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We study the Atiyah-Hirzebruch spectral sequence (AHSS) for equivariant K-theory in the context of band
theory. Various concepts in band theory, such as irreps at high-symmetry points, compatibility relations, topo-
logical gapless points and singularities, fit naturally into the AHSS. As an application of the AHSS, we get the
complete list of topological invariants for 230 space groups without time-reversal or particle-hole invariance.
We find that many torsion topological invariants appear even for symmorphic space groups.

I. INTRODUCTION

After the discovery of the quantum spin Hall effect
by Kane and Mele, [1] it has been realized that the rich
topological nature inheres in band theory for crystalline
materials. The relations between topology and band the-
ory go back to the celebrated TKNN formula, [2] where
they found that the band structure under a magnetic field
shows a quantized Hall conductivity, and it was iden-
tified with the Chern number of the vector bundle. [3]
Kane and Mele pointed out that the time-reversal sym-
metry(TRS) plays an important role in the band topol-
ogy; it gives the Z2-valued topological invariant in two
space dimensions. For onsite symmetries such as TRS
and particle-hole symmetry (PHS), the topological clas-
sification was summarized as the periodic table [4–7] for
Altland-Zirnbauer (AZ) symmetry classes. [8] If the bulk
has a nontrivial topological number, a gapless state lo-
calized at the boundary appears and is stable under per-
turbation. It is called bulk-boundary correspondence. [9]
It was shown that crystalline symmetry also gives rise
to new topological invariants of band structures and sta-
bilizes gapless boundary states. [10, 11] Such topolog-
ical insulators and superconductors protected by crys-
talline symmetry are called topological crystalline insu-
lators (TCIs) and superconductors (TCSCs). Shortly, the
mathematical framework describing the topological clas-
sification of the band structure for arbitrary symmetries
was formulated as the twisted equivariant K-theory by
Freed and Moore. [12–14] The complete classification of
TCIs and TCSCs for any magnetic space group symme-
try has been called for. So far, much effort has been made
around the world with various approaches such as topo-
logical invariants, Clifford algebra, and K-theory. [15–
32]

The notion of compatibility relation in band the-
ory [33] has shed new light on the topological classi-

fication of band structures. [34–37] The number of ir-
reps (or called irreps) at a high-symmetry point is one
of the topological invariants in the presence of space
group symmetry. The compatibility relation measures
how an irrep at a high-symmetry point is mapped to
representations at a slightly off-symmetric line by the
high-symmetric point. The set of solutions of the com-
patibility relation gives the combination of representa-
tions at high-symmetry points which can extend to the
1-dimensional subspace in the Brillouin zone (BZ) along
the lines between high-symmetry points. As an applica-
tion, in Refs., [35, 37] they subtracted the atomic insu-
lators by the set of solutions of compatibility relation to
get the indicators for topological insulators (in the sense
of band structures which have no description by a local-
ized Wanner function) and Weyl semimetals, which is the
comprehensive generalization of the Fu-Kane parity for-
mula. [38]

Toward the complete classification of band structures,
in addition to irreps and the compatibility relation, we
should take into account the following issues which are
closely related to each other:

(i) The compatibility relation does not ensure a uni-
form gap over the whole BZ. A higher-dimensional
obstruction exists to extend a Bloch wave func-
tion on the 1-dimensional subspace to the whole
BZ. For instance, the representation enforced Weyl
semimetal [39] is nothing but the failure to glue the
Bloch wave functions in a three-dimensional BZ.

(ii) An obstruction exists to glue a Bloch wave func-
tion defined over lines (planes) together on planes
(volumes). For instance, a Dirac point appearing
in graphene with sublattice (chiral) symmetry is
viewed as the obstruction to gluing a Bloch wave
function over lines together on the plane enclosed
by the lines.
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(iii) Topological invariants of band structures are not
limited to the number of irreps at high-symmetry
points. There are various higher-dimensional topo-
logical invariants. For instance, the Chern num-
ber and the Kane-Mele Z2 invariant are exam-
ples of topological invariants defined over a two-
dimensional subspace of BZ.

The crucial point is that obstructions of type (i) and
(ii) exist beyond the compatibility relation to glue Bloch
wave functions.

The purpose of this paper is to introduce the Atiyah-
Hirzebruch spectral sequence (AHSS) [40] as systematic
machinery to deal with the above three issues (i), (ii), and
(iii), as well as the compatibility relation. The AHSS is a
mathematical tool calculating a generalized cohomology
theory. We explain how the AHSS fits into band theory
in detail.

As an application, we report the complete classifica-
tion of topological invariants for 230 space groups with-
out the time-reversal or particle-hole invariance (i.e., A
and AIII in AZ classes). We found that various torsion
topological invariants (meaning cyclic Abelian groups
like Z2) appear in the presence of space group symmetry
even if they are symmorphic. Picking a few symmetry
classes, we show the explicit formulas of torsion invari-
ants that have not been addressed in the literature.

Throughout this paper, the classification of band struc-
tures means that in the sense of the K-theory, that is, ev-
ery classification is an Abelian group, and it measures the
classification between two different vector bundles stable
under adding the same vector bundle.

The organization of the paper is as follows. In Sec. II,
before moving on to the mathematical detail of the
AHSS, we give a brief overview of what the AHSS com-
putes through the language of band theory. The subse-
quent two sections are devoted to introducing the AHSS
in detail for complex AZ classes (Sec. III) and general
symmetry classes (Sec. III C 4). Sec. V includes one
of the main results of this paper, where we present the
complete list of the topological invariants for 230 space
groups in AZ symmetry classes A and AIII. We conclude
in Sec. VI with the outlook for future directions. Appen-
dices are for the technical details to compute the AHSS.

[a] [b] [c]

[d]

FIG. 1. [a,b,c] Cell decompositions of the BZ torus T 2 with
4-fold rotation symmetry. [d] The one-point compactification
of the boundary of p-cell.

II. OVERVIEW OF THE AHSS IN BAND THEORY

This section aims to illustrate the AHSS before moving
on to the mathematical detail.

In the AHSS, we start with a cell decomposition of
the BZ respecting symmetry. Also, we assign each
cell an orientation symmetrically. For example, in two-
dimensional systems with 4-fold rotation symmetry, a
decomposition of the BZ torus T 2 is given as Fig. 1
[a], which is composed of points, open lines, and open
planes, and we call them 0-cells, 1-cells, and 2-cells, re-
spectively. We note that the cell decomposition is not
unique: Fig. 1 [b] and [c] are other cell decompositions
of the BZ torus T 2 with 4-fold rotation symmetry.

The next step is to assign each p-cell an Abelian group
so that it possesses the information on band topology
as a p-dimensional object. To do so, in the AHSS, we
shrink the boundary of each p-cell to a point to get the
p-dimensional sphere (or called p-sphere) as described in
Fig. 1 [d]. The classification of band topology over a p-
sphere for a given symmetry class is readily determined:
It turns out that the classification is essentially computed
by classifying irreps at a point inside the p-cell. The re-
sulting data of Abelian groups assigned to the p-cells is
called “E1-page”, denoted by E1 = (Ep,−n1 ), where p
is the dimension of cells, and an integer n indicates an
AZ symmetry class which has the period n = n + 8
(n = n+ 2) for real (complex) AZ classes.

It is useful to express the E1-page as in Tables I and II.
Ep,−n1 is the Abelian group of the classification of irreps
over a point inside the p-cell with the AZ class n. Using
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TABLE I. E1-page for complex AZ classes.

A n = 0 E0,0
1 E1,0

1 E2,0
1 E3,0

1

AIII n = 1 E0,−1
1 E1,−1

1 E2,−1
1 E3,−1

1

Ep,−n1 p = 0 p = 1 p = 2 p = 3

TABLE II. E1-page for real AZ classes.

AI n = 0 E0,0
1 E1,0

1 E2,0
1 E3,0

1

BDI n = 1 E0,−1
1 E1,−1

1 E2,−1
1 E3,−1

1

D n = 2 E0,−2
1 E1,−2

1 E2,−2
1 E3,−2

1

DIII n = 3 E0,−3
1 E1,−3

1 E2,−3
1 E3,−3

1

AII n = 4 E0,−4
1 E1,−4

1 E2,−4
1 E3,−4

1

CII n = 5 E0,−5
1 E1,−5

1 E2,−5
1 E3,−5

1

C n = 6 E0,−6
1 E1,−6

1 E2,−6
1 E3,−6

1

CI n = 7 E0,−7
1 E1,−7

1 E2,−7
1 E3,−7

1

Ep,−n1 p = 0 p = 1 p = 2 p = 3

an isomorphism of the K-theory, we find that Ep,−n1 is
also the Abelian group for the classification of topologi-
cal insulators over the p-sphere for the AZ class (n− p),
where a representative Hamiltonian is described by the
massive Dirac Hamiltonian H =

∑p
µ=1 kµγµ + (m −

εk2)γp+1.

Moreover, the E1-page has a couple of other interpre-
tations.

The first one is topological gapless states. Ep,−n1 is
also the Abelian group for the classification of stable gap-
less points inside the p-cell for the AZ class (n+ 1− p):
Suppose that a topological gapless state in p-cell for the
AZ class (n + 1− p) is described by the massless Dirac
Hamiltonian H ′ =

∑p
µ=1 kµγ

′
µ. By adding a mass term,

the Hamiltonian H ′ can be viewed as the massive Dirac
Hamiltonian H =

∑p
µ=1 kµγµ + (m − εk2)γp+1 that

describes the topological insulator over the p-sphere with
the shift of AZ class as (n + 1 − p) 7→ (n − p), i.e. the
Abelian group Ep,−n1 .

Ep,−n1 also represents the Abelian group for the classi-
fication of stable singular points inside p-cells for the AZ
class (n+2−p). Here, the singular point means a point in
the BZ where the Hamiltonian is not single-valued. For
example, the endpoint of the flat zero energy edge state
for the zigzag edge boundary condition in the graphene
with the chiral symmetry is an example of the singularity
inside a 1-cell (Fig. 2 [a]). An example of the singular
point in a 2-cell is the branching point of the Fermi arc

+-

[a] [b]

FIG. 2. Examples of topological singular points. [a] The end
point of the flat edge zero energy state with the chiral symmetry.
[b] The branching point of the Fermi arc in the surface state of
the Weyl semimetal.

appearing in the surface BZ of the Weyl semimetal (Fig. 2
[b]). In general, a singular point inside a p-cell appears
as the end point of the massless Dirac line described by
the Hamiltonian H ′ =

∑p−1
µ=1 kµγ

′
µ. Using this, we have

the model Hamiltonian for the topological singular point

H ′′ = = ln

[
kp + i

p−1∑
µ=1

kµγ
′
µ

]
, (1)

where =(z) is the imaginary part of z. On the kp-axis,
for kp > 0 the Hamiltonian H ′′ is recast as the mass-
less Dirac Hamiltonian H ′ =

∑p−1
µ=1 kµγ

′
µ, whereas for

kp < 0 the Hamiltonian H ′′ has a finite energy gap as
H ′′ ∼ ±π. Therefore, the possibility of a topological
singular point in a p-cell is equivalent to the existence of
a (p − 1)-dimensional topological gapless state. Using
an isomorphism of the K-theory, we find that the latter is
classified by the Abelian group Ep,−n1 . See Sec. III B 1
and Appendix B for more details.

In this way, there are four different interpretations of
the E1-page summarized as follows.

• [Irreps] Ep,−n1 is the classification of irreps at
points k inside p-cells for the AZ class n. (See
Fig. 3 [a]).

• [Topological insulators] Ep,−n1 is the classifica-
tion of topological insulators over p-spheres for the
AZ class (n− p), where the p-sphere is defined by
shrinking the boundary of the p-cell to one point.

• [Topological gapless states] Ep,−n1 is the classi-
fication of topological gapless states inside p-cells
for the AZ class (n+ 1− p).

• [Topological singular points]Ep,−n1 is the classifi-
cation of topological singular points inside p-cells
for the AZ class (n+ 2− p).
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[b]

FIG. 3. [a] Ep,−n1 as irreps at points k inside p-cells for the
AZ class n. [b] Irrespective of adjacent intermediate 1-cells, a
Bloch state |φ〉 at a 0-cell is connected to the same Bloch state
at a point k inside the 2-cell.

Table III shows the correspondence between the latter
three interpretations and the columns in the E1-page in
the view of a fixed AZ class n. In applying the AHSS to
band theory, we should keep all the above four interpre-
tations of the E1-page in mind.

Generally, elements of groups Ep,−n1 are dependent
under the assumption of the continuity of the energy
bands. This constraint is known as compatibility rela-
tions, [34, 35, 41] and is identified as the first differential

dp,−n1 : Ep,−n1 → Ep+1,−n
1 (2)

in the AHSS. The first differential d1 = (dp,−n1 ) can be
viewed as the compatibility relation from p-cells to adja-
cent (p + 1)-cells. The compatibility relation gives how
an irrep ρpα at a p-cell splits into representations ρp+1

β at
adjacent (p+ 1)-cells,

ρpα =
⊕
β

nβαρ
p+1
β , (3)

which is characterized by the nonnegative integers nβα.
If the direction of the p-cell (dis)agrees with the adjacent
(p+1)-cell, the nonnegative integer nβα contributes to the
first differential dp,−n1 with the positive (negative) sign.
We see that the first differential obeys d1 ◦ d1 = 0, i.e.,

TABLE III. The E1-page for an AZ class n. In the table,
E
p,−(n+p)
1 , E

p,−(n−1+p)
1 , and E

p,−(n−2+p)
1 represent topo-

logical insulators, topological gapless states, and topological
singular points, respectively, for the AZ class n.

E
0,−(n−1)
1 E

1,−(n−1)
1

E0,−n
1 E1,−n

1 E2,−n
1

E
1,−(n+1)
1 E

2,−(n+1)
1 E

3,−(n+1)
1

E
2,−(n+2)
1 E

3,−(n+2)
1

E
3,−(n+3)
1

0-cell 1-cell 2-cell 3-cell

taking the first differential twice is trivial. As shown in
Fig. 3 [b], a Bloch state |φ〉 at a 0-cell is connected to,
regardless of adjacent intermediate 1-cells, the same state
at a point k inside the 2-cell, which is nothing but the
relation d1 ◦ d1 = 0. The relation d1 ◦ d1 = 0 implies
Im (dp−1,−n

1 ) ⊂ Ker (dp,−n1 ) as an Abelian group. One
can take the cohomology of d1 to get the E2-page

Ep,−n2 := Ker (dp,−n1 )/Im (dp−1,−n
1 ). (4)

Interpreting the E2-page as topological gapless states
clarifies the meaning of the E2-page. The E1-page
E
p,−(n−1+p)
1 is the candidate for an anomalous gapless

state for the AZ class n in the sense that it can not be
realized as a lattice system where the number of bands
is finite. Not every element in the E1-page corresponds
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[a1]

[a2]

+-

[b1]

[b2]

FIG. 4. [a1, a2] The first differential dp−1,−(n−1+p)
1 can be

viewed as changing the topological invariant over (p− 1)-cells
followed by creating gapless Dirac points to adjacent p-cells.
[b1, b2] The first differential dp,−(n−1+p)

1 can be viewed as
how gapless states inside p-cells are continuously extended with
endpoints of topological singularities in adjacent (p+ 1)-cells.
The corresponding bulk semimetal phases with a pair of gapless
points created from the p-cell are also shown.

to a genuine anomalous gapless state because of the fol-
lowing two reasons. The first reason is that a topological
gapless state inside a p-cell may be trivialized by the cre-
ation/annihilation of Dirac points from adjacent (p− 1)-
cells, which corresponds to the image of the first differ-
ential d1:

Im
[
d
p−1,−(n−1+p)
1 : E

p−1,−(n+p−1)
1 → E

p,−(n−1+p)
1

]
.

(5)

Recall that Ep−1,−(n+p−1)
1 gives the classification of

topological insulators over (p − 1)-spheres for the AZ
class n. We see that dp−1,−(n−1+p)

1 describes chang-
ing the topological invariant over (p − 1)-cells followed

by creating gapless Dirac points to adjacent p-cells, as
shown in Fig. 4 [a1] and [a2]. The second reason is that a
gapless state in the E1-page may be singular in adjacent
(p+1)-cells. The topological gapless states in p-cells that
can extend the adjacent (p+1)-cells without a singularity
are represented by the kernel

Ker
[
d
p,−(n−1+p)
1 : E

p,−(n−1+p)
1 → E

p+1,−(n−2+p+1)
1

]
.

(6)

Recall that Ep+1,−(n−2+p+1)
1 gives the classification of

topological singular points inside (p + 1)-cells for the
AZ class n. We see that dp,−(n−1+p)

1 describes how gap-
less states inside p-cells are continuously extended with
endpoints of topological singularities in adjacent (p+1)-
cells, as shown in Fig. 4 [b1] and [b2]. The kernel of
d
p,−(n−1+p)
1 implies that the topological singular points

created by the first differential dp,−(n−1+p)
1 cancel out,

i.e., the absence of a singularity. In sum, we have that

• The E2-page Ep,−(n−1+p)
2 is the classification of

topological gapless states inside p-cells for the AZ
class n which can not be trivialized by creation of
topological Dirac points from adjacent (p−1)-cells
and can extend to adjacent (p + 1)-cells without a
singularity.

Here is not the end of the story. The topological gap-
less states described by the E2-page may be further triv-
ialized. The band inversion at a (p − 2)-cell may create
gapless Dirac points in the p-cells nearby the (p − 2)-
cell, as shown in Fig. 5 [a], and this defines the second
differential

d
p−2,−(n+p−2)
2 : E

p−2,−(n+p−2)
2 → E

p,−(n−1+p)
2 . (7)

The created Dirac points in p-cells can trivialize the topo-
logical gapless states left in the E2-page Ep,−(n−1+p)

2 ,
i.e. the trivialization by the image Im (d

p−2,−(n+p−2)
2 ).

The second differential also represents how topological
gapless states in p-cells create topological singular points
in adjacent (p + 2)-cells with branch cut lines, as shown
in Fig. 5 [b], and this is represented by the second differ-
ential

d
p,−(n−1+p)
2 : E

p,−(n−1+p)
2 → E

p+2,−(n+p)
2 . (8)

In the same way as the first differential, taking the ker-
nel of dp,−(n−1+p)

2 leads to the subspace of topological
gapless states in Ep,−(n−1+p)

2 so that the created singu-
lar points inside (p+ 2)-cells cancel out. We see that the
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[b]

[c]

[a]

FIG. 5. [a] The second differential dp−2,−(n+p−2)
2 represents

a band inversion at a (p − 2)-cell followed by creating gap-
less Dirac points in the p-cells nearby the (p − 2)-cell. [b]
The second differential dp,−(n−1+p)

2 represents how topologi-
cal gapless states in p-cells extend into adjacent (p + 2)-cells
in the form of lines with singular points as endpoints. [c] The
third differential dp−3,−(n+p−3)

3 represents a band inversion at
a (p − 3)-cell followed by creating gapless Dirac points in the
p-cells nearby the (p− 3)-cell.

second differential also obeys d2 ◦ d2 = 0. The E3-page
is defined as the cohomology of the second differential

Ep,−n3 := Ker (dp,−n2 )/Im (d
p−2,−(n−1)
2 ). (9)

It is clear that the E3-page has the following meaning as
topological gapless states

• The E3-page Ep,−(n−1+p)
3 is the classification of

topological gapless states inside p-cells for the AZ
class n which can not be trivialized by creation of
Dirac points from adjacent (p−1)- and (p−2)-cells
and can extend to adjacent (p+1)- and (p+2)-cells
without a singularity.

In the same way, the topological gapless states inside
p-cells contained in the E3-page may be further trivial-
ized by the band inversion at a (p − 3)-cell followed by
the creation of Dirac points to adjacent p-cells, which de-
fines the third differential

d
p−3,−(n+p−3)
3 : E

p−3,−(n+p−3)
3 → E

p,−(n−1+p)
3 .

(10)

For example, the third differential d0,−n
3 represents the

band inversion and creating the Dirac points inside 3-

cells, as shown in Fig. 5 [c]. Similarly, the third differ-
ential dp,−(n−1+p)

3 : E
p,−(n−1+p)
3 → E

p+3,−(n+1+p)
3

gives the creation of topological singular points inside
(p + 3)-cells from the gapless point in p-cells. We find
that the third differential obeys that d3 ◦ d3 = 0. The
E4-page is defined as the cohomology of d3

Ep,−n4 := Ker (dp,−n3 )/Im (d
p−3,−(n+2)
3 ). (11)

In three space dimensions, there is no further trivializa-
tion and the compatibility relation for the absence of a
singular point. We get the limiting page E∞ = E4.
(In two space dimensions, theE3-page becomes the limit
E∞ = E3.)

The limiting page Ep,−(n−1+p)
∞ represents the topo-

logical gapless states in p-cells for the AZ class n which
have no singularity and can not be trivialized by the cre-
ation of Dirac points from any adjacent low-dimensional
cells. Therefore, elements of the E∞-page Ep,−(n−1+p)

∞
are genuine anomalous gapless phases, i.e., gapless states
which can not be realized as standalone lattice systems.
Since the classification of anomalous gapless phases is
equivalent to the classification of bulk gapped phases
over the same BZ with a shift of the AZ class (this is
the bulk-boundary correspondence), we find that theE∞-
page Ep,−(n+p)

∞ represents bulk gapped phases for the
AZ class n. To be precise, the E∞-page approximates
the classification of the gapped (and gapless) phases with
the set of exact sequences. See eq.(88) below.

III. THE AHSS IN THE ABSENCE OF ANTIUNITARY
SYMMETRY

Spectral sequences are mathematical tools to calculate
(co)homology groups. (For an introductory exposition,
see Ref.[42].) In particular, the Atiyah-Hirzebruch spec-
tral sequence (AHSS) calculates a generalized cohomol-
ogy theory, of which the K theory version was first in-
troduced by Atiyah and Hirzebruch. [40] In the context
of physics, the AHSS has been applied to string theo-
ries. [43] The AHSS in this section is defined by apply-
ing the general recipe [44] to the twisted equivariant K
theory. In the following, we explain the resulting AHSS
along with the setup of our interest.
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[a] [b]

FIG. 6. An example of Z4-symmetric filtration of T 2 with 4-
fold rotation symmetry. [a] 0-, 1- and 2-cells. Arrows represent
directions of p-cells which are Z4-symmetrically assigned. The
r.h.s. shows the orbits (Z4/Gkj )×D

p(p = 0, 1, 2). [b] 0-, 1-
and 2-skeletons. The 2-skeleton X2 is the 2-torus X2 = T 2

itself.

A. Formulation

Let T 3 be a three-dimensional BZ torus and G a point
group. The groupG acts on T 3 associatively, i.e., it holds
that g(hk) = (gh)k for k ∈ T 3 and g, h ∈ G. The
first step is to take a series of subspaces of T 3, called
G-symmetric filtration of T 3,

X0 ⊂ X1 ⊂ X2 ⊂ X3 = T 3, (12)

where Xp is a p-dimensional subspace closed under the
G-symmetry. We here take a particular filtration of T 3

associated with a G-CW decomposition, [45] in which
the subspace Xp, called the p-skeleton, is given in the
following manner.

1. Cell decomposition

We first divide T 3 by cells with dimensions lower or
equal to 3, i.e., points (0-cells), open line segments (1-
cells), open polygons (2-cells), and open polyhedrons
(3-cells): Each p-cell, which is isomorphic to a p-
dimensional open diskDp, is assigned an orientation, and
its boundary, ∂Dp = Dp−Dp, consists of (p− 1)-cells.
The whole set of the oriented p-cells, which we denote
Cp, should form a set of G-symmetric cells (called G-
equivariant cells or G-cells), where each G-cell consists
of the p-cells that are obtained by applying G on a p-cell.
In other words, a G-cell is an orbit of a p-cell Dp under
the G-action, (G/GDp) × Dp, where GDp is the little

group of the p-cell Dp (that is GDp := {g ∈ G|gk =
k, for ∀k ∈ Dp}). We also require that all the p-cells in
the orbit should be different if (G/GDpj ) 6= 1, and the ori-
entations of the p-cells are consistent with the G-action.
The former requirement implies that Cp contains all p-
dimensional high-symmetry regions (points for p = 0,
lines for p = 1 and planes for p = 2) under G. The num-
ber of p-cells contained in the orbit (G/GDp) × Dp is
|G/GDp |. The orbit (G/GDp)×Dp is homotopic to the
set of points (G/Gk) × {k} (k ∈ Dp), which is known
as the “star” in the literature, [33] since the p-cell Dp can
shrink to a point k ∈ Dp smoothly. Keeping in mind the
requirements for the orbit in the above, we write Cp as the
direct sum of orbits of p-cells

Cp =
∐
j∈Iporb

(G/GDpj )×Dp
j , (13)

with Iporb a label set of orbits in Cp, Dp
j a representative

p-cell of the j-th orbit, and GDpj the little group of the
p-cell Dp

j .

The 0-skeleton X0 is given by the set of 0-cells C0.
Then, for p > 0, the p-skeleton Xp is defined inductively
by gluing each orbit (G/Gkj ) × Dp

j in Cp to the (p −
1)-skeleton Xp−1: Using the obvious map (G/Gkj ) ×
∂Dp → Xp−1, we have

Xp = Xp−1 ∪
∐
j∈Iporb

(G/GDpj )×Dp
j . (14)

If the resultant X3 satisfies X3 = T 3, we have a G-
symmetric filtration, and if not, we add (or remove) a
proper orbit to (from) Cp and repeat the same procedure
until X3 coincides with T 3. In any case, we can obtain
a G-symmetric filtration. For illustration, we provide an
example of a Z4-symmetric filtration of a 2-torus T 2 with
4-fold rotation symmetry in Fig. 6. (A filtration of T 2 is
defined similarly.)

2. E1-page

Now consider a space group with the point group G
and the factor system τ . (For the definition of the factor
system, see Sec. IV C). Using the G-symmetric filtration
above, we introduce the AHSS. The AHSS consists of a
collection of two sequences, i.e. pages Er and differen-
tials dr (r = 1, 2, . . . ). According to the general recipe,
the first page (called E1-page) is given by the twisted
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equivariant K-group Kτ−n
G , [12, 26]

Ep,−n1 = K
τ−(n−p)
G (Xp, Xp−1)

∼=


∏
j∈Iporb

K
τ |Dp

j
+0

GDp
j

(Dp
j ) (n ∈ even),

0 (n ∈ odd).

(15)

where X−1 = ∅ and τ |Dpj is the factor system at Dp
j . 1

Here only the parity of the degree n ∈ Z matters because
of the Bott periodicity Kτ−n

G
∼= Kτ−n+2

G . In the AZ
classification scheme, the even degree and the odd one
are referred to as class A and class AIII, respectively. In
the context of band theory, an element of the K-group

K
τ |Dp

j
−0

GDp
j

(Dp
j ) corresponds to a set of numbers

(nρ1(Dpj ), nρ2(Dpj ), nρ3(Dpj ), . . . ) (16)

in which nρa(Dpj ) counts (occupied) states in the ir-
rep ρα(Dp

j ) of GDpj on the p-cell Dp
j . (More pre-

cisely, nρα(Dpj ) denotes the difference between the num-
ber of occupied states and the number of empty ones in
ρα(Dp

j ).) It should be noted here that any Bloch state
on the p-cell Dp

j is a representation of GDp since the lit-
tle group is good symmetry on Dp

j . The K-group is an
Abelian group, where the addition (the subtraction) is de-
fined obviously as an increase (decrease) of states in the
corresponding representations. Therefore, Ep,01 is also
an Abelian group. It holds that Ep,−1

1 = 0 because the
chiral symmetry in class AIII enforces that occupied and
empty states are the same in number, so nΓa = 0.

3. First differential d1

The first differential d1 in the AHSS is given as a series
of homomorphisms among E1 pages,

E0,−n
1

d0,−n
1−−−→ E1,−n

1

d1,−n
1−−−→ E2,−n

1

d2,−n
1−−−→ E3,−n

1 ,
(17)

where the differential satisfies d1 ◦d1 = 0. In the present
case, only dp,01 is nontrivial since Ep,−1

1 = 0. From the
general recipe [44], the first differential dp,−n1 is defined

1 For derivation of Eq.(15), see also Sec.IV A.

by the composition

dp,−n1 :K
τ−(n−p)
G (Xp, Xp−1)

i∗−→ K
τ−(n−p)
G (Xp)

d−→ K
τ−(n−p−1)
G (Xp+1, Xp), (18)

where i∗ is induced map of the inclusion i : Xp →
(Xp, Xp−1), and d is the coboundary map. We present
here the physical meaning of d1 in terms of band theory.
As we explained above, an element of Ep,01 specifies a
particular set of irreps in each p-cell in T 3. Furthermore,
d1 should be defined locally like an ordinary differen-
tial operator. These properties suggest that dp,01 is a map
from representations in a p-cell to those in an adjacent
(p + 1)-cell. In other words, dp,01 gives a relation be-
tween the representation of a state at a p-cell and those
of the same state at an adjacent (p + 1)-cell: In general,
the representation ρα(Dp) at a p-cell Dp splits into a set
of representations ρβ(Dp+1) at an adjacent (p + 1)-cell
Dp+1,

ρα(Dp) =
⊕

β∈irreps

nβα ρβ(Dp+1), (19)

since the little group GDp+1 is a subgroup of GDp when
the (p+1)-cell is adjacent to the p-cell. Here β runs over
the irreps at the (p + 1)-cell, and nβα is determined by
the characters χα(g) (χβ(g)) of g in the representation
ρα(Dp) (ρβ(Dp+1)),

nβα =
1

|GDp+1 |
∑

g∈GDp+1

χβ(g)∗χα(g). (20)

This relation (19), which is known as compatibility rela-
tion in band theory, defines a required map from Ep,01 to
Ep+1,0

1 . For the map to be a differential, it also needs to
satisfy d1 ◦ d1 = 0, but this can be met by generalizing
the compatibility relation slightly: In the original com-
patibility relation, the coefficients {nβα} in Eq.(19) are
non-negative integers, but we assign the sign to the coef-
ficients according to orientations of the p- and (p + 1)-
cells. If the orientation of the p-cell is the same as that
of the boundary of the adjacent (p + 1)-cell, we retain
the non-negative integers, but if not, we assign the minus
sign to them. It can be shown that this simple modifica-
tion leads to d1◦d1 = 0. In this sense, the first differential
d1 compactly encodes the compatibility relations for rep-
resentations in cells with the additional information on
orientations.

4. Higher differentials

The second and higher pages Er (r = 2, 3, . . . ) are
introduced as follows. First, the E2-page is an Abelian
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group given as the cohomology of d1,

Ep,−n2 := Ker (dp,−n1 )/Im (dp−1,−n
1 ), (21)

which is well-defined since Im (dp−1,−n
1 ) ⊂ Ker (dp,−n1 )

due to d1 ◦ d1 = 0. 2 For the E2-page, the second dif-
ferential d2 is defined as a homomorphism from Ep,−n2

to Ep+2,−(n+1)
2 , i.e. Ep,−n2

dp,−n2−−−−→ E
p+2,−(n+1)
2 , but it

holds that d2 = 0 since d2 changes the parity of the de-
gree n and we have Ep,−n2 ⊂ Ep,−n1 = 0 for an odd n.
Next, the E3-page is defined as

Ep,−n3 := Ker (dp,−n2 )/Im (d
p−2,−(n−1)
2 ), (22)

which reduces to Ep,−n2 since d2 = 0, and the
third differential d3 is a homomorphism from Ep,−n3 to

E
p+3,−(n+2)
3 , Ep,−n3

dp,−n3−−−−→ E
p+3.−(n+2)
3 . Below, we

show possible nontrivial parts of the E3-page for T 3,

n = 0 E0,0
3 E1,0

3 E2,0
3 E3,0

3 0
n = 1 0 0 0 0 0

n = 2 E0,−2
3 E1,−2

3 E2,−2
3 E3,−2

3 0

Ep,−n3 p = 0 p = 1 p = 2 p = 3 p = 4

, (23)

which implies that the only possibly nontrivial third dif-
ferential is d0,0

3 : E0,0
3 → E3,−2

3 . Then, the E4 page is
defined by

Ep,−n4 := Ker (dp,−n3 )/Im (d
p−3,−(n−2)
3 ). (24)

The fourth differential d4 is given as the homomorphism,

Ep,−n4

dp,−n4−−−−→ E
p+4,−(n+3)
4 , but from the dimensional

reason, d4 is trivial for T 3. In a similar manner, for r ≥ 5,
the Er-page is defined by

Ep,−nr := Ker (dp,−nr−1 )/Im (d
p−r+1,−(n−r+2)
r−1 ), (25)

and the r-th differential dr is given as the homomor-

phism, Ep,−nr

dp,−nr−−−−→ E
p+r,−(n+r−1)
r , but dr is also triv-

ial for the same dimensional reason, which means that

E4 = E5 = E6 = . . . , (26)

hence the E4 page gives the limit E∞ = E4. All the
higher pages are also Abelian groups. As discussed in de-
tail below, the higher pages and higher differentials also
have their physical meanings, like the E1-page and the
first differential d1.

2 This is interpreted as a twisted version of the Bredon equivariant co-
homology. [46]

5. Limiting page E∞

In mathematics, the limiting page E∞ approximates
the K-group Kτ−q

G (T 3): For spatial dimensions lower
than or equal to 3, the following short exact sequences
hold true

0→ E2,0
∞ →Kτ−0

G (T 3)→ E0,0
∞ → 0, (27)

0→ E3,0
∞ →Kτ−1

G (T 3)→ E1,0
∞ → 0. (28)

In the present case, E0,0
∞ is found to be a free Abelian

group, and thus Eq.(27) splits. 3 Therefore, we obtain

Kτ−0
G (T 3) ∼= E2,0

∞ ⊕ E0,0
∞ . (29)

On the other hand, E1,0
∞ contains a torsion in general, so

the extension of Eq.(28) is not unique. The nontrivial
extension of Eq. (28) implies that the torsion part of E1,0

∞
is determined by E3,0

∞ .

It should be noted that the G-symmetric filtration is
not unique. A different choice of G-filtration leads
to a different E1-page, the first differential dp,−n1 , and
Coker (dp,−n1 ). On the other hand, as we will see soon
later, we take the cohomology of the first differential
d1 to get the E2-page, which means that choices of G-
filtration do not matter to the E2-page, provided that G-
filtration is constructed in the manner in Sec. III A 1.

In the following, we sketch the physical implications
of Er and dr in order.

B. Physical interpretation of Er and dr

This section explains the physical meaning of Er-
pages and the differentials dr in band theory. Each issue
is numbered as (i), (ii), and so on.

1. E1-page

As we mentioned above, Ep,01 represents the space of
representations of band electrons at p-cells. However,

3 As an R(G)-module, the exact sequence (27) does not split in gen-
eral. [26] The nontriviality of the extension of Eq. (27) as an R(G)-
module implies the data of reps. of E0,0

∞ is constrained by the 2d

topological invariants E2,0
∞ .
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there is another interpretation, which follows from the
following relation in the K-theory,

Ep,−n1 = K
τ−(n−p)
G (Xp, Xp−1)

∼=
∏
j∈Iporb

K
τ |Dp

j
−(n−p)

GDp
j

(Dp
j , ∂D

p
j )

∼=
∏
j∈Iporb

K̃
τ |Dp

j
−(n−p)

GDp
j

(Spj ), (30)

where Spj is a p-dimensional sphere (or called p-sphere)
obtained from the p-cell Dp

j by identifying its boundary

∂Dp
j to a point, and K̃

τ |Dp
j
−(n−p)

GDp
j

(Spj ) is the reduced

K-theory. The K-group K̃
τ |Dp

j
−(n−p)

G|Dp
j

(Spj ) in Eq.(30)

specifies a class (n − p) topological insulator on the p-
sphere Spj with additional point group symmetry GDpj .
Since GDpj is a little group on Spj , the topological insu-
lator splits into irreps of GDpj , each of which also be-

longs to class (n − p). Ep,−n1 represents space of such
p-dimensional topological insulators.

Furthermore, the bulk-boundary correspondence leads
to an interpretation of Ep,−n1 as space of gapless states.

We can regard K̃
τ |Dp

j
−(n−p)

G|Dp
j

(Spj ) as the K-group for

gapless states on the boundary Spj of class (n + 1 − p)
topological insulators on Spj × S1, where the gapless
states are representations of Gpj . This correspondence
enables us to interpret Ep,−n1 as space of p-dimensional
gapless states in class (n+ 1− p).

Finally, Ep,−n1 also can be interpreted as space of sin-

gular points. As mentioned above, K̃
τ |Dp

j
−(n−p)

G|Dp
j

(Spj )

in Ep,−n1 describes topological gapless states in class
(n+ 1− p). For p ≥ 1, an explicit topological invariant
characterizing the gapless states is given by the isomor-
phism

K̃
τ |Dp

j
−(n−p)

G|Dp
j

(Spj ) ∼= K̃
τ |Dp

j
−(n+1−p)

G|Dp
j

(Sp−1), (31)

where Sp−1 is a (p − 1)-sphere surrounding the gapless
points. Since the system is gapful on Sp−1

j , the topologi-
cal invariant of the gapless states is calculated as the topo-
logical invariant of topological insulators in the right-
hand side of Eq.(31). Applying the bulk-boundary corre-
spondence again to Sp−1, the right-hand side of Eq.(31)
also represents class (n+2−p) topological gapless states

over the (p − 1)-sphere Sp−1. The existence of a topo-
logical gapless state on Sp−1 implies that Sp−1 can not
shrink to a point without a singularity. Therefore, we con-
clude that there must be a topological singular point in
the original p-cell Dp

j , which forms a branch cut with the
gapless point on Sp−1. In Fig. 7, we summarize these
different interpretations of Ep,−n1 and illustrate how they
are related to each other by the bulk-boundary correspon-
dence.

Below, we describe the details of Ep,01 for each p.

(i)— E0,0
1 gives a space of irreps in class A topological

insulators on 0-cells. At the same time, it gives a space
of irreps of class AIII zero mode on 0-cells. In the lat-
ter interpretation, an element (nρ1(D0

j ), nρ2(D0
j ), . . . ) ∈

K
τ |
D0
j
−0

G
D0
j

(D0
j ) represents the chirality of zero modes for

each representation. More precisely, nρα(D0
j ) indicates

the difference between the number of zero modes with
positive chirality and that of negative one for the irrep
ρα(D0

j ). See Fig. 8

(ii)— As illustrated in Fig.9, E1,0
1 has three interpre-

tations: a) 1-dim class AIII topological insulators, b)
1-dim class A gapless states, and c) class AIII sin-
gular points on 1-cells. Correspondingly, an element

(nρ1(D1
j ), nρ2(D1

j ), . . . ) ∈ K
τ |
D1
j
−0

G
D1
j

(D1
j ) indicates a

set of a) 1-dim winding numbers for class AIII topo-
logical insulators, b) spectral flows for 1-dim class A
gapless states, and c) the numbers of brunch cuts for
class AIII singular points, all of which split into irreps
{ρα(D1

j )}α=1,2,... of GD1
j
.

As explained above, these interpretations come from
isomorphism in the K-theory, but we can also reproduce
the same interpretations in terms of Hamiltonians. Let
us start with 1-dim class A gapless states (i.e., spectral
flows) in the irrep α,

b) HTGS(k) = k1α, (32)

where 1α is the identity matrix in the space of the irrep
α, 1α =

∑
i |α, i〉 〈α, i| with |α, i〉 a basis of α. Then,

doubling the degrees of freedom and adding a mass term
with UV cut-off into Eq.(32), we get a class AIII Hamil-
tonian

a) HTI(k) = (kσx + (m− εk2)σy)⊗ 1α, (33)

with the chiral operator Γ = σz . We also have 1-dim
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Bulk-boundary 
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Bulk-boundary 
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gapless state on

FIG. 7. The relationship among topological insulators, topological gapless states, and topological singular points over the p-sphere
(p ≥ 1). These different interpretations of Ep,01 are related via the bulk-boundary correspondence.

α1-irreps

α2-irreps

α1-

irreps

α2-

irreps

Class AIII

chiral zero modes

Class A

occupied states

FIG. 8. Two interpretations of E0,0
1 .

class AIII topological singular points as

c) HTSP(k) =

{
0× 1α (for k < 0),
∅ (for k > 0),

Γ = 1α,

(34)

where ∅ means the absence of states, so the k = 0 point
behaves as a singularity.

(iii)— Fig. 10 illustrates the three interpretations for
E2,0

1 : The left is class A bulk Chern insulators on a
2-cell, the center is 2-dim class AIII topological gap-
less Dirac points, and the right is class A singular
points on a 2-cell. In the left interpretation, an element

(nρ1(D2
j ),ρ2(D2

j ) , . . . ) ∈ K
τ |
D2
j
−0

G
D2
j

(D2
j ) represents the

Chern numbers for irreps of GD2
j
, then in the center, the

same element specifies the topological numbers of class
AIII Dirac points in the irreps. In the latter class AIII
case, the topological number of a Dirac point is given by
the 1-dim winding number on a circle enclosing the Dirac
point: On the diagonal basis of the chiral operator, the
class AIII Hamiltonian in each irrep has an off-diagonal

form H(k) =

(
0 q(k)

q(k)† 0

)
, where q(k) has a vortex

in the presence of a Dirac point. The topological number
of the Dirac point is nothing but the U(1) phase winding
of the vortex. Moreover, by applying the bulk-boundary
correspondence to the circle surrounding the class AIII
Dirac point, we get a class A gapless edge mode on the
circle. Extending the gapless mode consistently in the
entire region of a 2-cell, we have a singular point with a
branch cut, as illustrated in the right of Fig. 10. Here the
number of the branches in the α-th irrep corresponds to
nρα(D2

j ) in the above.

Again, these relations can be understood in terms of
Hamiltonians. Gapless Dirac points with an irrep α in
the center of Fig.10 are described by

HTGS(k1, k2) = (k1σx + k2σy)⊗ 1α, (35)
Γ = σz. (36)

Then, adding a mass term with UV cut-off to Eq.(35), we
have a class A Chern insulator in the left,

HTI(k1, k2) = (k1σx + k2σy + (m− εk2)σz)⊗ 1α.
(37)

Finally, from the the off-diagonal part q(k) = k1 − ik2

of Eq.(35), the Hamiltonian for the right of Fig.10 is ob-
tained as the imaginary part of logarithm of q(k1, k2),
= ln [−q(k1, k2)],

HTSP(k1, k2) = = ln(−k1 + ik2)⊗ 1α. (38)

(iv)— The interpretations of E3,0
1 are summarized

in Fig.11. An element (nρ1(D3
j ), nρ2(D3

j ), . . . ) ∈

K
τ |
D3
j
−0

G
D3
j

(D3
j ) represents a set of class AIII 3-dim wind-

ing numbers (left), class A Weyl charges (center), and
class AIII 3-dim singular points (right) for irreps ρα(D3

j ).
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Empty bands

Occupied bands

α1-irreps α2-irrepsα1-irreps α2-irreps

Class A spectral flowsClass AIII bulk U(1) phase windings

α1-irreps α2-irreps

Class AIII singular points

FIG. 9. Three interpretations of E1,0
1 .

α1-irreps α2-irreps

Class AIII gapless Dirac pointsClass A bulk Chern numbers

α1-irreps α2-irreps

ch = +3 ch = +2
＋＋＋

＋＋

α1-irreps

α2-irreps

Class A singular points

FIG. 10. Three interpretations of E2,0
1 .

In the Hamiltonian description, a class A Weyl point of
an irrep α in the center is given by

HTGS(k1, k2, k3) = (k1σx + k2σy + k3σz)⊗ 1α.
(39)

By doubling the degrees of freedom and adding a mass
term, this Hamiltonian gives a class AIII Hamiltonian
with a non-zero 3d winding number on the left of Fig.11,

HTI(k1, k2, k3) =
[
(k1σx + k2σy + k3σz)⊗ σx

+ (m− εk2)1⊗ σy
]
⊗ 1α,

Γ = 1⊗ σz. (40)

Similarly, the class A topological singular point is de-
scribed as

HTSP(k1, k2, k3) = = ln [−k1 + i(k2σx + k3σy)]⊗ 1α,

Γ = σz, (41)

where the branch cut extends from k = 0 to the negative
region of the k1-axis. One can see that around the branch
cut the Hamiltonian (41) is recast into that of a class AIII
Dirac point,HTSP(k1 < 0, k2, k3) ∼ k2σx+k3σy , while
around the positive region of the k1-axis the Hamiltonian
has a finite energy gap of 2π.

2. First differential d1

The different interpretations of Ep,−n1 above lead to
different interpretations of the first differential d1: As il-
lustrated below, the first differential dp,−n1 relates class
(n− p) topological insulators on p-cells to class (n− p)
gapless states on their adjacent (p + 1)-cells. Moreover,
for p ≥ 1, the first differential dp,−n1 also relates class
(n+ 1− p) topological gapless states on p-cells to class
(n+1−p) singular points on their adjacent (p+1)-cells.

(v)— d0,0
1 : E0,0

1 → E1,0
1 represents a class A topolog-

ical phase transition at 0-cell creating a class A gapless
state in adjacent 1-cells. This process can be modeled by
the Hamiltonian

Class A : HA(k) = (k2 − µ)1α, (42)

with the change of the sign of µ. Indeed, by changing the
sign of µ from negative to positive, an occupied state of
the α-th irrep is added to the 0-cell at k = 0, and at the
same time, gapless states appear on the adjacent 1-cells
along k > 0 and k < 0. See Fig. 12 [a].

Like Eq.(34), we can also obtain a class AIII Hamilto-
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α1-irreps α2-irreps

Class A gapless Weyl pointsClass AIII bulk 3d winding numbers

w3d = +3 w3d = +2

α1-irreps α2-irreps

Class AIII singular points

α1-irreps

α2-irreps

FIG. 11. Three interpretations of E3,0
1 .

＋－

[a]

[b]

＋－

[c]

FIG. 12. [a] d0,0
1 represents a class A topological phase transi-

tion at 0-cell creating a class A gapless state in adjacent 1-cells.
[b] d1,0

1 represents the creation of class AIII Dirac points on 2-
cells by a class AIII topological transition at a 1-cell. [c] d2,0

1

represents the creation of class A Weyl points in 3-cells by a
class A topological phase transition on a 2-cell.

nian from the Hamiltonian (42),

Class AIII :

HAIII(k) =

{
0× 1α (k2 < µ),
∅ (k2 > µ),

, Γ = 1α (43)

which leads to an alternative interpretation of d0,0
1 : When

µ changes the sign from positive to negative, the above
Hamiltonian hosts a class AIII zero mode at k = 0, which
is accompanied by singular points at k = ±√µ with a
branch cut between them. See the left figure in Fig. 1
[b1]. This means that d0,0

1 also represents the creation of

class AIII singularities with a branch cut on 1-cells by the
creation of a class AIII zero mode on a 0-cell.

(vi)— d1,0
1 : E1,0

1 → E2,0
1 represents creation of class

AIII Dirac points on 2-cells by class AIII topological
transition at a 1-cell: The Hamiltonian describing d1,0

1

is

Class AIII :

HAIII(k‖, k⊥) =
[
(k2

2 − µ)σx + k1σy
]
⊗ 1α, (44)

Γ = σz,

where k1 (k2) is the wave vector parallel (perpendicular)
to the 1-cell. When µ changes the sign from negative to
positive, the class AIII winding number of the 1-cell on
the k1-axis jumps by 1, and there appear Dirac points at
(k1, k2) = (0,±√µ) in 2-cells, as illustrated Fig. 12 [b].

The first differential d1,0
1 is also interpreted as creating

class A singular points in 2-cells by creating a class A
gapless point in 1-cell. In a manner similar to Eq.(38),
the corresponding class A model Hamiltonian is derived
from Eq. (45) as

Class A : HA(k1, k2) = = ln
[
(k2

2 − µ) + ik1

]
⊗ 1α.

(45)

See the right figure in Fig. 4 [b1].

(vii)— d2,0
1 : E2,0

1 → E3,0
1 represents creation of class A

Weyl points in 3-cells by class A topological phase tran-
sition on a 2-cell. The Hamiltonian describes this process
is

Class A :

HA(k) =
[
(k2

3 − µ)σx + k1σy + k2σz
]
⊗ 1α, (46)

where (k1, k2) (k3) are parallel (is perpendicular) to the
2-cell. When µ passes zero, the Chern number on the 2-
cell jumps by 1, and a pair of Weyl points is created in
3-cells. See Fig. 12 [c].
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FIG. 13. [a] A pair annihilation of spectral flows. [b] A
genuine spectral flow that is not removed by a 0-cell. [c]
A single class AIII Dirac cone in 2d, which is realized as a
boundary state of the 3d class AIII topological insulator. [d]
2-dimensional BZ torus T 2 with a single AIII Dirac point.

Also, d2,0
1 is interpreted as pair creation of class AIII

singular points from 2-cells. See the right figure in the
above. The model Hamiltonian is

Class AIII :

HAIII(k) = = ln
[
(k2

3 − µ) + i(k1σx + k2σy)
]
⊗ 1α,

(47)

Γ = σz.

From the above interpretations of d1, the image of
dp,−n1 (denoted by Im (dp,−n1 )) gives a set of class (n −
p) gapless states (class (n + 1 − p) singularities) on
(p + 1)-cells that are created by class (n − p) topolog-
ical phase transitions of topological insulators (gapless
states) at adjacent p-cells. Therefore, the complement
Coker (dp,−n1 ) = Ep+1,−n

1 /Im (dp,−n1 ) has the follow-
ing physical meanings.

(viii)— Coker (d0,0
1 ) = E1,0

1 /Im (d0,0
1 ) represents class

A gapless states on 1-cells that can not be pair-annihilated
at 0-cells. For example, consider class A gapless states
on the 1-cells a and b as shown in the left of Fig. 13 [a].
When they have opposite charges (i.e., spectral flows),
the pair (−1,+1) of the spectral flows can be trivialized.
In this case, the pair (−1, 1) is nothing but the image of
d0,0

1 : 1 7→ (−1, 1) from the 0-cell B to 1-cells a and
b, resulting in no spectral flows as shown in the right of
Fig. 13 [a]. On the other hand, the spectral flow with the
charge (0, 1) can not be trivialized. See Fig. 13 [b].

Since no class A stable zero mode is possible at 0-cells,
Coker (d0,0

1 ) fully characterizes class A gapless modes
on the whole 1-skeleton X1. Thus, we have the rela-
tion, Coker (d0,0

1 ) = K
τ |X1

−1

G (X1). The bulk-boundary
correspondence also implies that Coker (d0,0

1 ) gives the
topological classification of class AIII gapped Hamilto-
nians over the 1-skeleton X1.

(ix)— Coker (d1,0
1 ) = E2,0

1 /Im (d1,0
1 ) represents class

AIII Dirac points (or class A singularities) inside 2-cells
which can not be pair-annihilated at 1-cells. A typical ex-
ample is a single class AIII Dirac cone in 2d BZ, which is
realized as a boundary state of the 3d class AIII topolog-
ical insulator as illustrated in Fig. 13 [c]. Coker (d1,0

1 ) is
the origin of 2d bulk class A topological invariants (such
as the Chern number). To see this, as an example, let us
consider the 2-torus T 2 with the cell decomposition com-
posed by a 0-cell {A}, 1-cells {a, b}, and a 2-cell {α} as
shown in Fig. 13 [d]. We find that Coker (d1,0

1 ) = Z, and
this is generated by a U(1) phase winding of the transi-
tion function between patches of T 2, namely, the Chern
number. Moreover, since the 0-dimensional topological
invariants have no torsion in class A, Coker (d1,0

1 ) coin-
cides with the Abelian group structure of the 2d class A
topological invariants defined over the 2-skeleton X2. 4

We should note that, in general, the explicit definition of
2d class A topological invariants needs a correction from
0- and 1-cells in addition to the Berry curvature in 2-cells
to make the topological invariant well-defined. The glide
Z2 invariant [22, 23], the Z2 1st Chern class on the real
projective plane [26, 47], and the Z2 invariant appearing
in the space group F222 introduced in Sec. III C 2 are
such examples.

(x)— Coker (d3,0
1 ) = E3,0

1 /Im (d2,0
1 ) represents class A

Weyl points (class AIII singularities) inside 3-cells which
can not be pair-annihilated at adjacent 2-cells. As dis-
cussed later, the remaining Weyl points or singularities
in E3,0

2 may be pair-annihilated at 0-cells. See the issue
(xv).

3. E2-page

Next, we discuss the meanings of the E2-page
in terms of band theory. Since Ep,−n2 is obtained
from Ker (dp,−n1 ) by removing the trivial part of

4 This is because the short exact sequence (27) splits.
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Im (dp−1,−n
1 ), it specifies class (n− p) topological insu-

lators on p-cells that are consistently extended to nearby
(p + 1)-cells without gapless states. At the same time,
it also gives space of class (n + 1 − p) gapless states
on p-cells that are compatible with (p+ 1)-cells without
class (n+1−p) singularities. In the latter interpretation,
the gapless states on p-cells should not be annihilated at
(p− 1)-cells because Ep,−n2 ⊂ Coker (dp−1,−n

1 ).

(xi)— E0,0
2 = Ker (d0,0

1 ) represents a set of irreps at
high-symmetry points which can be glued together on the
1-skeleton X1 with keeping a gap. Therefore, E0,0

2 is the
class A K-group Kτ |X1

−0

G (X1) over the 1-skeleton X1.
We note that E0,0

2 for the 230 space groups reproduces
ZdBS in Ref. [35].

(xii)— E1,0
2 represents class AIII gapped Hamiltonians

on 1-cells that can be consistently extended to 2-cells
with keeping a gap. Because there is no two-dimensional
topological invariant in class AIII, such an extension is
unique. Therefore, we also obtainE1,0

2 = K
τ |X2

−1

G (X2).

As illustration, consider the 1-skeleton X1 of T 2(=
X2) composed by 1-cells {a, b, c, d} (See Fig. 14) [a].
Here no space groups are assumed. In this case,
Coker (d0,0

1 ) andE1,0
2 are found to be Z3 and Z2, respec-

tively. As explained in (viii), Coker (d0,0
1 ) gives class

AIII topological insulators on X1. However, such a class
AIII topological insulator allows a gapless point with a
non-zero winding number on the closed loop b−c−a+c.
On the other hand, such a gapless point is not allowed
for E1,0

2 . This difference gives the difference between
Coker (d0,0

1 ) and E1,0
2 .

E1,0
2 also represents class A gapless states on 1-cells

that are compatible with the presence of 2-cells. The
compatibility with 2-cells, which comes from Ker (d1,0

1 ),
forbids a class A branch cut like the Fig. 14 [b].

(xiii)— E2,0
2 can be viewed as space of class A topologi-

cal insulators on 2-cells which can extend to the whole 3-
dimensional BZ without gapless states. E2,0

2 also repre-
sents class AIII gapless Dirac points inside 2-cells with-
out singularities in 3-cells. The compatibility with 3-cells
comes from Ker (d2,0

1 ) in the definition of E2.0
2 . In the

latter interpretation, the compatibility forbids a class AIII
gapless state terminated by a monopole singularity inside
3-cells. See Fig. 14 [c].

(xiv)— E3,0
2 coincides with Coker (d3,0

1 ) =

E3,0
1 /Im (d2,0

1 ). See (x) for interpretation.

4. Second differential d2 and E3-page

The second differential dp,−n2 maps an element of
Ep,−n2 to that ofEp+2,−n−1

2 . As explained above, we can
regardEp,−n2 as class (n−p) insulators on p-cells that do
not have gapless states on (p + 1)-cells, and Ep+2,−n−1

2

as class (n − p) gapless states on (p + 2)-cells that do
not host singularities on (p+ 3)-cells. dp,−n2 relates such
Ep,−n2 insulators on p-cells to Ep+2,−n−1

2 gapless states
on (p + 2)-cells. In a manner similar to d1, Ker (dp,−n2 )

gives Ep,−n2 insulators on p-cells that can be extended
to (p + 2)-cells without gap closing. In this sense, d2

provides a “2-dimensional compatibility relation”, which
measures obstructions to extending the Bloch wave func-
tion to two-higher dimensional regions continuously. For
T 3, we have dp,−n2 = 0 for p ≥ 2.

From the meaning of Ker (dp,−n2 ), Ep,−n3 represents
the Ep,−n2 insulators on p-cells that can be extended to
(p+ 2)-cells without gap closing. For p ≥ 1, Ep,−n3 also
has another interpretation as gapless states as in the case
of previous pages: Ep,−n3 represents the Ep,−n2 gapless
states on p-cells that can be extended continuously to (p+
2)-cells without singularities.

For complex AZ classes, it holds that dp,−n2 = 0. The
absence of obstruction by d2 is understood as the absence
of stable gapless lines (Weyl points) in class A (class
AIII) systems. Since there is no obstruction by d2, the
E3-page reduces to the E2-page in this case.

5. Third differential d3 and E4-page

In a manner similar to the above, d3 measures obstruc-
tions to extend the Bloch wave function to three-higher
dimensional regions, and Ep,−n4 represents the Ep,−n3 in-
sulators on p-cells that can be extended continuously to
(p + 3)-cells without gap closing. For T 3, from the di-
mensional reason, dp,−n3 = 0 for p ≥ 1. In addition, we
have Ep,1i = 0 in the present case, so only d0,0

3 can be
non-trivial.

(xv)— An element of E0,0
3 is a set of irreps at 0-cells that

can be continuously extended to the 2-skeleton X2 with-
out gap closing, and d0,0

3 maps it to an element of E3,0
3

which describes Weyl points in 3-cells. Therefore, a non-
trivial third differential d0,0

3 is identified with represen-
tation enforced Weyl semimetals discussed in Ref.[39].
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FIG. 14. [a] 2-dimensional BZ T 2 with the 1-skeleton composed of 1-cells a, b, c, and d. α and β are 2-cells. The circles with
signs represent the class AIII Dirac points. [b] A class A singular point inside a 2-cell. The wavy line in the right figure represents
the Fermi line ending at the singularity. [c] A class AIII singular point inside a 3-cell. The wavy line represents the Dirac nodal line
ending at the singularity. [d] Band inversion and creating a pair of Weyl points. [e] The mismatch between the number of occupied
bands results in a Fermi point.

Furthermore, by changing an element ofE0,0
3 by band in-

version at 0-cells, one can change the number of class A
Weyl points in 3-cells. Therefore, d0,0

3 also can be inter-
preted as the band inversion at 0-cells followed by pair-
creation (or pair-annihilation) of class A Weyl points in
3-cells, which is illustrated in Fig. 14 [d]. See Sec. III C 4
for the explicit Hamiltonian describing this process in the
presence of inversion symmetry.

We have the E4 page by Ep,−n4 :=

Ker (dp,−n3 )/Im (d
p−3,−(n−2)
3 ). The triviality of

dp,−n3 for p ≥ 1 implies that E1,−n
4 = E1,−n

3 and
E2,−n

4 = E2,−n
3 .

(xvi)— E0,0
4 is the space of class A representations at 0-

cells which can be extended to the whole 3-dimensional
BZ without any gapless point.

(xvii)— E3,0
4 provides a subset of possible class AIII

topological insulators on T 3: As discussed above,
an element of E3,0

1 gives a set of class AIII topo-
logical insulators on 3-cells, but those given by im-
ages of differentials become topologically trivial in
the whole BZ. From the definition of E3,0

4 , E3,0
4 =

{[E3,0
1 /Im (d2,0

1 )]/Im (d1,1
2 )}/Im (d0,2

3 ), such topologi-
cally trivial combinations of 3-cells are completely re-
moved in E3,0

4 . Therefore, E3,0
4 gives class AIII topolog-

ical insulators on T 3. Note that E3,0
4 does not fully char-

acterize class AIII topological insulators on T 3 in general
because it only contains topological information captured
by 3-cells. In the interpretation of gapless states, E3,0

4

also represents class A Weyl points inside 3-cells that can
not be trivialized.

The following coset spaces also have definite physical
meanings.

(xviii)— E0,0
1 /E0,0

2 = K
τ |X0

−0

G (X0)/K
τ |X1

−0

G (X1)
represents class A bulk gapless phases (i.e. metals) en-
forced by representations at 0-cells. This is because
E0,0

1 /E0,0
2 expresses the failure to glue irreps in E0,0

1

along the whole 1-skeleton X1. A combination of irreps
at high-symmetry points belonging to E0,0

1 /E0,0
2 implies

the existence of a Fermi surface inside a 1-cell. See
Fig. 14 [e].

(xix)— Coker (d0,0
1 )/E1,0

2 =

K
τ |X1

−1

G (X1)/K
τ |X2

−1

G (X2) represents class AIII
bulk gapless phases enforced by topological invariants
on the 1-skeleton X1. Typically, such gapless phases
have nodal lines in the 3-dimensional BZ. This is the
class AIII analog of the representation enforced metal in
class A defined in (xviii).
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FIG. 15. A D2-equivariant cell decomposition.

(xx)— Coker (d1,0
1 )/E2,0

2 represents Weyl semimetals
enforced by 2-dimensional class A topological invariants.
A typical example is Weyl semimetals enforced by a mis-
match of weak Chern numbers.

(xxi)— E0,0
2 /E0,0

4 represents class A Weyl semimetals
enforced by representations at 0-cells.

C. Case studies

In this section, we illustrate the computation of the
AHSS for complex AZ classes. The complete list of
the E∞-pages for all the 230 space groups is in Sec. V.
We pick examples of torsion topological invariants which
have been overlooked in the literature.

1. Spinless P222

The first example is the space group P222 (No.16),
which is symmorphic. The Bravais lattice is primitive,
and the point group is D2(∼= Z2 × Z2), which is gener-
ated by two-fold rotations along x and y axes. We here
consider spin integer electrons; namely, 2-fold rotations
commute with each other. A D2-equivariant cell decom-
position is shown in Fig. 15. It is sufficient to draw an
independent region in the BZ, a quarter of the whole BZ
3-torus. The p-cells (p = 0, 1, 2, 3) are composed as

0-cells = {Γ, X, Y, S, Z, U, T,R},
1-cells = {a, b, c, d, e, f, g, h, i, g, k, `},
2-cells = {α, β, γ, δ, ε},
3-cells = {vol ( 1

4 BZ shown in Fig. 15)}.

The little groups are D2 itself on the 0-cells, a Z2 sub-
group on 1-cells, and the trivial group on 2 and 3 cells.
TheE1-pages, which are defined to be the space of irreps,
are given as

E0,0
1 = K0

D2
(0-cells) = Z4︸︷︷︸

Γ

⊕ Z4︸︷︷︸
X

⊕ Z4︸︷︷︸
Y

⊕ Z4︸︷︷︸
S

⊕ Z4︸︷︷︸
Z

⊕ Z4︸︷︷︸
U

⊕ Z4︸︷︷︸
T

⊕ Z4︸︷︷︸
R

, (48)

E1,0
1 = K0

D2
(1-cells) = Z2︸︷︷︸

a

⊕ Z2︸︷︷︸
b

⊕ Z2︸︷︷︸
c

⊕ Z2︸︷︷︸
d

⊕ Z2︸︷︷︸
e

⊕ Z2︸︷︷︸
f

⊕ Z2︸︷︷︸
g

⊕ Z2︸︷︷︸
h

⊕ Z2︸︷︷︸
i

⊕ Z2︸︷︷︸
j

⊕ Z2︸︷︷︸
k

⊕ Z2︸︷︷︸
`

, (49)

E2,0
1 = K0

D2
(2-cells) = Z︸︷︷︸

α

⊕ Z︸︷︷︸
β

⊕ Z︸︷︷︸
γ

⊕ Z︸︷︷︸
δ

⊕ Z︸︷︷︸
ε

, (50)

E3,0
1 = K0

D2
(3-cells) = Z︸︷︷︸

vol

. (51)

The first differential dp,01 : Ep,01 → Ep+1,0
1 is defined to be the compatibility relation. The matrices of the first

differentials,

Z32 d0,0
1−−→ Z24 d1,0

1−−→ Z5 d2,0
1−−→ Z, (52)



18

are given as follows.

d0,0
1 =

Γ X Y S Z U T R
AB1B2B3 A B1B2B3 A B1B2B3 A B1B2B3 A B1B2B3 A B1B2B3 A B1B2B3 A B1B2B3

1 0 0 1 −1 0 0 −1 A a
0 1 1 0 0 −1−1 0 B

1 0 0 1 −1 0 0 −1 A b
0 1 1 0 0 −1−1 0 B

1 0 0 1 −1 0 0 −1 A c
0 1 1 0 0 −1−1 0 B

1 0 0 1 −1 0 0 −1 A d
0 1 1 0 0 −1−1 0 B

1 0 1 0 −1 0 −1 0 A e
0 1 0 1 0 −1 0 −1 B

1 0 1 0 −1 0 −1 0 A f
0 1 0 1 0 −1 0 −1 B

1 0 1 0 −1 0 −1 0 A g
0 1 0 1 0 −1 0 −1 B

1 0 1 0 −1 0 −1 0 A h
0 1 0 1 0 −1 0 −1 B

1 1 0 0 −1−1 0 0 A i
0 0 1 1 0 0 −1−1 B

1 1 0 0 −1−1 0 0 A j
0 0 1 1 0 0 −1−1 B

1 1 0 0 −1−1 0 0 A k
0 0 1 1 0 0 −1−1 B

1 1 0 0 −1−1 0 0 A `
0 0 1 1 0 0 −1−1 B

(53)

d1,0
1 =

a b c d e f g h i j k `
AB AB A B A B AB AB A B A B A B A B A B AB
1 1 −1−1 −1−1 1 1 α

1 1 −1−1 −1−1 1 1 β
1 1 −1−1 −1−1 1 1 γ

1 1 −1−1 −1−1 1 1 δ
1 1 −1−1 −1−1 1 1 ε

(54)

d2,0
1 =

α β γ δ ε
0 0 0 0 0 vol

(55)

Here, {A,B1, B2, B3} and {A,B} represent irreps of
D2 and Z2 groups, respectively. It is straightforward to
see that d1,0

1 d0,0
1 = d2,0

1 d1,0
1 = 0. The E2-page is found

as

E0,0
2 = Ker (d0,0

1 ) = Z13, (56)

E1,0
2 = Ker (d1,0

1 )/Im (d0,0
1 ) = Z2, (57)

E2,0
2 = Ker (d2,0

1 )/Im (d1,0
1 ) = 0, (58)

E3,0
2 = Coker (d2,0

1 ) = Z. (59)

Since E3,0
3 = E3,0

2 = Z is nonzero, the third differ-
ential d0,2

3 : E0,2
3 → E3,0

3 can be nontrivial. One can
find that d0,2

3 is trivial: We note that E3,0
2 = E3,0

1 arises
from the 3-cell vol which has no symmetry left, which
implies E3,0

2 = Z is the trivial irrep A under D2. On the
other hand, as pointed out in Sec. III A, the third differ-

ential d0,0
3 should accompany a band inversion between

a pair of different irreps, which means the inverse im-
age (d0,0

3 )−1 should be a nontrivial irrep under D2, i.e.
B1, B2 or B3. However, we do not have a homomor-
phism from irreps B1, B2, and B3 to the trivial irrep A.
Therefore, d0,0

3 is the zero map, and E2-page is the limit
E∞ = E2.

It should be noticed that E1,0
2 = Z2 means the ap-

pearance of a Z2 invariant (−1)ν ∈ {±1} defined on the
1-skeleton X1 in class AIII, of which the construction is
described in Sec. III C 1 a. We find that the Z2 invariant
(−1)ν is the parity of the half of the 3d winding number:
The K-group of degree -1 fits into the exact sequence

0→ Z︸︷︷︸
E3,0

2 ,w3d=4

→ K−1
D2

(T 3)→ Z2︸︷︷︸
E1,0

2 ,ν≡1

→ 0. (60)
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Here, E3,0
2 = Z is generated by a Hamiltonian with the

3d winding number w3d of 4 since the fundamental re-
gion of BZ is 1

4BZ and each quarter contributes by 1 to
the 3d winding number. On the one hand, the K-group
K−1
D2

(T 3) is computed by the Clifford algebra [17, 20],
and we find that K−1

D2
(T 3) = Z, and K−1

D2
(T 3) is gen-

erated by a Hamiltonian with the 3d winding number
w3d = 2. 5 This implies that the extension (60) is nontriv-
ial. Otherwise, the K group K−1

D2
(T 3) becomes Z⊕ Z2.

Therefore, there is the relation

(−1)ν = (−1)w3d/2. (61)

The Z2 invariant ν is an analog of the symmetry indi-
cator: If a band structure in class AIII is fully gapped
and the 3d winding number is zero, then ν ≡ 0. There-
fore, if ν ≡ 1 then the system is deformable to a gapped
band structure with a finite 3d winding number w3d ≡
2 (mod 4) without closing a gap on the 1-skeleton.

a. Construction of Z2 invariant Let q(k) be
the off-diagonal part of the Hamiltonian H(k) =(

0 q(k)
q(k)† 0

)
in the basis so that the chiral operator is

Γ =

(
1 0
0 −1

)
. WLOG, q(k) is assumed to be a unitary

matrix. The D2 symmetry matrices in spinless systems
are written as

Ux(k)q(k) = q(C2xk)Ux(k),
Ux(C2xk)Ux(k) = 1,
Uy(k)q(k) = q(C2yk)Uy(k),
Uy(C2yk)Uy(k) = 1,
Ux(C2yk)Uy(k) = Uy(C2xk)Ux(k).

(62)

On the symmetric lines (1-cells), the matrix q(k) be-
comes a block-diagonal form as

q(k) =

(
qA(k)

qB(k)

)
, (k ∈ 1-cells), (63)

according to the symmetry of the little group Gk. In the
same way, at the high-symmetry points (0-cells), the ma-

5 Let H = kxγx + kyγy + kzγz + M be the Dirac Hamiltonian,
Γ a chiral operator, and Ux and Uy the two-fold rotation operators
along x and y-axes, respectively. The classification of symmetry-
respecting mass M is equivalent to the classification of the exten-
sion of the complex Clifford algebra {γx, γy , γz ,Γ} ⊗ Cl2 →
{γx, γy , γz ,Γ,M} ⊗ Cl2, where Cl2 is the complex Clifford al-
gebra generated by {Uxγyγz , Uyγxγz}. The classification is recast
as that for 3d class AIII without symmetry, i.e. Z. Also, due to the
commuting algebra Cl2, the 3d winding number w3d should be an
even integer.

trix q(k) is decomposed as

q(k) =

qA(k)
qB1

(k)
qB2

(k)
qB3

(k)

 ,

(k ∈ 0-cells). (64)

Let us focus on the determinant of the matrix q(k) within
the subsectors. We denote eiθA/B(k) = det qA/B(k) for
k ∈1-cells and eiφA/Bi (k) = det qA/Bi(k) (i = 1, 2, 3)
for k ∈ 0-cells. The origin of the Z2 invariant is the
fact that the U(1) phases eiθA/B(k) on 1-cells do not
fully determine theU(1) phases eiφA/Bi (k) at 0-cells: For
instance, around the Γ point, the compatibility relation
reads eiθB(k∈a)|k→Γ = ei(φB1

(Γ)+φB2
(Γ)),

eiθB(k∈e)|k→Γ = ei(φB1
(Γ)+φB3

(Γ)),
eiθB(k∈i)|k→Γ = ei(φB2

(Γ)+φB3
(Γ)),

(65)

from which we have e2iφB1
(Γ) = ei{θB(k∈a)+θB(k∈e)−θB(k∈i)}|k→Γ,

e2iφB2
(Γ) = ei{θB(k∈a)−θB(k∈e)+θB(k∈i)}|k→Γ,

e2iφB3
(Γ) = ei{−θB(k∈a)+θB(k∈e)+θB(k∈i)}|k→Γ,

(66)

where a, e, i indicate 1-cells shown in Fig. 15. Thus,
U(1) phases φBi(Γ) are fixed by the U(1) phases on 1-
cells up to a π-phase. Similar relations hold true for other
0-cells. From these Z2 ambiguities, one can define a Z2

invariant

(−1)ν

:= exp
[ i

2

∫
a−b−c+d−e+f+g−h−i+j+k−`

dθB(k)

+ i
∑

k∈Γ,S,U,T

φB3
(k)− i

∑
k∈X,Y,Z,R

φB3
(k)
]
. (67)

The constraint (66) (and same ones for other 0-cells)
leads to the Z2 quantization {(−1)ν}2 = 1. We have
checked that a model Hamiltonian with 3d winding num-
ber w3d = 2 gives (−1)ν = −1. 6

6 From the Clifford algebra, a model Hamiltonian is given by H =
sin kxσxτxµ0 +sin kyσyτxµ0 +sin kzσzτxµ0 +(m+cos kx+
cos ky + cos kz)σ0τyµ0, Γ = σ0τzµ0, Ux = σxτ0µx, Uy =
σyτ0µy , where σi, τi, µi(i = 0, x, y, z) are Pauli matrices.
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FIG. 16. A D2-equivariant cell decomposition of BZ for the
space group F222. The figure shows the a quarter of BZ.

2. F222

The second example is the space group F222 (No. 22,
symmorphic). The Bravais lattice is face-centered and
the reciprocal lattice vectors (in the unit of 2π) are b1 =
(−1, 1, 1), b2 = (1,−1, 1) and b3 = (1, 1,−1). The
point group isD2 again and is generated byC2x andC2y .
AD2-equivariant cell decomposition is shown in Fig. 16.
The list of p-cells (p = 0, 1, 2, 3) is as follows.

0-cells = {Γ = (0, 0, 0), X = (1, 0, 0),

Y = (0, 1, 0),M = (1, 1, 0)},
1-cells = {a, b, c, d, e, f},
2-cells = {α, β, γ},
3-cells = {vol ( 1

4 BZ shown in Fig. 16)}.

The 2-cells α′, β′ and γ′ are equivalent to α, β and γ, re-
spectively: α′ = C2yα+b1+b2+b3, β′ = C2xβ+b1 and
γ′ = C2zγ + b3. The similar equivalence relations hold
true for 1- and 0-cells. An interesting feature is found
in E2,0

2 , the 2d class A topological invariant. For both
factor systems of spinful and spinless electrons, the first
differentials d1,0

1 and d2,0
1 are given by

d1,0
1 =

a b c d e f
AB AB AB A B A B A B
1 1 1 1 −1−1 1 1 α

1 1 1 1 −1−1 −1−1 β
1 1 1 1 1 1 1 1 γ

, (68)

d2,0
1 =

α β γ
0 0 0 vol

, (69)
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FIG. 17. AC3-equivariant cell decomposition of BZ. The figure
shows one third of the BZ.

where A (B) represents the trivial (nontrivial) irrep of
Z2. It is found that E2,0

2 = Ker (d2,0
1 )/Im (d1,0

1 ) = Z2,
which means that the existence of a Z2-valued class A
topological invariant defined on the 2-skeleton X2.

The appearance of the Z2 invariant is understood from
that the 2-dimensional boundary ∂( 1

4BZ) of the quarter
of BZ has the same structure as the real projective plane
RP 2 owing to the identification of the 2-cells. Similar
to the formula for the torsion part of the first Chern class
c1 ∈ H2(RP 2,Z) = Z2 [26, 47], the Z2 invariant for
F222 is defined by

(−1)ν := exp

[∫
a+b+c

trA− 1

2

∫
α+β+γ

trF
]
, (70)

with A and F the Berry connection and curvature, re-
spectively. Notice that the path a + b + c is closed
since Γ′ is equivalent to Γ. The Z2-quantization fol-
lows from the Stokes’ theorem applied to the boundary
∂(α + β + γ) = a + b + c + a′ + b′ + c′. We have
checked that an atomic insulator generates a K-group
with (−1)ν = −1. 7 This example implies that topo-
logical invariants defined on a two-dimensional surface
in the momentum space do not necessarily yield a non-
trivial topological insulator with a surface state.

3. P31 and torsion invariant

This section gives an example of the AHSS for a non-
symmorphic space group and shows that the n-fold screw

7 See [48] for the detail. K.S. thanks Judith Höller for pointing out this
fact.
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FIG. 18. The structure of Bloch states on a 3-fold screw axis.

axis leads to a Zn torsion invariant in class AIII.

Let us consider the space group P31 (No.144) in
spinless systems. The Bravais lattice is primitive and
the point group is C3, and the 3-fold rotation C3z

is accompanied by the nonprimitive lattice translation
1
3 ẑ. The C3 group acts on the k-space with the
twist U(C2

3zk)U(C3zk)U(k) = e−ikz . At the screw
axes, the three irreps are labeled by eigenvalues λ ∈
{e−ikz/3, ωe−ikz/3, ω2e−ikz/3} (ω = e−2πi/3) which
are cyclically permuted by the shift kz 7→ kz + 2π. A
C3-equivariant cell decomposition is given as in Fig. 17.
The list of p-cells (p = 0, 1, 2, 3) is as follows.

0-cells = {Γ,K,K ′},
1-cells = {a, b, c, d, e},
2-cells = {α, β, γ},
3-cells = {vol ( 1

3 BZ shown in Fig. 17)}.

We should take care of the compatibility relation on the
screw axes. See Fig. 18. An irrep on the 1-cell a is con-

nected to the different irreps at kz = 0 and kz = 2π. The
block matrix from Γ to a of the differential d0,0

1 is given
by

d0,0
1 |Γ→a =

Γ
1 ω ω2

1 −1 0 e−ikz/3 a
0 1 −1 ωe−ikz/3

−1 0 1 ω2e−ikz/3

(71)

Taking all contributions into account, we obtain

E0,0
2 = Z, E1,0

2 = Z⊕ Z2
3,

E2,0
2 = Z, E3,0

2 = Z. (72)

The torsion inE1,0
2 means that there are two Z3 invariants

defined on the 1-skeleton X1. On the one hand, the class
AIII K-group is found to be Kτ+1

Z3
(T 3) = Z2⊕Z3 from

the Mayer-Vietoris sequence, 8 which implies that one of
the two Z3 invariants is determined by the 3d winding
number w3d.

a. The construction of the screw Zn invariant In
general, a pair of n-fold screw axes gives rise to a Zn in-
variant in class AIII, which is the generalization of the Z2

invariant in 2d class AIII with the glide symmetry. [26]
Let q(kz) be the off-diagonal part of the Hamiltonian

H(kz) =

(
0 q(kz)

q(kz)
† 0

)
on a n-fold screw axis. The

matrix q(kz) splits into subsectors as

q(kz) = q0(kz)⊕ q1(kz)⊕ · · · ⊕ qn−1(kz) (73)

with respect to the eigenvalues ωje−ikz/n(j =
0, 1, . . . , n − 1) with ω = e−2πi/n. Because of the
twist, qj(kz) are cyclically permuted as qj(kz + 2π) =
qj+1(kz). We introduce the following U(1)-valued quan-
tity

eiφ(kz) := det q0(kz) · exp

n−2∑
j=0

n− j − 1

n

∫ kz+2π

kz

dk′z∂k′z log det qj(k
′
z)

 (74)

8 Proof. Applying the Mayer-Vietoris sequence to the kz-direction, we
have

0→ Kτ+0
Z3

(T 3)→ K ⊕K ∆−→ K ⊕K → Kτ+1
Z3

(T 3)→ 0,

where K = K0
Z3

(T 2) ∼= R(Z3) ⊕ R(Z3) ⊕ (1 − t) is the class

A K-group with the C3 rotation symmetry. [26] Here, R(Z3) =
Z[t]/(1−t3) is the representation ring of Z3 and (1−t) is anR(Z3)-
ideal. The homomorphism ∆ is given by (x, y) 7→ (x − y, x −
ty). Then, we have Kτ+0

Z3
(T 3) ∼= Ker ∆ ∼= Z2, Kτ+1

Z3
(T 3) ∼=

Coker ∆ ∼= Z2 ⊕ Z3.
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so that its nth power becomes the total determinant einφ(kz) = det q(kz). Suppose that there are two n-fold screw axes
at (kx, ky) = X and Y . The Zn invariant e2πiν/n is defined to be

e2πiν/n := exp

[
iφ(X, kz)− iφ(Y, kz)−

1

n

∫
X→Y

dk ·∇ log det q(k, kz)

]
. (75)
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FIG. 19. A Ci-equivariant cell decomposition of the BZ. The
figure shows a half of the BZ.

It is easy to show that {e2πiν/n}n = 1, i.e. e2πiν/n takes
values in Zn quantized U(1) phases.

For the space group P31, a nontrivial model showing
ν = 1 is given by putting a single SSH chain along the
x-direction and extending to the 3d lattice by group ele-
ments of the space group P31.

4. P 1̄

The final example is the space group P 1̄ (No.2).
We illustrate how the representation enforced Weyl
semimetal [39] appears in the AHSS.

The Bravais lattice is primitive and the point group is
Ci(∼= Z2) generated by the inversion I . Fig. 19 shows a
Ci-equivariant cell decomposition, where the p-cells are
given as

0-cells = {Γ, X, Y, S, Z, U, T,R},
1-cells = {a, b, c, d, e, f, g},
2-cells = {α, β, γ, δ},
3-cells = {vol ( 1

2 BZ shown in Fig. 19)}.

An important point is that the orientation of the 2-cell
α(β) is the same as the equivalent 2-cell α′(β′) thereof

since the inversion I acts on the kz = 0(π) plane as the 2-
fold rotation C2z . Then, the first differential d2,0

1 : Z4 →
Z is

d2,0
1 =

α β γ δ
2 −2 0 0 vol

(76)

Apparently, we have E3,0
2 = E3,0

1 /Im (d2,0
1 ) = Z/2Z =

Z2. This means that odd numbers of Weyl points inside
1
2 BZ region can not be trivialized from the pair creation
of Weyl points from 2-cells.

From a straightforward calculation, we find that
E0,0

2 = Z9. The third differential d0,2
3 : Z9 → Z2 can be

nontrivial, and one can show this is the case. The explicit
form of d0,2

3 is given by [39]

d0,2
3 : Z9 → Z2,

(n, {nk−}k∈0−cells) 7→ (−1)ν := (−1)
∑
k∈0−cells n

k
− ,
(77)

where n is the filling number and nk− is the number of
irreps with I = −1. 9

Alternatively, as we seen in Sec. III, the third differen-
tial represents the band inversion resulting in the creation
of Weyl points from 0-cells. Around the Γ point, a model
Hamiltonian is given by

H(kx, ky, kz) = (k2 − µ)σz + kxσx + kyσy,

I = σz. (78)

It is clear that when µ passes zero, the band inversion
between I = 1 and I = −1 occurs, and a pair of Weyl
points is pumped on the kz axis.

9 A quick derivation of (77) is as follows. On the kz = 0 and
kz = π planes, the parity of the Chern number is constrained

as (−1)ch|kz=0 = (−1)
∑
k∈Γ,X,Y,S n

k
− and (−1)ch|kz=π =

(−1)
∑
k∈Z,U,R,T n

k
− . If the band structure is fully gapped, the

Chern number should be uniform ch|kz=0 = ch|kz=π , which im-
plies (−1)ν = 1.
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IV. THE AHSS WITH ANTIUNITARY SYMMETRY

In this section, we formulate the AHSS for band the-
ory in the presence of TRS and/or PHS. First, we give
the mathematical detail of the AHSS in Sec. IV A. In
Sec. IV B, as a warm-up, we calculate the AHSS for 2-
dimensional systems without space group symmetry and
reproduce the classification table for 2-dimensions. [4]
In Sec. IV C, we describe how to determine the E1-page
in general. Although one can readily determine the first
differential d1 using the compatibility relation, it is not
straightforward to give the higher-differentials d2 and d3.
We sketch the Hamiltonian formalism for d2 and d3 in
Sec. IV D. We present some examples of the AHSS in
Sec. IV F. Some technical details relevant to this section
are in Appendices A and C.

A. Formulation of the AHSS for general symmetry
classes

In this section, we formulate the AHSS for general
symmetry classes including antiunitary symmetry. Since,
the relationship among the sequences of Er-pages and r-
th differentials dr is almost the same as Sec. III A, we

briefly sketch the mathematical formulation.

Let G be the symmetry group and X0 ⊂ X1 ⊂ X2 ⊂
X3 = T 3 be a G-filtration of the BZ torus associated
to a cell decomposition. Let (φ, c, τ) be the data of a
symmetry class, where φ, c : G → Z2 indicate whether
g ∈ G is unitary or antiunitary and symmetry or an-
tisymmetry, 10 respectively, and τ = τg,h(k)(g, h ∈
G,k ∈ T 3) is the factor system for a given magnetic
space group. τg,h(k) also depends on representations of
the superconducting gap function of the point group. Let
φK

(τ,c)−n
G (T 3) be the twisted equivariantK-group of the

BZ torus T 3, [12, 14, 26] where n ∈ Z is the integer
grading defined by adding chiral symmetries (see Sec.
IV in Ref.[26]). The Bott periodicity φK

(τ,c)−n
G (T 3) ∼=

φK
(τ,c)−n+8
G (T 3) holds true. In the absence of antiuni-

tary symmetry (meaning the case where φ : G → Z2 is
trivial), the period of the Bott periodicity reduces to two,
K

(τ,c)−n
G (T 3) ∼= K

(τ,c)−n+2
G (T 3).

TheE1-page of the AHSS is defined to be theK-group
of the pair (Xp, Xp−1),

Ep,−n1 := φK
(τ,c)−(n−p)
G (Xp, Xp−1). (79)

Here, the K-group over the pair (Xp, Xp−1) means the
classification of gaped Hamiltonians over the p-skeleton
Xp which are constant on the (p − 1)-skeleton Xp−1.
From the definition of p-skeletons, this K-group is recast
as the direct sum of K-groups of orbits of p-cells,

Ep,−n1
∼= φK

(τ,c)−(n−p)
G (

∐
j∈Iporb

G/GDpj ×D
p
j ,
∐
j∈Iporb

G/GDpj × ∂D
p
j )

∼=
∏
j∈Iporb

φ|Dp
jK

(τ,c)|Dp
j
−(n−p)

GDp
j

(Dp
j , ∂D

p
j ). (80)

Here, Dp
j is a representative p-cell for the orbit j,

and (φ, c, τ)|Dpj = (φ|Dpj , c|Dpj .τ |Dpj ) means the data
(φ, c, τ) of the symmetry class restricted to a p-cell Dp

j ,
i.e. the data (φ, c, τ) for the little groupGDpj . We find that

the following four interpretations of the group Ep,−n1 .

10 g ∈ G is said antisymmetry if g anticommutes with the Hamiltonian
like the particle-hole symmetry and the chiral symmetry.

(I)— Ep,−n1 is the direct sum of the K-groups over or-
bits of p-cells for topological insulators HTI(k) with the
symmetry class of the integer grading (n−p). On each p-
cell Dp

j , a gapped Hamiltonian obeys the boundary con-
dition so that it is constant on the boundary ∂Dp

j , which
implies that HTI(k) should be a massive Dirac Hamilto-
nian HTI(k) ∼

∑p
µ=1 kµγµ + (m− εk2)γp+1.

By the use of the bulk-boundary correspondence, [26]
Ep,−n1 is also identified with the group classifying topo-
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logical gapless states with a shift of integer grading:

(II)— Ep,−n1 is the direct sum of the K-groups over or-
bits of p-cells for topological gapless states HTGS(k)
with the symmetry class of integer grading (n − p + 1).
On each p-cell Dp

j , the spectrum is gapped on the bound-
ary, which implies that HTGS(k) should be a massless
Dirac Hamiltonian HTGS(k) ∼

∑p
µ=1 kµγµ.

In the same way as Sec. III B 1, for p ≥ 1, applying the
bulk-boundary correspondence to the (p−1)-dimensional
sphere Sp−1 surrounding the Dirac point of the topolog-
ical gapless state in the p-cell, we find that the E1-page
is viewed as the group classifying topological singular
points in p-cells:

(III)— Ep,−n1 is the direct sum of the K-groups over or-
bits of p-cells for topological singular points HTSP(k)
with the symmetry class of integer grading (n− p+ 2).

The E1-page is further deformed as follows. By
shrinking the boundary on each p-cell, the pair
(Dp

j , ∂D
p
j ) is considered as the p-dimensional sphere

Dp
j /∂D

p
j
∼= Spj . Using the Thom isomorphism, we have

Ep,−n1
∼=
∏
j∈Iporb

φ|Dp
j K̃

(τ,c)|Dp
j
−(n−p)

GDp
j

(Dp
j /∂D

p
j )

∼=
∏
j∈Iporb

φ|Dp
jK

(τ,c)|Dp
j
−n

GDp
j

(Dp
j ), (81)

where
φ|Dp

j K̃
(τ,c)|Dp

j
−(n−p)

GDp
j

(Dp
j /∂D

p
j ) meant the re-

duced K-theory.
φ|Dp

jK
(τ,c)|Dp

j
−n

GDp
j

(Dp
j ) is the K-group

over the p-cell Dp
j . Therefore, we arrived at the follow-

ing formula to give the E1-page:

(IV)— Ep,−n1 is the direct sum of the K-groups
for the representations on p-cells. Each K-group
φ|Dp

jK
(τ,c)|Dp

j
−n

GDp
j

(Dp
j ) represents the space of represen-

tations on the p-cell Dp
j with the symmetry class of the

integer grading n.

This enables us to compute the E1-page quickly by
looking at what the symmetry class realized at the p-cell
Dp
j is (See Sec. IV C).

We define the first differential

dp,−n1 : Ep,−n1 → Ep+1,−n
1 (82)

in the same way as in Sec. III A. The homomorphism

－

+

－

+

FIG. 20. The second differential dp,−n2 can be viewed as the
creation of gapless points from p-cells to adjacent (p+2)-cells.

dp,−n1 describes how irreps at p-cells are mapped to rep-
resentations at adjacent (p+ 1)-cells. From the meaning
(II) of the E1-page, dp,−n1 can be also viewed as the cre-
ation of stable gapless points in (p+1)-cells from p-cells.
It holds that d1 ◦ d1 = 0. The E2-page is defined by the
cohomology of d1,

Ep,−n2 := Ker (dp,−n1 )/Im (dp−1,−n
1 ). (83)

We have the second differential in the E2-page

dp,−n2 : Ep,−n2 → E
p+2,−(n+1)
2 . (84)

This expresses the creations of topological gapless points
from a p-cell to adjacent (p+2)-cells, as shown in Fig. 20.

Similarly, d2 ◦ d2 = 0 holds true and the E3-page is
defined to be

Ep,−n3 := Ker (dp,−n2 )/Im (d
p−2,−(n−1)
2 ), (85)

and we define the third differential

dp,−n3 : Ep,−n3 → E
p+3,−(n+2)
3 (86)

which represents the creation of topological gapless
points from 0-cells to adjacent 3-cells. We also have the
E4-page

Ep,−n4 := Ker (dp,−n3 )/Im (d
p−3,−(n−2)
3 ). (87)

From the dimensional reason, the fourth differential
dp,−n4 : Ep,−n4 → E

p+4,−(n+3)
4 is trivial for 3-space

dimensions. This means that the E4 page is the limit
E∞ = E4.

The limiting page E∞ = Ep,−n∞ approximates the
K-group φK

(τ,c)−n
G (T 3). The topological invariants

characterizing the K-group φK
(τ,c)−n
G (T 3) are given by

“sticking” the local contributionsEp,−(n+p)
∞ arising from
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p-cells together appropriately. This is an extension prob-
lem in the algebraic point of view. The precise relation-
ship among the K-group and the local contributions is
described as

E0,−n
∞

∼= φK
(τ,c)−n
G (T 3)/F 1K−n,

E1,−(n+1)
∞

∼= F 1K−n/F 2K−n,

E2,−(n+2)
∞

∼= F 2K−n/E3,−n
∞ ,

(88)

or equivalently, the short exact sequences

0 −−−−→ F 1K−n −−−−→ φK
(τ,c)−n
G (T 3) −−−−→ E0,−n

∞ −−−−→ 0,

0 −−−−→ F 2K−n −−−−→ F 1K−n −−−−→ E
1,−(n+1)
∞ −−−−→ 0,

0 −−−−→ E
3,−(n+3)
∞ −−−−→ F 2K−n −−−−→ E

2,−(n+2)
∞ −−−−→ 0,

(89)

in terms of the intermediate subgroups of φK(τ,c)−n
G (T 3)

φK
(τ,c)−n
G (T 3) = F 0K−n ⊃ F 1K−n ⊃ F 2K−n ⊃ F 3K−n = E3,−(n+3)

∞ (90)

given by

F pK−n = Ker
[
res : φK

(τ,c)−n
G (T 3)→ φK

(τ,c)|Xp−1
−n

G (Xp−1)
]
. (91)

Here res is the restriction homomorphism induced by inclusion Xp−1 ⊂ T 3. When the hierarchical extension problem
(89) has a unique solution, the K-group φK

(τ,c)−n
G (T 3) is fixed as an Abelian group. However, the extension problem

(89) has multiple solutions in general. In such cases, one can not evaluate the K-group only by the data En,−(n+p)
∞

(, although the rank of φK(τ,c)−n
G (T 3) is the sum of those of Ep,−(n+p)

∞ ). A brute force approach to determine the
K-group in such cases is finding an explicit formula of topological invariants compatible with the exact sequences
(89) and collecting the “compatibility relation” among the topological invariants ((61) is an example of such relations).
Other exact sequences such as the Mayer-Vietoris and Gysin sequences in the K-theory can help us to determine the
K-group. [24, 26]

Similarly, in two space dimensions, the K-group φK
(τ,c)−n
G (T 2) fits into the short exact sequences

0 −−−−→ F 1K−n −−−−→ φK
(τ,c)−n
G (T 2) −−−−→ E0,−n

∞ −−−−→ 0,

0 −−−−→ E
2,−(n+2)
∞ −−−−→ F 1K−n −−−−→ E

1,−(n+1)
∞ −−−−→ 0.

(92)

Also, in one space dimension, the K-group φK
(τ,c)−n
G (S1) obeys the short exact sequence

0 −−−−→ E
1,−(n+1)
∞ −−−−→ φK

(τ,c)−n
G (S1) −−−−→ E0,−n

∞ −−−−→ 0. (93)

1. On the exact sequences (89)

Here, we sketch why the exact sequences (89) hold
true. We employ the interpretation of the K-group
φK

(τ,c)−n
G (T 3) as topological gapless states over T 3 for

symmetry class (n+ 1). (The sketch with the interpreta-
tion of the K-group φK

(τ,c)−n
G (T 3) as topological insu-

lators for symmetry class n is parallel.)

Recall that Ep,−(n+p)
∞ has the following meaning:
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• Ep,−(n+p)
∞ is the space of topological gapless states

in p-cells for the symmetry class (n+1) which can
extend to all the adjacent higher-dimensional cells
without a singularity, and can not be trivialized by
the creation of topological gapless points from any
adjacent low-dimensional cells.

The definition (91) of F p,−n implies that

• F pK−n is the space of topological gapless states
over T 3 for the symmetry class (n+1) which have
a finite energy gap on the (p− 1)-skeleton Xp−1.

Obviously, we have the injection F p+1K−n ↪→
F pK−n, since the existence of a finite energy gap over
Xp implies that there is also a finite energy gap over
Xp−1, which leads to the sequence of inclusions (90).

The homomorphism F pK−n → E
p,−(n+p)
∞ is defined

by restricting gapless states into the p-cells. Therefore,
the group Ker [F pK−n → E

p,−(n+p)
∞ ] represents gap-

less states with a finite energy gap on Xp−1 that also
have a finite energy gap over the p-cells. On the other
hand, the group Im [F p+1K−n → F pK−n] represents
gapless states with a finite gap on Xp−1 that also have
a finite energy gap on Xp. Since Xp\Xp−1 is the set
of p-cells, two groups Ker [F pK−n → E

p,−(n+p)
∞ ] and

Im [F p+1K−n → F pK−n] are equivalent.

The finial step is to show that the homomorphism
F pK−n → E

p,−(n+p)
∞ is surjectve. This follows from

the definition of Ep,−(n+p)
∞ : It is possible to extend a

topological gapless state in an orbit G/GDpj × D
p
j of p-

cells to the neighborhood of the orbit G/GDpj × Dp
j in

the BZ T 3 without affecting the Hamiltonian outside the
neighborhood. This means that there must be a represen-
tative topological gapless state in F pK−n for a topolog-
ical gapless state of Ep,−(n+p).

B. Warm-up: real AZ class in two space dimensions

Let us compute the AHSS for 2d systems with real AZ
symmetry classes. As the symmetry class for n = 0, we
consider the 2d spinless systems with TRS. I.e., class AI
in the AZ classes. We denote the TRS operator by T . The
symmetry group is G = Z2 = {1, T} which acts on the
2d BZ torus by T : (kx, ky) 7→ (−kx,−ky). (Here, we
denoted the group element of TRS by the same symbol

T .) The factor system is trivial T 2 = 1. We use the
cell-decomposition of the BZ torus shown in Fig. 21 [a].

From the formula (81), the E1-page is the collection
of the K-groups over p-cells with symmetry class shifted
by n ∈ Z. We have the following E1-page.

AI n = 0 Z4 Z3 Z
BDI n = 1 Z4

2 0 0
D n = 2 Z4

2 Z3 Z
DIII n = 3 0 0 0
AII n = 4 Z4 Z3 Z
CII n = 5 0 0 0
C n = 6 0 Z3 Z
CI n = 7 0 0 0

Ep,−n1 p = 0 p = 1 p = 2

. (94)

The first differential dp,−n1 : Ep,−n1 → Ep+1,−n
1 is com-

puted by the compatibility relation incorporating PHS as
in

d0,0
1 =

Γ X Y M
1 −1 0 0 a
0 0 1 −1 b
0 1 0 −1 c

, (95)

d0,−4
1 =

Γ X Y M
2 −2 0 0 a
0 0 2 −2 b
0 2 0 −2 c

, (96)

d1,−2
1 = d1,−6

1 =
a b c
2 −2 0 α

, (97)

and dp,−n1 = 0 for other (p,−n)s. We should be careful
about the PHS. For n = 2 and 6, the 1-cell a (b) changes
to a′ (b′) with the particle-hole transformation C. Then,
an occupied state |φ〉 at a is sent to an empty stateC |φ〉 at
a′, which results in the nontrivial first differentials d1,−2

1

and d1,−6
1 .

Before moving on to the second differential d2, it
is worth understanding the first differential in terms of
gapless Dirac points. According to the meaning (II) of
the E1-page in Sec. IV A, Ep,−n1 represents topologi-
cal gapless points inside p-cells with the symmetry class
(n−p+1) as illustrated in Fig. 22 [a]. E2,even

1 = Z comes
from that the chiral symmetry stabilizes a Dirac point in a
2-cell. The first differentials d1,even

1 : E1,even
1 → E2,even

1

means how gapless Dirac points in the 2-cell are absorbed
by the pair creation of the Dirac points from 1-cells. For
class BDI/CII, a time-reversal symmetric pair of Dirac
points has the opposite charge because of the algebra
TΓ = ΓT between the TRS T and the chiral symmetry Γ,
whereas for class DIII/CI, the charge is the same because
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＋

－

－

＋

－

－

＋

[b]

－

＋

＋

－

＋

－

BDI

＋

－

[c]

FIG. 21. [a] A cell decomposition of the 2d BZ with TRS T : (kx, ky) 7→ (−kx,−ky). Here, a′ = T (a), b′ = T (b), α′ = T (α)
represent equivalent p-cells. The first differential d1,even

1 . The signs± in the circles represent the charges of the gapless Dirac point
with chiral symmertry. [c] The second differential d0,−1

2 . The band inversion at 0-cells creates a pair of Dirac points.

← BDI gapless states

← D gapless states

← DIII gapless states

← AII gapless states

← CII gapless states

← C gapless states

← AI gapless states

← CI gapless states

[a]

← AI gapped states = BDI gapless states

← BDI gapped states = D gapless states

← D gapped states = DIII gapless states

← DIII gapped states = AII gapless states

← AII gapped states = CII gapless states

← CII gapped states = C gapless states

← CI gapped states = AI gapless states

← C gapped states = CI gapless states

[b]

FIG. 22. [a]E1-page as topological gapless states. [b] Relationship among the groups Ep,−n∞ and AZ classes for gapped and
gapless states.

of the algebra TΓ = −ΓT . See Fig. 21 [b]. This accounts
for d1,(−2)/(−6)

1 = (2,−2, 0) and d1,0/(−4)
1 = (0, 0, 0).

Taking the cohomology group of d1, we have the E2-
page

AI n = 0 Z 0 Z
BDI n = 1 Z4

2 0 0
D n = 2 Z4

2 Z2 Z2

DIII n = 3 0 0 0
AII n = 4 Z Z3

2 Z
CII n = 5 0 0 0
C n = 6 0 Z2 Z2

CI n = 7 0 0 0

Ep,−n2 p = 0 p = 1 p = 2

. (98)

In the E2-page, the only second differential d0,−1
2 :

E0,−1
2 → E2,−2

2 can be nontrivial, and we find that d0,−1
2

is surjective: We label 0-, 1-, and 2-cells as in Fig. 21
[a]. Notice that the even/odd parity of the class BDI 1d
winding number w1d[−a′ + a] along the loop −a′ + a
is the product of the Z2 invariants at Γ and X as in
(−1)w1d[−a′+a] = (−1)ν(Γ)(−1)ν(X). In the same way,
it holds that (−1)w1d[−b′+b] = (−1)ν(Y )(−1)ν(M) for

the 1d winding number along the loop −b′ + b. There-
fore, the product (−1)ν :=

∏
k∈{Γ,X,Y,Z}(−1)ν(k) is the

Z2 indicator to detect an odd number of class BDI Dirac
points inside the 2-cell α and (−1)ν is nothing but the
second differential d0,−1

2 .

Alternatively, one can evaluate the second differential
d0,−1

2 by the pair creation of the Dirac points from 0-
cells. The class BDI symmetry permits creating a pair of
Dirac points from 0-cells that removes the Z2 remainder
of E2,−2

2 = Z2, the odd charges of Dirac points in the
2-cell. (See Fig. 21 [c]). Explicitly, such a process can be
modeled as

H(k) = (|k − k0|2 − µ)τz + (k − k0) · nτy,
T = K, C = τx, (99)

around a 0-cell k0. It is clear that when µ passes zero, the
band inversion occurs with the change of the Z2 invariant
(−1)ν(k0) at the 0-cell k0, resulting in a pair creation of
of Dirac points direction perpendicular to n. This can
contrast well with the case of class CII, where the pair
creation of Dirac points from 0-cells should be doubly
degenerate due to the TRS with Kramers degeneracy. As
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a result, there are no class CII topological invariants at 0-
cells (E0,−5

1 = 0), which means that 0-cells can not be a
new source of Dirac points, i.e., Dirac points arising from
a 0-cell are recast as ones from 1-cells with continuous
deformation.

Taking the cohomology of d2, we arrive at the limiting
page E∞ = E3,

AI n = 0 Z 0 Z
BDI n = 1 Z3

2 0 0
D n = 2 Z4

2 Z2 0
DIII n = 3 0 0 0
AII n = 4 Z Z3

2 Z
CII n = 5 0 0 0
C n = 6 0 Z2 Z2

CI n = 7 0 0 0
Ep,−n∞ p = 0 p = 1 p = 2

(100)

The data {E0,−n
∞ , E

1,−(n+1)
∞ , E

2,−(n+2)
∞ } approximate

the K-group φK−nZ2
(T 2) in the sense of the exact se-

quences (92). The relationship among columns of the
E∞-page, AZ symmetry classes of 2d bulk insulators
and 2d gapless states should be kept in mind, which is
shown in Fig. 22 [b]. The dimension p of Ep,−n∞ indi-
cates the skeleton Xp on which the topological invariant
is defined. 11 The exact sequences (92) are recast as

AI : φK0
Z2

(T 2) = Z, (101)

BDI : 0→ Z2 → φK−1
Z2

(T 2)→ Z3
2 → 0, (102)

D : 0→ Z→ φK−2
Z2

(T 2)→ Z4
2 → 0, (103)

DIII : φK−3
Z2

(T 2) = Z3
2, (104)

AII : φK−4
Z2

(T 2) = Z + Z2, (105)

CII : φK−5
Z2

(T 2) = Z2, (106)

C : φK−6
Z2

(T 2) = Z, (107)

CI : φK−7
Z2

(T 2) = 0. (108)

These agree with the literature. [4] Especially, E2,−6
∞ =

Z2 corresponds to the Kane-Mele Z2 topological in-
variant. [1] The short exact sequences (102) and (103)
show nontrivial group extensions. 12 We find that
φK−1

Z2
(T 2) = Z2 + Z2

2 and φK−2
Z2

(T 2) = Z + Z3
2.

11 The band structures representing the group Ep,−n∞ are insufficient
to define the topological invariant, since Ep,−n∞ represent only band
structures inside p-cells that are trivial over the boundary of the p-
cells.

12 Class BDI: The 1d winding numbers wx1d, w
y
1d along the kx and

ky directions, respectively, give the constraints on the Z2 invari-
ants defined at 0-cells as (−1)w

x
1d = (−1)ν(Γ)(−1)ν(X) =

C. E1-page for general symmetry

In this section we describe how to compute the E1-
page for general symmetry classes realized in lattice sys-
tems. Let G be the symmetry group (magnetic point
group) and φ, c : G → Z2 = {±1} be the indicators
for unitary/antiunitary and symmetry/antisymmetry, re-
spectively. We denote the symmetry operator for g ∈ G
by Ug(k). For the Hamiltonian H(k) over BZ, the con-
straint relation is

Ug(k)H(k)Ug(k)−1 = c(g)H(gk), (109)
Ug(k)i = φ(g)iUg(k), (110)

with i the imaginary unit. The (magnetic) space group
is specified by the point group action pg on the real
space and the possibly nonprimitive lattice translation
{g|ag} : x 7→ pgx+ ag associated with group elements
g ∈ G. Due to antiunitarity, g ∈ G with φ(g) = −1
acts on the momentum space by k 7→ −pgk. To make
the notation simple, we denote the group action on the
momentum space by k 7→ gk, i.e. g = φ(g)pg on k. The
nonsymmorphic part of the factor system is described by
a 2-cocycle ν ∈ Z2(G,BL), where BL ∼= Z3 is the
Bravais lattice translation group, which is given as

{g|ag}{h|ah} = {e|νg,h}{gh|agh}, (111)
νg,h = pgah + ag − agh ∈ BL. (112)

Using ν, one can write down the factor system explicitly
as

zg,he
−ighk·νg,hUgh(k) = Ug(hk)Uh(k) (113)

where zg,h represents the factor system of fundamen-
tal degrees of freedom under the point group. For in-
stance, zg,h ≡ 1 for spinless electrons, and zg,h ∈ {±1}
for spinful electrons. With the twisting eiτg,h(k) =

zg,he
−ik·νg,h , the K-group φK

(τ,c)−0
G (T 3) is defined.

For finite integer gradings n > 0, the K-group
φK

(τ,c)−n
G (T 3) is defined by adding chiral symmetries

Γi, {Γi, H(k)} = 0, with the following algebra: [26]

{Γi,Γj} = 2δij ,

ΓiUg(k) = c(g)Ug(k)Γi, (g ∈ G). (114)

(−1)ν(Y )(−1)ν(M) and (−1)w
y
1d = (−1)ν(Γ)(−1)ν(Y ) =

(−1)ν(X)(−1)ν(M). Class D: The parity of the Chern number
C is related to the Z2 invariants (Pfaffian invariants) at 0-cells as
(−1)C =

∏
k∈Γ,X,Y,M (−1)ν(k).
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One can show the Bott periodicity φK
(τ,c)−(n+8)
G (T 3) ∼=

φK
(τ,c)−n
G (T 3). In Appendix C, we summarize the list of

factor systems for n > 0 much relevant to the condensed
matter physics.

Let us move on to theE1-page. LetX0 ⊂ X1 ⊂ X2 ⊂
X3 = T 3 be G-filtration associated to a cell decomposi-
tion described in Sec. III A 1. From (81), the E1-page is
given by the space of representations incorporating TRS
and PHS at p-cells

Ep,−n1 =
∏
j∈Iporb

φ|Dp
jK

(τ,c)|Dp
j
−n

GDp
j

(Dp
j ). (115)

The problem is recast to finding irreps at a point in the
p-cell Dp

j , which can be systematically solved by using
the Wigner criteria [33] and the generalization thereof in
the presence of PHS (see Appendix A). The little group
Gk at k is the subgroup of G so that g ∈ Gk fixes the
point k, i.e. Gk = {g ∈ G|gk = k}. The little group Gk
splits into the disjoint union of left cosets as

Gk = G0
k︸︷︷︸

unitary symmetries

t aG0
k︸︷︷︸

magnetic symmetries

t bG0
k︸︷︷︸

particle−hole symmetries

t abG0
k︸ ︷︷ ︸

magnetic particle−hole symmetries

, (116)

whereG0
k = {g ∈ Gk|φ(g) = c(g) = 1} is the subgroup

of unitary symmetries, a ∈ G (φ(a) = −c(a) = −1) is
a magnetic symmetry group element, b ∈ G (φ(b) =
c(b) = −1) is a particle-hole symmetry group element,
and ab ∈ G (φ(ab) = −c(ab) = 1) is a magnetic
particle-hole symmetry group element. In the Wigner cri-
teria, we first determine irreps of the subgroup G0

k. The
factor system of the little group G0

k is given by

zkg,h = zg,he
−ik·νg,h , g, h ∈ G0

k. (117)

Let α, β, . . . , be irreps ofG0
k with the factor system zkg,h.

We introduce the following integer-valued quantities on

each irrep

WT
α :=

1

|G0
k|
∑
g∈G0

k

zkag,agχα((ag)2) ∈ {±1, 0}, (118)

WC
α :=

1

|G0
k|
∑
g∈G0

k

zkbg,bgχα((bg)2) ∈ {±1, 0}, (119)

WΓ
α :=

1

|G0|
∑
g∈G0[

zkg,ab
zkab,(ab)−1gab

χα((ab)−1gab)

]∗
χα(g) ∈ {1, 0},

(120)

which we call the Wigner indices. Here, χα(g ∈ G0
k)

is the character of the irrep α. See Appendix A for the
detail. The datum (WT

α ,W
C
α ,W

Γ
α ) gives the emergent

AZ class realized on the irrep α, which determines the
Ep,01 terms. Table IV summarizes the relationship among
Wigner indices (WT

α ,W
C
α ,W

Γ
α ), emergent AZ classes,

and corresponding band structures.

Once we have determined the emergent AZ classes for
the grading n = 0, from the definition (114), the emer-
gent AZ class and the band structure for other grading
n > 0 follow the shift of symmetry classes as in

→ A→ AIII→ A→, (121)

for emergent complex AZ classes, and

→ AI→ BDI→ D→ DIII

→ AII→ CII→ C→ CI→ AI→, (122)

for emergent real AZ classes.

D. Construction of higher differentials d2 and d3

As seen in Sec. III, the construction of the matrix
dp,−n1 : Ep,−n1 → Ep+1,−n

1 is straightforward. dp,−n1

is determined by the compatibility relation (incorporat-
ing PHS in addition to TRS) among irreps. On the
other hand, there are no simple formulas for higher-
differentials dr(r ≥ 2). However, as a case-by-case
problem, they can be constructed through a model Hamil-
tonian.

As a preliminary step, consider the Hamiltonian de-
scription of the first differential d0,−n

1 : E0,−n
1 → E1,−n

1
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TABLE IV. The relationship among Wigner indices (WT
α ,W

C
α ,W

Γ
α ), emergent AZ classes, and band structures.

WT
α AZ Classification Band str.

1 AI Z

−1 AII Z

0 A Z

WC
α AZ Classification Band str.

1 D Z2

−1 C 0

0 A Z

WΓ
α AZ Classification Band str.

1 AIII 0

0 A Z

WT
α WC

α WΓ
α AZ Classification Band str.

0 0 0 A Z

0 0 1 AIII 0

1 0 0 AI Z

1 1 1 BDI Z2

0 1 0 D Z2

−1 1 1 DIII 0

−1 0 0 AII Z

−1 −1 1 CII 0

0 −1 0 C 0

1 −1 1 CI 0
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α

FIG. 23. A C4 symmetric cell decomposition of 2-torus. The
figure shows one fourth of the BZ.

as in

H(k) =

{
(k2 − µ) (without PHS),
(k2 − µ)τz (with PHS, C = τxK).

(123)

Here, k is the distance from the 0-cell we are consider-
ing. The degeneracy of the irrep, if any, is implicit. This
Hamiltonian describes how gapless points appear on ad-
jacent 1-cells when the irrep at the 0-cell passes the zero
energy. By identifying the irreps at the 0-cell and the
gapless points on the 1-cells with elements of E0,−n

1 and
E1,−n

1 , respectively, and taking into account the signs re-
lated to the orientations of these cells at the same time,
the model Hamiltonian (123) provides matrix elements
of d0,−n

1 .

In a similar manner, we may construct the second dif-
ferential d0,−n

2 : E0,−n
2 → E

2,−(n+1)
2 by using a model

Hamiltonian. Since E0,−n
2 = Ker (d0,−n

1 ), E0,−n
2 repre-

sents sets of irreps at 0-cells that are smoothly extended
to the 1-skeleton X1 without gapless states on it. Some
elements of E0,−n

2 can give rise to a gapless Dirac point
in 2-cells, which is detected by d0,−n

2 . To describe this
process, we generalize Eq. (123) to 2-dimensions. Be-
low, we construct model Hamiltonians for two examples.

2d class AI with C4 rotation symmetry (spinless electrons
with the wallpaper group p41′)— The TRS T and 4-
fold rotation C4 acts on the 2d BZ as T : (kx, ky) 7→
(−kx,−ky) and C4 : (kx, ky) 7→ (−ky, kx), respec-
tively. The factor system is T 2 = 1, C4

4 = 1 and
TC4 = C4T . We employ a C4 symmetric cell decom-
position as in Fig. 23. A gapless Dirac point in the 2-cell
is stabilized by a π-Berry phase introduced by the sym-
metry operator TC2 with (TC2)2 = 1. First, consider
the creation of Dirac points from the C4-invariant 0-cell,
say the Γ point (or the M point). To describe a band
inversion, we consider a 2d generalization of Eq.(123),
H = (k2 − µ)2. We also need another term in order
to remove gapless point on adjacent 1-cells. For this pur-

pose, we add the dx2−y2 -density wave∝ (k2
x−k2

y). Since
(k2
x−k2

y) gives a (−1) sign underC4, to make the Hamil-
tonianC4-symmetric, an orbital degrees of freedom com-
pensating the (−1) sign is necessary. Finally, the Hamil-
tonian for d0,0

2 around the Γ/M point is given by

HΓ/M (kx, ky) = (k2 − µ)σz + (k2
x − k2

y)σx,

T = K, C4 = σz, (124)

where σi is the Pauli matrix in the orbital space. This
Hamiltonian describes the process that when µ changes
the sign the band inversion between the C4 = 1 and
c4 = −1 orbits occurs at Γ/M , and a quartet of Dirac
points appear in the 2-cells. Similarly, the creation of
Dirac points from the C2-invariant 0-cell (the X point) is
described by

HX(kx, ky) = (k2 − µ)σz + (kx + ky)σx,

T = K, C2 = σz. (125)

These Hamiltonians specify the second differentials d0,0
2

from Γ, M and X to the 2-cell α.

2d class AII with C4 rotation symmetry (spinful electrons
with the wallpaper group p41′)— It is instructive to com-
pare the previous example with the case of class AII sys-
tems with C4 symmetry. For spinful electrons, the factor
system is given by T 2 = −1, C4

4 = −1 and TC4 = C4T .
A gapless Dirac point in the 2-cell again has the quan-
tized π-Berry phase protected by the symmetry TC2 with
(TC2)2 = 1. However, in contrast to the class AI case,
irreps at Γ, M are 2-dimensional, and thus a band in-
version can create only an even number of Dirac points,
which are not protected by the π-Berry phase. Also, at
the X point, no band inversion may occur because the
irrep is unique. Thus, we can conclude that d0,0

2 is trivial.

The third differential d0,−n
3 : E0,−n

3 → E
3,−(n+2)
3

may be constructed similarly. d3 describes how Weyl
points are created in 3-cells by band inversion at 0-cells.
Here we give an example.

3d class D (3d TRS-breaking superconductors)— The
PHS C acts on 3d BZ as C : (kx, ky, kz) 7→
(−kx,−ky,−kz). The factor system is C2 = 1. We set
C = τxK, where τµ∈{x,y,z} is the Pauli matrices in the
Nambu space. We consider Fig.19 as a particle-hole sym-
metric cell decomposition. Each high symmetry point k0

of PHS is a fixed point of C, and the Z2-valued Pfaffian
invariant Pf [τxH(k0)] is defined. A band inversion at a
high symmetric point may change the Z2 invariant, and
creates two Weyl points in the opposite direction at the
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same time. This process is described by the Hamiltonian

H(kx, ky, kz) = (k2 − µ)τz + kxτx + kyτy,

C = τxK, (126)

where the origin of k denotes a high symmetry point. We
conclude that the corresponding d0,0

3 is nontrivial.

E. Indicators for gapless phases

From the definition of the differentials d0,−n
1 , d0,−n

2

and d0,−n
3 , it is clear that these kernels serve as the in-

dicators detecting bulk gapless phases characterized by
topological invariants at 0-cells. Recall that E0,−n

1 is
the data of topological invariants at 0-cells. In E0,−n

1 ,
elements that satisfy the compatibility relation, namely
E0,−n

2 = Ker (d0,−n
1 ) ⊂ E0,−n

1 , can glue together in
the 1-skeleton X1. The Abelian group E0,−n

1 /E0,−n
2 de-

scribes bulk gapless phases with a gapess point inside a 1-
cell. In the same way, E0,−n

2 /E0,−n
3 and E0,−n

3 /E0,−n
4

describe bulk gapless phases thereof, which is summa-
rized as follows:

• E0,−n
1 /E0,−n

2 is the indicator for the existence of a
topological gapless point inside a 1-cell under the
assumption that the Hamiltonian is gapped at all
0-cells.

• E0,−n
2 /E0,−n

3 is the indicator for the existence of a
topological gapless point inside a 2-cell under the
assumption that the Hamiltonian is gapped on the
1-skeleton X1.

• E0,−n
3 /E0,−n

4 is the indicator for the existence of a
topological gapless point inside a 3-cell under the
assumption that the Hamiltonian is gapped on the
2-skeleton X2.

F. Case studies

We give four examples of the AHSS with TRS and/or
PHS.

1. 2d time-reversal symmetric spinless systems with two-fold
rotation symmetry

Let us consider, as the initial grading n = 0, 2-
dimensional spinless insulators with TRS T and the two-
fold rotation symmetry C2, where both the generators act
on the 2d BZ torus as an inversion T,C2 : (kx, ky) 7→
(−kx,−ky). The symmetry group is G = Z2 × ZT2 .
A G symmetric cell decomposition is given by the same
one in Fig. 21 [a]. The factor systems for n = 0 as
well as n > 0 are summarizes as in Table. V. At a 0-
cell k0 ∈ {Γ, X, Y,M}, the unitary subgroup introduced
in (116) is G0

k0
= Z2 = {e, C2} and the Wigner crite-

rion for each irrep C2 = ±1 is given by WT
C2=±1 = 1,

namely, the emergent AZ class is AI. On 1- and 2-cells,
the little group is Gk = {e, TC2} and the emergent AZ
class is AI because (TC2(k))2 = 1. On the basis of the
emergent AZ classes realized in p-cells, we get the E1-
page

AI n = 0 Z2 + Z2 + Z2 + Z2 Z + Z + Z Z
BDI n = 1 Z2

2 + Z2
2 + Z2

2 + Z2
2 Z2 + Z2 + Z2 Z2

D n = 2 Z2
2 + Z2

2 + Z2
2 + Z2

2 Z2 + Z2 + Z2 Z2

DIII n = 3 0 0 0
AII n = 4 Z2 + Z2 + Z2 + Z2 Z + Z + Z Z
CII n = 5 0 0 0
C n = 6 0 0 0
CI n = 7 0 0 0

Ep,−n1 {Γ, X, Y,M} {a, b, c} {α}
p = 0 p = 1 p = 2

(127)

The first differential dp,−n1 is straightforwardly given by
the compatibility relation, i.e. how irreps at p-cells split
into representations at adjacent (p+ 1)-cells. We get the
followings.

d0,0
1 = d0,−4

1

=

Γ X Y M
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 a

1 1 −1 −1 b
1 1 −1 −1 c

, (128)

d0,−2
1 = d0,−1

1 = d0,0
1 (mod 2), and other first dif-

ferentials are zeros. We have the E2-page Ep,−n2 =
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TABLE V. The factor systems and the homomorphism c : G → Z2 for integer grading n ≥ 0 for spinless systems with TRS and
C2 symmetry.

AZ n zT,T , zC,C zT,g/zg,T , zC,g/zg,C zg,h c(g)

AI n = 0 T 2 = 1

BDI n = 1 T 2 = 1, C2 = 1

D n = 2 C2 = 1 TC2(k) = C2(−k)T

DIII n = 3 T 2 = −1, C2 = 1 and/or C2(−k)C2(k) = 1 C2(k)H(k) = H(−k)C2(k)

AII n = 4 T 2 = −1 CC2(k) = C2(−k)C

CII n = 5 T 2 = −1, C2 = −1

C n = 6 C2 = −1

CI n = 7 T 2 = 1, C2 = 1

Ker (dp,−n1 )/Im (dp−1,−n
1 )

=

AI n = 0 Z5 0 Z
BDI n = 1 Z5

2 0 Z2

D n = 2 Z5
2 0 Z2

DIII n = 3 0 0 0
AII n = 4 Z5 0 Z
CII n = 5 0 0 0
C n = 6 0 0 0
CI n = 7 0 0 0

Ep,−n2 p = 0 p = 1 p = 2

. (129)

We find that the second differential d0,0
2 is nontrivial:

E2,−1
1 = Z2 indicates the class AI point node in the 2-

cell α described by the Hamiltonian

H(kx, ky) = kxσz + kyσx, TC2(k) = K, (130)

where K is the complex conjugate. The point node (130)
is stabilized by the π-Berry phase, and can be removed
by the band inversion at 0-cells described by the Hamil-
tonian

d0,0
2 |Γ,X,Y,M→α : H(kx, ky) = (k2 − µ)σz + k · nσx,
T = σzK,
C2 = σz,

(131)

wheren is a unit vector. Similarly, the second differential
d0,−1

2 is nontrivial: The class BDI point node ofE2,−2
1 =

Z2 in the 2-cell α is described as

H(kx, ky) = kxτz + kyσyτy,

TC2(k) = K, Γ = τx. (132)

This point node is removed by a band inversion at 0-
cells followed by creating a point node to the 2-cell α
described by the Hamiltonian

d0,−1
2 |Γ,X,Y,M→α :
H(kx, ky) = (k2 − µ)τz + k · nσyτy,
TC2(k) = K,
Γ = τx,
C2 = σz,

(133)

with n a unit vector. We arrive at the E3(= E∞)-page

AI n = 0 Z5 0 Z
BDI n = 1 Z4

2 0 0
D n = 2 Z5

2 0 0
DIII n = 3 0 0 0
AII n = 4 Z5 0 Z
CII n = 5 0 0 0
C n = 6 0 0 0
CI n = 7 0 0 0

Ep,−n3 p = 0 p = 1 p = 2

, (134)

and the K-groups read as
φK−0

Z2×ZT2
(T 2) = Z5,

φK−1
Z2×ZT2

(T 2) = Z5
2,

0→ Z→ φK−2
Z2×ZT2

(T 2)→ Z5
2 → 0,

φK−3
Z2×ZT2

(T 2) = 0,

φK−4
Z2×ZT2

(T 2) = Z5,

φK−5
Z2×ZT2

(T 2) = 0,

φK−6
Z2×ZT2

(T 2) = Z,
φK−7

Z2×ZT2
(T 2) = 0.

(135)
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These are consistent with the K-groups computed in
Ref. [20], where φK−2

Z2×ZT2
(T 2) = Z + Z4

2.

We, here, illustrate the different interpretations (I)-(IV)
of the E1-page in Sec. IV A for the group E2,−2

1 = Z2.
Let us denote the subgroup {e, TC2} ⊂ Z2 × ZT2 by
ZTC2

2 . In the followings, Rs represents the classifying
space of the emergent AZ class s.

(IV)— E2,−2
1

∼= φK−2

ZTC2
2

(D2
α) ∼= π0(R2) ∼= Z2 is the

space of representations (incorporating PHS) of the 2-cell
α with the symmetry class n = 2 (class D).

(I)—E2,−2
1

∼= φK−0

ZTC2
2

(D2
α, ∂D

2
α) is the classification of

topological insulators on the 2-cell α for symmetry class
n = 0 (class AI) with the condition that the Hamiltonian
is constant on the boundary ∂D2

α. Using the isomorphism
φK−0

ZTC2
2

(D2
α, ∂D

2
α) ∼= φK̃−0

ZTC2
2

(S2
α) ∼= π2(R0) = Z2,

we confirm that E2,−2
2 = Z2. A model Hamiltonian is

given by

H(kx, ky) = kxσxτx + kyσzτx + (m− εk2)τz,

TC2(k) = K. (136)

(II)— Using the isomorphism φK̃−0

ZTC2
2

(S2
α) ∼=

φK̃−1

ZTC2
2

(S1
α) ∼= π1(R1) = Z2, we can interpret

E2,−2
2 as the Z2 topological invariant defined on a circle

S1
α enclosing the topological gapless point for symmetry

class n = 1 (class BDI), which we already showed in
(132).

(III)— Applying the bulk-boundary correspondence to
the circle S1

α enclosing the topological gapless point in
the interpretation (II), we have a gapless helical Majo-
rana mode on S1

α with the symmetry class n = 2 (class
D). The existence of the topological gapless states on S1

α

implies that there must be a singular point inside the cir-
cle S1

α. Such a singular point appears on the surface of 3-
dimensional gapless class D superconductors withCz2 ro-
tation symmetry. A model Bogoliubov de Gennes (BdG)
Hamiltonian is given by

H(kx, ky, kz) =

(
k2

2m
− µ

)
τz + kyσzτx + kzτy

C = τxK, Cz2 = σz (137)

around the Γ point, where the gap function is ∆(k) =
(kyσx + kzσy)iσy . The combined symmetry CC2 :
(kx, ky, kz) 7→ (kx, ky,−kz) defines the Z2 invariant
(−1)ν on a plane Σ = S1

xy × S1
z with S1

xy a circle on the

kxky-plane and S1
z the circle along the kz-direction. [20]

We see that the gapless points at k = (±
√

2mµ, 0, 0)
have nontrivial Z2 charge with respect to (−1)ν , i.e.,
when a plane Σ passes the gapless point the Z2 invari-
ant (−1)ν is flipped. Between the two gapless points,
−
√

2mµ < kx <
√

2mµ, there appears the Z2 gapless
helical Majorana state on the surface BZ. (Here, the sur-
face was defined to be perpendicular to the z-axis in order
to preserve the Cz2 rotation symmetry.) The projection
of the Z2 topological gapless points in bulk to the sur-
face BZ becomes the singular points, each of which is
described by E2,−2

1 = Z2. Fig. 24 illustrates the rela-
tion between the surface singular points and bulk gapless
points of the Hamiltonian (137).

2. 2d time-reversal symmetric superconductors with the half
lattice translation symmetry

Let us consider 2d spinful time-reversal symmetric su-
perconductors with the half lattice translation symme-
try: Lx̂/2 : (x, y) 7→ (x + 1/2, y). We assume the
gap function is odd under the half lattice translation,
Lx̂/2(k)∆(k)LTx̂/2(−k) = −∆(k), while the normal
Hamiltonian E(k) is invariant, Lx̂/2(k)E(k)L−1

x̂/2(k) =

E(k). For the Nambu space of the BdG Hamiltonian

H(k) =

(
E(k) ∆(k)

∆†(k) −Et(−k)

)
, (138)

the half lattice translation is given by

L̃x̂/2(k) =

(
Lx̂/2(k) 0

0 −L∗x̂/2(−k)

)
, (139)

which yields the following symmetry for the BdG Hamil-
tonian,

L̃x̂/2(k)H(k)L̃−1
x̂/2(k) = H(k). (140)

Here L̃x̂/2(k) satisfies CL̃x̂/2(k) = −Lx̂/2(−k)C, be-
cause of the minus sign in Eq.(139), which reflects the
odd representation of the gap function under Lx̂/2. In
general, the representation of the gap function under the
symmetry group is encoded in the twist between PHS
and unbroken symmetries in the Nambu space. Once the
twist is identified, only symmetry operators in the Nambu
space are needed. Therefore, we only use L̃x̂/2 below,
and we omit the symbol of “tilde” in the notation for sim-
plicity. It has been known that there is a Z4 invariant for
this symmetry class. [24]
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FIG. 24. Interpretation of E2,−2
1 = Z2 as topological singular points in class D superconductors with C2 rotation symmetry. The

figure shows the corresponding topological point nodes in the 3-dimensional superconductor (137).

The symmetry group is Z2 × ZT2 , which is generated
by the half lattice translation (Z2) and TRS (ZT2 ). The
factor system reads 13


T 2 = −1, C2 = 1,
L2
x̂/2(k) = −e−ikx ,

TLx̂/2(k) = Lx̂/2(−k)T,
CLx̂/2(k) = −Lx̂/2(−k)C,

(141)

for the grading n = 3 (DIII). According to Table XVIII
in Appendix C, the factor systems for other AZ classes
are shown in Table VI.

As a (Z2×ZT2 ) symmetric cell decomposition of the 2-
torus, we use Fig. (21) [a] again. The emergent AZ class
for each p-cell at n = 0 is readily obtained. The E1-page

13 The half translation symmetry in the xy-plane can be naturally re-
alized as the glide reflection Gz : (x, y, z) 7→ (x + 1/2, y,−z)
with z = 0 (glide plane). Since the glide operator satisfies G2

z =
−e−ikx , we impose L2

x̂/2
(k) = −e−ikx on the factor systems in

Eq. (141).

is given by

AI n = 0 0 + Z2 + 0 + Z2 0 0
BDI n = 1 Z + Z2 + Z + Z2 Z + Z + Z Z
D n = 2 Z2 + 0 + Z2 + 0 0 0

DIII n = 3 Z2 + Z + Z2 + Z Z + Z + Z Z
AII n = 4 0 0 0
CII n = 5 Z + 0 + Z + 0 Z + Z + Z Z
C n = 6 0 0 0
CI n = 7 0 + Z + 0 + Z Z + Z + Z Z

Ep,−n1 {Γ, X, Y,M} {a, b, c} {α}
p = 0 p = 1 p = 2

.

(142)

From the compatibility relation, the first differentials are
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TABLE VI. The factor systems and the homomorphism c : G → Z2 for integer gradingn ≥ 0 for time-reversal symmetric
superconductors with the half lattice translation symmetry. Here, we assume the square of the half-lattice translation is the fermion
parity, as for the glide plane of spinful electrons.

AZ n zT,T , zC,C zT,g/zg,T , zC,g/zg,C zg,h c(g)

AI n = 0 T 2 = 1 TLx̂/2(k) = Lx̂/2(−k)T Lx̂/2(k)H(k) = −H(k)Lx̂/2(k)

BDI n = 1 T 2 = 1 TLx̂/2(k) = −Lx̂/2(−k)T Lx̂/2(k)H(k) = H(k)Lx̂/2(k)

C2 = 1 CLx̂/2(k) = Lx̂/2(−k)C

D n = 2 C2 = 1 CLx̂/2(k) = Lx̂/2(−k)C Lx̂/2(k)H(k) = −H(k)Lx̂/2(k)

DIII n = 3 T 2 = −1 TLx̂/2(k) = Lx̂/2(−k)T Lx̂/2(k)H(k) = H(k)Lx̂/2(k)

C2 = 1 CLx̂/2(k) = −Lx̂/2(−k)C L2
x̂/2(k) = −e−ikx

AII n = 4 T 2 = −1 TLx̂/2(k) = Lx̂/2(−k)T Lx̂/2(k)H(k) = −H(k)Lx̂/2(k)

CII n = 5 T 2 = −1 TLx̂/2(k) = −Lx̂/2(−k)T Lx̂/2(k)H(k) = H(k)Lx̂/2(k)

C2 = −1 CLx̂/2(k) = Lx̂/2(−k)C

C n = 6 C2 = −1 CLx̂/2(k) = Lx̂/2(−k)C Lx̂/2(k)H(k) = −H(k)Lx̂/2(k)

CI n = 7 T 2 = 1 TLx̂/2(k) = Lx̂/2(−k)T Lx̂/2(k)H(k) = H(k)Lx̂/2(k)

C2 = −1 CLx̂/2(k) = −Lx̂/2(−k)C

given as

d0,−1
1 =

Γ X Y M
1 0 0 0 a
0 0 1 0 b
0 0 0 0 c

, (143)

d0,−3
1 =

Γ X Y M
0 −2 0 0 a
0 0 0 −2 b
0 2 0 −2 c

, (144)

d0,−5
1 =

Γ Y
2 0 a
0 2 b
0 0 c

, (145)

d0,−7
1 =

X M
−1 0 a
0 −1 b
1 −1 c

, (146)

d
1,−1/−5
1 =

a b c
0 0 2 α

, (147)

d
1,−3/−7
1 =

a b c
2 −2 2 α

, (148)

and others are trivial. The E2-page reads as

AI n = 0 Z2
2 0 0

BDI n = 1 Z2
2 0 Z2

D n = 2 Z2
2 0 0

DIII n = 3 Z2
2 Z2

2 Z2

AII n = 4 0 0 0
CII n = 5 0 Z2

2 Z2

C n = 6 0 0 0
CI n = 7 0 0 Z2

Ep,−n2 p = 0 p = 1 p = 2

. (149)

We find that the only d0,−0
2 and d0,−2

2 are nontrivial in
the second differentials: As seen in Sec. IV B, since the
emergent AZ class atX andM (Γ and Y ) for n = 0 (n =
2) is BDI, Dirac points can be created at these points, by
which we can pair-annihilate Dirac points in the adjacent
2-cells. As a result, we obtain the E3(=E∞)-page

AI n = 0 Z2 0 0
BDI n = 1 Z2

2 0 0
D n = 2 Z2 0 0

DIII n = 3 Z2
2 Z2

2 0
AII n = 4 0 0 0
CII n = 5 0 Z2

2 Z2

C n = 6 0 0 0
CI n = 7 0 0 Z2

Ep,−n3 p = 0 p = 1 p = 2

. (150)
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FIG. 25. A cell decomposition for the magnetic space group
P411′. The figure shows one-eighth of BZ.

The datum {E0,−n
3 , E

1,−(n+1)
3 , E

−2,−(n+2)
3 } approxi-

mates the K-group φK
(τ,c)−n
Z2×ZT2

(T 2) according to the ex-
act sequences (92). Let us focus on the class DIII K-
group, which fits into the exact sequence

0→ Z2︸︷︷︸
E2,−5

3

→ φK
(τ,c)−3

Z2×ZT2
(T 2)→ Z2

2︸︷︷︸
E0,−3

3

→ 0. (151)

We find that φK(τ,c)−3

Z2×ZT2
(T 2) = Z4 +Z2 from the explicit

construction of the Z4 invariant. [24]

3. 3d spinful insulators with TRS and 4-fold screw rotation
symmetry (P411′)

Let us consider 3d spinful systems with TRS T and 4-
fold screw rotation symmetry S : (x, y, z) 7→ (−y, x, z+
1/4). The symmetry group is Z4×ZT2 which is generated
by 4-fold screw (Z4) and time-reversal (ZT2 ). The factor
system for class AII (n = 4) is

T 2 = −1,

S(c34k)S(c24k)S(c4k)S(k) = −e−ikz ,
TS(k) = S(−k)T, (152)

where c4k = (−ky, kx, kz). According to Table XVIII
in Appendix C, the factor systems for general n are given
in Table VII. Especially, the factor system for class DIII
(n = 3) is that for time-reversal symmetric superconduc-
tors with the trivial representation S(k)∆(k)S(−k)T =
∆(c4k) of the gap function under the 4-fold screw rota-
tion. We use a (Z4 × ZT2 )-symmetric cell decomposition
as in Fig. 25.

It is straightforward to get the E1-page

AI n = 0 Z2 + Z + Z2 + Z3 + Z2 + Z3 Z + Z + Z + Z + Z4 + Z4 + Z2 Z + Z + Z + Z Z
BDI n = 1 0 + 0 + 0 + Z2

2 + Z2
2 + Z2

2 0 + Z2 + 0 + Z2 + 0 + 0 + 0 0 + Z2 + 0 + 0 0
D n = 2 Z2 + Z + Z2 + (Z + Z2

2) + Z2
2 + (Z + Z2

2) 0 + Z2 + 0 + Z2 + Z4 + Z4 + Z2 0 + Z2 + Z + Z Z
DIII n = 3 0 0 0 0
AII n = 4 Z2 + Z + Z2 + Z3 + Z2 + Z3 Z + Z + Z + Z + Z4 + Z4 + Z2 Z + Z + Z + Z Z
CII n = 5 0 Z2 + 0 + Z2 + 0 + 0 + 0 + 0 Z2 + 0 + 0 + 0 0
C n = 6 Z2 + Z + Z2 + Z + 0 + Z Z2 + 0 + Z2 + 0 + Z4 + Z4 + Z2 Z2 + 0 + Z + Z Z
CI n = 7 0 0 0 0

Ep,−n1 {Γ, X, S, Z, U,R} {a, b, c, d, e, f, g} {α, β, γ, δ} {vol}
p = 0 p = 1 p = 2 p = 3

.

(153)
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TABLE VII. The factor systems and the homomorphism c : G→ Z2 for integer gradings n ≥ 0 for insulators in spinful electrons
with TRS and 4-fold screw rotatioan symmetry.

AZ n zT,T zC,C zT,g/zg,T zC,g/zg,C zg,h

AI n = 0 T 2 = 1 TS(k) = S(−k)T

BDI n = 1 T 2 = 1 C2 = 1 TS(k) = S(−k)T CS(k) = S(−k)C

D n = 2 C2 = 1 CS(k) = S(−k)C

DIII n = 3 T 2 = −1 C2 = 1 TS(k) = S(−k)T CS(k) = S(−k)C S(c34k)S(c24k)S(c4k)S(k) = −e−ikz

AII n = 4 T 2 = −1 TS(k) = S(−k)T

CII n = 5 T 2 = −1 C2 = −1 TS(k) = S(−k)T CS(k) = S(−k)C

C n = 6 C2 = −1 CS(k) = S(−k)C

CI n = 7 T 2 = 1 C2 = −1 TS(k) = S(−k)T CS(k) = S(−k)C

The first differential dp,−n1 : Ep,−n1 → Ep+1,−n
1 is also straightforwardly given. For example, d0,−4

1 is

d0,−4
1 =

Γ X S Z U R
(λ, λ∗) (iλ,−iλ∗) (i,−i) (λ, λ∗) (iλ,−iλ∗) 1 (i,−i) −1 1 −1 1 (i,−i) −1

2 2 −2 a
1 1 1 −1 −1 b

−2 2 2 c
−1 −1 1 1 1 d

1 0 −2 0 0 λe−
ikz
4 e

0 1 0 −1 0 iλe−
ikz
4

0 1 0 0 −2 −λe−
ikz
4

1 0 0 −1 0 −iλe−
ikz
4

1 0 −2 0 0 λe−
ikz
4 f

0 1 0 −1 0 iλe−
ikz
4

0 1 0 0 −2 −λe−
ikz
4

1 0 0 −1 0 −iλe−
ikz
4

1 −2 0 ie−
ikz
2 g

1 0 −2 −ie−
ikz
2

(154)

with λ = eπi/4. We get the E2-page

AI n = 0 Z Z2 Z 0
BDI n = 1 Z4

2 0 Z2 0
D n = 2 Z4

2 Z Z2 Z
DIII n = 3 0 0 0 0
AII n = 4 Z Z8 + Z4 + Z2 Z 0
CII n = 5 0 Z2 0 0
C n = 6 0 Z + Z2

2 Z2 Z
CI n = 7 0 0 0 0

Ep,−n2 p = 0 p = 1 p = 2 p = 3

(155)

In class AII (n = 4), the E2-page is already the limiting page. The exact sequences (89) imply that

φKτ−4
Z4×ZT2

(T 3) = Z︸︷︷︸
Filling number

+F 1,−5, (156)
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where the group F 1,−5 filts into the exact sequence

0→ Z2︸︷︷︸
E2,−6
∞

→ F 1,−5 → Z2︸︷︷︸
E1,−5
∞

→ 0. (157)

The AHSS alone can not determine F 1,−5. Nevertheless, we find that either Z4 or Z2 +Z2 topological invariant should
be defined on the 2-skeleton.

Interestingly, there appears a Z8 topological invariant in class DIII (n = 3). Since E0,−4
2 = Z represents the filling

number, d0,−4
3 : E0,−4

3 → E3,−6
3 is trivial. Then, the K-group fits into the short exact sequence

0→ Z︸︷︷︸
3d winding number

→ φKτ−3
Z4×ZT2

(T 3)→ Z8 + Z4 + Z2︸ ︷︷ ︸
1d topological invariants

→ 0. (158)

The construction of the Z8 invariant is similar to the screw Zn invariant discussed in Sec. III C 3. Let q(k) be the

off-diagonal part of the flattened Hamiltonian sgn[H(k)] =

(
0 q(k)

q(k)† 0

)
in the basis so that the chiral operator

is Γ =

(
1 0
0 −1

)
. The symmetry of class DIII is written by σyq(k)∗ = q(−k)†σy , S(k)q(k) = q(c4k)S(k),

σyS(k)∗ = S(−k)σy . The matrix q(kz) on the line (kx, ky) = Γ and M splits into the screw eigensectors as
q(kz) = q0(kz) ⊕ q1(kz) ⊕ q2(kz) ⊕ q3(kz), kz ∈ [−π, π], with the eigenvalues eimπ/4e−ikz/4, m ∈ {0, 1, 2, 3}.
Moreover, at the high-symmetry points (kx, ky, kz) = (Γ,−π) and (M,−π) on the zone boundary, the TRS is closed
inside the eigensector with m = 0 (and m = 2), then, the Pfaffian Pf[σyq0(−π)] is well-defined. The Z8 invariant
eπiν/4, ν ∈ {0, 1, . . . , 7} is defined as

eiπν/4

:=
Pf[σyq0(Γ,−π)]× exp

[
3
8

∫ π
−π d log det q0(Γ, kz) + 2

8

∫ π
−π d log det q1(Γ, kz) + 1

8

∫ π
−π d log det q2(Γ, kz)

]
Pf[σyq0(M,−π)]× exp

[
3
8

∫ π
−π d log det q0(M,kz) + 2

8

∫ π
−π d log det q1(M,kz) + 1

8

∫ π
−π d log det q2(M,kz)

]
× exp

[
1

8

∫
Γ→M

dk ·∇ log det q(k,−π)

]
.

(159)

Using Pf(A)2 = det(A), one can show (eiπν/4)8 = 1.

4. 2d superconductors in spinful systems with the space
group P4/m and with the Bg representation

In this section, we illustrate how the AHSS de-
scribes superconducting nodal structures. Consider 2d
superconductors with TRS, inversion and 4-fold rota-
tion symmetries. We assume that the gap function
obeys the Bg representation under the point group
4/m. Namely, I(k)∆(k)I(−k)T = ∆(−k), and
C4(k)∆(kx, ky)C4(−k)T = −∆(−ky, kx). In the
Nambu space, the inversion and 4-fold rotation operators

are given as

Ĩ(k) =

(
I(k) 0

0 I(−k)∗

)
, (160)

C̃4(k) =

(
C4(k) 0

0 −C4(−k)∗

)
, (161)

by which we can determine the factor systems for class
DIII (n = 3). According to Table XVIII in Appendix C,
the factor systems for other gradings n are summarized
as in Table VIII.

Consider the cell decomposition in Fig. 23. Then the
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TABLE VIII. The factor systems and the homomorphism c : G → Z2 for integer gradings n ≥ 0 for superconductors in spinful
systems withP4/m symmetry and with theBg representation for the gap function. We have omitted the symbol of tilde in symmetry
operators Ĩ(k) and C̃4(k) in the Nambu space.

AZ n zT,T , zC,C zT,c4/zc4,T , zc4,g/zg,c4 zT,I/zI,T , zI,g/zg,I zg,h c(g)

AI n = 0 T 2 = 1 TC4(k) = C4(−k)T TI(k) = I(−k)T C4(k)H(k) = −H(k)C4(k)

I(k)H(k) = H(−k)I(k)

BDI n = 1 T 2 = 1 TC4(k) = −C4(−k)T TI(k) = I(−k)T C4(k)H(k) = H(k)C4(k)

C2 = 1 CC4(k) = C4(−k)C CI(k) = I(−k)C I(k)H(k) = H(−k)I(k)

D n = 2 C2 = 1 CC4(k) = C4(−k)C CI(k) = I(−k)C C4(k)H(k) = −H(k)C4(k)

I(k)H(k) = H(−k)I(k)

DIII n = 3 T 2 = −1 TC4(k) = C4(−k)T TI(k) = I(−k)T C4(c34k)C4(c24k)C4(c4k)C4(k) = −1 C4(k)H(k) = H(k)C4(k)

C2 = 1 CC4(k) = −C4(−k)C CI(k) = I(−k)C I(−k)I(k) = 1 I(k)H(k) = H(−k)I(k)

AII n = 4 T 2 = −1 TC4(k) = C4(−k)T TI(k) = I(−k)T I(c4k)C4(k) = C4(−k)I(k) C4(k)H(k) = −H(k)C4(k)

I(k)H(k) = H(−k)I(k)

CII n = 5 T 2 = −1 TC4(k) = −C4(−k)T TI(k) = I(−k)T C4(k)H(k) = H(k)C4(k)

C2 = −1 CC4(k) = C4(−k)C CI(k) = I(−k)C I(k)H(k) = H(−k)I(k)

C n = 6 C2 = −1 CC4(k) = C4(−k)C CI(k) = I(−k)C C4(k)H(k) = −H(k)C4(k)

I(k)H(k) = H(−k)I(k)

CI n = 7 T 2 = 1 TC4(k) = C4(−k)T TI(k) = I(−k)T C4(k)H(k) = H(k)C4(k)

C2 = −1 CC4(k) = −C4(−k)C CI(k) = I(−k)C I(k)H(k) = H(−k)I(k)

E1-page is found to be

AI n = 0 0 + Z2 + 0 Z + Z Z
BDI n = 1 Z2 + 0 + Z2 0 0
D n = 2 0 + Z2 + 0 Z + Z Z

DIII n = 3 Z2 + 0 + Z2 0 0
AII n = 4 0 + Z2 + 0 Z + Z Z
CII n = 5 Z2 + 0 + Z2 0 0
C n = 6 0 + Z2 + 0 Z + Z Z
CI n = 7 Z2 + 0 + Z2 0 0

Ep,−n1 {Γ, X,M} {a, b} {α}
p = 0 p = 1 p = 2

. (162)

As we described in Sec. IV A, the E1-page Ep,−n1 can be
regarded as the space of topological gapless points inside
p-cells with the symmetry class (n+1−p). For example,
E2,−4

1 = Z means that the 2-cell α can host stable Z gap-
less points belonging to class DIII (i.e., gapless Majorana
cones).

The compatibility relation (incorporating PHS) gives
the first differentials. The non-trivial ones are listed be-

low.

d0,−n
1 =

X
I = 1 I = −1
−1 −1 a
1 1 b

, (163)

d1,−n
1 =

a b
2 2 α

, (164)

with even n. It should be noted that d1,−n
1 for even n

is non-trivial, even though the 1-cells a (b) and a′ (b′) in
the same C4 orbit have opposite directions with respect
to the 2-cell α. This is because C4 for even n acts as
antisymmetry, C4(k)H(k) = −H(−ky, kx)C4(k), as
shown in Table VIII. Occupied bands and empty ones
are interchanged after the C4-rotation, so the mismatch
of the orientation between a′ (b′) and α is compensated
in the compatibility relation. As a result, a (b) and a′ (b′)
equally contribute to α in d1,0

1 as 1 + 1 = 2. We get the
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FIG. 26. [a] The first differential d1,even
1 . [b] The second dif-

ferential d2,odd
2 .

E2-page

AI n = 0 Z 0 Z2

BDI n = 1 Z4 0 0
D n = 2 Z 0 Z2

DIII n = 3 Z4 0 0
AII n = 4 Z 0 Z2

CII n = 5 Z4 0 0
C n = 6 Z 0 Z2

CI n = 7 Z4 0 0

Ep,−n2 p = 0 p = 1 p = 2

. (165)

For example, d1,−4
1 = (2, 2) represents a pair creation

of Dirac points from 1-cells to the 2-cell α in class DIII
as shown in Fig. 26 [a]. Here, two Dirac points related
by C4 rotation have opposite charges since C4 changes
the chirality Γ = iTC. The above process changes the
total charges in the 2-cell α by an even number, so only
the parity of the charges is topologically stable. In other
words, we have E2,−4

2 = Z2.

Next, we ask if E2,−n
2 with even n is trivialized by

the creation of Dirac points from 0-cells. The corre-
sponding second differential is d0,−(n−1)

2 , which maps
E

0,−(n−1)
2 to E2,−n

2 . For even n, E0,−(n−1)
2 is noth-

ing but E0,−(n−1)
1 = Z4, which counts (occupied) states

with a definite eigenvalue of C4, say C4 = eiπ/4, in
the I = ±1 sectors at Γ and M , respectively. Since
we have two independent eigensectors of I and two in-
dependent 0-cells Γ and M , we need four independent
integers (nI=1

Γ , nI=−1
Γ , nI=1

M , nI=−1
M ) ∈ Z4. The second

differential arising from the I = ±1 sector at Γ (or M ) is
modeled by the Hamiltonian with the dx2−y2 -wave type

gap functions:

BDI :

{
T = τxK, C = σxK,
H(k) = (k2 − µ)σz + ∆(k2

x − k2
y)τyσx,

,

(166)

DIII :

{
T = σyK, C = τxK,
H(k) = (k2 − µ)τz + ∆(k2

x − k2
y)σyτy,

,

(167)

CII :

{
T = τyK, C = σyK,
H(k) = (k2 − µ)σz + ∆(k2

x − k2
y)τxσy,

,

(168)

CI :

{
T = σxK, C = τyK,
H(k) = (k2 − µ)τz + ∆(k2

x − k2
y)σxτx,

,

(169)

with

C4 =

(
e
πi
4 σz 0

0 −(e
πi
4 σz )∗

)
τ

, I = ±14×4. (170)

These Hamiltonians describe the creation of Dirac points:
when µ changes the sign from negative to positive, a band
inversion occurs at Γ (or M ) and four equivalent Dirac
points are pumped from Γ (or M ) to the adjacent C4-
equivalent 2-cells (see Fig. 26 [b]). This process gives
the following nontrivial d0,−(n−1)

2 for even n,

d
0,−(n−1)
2 =

Γ M
I = 1 I = −1 I = 1 I = −1

1 1 1 1 α
.

(171)

From this, we arrive at the limiting page E∞ = E3 as

AI n = 0 Z 0 0
BDI n = 1 Z3 + 2Z 0 0
D n = 2 Z 0 0

DIII n = 3 Z3 + 2Z 0 0
AII n = 4 Z 0 0
CII n = 5 Z3 + 2Z 0 0
C n = 6 Z 0 0
CI n = 7 Z3 + 2Z 0 0

Ep,−n3 p = 0 p = 1 p = 2

. (172)

As discussed in Sec. IV E, a nontrivial element of
E0,−n

2 /E0,−n
3 is the indicator of Dirac points in the 2-

cell from topological invariants at 0-cells. For example,
E0,−3

2 /E0,−3
3 = Z2 for class DIII relates the number of

Dirac points νind in the 2-cell to the numbers of occupied
states at 0-cells as

(−1)νind = (−1)n
I=1
Γ +nI=−1

Γ +nI=1
M +nI=−1

M , (173)
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where nI=±1
k is the number of occupied states at k =

Γ,M with C4 = eiπ/4 and I = ±1. In general, the
high symmetry points Γ and M are not located on the
Fermi surface, so we can neglect the gap function in the
caluculation of the latter numbers under the weak pairing
assumption. As a result, the above equation is recast into

(−1)νind = (−1)n
I=1
0,Γ +nI=−1

0,Γ +nI=1
0,M+nI=−1

0,M , (174)

where nI=±1
0,k is the number of bands at k in the normal

state that are below the Fermi level and with the eigen
values C4 = eiπ/4 and I = ±1. For a single band super-
conductor

H(k) = ε(k)τz + ∆(k)σyτy,

ε(−ky, kx) = ε(kx, ky),

∆(−ky, kx) = −∆(kx, ky) (175)

with the weak pairing assumption |∆(k)| � |ε(k)| at
k = Γ,M , the indicator is evaluated as

(−1)νind = sgn[ε(Γ)ε(M)]. (176)

If the normal state satisfies ε(Γ)ε(M) < 0, there must
be point nodes (=Dirac points), irrespective of details of
ε(k) and ψ(k) if the gap function is inBg representation.

V. E3 PAGES FOR 230 SPACE GROUPS FOR CLASS A
AND AIII

In Tables X, XI, XII, XIII, XIV, XV, and XVI, we
present the E∞ = E4 pages for all the 230 space groups
in the AZ classes A and AIII. The E3-pages are the same
as the E2-pages since dp,−n1 = 0 for any p and n in the
abosence of anti-unitary symmetry. We have refered the
database [49] to identify the nonprimitive lattice transla-
tion of each group element. In Tables X to XVI, we use
the discrete torsion phase εk=Γ(g, h) defined by

Ug(k = Γ)Uh(k = Γ)

= εk=Γ(g, h)Uh(k = Γ)Ug(k = Γ), (177)

for g, h ∈ G with gh = hg to specify the equivalence
class of the group cocycle for projective representations
for each space group with point group G. (In Table IX,
we summarize the group cohomology H2(G,U(1)) for
the point groups.)

It is found that only the space group Nos. 2, 81, 82,
147, and 148 have a torsion group Z2 in E3,0

3 . Ex-
cept for E0,0

3 and E3,0
3 in these space groups, the E3-

pages in Tables X to XVI coincides with the E∞ ones:

For space groups in classes A and AIII, only E0,0
3 and

E3,0
3 can be different from those in the E∞ page, since

d0,0
3 : E0,0

3 → E3,−2
3 = E0,0

3 can be nontrivial. How-
ever, if E0,0

3 = Z, one can argue that d0,0
3 = 0 as follows.

Because no space group symmetry is left as a little group
in 3-cells, E3,0

3 = Z corresponds to the trivial represen-
tation of space group. Therefore, d0,0

3 relates a band in-
version between non-trivial irreps at 0-cells to the trivial
representation in 3-cells, but there is no such a homomor-
phism. As a result, the E3-page reduces to the E4-page,
which is the E∞-page in three dimensions.

For the space group Nos. 2, 81, 82, 147, and 148, on
the other hand, we have checked that d0,0

3 6= 0 and the tor-
sion Z2 in E3,0

3 is trivialized by d0,0
3 . This result implies

representation enforced Weyl semimetals in these space
groups. We have also computed the K-group Kτ−1

G (T 3)
directly via the Mayer-Vietoris sequence.

In the rest of this section, we present some technical
details to compute the E2-page.

For a given Bravais lattice BL(∼= Z3) and a point
group G, inequivalent classes of nonprimitive lattice
translations ag associated with the point group action g ∈
G are classified by the group cohomology H2(G,BL),
where G acts on the BL as a usual point group action on
the real space. A representative ν ∈ Z2(G,BL) is given
as

{g|ag}{h|ah} = {e|νg,h}{gh|agh}, (178)
νg,h = pgah + ag − agh, (g, h ∈ G). (179)

Here, one nonprimitive lattice translation ag is fixed for
each group element of G. In the k-space, the point group
G acts on the Bloch state projectively due to the two ori-
gins: (i) space group is nonsymmorphic; (ii) the funda-
mental degrees of freedom can obey a nontrivial projec-
tive representation of the point group G. Let {|k, i〉}i be
a basis of Bloch states at k ∈ BZ. The point group acts
on |k, i〉 as

ĝ |k, i〉 = |gk, j〉 [Ug(k)]ji, (180)

Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k), (181)

where (zg,h) ∈ Z2(G,U(1)) is a factor system for
a projective representation of the fundamental degrees
of freedom. At a fixed k ∈ BZ, the equivalence
class [(zg,he

−ik·νg,h)] of the factor system belongs to the
group cohomology H2(Gk, U(1)), where Gk = {g ∈
G|gk = k} is the little group. The equivalence class is
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TABLE IX. The list of crystallographic point groups and their group cohomologies. Dn is the dihedral groups,A4 is the alternating
group on four letters, and S4 is the symmetric group on four letters. Here, |G| is the order of group, H2(G,U(1)) is the group
cohomology of G, and Schön and Intl are shortened forms of Schöflies notation and international notation, respectively.

Group |G| H2(G,U(1)) Schön. Intl
Z1 1 0 C1 1
Z2 2 0 Ci, C2, CS 1̄, 2,m
Z3 3 0 C3 3
Z4 4 0 C4, S4 4, 4̄
Z2

2 4 Z2 C2h, D2, C2v 2/m, 222,mm2
Z6 6 0 C3i, C6, C3h 3̄, 6, 6̄
D3 6 0 D3, C3v 32, 3m
D4 8 Z2 D4, C4v, D2d 422, 4mm, 4̄2m
Z3

2 8 Z3
2 D2h mmm

Z4 × Z2 8 Z2 C4h 4/m
A4 12 Z2 T 23
D6 12 Z2 D3d, D6, C6v, D3h 3̄m, 622, 6mm, 6̄2m

Z6 × Z2 12 Z2 C6h 6/m
D4 × Z2 16 Z3

2 D4h 4/mmm
S4 24 Z2 O, Td 432, 4̄3m

A4 × Z2 24 Z2 Th m3̄
D6 × Z2 24 Z3

2 D6h 6/mmm
S4 × Z2 48 Z2

2 Oh m3̄m

immediately determined by the discrete torsion phase

εkg,h :=
zg,he

−ik·νg,h

zh,ge−ik·νh,g
,

(g, h ∈ Gk, gh = hg). (182)

There is a one-to-one correspondence between an ele-
ment of group cohomology H(Gk, U(1)) and a discrete
torsion phase εk. 14 Once we get a representation at
k ∈ BZ, by using (181), the representation at other
points gk (g /∈ Gk) connected by the point group is given
by

Uh∈Ggk(gk) =
zh,ge

−igk·νh,g

zg,g−1hge
−igk·νg,g−1hg

Ug−1hg(k).

(183)

Especially, the character χgk(h) = trUh(gk) compati-
ble with the factor system at k is given in this way. Let
χkα(g)(g ∈ Gk, α ∈ irreps) be the irreducible characters
with the factor system zg,he

−ik·νg,h . For a given repre-
sentation ρ with the same factor system, the irreducible

14 Let G be a finite group and H2(G,U(1)) the second group coho-
mology. It holds that H2(G,U(1)) ∼= Hom(M(G), U(1)), where
M(G) is the Schur multiplier. [50]

decomposition is given as ρ =
⊕

i∈irreps nαρα with the
nonnegative integer

nα =
1

|Gk|
∑
g∈Gk

χkα(g)∗χkρ (g). (184)

Combining Eqs. (183) and (184), we can determine the
first differentials dp,01 .

VI. CONCLUSION AND OUTLOOK

In this paper, we have studied the AHSS for twisted
equivariant K-theory in the view of band theory. As
an application, we present the complete classification of
topological invariants in A and AIII AZ symmetry classes
for 230 space groups, summarized in Tables X to XVI.
We found that various torsion topological invariants ap-
pear even for symmorphic space groups.

As we have shown in Secs. III and IV, all the ingre-
dients in the AHSS suitably fit into band theory. The
E1-page has the data of irreps at p-cells, i.e., high-
symmetry points, lines, planes, and volumes. At the
same time, the E1-page can be thought of as the space
of (i) topological insulators on p-spheres, each of which
is defined by identifying the boundary of a p-cell to
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TABLE X. E∞ pages for 230 space groups. The discrete torsion phase ε(g, h) ∈ {+,−} specifies the algebra among elements in
the point group (see eq.(177)). The discrete torsion phases for spinless and spinful electrons are indicated with the subscripts “0”
and “1/2”, respectively. The torsion groups represented by “(Z2)” in the columns of E3,0

∞ are the E3,0
3 groups that disappear after

taking the cohomology of the differential d0,0
3 : E0,0

3 → E3,−2
3 . I.e., “(Z2)” group means the existence of the symmetry-based

indicator [35] for Weyl semimetals.

SG Intl E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
1 P1 Z Z3 Z3 Z
2 P 1̄ Z9 0 Z3 0(Z2)
3 P2 Z5 Z5 Z Z
4 P21 Z Z + Z3

2 Z Z
5 C2 Z3 Z3 Z Z
6 Pm Z3 Z6 Z3 0
7 Pc Z Z2 + Z2 Z + Z2 0
8 Cm Z2 Z4 Z2 0
9 Cc Z Z2 Z + Z2 0

SG Intl ε(2001,m001) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
10 P2/m +0,1/2 Z15 0 Z3 0

− Z Z8 Z 0
11 P21/m +0,1/2,− Z6 Z2 Z2 0
12 C2/m +0,1/2 Z10 0 Z2 0

− Z3 Z4 Z 0
13 P2/c +0,1/2,− Z7 Z2 Z 0
14 P21/c +0,1/2,− Z5 Z2 Z 0
15 C2/c +0,1/2,− Z6 Z Z 0

SG Intl ε(2100, 2010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
16 P222 +0 Z13 Z2 0 Z

−1/2 Z Z12 0 Z
17 P2221 +0,−1/2 Z5 Z4 + Z2 0 Z
18 P21212 +0,−1/2 Z3 Z2 + Z3

2 0 Z
19 P212121 +0,−1/2 Z Z3

4 0 Z
20 C2221 +0,−1/2 Z3 Z2 + Z2

2 0 Z
21 C222 +0 Z8 Z + Z2 0 Z

−1/2 Z2 Z7 0 Z
22 F222 +0 Z7 Z2 Z2 Z

−1/2 Z Z6 Z2 Z
23 I222 +0 Z7 Z2

2 0 Z
−1/2 Z Z6 + Z2 0 Z

24 I212121 +0,−1/2 Z4 Z3 + Z2 0 Z

SG Intl ε(m100,m010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
25 Pmm2 +0 Z9 Z9 0 0

−1/2 Z Z5 Z4 0
26 Pmc21 +0 Z3 Z3 + Z3

2 0 0
−1/2 Z Z3 Z2 + Z2 0

27 Pcc2 +0 Z5 Z5 0 0
−1/2 Z Z Z4

2 0
28 Pma2 +0,−1/2 Z4 Z5 Z 0
29 Pca21 +0,−1/2 Z Z + Z2

2 Z2 0
30 Pna21 +0,−1/2 Z3 Z3 Z2 0
31 Pmn21 +0,−1/2 Z2 Z3 + Z2 Z 0
32 Pba2 +0,−1/2 Z3 Z3 + Z2 Z2 0
33 Pna21 +0,−1/2 Z Z + Z4 Z2 0
34 Pnn2 +0,−1/2 Z3 Z3 Z2 0
35 Cmm2 +0 Z6 Z6 0 0

−1/2 Z2 Z4 Z2 0
36 Cmc21 +0 Z2 Z2 + Z2

2 0 0
−1/2 Z Z2 + Z2 Z 0

37 Ccc2 +0 Z4 Z4 0 0
−1/2 Z2 Z2 Z2

2 0
38 Amm2 +0 Z6 Z6 0 0

−1/2 Z Z4 Z3 0
39 Abm2 +0 Z4 Z4 + Z2 0 0

−1/2 Z Z2 Z + Z2
2 0

40 Ama2 +0,−1/2 Z3 Z4 Z 0
41 Aba2 +0,−1/2 Z2 Z2 + Z2 Z2 0
42 Fmm2 +0 Z5 Z5 0 0

−1/2 Z Z3 Z2 + Z2 0
43 Fdd2 +0,−1/2 Z2 Z2 Z2 0
44 Imm2 +0 Z5 Z5 0 0

−1/2 Z Z3 + Z2 Z2 0
45 Iba2 +0 Z3 Z3 + Z2 0 0

−1/2 Z Z + Z2 Z2
2 0

46 Ima2 +0 Z3 Z3 + Z2 0 0
−1/2 Z2 Z3 Z 0

SG Intl (ε(m100,m010), ε(m100,m001), ε(m010,m001)) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
47 Pmmm (+,+,+)0 Z27 0 0 0

(−,−,−)1/2 Z9 0 Z6 0
(−,+,+), (+,−,+), (+,+,−) Z3 Z12 0 0
(+,−,−), (−,+,−), (−,−,+) Z5 Z4 Z2 0

48 Pnnn (+,+,+)0, (+,−,−), (−,+,−), (−,−,+) Z9 0 Z2 0
(−,−,−)1/2, (−,+,+), (+,−,+), (+,+,−) Z3 Z6 0 0

49 Pccm (+,+,+)0, (+,−,−) Z14 0 Z 0
(−,−,−)1/2, (−,+,+) Z6 Z4 Z 0
(+,−,+), (+,+,−) Z Z10 0 0
(−,+,−), (−,−,+) Z5 Z2 Z2 0

50 Pban (+,+,+)0, (+,−,−), (−,+,−), (−,−,+) Z9 0 Z2 0
(−,−,−)1/2, (−,+,+), (+,−,+), (+,+,−) Z3 Z6 0 0

51 Pmma (+,+,+)0, (+,−,+) Z12 Z3 0 0
(−,−,−)1/2, (−,+,−) Z7 Z Z3 0
(+,+,−), (+,−,−) Z4 Z7 0 0
(−,+,+), (−,−,+) Z Z5 + Z2 Z 0

52 Pnna all Z5 Z2 0 0
53 Pmna (+,+,+)0, (−,−,−)1/2, (+,+,−), (−,−,+) Z9 Z Z 0

(+,−,+), (−,+,+), (+,−,−), (−,+,−) Z2 Z5 0 0
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TABLE XI. (Continued from the previous page)

SG Intl (ε(m100,m010), ε(m100,m001), ε(m010,m001)) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
54 Pcca (+,+,+)0, (+,+,−), (+,−,+), (+,−,−) Z6 Z3 0 0

(−,−,−)1/2, (−,+,+), (−,+,−), (−,−,+) Z4 Z Z2 0
55 Pbam (+,+,+)0, (−,+,+) Z9 Z3

2 0 0
(−,−,−)1/2, (+,−,−) Z7 0 Z2 + Z2 0
(+,−,+), (+,+,−), (−,+,−), (−,−,+) Z Z4 + Z2 0 0

56 Pccn (+,+,+)0, (+,+,−), (+,−,+), (+,−,−) Z5 Z2 + Z2 0 0
(−,−,−)1/2, (−,+,+), (−,+,−), (−,−,+) Z3 Z2 Z2 0

57 Pbcm (+,+,+)0, (+,+,−), (−,+,+), (−,+,−) Z5 Z2 + Z2 0 0
(−,−,−)1/2, (+,−,+), (+,−,−), (−,−,+) Z4 Z2 Z 0

58 Pnnm (+,+,+)0, (−,−,−)1/2, (−,+,+), (+,−,−) Z8 Z2 Z 0
(+,+,−), (+,−,+), (−,+,−), (−,−,+) Z Z4 + Z2 0 0

59 Pmmn (+,+,+)0, (+,+,−), (+,−,+), (+,−,−) Z7 Z4 0 0
(−,−,−)1/2, (−,+,+), (−,+,−), (−,−,+) Z3 Z2 + Z2 Z2 0

60 Pbcn all Z4 Z + Z2 0 0
61 Pbca all Z3 Z2

2 0 0
62 Pnma (+,+,+)0, (+,−,+), (−,+,+), (−,−,+) Z4 Z + Z2

2 0 0
(−,−,−)1/2, (+,−,−), (−,+,−), (+,+,−) Z3 Z + Z2 Z 0

63 Cmcm (+,+,+)0, (+,+,−) Z8 Z2 0 0
(−,−,−)1/2, (−,−,+) Z5 Z Z2 0
(+,−,+), (+,−,−) Z2 Z3 Z 0
(−,+,+), (−,+,−) Z4 Z4 0 0

64 Cmca (+,+,+)0, (+,+,−) Z7 Z + Z2 0 0
(−,−,−)1/2, (−,−,+) Z5 0 Z + Z2 0
(+,−,+), (+,−,−) Z2 Z2 Z2 0
(−,+,+), (−,+,−) Z3 Z3 0 0

65 Cmmm (+,+,+)0 Z18 0 0 0
(−,−,−)1/2 Z8 0 Z4 0
(+,+,−), (+,−,+) Z2 Z8 0 0
(−,+,+) Z6 Z6 0 0
(+,−,−) Z6 Z2 Z2 0
(−,+,−), (−,−,+) Z3 Z4 Z 0

66 Cccm (+,+,+)0, (+,−,−) Z11 0 Z 0
(−,−,−)1/2, (−,+,+) Z7 Z2 Z 0
(+,+,−), (+,−,+) Z Z7 0 0
(−,+,−), (−,−,+) Z3 Z3 Z2 0

67 Cmma (+,+,+)0 Z13 Z 0 0
(−,−,−)1/2 Z5 Z Z2 + Z2 0
(+,+,−), (+,−,+) Z5 Z5 0 0
(−,+,+) Z Z7 + Z2 0 0
(+,−,−) Z3 Z3 Z2

2 0
(−,+,−), (−,−,+) Z6 Z Z 0

68 Ccca (+,+,+)0, (+,−,−) Z7 Z Z2 0
(−,−,−)1/2, (−,+,+) Z3 Z3 Z2 0
(+,+,−), (+,−,+) Z4 Z4 0 0
(−,+,−), (−,−,+) Z6 0 Z2 0

69 Fmmm (+,+,+)0 Z15 0 0 0
(−,−,−)1/2 Z6 0 Z3 + Z2 0
(+,+,−), (+,−,+), (−,+,+) Z3 Z6 0 0
(+,−,−), (−,+,−), (−,−,+) Z4 Z2 Z 0

70 Fddd (+,+,+)0, (+,−,−), (−,+,−), (−,−,+) Z6 0 Z2 0
(−,−,−)1/2, (+,+,−), (+,−,+), (−,+,+) Z3 Z3 0 0

71 Immm (+,+,+)0 Z15 0 0 0
(−,−,−)1/2 Z6 Z2 Z3 0
(+,+,−), (+,−,+), (−,+,+) Z3 Z6 0 0
(+,−,−), (−,+,−), (−,−,+) Z4 Z2 Z 0
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TABLE XII. (Continued from the previous page)

SG Intl (ε(m100,m010), ε(m100,m001), ε(m010,m001)) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
72 Ibam (+,+,+)0 Z9 Z2 0 0

(−,−,−)1/2 Z4 Z2 Z + Z2 0
(+,+,−), (+,−,+) Z2 Z5 0 0
(−,+,+) Z5 Z2 + Z2 0 0
(+,−,−) Z8 0 Z 0
(−,+,−), (−,−,+) Z4 Z Z2 0

73 Ibca (+,+,+)0 Z6 Z3 0 0
(−,−,−)1/2 Z3 0 Z2

2 0
(+,+,−), (+,−,+), (−,+,+) Z5 Z2 0 0
(+,−,−), (−,+,−), (−,−,+) Z4 Z Z2 0

74 Imma (+,+,+)0 Z10 Z 0 0
(−,−,−)1/2 Z7 0 Z2 0
(+,+,−), (+,−,+) Z6 Z3 0 0
(−,+,+) Z Z4 + Z2 0 0
(+,−,−) Z2 Z5 Z2 0
(−,+,−), (−,−,+) Z4 Z2 Z 0

SG Intl E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
75 P4 Z8 Z8 Z Z
76 P41 Z Z + Z2 + Z4 Z Z
77 P42 Z4 Z4 + Z2 Z Z
78 P43 Z Z + Z2 + Z4 Z Z
79 I4 Z5 Z5 Z Z
80 I41 Z2 Z2 + Z2 Z Z
81 P 4̄ Z12 Z Z 0(Z2)
82 I 4̄ Z11 0 Z 0(Z2)

SG Intl ε(2001,m001) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
83 P4/m +0,1/2 Z24 0 Z3 0

− Z6 Z4 Z 0
84 P42/m +0,1/2,− Z13 0 Z2 0
85 P4/n +0,1/2,− Z11 Z3 Z 0
86 P42/n +0,1/2,− Z9 Z Z 0
87 I4/m +0,1/2 Z16 0 Z2 0

− Z7 Z2 Z 0
88 I42/a +0,1/2,− Z8 0 Z 0

SG Intl ε(2001, 2100) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
89 P422 +0 Z12 Z2 + Z2 0 Z

−1/2 Z3 Z11 0 Z
90 P4212 +0 Z7 Z3 + Z2 0 Z

−1/2 Z4 Z6 + Z2 0 Z
91 P4122 +0,−1/2 Z4 Z3 + Z4 0 Z
92 P41212 +0,−1/2 Z2 Z + Z2

4 0 Z
93 P4222 +0 Z10 Z4 0 Z

−1/2 Z Z9 + Z2 0 Z
94 P42212 +0 Z5 Z + Z2 + Z4 0 Z

−1/2 Z2 Z4 + Z2
2 0 Z

95 P4322 +0,−1/2 Z4 Z3 + Z4 0 Z
96 P43212 +0,−1/2 Z2 Z + Z2

4 0 Z
97 I422 +0 Z8 Z + Z2 0 Z

−1/2 Z2 Z7 0 Z
98 I4122 +0 Z5 Z + Z4 0 Z

−1/2 Z2 Z4 + Z2 0 Z

SG Intl ε(2001,m010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
99 P4mm +0 Z9 Z9 0 0

−1/2 Z3 Z6 Z3 0
100 P4bm +0 Z6 Z6 0 0

−1/2 Z4 Z5 Z 0
101 P42cm +0 Z5 Z5 0 0

−1/2 Z Z2 + Z2 Z + Z2 0
102 P42nm +0 Z4 Z4 0 0

−1/2 Z2 Z3 + Z2 Z 0
103 P4cc +0 Z6 Z6 0 0

−1/2 Z3 Z3 Z3
2 0

104 P4nc +0 Z5 Z5 0 0
−1/2 Z4 Z4 Z2 0

105 P42mc +0 Z6 Z6 0 0
−1/2 Z Z3 + Z2 Z2 0

106 P42bc +0 Z3 Z3 + Z2 0 0
−1/2 Z2 Z2 + Z2 Z2 0

107 I4mm +0 Z6 Z6 0 0
−1/2 Z2 Z4 Z2 0

108 I4cm +0 Z5 Z5 0 0
−1/2 Z2 Z3 Z + Z2 0

109 I41md +0 Z3 Z3 0 0
−1/2 Z Z2 + Z2 Z 0

110 I41cd +0 Z2 Z2 + Z2 0 0
−1/2 Z Z + Z2 Z2 0

SG Intl ε(2001, 2010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
111 P 4̄2m +0 Z13 Z 0 0

−1/2 Z5 Z6 Z 0
112 P 4̄2c +0 Z12 0 0 0

−1/2 Z5 Z5 0 0
113 P 4̄21m +0 Z8 Z2 0 0

−1/2 Z6 Z + Z2 Z 0
114 P 4̄21c +0 Z7 Z + Z2 0 0

−1/2 Z6 Z2 0 0
121 I 4̄2m +0 Z10 Z 0 0

−1/2 Z5 Z3 Z 0
122 I 4̄2d +0,−1/2 Z7 Z 0 0



47

TABLE XIII. (Continued from the previous page)

SG Intl ε(2001,m010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
115 P 4̄m2 +0 Z12 Z3 0 0

−1/2 Z5 Z4 Z2 0
116 P 4̄c2 +0 Z10 Z 0 0

−1/2 Z5 Z2 Z2 0
117 P 4̄b2 +0 Z9 0 Z2 0

−1/2 Z6 Z3 0 0
118 P 4̄n2 +0 Z9 0 Z2 0

−1/2 Z6 Z3 0 0
119 I 4̄m2 +0 Z10 Z 0 0

−1/2 Z5 Z3 Z 0
120 I 4̄c2 +0 Z9 0 0 0

−1/2 Z5 Z2 Z2 0

SG Intl
(
ε(m100,m010), ε(m100,m001), ε(4+

001,m001)
)
E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
123 P4/mmm (+,+,+)0 Z27 0 0 0

(−,−,+)1/2 Z13 0 Z5 0
(+,−,+) Z10 Z3 Z2 0
(+,−,−) Z7 Z4 0 0
(+,+,−) Z12 Z3 0 0
(−,+,+) Z9 Z9 0 0
(−,−,−) Z3 Z5 Z2 0
(−,+,−) Z Z8 Z 0

124 P4/mcc (+,+,+)0, (+,−,+) Z17 0 Z 0
(−,−,+)1/2, (−,+,+) Z11 Z3 Z 0
(+,−,−), (+,+,−) Z8 Z2 0 0
(−,−,−), (−,+,−) Z2 Z5 Z2 0

125 P4/nbm (+,+,+)0, (+,−,−) Z13 Z 0 0
(−,−,+)1/2, (−,+,−) Z6 Z4 Z 0
(+,−,+), (+,+,−) Z8 Z2 0 0
(−,+,+), (−,−,−) Z4 Z7 0 0

126 P4/nnc (+,+,+)0, (+,−,+), (+,−,−), (+,+,−) Z10 Z 0 0
(−,−,+)1/2, (−,+,+), (−,−,−), (−,+,−) Z5 Z5 0 0

127 P4/mbm (+,+,+)0 Z18 0 0 0
(−,−,+)1/2 Z12 0 Z3 0
(+,−,+) Z11 Z Z2 0
(+,−,−) Z8 Z2 0 0
(+,+,−) Z3 Z3 + Z2

2 0 0
(−,+,+) Z12 Z3 0 0
(−,−,−) Z2 Z5 Z2 0
(−,+,−) Z4 Z2 + Z2 Z 0

128 P4/mnc (+,+,+)0, (+,−,+) Z14 0 Z 0
(−,−,+)1/2, (−,+,+) Z12 Z Z 0
(+,−,−), (+,+,−) Z5 Z2 0 0
(−,−,−), (−,+,−) Z3 Z3 Z2 0

129 P4/nmm (+,+,+)0, (+,−,−) Z12 Z3 0 0
(−,−,+)1/2, (−,+,−) Z6 Z2 Z2 0
(+,−,+), (+,+,−) Z7 Z4 0 0
(−,+,+), (−,−,−) Z4 Z5 Z 0

130 P4/ncc (+,+,+)0, (+,−,+), (+,−,−), (+,+,−) Z8 Z2 0 0
(−,−,+)1/2, (−,+,+), (−,−,−), (−,+,−) Z5 Z2 Z2 0

131 P42/mmc (+,+,+)0, (+,+,−) Z18 0 0 0
(−,−,+)1/2, (−,−,−) Z7 Z Z3 0
(+,−,+), (+,−,−) Z7 Z2 Z 0
(−,+,+), (−,+,−) Z4 Z7 0 0

132 P42/mcm (+,+,+)0, (+,−,−) Z15 0 0 0
(−,−,+)1/2, (−,+,−) Z6 Z2 Z2 0
(+,−,+), (+,+,−) Z9 Z Z 0
(−,+,+), (−,−,−) Z5 Z5 0 0
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TABLE XIV. (Continued from the previous page)

SG Intl
(
ε(m100,m010), ε(m100,m001), ε(4+

001,m001)
)
E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
133 P42/nbc (+,+,+)0, (+,−,+), (+,−,−), (+,+,−) Z9 0 0 0

(−,−,+)1/2, (−,+,+), (−,−,−), (−,+,−) Z4 Z4 0 0
134 P42/nnm (+,+,+)0, (+,−,−) Z12 0 0 0

(−,−,+)1/2, (−,+,−) Z5 Z3 Z 0
(+,−,+), (+,+,−) Z7 Z 0 0
(−,+,+), (−,−,−) Z3 Z6 0 0

135 P42/mbc (+,+,+)0, (+,+,−) Z9 Z2 0 0
(−,−,+)1/2, (−,−,−) Z6 Z Z + Z2 0
(+,−,+), (+,−,−) Z8 0 Z 0
(−,+,+), (−,+,−) Z7 Z + Z2 0 0

136 P42/mnm (+,+,+)0, (+,−,−) Z12 0 0 0
(−,−,+)1/2, (−,+,−) Z7 Z2 Z2 0
(+,−,+), (+,+,−) Z6 Z Z 0
(−,+,+), (−,−,−) Z6 Z3 0 0

137 P42/nmc (+,+,+)0, (+,−,+), (+,−,−), (+,+,−) Z8 Z2 0 0
(−,−,+)1/2, (−,+,+), (−,−,−), (−,+,−) Z4 Z2 + Z2 Z 0

138 P42/ncm (+,+,+)0, (+,−,−) Z10 Z 0 0
(−,−,+)1/2, (−,+,−) Z5 Z2 Z + Z2 0
(+,−,+), (+,+,−) Z5 Z2 0 0
(−,+,+), (−,−,−) Z3 Z3 + Z2 0 0

139 I4/mmm (+,+,+)0 Z18 0 0 0
(−,−,+)1/2 Z9 0 Z3 0
(+,−,+) Z7 Z2 Z 0
(+,−,−), (+,+,−) Z8 Z2 0 0
(−,+,+) Z6 Z6 0 0
(−,−,−), (−,+,−) Z3 Z4 Z 0

140 I4/mcm (+,+,+)0 Z15 0 0 0
(−,−,+)1/2 Z8 Z Z2 0
(+,−,+) Z9 Z Z 0
(+,−,−) Z10 Z 0 0
(+,+,−) Z5 Z2 + Z2 0 0
(−,+,+) Z7 Z4 0 0
(−,−,−) Z2 Z5 Z2 0
(−,+,−) Z4 Z2 Z 0

141 I41/amd (+,+,+)0, (+,+,−) Z9 0 0 0
(−,−,+)1/2, (−,−,−) Z6 Z Z 0
(+,−,+), (+,−,−) Z5 Z2 0 0
(−,+,+), (−,+,−) Z3 Z3 0 0

142 I41/acd (+,+,+)0, (+,+,−) Z7 Z 0 0
(−,−,+)1/2, (−,−,−) Z4 Z Z2 0
(+,−,+), (+,−,−) Z6 0 0 0
(−,+,+), (−,+,−) Z5 Z2 0 0

SG Intl E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
143 P3 Z7 Z7 Z Z
144 P31 Z Z + Z2

3 Z Z
145 P32 Z Z + Z2

3 Z Z
146 R3 Z3 Z3 Z Z
147 P 3̄ Z13 Z2 Z 0(Z2)
148 R3̄ Z11 0 Z 0(Z2)
149 P312 Z6 Z5 0 Z
150 P321 Z6 Z5 0 Z
151 P3112 Z3 Z2 + Z2

3 0 Z
152 P3121 Z3 Z2 + Z3 0 Z

SG Intl E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
153 P3212 Z3 Z2 + Z2

3 0 Z
154 P3221 Z3 Z2 + Z3 0 Z
155 R32 Z4 Z3 0 Z
156 P3m1 Z5 Z6 Z 0
157 P31m Z5 Z6 Z 0
158 P3c1 Z4 Z4 Z2 0
159 P31c Z4 Z4 Z2 0
160 R3m Z3 Z4 Z 0
161 R3c Z2 Z2 Z2 0
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TABLE XV. (Continued from the previous page)

SG Intl ε(−1,m11̄0) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
162 P 3̄1m +0,1/2 Z12 Z Z 0

− Z5 Z5 0 0
163 P 3̄1c +0,1/2,− Z8 Z2 0 0

SG Intl ε(−1,m010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
164 P 3̄m1 +0,1/2 Z12 Z Z 0

− Z5 Z5 0 0
165 P 3̄c1 +0,1/2,− Z8 Z2 0 0
166 R3̄m +0,1/2 Z11 0 Z 0

− Z4 Z4 0 0
167 R3̄c +0,1/2,− Z7 Z 0 0

SG Intl E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
168 P6 Z9 Z9 Z Z
169 P61 Z Z + Z6 Z Z
170 P65 Z Z + Z6 Z Z
171 P62 Z3 Z3 + Z3 Z Z
172 P64 Z3 Z3 + Z3 Z Z
173 P63 Z5 Z5 + Z2 Z Z
174 P 6̄ Z21 0 Z3 0

SG Intl ε(2001,m001) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
175 P6/m +0,1/2 Z27 0 Z3 0

− Z9 Z4 Z 0
176 P63/m +0,1/2,− Z16 0 Z2 0

SG Intl ε(2001, 2110) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
177 P622 +0 Z10 Z3 + Z2 0 Z

−1/2 Z4 Z9 0 Z
178 P6122 +0,−1/2 Z3 Z2 + Z6 0 Z
179 P6522 +0,−1/2 Z3 Z2 + Z6 0 Z
180 P6222 +0 Z7 Z6 0 Z

−1/2 Z Z6 + Z3 0 Z
181 P6422 +0 Z7 Z6 0 Z

−1/2 Z Z6 + Z3 0 Z
182 P6322 +0,−1/2 Z5 Z4 + Z2 0 Z

SG Intl ε(2001,m11̄0) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
183 P6mm +0 Z8 Z8 0 0

−1/2 Z4 Z6 Z2 0
184 P6cc +0 Z6 Z6 0 0

−1/2 Z4 Z4 Z2
2 0

185 P63cm +0 Z4 Z4 + Z2 0 0
−1/2 Z3 Z4 Z 0

186 P63mc +0 Z4 Z4 + Z2 0 0
−1/2 Z3 Z4 Z 0

SG Intl ε(m010,m001) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
187 P 6̄m2 +0 Z15 Z3 0 0

−1/2 Z10 Z Z3 0
188 P 6̄c2 +0,−1/2 Z12 Z Z 0

SG Intl ε(m11̄0,m001) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
189 P 6̄2m +0 Z15 Z3 0 0

−1/2 Z10 Z Z3 0
190 P 6̄2c +0,−1/2 Z12 Z Z 0

SG Intl
(
ε(6+

001,m001), ε(m11̄0,m001), ε(m11̄0, 2001)
)
E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
191 P6/mmm (+,+,+)0 Z24 0 0 0

(+,−,−)1/2 Z14 0 Z4 0
(+,+,−) Z12 Z6 0 0
(+,−,+) Z12 Z2 Z2 0
(−,+,+), (−,−,+) Z6 Z6 0 0
(−,−,−), (−,+,−) Z7 Z2 Z 0

192 P6/mcc (+,+,+)0, (+,−,+) Z17 0 Z 0
(+,−,−)1/2, (+,+,−) Z13 Z2 Z 0
(−,+,+), (−,−,+) Z5 Z5 0 0
(−,−,−), (−,+,−) Z7 Z Z2 0

193 P63/mcm (+,+,+)0, (−,+,+) Z13 Z 0 0
(+,−,−)1/2, (−,−,−) Z10 0 Z2 0
(+,+,−), (−,+,−) Z9 Z3 0 0
(+,−,+), (−,−,+) Z7 Z2 Z 0

194 P63/mmc (+,+,+)0, (−,−,+) Z13 Z 0 0
(+,−,−)1/2, (−,+,−) Z10 0 Z2 0
(+,+,−), (−,−,−) Z9 Z3 0 0
(+,−,+), (−,+,+) Z7 Z2 Z 0
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TABLE XVI. (Continued from the previous page)

SG Intl ε(2001, 2010) E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
195 P23 +0 Z7 Z2 + Z2 0 Z

−1/2 Z3 Z6 0 Z
196 F23 +0 Z5 Z2 + Z2 Z2 Z

−1/2 Z3 Z4 Z2 Z
197 I23 +0 Z5 Z2 + Z2

2 0 Z
−1/2 Z3 Z4 + Z2 0 Z

198 P213 +0,−1/2 Z3 Z2 + Z4 0 Z
199 I213 +0,−1/2 Z4 Z3 + Z2 0 Z
200 Pm3̄ +0 Z17 0 0 0

−1/2 Z11 0 Z2 0
201 Pn3̄ +0 Z11 0 Z2 0

−1/2 Z9 Z2 0 0
202 Fm3̄ +0 Z13 0 0 0

−1/2 Z10 0 Z + Z2 0
203 Fd3̄ +0 Z10 0 Z2 0

−1/2 Z9 Z 0 0
204 Im3̄ +0 Z13 0 0 0

−1/2 Z10 Z2 Z 0
205 Pa3̄ +0,−1/2 Z9 0 0 0
206 Ia3̄ +0 Z10 Z 0 0

−1/2 Z9 0 0 0
207 P432 +0 Z9 Z3 + Z2 0 Z

−1/2 Z4 Z8 0 Z
208 P4232 +0 Z7 Z + Z4 0 Z

−1/2 Z2 Z6 + Z2 0 Z
209 F432 +0 Z7 Z2 + Z2 0 Z

−1/2 Z3 Z6 0 Z
210 F4132 +0 Z4 Z2 + Z4 0 Z

−1/2 Z3 Z3 + Z2 0 Z
211 I432 +0 Z7 Z2 + Z2 0 Z

−1/2 Z3 Z6 0 Z
212 P4332 +0,−1/2 Z3 Z2 + Z4 0 Z
213 P4132 +0,−1/2 Z3 Z2 + Z4 0 Z
214 I4132 +0 Z5 Z + Z4 0 Z

−1/2 Z2 Z4 + Z2 0 Z
215 P 4̄3m +0 Z10 Z2 0 0

−1/2 Z6 Z3 Z 0
216 F 4̄3m +0 Z9 Z2 0 0

−1/2 Z6 Z2 Z 0
217 I 4̄3m +0 Z9 Z2 0 0

−1/2 Z6 Z2 Z 0
218 P 4̄3n +0 Z9 Z 0 0

−1/2 Z6 Z2 0 0
219 F 4̄3c +0 Z8 Z 0 0

−1/2 Z6 Z Z2 0
220 I 4̄3d +0,−1/2 Z7 Z 0 0

SG Intl
(
ε(2001, 2010), ε(3+

111,−1)
)
E0,0
∞ E1,0

∞ E2,0
∞ E3,0

∞
221 Pm3̄m (+,+)0 Z22 0 0 0

(−,+)1/2 Z14 0 Z3 0
(+,−) Z7 Z3 0 0
(−,−) Z4 Z5 0 0

222 Pn3̄n (+,+)0, (+,−) Z11 Z 0 0
(−,+)1/2, (−,−) Z8 Z3 0 0

223 Pm3̄n (+,+)0, (+,−) Z13 0 0 0
(−,+)1/2, (−,−) Z8 Z Z 0

224 Pn3̄m (+,+)0 Z13 0 0 0
(−,+)1/2 Z8 Z Z 0
(+,−) Z8 Z 0 0
(−,−) Z6 Z4 0 0

225 Fm3̄m (+,+)0 Z17 0 0 0
(−,+)1/2 Z11 0 Z2 0
(+,−) Z7 Z2 0 0
(−,−) Z5 Z4 0 0

226 Fm3̄c (+,+)0 Z14 0 0 0
(−,+)1/2 Z10 Z Z 0
(+,−) Z9 Z 0 0
(−,−) Z6 Z2 0 0

227 Fd3̄m (+,+)0 Z11 0 0 0
(−,+)1/2 Z9 0 Z 0
(+,−) Z7 Z2 0 0
(−,−) Z6 Z2 0 0

228 Fd3̄c (+,+)0 Z9 Z 0 0
(−,+)1/2 Z7 0 Z2 0
(+,−) Z8 0 0 0
(−,−) Z8 Z 0 0

229 Im3̄m (+,+)0 Z17 0 0 0
(−,+)1/2 Z11 0 Z2 0
(+,−) Z7 Z2 0 0
(−,−) Z5 Z4 0 0

230 Ia3̄d (+,+)0, (+,−) Z9 0 0 0
(−,+)1/2, (−,−) Z7 Z 0 0

a point, (ii) topological gapless states in p-cells, and
(iii) topological singular points in p-cells. The dif-
ferentials dr(r ≥ 1) in the AHSS represent the cre-

ation of topological gapless states (topological singular
points) from p-cells to adjacent (p + r)-cells. Espe-
cially, the first differential d0,−n

1 : E0,−n
1 → E1,−n

1
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is identified with the compatibility relation in the liter-
ature of band theory. The Er+1-page (r ≥ 1) in the
AHSS is defined as the cohomology of the rth differ-
ential dr as Ep,−nr+1 = Ker (dp,−nr )/Im (d

p−r,−(n−r+1)
r ),

where Im (d
p−r,−(n−r+1)
r ) is understood as the trivial-

ization of topological gapless states in the Er-page by
(p− r)-cells, and Ker (dp,−nr ) means a generalized com-
patibility relation for that the topological gapless states
in p-cells can extend to adjacent (p + r)-cells with-
out a singularity. Here, a nontrivial rth differential
d0,−n
r : E0,−n

r → E
r,−(n+r−1)
r serves as the indicator of

bulk gapless phases characterized by the high-symmetry
points. Iterating the cohomology of dr yields the limiting
pageE∞. Since topological gapless states represented by
the E∞-page can not be trivialized by low-dimensional
cells, an element of E∞-page is considered an anoma-
lous gapless phase in the sense that it can not be realized
as a stand-alone lattice system. Moreover, the compati-
bility with higher-dimensional cells for topological gap-
less states of E∞ implies that there must be a represen-
tative anomalous gapless phase in the whole BZ torus,
which leads to the exact sequences (89) for the K-group.
In this sense, the E∞-page approximates the K-group.
From the bulk-boundary correspondence, the E∞-page
approximates the classification of bulk gapped phases as
well as anomalous gapless phases.

We close the paper by mentioning some future direc-
tions.

— Although we showed the complete list of topolog-
ical invariants for class A and AIII AZ classes for 230
space groups in Tables X to XVI, the explicit formulas
of topological invariants remain undetermined for many
space groups, which we left as the future work.

— The quick construction of the higher-differentials
dr(r ≥ 2) is not known yet. Once an efficient method
to derive the higher differentials is given, one can fin-
ish the computation of the E∞-page for all the magnetic
space groups. This may be an important step in com-
pletely classifying topological crystalline insulators and
superconductors.

— The E∞-page gives an approximation of the K-
group in the form of exact sequences (89). In some cases,
the K-group as an Abelian group is not settled only by
the E∞-page. A complementary method is required to
compute the exact sequences’ extension problem (89).

— The relationship between bulk topological invari-
ants and physical observables should be clarified. Ap-
plying the “gauging crystalline symmetry” argued in

Ref. [51] to the torsion topological invariants listed in Ta-
bles X to XVI is interesting.

— Tables X to XVI indicates various torsion topolog-
ical invariants in the column of E1,0

2 . In addition to the
meaning of the one-dimensional bulk class AIII invariant,
E1,0

2 is interpreted as the spectral flow index for class A
anomalous gapless spectra. It is interesting to see the im-
plication of torsion topological invariants in view of the
interplay of the chiral anomaly and space group symme-
try in the many-body Hilbert space.
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Appendix A: Wigner criteria

In this Appendix, we explain the Wigner criterion and
its generalization in the presence of PHS.

Let G be a finite group and φ, c : G → Z2 the indica-
tors for unitary/antiunitary and symmetry/antisymmetry,
respectively:

φ(g) =

{
1 (unitary g ∈ G)
−1 (antiuniary g ∈ G)

, (A1)

c(g) =

{
1 (symmetry g ∈ G)
−1 (antisymmetry g ∈ G)

. (A2)

Let z = (zg,h) ∈ Z2(G,U(1)φ) be the factor system
associated with a projective representation

zg,hUgh = UgUh, g, h ∈ G. (A3)

The factor system zg,h satisfies the 2-cocycle condition

zg,hkz
φ(g)
h,k = zg,hzgh,k (g, h, k ∈ G). (A4)

Consider G0 = {g ∈ G|φ(g) = c(g) = 1}, the sub-
group consisting of elements of unitary and symmetry,
and let {α, β, . . . } be irreps of G0 with the factor sys-
tem z|G0 . The group G is the disjoint union of cosets
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G = G0 t aG0 t bG0 t abG0, where a, b, ab are ele-
ments with φ(a) = −c(a) = −1, φ(b) = c(b) = −1,
and φ(ab) = −c(ab) = 1, respectively.

Let |i〉 , i = 1, . . . ,dimα, be a basis of the irrep α, i.e.,

ĝ |i〉 = |j〉 [Dα
g ]ji,

Dα
gD

α
h = zg,hD

α
gh, g, h ∈ G0. (A5)

Then, we formally introduce a conjugate representation
â |i〉 as

ĝ(â |i〉) = (â |j〉) zg,a
za,a−1ga

[Dα
a−1ga]∗ji (A6)

for g ∈ G0. Here we have used the relations

â−1ga|i〉 = |j〉[Dα
a−1ga]ji,

ââ−1ga = za,a−1gaĝa =
za,a−1ga

zg,a
ĝâ, (A7)

where the coefficient in the latter equation is determined
by (A3). Now we ask if â |i〉 is unitary equivalent to |i〉,
and if so, â|i〉 and |i〉 are a Kramers pair or not. First, let
us assume that â |i〉 is unitary equivalent to |i〉, i.e. there
exists a unitary matrix V such that

zg,a
za,a−1ga

Dα∗
a−1ga = V †Dα

g V, (g ∈ G0). (A8)

This relation leads to

Dα
g (V V ∗)−1Dα

a2

= Dα
g V

TV †Dα
a2

=
zaga−1,a

za,g
V TDα∗

aga−1V †Dα
a2

=
zaga−1,aza,aga−1

za,gza2ga−2,a
V TV †Dα

a2ga−2Dα
a2 , (A9)

which is recast into

Dα
g (V V ∗)−1Dα

a2

=
zaga−1,aza,aga−1za2ga−2,a2

za,gza2ga−2,aza2,g
(V V ∗)−1Dα

a2Dα
g .

(A10)

From the 2-cocycle condition (A4), the prefactor
in the r.h.s. of (A10) is unity, and thus we have
Dα
g (V V ∗)−1Dα

a2 = (V V ∗)−1Dα
a2Dα

g . Since the ir-
rep α is irreducible, the Schur’s lemma yields that
(V V ∗)−1Dα

a2 = ξ with ξ a constant. Substituting this
into Eq. (A8) with g = a2, we have

za2,a

za,a2

V ∗V/ξ = V †(V V ∗)ξV, (A11)

which leads to za,aξ = ±1, using the 2-cocycle condi-
tion z−1

a,az
−1
a2,aza,a2z−1

a,a = 1. Now introduce a new basis

|̃i〉 = (â |j〉)V †ji obeying the same representation of |i〉,
i.e. ĝ|̃i〉 = |̃j〉[Dα

g ]ji. Taking the same transformation
twice, we have

(̃|̃i〉) = (â|̃j〉)V †ji
= (ââ |k〉)V TkjV

†
ji

= za,a(â2 |k〉)V TkjV
†
ji

= za,a |l〉 [Dα
a2 ]lkV

T
kjV

†
ji

= za,aξ |i〉 (A12)

Therefore, when za,aξ = −1(+1), |i〉 and â |i〉 are (not)
a Kramers pair.

The sign ξza,a is computed as follows. Using
the orthogonality condition

∑
g∈G0

[Dα
g ]∗ij [D

β
g ]kl =

|G0|
dim(α)δikδjlδ

α,β between irreps α and β, we find that

1

|G0|
∑
g∈G0

[
zg,a

za,a−1ga
Dα∗
a−1ga

]∗
Dα
g

=

{
ξ

dim(α)D
α†
a2 (|i〉 and â |i〉 are equivalent),

0 (|i〉 and â |i〉 are inequivalent).

(A13)

Moreover, using the 2-cocycle condition (A4), we have

WT
α :=

1

|G0|
∑
g∈G0

zag,agχα((ag)2)

=

{
za,aξ = ±1 (|i〉 and â |i〉 are equivalent),
0 (|i〉 and â |i〉 are inequivalent),

(A14)

where χα(g ∈ G0) = trDα
g is the character of the irrep

α.

In the same way, for the group element b ∈ G (a rep-
resentative element of PHS), we define

WC
α :=

1

|G0|
∑
g∈G0

zbg,bgχα((bg)2)

=

{
±1 (|i〉 and b̂ |i〉 are equivalent),

0 (|i〉 and b̂ |i〉 are inequivalent).

(A15)

We also introduce for ab ∈ G (a representative element
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of unitary PHS) the bit-valued quantity

WΓ
α

:=
1

|G0|
∑
g∈G0

[
zg,ab

zab,(ab)−1gab
χα((ab)−1gab)

]∗
χα(g)

=

{
1 (|i〉 and âb |i〉 are equivalent),
0 (|i〉 and âb |i〉 are inequivalent).

(A16)

Using the datum (WT
α ,W

C
α ,W

Γ
α ), one can determine the

emergent AZ symmetry class of the irrep α as in Ta-
ble. IV.

Appendix B: On the classification of singular points

This Appendix presents the classification of topologi-
cally stable singular points strictly inside a p-cell (p ≥ 1).
Here, a singular point means a point in the k-space where
the Hamiltonian is not single-valued. Let us focus on a p-
cell Dp, where a little group GDp and a factor system on
Dp are given. According to Table IV, the Wigner indices
(118-120) determines the emergent AZ class realized in
the p-cell Dp. Let s be the integer indicating the emer-
gent AZ class as shown in Table XVII. We observe that
a singular point inside the p-cell Dp should be the end
point of a gapless Dirac line described by the Hamilto-
nian

Hgapless =

p−1∑
µ=1

kµγµ. (B1)

The gapless points of this Hamiltonian (B1) form a
straight line along the kp-axis. To have the topological
gapless state (B1), there should exist the topological in-
variant on the (p − 2)-dimensional sphere surrounding
the Dirac line of (B1), which is classified by the ho-
motopy group πp−2(Rs) = π0(Rs+p−2) (πp−2(Cs) =

π0(Cs+p−2)) for emergent real (complex) AZ classes.
Here, Rs (Cs) is the classifying space of the real (com-
plex) AZ class s. [5] The homotopy groups for 1-, 2- and
3-cells is summarized in Table XVII. (The same formula
holds true for 1-cells.) Since the singular point is the
end point of the massless Dirac line, the classification of
stable singular points is the same as that for stable mass-
less Dirac lines, which implies that Table XVII also gives
the classification of the singular points. In fact, using
the massless Dirac line (B1), we have an explicit model
for the p-dimensional Hamiltonian describing the singu-
lar point

Hsingular = Im ln

[
kp + i

p−1∑
µ=1

kµγµ

]
. (B2)

TABLE XVII. The classification of singular points inside p-
cells. The emergent AZ class s is obtained by the Wigner test
(118-120).

Emergent AZ class s p = 1 p = 2 p = 3
A 0 0 Z 0

AIII 1 Z 0 Z
AI 0 0 Z Z2

BDI 1 Z Z2 Z2

D 2 Z2 Z2 0
DIII 3 Z2 0 Z
AII 4 0 Z 0
CII 5 Z 0 0
C 6 0 0 0
CI 7 0 0 Z

We see that the Hamiltonian (B2) is recast as the Dirac
lineHsingular ∼

∑p−1
µ=1 kµγµ on the kp-axis with kp > 0,

whereas the Hamiltonian (B2) has a finite energy gap as
Hsingular ∼ ±π on the kp-axis with kp < 0.

Appendix C: Factor systems

In this Appendix, we tabulate factor systems appearing in electronic systems.



54

TABLE XVIII. The factor systems for time-reversal symmetric systems. In the table, T and C are TRS and PHS, respectively, zg,h
represents the factor system of the point group, and eiθg takes values in {±1}.

AZ n zT,T , zC,C zT,g/zg,T , zC,g/zg,C zg,h c(g)

AI n = 0 T 2 = 1 TUg(k) = Ug(−k)T Ug(hk)Uh(k) Ug(k)H(k) = eiθgH(gk)Ug(k)

= zg,he
−ighk·νg,hUgh(k)

BDI n = 1 T 2 = 1 TUg(k) = eiθgUg(−k)T Ug(hk)Uh(k) Ug(k)H(k) = H(gk)Ug(k)

C2 = 1 CUg(k) = Ug(−k)C = zg,he
−ighk·νg,hUgh(k)

D n = 2 C2 = 1 CUg(k) = Ug(−k)C Ug(hk)Uh(k) Ug(k)H(k) = eiθgH(gk)Ug(k)

= zg,he
−ighk·νg,hUgh(k)

DIII n = 3 T 2 = −1 TUg(k) = Ug(−k)T Ug(hk)Uh(k) Ug(k)H(k) = H(gk)Ug(k)

C2 = 1 CUg(k) = eiθgUg(−k)C = zg,he
−ighk·νg,hUgh(k)

AII n = 4 T 2 = −1 TUg(k) = Ug(−k)T Ug(hk)Uh(k) Ug(k)H(k) = eiθgH(gk)Ug(k)

= zg,he
−ighk·νg,hUgh(k)

CII n = 5 T 2 = −1 TUg(k) = eiθgUg(−k)T Ug(hk)Uh(k) Ug(k)H(k) = H(gk)Ug(k)

C2 = −1 CUg(k) = Ug(−k)C = zg,he
−ighk·νg,hUgh(k)

C n = 6 C2 = −1 CUg(k) = Ug(−k)C Ug(hk)Uh(k) Ug(k)H(k) = eiθgH(gk)Ug(k)

= zg,he
−ighk·νg,hUgh(k)

CI n = 7 T 2 = 1 TUg(k) = Ug(−k)T Ug(hk)Uh(k) Ug(k)H(k) = H(gk)Ug(k)

C2 = −1 CUg(k) = eiθgUg(−k)C = zg,he
−ighk·νg,hUgh(k)

1. Time-reversal symmetric spinless/spinful systems

A peculiarity in electron systems is that the factor system (at the Γ point) is determined by a spin representation
of continuum rotation group O(3) and TRS. Let G × ZT2 be the symmetry group composed by the point group G
and the TRS ZT2 . For spin integer systems, the factor system is trivial zg,h ≡ 1 for g, h ∈ G × ZT2 . For spin half
integer systems, the factor system obeys (i) T 2 = −1, (ii) TUg = UgT (g ∈ G), and the factor system zg,h in
UgUh = zg,hUgh(g, h ∈ G) follows the Pin−(3) group (spin 1/2 representation of the O(3) group), which is known
as the double group in the literature. [33] It should be noted that the inversion I always commutes with other symmetry
group operators, since the inversion does not affect the internal degrees of freedom of spin. 15 The factor system in the
whole BZ is summarized as

AI/AII :

 T 2 = ±1,
Ug(hk)Uh(k) = zg,he

−ighk·νg,hUgh(k),
TUg(k) = Ug(−k)T,

(C1)

where T = UTK with K the complex conjugation, ±1 is for spinless/spinful, and zg,h is the factor system of the point
group. We have specified the data φ, c of elements by symbols T and Ug , i.e. φ(T ) = −c(T ) = −1, φ(g) = c(g) =
1(g ∈ G). By adding the chiral symmetries with the rule (114), the factor systems for other AZ classes are given,

15 Mathematically, the inversion operator can anticommutes with other
symmetry operators.
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which are summarized in Table (XVIII) (with setting eiθg = 1 and zg,h = 1 for AI and zg,h being the spin half integer
representation for AII). For a derivation of Table (XVIII), see the next section.

2. Time-reversal invariant superconductors

In this section we formulate the factor system for spinful time-reversal invariant superconductors (i.e. class DIII)
with space group symmetry. The factor systems for spinless time-reversal invariant superconductors (class BDI) and
spinful time-reversal invariant superconductors with SU(2) spin rotation symmetry (class CI) are constructed similarly.
A peculiarity of superconducting systems is that the factor system depends on representations of the gap function under
the point group.

Consider the BdG Hamiltonian

H(k) =

(
E(k) ∆(k)

∆(k)† −ET (−k)

)
, (C2)

where E(k) is the normal Hamiltonian and ∆(k) is the gap function. We assume that the normal part is invariant under
space group symmetry G and TRS,

Ug(k)E(k)U†g (k) = E(gk), TE(k)T−1 = H(−k), (C3)

with the factor system

Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k), T 2 = −1, TUg(k) = Ug(−k)T. (C4)

We also assume that the gap function ∆(k) does not break TRS, so by taking a proper phase of T , we have

T∆(k)TT = ∆(−k), (C5)

without changing the factor system Eq. (C4). In order for the gap function ∆(k) to keep the space group symmetry G,
it should be a 1-dimensional representation of G,

Ug(k)∆(k)Ug(−k)T = eiθg∆(gk), ei(θg+θh) = eiθgh , g, h ∈ G. (C6)

While the original space group symmetry is broken when eiθg 6= 1, we can restore it by combining U(1) gauge
symmetry. However, not all 1d represenations are compatible with TRS: Applying T−1U−1

g (−k)TUg(k) to the gap
function, we have

[T−1U−1
g (−k)TUg(k)]∆(k)[T−1U−1

g (k)TUg(−k)]T

= T−1U−1
g (−k)TUg(k)∆(k)UTg (−k)TTU∗g (k)[T−1]T

= eiθgT−1U−1
g (−k)T∆(gk)TTU∗g (k)[T−1]T

= eiθgT−1U−1
g (−k)∆(−gk)U∗g (k)[T−1]T

= e2iθgT−1∆(−k)[T−1]T

= e2iθg∆(k). (C7)

On the other hand, the factor system in Eq.(C4) implies T−1U−1
g (−k)TUg(k) = 1, leading to e2iθg = 1. Therefore,

only when eiθg = ±1, TRS and the space group G can coexist.

For the BdG Hamiltonian H(k), the space group symmetry G and TRS is given as

Ũg(k)H(k)Ũg(k) = H(gk), T̃H(k)T̃−1 = H(−k), (C8)



56

with

Ũg(k) :=

(
Ug(k) 0

0 e−iθgUg(−k)∗

)
, T̃ :=

(
T 0
0 (T−1)T

)
. (C9)

Since T = UTK with a unitary matrix UT and the complex conjugation operator K, T̃ is also written as

T̃ =

(
UT 0
0 U∗T

)
K. (C10)

The BdG Hamiltonian also has the inherent PHS

CH(k)C−1 = −H(−k), C =

(
0 1
1 0

)
K. (C11)

From the above relations, we can identify the factor system among TRS, PHS, and point group symmetry:

DIII :

 T 2 = −1, C2 = 1, Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k),

TUg(k) = Ug(−k)T, CUg(k) = eiθgUg(−k)C, eiθg ∈ {±1},
TH(k) = H(−k)T, CH(k) = −H(−k)C, Ug(k)H(k) = H(−k)Ug(k).

, (C12)

where we have omitted the tilde in T and Ug for the simplicity of notation. This gives the factor system for n = 3 in
Table XVIII.

By imposing an additional chiral symmetry Γ1 on H(k), we can obtain the factor system for n = 4 (class AII) in
Table XVIII. For this purpose, we use the chiral operator Γ = iTC in the factor system of class DIII, instead of PHS:
Assuming that Γ1 satisfies Eq.(114), we have

DIII→ AII :


Γ2 = 1, T 2 = −1, TΓ = −ΓT,
Ug(hk)Uh(k) = zg,he

−ighk·νg,hUgh(k),
TUg(k) = Ug(−k)T, ΓUg(k) = eiθgUg(−k)Γ, eiθg ∈ {±1},
Γ2

1 = 1, ΓΓ1 = −Γ1Γ, TΓ1 = Γ1T, Γ1Ug(k) = Ug(−k)Γ1.

(C13)

This algebra is indeed that in class AII as follows. Without loss of generality, the symmetry operators and the Hamil-
tonian H(k) can be written as 

Γ = σx ⊗ 1, Γ1 = σz ⊗ 1, T = σz ⊗ T ′,

Ug(k) =

{
σ0 ⊗ U ′g(k) (eiθg = 1)
σz ⊗ U ′g(k) (eiθg = −1)

,

H(k) = σy ⊗H ′(k),

(C14)

with σµ(µ = x, y, z) the Pauli matrices. Then, we have the algebra in class AII:

AII :


T ′2 = −1, T ′U ′g(k) = U ′g(−k)T ′,
U ′g(hk)U ′h(k) = zg,he

−ighk·νg,hU ′gh(k),

T ′H(k) = H(−k)T ′, U ′g(k)H(k) = eiθgH(gk)Ũ ′g(k).

(C15)

An important point is that the obtained symmetry U ′g(k) behaves as a PHS if eiθg = −1. In a similar way, the factor
systems for other AZ classes are constructed by imposing additional chiral symmetries.

3. Superconductors with broken TRS

In a way similar to the previous section, we formulate the factor system for superconductors with broken TRS. The
only difference from the previous section is the absence of TRS. There are no constraint relations among the TRS and
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TABLE XIX. The factor systems for superconductors with broken TRS. In the table, T and C are TRS and PHS, respectively, zg,h
represents the factor system for the point group. eiθg : G→ U(1) is a 1-dimensional irrep.

AZ n zT,T , zC,C zT,g/zg,T , zC,g/zg,C zg,h c(g)

AI n = 0 T 2 = 1 TUg(k) = eiθgUg(−k)T

BDI n = 1 T 2 = 1 TUg(k) = eiθgUg(−k)T

C2 = 1 CUg(k) = eiθgUg(−k)C

D n = 2 C2 = 1 CUg(k) = eiθgUg(−k)C

DIII n = 3 T 2 = −1 TUg(k) = eiθgUg(−k)T

C2 = 1 CUg(k) = eiθgUg(−k)C Ug(hk)Uh(k) Ug(k)H(k) = H(gk)Ug(k)

AII n = 4 T 2 = −1 TUg(k) = eiθgUg(−k)T = zg,he
−ighk·νg,hUgh(k)

CII n = 5 T 2 = −1 TUg(k) = eiθgUg(−k)T

C2 = −1 CUg(k) = eiθgUg(−k)C

C n = 6 C2 = −1 CUg(k) = eiθgUg(−k)C

CI n = 7 T 2 = 1 TUg(k) = eiθgUg(−k)T

C2 = −1 CUg(k) = eiθgUg(−k)C

space group symmetry, which means any 1-dimensional representations of the superconducting gap function in (C6)
are allowed. We have the factor system for n = 2 (class D)

D :

{
C2 = 1, Ug(hk)Uh(k) = zg,he

−ighk·νg,hUgh(k), CUg(k) = eiθgUg(−k)C,
CH(k) = −H(−k)C, Ug(k)H(k) = H(−k)Ug(k).

(C16)

Adding chiral symmetries with Eq. (114), we get the factor systems for other AZ classes as summarized in Table XIX.

4. Type III and IV magnetic space group symmetry

Let us consider the factor system for magnetic space (Shubnikov) group symmetry of type III and IV. In such groups,
there is no TRS itself. An antiunitary symmetry appears as a combined symmetry with the TRS and a space group
element. Let us denote unitary and antiunitary symmetries by Ug(k) and Ag(k), respectively, where Ag(k) includes
the complex conjugation. Adding chiral symmetries, we have the factor systems for n > 0 as shown in Table XX.

5. Superconductors with magnetic space group symmetry of type III and IV

Let us consider superconductors without TRS but preserving a combined symmetry between TRS and a space group
symmetry, i.e. magnetic space group symmetry of type III and IV. The derivation of the factor system is parallel to
Sec. C 2. Let G = G0 + TgG0 with Tg an antiunitary symmetry. Using a U(1) phase rotation, one can assume the
gap function is invariant under Tg, UTg(k)∆(k)∗UTg(−k)T = ∆(−gk). For unitary subgroup G0, the gap function

obeys a 1-dimensional irrep of G0, eiθhUh∆(k)Uh(−k)T = ∆(hk) for h ∈ G0. We introduce ˆ̃
h = ĥe−θhN̂/2 to
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TABLE XX. The factor systems for insulators with type III or IV magnetic space group symmetry. Γ is refereed as the chiral
symmetry. We denote the unitary (antiunitary) symmetry by Ug(k) (Ag(k)).

n chiral sym zg,Γ/zΓ,g zg,h c(g)

n = 0

Ug(k)H(k) = H(gk)Ug(k)

n = 1 Γ2 = 1 Ug(k)Γ = ΓUg(k) Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k) Ag(k)H(k) = H(gk)Ag(k)

Ag(k)Γ = ΓAg(k) Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k)

n = 2 Ag(hk)Uh(k) = zg,he
−ighk·νg,hAgh(k)

Ag(hk)Ah(k) = zg,he
−ighk·νg,hUgh(k) Ug(k)H(k) = H(gk)Ug(k)

n = 3 Γ2 = 1 Ug(k)Γ = ΓUg(k) Ag(k)H(k) = −H(gk)Ag(k)

Ag(k)Γ = −ΓAg(k)

n = 4

Ug(k)H(k) = H(gk)Ug(k)

n = 5 Γ2 = 1 Ug(k)Γ = ΓUg(k) Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k) Ag(k)H(k) = H(gk)Ag(k)

Ag(k)Γ = ΓAg(k) Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k)

n = 6 Ag(hk)Uh(k) = zg,he
−ighk·νg,hAgh(k)

Ag(hk)Ah(k) = −zg,he−ighk·νg,hUgh(k) Ug(k)H(k) = H(gk)Ug(k)

n = 7 Γ2 = 1 Ug(k)Γ = ΓUg(k) Ag(k)H(k) = −H(gk)Ag(k)

Ag(k)Γ = −ΓAg(k)

restore the G0 symmetry. The compatibility between Tg and h ∈ G0 leads to the condition eiθh ∈ {±1}. Then, the
1-dimensional irrep eiθh(h ∈ G0) can be extended to the irrep for G by putting eiθTg = 1. With this 1-dimensional
irrep for G, we introduce the symmetry operators acting on the BdG Hamiltonian as

Ũg(k) =

(
Ug(k) 0

0 eiθgUg(−k)∗

)
g ∈ G0, (C17)

Ãg(k) =

(
Ug(k) 0

0 eiθgUg(−k)∗

)
K, g /∈ G0. (C18)

We find that CUg(k) = eiθgUg(−k)C and CAg(k) = eiθgAg(−k)C. The factor system for class D as well as other
AZ classes is summarized in Table. XXI.
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TABLE XXI. The factor systems for superconductors with type III or IV magnetic space group symmetry. We denote the unitary
(antiunitary) symmetry by Ug(k) (Ag(k)). eiθg ∈ {±1} is a 1-dimensional irrep of G.

AZ n T,C zg,h c(g)

D n = 2 C2 = 1 CUg(k) = eiθgUg(−k)C CAg(k) = eiθgAg(−k)C Ug(k)H(k) = H(gk)Ug(k)

DIII n = 3 T 2 = −1 TUg(k) = eiθgUg(−k)T TAg(k) = eiθgAg(−k)T Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k) Ag(k)H(k) = H(gk)Ag(k)

C2 = 1 CUg(k) = eiθgUg(−k)C CAg(k) = eiθgAg(−k)C Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k)

AII n = 4 T 2 = −1 TUg(k) = eiθgUg(−k)T TAg(k) = eiθgAg(−k)T Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k) Ug(k)H(k) = H(gk)Ug(k)

CII n = 5 T 2 = −1 TUg(k) = eiθgUg(−k)T TAg(k) = eiθgAg(−k)T Ag(hk)Ah(k) = zg,he
−ighk·νg,hUgh(k) Ag(k)H(k) = −H(gk)Ag(k)

C2 = −1 CUg(k) = eiθgUg(−k)C CAg(k) = −eiθgAg(−k)C

C n = 6 C2 = −1 CUg(k) = eiθgUg(−k)C CAg(k) = −eiθgAg(−k)C Ug(k)H(k) = H(gk)Ug(k)

CI n = 7 T 2 = 1 TUg(k) = eiθgUg(−k)T TAg(k) = −eiθgAg(−k)T Ug(hk)Uh(k) = zg,he
−ighk·νg,hUgh(k) Ag(k)H(k) = H(gk)Ag(k)

C2 = −1 CUg(k) = eiθgUg(−k)C CAg(k) = −eiθgAg(−k)C Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k)

AI n = 0 T 2 = 1 TUg(k) = eiθgUg(−k)T TAg(k) = −eiθgAg(−k)T Ug(hk)Ah(k) = zg,he
−ighk·νg,hAgh(k) Ug(k)H(k) = H(gk)Ug(k)

BDI n = 1 T 2 = 1 TUg(k) = eiθgUg(−k)T TAg(k) = −eiθgAg(−k)T Ag(hk)Ah(k) = −zg,he−ighk·νg,hUgh(k) Ag(k)H(k) = −H(gk)Ag(k)

C2 = 1 CUg(k) = eiθgUg(−k)C CAg(k) = eiθgAg(−k)C
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