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The deconfined quantum critical point (DQCP) between the Néel and valence bond solid (VBS)
order was originally proposed in quantum spin systems with a local Hamiltonian. In the last few
years analogues of DQCPs with nonlocal interactions have been explored, which can lead to rich
possibilities. The nonlocal interactions can either arise from an instantaneous long range interaction
in the Hamiltonian, or from gapless modes that reside in one higher spatial dimension. Here we
consider another mechanism of generating nonlocal interactions by coupling the DQCP to the “hot
spots” of a Fermi surface. We demonstrate that at least within a substantial energy window, the
physics of the DQCP is controlled by a new fixed point with dynamical exponent z > 1.

PACS numbers:

— Introduction

A deconfined quantum critical point (DQCP) occurs
between two phases that spontaneously break two dif-
ferent symmetries that do not contain each other as a
subgroup. The original DQCP was proposed as a di-
rect unfine-tuned continuous quantum phase transition
between the collinear Néel and the valence bond solid
(VBS) orders on the square lattice [1, 2]. Various ana-
logues of the original DQCP were studied, for example
the transition between the superfluid and various density
waves of a quantum boson system can be described in a
similar framework as that of the DQCP with an easy-
plane anisotropy [3, 4]; later the DQCP was also gen-
eralized to lattices where the spin order and VBS order
both have different structure from the original DQCP [5].
In all these examples the two ordered phases separated
by the DQCP break very different 0-form symmetries;
but nowadays one can generalize the notion of DQCP to
situations that involve higher-form symmetries. For ex-
ample a direct transition between a magnetic order and
a topological order can be viewed as a DQCP between a
phase with spontaneous breaking of a 0-form symmetry
and another phase with spontaneous breaking of a (emer-
gent) 1-form symmetry [6–15]. In the past two decades,
a lot of progress has been made towards understanding
various aspects of the DQCP, including its connection to
mixed ’t Hooft anomaly and higher dimensional symme-
try protected topological phases [16], as well as a duality
web that connects different Lagrangian descriptions of
the DQCP [17–24], etc.

Despite all the theoretical progresses, the nature of the
original DQCP proposed on the square lattice has always
remained controversial. Very encouraging evidences of
DQCP were found in numerics on a 2D lattice quantum
spin model dubbed the “J − Q” model [25, 26], as well
as loop models in the 3D Euclidean space [27, 28], but
numerical simulations have also observed unusual scaling
behaviors [29, 30] and other complexities [31]. Recently
the DQCP has also been challenged by the “conformal
bootstrap” method of analyzing conformal field theories
(CFT): the critical exponents obtained from numerical

simulations seem incompatible with the bounds given by
conformal bootstrap [32, 33]. Though these should not
exclude the possibility that the DQCP still exists in other
lattice models with critical exponents that are consistent
with the conformal bootstrap bounds, a consensus on the
nature of the DQCP awaits further efforts.

In this work, rather than trying to address the infrared
nature of the original DQCP, we explore a possible con-
tinuous quantum phase transition close to the originally
proposed DQCP, starting with the transition between the
easy-plane Néel order and the VBS order. In particular,
we will discuss the effect of nonlocality on DQCP. Non-
locality of a system can directly arise from a long range
instantaneous interaction in the Hamiltonian [34, 35], or
from coupling to the gapless modes in one higher di-
mension, when the system is realized at the boundary
of a bulk [36–47]. It was shown that, by coupling to
the bulk quantum critical modes, the transition between
the Néel and VBS order could be driven to a new fixed
point [41, 42]. Nonlocality arising from holography was
also explored in Ref. [48].

Here we explore nonlocality arising from a more re-
alistic mechanism. Nonlocality in space-time usually
translates to nonanalyticity in the momentum-frequency
space. It is well-known that, based on the Hertz-Millis
theory [49, 50], by coupling an order parameter φ to
a Fermi surface, the dynamics of the order parame-
ter acquires a singular contribution in the momentum-
frequency space. In particular, when the order param-
eter carries a finite momentum that connects two “hot
spots” of the Fermi surface, after formally integrating
out the fermions, the order parameter acquires a singu-
lar term ∼

∑
ω,q |ω||φω,q|2. Within the framework of the

Hertz-Millis theory, this singular term renders the origi-
nal
∑
ω,q ω

2|φω,q|2 term in the Lagrangian irrelevant, and
leads to a z = 2 Landau-Ginzburg theory of the order pa-
rameter φ. But the effect of the coupling to the hot spots
will be more complex in the case of DQCP, as the physi-
cal order parameter φ is now a composite operator of the
deconfined degrees of freedom at the DQCP. We note
that novel physics arising from coupling to a background
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Fermi surface in a one dimensional setup was explored
recently [51].

— Easy plane DQCP coupled with hot spots
Let us first inspect the easy-plane DQCP between the

inplane Néel order and a VBS order on a square lat-
tice. The order parameters involved in this transition
include a two component inplane Néel order (Nx, Ny)
at momentum (π, π), and a two component VBS order
parameter (Vx, Vy) at momentum (π, 0) and (0, π) re-
spectively. Since all these order parameters carry a fi-
nite momentum, in principle they would acquire a sin-
gular term in the form sketched above when the easy-
plane DQCP occurs with a background Fermi surface,
assuming their momenta connect hot spots of the Fermi
surface. The Lagrangian that describes the easy-plane
DQCP is an easy-plane CP1 model, and it is known
that this theory enjoys a self-duality [17], i.e. the in-
plane Néel order parameter (Nx, Ny) is a bilinear of the
CP1 field (Nx, Ny) ∼ (z†σxz, z†σyz), and the VBS or-
der parameter along the x and y direction is a bilinear
of the dual CP1 field (the vortex of z1 and z2 respec-
tively): (Vx, Vy) ∼ (v†σxv, v†σyv). Then after we inte-
grate out the background Fermi surface according to the
Hertz-Millis theory, the action that describes the transi-
tion becomes

S =

∫
d2xdτ

∑
α=1,2

|(∂ − iA)zα|2 + r|zα|2 + u|zα|4

+
∑
ω,q

∑
i=x,y

g|ω||(z†σiz)ω,q|2; (1)

and the dual action reads

Sd =

∫
d2xdτ

∑
α=1,2

|(∂ − iÃ)vα|2 + r̃|vα|2 + ũ|vα|4

+
∑
ω,q

∑
i=x,y

g̃|ω||(v†σiv)ω,q|2, (2)

where r̃ = −r. The actions above will be the starting
point of our study; higher order singular terms beyond
the Hertz-Millis theory that also arise from integrating
out the background fermions will be briefly discussed
later. In this work we will show that, although the bare
values of g and g̃ can differ, they may actually flow to
a fixed point where g∗ = g̃∗. Hence this fixed point not
only corresponds to a direct inplane Néel-to-VBS tran-
sition, our calculation suggests that this new fixed point
may still have the self-duality as the originally proposed
easy-plane DQCP [17]; but we do not make a statement
about the presence of the enlarged emergent O(4) sym-
metry that can be perceived through the low energy effec-
tive nonlinear Sigma model of the easy-plane DQCP [52],
as well as the duality web [18–24].

In order to study the theory Eq. 1 in a controllable
fashion, we follow the standard procedure (see for exam-
ple Ref. 53, 54) by introducing the Hubbard-Stratonovich

FIG. 1: One-loop Feymann diagrams that contribute to β(g).
Here the solid, dashed, dotted and wavy lines represent the
correlators of za,α, λα, Φi and gauge field Aµ, respectively.

auxiliary fields λα and Φi to decompose the two quartic
terms of zα, and consider the following large-N general-
ization of Eq. 1 at the critical point r = 0:

S =

∫
d2xdτ

N∑
a=1

∑
α=1,2

|(∂ − iA)za,α|2 + iλα|za,α|2

+ i
∑
i=x,y

Φi(z†aσ
iza) (3)

With large-N , the correlators of the Hubbard-
Stratonovich fields, and the gauge field read

〈λα(~q)λα′(−~q)〉 =
8

N
|~q|δα,α′ ,

〈Aµ(~q)Aν(−~q)〉 =
16

2N

(
δµν − qµqν/q2

|q|

)
,

〈Φi(~q)Φi
′
(−~q)〉 = g|ν|δi,i′ , (4)

where ~q = (ν, q). We assume that g is at the order of
1/N .

We proceed by calculating the renormalization group
(RG) flow of g using the momentum-shell RG by integrat-
ing out the modes with momentum within Λ/b < |k| < Λ
(the calculations are repeated with the dimensional regu-
larization as well); the most relevant Feynman diagrams
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are listed in Fig. 1. The diagrams (a-d) are the stan-
dard contributions to the leading order 1/N expansion
of the CPN−1 model [54]. The key of the calculation
is the following: in the large-N limit, the parameter
g is exactly marginal, as z†aσ

iza has scaling dimension
[z†aσ

iza] = 1 for i = x, y, while Φi has scaling dimen-
sion [Φi] = 2. With finite N , the scaling dimension
of z†aσ

iza receives a negative correction at the order of
1/N : [z†aσ

iza] = 1 − 28/(3π2N), which makes g weakly
relevant with large but finite N . Hence the beta function
of g should take the form

dg

d ln b
= β(g) =

56

3π2N
g − Cg2. (5)

When C is positive and order unity, g will flow to a fixed
point at the order of g∗ ∼ 1/N .

Diagram Fig. 1(e) and (f) potentially contribute to the
coefficient C in the beta function above. Diagram (e)
has vanishing contribution at the easy-plane DQCP un-
der consideration right now, due to the matrix identity∑
j=x,y σ

jσiσj = 0 for i = x, y. Diagram (f) can be
interpreted as the self-energy correction to za,α

Σ(ω,k) =
∑
j=x,y

gσjσj
∫ Λ

Λ/b

d3q

(2π)3

|ν|
(q + k)2

= g
ω2

2π2
ln b× σ0 + . . . . (6)

Here ~q = (ν, q), ~k = (ω,k). The ellipses in the equation
represent terms which do not contribute at order ln b.
This self-energy correction will modify the Gaussian part
of the action of za,α to

L = z∗a,α

(
|∂τ |2(1−g/(4π2)) − ∂2

x

)
za,α + · · · (7)

This result implies that after coupling to the background
Fermi surface, the space-time scaling of the original easy-
plane DQCP is modified, which should now be

τ → b−zτ, x→ b−1x, (8)

where z = 1 + g
4π2 + O(g2) is the dynamical exponent.

Here we remind the readers that, in the original Hertz-
Millis theory, when an order parameter is coupled to
hot spots of a Fermi surface, the Gaussian part of the
Landau-Ginzburg theory of the order parameter has dy-
namical exponent z = 2. Here although the order pa-
rameter is a composite operator of za,α, the dynamical
scaling exponent z is still modified due to its coupling to
the Fermi surface.

The wave function renormalization in diagram (f) is
in fact equivalent to the modification of the space-time
scaling, plus a correction to the scaling dimension of za,α:
∆[za,α] = g/(8π2). Eventually the beta function of g
reads

β(g) ≡ dg

d ln b
=

(
56

3π2N
− g

2π2

)
g, (9)

where the first term arises from diagrams (a-d), while the
second term is the additional wave-function renormaliza-
tion from (f) as described above. Indeed, for g > 0, the
theory flows to a new fixed point g∗ = 112

3N + O( 1
N2 ).

Several two-loop diagrams such as the Aslamazov-Larkin
diagrams appear to be also at the 1/N order, but care-
ful evaluation shows that these diagrams either do not
contribute to the beta function as they do not lead to a
logarithmic divergence, or their contributions cancel out
with each other [54].

The same calculation applies to g̃ in Eq. 2. Hence al-
though the bare values of g and g̃ in Eq. 1 and Eq. 2 can
be different, the RG equations above suggest that they
would flow to a fixed point where g∗ = g̃∗. Hence our cal-
culation suggests that at this fixed point the self-duality
of the original easy-plane DQCP still holds. Another
more technical note is that, the VBS order parameter
Vx ∼ v†σxv is also the monopole operator of gauge field
Aµ in Eq. 1, hence the g̃ term in Eq. 2 also corresponds
to a correction to the action of the gauge field Aµ. But
since we expect g̃ to flow to a fixed point at order 1/N , at
the self-consistent level we can ignore this singular cor-
rection and use the gauge field propagator in the large-N
limit for our calculation.

At this new RG fixed point, we obtain scaling dimen-
sions for the following operators:

[λ+] = 2− 80

3π2N
− 3g∗

4π2
= 2− 164

3π2N
+O(

1

N2
),

[λ−] = 2 +
16

3π2N
+

g∗
4π2

= 2 +
44

π2N
+O(

1

N2
),

[z†aσ
x,yza] = 1. (10)

Here we have defined operators λ± = (λ1 ± λ2)/2. Some
two-loop diagrams like the ones considered in Ref. [55]
contribute to the evaluation of [λ+]. The critical expo-
nent ν is inferred from the scaling dimension of λ+:

ν−1 = 2 + z − [λ+] = 1 +
64

π2N
+O(

1

N2
). (11)

These standard 1/N expansion may not be extremely
reliable at the physically relevant case with small N , but
the scaling dimensions of z†aσ

x,yza should be exactly 1 at
g = g∗. This is due to the fact that the system remains
scaling invariant at the fixed point with nonzero g∗, and
the singular frequency dependence |ω| in Eq. 1 cannot be
renormalized, then to keep the system scaling invariant
the inplane Néel order parameter (Nx, Ny) must have
scaling dimension 1 in the Euclidean space-time.

We note that based on the Hertz-Millis theory there is
another singular interaction |ω||(z†σzz)ω,q|2 that would
also be generated by coupling the z−component of the
Néel order to the background Fermi surface, but this term
is irrelevant with the large-N generalization of the easy-
plane DQCP, as the scaling dimension of z†σzz is 2 with
large-N .
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We would also like to comment on the validity of the
Hertz-Millis theory. It was noted in Ref. [56] that, when
we couple an order parameter φ to a Fermi surface, be-
sides generating singular terms at the quadratic order of
φ, similar higher order terms ∼ φn with space-time singu-
larity is also generated after integrating out the fermions.
It was shown in Ref. [56] that direct power-counting sug-
gests these higher order terms are marginal at the z = 2
Gaussian fixed point of the Hertz-Millis theory, hence it
is no longer justified to ignore these terms. In fact, in our
case, once we identify φ as z†σiz, the higher order terms
pointed out in Ref. [56] are still marginal at the new fixed
point, since the scaling dimension [z†σiz] is precisely 1.
But this does not mean that the physics at the new fixed
point we derived is not observable. Let us return to the
original theory with a bosonic field φ coupled with NF
copies of Fermi surfaces:

LBF =

NF∑
l=1

f†l1(∂τ − iv1 · ∇)fl1 + f†l2(∂τ − iv2 · ∇)fl2

+uφ

[∑
l

(f†l1Tfl2 + (1↔ 2))

]
, (12)

where 1, 2 label two points of the Fermi surface connected
by the momentum of φ, and T is a flavor matrix. The
parameter g in Eq. 1 is about g ∼ NFu

2, and since g ∼
1/N , we need u ∼

√
1/(NNF ). If we fix N , the higher

order singular terms considered in Ref. [56] will be at

the order of 1/N
n/2−1
F . Hence with large-NF , although

the ultimate fate of these higher order singular terms in
the infrared limit is unclear, there could be a large energy
window where the physics is controlled by the fixed point
g∗ derived above.

We can also compute the self-energy of the fermions at
the hot spot to the leading nontrivial order of u:

ΣF (ω,k) ∼ 2u2σ0

∫
dνd2q

(2π)3

1

i(ω − ν)− v2 · (k − q)

× 1

(ν2 + q2)1−η/2 . (13)

We have taken the correlator of the bosonic field
Nx,y(~q) ∼ z†σx,yz to be 1/(ν2 + q2)1−η/2, where η is
the anomalous dimension of the inplane Néel order pa-
rameter Nx,y at the purely bosonic easy-plane DQCP.
Carrying out the integral, we obtain

ΣF (ω, 0) ∼ −iu2sgn(ω)|ω|ησ0. (14)

Generally we expect the fermions at the hot spots to have
non-Fermi liquid like self-energy for a considerable energy
window.

— SU(2) invariant DQCP coupled with hot spots
Here we briefly discuss the SU(2)-invariant DQCP cou-

pled to a background Fermi surface, which can be stud-
ied in the same way as the easy-plane case. Here we only

need one Hubbard-Stratonovich field λ+ to decompose
the quartic term, and we obtain the following large-N
theory at the critical point:

S =

∫
d2xdτ

N∑
a=1

∑
α=1,2

|(∂ − iA)za,α|2 + iλ+|za,α|2

+ i
∑

i=x,y,z

Φi(z†aσ
iza). (15)

Now the Fermi surfaces are coupled to all three compo-
nents of the Néel order parameter ~N = z†~σz. The new
dynamic exponent is now z = 1 + 3g

8π2 + O(g2), and the
beta function of g is

β(g) ≡ dg

d ln b
=

16

π2N
g − g2

4π2
. (16)

If g > 0, the theory flows to a new RG fixed point at g∗ =
64
N . At the new RG fixed point, we have the following
scaling dimensions

[λ+] = 2− 24

π2N
− 9g∗

8π2
= 2− 96

π2N
+O(

1

N2
),

[z†aσ
x,y,zza] = 1, (17)

and the critical exponent

ν−1 = 2 + z − [λ+] = 1 +
120

π2N
+O(

1

N2
). (18)

Again, the Néel order parameter has scaling dimension
[ ~N ] = 1 exactly at the new fixed point. Though it is not
so convenient to directly compute the RG flow of the sin-
gular term of the VBS order parameter due to the lack
of a dual Lagrangian for the SU(2) invariant DQCP, we
expect the scaling dimension of the VBS order parame-
ter should also be 1 at the new fixed point. To elaborate,
the VBS order parameter Vx, Vy should still acquire a
singular term Vx|∂τ |Vx + (x → y) from coupling to the
Fermi surface. This term is singular (nonanalytic) in the
frequency space, and also long range in the temporal di-
rection. The form of the singular term |∂τ | cannot be
renormalized under RG. And if this term flows to a fixed
point, this term Vx|∂τ |Vx + (x → y) remains scaling in-
variant at the fixed point, hence the VBS order parameter
V x should have precisely scaling dimension 1.

Ref. 2 pointed out that at the DQCP there are two
length scales, one for the correlation length ξ of the order
parameter Nx, the other is the thickness of the VBS do-
main wall (ξVBS). In our system these two length scales
still exit, and the relation between these two length scale
should be similar to what was pointed out in Ref. 2:
ξVBS ∼ ξf(λξd+z−∆), where λ is the strength of the four-
fold monopole operator of the gauge field that is the min-
imal topological defect allowed by symmetry on a square
lattice, and ∆ is the scaling dimension of the four-fold
monopole, which we assume is greater than d+ z (which
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means that the four-fold monopole is irrelevant at the
DQCP). z is the dynamical exponent computed in this
work. Following the discussions in Ref. 2, one can further
infer that ξVBS ∼ ξ(∆−z)/2 close to the DQCP. Since we
expect ∆ to be greater than 2 + z, ξVBS diverges faster
than ξ near the DQCP.

The quantum critical modes at the new fixed point
with z > 1 will make a contribution C ∼ T 2/z to the
specific heat, which is different from ordinary (2 + 1)d
QCP with z = 1. But the background Fermi surface
would contribute a specific heat linear with temperature
T , hence we expect that the contribution from the quan-
tum critical modes will be overshadowed by the back-
ground Fermi surface.

— Discussion
In this work we discussed the fate of the DQCP when

it occurs with a background Fermi surface. We demon-
strated that with a large number of copies of Fermi sur-
faces, there is a substantial energy window where the
easy-plane DQCP is controlled by a self-dual fixed point
with dynamical exponent z > 1. We did not pursue a full
renormalization group analysis of the boson-fermion cou-
pled theory, but such analysis like the ones discussed in
Ref. [57, 58] when the order parameter φ is a composite
operator of deconfined degrees of freedom is very much
worth studying in the future.

Many insights of the DQCP, including the emergent
symmetry, ’t Hooft anomaly, as well as possible phase
diagram and RG flow, can be gained from the nonlinear
sigma model (NLSM) approach that unifies all the order
parameters in one action [52, 59–64]. The very key term
in the NLSM is a topological term. The Néel and VBS
order parameters can also be treated on an equal footing
in the U(1) and SU(2) spin liquid language [22]. In the
future it is also worth to explore the consequence of cou-
pling the DQCP to a Fermi surface using these different
formalisms.

Besides the DQCP, our study is also meaningful to
the interaction-driven Metal-insulator transition (MIT)
where the insulator phase has certain density wave or-
der. The basic formalism of the theory describing this
MIT involves introducing bosonic partons that carry the
electric charge, and fermionic partons that carry the spin.
This MIT is interpreted as a superfluid-to-density wave
transition of the charged bosonic parton sector [65, 66]
(The “superfluid” phase of the bosonic sector of the phase
diagram corresponds to the metallic phase [67]), which is
also described by a CPN−1 model in which the bosonic
matter fields are vortices of the charged bosonic parton.
There are multiple components of the vortex fields whose
condensate corresponds to the degenerate density wave
patterns of the insulator phase. When the density wave
order parameter couples to the hot spots of the Fermi
surface of the fermionic spinon sector, the same singular
terms like the one considered in our current work will
arise. Our study indicates that the physics at this MIT

could be controlled by a new fixed point with dynamical
exponent z > 1.

This work is supported by NSF Grant No. DMR-
1920434, and the Simons Investigator program.
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