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The capacity to electrically detect phonons, ultimately at the single-phonon limit, is a key require-
ment for many schemes for phonon-based quantum computing, so-called quantum phononics. Here,
we predict that by exploiting the strong coupling of their electrons to surface-polar phonons, van der
Waals heterostructures can offer a suitable platform for phonon sensing, capable of resolving energy
transfer at the single-phonon level. The geometry we consider is one in which a drag momentum
is exerted on electrons in a graphene layer, by a single out-of-equilibrium phonon in a dielectric
layer of hexagonal boron nitride, giving rise to a measurable induced voltage (Varag). Our numerical
solution of the Boltzmann Transport Equation shows that this drag voltage can reach a level of
a few hundred microvolts per phonon, well above experimental detection limits. Furthermore, we
predict that Varag should be highly insensitive to the mobility of carriers in the graphene layer and to
increasing the temperature to at least 300 K, offering the potential of a versatile material platform

for single-phonon sensing.

I. INTRODUCTION

A key requirement of quantum computing is
the on-demand generation and coherent manip-
ulation of quantum states. From a practical
perspective, the ability to implement these op-
erations using chip-scale integrated circuits is
highly desired, as it would open up the capa-
bility to fully leverage the many advantages of
the mature microelectronics industry. However,
a fundamental barrier to solid-state quantum
computing has long been understood to arise
from the role of phonons. At nonzero tempera-
tures, these bosonic modes can be occupied with
broad distributions of energy and momentum,
allowing them to function as an efficient “bath”
whose many degrees of freedom can efficiently
randomize (or decohere) quantum information.
Although the manner in which a densely pop-
ulated phonon bath destroys quantum coher-
ence has long been understood, it has only re-
cently become appreciated that phonons may
instead provide an effective means of transmit-
ting quantum information when excited coher-
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ently in sufficiently small numbers [IH7]. The
strong coupling of phonons to other quasipar-
ticles (especially electrons or photons) makes
them well suited to this task. Furthermore, the
physical patterning of bulk crystals can be ex-
ploited to implement phononic crystals [8HI0],
in strong analogy with their photonic counter-
parts, or to realize resonant structures that can
be selectively coupled to single quanta [11] [12].
Various schemes for phonon-mediated quantum
transduction have been proposed [I3HIg], and
phonons have also been suggested as a means
of mediating quantum entanglement [I9]. In
other work, the development of phononic cir-
cuits for applications in quantum sensing and
signal processing has been emphasized [20), 21].
Stark shift measurements as a function of the
number of phonons [22] have been demonstrated
and are based on the real part of the electron-
phonon self-energy. Other phonon detection
schemes use optomechanical response [23], in-
cluding the famous LIGO gravitational wave in-
terferometer [24]. In contrast to these different
approaches, a phonon-drag detection scheme is
proposed that utilizes a 2D material platform
and which takes advantage of the imaginary
part of the self-energy, leading to high detection
efficiency and simplicity of implementation.
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For phononic control to approach the levels of
sophistication that have already been achieved
for electrons and photons, there are a num-
ber of critical issues that need to be addressed.
Key among these is the need to detect phonons
in real-time in an electrical measurement, us-
ing approaches that can ultimately be scaled
to the limit of single-phonon resolution. In
this work, we propose and predict the quan-
titative performance of a single-phonon detec-
tor that is implemented in a heterostructure
of monolayer (or AB-stacked bilayer) graphene
and multilayer hexagonal boron nitride (hBN).
It has been known for four decades that re-
mote phonon scattering hinders the mobility of
semiconductors grown on polar substrates, in
which ionic motion generates an electric field
that extends into the semiconductor [25] [26].
In this work, we propose to make use of re-
mote phonon scattering to implement phonon
detectors. Two-dimensional materials such as
graphene have recently attracted increasing in-
terest for application in quantum computing
technology [27]. When choosing the particular
geometry of Fig. [Th, we are motivated by the
fact that hBN is a notable phononic material,
having branches of phonon polariton (near 100
meV and over the range from 175 — 200 meV)
that exhibit a hyperbolic character due to the
strong optical anisotropy. This allows thin slabs
of this material to function as efficient waveg-
uides for propagating phonons [28H30], a char-
acteristic that has been exploited [31] to achieve
rapid cooling of the hot carrier in graphene
/ hBN-based transistors. At the same time,
the presence of the tunable, high-conductivity
electron gas in graphene renders it well suited
for the drag-based detection of phonons in the
hBN. To demonstrate this, we consider a sit-
uation in which a single surface polar phonon
(SPP) is excited in the hBN and travels along
the heterostructure while interacting with elec-
trons in the graphene layer. This process leads
to the development of the drag-based voltage
shown in Fig. [Th.

In a heterostructure formed between
graphene and monolayer hBN, the inherent

2D nature of the materials gives rise to hybrid
plasmon-phonon polaritons that propagate par-
allel to the plane of their interface. However,
the situation is very different when graphene
is deposited in thicker layers of hBN (in the
range of >1 — 100 nm), in which the phonon
polaritons exhibit a hyperbolic character,
capable of propagation with large energy and
momentum losses. Optical phonons injected
into hBN will initially propagate with a ray-like
character before decaying via crystal anhar-
monicity over a characteristic distance of a
few tens of nanometers, allowing the formation
of long-lived [32 B3] SPPs at the boundary
between the hBN and graphene layers. Our
calculated results demonstrate that the drag
voltage that develops in such structures is on
the scale of a few hundred microvolts for a
device one micrometer wide, well above the
detection limit in typical experimental setups.

II. MODELING APPROACH

The interplay of charge carrier flow with
phonon transport (and vice versa) has a long
history of discussion in thermoelectrics [34H36].
At the same time, interest in the problem of
phonon drag has been revived in the context of
low-dimensional materials [37H42]. We assume
a quasiparticle picture of electrons and phonons
in our study, employing the Boltzmann trans-
port formalism in our calculations [43]:
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Here, f. is the distribution function of electrons
in momentum space, k is the electron wavevec-
tor, including the band index, F' is the external
electric field that acts as the driving force, v}
is the group velocity of electrons and h is the
Planck constant. The terms on the right-hand
side of the equation describe collision integrals
due to electron-phonon (e — ph) and electron-
impurity (imp) scattering.

The collision integral for electron-phonon
scattering is given by:
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FIG. 1. (a) Schematic representation of a stacked heterostructure of graphene (green bonds) and hBN (grey
bonds) that exploits the phonon-drag effect for phonon (red arrow) detection. (b) Phase space for electron
excitation via e-SPP interaction in monolayer graphene. When Er < hwp, there are two possible kinds of
excitation, inter-band (valence to conduction band) and intra-band (within the conduction band). When

Er > hwpn, the inter-band transition is no longer allowed.
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In this equation, n, is the number of occu-
pied phonon modes with momentum ¢ and en-
ergy hwg, E}, is the electron energy, and the J-
function ensures energy conservation. |Mygq|?
is the coupling constant of the e-ph interac-
tion. The details of the electron-SPP scattering
are given in Appendix [A] and intrinsic electron-
phonon interactions are taken into account fol-
lowing Ref. [44].

The collision integral for Coulomb impu-
rity scattering is added using a standard pro-
cedure [45H48]. Unless stated otherwise, we
choose the impurity concentration to give a typ-
ical mobility of ~ 1000 cm?/Vs for the graphene
devices.

The problem we consider is one in which the
phonon systems of both materials are initially
in thermal equilibrium and in which we then
assume that a single SPP (of wavevector @ in
direction «) is excited in the hBN layer. As a re-

sult of this, the distribution function in Eq.
changes by an amount A f;, leading to an excess
current density Ajarag. We define the resulting
drag voltage Virag via:
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where o is the electrical conductivity and W
and L are the width and length of the de-
vice, respectively. In simulations, we use a su-
percell approach such that the k-point mesh
N, x Ny of the Brillouin zone defines the cor-
responding area of the device in real space, i.e.,
W x L = Ny x Ny x A¢, where A, is the area
of the primitive unit cell. According to Eq. ,
the drag voltage is inversely proportional to the
width of the conducting graphene channel. In
the analysis that follows, we therefore report
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FIG. 2. Phonon drag voltage Virag as a function of the hBN SPP wavevector, and for various carrier
densities in the graphene layer. Panels (a) and (b) show results for monolayer graphene, while panels (c)
and (d) are for bilayer graphene. The legend of panel (a) applies to panel (c) also, while that of panel (b)
applies to panel (d). The calculations assume 7' = 50 K and tnpny = 0.

the results of the product Virae x W. It should
be noted that our choice to characterize the
responsivity of the phonon sensor in terms of
the drag voltage Virae leads to a counterintu-
itive conclusion that the responsivity is inde-
pendent of the quality of the graphene sample
and of the strength of the impurity scattering
(see discussion below). This result is a conse-
quence of the form of Eq. , in which the A fy
caused by an out-of-equilibrium phonon is pro-
portional to the electrical conductivity, leading
to Varag being nearly independent of mobility.
The phonon-induced current is certainly sensi-
tive to the quality of graphene, however.

III. RESULTS AND DISCUSSION

Through a process of absorption, the out-
of-equilibrium SPP excites an initial electron
into a higher energy state (see Fig. [1)). The
conservation of energy and momentum require-
ments impose a dependence of Vy;ag on the SPP
wavevector and the Fermi energy Ep in the
graphene. Fig. 1] illustrates two possible elec-
tron excitations that can arise from absorption
of the out-of-equilibrium phonon: an inter-band
transition of an electron from the valence- to
the conduction-band, as shown in Fig. [Th, or an
intra-band transition between two states in the
conduction-band, as shown in Figs. [Th and [Tp.
Energy conservation prohibits interband transi-



tions once the Fermi level is larger than the SPP
energy i.e., E'r > hwpy, in monolayer or bilayer
graphene.

In Fig. [2] we plot the variation of Vi.e as
a function of the SPP wavevector, for var-
ious carrier densities in both the monolayer
(Figs. [2h and b) and bilayer graphene (Figs.
and d). In the monolayer case, the drag signal
exhibits two distinct peaks, the first of which,
at small wavevector, is associated with inter-
band excitation of electrons from the valence-
to the conduction-band. The wavevectors at
which the peaks in the drag signal occur reflect
the details of the phase space for scattering,
which is goverened by conservation of energy
and momentum and the Pauli blocking prin-
ciple. The amplitude of these peaks is deter-
mined by the strength of the electron-phonon
matrix elements. The finite temperature pri-
marily introduces thermal smearing of the elec-
tronic states. As indicated by the schematic of
Fig. [1} these transitions are able to satisfy en-
ergy and momentum conservation laws at small
SPP wavevector. They are cut-off at wavevec-
tors greater than Q.; = wph/vp ~ 0.15 nm~!,
where vp &~ 10° m/s is the Fermi velocity in the
monolayer and hwp, ~ 100 meV is the phonon
energy, see Appendix [A] The inter-band transi-
tions are to be contrasted with those responsible
for the second peak in the drag signal, seen at
larger wavevectors, which instead involve intra-
band processes.

Turning next to the results for bilayer
graphene (Figs. and ), we see that the
small-wavevector peak found in the monolayer
case is replaced now by a shoulder-like fea-
ture for wavevectors () < Q.2, where Q. =
(2mwpn/h)Y? ~ 0.3 nm™!, m = 0.035 x m, is
effective mass in bilayer graphene [49], and m.
is free-electron mass. The absence of the inter-
band drag peak at small wavevectors is a conse-
quence of the reduced phase space available for
electron scattering in the parabolic bands of the
bilayer. One can estimate the carrier density at
which the feature in the drag signal due to inter-
band transitions should be suppressed, in mono-
layer or bilayer graphene, as n. = Q2 /7 ~
7.3 x 101 em™2 and neo = Q% /7 ~ 2.9 x 10'2

cm ™2, respectively. These estimates are consis-

tent with the trends indicated in Fig.

As doping increases in monolayer graphene,
the wavevector range over which phonon de-
tection can be achieved increases, as reflected
by the increase in the width of the peak of the
higher moment in Fig. 2p. Similar phase-space
arguments apply to bilayer graphene. One can
estimate a wavevector cut-off for the intra-band
transitions according to Qmax1 =~ 2kr + o= in
monolayer graphene and Quaxe =~ 2kr + % in
bilayer graphene, where kg &~ /7n is the Fermi
wavevector and we have used an effective Fermi
velocity kg /m in bilayer graphene. The largest
carrier density of 5 x 10'2 cm ™2 used in Figs.
and [2d translates to corresponding estimates of
Qmax1,2 ~ 0.95 nm~!. However, the detection
signal dies at smaller wavevectors of about 0.6
nm~! in the case of bilayer graphene, which is
due to the decay of the electron-SPP matrix el-
ement at large wavevectors, as discussed in Ap-
pendix [A] and illustrated in Figs. Bk and Bd.

To provide insight into the dependence of the
drag signal on the thickness of the hBN, we cal-
culated Virag (at a fixed carrier density n = 1012
cm_2) for several values of t;,gn. The results are
shown in Figs. Bp and [Bp, for monolayer and
bilayer graphene, respectively. As the number
of layers is reduced, the electric field associated
with the SPP also decreases. However, this vari-
ation is relatively weak, and Vjrag is reduced by
only a factor of three relative to the bulk case,
by the time that the single layer limit is reached.
Conversely, as the hBN thickness increases from
the single-layer limit, the drag signal saturates
once the number of hBN layers reaches around
twenty.

To better understand the Q-vector depen-
dence of the drag voltage at large momenta, we
note that the electron-SPP coupling is Coulom-
bic in nature. According to Eq. , the
Fourier transform of this coupling has a strong
momentum dependence. In Figs. Bt and [Bd, we
plot the scaling of the electron-SPP scattering
potential as a function of the phonon wavevec-
tor to vary the number of hBN layers. The mo-
mentum dependence of V.., reported here is
a consequence of the product of the electron-
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FIG. 3. Phonon drag voltage Varag as a function of hBN SPP wavevector in (a) monolayer and (b) bilayer
graphene. Results are shown for different hBN layer number m, or thickness t,pn = m X 3.4 A. Panels
(c) and (d) depict the e-SPP scattering potential from Eq. for monolayer and bilayer graphene,
respectively. The weak kink at Q@ = 0.34 nm™! in panel (d) is due to the polarization function anomaly at
Q = 2kr [45,[@6]. The calculations assume T = 50 K and n = 10'? cm™2.

SPP coupling and the phase space available for
electron excitation due to the non-equilibrium
phonon.

The trend apparent in Figs. 2b and 2H, for
the amplitude of the higher moment peak to
decrease with increasing carrier density, can be
attributed to the dependence of electrical con-
ductivity on density, i.e., 0 = enu = e?nt/m,
where g is the carrier mobility and 7 is the ef-
fective scattering time. According to Eq. ,
Vidrag is inversely proportional to o, which ac-
counts for the reduction mentioned above of
Virag With increasing density. At the same time,
one should keep in mind that the increase in the
distribution function (Afx) due to the excita-
tion of the single out-of-equilibrium phonon is

proportional to 7. This means that the influ-
ence of impurity scattering on the drag voltage
should be relatively weak. In fact, in Fig. [
we show that Virag is almost independent of f,
whose value is largely determined by the con-
centration of impurities.

We have also explored the dependence of the
drag signal on the equilibrium lattice temper-
ature. The influence of this parameter is il-
lustrated in Fig. for both monolayer and
bilayer graphene. (The calculations are per-
formed for a representative density n = 102
cm™2, and for typy = 00). Due to the large
SPP energy (~100 meV), Virag is reduced by
only about 30% in monolayer graphene (and
50% in bilayer graphene), when the temperature
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FIG. 4. Phonon drag voltage Virag in monolayer
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graphene.

increases from 50 to 300 K. This robust charac-
ter opens up the possibility of realizing single-
phonon detectors that are capable of function-
ing at room temperature.

When considering schemes for single-phonon
detection, it is important to keep in mind the
fact that phonons have a finite lifetime due to
phonon-phonon decay, and a transit time that
is determined by the transistor size and the
phonon velocity vpn. For a field-effect transis-
tor with channel length L ~ 1um, the transient
time can be estimated as 7, = L/vpn ~ 1 ns,
setting an upper bound for the limited lifetime
of anahrmonic decay 7p,. Transient effects can
therefore be modeled by the Boltzmann trans-
port equation as follows:

OASE) _ ARt) | (_t> <‘9f’“> (4)

3t Tph ﬁ NQ

where, without loss of generality, we have used
the relaxation time approximation to describe
electron-impurity scattering in terms of an ef-
fective scattering time 7. The NQ subscript for
the collision integral denotes the contribution
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FIG. 5. Phonon drag voltage Varag as a function of
hBN SPP wavevector in (a) monolayer (blue) and
(b) bilayer (red) graphene, for four different tem-
peratures (indicated in panel (a)). The calculations
assume n = 102 cm™? and tpgn = oo.

to electron scattering due to the single out-of-
equilibrium phonon. The solution of Eq. is
given by:

AR = 8= e (-1 (9
p

h+ 7T Tph

where Afy is the steady-state solution of
Eq. (1). According to Eq. (3)), the drag volt-
age will be reduced by a factor of Tpn/(Tpn + 7)
and will have the same exponential time depen-
dence as appears in Eq. . The steady-state
solution for the drag voltage corresponds to the



limit 7,;, — oo in the transient solution:

T t
Vdrag(t) - VdranghP% exp <_Tph> (6)

where Vipag is given by Eq. and reported in
Figs. While counter-intuitive, Eq. @ sug-
gests that lower-mobility graphene, with shorter
scattering time, should perform better in mea-
suring transient phonon-drag voltage signals.

An important parameter for sensor charac-
terization is the noise equivalent power (NEP),
which characterizes the signal-to-noise ratio of
the phonon detectors. Phonons follow Bose-
Einstein statistics, meaning that the noise con-
siderations relevant to single-photon detectors
should also be applicable to the single-phonon
detector proposed here. Following Ref. [50],
we can estimate the NEP due to the Johnson-
Nyquist noise contribution as a ratio of Johnson
noise v4kyT'R and voltage responsivity, where
R = L/(Wenu) is the resistance of the de-
vice. The voltage responsivity can be estimated
as Virag/(fwph /Ter), where the transient time
T ~ 1 ns. Using realistic device parameters:
W = L = 1 micron, n = 10'2 em~2, p = 1000
cm?/Vs, and a typical Virag = 100 pV, we thus
estimate the NEP to be 0.16 fWHz /2.

Fluctuations in the phonon distribution are
not taken into account in our Boltzmann Trans-
port approach, and any temperature dependen-
cies arises from the thermal smearing of the elec-
tron distribution function. Fluctuations in the
phonon population are known to cause noise
in conductivity [5I]. We emphasize that here
we consider phonon drag due to a single SPP
phonon in h-BN, a mode whose thermal popu-
lation is very small at room temperatures.

IV. CONCLUSIONS

In conclusion, we have shown theoretically
that the phonon-drag effect in two-dimensional
layered materials can enable the sensitive, quan-
tum detection of phonons, with the potential of
operation down to the single-phonon level. The
strong coupling between electrons and SPPs in
the coupled conductive and dielectric layers is

predicted to give rise to a drag voltage as large
as a few hundred microvolts per phonon, well
above the experimental detection limit. The
drag voltage is, moreover, predicted to be rel-
atively insensitive to variation in the mobility
of the graphene layer and should exhibit only a
weak temperature dependence. These charac-
teristics relax the need for high-mobility detec-
tors that operate at ultralow temperatures. By
varying the Fermi level in graphene using a suit-
able gate, the phonon detectors described here
should act as efficient energy-resolved phonon
sensors, since momentum conservation laws set
stringent requirements on the range of phonon
wavevectors that can be detected. Our study
provides further evidence of the outstanding po-
tential of 2D heterostructures for use in quan-
tum information science and quantum sens-
ing [27].
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Appendix A: Electron-SPP matrix element

To determine the electron-SPP coupling, we
solve Maxwell’s equation for the spatial depen-
dence of the electric potential ¢ due to the SPP,
using the following ansatz [26]:

(p(p’ z, t) = Z (p(z)ei(Q-P_tht)_ (Al)
q

Here, g and p are the two-dimensional phonon
wave vector and the spatial coordinate, re-
spectively, and wyp, is the phonon frequency.
In isotropic materials, the Poisson equation
VeVp = 0 requires p(2) oc et%* with ¢, =
q. However, in an anisotropic dielectric ¢, =
q\/€| /1. Following Ref. [44], we treat mono-
layer (bilayer) graphene as a dielectric layer of
thickness 2hg, as shown in Fig. @, where hy =
1.7 A(hs = 3.4 A) for monolayer (bilayer) and
accounts for the size of the electron cloud of the
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FIG. 6. Schematic illustration of the cross-section of
the graphene/hBN heterostructure. The monolayer
or bilayer graphene is taken to be of thickness 2hs,
with an anisotropic dielectric function (e1,e)(q))
and centered around z = 0. The hBN of thickness
then = t — d, and dielectric function e(w), supports
the SPP.

7, orbitals of carbon atoms. The thickness hBN
thngny = t —d is placed at the van der Waals dis-
tance d = 3.4 A(d = 5.1 A) for monolayer (bi-
layer) graphene. Perpendicular to the plane, we
choose the dielectric constant €| = 6, as appro-
priate for the interface of bilayer graphene [52].
Within the plane, we choose a static dielec-
tric function ¢ = 1 + v Il(q, Er), where v, =
21e?/q, M(q, Er) is the polarization function
from the Random Phase Approximation, and
we use the zero temperature limit [45] [46].

The solution for ¢(z) in Eq. (Al) has the
form:

A ei(zt+hs) 2z < —hg,
B et=(=he) 1 0 ema:(4he) 2| < by,
0(2) = { D 134 4 F g=a(z=hs) hs < z < d,
E izt 4 G ema(x—d) d<z<t,
H e 1(z-1) t <z
(A2)

The coefficients A — H and the dispersion rela-
tion for the SPPs are found using the boundary
conditions ¢ = ¢, etdpt/dz = e7dp~ /dz

at z = +hs , z = d, and z = t, where the super-

scripts “4+” and “—” indicate functions to the

right and left of the boundaries, respectively.
The dielectric function hBN e(w) is given by:

ﬁoow2 - EOW%O

2 _ 42 ’
w Wro

e(w) = (A3)

where ¢g = 5.09, £, = 4.575, and hwrpo = 97.3
meV [53, [54]. (We omit the higher energy SPP
branch at ~200 meV.) The resulting solution
for the SPP frequency is given by:

€0 + a(q)
- foT g A4
wpn(q) = wro e T olg) (Ad)
where a(q) = —e(w) is the solution of the dis-

persion relation. To find the coefficients in
Eq. (A2) and the dispersion relation, we define

Eave = /L and introduce the following vari-

ables:

Cyq = cosh(q(d — hs)), T4 =tanh(q(d — hy)),
Cy = cosh(q(t — d)), T; =tanh(q(t —d)),
C, = cosh(2q.hs), T. = tanh(2q,hs).

(A5)

The coefficients are given by the following:

€ave T 1

B=A . C.(1+1T,),
Eave — 1
¢=A 2ave
D _Bleave +1) - C(s2avc -1)C.(1-T,)
xCd(l + Td),
P :B(l — €ave) + C(eave + 1)Cz(1 - 1T,)
2 b)
g Plew+1)+ Fle(w) —1)Ca(l — Ta)
2e(w)
XCt(l +,_th),
o _DIE@) = 1) + Ple@) + 1)Call = Ta)

2e(w)
(A6)



The dispersion relation is obtained from the
condition for the coefficient H:

E+ GCt(l — Tt) = —g(w)(E — GCt(l — Tt))
(A7)

After rearranging Eqs. (A7) and (A6]), we find
that e(w) = —a(q), where a(q) is given by:

b+ Vb2 — 4ac
a(q) = 27,
a
a = E(f‘:avc + Tz + Td(gavc + Tzsivc)%
b == (1 + Td)(25ave + Tz + TZEive)’

c= Tt(Td(Eave + Tz) + €ave + ngzve)'

(A8)

The two different solutions of a(q) are due to
the two surfaces of the finite thickness hBN.

To find the form of the SPP potential that
interacts with electrons in graphene t.e., g =
oz = 0) = (B + O)e %" according to
Eq. , we apply the normalization condi-
tion [55] [H6]:

1 h 1 1, 0e 5  O€ 9
12 9% */E%(% E,| +%|E\|| )dr,
(A9)
which allows us to solve for the magnitude of
the coefficients E? + G?. In Eq. , E(r) =
—Vo(r), L? = N,A, is the sample area, A,
is the unit cell area, and N is the number of
k points. Finally, the e-SPP coupling constant
Myq can be obtained as

|Myql? = (e00)? | (x| txrq)|*/ Nk,

5  2me ( 1 1 >
= hOJ —
(oo =T\ eo e~ wta@
% (B + 0)2 Cz<1 B Tz)(l +Tt)
E? + G2 2T;

(A10)

Here, 1, is a single particle wave function and
the inner product in Eq. (A10) should be un-
derstood as corresponding to the wave function
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overlap in a primitive unit cell, not the entire
sample. In the low-energy model, the wavefunc-
tion overlap between two states in the conduc-
tion band is | (il ticrq)|? = (1 + cos (Bprq))/2
for monolayer graphene, and |[(Vy|tkiq)]? =
(14 cos (20xk44))/2 for bilayer, where Opg4q is
the angle between the two wavevectors k and
k+ q [57].

We note that the unscreened potential can be
obtained by setting hs = 0 in the above equa-
tions and that the two SPP branches become
degenerate in the absence of screening and in-
finitely thick hBN i.e., hy =0 and t — d = oo.
However, in this case, the electron-SPP cou-
pling for each phonon branch would be half
of the conventional coupling for semi-infinite
hBN [54] [58]. SPPs in the above solution form
symmetric and antisymmetric linear combina-
tions of two localized phonons at the two sur-
faces, with each of them contributing half of
the coupling to electrons. The screening of
graphene breaks the symmetry and the SPP
branch, which corresponds to the larger root
a(q) in Eq. (or smaller SPP energy), gives
the dominant electron-SPP coupling. At the
same time, the smaller root of a(q) in Eq.
gives negligible contribution at large values of
q and is consistently below 25% throughout the
range of values of ¢ and tygN reported in this
study. To address that artifact of the model,
which does not include losses in hBN, we use the
larger root for a(q) in Eq. for the phonon
energy, and contributions (B + C)?/(E? + G?)
from both branches of SPP for the electron-SPP
coupling. Note that in the limit of small g,
a(q) = oo and according to Eq. Wpn =
wro, whereas in the opposite limit ¢ = oo,
a(g) = 1 and the conventional result for the
SPP frequency corresponding to semi-infinite
hBN and unscreened potential are obtained:
wpn = wro+/(e0 +1)/(Exe + 1). Consequently,
the overall SPP dispersion width, hw,n(¢ =
00) — hwpp (¢ = 0) ~ 4 meV, is much smaller
than the typical SPP energy Aw,n ~ 100 meV.
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