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We present a holographic quantum simulation algorithm to variationally prepare thermal states
of d-dimensional interacting quantum many-body systems, using only enough hardware qubits to
represent a (d-1)-dimensional cross-section. This technique implements the thermal state by ap-
proximately unraveling the quantum matrix-product density operator (qMPDO) into a stochastic
mixture of quantum matrix product states (sto-qMPS). The parameters of the quantum circuits
generating the qMPS and of the probability distribution generating the stochastic mixture are de-
termined through a variational optimization procedure. We demonstrate a small-scale proof of prin-
ciple demonstration of this technique on Quantinuum’s trapped-ion quantum processor to simulate
thermal properties of correlated spin-chains over a wide temperature range using only a single pair of
hardware qubits. Then, through classical simulations, we explore the representational power of two
versions of sto-qMPS ansatzes for larger and deeper circuits and establish empirical relationships
between the circuit resources and the accuracy of the variational free-energy.

I. Introduction

Simulating quantum materials and chemistry are lead-
ing contenders for near-term applications of quantum
computers. A key practical constraint is that the effec-
tive size (e.g. number of coherently-operable qubits) of
quantum processors that can be built with existing tech-
nology is severely limited. Conventional quantum sim-
ulation methods directly encode each binary degree of
freedom being simulated (e.g. spin-state or electronic or-
bital occupation) into a hardware qubit, and are strictly
limited by the available number of qubits. By contrast,
holographic quantum simulation techniques [1, 2], indi-
rectly encode the model into a compressed tensor network
state (TNS) form and utilize regular mid-circuit mea-
surement and qubit resets (MCMR) to simulate much
larger and more complex models than can simultane-
ously fit into quantum memory. These holographic meth-
ods are “qubit-efficient” in the sense that their memory
(qubit number) requirements are set by the amount of
entanglement and correlation in the state being simu-
lated rather than by the system size. As an extreme ex-
ample, ground-states of gapped-spin chains in the ther-
modynamic limit can be simulated as quantum matrix
product states (qMPS, i.e. MPS whose tensors are im-
plemented by quantum circuits) using only a handful of
qubits [2].

Rapid recent progress has led to a suite of holo-
graphic quantum simulation algorithms [2–5] for approx-
imately preparing the ground-states and performing non-
equilibrium dynamics. Yet, many tasks of practical im-
portance require computation of thermal properties of
materials at non-zero temperature (e.g. calculating heat
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capacity, magnetic-ordering temperatures, etc.). Here,
classical methods, such as classical tensor network cal-
culations can become intractable in many contexts such
as high-dimensions, or low-temperature [6], creating an
opportunity for quantum tensor network algorithms that
are not limited by bond-dimension. Preparing a ther-
mal state is also a prerequisite for simulating quantum
dynamics starting from a finite-temperature initial state,
for example, to compute the temperature dependence of
electrical or thermal conductivity in electronic devices or
battery materials, or to model thermally-activated chem-
ical reaction kinetics [7]. We note that, for this purpose,
it may be sufficient to prepare only a rough approxima-
tion of the thermal state of the desired temperature since
the ensuing dynamics will produce rapid thermalization
to the true thermal state with the temperature set by
the initial energy density. Thermal-like states such as the
thermo-field double (TFD) states also play an important
role in studies of quantum gravity through the Ads/CFT
correspondence [8] (we note that the term “holographic”
is also used in that context, but with a different meaning
than in this work).

Hybrid-classical/quantum algorithms based on varia-
tional methods offer a promising route for near-term
implementations on noisy intermediate-scale quantum
(NISQ) processors. A variety of methods for prepar-
ing thermal states to prepare a thermal state have
been proposed [9–18], including some demonstrations in
hardware [13–18]. These include variational methods
for preparing: mixed states with product spectra [9],
TFDs [10, 11, 15, 16], and imaginary time-evolution [12–
14]. Additionally, non-variational approaches have been
proposed that are related to: simulating dynamics of
a system-bath coupled to a bath [19] (which relies on
quantum phase estimation sub-routines that are out of
reach for NISQ applications) or performing virtual cool-
ing [18] (which can require large sampling overhead).
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These methods all involve both directly encoding the
system into hardware qubits, and introducing an exten-
sive number of additional ancilla to represent copies of
the system (e.g. for purifications) or to simulate a ther-
mal bath. This qubit overhead is potentially limiting for
NISQ-era implementations where qubit resources are a
precious commodity. Further, several of these approaches
rely on measuring the thermal or entanglement entropy of
a quantum state, a task that generically has exponential-
in-system-size sampling complexity [20].

In this paper, we introduce a qubit-efficient method
to holographically simulate thermal states of many-body
systems, which circumvents many of these challenges.
As a proof-of-principle and with an eye towards near-
term hardware demonstration, we focus on 1d systems.
However, the method readily generalizes to higher dimen-
sions, where classical tensor methods can become chal-
lenging (e.g. by treating a d-dimensional system as a 1d
stack of (d− 1)-dimensional cross-sections, or employing
higher-dimensional isometric tensor network representa-
tions).

The starting point of our approach is to represent a
1d thermal state as a matrix-product density operator
(MPDO), which we then unravel into an ensemble of
quantum circuited generated MPS that can be stochas-
tically sampled to reproduce properties of the thermal
MPDO. Crucially, the sto-qMPS format can be used
without introducing an ancillary copy (e.g. TFD) of
the system [10, 21] to purify the thermal state, thereby
enabling thermal states to be approximately prepared
with the same number of qubits as a pure state. We
dub the resulting unravelling stochastic quantum-circuit
generated MPS (sto-qMPS). Adopting notation appro-
priate for a system of N -qubits or spins-1/2, each with
basis states |0〉, |1〉, the basic idea behind this approach
is that qMPS circuits turn a fixed reference initial state
(e.g. |00000 . . . 0〉) of physical qubits into an MPS. In
sto-qMPS, the same type of qMPS circuit is applied to
a random initial state of the physical qubits |n〉 (with
n ∈ {0, 1}N for a system with N spins-1/2), where x
is drawn from a probability distribution P (x) that can
be efficiently sampled classically, and the results are av-
eraged over the ensemble of qMPS described by the in-
terplay of P (x) and the unitary operations making up
the qMPS circuit. As we will discuss, this amounts to
an oversimplification of the Hamiltonian on the scale of
the many-body level spacing, which nonetheless has been
argued not to dramatically affect physically-important
properties [9].

The simplest instantiation of the sto-qMPS simply
draws the initial physical qubit configurations from a
product distribution, a qMPS adaptation of the so-
called product-state ansatz (PSA) introduced in [9]. Us-
ing PSA, we implement small-scale proof-of-principle
demonstrations of this technique on Quantinuum’s sys-
tem model H1 trapped-ion quantum processor, achiev-
ing a rough approximation (relative errors ∼ 15 − 20%
accurate approximations) of thermal states of correlated

spin chain models in the thermodynamic limit using only
2 hardware qubits with no error mitigation. We then
explore the variational power of the sto-qMPS ansatz
through numerical simulations on 2-6 qubit circuits of
varying depths and show that the sto-qMPS provides a
good approximation to physical properties (free-energy,
correlation functions, etc.) of thermal states over a broad
range of temperature scales. We find that the difficulty
of approximating thermal states in this form is non-
monotonic in temperature, becoming simplest in the low-
and very-high temperature regimes, and achieving a max-
imum at temperatures of the order of the characteristic
scale of terms in the Hamiltonian. We then show that
introducing spatial correlations into P , which we refer
to as a correlated spectrum ansatz (CSA), can surmount
intrinsic limitations of the PSA, and comment on various
possible extensions and refinements.

II. Formalism

To set the stage for the holographic implementation,
we begin with a brief review of the main concepts of clas-
sical matrix product states and matrix product density
operators (MPDOs).

A. Matrix-Product- States and Density Operators

Any pure quantum state |Ψ〉 or mixed state ρ can be
expressed as a matrix-product state or density operator
respectively. For example, this can be done by sequen-
tially performing Schmidt decompositions between local
sites, to write the wave-function amplitudes as a 1d ten-
sor train:

|Ψ〉 =
∑

{nx}∞x=1

`TAn1An2 . . . |n1n2 . . .〉 (1)

ρ =
∑

n1,m1...

`TBn1,m1Bn2,m2 . . . |n1n2 . . .〉〈m1m2 . . . |.

(2)

Here, nx ∈ {0, 1, . . . D − 1} label a basis of states for
site x, and Anx , Bnx,mx (for fixed nx,mx label) are
χ×χ matrices, and ` are χ-dimensional vectors that de-
termines the left boundary-conditions. Throughout this
work, we will consider a semi-infinite 1d system with sites
x ∈ {1, 2, . . .∞}. The memory and cost of MPS (MPDO)
computations scale with the bond-dimension, χ, which is
lower bounded by the bipartite entanglement (for |Ψ〉)
or operator entanglement (for ρ) entropy across a cut
through the bond. For 1d short-range correlated, area-
law entangled states [22], or thermal mixed states [23],
one can truncate the entanglement spectrum to a system-
size independent constant enabling efficient classical sim-
ulations of 1d gapped ground-states. Yet, many im-
portant cases remain out of reach for classical calcula-
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FIG. 1. Graphical representations – of (a) quantum circuit generated matrix product (pure) state (qMPS), (b) stochastic
qMPS (sto-qMPS) thermal state, and (c) a Boltzmann sto-qMPS where the stochastic mixture is generated from Boltzmann
weights of a classical statistical mechanics model. Blue rounded-corner squares are unitaries acting on physical (vertical lines)
and bond (horizontal lines) qubits, with inputs and outputs indicated by arrows. Small squares indicate boundary vectors for
bond qubits. (a) For qMPS, physical qubits are initialized to a fixed reference state (small open circles). (b) For sto-qMPS, the
initial states of the physical qubits are sampled from a classical probability distribution, P , represented by a diagonal (in the
computational basis) tensor. (c) In the Boltzmann sto-qMPS, P is generated from Boltzmann weights of a classical statistical
mechanics model with transfer matrix T , here, represented as a diagonal MPO with bond dimension D equal to the physical
dimension. Four-way line-junctions indicate that all four legs take the same index value. Filled and empty diamonds denote
the left and right boundary vectors, |1〉 (vector of all ones).

tions. For example 2d and 3d systems can also be repre-
sented as MPS by treating them as a 1d stack of (d− 1)-
dimensional cross-sections. However, even for area-law
entangled states, the required bond dimension grows ex-
ponentially with the cross-sectional area – which does
not permit efficient classical simulation (although still
offers substantial compression over exact simulation). In
this context, quantum circuit generated tensor network
methods may offer a significant advantage.

B. Quantum-circuit-generated MPS (qMPS)

Properties of any MPS in right-canonical form
(RCF) [24] can be measured by sampling on a quan-
tum computer and implementing its transfer-matrix as
a quantum channel [25] acting on Np = log2D “phys-
ical” qubits and Nb = log2 χ bond qubits (see Fig. 1a
for graphical representation). Each tensor A is then em-
bedded as a block of larger unitary operator UA acting
on a reference initial state, |0〉, of the physical qubits:
Anij = 〈n|p ⊗ 〈i|bUA|0〉p ⊗ |j〉b where subscripts p and b
respectively denote physical and bond qubits. The phys-
ical qubits can be measured in any desired basis (with-
out measuring the bond qubits). The process is then
repeated for each site in sequence from left to right. In
this way, one can measure any product operator of the

form
∏L
x=1Ox, which forms a complete basis for general

observables. Crucially, once measured, the physical qubit
for site x can be reset to |0〉 and reused as the physical
qubits for site x+ 1, enabling a small quantum processor
to achieve quantum simulation tasks with sizes far larger
than the number of qubits available [2].

To summarize, the qMPS procedure for sampling an

observable of the form 〈ψ|∏L
x=1Ox|ψ〉 is:

0. Prepare the bond qubits in a state corresponding

to the left boundary vector `.

1. Reset the physical qubit for site [x] in a fixed ref-
erence state, |0〉.

2. Perform a quantum circuit representing UA at site
[x], entangling the physical and bond qubits.

3. Measure the physical qubit in the eigenbasis of Ox
and weight the measurement outcome by the corre-
sponding eigenvalue of that observable. The bond-
qubit register now corresponds to bond connecting
sites x and x+ 1.

4. Repeat steps 1-4 for x = 1 . . . L, and discard the
bond-qubits [26].

Moreover, the entanglement spectrum of the bond-
qubits in between sites x and x + 1 coincides with the
bipartite entanglement spectrum of the physical MPS at
that entanglement cut, further enabling measurement of
non-local entanglement observables, as recently demon-
strated experimentally [2]. The left boundary-vector ` is
prepared by a unitary circuit from a fixed reference state.
The right boundary conditions are not specified in this
framework, which formally describes a semi-infinite wire
(or equivalently simulating a length L chain, but tracing
observables over right boundary vectors [2]).

qMPS methods enable qubit-efficient access to a
subset of MPS with exponentially-large bond dimen-
sion (in qubit number), including classically intractable
cases such as 2d and 3d ground-states with symmetry-
breaking [4] or (non-chiral) topological order [27], and
finite-time quantum dynamics from any qMPS [2, 28].
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C. Quantum circuit generated MPDOs

It is natural to ask whether holographic techniques can
also be used to prepare thermal states as quantum-circuit
generated MPDOs (qMPDO), for example, to simulate
an infinite 1d thermal state using finite quantum mem-
ory. One possibility would be to simulate a purification
of the thermal state as a qMPS on an enlarged Hilbert
space using extra ancilla qubits, for example to prepare
a thermo-field double (TFD). Tracing out the ancillary
degrees of freedom would give a mixed state for the
physical qubits, which could potentially approximate a
thermal state. There are two main difficulties with this
procedure. First, creating the purified thermal-state re-
quires (at least) twice as many physical qubits as for a
pure state. Second, and more fundamentally, one must
find an approximate representation of the purified qMPS
tensors in terms of unitary circuits generated by local
one and two-qubit gates. For ground-state preparation,
this can be approximately done by choosing a variational
circuit ansatz with circuit parameters θ and minimiz-
ing E(θ) = 〈ψ(θ)|H|ψ(θ)〉 with respect to the varia-
tional parameters, where |ψ(θ)〉 is the qMPS generated
by circuit parameters θ. There is a similar variational
principle for thermal states: namely given a parameter-
ized mixed-state, ρ(θ), then, the variational free energy
F (θ) = E(θ)−TS(θ) provides a variational upper-bound
on the true free-energy, F (θ) ≥ Fexact. Here we have
defined the variational-energy: E(θ) = tr(ρ(θ)H) and
entropy: S(θ) = −tr(ρ log ρ). While E can be efficiently
measured on a quantum computer for any mixed state,
measuring the entropy S generally has sampling com-
plexity that grows exponentially in system size (using,
for example, full-tomography [20], SWAP-trick [29], or
randomized measurements [30]).

D. sto-qMPS

Here, we introduce an approach that evades both of
these difficulties. We replace the task of sampling from
a purified-mixed state, with sampling from a classical
distribution of pure qMPS’s, which we call a stochas-
tic qMPS (sto-qMPS). Specifically, sampling observables
in sto-qMPS proceeds similarly to that for a qMPS, ex-
cept that instead of resetting the physical qubit(s) to
a fixed reference state |0〉 for each site, x, in step 1
(above), one randomly initializes the physical qubit in
state |nx〉 ∈ {|0〉, . . . |D − 1〉} drawn independently from
each site, x from a classical probability distribution:
P (n). Repeatedly sampling from this sto-qMPS ensem-
ble is equivalent to sampling from the mixed state:

ρ[P ] =
∑

n

P [n] |ψ[nx]〉〈ψ[nx]|

|ψ[n]〉 =
∑

n

`TU
n′
1,n1

A U
n′
2,n2

A . . . |n′1n′2 . . .〉 (3)

where we regard UA as a four-index tensor with inputs
and outputs for physical and bond qubit registers respec-
tively. Observables, such as E = tr(ρH) can be effi-
ciently computed by sampling the sto-qMPS. The ther-
mal entropy, S, of this state is simply the Shannon en-
tropy, S (ρ[P ]) = −∑{nx} P [n] logP [n], which can be

efficiently computed so long as it is possible to efficiently
sample from P (or directly compute S analytically). A
graphical representation of a sto-qMPS for general P is
shown in Fig. 1b.

To formulate a variational approach, we choose Pπ to
be parameterized by variational parameters π, such that
its Shannon entropy, S [Pπ], can be efficiently computed
∀π. This formulation enables efficient computation of
the variational free-energy:

F (θ,π) = E(θ)− TS(π). (4)

Here, E is evaluated on a quantum computer, T is spec-
ified, and S can (by assumption) be efficiently evaluated
classically. We then seek to minimize F with respect to
θ,π to obtain a variational approximation of the true
thermal state (see Appendix B for a detailed description
of a particular optimization strategy). In this way, the
sto-qMPS approach variationally approximates a mixed
state without doubling the number of physical qubits (as
would be required to implement its purification).

Throughout this work, we will restrict our attention
to spin-1/2 chains, (D = 2, ni ∈ {0, 1}) with sites in-
dexed by i = 1 . . . L) physical states written in the Sz

basis with basis states si = (−1)ni ∈ ±1. We will further
restrict ourselves to translationally invariant Hamiltoni-
ans, H =

∑
i hi and sto-qMPS ansatzes, so that we can

recast the minimization in terms of the free-energy den-
sity f = F/L = ε − Ts with energy density: ε = 〈hi〉,
and entropy density: s.

E. Boltzmann sto-qMPS

In principle, any probability distribution that can be
efficiently sampled classically can be used (e.g. restricted
Boltzmann machines, neural networks, et cetera). In this
work, we restrict our attention to P that are generated
by a classical Boltzmann distribution:

P [s] =
1

Z e
−W [s], (5)

where W is a classical (dimensionless) “energy” function,
and the partition function Z =

∑
n P [s] ensures proper

normalization. To limit the number of additional vari-
ational parameters introduced, we further restrict to a
simple nearest neighbor interacting form of W :

W = −
∑

i

[Jsisi+1 + hsi] (6)

where J, h are (dimensionless) variational parameters. A
graphical representation of these Boltzmann sto-qMPS is
shown in Fig. 1c.
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Eq. 6 includes a special case (J = 0), the product
state ansatz (PSA) introduced in Ref. [9], in which the
initial state of the physical qubit for each site is indepen-
dently and identically distributed (iid): P [s] =

∏
i ℘(si)

in which case the thermal entropy density is simply s =
S(℘). Formally, the sto-qMPS ensemble with product-
spectra corresponds to a two-leg ladder-tensor network.
In the MPS literature, such ladder tensor networks are
called local purifications of the MPDO, and have been
discussed in the context of open-system MPS calcula-
tions [31]. Incorporating J 6= 0 introduces spatial correla-
tions in the sto-qMPS density matrix spectrum, which we
will show can surmount certain limitations of the PSA.

F. Representational power of Boltzmann sto-qMPS

Generically, the Boltzmann sto-qMPS form (Eq. 5)
amounts to replacing the true energy spectrum of the sys-
tem with that of a classical lattice model. This is clearly
not a microscopically faithful representation, as classical
Hamiltonians generically lack level repulsion, for exam-
ple, exhibiting Poissonian level statistics. By contrast,
generic quantum Hamiltonians exhibit chaotic (random-
matrix-like) level-spacing distributions. Yet, Ref. [9] gave
arguments and numerical evidence that physically rele-
vant observables (few-point correlation functions, free-
energy density, etc...) cannot be sensitive to the micro-
scopic structure of the Hamiltonian spectrum on energy
scales comparable to the level spacing δ ∼ D−L, and
showed that even a dramatic oversimplification of the
spectrum as a product of independent spins, can give a
reasonable approximation to local observables. Indeed,
this result is very natural from a dynamical perspec-
tive: under thermalizing dynamics, starting from a non-
thermal state, a region of size L will reach a thermal
equilibrium for local observables in time t ∼ Lz where z
is the dynamical critical exponent (which is finite in ther-
malizing systems). In contrast, resolving the many-body
level spacing requires much longer time: tδ ∼ 1/δ ∼ DL.
Indeed, for real-world systems, tδ is typically much longer
than the age of the universe so the system cannot have
possibly reached an exact Boltzmann distribution on en-
ergy scales of order the level spacing! This strongly hints
that the details of the many-body spectrum on the scale
of δ are irrelevant to accurately capturing physically-
important observables – a hypothesis we will address
empirically through variational optimization for specific
spin-chain models.

III. Variational Thermal State Preparation with
sto-qMPS

A. Model Hamiltonians

We benchmark the performance of the sto-qMPS vari-
ational method by preparing approximate thermal states

on a model of quantum magnetism and criticality: the
Ising model spin-chain with self-dual (non-integrable)
perturbation (SDIM) :

HSDIM =
∑

i

[
σxi σ

x
i+1 + σzi + V

(
σzi σ

z
i+1 + σxi−1σ

x
i+1

)]
,

(7)

and the Heisenberg chain:

HHeisenberg =
∑

i

σi · σi+1 (8)

where σi are Pauli-operators on site i. Both of these
models are quantum-critical at T = 0 with power-law
correlations and entanglement entropy, SE(`) diverging
logarithmically with interval size, `, as SE(`) ∼ c

3 log `
with cSDIM = 1/2 (for −2.86 < V < 250 [32]). Roughly
speaking, the amount of entanglement sets the diffi-
culty of representing the ground-state as an MPS, mak-
ing ground-state of critical systems challenging to cap-
ture. At finite T , these models become short-range corre-
lated (in accordance with the Mermin-Wagner theorem)
with correlations decaying exponentially in distance as
∼ e−x/ξ with correlation length ξ that diverges as T → 0
asymptotically as ξ ∼ T−1. Correspondingly, the log di-
vergence in the entanglement entropy is cutoff by this
thermal correlation length SE(` � T−1) ∼ c

3 log 1/T .
Nevertheless, we continue to focus on models that give
diverging entanglement entropy as T → 0, since i)
the finite-T crossover behavior above a quantum criti-
cal point or phase is of direct scientific interest, and ii)
this regime is governed by an interplay of strong quantum
and thermal fluctuations that offers a more challenging
test for variational approaches than describing thermal
states of gapped models. The Heisenberg model is inte-
grable and exactly solvable by Bethe-Ansatz. However,
the SDIM is non-integrable for any V 6= 0. By compar-
ing the performance for these two models, we will see,
for small circuits, that the quality of the qMPDO ap-
proximation for thermal states of these models does not
depend sensitively on the solvability or central charge (at
T → 0). We will then study the performance of the sto-
qMPS ansatz for larger circuit sizes and depths for the
SDIM with V = 0, where the exact solution provides a
high-precision numerical benchmark.

B. Trapped-ion implementation

As the first test of this method, we explore the vari-
ational preparation of thermal states for the spin-chain
models described in the last section for various tempera-
tures T , using relatively simple circuits with one or two
bond qubits. The results are both explored through nu-
merical simulations and implemented experimentally us-
ing Quantinuum’s system model H1 trapped-ion quan-
tum processor, to examine the impact of noise and er-
rors in a real device. In the absence of errors, the qual-
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FIG. 2. Variational circuit architectures – Example
brick (a) and ladder (b) circuits for number of bond qubits
q = 3, and number of circuit layers τ = 4, 2 (as indicated
in the figure). Circuit layers are bounded by dashed lines.
The ladder circuit has depth τ(q + 1) and propagates corre-
lations across all qubits already for a single layer. The brick
circuit executes more gates in parallel which can be favorable
for experimental implementations in the presence of memory
errors.

ity of variational approximation increases with the num-
ber of bond qubits, q, and circuit depth, τ , used in the
qMPS circuit. For q = 1, a single general two-qubit gate
(SU(4)) provides universal control; for q = 2, a (non-
universal) depth τ = 2 brick-wall circuit with SU(4)
gates was used, as represented in Fig. 2.

The complexity of the qMPDO approach turns out
to have a non-monotonic dependence on temperature.
When T = 0, a Gibbs’s state reduces to a ground state,
a pure state that can be described efficiently by single,
non-stochastic qMPS. On the other hand, setting T →∞
returns a maximally mixed state, which also has a trivial
representation with χ = 1 (i.e. with no bond-qubits). We
will see, empirically, that the intermediate-temperature
regime (T ∼ 1 in our dimensionless units) between these
extreme limits is the most difficult to accurately capture
using this approach.

Implementation Details – In principle, the variational
procedure could also be carried out in a hybrid quantum-
classical- format, using the quantum processor to com-
pute the estimations of the variational energy (using a
large, but finite chain), and a classical optimization loop
to tune the variational parameters. To avoid the large
sampling overhead associated with this, we instead clas-
sically optimize the variational circuit parameters in an
infinite system using standard infinite MPS (iMPS) tech-
niques. Specifically, for each set of variational parame-
ters, we compute the corresponding tensors for the lad-
der tensor network representation of the MPDO (Fig. 1),
compute the transfer matrix and its dominant eigenvec-
tor, and use this as the left environment for measuring
the terms in H on three sites (the maximum range of
interactions in the SDIM). We then experimentally im-
plement a finite-size version of the the optimized sto-
qMPS circuits on Quantinuum’s trapped-ion device and
compare the results to noisy circuit simulations. For
experimental results, the “bulk” regime of correlation
functions was achieved by “burning-in”, i.e. iterating
the quantum channel for the sto-qMPS for `burn-in = 5
sites, which significantly exceeded the spatial correlation

length, ξ ≈ 1 − 3, of the sto-qMPS for the temperature
range explored.

Results for small circuits – The temperature depen-
dence of the free-energy error and correlation functions
for the SDIM is shown in Fig. 3, benchmarking against
exact diagonalization (ED) simulations on L = 14 sites
with periodic boundary conditions. In theoretical sim-
ulations, the free-energy error decreases with increasing
bond-dimension as expected, achieving ∼ 10− 15% error
with a single bond qubit (q = 1), and ∼ 5 − 10% error
with a pair of bond qubits (q = 2). As a reference, L = 8
differs from L = 14 by ∼ 1% so the finite size error in
ED is an order of magnitude smaller compared to the
sto-qMPS error.

Notice that the error hits a maximum at a moderate
temperature, which is at the order of a typical Hamil-
tonian term’s size, and decreases both at low and high
temperatures (at very high temperature the error goes
to zero quickly as an infinite temperature state is exactly
captured by a q = 0 product state MPDO). We also
observe similar non-monotonic behavior for other Hamil-
tonian parameters (V ), and in other spin-chain models.

The close agreement between the noisy circuit sim-
ulation and experimental results shows that this dis-
crepancy arises mainly from gate errors, whose effects
are apparently captured by a simple structureless noise
model. Thus, achieving higher quantitative accuracy
with these methods will require reduction of gate noise,
and/or noise mitigation tools, as is often the case for
noisy intermediate-scale quantum (NISQ) algorithms.

IV. The variational power of sto-qMPS

Previous results have proven that area-law states in 1d
are guaranteed to have low bond-dimension MPS repre-
sentations [22]. Likewise, thermal states in 1d are guar-
anteed to have an area-law for MPDO operator entan-
glement, and be representable by a low bond-dimension
MPDO [6]. In general, it is not guaranteed that such
a low bond-dimension MPDO has an efficient local pu-
rification; in fact, explicit counterexamples have been
constructed [34]. Although this obstacle does not ap-
ply to (1d) thermal states, ρ ∼ e−βH , where having an
efficient (area-law) scaling of operator entanglement for
any non-zero temperature [6] enables a local purification:
ρ ∼ e−βH/2e−βH/2, other problems emerge. For one,
this local purification is not generally in an appropri-
ate canonical form that can be implemented by a quan-
tum circuit-generated tensor network. Further, the best
know approximation algorithm [6] requires a Schmidt
rank growing exponentially with the inverse tempera-
ture, β. In order to address these difficulties with our
algorithm, we would also like to empirically understand
how the accuracy of a sto-qMPS scales with the quantum
memory and circuit resources, to assess the scalability
of the sto-qMPS ansatz. Here we attempt to address
these questions empirically through (simulated) varia-
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FIG. 3. Small circuit demonstrations of the Ising model – Top: A temperature scan of the free-energy for SDIM
at V = 1 and Heisenberg model. Quantum hardware results (Exp) are compared with theory, ideal infinite MPS (iMPS),
and classical circuit simulations (Sim) using qiskit [33] with a featureless depolarizing noise channel with single-qubit (1q)
and two-qubit (2q) error rates ε1q = 5 × 10−4 and ε2q = 8 × 10−3 respectively. Each data point is averaged over 1,200 and
600 measurement for the SDIM and Heisenberg models respectively. Bottom: Correlators were measured for both models at
different temperatures. A decrease in correlation length with T can be observed. The sto-qMPS is able to capture correlators
for a couple of sites despite the presence of noise.

tional optimization of circuit architectures with scalable
qubit numbers, q and circuit depths, τ . To this end, we
focus on the integrable limit of the SDIM (with V = 0)
so that we can compare to the exact answer to obtain a
high-precision estimate of errors below achievable finite-
size errors with ED simulations.

A. Product State Ansatz

The variational power of a given qMPS ansatz is deter-
mined by three factors (i) the number of bond qubits, q,
(ii) the number of circuit layers, τ , and (iii) the internal
structure in a local circuit. (i) is related to bond dimen-
sion by χ = 2q, (ii) sets on the number of variational
parameters per site, and (iii) decides the “geometry” of
our holographic description and thus the rate of entan-
glement propagation in the virtual bond-space. Having
much freedom at hand, we choose to fix circuit geome-
try to a ladder circuit (Fig. 2b) of arbitrary tow-qubit
gates and vary q and τ . Each incoming leg is connected
to either a physical qubit (the top right one) or a bond

qubit, q two-qubit gates are then applied on each of the
τ layers. Although the ladder geometry is “denser” in
τ than other ones such as the multiscale entanglement
renormalization ansatz (MERA) or brick-wall, correla-
tions propagate more efficiently in this structure (for a
detailed comparison in the qMPS context see [35]).

Since the very-high temperature regime is trivial, and
the very low-temperature regime reproduces the ground-
state, which is well described by a pure qMPS, we fo-
cus on intermediate temperatures T ∈ {0.3, 0.5, 1, 1.5},
where the small-q simulations above show is the most
challenging to describe with a sto-qMPS. Since obtain-
ing an infinite qMPS representation requires exact di-
agonalization of the transfer matrices, which is compu-
tationally intensive for large q, we instead simulate a
translationally-invariant, finite-size MPS chain and mea-
sure correlators in the bulk. Specifically, we simulate
a semi-infinite chain, using a translation-invariant sto-
qMPS ansatz (i.e. using the same variational parameters
are used on each site). Energies were measured between
sites 48 − 54 which reflect bulk behavior [36]. Circuits
were optimized using the parallel batch method described
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FIG. 4. Variational power of the thermal sto-qMPS + PSA ansatz – The relative error in free-energy, ∆F/F , for
the sto-qMPS with a product spectrum ansatz (PSA) and ladder circuit architectures, shown at various temperatures for a
length integrable self-dual Ising chain (Eq. 7 with V = 0), for various number of bond qubits (q), and circuit depths (τ) for
ladder circuit architectures. ∆F/F saturates at larger q and τ , which we interpret as an intrinsic limitation of the PSA.

in Appendix B, with 30 instances per batch, and using
the best result for τ as the initial guess for optimizing
τ + 1. Optimizations are performed using the tensor net-
work package, quimb [37], which is based on a novel ten-
sor network tool, PyTorch[38], and results are shown in
Fig. 4.

Examining the q and τ dependence, two trends emerge.
Overall, the free-energy errors, ∆F , tend to increase with
temperature (in accordance with the small-scale q = 1, 2
circuit results above) and decrease with circuit resources
q, τ . While ∆F initial decreases with increasing number
of circuit layers, τ , this improvement saturates beyond
τ ≈ 4 for q = 2 or τ ≈ 7 for q ≥ 3. ∆F also decreases
with increasing qubit resources, q. The saturation value
at large τ initially decreases significantly with q for q =
1, 2, 3 but this trend begins to saturate going from q = 3
to q = 4, 5.

We postulate that this slow-down reflects an intrinsic
limitation of the PSA, which may not be overcome even
with arbitrary circuit resources q, τ →∞. While we can-
not completely rule out that the plateau is influenced by
local minimum trapping in this high-dimensional space,
we view this possibility as unlikely since we are using a
sequential optimization routine very similar to that used

in Ref. [35] for qMPS ground-state preparation which
observed a non-saturating improvement of variational
for increasing q, τ following systematic, non-saturating
power-law trends. This suggests that the saturation er-
ror is not set by the complexity of the unitary circuit, but
rather by an intrinsic limitation of the PSA that could
not be overcome even with arbitrary circuit resources
q, τ → ∞. To improve beyond this intrinsic limit, we
instead aim at considering a more general class of sto-
qMPS that incorporate spatial correlations into the den-
sity matrix spectrum.

B. Correlated Spectrum Ansatz (CSA)

We next explore the use of correlated classical prob-
ability distributions, P , corresponding to Eq. 6 with
J 6= 0. It is convenient to perform classical calculations
by representing the resulting sto-qMPS as a ladder ten-
sor network written in terms of the transfer matrix oper-
ator of the Boltzmann weights. We focus on the solvable
limit of the SDIM with V = 0, where the comparison to
the exact solution provides high-precision benchmarking.
Fig. 5 shows results for intermediate temperature, T = 1
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FIG. 5. Correlated spectrum ansatz (a) Ladder tensor
network corresponding to sto-qMPS with Eq. 6. We compare
the free-energy optimization results at T = 1 and T = 2 for
the critical Ising model, which was previously shown to be
one of the most difficult temperatures for PSA in Eq. 6.

and T = 2 (the most difficult regime for PSA circuits),
for the number of bond qubits q = 2, 3 [39]. In contrast
to the previous section, we choose a translation-invariant
ansatz and compute results directly in the infinite system
size limit using the technique described in Appendix C.

For all parameters, including spatial correlations into
the density matrix spectrum significantly lowers the free-
energy error. In fact, the q = 2 CSA results asymptote
with circuit depth, τ , to a similar value to the q = 3
PSA results, indicating that the single extra variational
parameter (J) achieves roughly the same improvement
as doubling the bond-dimension in the PSA. We note
that many further augmentations of the CSA are possible
as targets of future exploration, including increasing the
complexity of the classical Hamiltonian, W , used to gen-
erate P (e.g. including longer-range interactions), adding
hidden layers to the weights as in restricted Boltzmann
machines, or other more complex classes of probability
distributions that could be sampled efficiently (e.g. by
Monte Carlo methods).

V. Discussion

In this work, we have introduced a qubit-efficient
method for preparing thermal states of correlated many-
body systems with relatively simple variational circuits.
The method is qubit efficient in two senses. First, it uses
holographic simulation techniques to represent a thermo-
dynamically large system with a finite number of qubits.
Second, by representing a mixed state via stochastically
sampling over pure states, it avoids the doubling of qubits
required to explicitly implement a purified thermal state.
Through classical simulations, we find that relatively sim-
ple circuits with only a handful of qubits (q ≈ 3) can be
used to obtain quantitatively accurate (percent- or sub-
percent level errors) on the free-energy in the thermody-
namic (L→∞) limit, which may be sufficient for many
practical applications.

The sto-qMPS works particularly well in relatively
low-temperature regimes, relevant to for example study-
ing high-temperature superconductors phenomenology,
quantum magnetism, and finite-temperature crossovers
above quantum critical points, where the interplay be-
tween quantum correlations and thermal correlations is
particularly challenging to capture with classical compu-
tational techniques; or asymptotically high-temperature
regimes relevant to highly non-equilbrium dynamics
(even infinite temperature dynamical quantities can still
be difficult to compute classically).

The sto-qMPS ansatz can also be particularly help-
ful in certain quantum dynamics simulations, where a
moderately-accurate approximation to an initial thermal
state is useful, for example, in simulating the effect of
temperature on chemical reaction kinetics or computing
the temperature-dependence of conductivity in a corre-
lated electron system. In these applications, the qubit-
efficient sto-qMPS ansatz can serve as an initial state
for qubit-efficient holographic quantum dynamics tech-
niques [28] to simulate near-thermal equilibrium dynam-
ics. In this context, generic dynamics will be thermalizing
and quickly erase any small errors in the initial state (yet
it is still important to be able to produce a state with a
known, and tunable initial temperature).

These preliminary explorations of sto-qMPS leave sev-
eral open directions for future study. For example, it may
be advantageous explore more complex classical probabil-
ity distributions such as Boltzmann weights with longer-
range interactions or models with hidden layers such as
restricted Boltzmann machines or neural network param-
eterizations. Another important challenge is to explore
the scalability of these techniques to higher dimensional
systems, for example, generalizing the MPS structure to
a stochastic (isometric [40]) tensor network state (sto-
qTNS) whose tensors are isometries generated by quan-
tum circuits acting on bond-qubits and stochastically
generated initial states of physical qubits. Here, classi-
cal computation will become increasingly demanding but
may be tractable for modest system sizes to explore the
scalability of these ideas to 2d systems.
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A. Implementation details

Hardware implementations were performed on
Quantinuum’s system model H1 trapped-ion quantum
processor, which is based on a quantum charge-coupled
device (QCCD) architecture and uses hyperfine clock
states of +Yb171 qubit ions, and laser-based gates [41].
Hardware-native gates include arbitrary single-qubit
gates, and entangling two-qubit “ZZ-gate” operation
U2q = eiπ/2σ

z⊗σz .
Due to the low clock rate and large sampling cost, we

did not perform the variational optimization on the quan-
tum hardware, but rather pre-optimized circuit parame-
ters classically and implemented the optimized circuits.
The results test the impact of realistic hardware noise,
which appears to match simulations with the simple fea-
tureless depolarizing noise model.

Our quantum circuit generated tensors are based on
general two-qubit gates realizing arbitrary SU(4) unitary
operations. We used the circuit decomposition shown
in Fig. A. Another implementation detail is that to re-
duce the number of distinct circuits that must be com-
piled, we used a quantum random number generator to
randomly initialize the physical qubits. Specifically, us-
ing an ancilla qubit, we prepared the entangled state√
p|00〉+√1− p|11〉, and measured the second qubit (an-

cilla) qubit, to achieve a mixed state p|0〉〈0|+(1−p)|1〉〈1|
for the physical qubit, where p ∈ [0, 1].

We did not employ any error mitigation strategies,
though standard methods of error mitigation could read-
ily be incorporated into this technique to improve the
performance of noisy hardware.
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iMPS q = 2 q = 3 finite MPS q = 2 q = 3 q = 4 q = 5
τ ≤ 4 0.5 0.3 τ ≤ 4 0.2 0.12 0.1 0.07
τ > 4 0.4 0.2 τ > 4 0.2 0.12 0.08 0.05

TABLE I. Batch randomization hyperparameter To op-
timize circuits with τ + 1 layers, we took a batch of samples
with the optimal parameters of the τ -layer circuits. For iMPS,
we perturbed the circuit parameters by a value i.i.d.∼ [0, x]
for each circuit parameter, whereas in the finite chain case, we
added a random amount i.i.d.∼ [0, x] to each element of the
tensor network and performed QR decomposition to restore
unitarity. Values of x are listed in the table for various q, τ .

B. Batch optimization heuristics

Globally optimizing a large tensor network is compu-
tationally challenging, and it may generally suffer from
barren plateau problems where the gradient of the objec-
tive function nearly vanishes [42]; on the other hand, a lo-
cal optimization, such as the Limited-Memory Broyden-
FletcherGoldfarbShanno (L- BFGS-B) algorithm, gives
results heavily dependent on the initial conditions, and
may become trapped in local minima with high free-
energy error. To overcome this dilemma, we adapted
a batch-sequential optimization strategy in our numeri-
cal studies. Specifically, we begin with a batch of Nbatch

different single-layer circuits, each with random initial
parameters. For iMPS we used the above parameterized
circuit representation of the general SU(4), but for the
GPU-accelerated finite-MPS calculations (large circuits),
it was more convenient to directly work with the ma-
trix entries in the computational basis. Then to generate
randomness, we added a random number to each param-
eter i.i.d. ∼ [0, x] where x characterizes the strength
of randomness. For iMPS calculations, the randomness
was added directly to the circuit parameterize. For finite
MPS calculations, the randomness was added directly to
each entry of the unitary matrix followed by a QR fac-
torization to restore unitarity.

Each circuit in the batch is optimized (in parallel) with
a local optimizer, and the best outcome of the batch is
selected. This best-of-batch example is used to generate
another batch of Nbatch circuits with τ = 2, by adding
another gate layer of identity and then some small ran-
domness to all gate parameters. Our method not only
preserves the good qualities of the optimized first layer
but also gives a chance to get kicked out of a local varia-
tional free-energy minimum. Each element of this batch
of τ = 2 circuits is then optimized in parallel (also al-
lowing the thermal parameter, p to vary), and the one
with the lowest free-energy is used to generate a batch of
τ = 3 circuits, and so on. The procedure is repeated with
parallel batches until the target depth circuit is reached.
Depending on the number of parameters in the circuit,
one needs to adjust the amount of randomness accord-
ingly: more parameters require less randomness. Too
much randomness can result in failure of the optimiza-

1 2 3 4 5 6 7
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FIG. 7. Randomness in the batch optimization method
Two unsuccessful q = 3 optimizations compared with the
successful CSA T = 1 data shown in Fig. 5. If too much
randomness is added to the iterative batch optimization, the
optimizer of the new iteration will lose its memory from the
previous best run (“lost”). On the other hand, too little ran-
domness tends to make the optimizer trapped (“trapped”).
The randomness parameter was chosen to produce behavior
labeled here as “successful”, where the optimization decreases
monotonically with circuit depth without trapping.

tion, as shown in Fig. B.

C. Classical tensor network simulations of
sto-qMPS with correlated spectra

Any local classical Hamiltonian W generating the
probability distribution P on the physical qubit initial
states (see Eq. 5) can be written in terms of a transfer
matrix. For numerical simulations, it is convenient to
implement that transfer-matrix as a (diagonal) MPO, as
shown in Fig. 1. We note that, for small circuits, stan-
dard methods can be used to compute the free-energy
directly in the infinite system size limit (i-sto-qMPS),
by properly normalizing the transfer matrix to have the
largest eigenvalue of 1, and projecting the left boundary
vector of the MPO for P onto the corresponding eigen-
vector.

For the nearest-neighbor classical Ising model, the
transfer matrix eigenvectors, and corresponding entropy
can be readily computed analytically. For convenience,
we generalize Eq. 5 to include an inverse temperature, β:
Pβ = 1

Zβ e
−βW , which we will take to unity at the end of

the calculation. The partition function Zβ can be written

in terms of the transfer matrix Zβ = 〈1| (Tβ)
L |1〉 where

|1〉 is the vector with all unit entries, and:

Tβ =

(
eβ(J+h) e−βJ

e−βJ eβ(J−h)

)
(C1)
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Diagonalizing Tβ gives eigenvalues:

λ±β = eβJcosh(βh)±
√
e2βJsinh2(βh) + e−2βJ (C2)

and Zβ = |a+|2λL+ + |a−|2λL−, where a± are the coeffi-
cients of 1 in the eigenbasis of Tβ . For large L, only the
dominant eigenvalue λ+ contributes. Entropy density is
then given explicitly as:

s =
1

L
lim
β→1

(− ∂

∂β
+ 1)logZβ (C3)

The method can be readily generalized to more com-
plicated W . For example, if W has k-nearest neighbor
interaction terms, where the transfer matrix is a 2k × 2k

matrix, and the rest of the calculation follows similarly.


	Qubit-efficient simulation of thermal states with quantum tensor networks
	Abstract
	Introduction
	Formalism
	Matrix-Product- States and Density Operators
	Quantum-circuit-generated MPS (qMPS)
	Quantum circuit generated MPDOs
	sto-qMPS
	Boltzmann sto-qMPS
	Representational power of Boltzmann sto-qMPS

	Variational Thermal State Preparation with sto-qMPS
	Model Hamiltonians
	Trapped-ion implementation

	The variational power of sto-qMPS
	Product State Ansatz 
	Correlated Spectrum Ansatz (CSA)

	Discussion
	References
	Implementation details
	Batch optimization heuristics 
	Classical tensor network simulations of sto-qMPS with correlated spectra 


