local spin current Ij,. flowing from the
left lead through the molecule to the right lead can be
evaluated by the Landauer formula[41],

o = 5o [ deT@ L0 - fa), (20)

where T'(€) is the transmission probability that can be
expressed in terms of Green’s functions (see Ref. [41] or
[39] for details):

T(€) = Te{T*G™(e)I*GA(e)}. (21)
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FIG.2. A=0,A=B=1,k=0,x=1,k, =08 T=1
and pr, = —pr. We utilize Eq. (19) to calculate (a) the spin
current and (b) the corresponding spin polarization. No spin
polarization is predicted when the voltage bias is zero. Sizable
spin polarization can be found at finite pur,. The decaying and
the oscillating behaviors at large bias limit are consistent with
an AFM CISS experiment.

Within our setup, only orbital 1 couples to the left lead
and only orbital 2 couples to the right lead. Thus, the "
matrices are

L_(To rR_ (00
r=(50) ™=(or)

T(e) = T2GR5G5 =17 (h + h3)

Hence,

1 2

2 _ |2

Note that T'(¢) is invariant to changing ha — —hs, which
implies that the local current I}, is in fact independent
of the exact spin carrier. For this reason, we have not
included any superscripts 1/ | in Egs. (20) and (21).

Note that one cannot distinguish the two spin carriers
if the two probability densities p!/+ are the same. Note
also that, for the case of a single resonant level, the cur-
rent calculated by Eq. (19) has been shown to agree with
numerically exact HEOM calculations[42].

III. RESULTS
A. Spin Polarization

In Fig. 2 we plot the spin current (calculated by uti-
lizing Eq. (19)) and the corresponding spin polarization
results in the symmetric case (A = 0) with pu, = —ur.
The spin polarization is defined as the standard quantity
(I+ — I")/(I* + I'). For this initial set of data, we sim-
ulate a large SOC; we set A = B = x = 1 so that the
average (Ax) is of the same order of magnitude as (By).
We find an 18% spin polarization; furthermore we find
decaying and the oscillating behaviors in the large bias
limit, which is consistent with the magnetic AFM results
in Ref. 13.

In Fig. 3 (a) and (b), we utilize Eq. (19) to calculate
the spin currents and the corresponding spin polarization

0.3 30
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0.3 -10
4 2 0 2 4 4 2 0 2 4
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FIG. 3. Calculations for (a) spin currents and (b) the corre-
sponding spin polarization when the voltage bias is nonzero.
Parameters: A =3, A=B=1,k, =0, x =1and k = 1.
The spin polarization is enhanced when A # 0.
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FIG. 4. (a) Scatter plot distribution of spin up/down carriers
in steady-state with an overall arrow indicating the direction
of motion. (b) Adiabatic ground state obtained from diago-
nalizing h*T + U. (c) Antisymmetric friction tensor for B = 1
(spin up). (d) Antisymmetric friction tensor for B = —1 (spin
down). The combination of the adiabatic force and the dif-
ferent pseudo-magnetic fields for spin up and down leads to
different steady-state nuclear probability distributions.

in the presence of a nonzero energy gap A = 3 between
the two orbitals. Compared to the case A = 0, the spin
polarization is enhanced for positive py, but is diminished
for negative ur,. To date, we have run several calculations
for symmetric systems (A = 0) and asymmetric systems
(A # 0). In general, we find that spin current results
depend sensitively on the global nature of the potential
energy surface (and not just the spin-orbit coupling).

In order to illustrate microscopic origins of spin polar-
ization, we consider the asymmetric Hamiltonian (with
A =3, k; =0, and k, = 1). For such a Hamiltonian,
a large spin-current is found when p;, = —pur = 3.5.



In Fig. 4 (c) and (d), we plot the antisymmetric fric-
tion tensors (corresponding to the pseudo-magnetic field)
when B = 1 and B = —1 respectively. The adiabatic
ground state potential is plotted in Fig. 4 (b). For
such a Hamiltonian, one finds very well separated nu-
clear nonequilibrium steady state distributions in posi-
tion space, p'/+(R, P), for different spin carriers as shown
in Fig. 4 (a) and this separation of nuclear densities leads
to different spin currents. To explain why the nuclear
steady state densities are so different out of equilibrium
(even though they must agree at equilibrium), note that
the spin up carriers are affected both by the two oppo-
site pseudo-magnetic fields (blue and red regions in Fig.
4 (c)) and the (adiabatic) restoring force in Fig. 4 (b).
As a result, the trajectories trace out the big circulat-
ing vector field (with an overall blue arrow indicating
the direction of motion) in Fig. 4 (a). By contrast, the
spin down carriers experience only one kind of pseudo-
magnetic field (the blue region in Fig. 4 (d)) so that
their steady state nuclear distribution does not stray far
from the equilibrium region (see the red dots in Fig. 4
(a)). This nonequilibrium difference in steady state nu-
clear distributions leads to clear differences in spin cur-
rents. As a side note, the nuclear Berry curvature effect
becomes small when the voltage is very large and, in such
a case, we predict that a distinction between spins can
no longer be achieved. This prediction is in agreement
with the AFM-CISS experiment, whereby the difference
in current (between systems with up and down magnetic
fields) is found to decrease at large voltages.[13]

B. Spin Polarization for A Small Spin-Orbit
Coupling

We have not yet formally addressed the question of
the size of the spin-orbit interaction. One can ask: can
reasonable spin polarization emerge if the spin-orbit in-
teraction is not too large? To answer such a question,
in Figs. 6 (a) and (b), we calculate the spin currents
and the corresponding spin polarization with a smaller
spin-orbit interaction. More specifically, we reduce both
B (in Eq. (9)) and x (in Eq. (10)): we set B =x = 0.1
so that (By) < (Az). While reducing y should lead to
larger fluctuations in the position y, reducing B leads
to a smaller total spin-orbit coupling matrix element.
In Fig. 5, we show a histogram of the resulting dia-
batic couplings (Ax) and spin-orbit couplings (By); note
that indeed we have reduced the total size of the aver-
age spin-orbit coupling relative to the average diabatic
coupling. In Fig. 6, we then show the resulting cur-
rents and spin-polarization. Observe that a meaningful
spin-polarization can indeed be obtained, even when the
spin-orbit coupling matrix elements are one tenth the size
of the diabatic coupling matrix elements.
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FIG. 5. Probability distribution of Az and By for (a) spin up
(b) spin down carriers.
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FIG. 6. Calculations for (a) spin currents and (b) the cor-
responding spin polarization when the spin-orbit coupling is
small. Parameters: A =0, A=1, B=0.1, k, =0, x = 0.1
and K = 0.1. Sizable spin polarization can still be achieved
when different mode frequencies are considered.

IV. CONCLUSION

In conclusion, we have demonstrated that, in the pres-
ence of a nonzero electronic current, Berry curvature ef-
fects can lead to spin separation of nuclear wave packets
and spin-polarization of the electronic current. These ef-
fects arise because (i) the presence of spin-orbit coupling
creates a Berry force that comes from the nonadiabatic
effects and does not obey time-reversal symmetry within
a master equation model, and (ii) the presence of a fi-
nite voltage leads to a random force that does not obey
a fluctuation-dissipation theorem. Altogether, these two
effects lead to the scenario whereby the steady states for
nuclear wave packets with spin up electrons can be very
different from the steady states for nuclear wave packets
with spin down electrons. Importantly, we find that a
sizable spin polarization can be achieved even in the sit-
uation where the spin-orbit coupling is small (a tenth of
a diabatic coupling) when modes with different frequen-
cies are considered; future research will be necessary to
address exactly how small the spin-orbit coupling can be
and still yield a meaningful effect — especially given the
possibility of more than two orbitals and possible conical
intersections. (Note that our model has made the sim-
plifying approximation that different spin carriers do not



mix with each other, and future work will also be nec-
essary to explore the implication of spin-flip processes.)
Lastly, our results in Fig. 4 have shown that, as a result
of nuclear motion, decaying and oscillating signatures in
the polarization can emerge as a function of voltage for
the magnetic AFM setup (which has been observed ex-
perimentally [13]).

Looking forward, there are many questions that must
be addressed. First and most importantly, the model
presented here is clearly just a model: in the future, one
would like to run fully ab initio dynamics without any
parameters. Second, the strong dependence of the spin
current on the U term in Eq. (10) is interesting and
highlights the fact that, if electronic spin transitions are
coupled to nuclear dynamics, then understanding spin
dynamics may necessarily require modeling the full to-
tality of chemical dynamics; spin-orbit coupling will not
be the only determinant of spin-current. In fact, optimiz-
ing spin polarization in practice (experimentally) might
require optimizing nuclear barriers (rather than just in-
creasing SOC). Third, in this article, we have focused
explicitly on systems with only two orbitals, and for such
a system, one cannot extract a spin-current without nu-
clear motion. However, if we allow for three or more
orbitals (and freeze the nuclei), one can extract differ-
ent (but small) spin currents based on purely electronic
considerations. How will the spin polarization based on
nuclear nonadiabatic motion scale with system size, es-
pecially if we were to treat a true helix? Note that CISS
experiments on DNA are very sensitive to the length of

815/):_2_#

m

For this Fokker-Planck equation, which is equivalent to
Eq. (1), the adiabatic force F},, friction tensor v, and
covariance matrix D%, for the random force ¢, (in Eq.

(1)) are [34] g
Fy = =Te{0,Hp .

_/ dtT‘r{@ufle_im/h&,ﬁsseim/h},
0

(A2)

(A3)

)

=

A
I

]l
@)
Il

(Ad)
0F = =0, + Tr{ 0, .. }. (A5)
Note that DS #+ Dw, and the antisymmetric part of
DS does not contrlbute to the EOM in Eq. (Al1). Thus,
we calculate only symmetrized DS in the main body of
the text. Here H is the electronic Hamiltonian, pss is the
steady state density matrix satisfying [H, pss] = 0, and

o (P, o2
XH: “aP +Z”‘”ap (m_,,p>+ZD‘“’6P gp

1 o0 e ~ s ~ ~
w =3 / dt Tr{elHt/héF#e_lHt/h (5Fl,[)ss + [)SS(SF,,) },
0

the DNA[43]. There are many exciting questions to an-
swer in the future.

Altogether, the present article suggests that a merger
of spintronics and nonadiabatic dynamics is on the hori-
zon, and the experimental observation of nonequilib-
rium spin separation and polarization in chemical sys-
tems would appear to be the glue that connects together
these two titanic fields of condensed matter physics.
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Appendix A: A Brief Review of the Fokker-Planck
Equation With Electronic Friction

In this section, we will briefly review the friction tensor
Y in Eq. (1) in the main body of the text. The equa-
tion of motion driving the nuclear probability density
p(R,P) (for notational simplicity here we consider the
spinless case) can be derived from the mixed quantum-
classical Liouville equation[44] followed by the Mori-
Zwanzig method and the adiabatic approximation[34],

DS is in the Markovian limit such that the random force
Cﬂ( ) satisfies the time correlation function,

3 [<<u(t)<v(t/)> + (G ()¢u(t))]

Using these well-established expressions from Ref. [34],
we will now derive Eqgs. (2)-(4) in the main body of the
text.

= D5, 8(t—1).

1. The friction tensor

When a non-interacting Hamiltonian H =
> g Hpq(R)deq + U(R) is considered (dT/dp cre-
ates/annihilates an electron in orbital p, and U(R) is
a purely nuclear potential energy), the friction tensor
becomes[45]

1 %)
Yoy = —%/; dGTI‘{a‘quRauUssgA}v



where GR/A = (e — H 4 in)~! is the retarded/advanced
Green’s function of the electron, and

ss s gt = de
Ogp = Tl"{pbdedQ} = / _gq<P(6)

oo 2T

(A6)
Here Gy, (¢) is the lesser Green’s function in the energy
domain. Here we have used the fact that G (t1,t2) =
Gop(t2 —t1), due to [H, pss] = 0, so that the conventional
time-domain lesser Green’s function,

g;(tl, tg) = %J’I‘r{ﬁbbd:r)(t2)dq(tl)}7

can be Fourier transformed.

In order to proceed, G<(¢) is constructed to follow the
Keldysh equation G< = GRIT<GA (this is true when the
relaxation from the system described by H to a fictitious
outer bath is fast enough[45]) where II< is the electron
lesser self energy assumed to be independent of €. Then
the friction tensor 7, becomes (Ref. [45])

h o0
Yoo = / de Tr{0,HOGRO,HG<} + Hee.. (A7)
™ — 00
This is Eq. (2) above. Using Eq. (A7) and Eqs. (16)-
(17), one can derive Egs. (13)-(14).
In equilibrium, as shown in Ref. 30, the antisymmetric
part of Eq. (A7) can be simplified. The result is:

S 2om{ddy ) [f(er) — fla)],
k#lep#e;

(A8)

A
VY X —

where dff, = (k|0,]l) is the derivative coupling between
Lehmann representations, and f(e) = 1/[exp (8(e — p))+
1] represents Fermi-Dirac distribution. We emphasize
that Eq. (A8) is valid only in equilibrium.

2. The Adiabatic Force

Next, let us turn to the adiabatic force. As has been
discussed at great length, such a force is non-conservative
out of equilibrium in the presence of a current. In order
to calculate such the force in Eq. (A2), we plug Eq. (A6)
into Eq. (A2),

F,=- ZHW(R)UZZ - auU(R)
pq

1 oo
=_ %/700 de Tr{0,HG=} — D,U.

We further make the Condon approximation such that
only the system Hamiltonian (rather than the system-
bath Hamiltonian) changes as a function of nuclear coor-
dinate:
1 (e o)
F, = __,/ de Tr{0,hG<} — 0,,U. (A9)
21t )

This is Eq. (4) above. In practice, above we evaluated
Eq. (A9) numerically with Eqgs. (13)-(14).

3. The Covariance DEV

Egs. (2) and (4) above are not new. However, to our
knowledge, no one has yet presented a formal expression
for the covariance of the random force under nonequilib-
rium conditions for a complex-valued Hamiltonian. We
will do so now. To proceed, we first note that when
a non-interacting Hamiltonian is considered, U(R) does
not contribute to §F, 1, since according to Eq. (Ab),

6F = = Mg (djdy — 53 (A10)

Pq
Furthermore, since U(R) is a scalar function, it does not
contribute to DEU according to Eq. (A4). Second, ac-

cording to Eq. (A4), DEV consists of two parts involving

6F, pss and pesdF), respectively, and the two parts are
Hermitian conjugate to each other. We focus on the for-
mer and substitute Eq. (A10) for 6F), in Eq. (A4):

1 [ - L .
5 / at T { S e Fy )
0

1 [ e A =
= /0 dt Tf{e“”/ﬁ > 0ty (dfdy — o3 ) e "

rq
X Z Oy Hrs (CZICZS - Uif«) ﬁss}

:1/ dtTr{aHHefth/h(l —Uss)adesseth/h},
2 0

Here, we have utilized Wick’s theorem to evaluate a
two particle Green’s function Tr{d};czbdlczsﬁss} (see Egs.
(5.1) and (5.27) in Ref. [46]),

Te{ puedl (4)d1(3)dE (2)d, (1) }

== {7 [ s (3)d (1)} (1) (2)| }
=G2(3,1;2,4)
=030 (Bor — 03;) + 0405,

We proceed to write Eq. (A4) in the energy domain,

_ ho[> 1
DS, =— de T —— (1 - 0%)9,Ho™
w = /_OO € r{aﬂ’HG_ +i77( o0, Ho

1
X g |+ e

e—H—1in (ALL)

where we have used integral representations of the Dirac
delta function and the Heaviside function.

In order to evaluate Dlsw in practice, we hope to express
Eq. (A11) in terms of Green’s functions. We expand Eq.
(A11) in an orbital basis and utilize the residue theorem

to evaluate the integral over €, obtaining

_ h 1
S _ - ss ss
D:, =i g;s(@ﬂ-l)pqm(l — %) gr (0, H)rs03
+ H.c.. Al12
(



10

Then we replace 0 by using Eq. (A6). Next, we further where the lesser self-energy is again assumed to be inde-
assume that the relaxation from the system modeled by pendent of €. As a result, Eq. (A6) becomes
H (more specifically from the bath Hamiltonian Hy) as

caused by a fictitious outer bath is fast enough so that 1 . N 1
e . SS T d H< — H< .
we can utilize the Keldysh relation, Tgr = 5 - e (M (e)lI=G (6))(” pRp———
G<(e) = GR(I<G (), (A13)

Note that there are two contributions in Eq. (A12): one with d,. and the other with o75. We first address the
former,

'h 1 SS
2 pqrs(aﬂﬂ)pqmaqr(ay%)”aw +He.
h 1 1
=ig - .\ s——IIS +Hec.
Z 2 Pgs (©uH)en €p — €q T i (0A)q ep —€s+in P e
h [ 1 1 § 1
) de ;(3u7{)pqm(ay7{)qs P +H.c.
4£ dETF{a HG¥ ()0, HG=(e)} + Hoc.. (A14)
T

Notice that the assumption that II< is independent of € is necessary for the equality from the second line to the third
line. Second we focus on the latter,

iz Z (0,H), — +m o5 (0 H) s + Hec.
pqrs
h 1 1 1
=—iz ) (9 I, (0, H) s ——1I5, + Hec.
221;TS( MH)pqu—Gq—FiﬁEr—Eq‘i‘i?? q'r‘( H) e — €5+ i1 sp T H.C
h [ 1 1 1 1
=— — d 0 115, (0, H ) s 5 H.c.
A J_ o Eg( HH)pqe—eq—‘riner—eq—l—in ar (O7) €—€s+1in Spe—ep—in+ ¢
e de Y (0uH)pg N ! (O H)rs (G<(€)), +He
amJ- pars Teg—e—in Teg—e —in P o
- de/ de' S (0, H) pg—— L s 0. (G5(0) .+ He
82 qrs Pl —e—ine —eg+in e —e. —in 7 sp -
. 1
:_ZW \/;Oo dE\/;OO dﬁ/ mTr{aﬂ'Hg<(€/)&,’Hg<(e)}+H.C.. (A15)

Recall that only the “symmetric” part of Dﬁy is meaning- ful in the Fokker-Planck equation, Eq. (A1l). Therefore,
it is proper to symmetrize Eq. (A15),

i R (o 1 o
N 28#2/ de/ de (6/—€—i77+6—e’—i77) Tr{aMIHg (€)oLHG (6)}+H.C.

% deTr{a HG<(e)0,G<(e)} + H.c.. (A16)

We must also symmetrize Eq. (A14). If we do so and add up both contributions, we obtain the final result:



5 (D5, + DS

+ Tr{0,HG*< (e)8yﬂg<(e)}} +Hec..

This is Eq. (3) above.

Appendix B: Positive Definiteness of (D}, + DJ,)/2

In this section, we prove that the symmetrized co-
variance matrix (D5, + D5 ,)/2 is positive definite for a
complex-valued Hamiltonian when the system is in/out
of equilibrium. This property enables us to utilize the
Cholesky decomposition to sample the random force. We

start by noticing that, since [ﬁ , [)SS} = 0, we can always
J

th 1

1 _ _
—(DS,+D3) = —_—
5P+ Do) = 5 et By — By, + i

11

W) :% /OO de{Tr{aﬂﬂgR(e)3VHg<(e)} + Tr{(?l,HgR(e)aﬂng<(e)}

(A7)

choose a unique Lehmann representation as an eigen-
basis for both H and pgs, namely H|m) = E,,|m) and
psslm) = pm|m). (Note that p,, > 0 because a density
matrix is positive definite.) Under this representation,
the general expression for the covariance matrix DEV in
Eq. (A4) becomes

NS

i (nlSEyu[m)(m|6F, 1n) (pm + pn)

2 o E,—E,+1in
where we have used integral representations of the Dirac

delta function and the Heaviside function. We then sym-
metrize the covariance matrix,

({nlS B lm)mIFyln) + (nl0 B m) (IS Eyln) ) (pm + pu)

1

ih 1
_5§(En—Em+in+

E,, —FE,+1in

) (MO Em)m|SEy ) (o + p)

= th 0(En — Em)<n|6Fu|m> <m|5ﬁ',,|n> (Pm + Pn) s

mn

where we have used the representation of the Dirac delta
function, lim._,o /7 (2% +€2) = 6(z). Thus, for arbitrary
real vectors X # 0, we have
L =s AS

Z X#E (D,uu + DU,LL)XV

g
2
:th 5(En - Em)(/’m + Pn)

(n] <Z X#5FA'#> |m)

m

Hence we have proven that (wa + D8 ,)/2 is always pos-
itive definite.

Appendix C: Fluctuation-Dissipation Theorem
(Non-interacting Hamiltonian)

In this section, we will prove that at equilibrium the
fluctuation-dissipation theorem is still obeyed between

> 0.

Vs, and (DS, + D3) /2 which is derived in SM A3.
Equation (A17) can be recast into a simpler form by us-
ing the relation G® — G* = G~ — G<,

5 (D5, +D5,) = - / de Tr{9,HG” 0,HG<} + H.c.,

which can be further simplified when G< is anti-
Hermitian,

1 _
—(DEV—I—DE#) =

h > > <
5 E/_oo de Tr{9,HG” O, HG< }.

Note that in equilibrium G< is anti-Hermitian because
G< = —f(G® — G*). Next, we symmetrize Eq. (A7) and
consider the equilibrium situation,
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h oS
’Y;SU/ :E /; de Tr{a,uHaegRaqu<} + (/L s V) + H.c.

h

47

1 / de {Tr{a,ﬂ-[gRB,,H(gR _ QA)}aef + TY{(?MHQR(?UH@(QR

h

= deTr{8 H(GR - GM)o, H(G"
47T
:@/ deTr{3#Hg>3y’Hg<}

47 |_

5 (D5, +D3,) .

Thus, the fluctuation-dissipation theorem is satisfied at
equilibrium.

With the aid of Eq. (C1), one can determine the steady
state density distribution using only F,, (and without
knowledge of v, or DEV). To prove this fact, we need
only show that the simplest Boltzmann distribution guess
for p,

~B[VR)+E, P3/2ma]
Z )
satisfies Oyp = 0 (see Eq. (Al)). Here Z is the partition

function. We simply plug Eq. (C2) into the right hand
side of Eq. (Al). The third term becomes:

3 9 (B
124 %waPH mVp

o [P P P,P,
_ s 9 (1w
_;Fy”l’apu <m,,p> Zﬂyw[ O — Bpmuml,
—Y 9 (&
_#U ,Y'L“japp‘ m,,p .

According to the fluctuation-dissipation theorem in Eq.
(C1), the fourth term on the RHS of Eq. (Al) becomes

71/ Pu

which cancels with the third term. (Recall that, as
ment1oned in Sec. A3, the antisymmetric part of
, does not enter the Fokker Planck equation because

62p/ OP,0P, is symmetric.) Also, the first and the sec-
ond terms on the RHS cancel with each other,

P op
- z#: m—iaup— %:F“aT

== Dy 50,V — Y (-0 o) =0,

p= (C2)

1 S S
>_5 (D +Di) 6P aP

pv

deTr{@ HG 0, HOG=} + (n <> v) + Hec.

—QA)}f} + (u & v)+He.

—GM)1o.f

(C1)

Thus, the Boltzmann distribution is a steady state so-
lution (O¢p = 0). In other words, at equilibrium (where
fluctuation dissipation holds), one can use F), alone to
obtain the steady state probability distribution. How-
ever, out of equilibrium, there is no such guarantee and,
in the main body of the paper, we show that when there
is a current present, p can depend critically on 7,, (and

be very different for (”yﬁy)wi).

Appendix D: Parameters for the Shifted Parabola
Model

The parameters used for the Hamiltonian in Eq. 9
correspond roughly to the ab initio parameters extracted
for a diphenylmethane junction where we considered the
LUMO and LUMO+1 (Sec. J of the SM Ref. [30]). In
particular, there we used linear functions A\xr + A and
Ax+ C to fit the site energy and real part of the diabatic
coupling of the ab initio data respectively; we extracted
the parameters A = 3.44 x 1074, A = —1.13 x 1074,
A =3.44x10"*and C = 1.11x 1073 (all in atomic units).
The coupling constant [ is chosen to range over standard
values found in the literature (10 — 100 meV)[47-49]. B
renormalizing all of the energies above with A, one finds
parameters that are consistent with the parameters used
in this article. The only variable that was not extracted
in an ab initio fashion is the spin-orbit coupling, which
was difficult to assess from a small cluster calculation.
Thus, above, we have explored the parameter region B =
0.1 — 1A so that we can assess the form of dynamics as
B gets smaller.

Appendix E: Block Diagonalization of Two-Orbital
Two-Spin Hamiltonians

In this section, we derive Eq. (11) in more detail. We
first consider the following general model Hamiltonian



with spin-orbit interaction,
H = Hy + Hsoc,

where Hj is a function of only orbital degrees of freedom
(DoF), and Hsoc = €L - S captures spin-orbit coupling
with coupling strength &. We will focus on a two-orbital
two-spin model system, and our goal is to block diago-
nalize this Hamiltonian, decoupling spin DoF.

Written in the basis {|11),|1]),(|2 1),]2 |)}, the most
general Hj is

13

where F7 and F» label orbital energies and V' denotes
coupling between the two orbitals. The spin-orbit cou-
pling matrix Hgoc can be constructed by calculating ma-
trix elements (am|Hsoc|Bn) = 4L, - (o|o|B) where
m and n label orbital 1 and 2, « and 8 represent spin
up and down electrons. Since the spatial orbitals m and
n can always chosen to be real functions, L,,, is purely
imaginary, and so Ly,,, = 0. Therefore,

Ei 0V 0
o B ooV
Ho=1lv o m ol (ED
0V 0 B
0 0 Li, L, —ill,

2 0 Ly +ill, L

H e ' 12 12 12

S50C 52 L3, L, —iLs, 0 0

L§ +ilY,  —Lj 0 0

(0 A
~“\AT 0 )

where A is anti-Hermitian and can be diagonalized A =
UaU'. Here UU' =1 and

where a = i€h|Ly2|/2 is purely imaginary (and so a*
—a). We can then transform Hgoc to a new basis

{L),1147),1217),[2 1)} as follows,
/ U o0 0 A Ut o
Hsoc—>Hsoc—<0 U) (AT 0> <0 UT>

:(; g).

Note that this transformation involves a rotation only for
spin DoF. That is, Hy is invariant under this transfor-
mation. By reordering the new basis {|1 1/),]|1 |}, |2 1’
12 40} to {147, 2 1,11 /), 12 1)} in Egs. (E1) and
(E2), we recover Eq. (11).
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