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Motivated by the 2-spectrum proposal of unique gapped ground states by Kitaev, we study adiabatic cycles
in gapped quantum spin systems from various perspectives. We give a few exactly solvable models in one and
two spatial dimensions and discuss how nontrivial adiabatic cycles are detected. For one spatial dimension, we
study the adiabatic cycle in detail with the matrix product state and show that the symmetry charge can act on the
space of matrices without changing the physical states, which leads to nontrivial loops with symmetry charges.
For generic spatial dimensions, based on the Bockstein isomorphism H*(G, U (1)) = H***(G,Z), we study
a group cohomology model of the adiabatic cycle that pumps a symmetry-protected topological phase on the
boundary by one period. It is shown that the spatial texture of the adiabatic Hamiltonian traps a symmetry-

protected topological phase in one dimension lower.

I. INTRODUCTION

In the last fifteen years, understanding the phase struc-
ture of the gapped ground state of quantum many-body
systems has been progressed. An equivalence class of
gapped ground states by identifying each other without
a phase transition is called a topological phase. In par-
ticular, the topological phases with no ground state de-
generacy for any closed space manifolds are called in-
vertible phases or symmetry-protected topological (SPT)
phases. Invertible phases have been studied from var-
ious points of view, including invertible phases in free
fermions [2, 3], classification and model construction in
quantum spin systems using group cohomology [4-8],
and classification of topological response actions using
cobordism groups [9-11].

This paper is motivated by the Kitaev proposal that in-
vertible states form an {2-spectrum in generalized coho-
mology theory [1, 12, 13]. Let Ey be the “space of in-
vertible states” in d spatial dimension, which has not yet
been rigorously defined. The space Ej; is equipped with
a basepoint as the trivial tensor product state |0). The
sequence of spaces {Fq}qcz is called an Q-spectrum if
and only if the based loop space QE 1 = {¢ : S* —
Eq41/¢(0) = £(1) = |0)}, the space of loops in (d + 1)-
dimensional invertible states that start and end at the triv-
ial state, is homotopically equivalent to Ey, the space of
invertible states one dimension lower. Mathematically,
an (2-spectrum defines a generalized cohomology theory.
Thus, it is predicted that a generalized cohomology the-
ory gives the classification of invertible phases. See [14]
for a review of this perspective for lattice models, and
[15] for field theories.

The Q-spectrum structure behind the invertible states
is supported by the following canonical construction of
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FIG. 1. Kitaev’s canonical pump Fq — QFEq41.

the map Ey — QFE4,1, independent of the details of
the system, from the following defining property of in-
vertible states. For an invertible state |x), in d dimen-
sions, there is an invertible state |Y), such that the ten-
sor product state |x), ® |X), is adiabatically equiva-
lent to the tensor product state |0), ® |0), of the triv-
ial state 0),. Let [0),;,, = @,z |7,0), be the trivial
tensor product state in (d + 1) dimensions, where each
state |x,0), is the copy of the trivial state of d dimen-
sions. In the first half period, the pair of trivial states
at 2z — 1 and 2z are adiabatically deformed to the ten-
sor product |2z — 1, ), ® |2z, X) . and in the second
half, the pair of 2z and 2x + 1 sites are adiabatically de-
formed into the trivial states |2z, x), ® |2z +1,X), ~
|22,0), ® |22 + 1,0),,, resulting in an adiabatic cycle of
QEq1 labeled by |x), € Eq4 [1]. We call this construc-
tion Kitaev’s canonical pump. Clearly, for an open chain
composed of even sites, the invertible state |x), and | ),
appear at each edge by a period of the adiabatic cycle
(See Fig. 1). Although a canonical construction of the
inverse map QF;.1 — FE,4 has not yet been known in
lattice systems, {2-spectrum structure is consistent with
various texture induced phenomena in invertible phases.
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It should be noted that the Thouless pump [16], where
a Z charge pumped by an adiabatic cycle of 1D chain
with U (1) symmetry, is generalized to any discrete group
symmetry and any spatial dimension. It is known that the
topological invariant of the Thouless pump is the U(1)
phase winding of the charge polarization, the ground
state expectation value of the twist operator [17]. On
the one hand, for generic adiabatic cycles with discrete
charge, such a physical geometric quantity of which the
target space has a nontrivial first homotopy group labeled
by the discrete charge is still unknown. To search such
a geometric quantity is another motivation of this paper.
We will see that in the cases where a non-chiral phase is
pumped, the group cocycle wy € Z41 (G, U(1)) param-
eterized by the adiabatic parameter 6 hosts the topologi-
cal charge of cycles. Mathematically, this is understood
from the isomorphism H(G,U(1)) = H(G,Z)
from the Bockstein homomorphism associated with the
short exact sequence R — Z — U(1) of coefficients of
group cohomologies. There, the group (d + 1)-cocycle
with Z-coefficient is understood as the phase windings of
the cocycle wy. In Sec. V, we present an exactly solv-
able model of adiabatic cycles from the Bockstein homo-
morphism, in the flavor of Chen-Gu-Liu-Wen’s construc-
tion [7]. Our construction turns out to be the same local
unitary constructed in Ref. [18].

For free fermions with or without translational invari-
ance, the {2-spectrum structure is more tractable to for-

mulate. For massive Dirac fermions H = Zizl VO +
M in d-dimension, the mass matrix M is found to be-
long to the classifying space of the K-theory, this is
nothing but the Q-spectrum of the K-theory [3]. For
translational invariant systems, the parameter-dependent
adiabatic Hamiltonian #H(k, s) is classified by the K-
theory over the Bloch-momentum and parameter space.
The topological classification of adiabatic cycles of the
Hamiltonian (k,s) is found to be the same as for
Hamiltonians in the same symmetry class in one lower
dimensions [19].

There are several related concepts and prior work for
the adiabatic cycle in invertible states. In the Floquet SPT
phases, periodically driven Hamiltonians are studied, and
many protocols are known that pump an SPT phase at the
boundary by a period. In the Floquet SPT phase, many-
body localization is important to avoid thermalization. In
this paper, we are interested in adiabatic cycles of the
Hamiltonian, which closely overlaps with the topologi-
cal classification of the Floquet SPT phase. We should
note that it was shown that a part of Floquet SPT phases
are classified by the same classification of SPT phases in
one lower dimensions (in addition to the static phases),
which is the same conclusion from the {2-spectrum struc-
ture. There, the time-translation Z symmetry is intro-
duced, which is generated by the Floquet unitary itself,

and it is concluded that the Floquet SPTs are classified
by the total symmetry group including Z [18, 20-23]. In
the context of field theory, 't Hooft anomalies are known
to be classified by invertible phases in one higher di-
mensions. Adiabatic cycles of invertible theories corre-
spond to one-parameter loops in non-anomalous or possi-
bly anomalous theories on the boundary. For a nontrivial
adiabatic cycle, an anomalous theory is pumped on the
boundary, which leads to the existence of a phase transi-
tion at some adiabatic parameter. Related phenomena are
discussed as the “global inconsistency” [24], the “anoma-
lies in the space of coupling constant” [25, 26], and the
“diabolical points in parameter space” [27].

It is notable that adiabatic cycles with U (1) symmetry
in one-dimensional systems, i.e., Thouless pumps, have
been realized in the cold atom system [28, 29]. As a
physical system for realizing adiabatic cycles for generic
finite group symmetries, the cold atom system should be
a promising candidate.

Before moving on to the main part of the paper, we
have some remarks. Firstly, the solvable models dis-
cussed in Secs. II, IV and V are constructed by uni-
tary transformations on reference Hamiltonians. There-
fore the spectrum does not change in the adiabatic time
evolution, however, the ground state wave function does
change, and in the presence of on-site symmetry of fi-
nite groups, the “change” of the wave function in one pe-
riod is quantized in some sense, which is the phenomenon
studied in this paper. It is similar to the Berry phase, but
the Berry phase is essentially a quantity for finite sys-
tems, i.e., in 0-space dimension, but a new indicator is
needed to characterize the change of the wave function
in infinite systems of d-space dimensions, and we will
discuss below that the group cocycle plays a role simi-
lar to the Berry phase. Secondly, although the models
discussed in Secs. II, IV and V are solvable and lacks
generality, the physical phenomena demonstrated using
the solvable model are characterized by topological in-
variants of the adiabatic cycle and are expected to be uni-
versal for adiabatic cycles in general.

The organization of this paper is as follows. In
Sec. II, we give a simple 1-dimensional model of the
adiabatic pump with Zy symmetry and study various
tools to diagnose how the adiabatic cycle is nontrivial or
not. In Sec. III, we study I-dimensional adiabatic cy-
cles from the matrix product state (MPS) description of
1-dimensional spin systems. In Sec IV, we give a sim-
ple 2-dimensional model of the adiabatic cycle with time-
reversal symmetry (TRS), which is a model generalized
from the Levin—Gu model [8]. In Sec. V, we present an
exactly solvable model in (d + 1)-dimensional adiabatic
cycles from a given group cocycle in d-dimension. We
again emphasize that the resulting model is the same lo-
cal unitary constructed in Ref. [18]. We summarize this
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FIG. 2. The toy model (4).

paper in Sec. VL.

Throughout this paper, we use 6 as the adiabatic pa-
rameter with the period 27. For a finite group G, we spec-
ify which g € G is unitary or antiunitary as a symmetry
operation by a homomorphism s : G — Zo = {1,—1}.
“d-spatial dimension” and “d-dimensional” are some-
times abbreviated as “dD”.

II. SPIN CHAIN WITH Z; SYMMETRY
A. A toy model

The trivial disordered phase with Z, symmetry in spin
1/2 systems is described by the Hamiltonian

-2 M
JEL
We define the Zo symmetry operator by
V=[] )
JEL

The ground state of Hy is the fully polarized state |¥) =
|-+ ——---), and at the same time, it is written as the
equal weight sum of the domain wall configurations

|Wo) = Z |-

{o;}

001 ) 3)

up to a normalization factor, where o; € {1, |}. One can
find this ground state can be modified by a U(1) param-
eter 0 while keeping Zo symmetry as follows. Let Ny
be the number of domain walls, namely N4y, counts the
states 7| and |1 in a configuration |- - - 0041 - - ). Naw
is defined explicitly by Naw = > ;7 (1 — 0507, )/2 as
an operator. We introduce the modified ground state by
assigning the U (1) phase €*/? to each domain wall as in

Wg) = Ze%Ndw B

{o;}

0j0'j+1"'>. (4)

This state is given by the local unitary transformation

1—0c%c%

Heg J2 J+1 (5)

JEZ

on |¥g). Therefore, the Hamiltonian of which the ground
state is |Uyp) is given by

=UpHU, ' =Y B! (6)
JEeL
with
B]g = g;e%gj (g.?—1+g.?+l)

1+cos® , 1—cosf , . .

= 505 5 0j-193 0541
1

+ = 5 sinf(o;_y0] + 007, 4). )

Notably, although the local terms Bf of the adiabatic
Hamiltonian Hy is 2m-periodic, the 27-periodicity of the
ground state |Wy), or equivalently the local unitary Uy
holds only on the closed chain with the (anti)periodic
boundary condition as the number Ny, of domain walls
is even (odd).

On an open chain with L sites, one may define the local
unitary

o

1:[ gl (8)

This local unitary is not 27-periodic at the boundary:
There remain the Z, charged operators as Us, = 007 .

One can define another local unitary Uy that is the same
one as Uy on closed chains. Let us consider

o herieny,
Uy = H ez pl (9)
j=1

This is 27-periodic even for open chains, but Zy symme-
try is broken at the boundary.

B. Open chain

On an open chain with L sites, we consider the Hamil-
tonian Hy of the form

H Hbulk + Hgdge7 (]0)

where the bulk part H, g“lk is composed of local Hamil-
tonians B? and the sum runs over all sites in the inte-

rior of the chain. Namely, Hpk = ZL ! B(’ The

edge Hamiltonian H, gdge is any local Hamiltonian that
acts spins near the edge and is assumed to be small com-
pared to the bulk gap. We first solve the bulk Hamiltonian
H g“lk to get the degenerate ground states and discuss the

effect of H"8 as the perturbation. Hp"'¥ has four-fold



ground state degeneracy because the edge spins of and
o are not determined. The ground states are explicitly
written as

[Wo(o1,0L)) H

\01 - Tor), (1D

where 01,01, € {1,!}. Here, (1 + B;’)/? are projec-
tion operators, and the reference states |oq 1 -+ 1 o)
are chosen not to vanish for the projections. It should
be noted that the relative phases among ground states
{IWo(01,0L))}o1,01€11,43 can not be fixed in general
and can depend on . We will discuss a phase choice
depending on 6 in Sec. II D. The Zs action on the degen-
erate ground states becomes #-dependent and explicitly
written as

19 1+L

V|\Ij9(017JL)> = |\I}0( 0—17_0—L)>7 (12)

where —o; denotes the opposite spin direction to o;. In-
troducing the Pauli matrices 51’ and &/ for the degenerate
ground states as in

5?:Z|‘I’0(iaJL)> [0"]ij (Po(j, o),  (13)

or, :Z|‘I’9(017i)>

we have the factorized form

[0"]ij (Yo(o1,5)] (14

PyV Py = vivf, (15)
with
vl =G (16)

for j = 1 and L. Here,

Pp= >

o,oL€{td}

[Wo(o1,0L)) (Po(or, o) (17)

is the projection onto the ground states. As will see later,
one can define a Z, invariant from the edge action vf,
which signals the nontrivial adiabatic cycle.

Note that the gauge choice of v¢ and v is not unique.
To be precise, the U(1) phase of v{ is undetermined so
that v is a projective representation of Z,. The gauge
choice shown in (16) is chosen such that (v9)? = 1
holds. However, the gauge choice (16) breaks the 27-
periodicity. Another gauge choice is

52
—°L

0 T 191+6f ~0 T —19
v] = o7e 2, 2. (18)

vy =0re

This maintains the 27-periodicity, but breaks the Zy-ness
as it obeys (97)% = e%’. We note that o and o9 are still
projective representations of Z,.

Let us consider some edge Hamiltonians below.

1. Edge Hamiltonian with Zo symmetry and without
2m-periodicity

We first consider the edge Hamiltonian with Zsy sym-
metry but without the 27-periodicity. Such an edge
Hamiltonian is given by, for example,

Hg' = —\Uy (o] + 05Uy !
—AoleTi-1%i (19)

= —)\ai”e%"f"g
with Uy the local unitary introduced in (8). H, edge is not
2m-periodic as Uy so. The total Hamiltonian is still com-
posed of commuting local terms, implying that the eigen-
states of the edge effective Hamiltonian Py H, gdgePg are
exact ones. The edge effective Hamiltonian reads as

6 =2

Py HUE Py = —57e7 71 — %37, (20)

and the ground state is given by

1 1
W) ~ <ee> ® (es) . Q1)

Note that |¥y) is not 27-periodic as H cdee explicitly

breaks it, and the Z5 charge at the edge can be constant

asvf(1,e7)L =1,

2. Edge Hamiltonian without Zz symmetry and with
2m-periodicity

Now consider the opposite case where Z, is explicitly
broken but the 27-periodicity is possessed. An example
of such an edge Hamiltonian is given by

Hy ™ = —\Up(of + o) [Ug] ™"

I N A
— Aot LT (22)

1—0%
2
)\0_7‘ b0} —

with Uy the local unitary introduced in (9). The edge
effective Hamiltonian is
PyH{U Py = —X\o¥ — \g3elL, (23)

and the ground state is

o~ (1) () 24)

This is 27-periodic, but does not have Z, symmetry.



3. Edge Hamiltonian with Zo symmetry and 2m-periodicity

An example of edge Hamiltonian satisfying both Zo
symmetry and the 27-periodicity is a constant one

H® = (0% +0%). (25)

H{% is not closed on the ground state manifold as

H{"8 does not commute with the bulk one Hp'k. The
first-order effective edge Hamiltonian is given by

PyH'* P,

There is a level crossing, and the ground state is degener-
ate at § = 7. In other words, the ground state can not be
unique for all 6 € [0, 27]. The lowest two eigenstates of

Py H"8° Py are given by

1 1
+
‘@9 )~ (:I:eif)_ ® (:I:eléﬂ)_ ' @7
o1 oL

Two states | ¥ ) and |V, ) are interchanged by a period

as ‘\119127{) = |\P;> Although the effective edge Hamil-

tonian Py H gdgCPQ is 2m-periodic, the lowest two states
can be regarded as a single state with the 4m-periodicity.
Let us focus on the states

1
|w;t> ~ (:I:e?) _

at the left edge. To have a continuous eigenvalue of Z,
action, we employ the gauge choice (18). We find that
the eigenvalue of #¢ is also 47-periodic as ¥ [¢)7) =
+¢%9/2. See Fig. 3. This nature of 4r-periodicity is the
origin of the unavoidable level crossing, as discussed be-
low.

C. Projective representation and Z, invariant

In Sec. II B 3, we saw that there is a level crossing in
the edge spectrum for a Zo symmetric and 27-periodic
edge Hamiltonian in the first-order calculation. One can
show that the level crossing is a consequence of the non-
trivial cycle of the edge Z5 action (16).

Since the U(1) phase of the Zy action v¢ at the left
edge is unfixed in the expression (15), the matrix v¢
should be considered as a projective representation of Zs.
For 1D SPT phases in spin systems, the nontrivial fac-

tor system of the projective representation of symmetry

Eedge(e)
(=-1 (=-1
¢=1 ¢=1
0 2w 0

FIG. 3. Edge spectrum of the edge Hamiltonian with Zy sym-
metry and the 2m-periodicity. (s represent the eigenvalues of
the edge Zo symmetry (18), a one-parameter family of projec-
tive representations of Zs.

group G signals nontrivial SPT phases [4—6]. On the one
hand, since the Z, group has no nontrivial factor system
as H?(Zy,U(1)) = 0, the projective representation v{
belongs to the trivial projective representation.

Nevertheless, as a cycle of projective representation,
the factor system of v{ is nontrivial. To see this, we first
note that a generic 27-periodic projective representation
of Zs, ug with (ug)? ~ 1, defines a Z, invariant. Let
wp € U(1) be the two-cocycle (factor system) defined as
(ug)? = wyl. The Zs invariant is defined by

1
= —

= - mod 2. (28)
271

dlog wg

Even integers in vs are meaningless since if one replace
the U(1) phase of ug by ug +— e"?ug with an integer n,
the invariant v changes by 2n. The edge Z- action (18)
has the nontrivial Z invariant v = 1.

The level crossing is the consequence of v = 1: Sup-
pose that the ground state is unique for all 6, and Zo
symmetry is unbroken. Then the edge projective rep-
resentation of Zo is a one-dimensional representation
ug = e in which the Z, invariant v is trivial due
to the 2m-periodicity of e*(®). Therefore, we conclude
that the nontrivial Zy invariant v = 1 implies the ground
state degeneracy at some 6.

D. Comment on the relative phases of ground states

As commented in Sec. II B, the relative phase among
the degenerate ground states |¥y(o1, 07 )) can be chosen
such that they explicitly depend on 6. For example, let
|Wg(o1,01L)) be the basis obtained by the non-local uni-
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FIG. 4. A function 6 varying in space form 0 to 27.

tary transformation on |Uy(01,0y,)) as in

1011 D'L

(Wo(o1,00)) =e 72 27 |[Wy(o1,01)).  (29)

We introduce the effective edge spin operators 51“ and
aL“ in the same way as (13) and (14) on the basis
|Wo(o1,0r)) . The effective Zy action reads a constant
PyVPy = 5{°5. Correspondingly, the effective edge
Hamiltonian becomes non-local. For example, the edge
Hamiltonian (25) becomes

0 i0 =1z =1z 0 =1z =1z
PgHgdgePQ = —\cos 3 (e 101 L GPeT A OL
050250 gy i
e TG L "L) (30)

On the basis |¥y(o1, aL)>/, one can not extract the non-
trivial Zs cycle from the effective edge symmetry action.
Therefore, the locality of the phase choice of the ground
states |Wy(o1,0p)) is crucial to define the Zo invariant
(28).

E. Z2 charge trapped on a spatial texture

Another way to detect the nontriviality of the adia-
batic cycle Hy is to measure the symmetry charge of the
ground state under a spatial texture in which 6 slowly
varies in the space from 0 to 2.

Let §(x) be a R-valued smooth function such that

_J O (z=<m),
0(z) = { o (x> x‘i). @31

Here, x¢ and x; are positions with g < z1, and |z; —
x| is large enough to the inverse of the energy gap. See
Fig. 4 for a function #(z). The Hamiltonian with a spatial
texture is of a form

Hiexture = — 3 BJY. (32)

We claim that the ratio of the Zs charges of the ground
states between Hy and Hicyture 18 the Zo invariant to de-
tect if a given cycle Hy is nontrivial or not. Although this

strategy can be applied to any adiabatic Hamiltonian Hy
with translational invariance, we show that for models
that obtained by the local unitary transformation, one has
a Hamiltonian which approximates the texture Hamilto-
nian Hieytyre Of the form (32), as explained below.

By using the local unitary (9), the texture Hamiltonian
is given by Htexture = UtwistHO[Utwist]_l with

10
Utw1st - H el )
J

z
1+a 1— GJ+1
2

(33)

However, since Uyyis; breaks the Zg symmetry slightly as

VUiwist V"1 = Upisee " 2= ”J A=t , the ground state
expectation value of the Zy operator V' is quantized only
in the thermodynamic limit. We do not describe this type
of the twist operator in the details.

Instead, we consider the twist operator

00 =757
Uwist = [ [e 77 2 (34)
J
which preserves Zy symmetry VUiyistV "' = Uwist-
We note that Uit has the support only on 330 -1< j <

i i R

21 + 1 even if the unitary transformation e?

1—c%c%
. . . . . ; Jj_j+1
per site is not 2m-periodic as it shows e'™ 2 =

o505,4. This is because the contributions from near-
est neighbor sites are canceled out for j > =1 + 1, re-
sulting in that the local terms of the texture Hamilto-
nian UtwthOUt . 1s unchanged for j < zp — 1 and
j>x + 1.

However, remarkably, the twist operator Usyis¢ does
not work to give a smooth texture Hamiltonian for closed
chains with the periodic boundary condition where the
1 and L + 1 sites are identified. To see this, let us try
to apply the following trial twist operator on the closed
chain

wis

i0(5) 17 ”J";+1
twlqt strial — H e 2 (35)
to get the texture Hamiltonian Hiexture =
-1 o N tx
Utw1st trlalHO[UtW1st trlal] - ijl Bj : The

local terms read as

tx St x St -1
Bj - Utwist,trialgj [Utwist,trial]

= 05@0%@0?

—sin Q(JT_D sin %.)ijlafajﬂ

+ sin U= )cos@oj_l 4

+ cos (j; )sin@aﬁ’ajﬂ (36)



forj =2,...,L,and

x 1 _
B% U twist, trial9 1 [Utgvist,trial] !
o(L) 0Q1) ,

cos —=0}
2

() 91) z T _z

— sin —= sin (O'O'O'
9 9 719192

.0 0(1
—&—sm%co (T) 01,0 1
0(2 ) sin @O’l o5. 37

= COS

-+ cos

Since §(N) = 2, B;Xs are singular at site 1 and are not
smooth. To compensate for this discrepancy, the twist op-
erator needs to be modified for closed chains by inserting
the Zo charged operator at j = 1 as in

L 9( y1-0%0%
Sl L 10(J 7 J+1
Utw1st T H : (38)

With this twist operator we have the texture Hamiltonian
Hiexture = UtW]gt o[USL ]~ which smoothly varies in
the closed chain and have a unit winding of 6.

Now let us evaluate the ground state expectation value
of the texture Hamiltonian Hyeyqyre- NO explicit calcula-
tion is needed. The ground state |Utexture) Of Htexture
is given by the unitary transformation |Wiexture) =

US.... [Wo). From the algebraic relation

1 1
VUt%vlstv t= Ut%vlstﬂ (39)
where the factor (-1) comes from the charged operator
o7, we conclude that a spatial texture of the adiabatic
Hamiltonian (6) has the nontrivial Z, charge.
In Sec. V D, we generalize the prescription here to adi-
abatic cycles in any spatial dimensions for an exactly
solvable model.

F. Berry phase

In the previous section, we considered the spatial tex-
ture of the adiabatic Hamiltonian. In this section, we
consider an alternative one, the temporal texture with
the twisted boundary condition. Let [¥F) (|¥§)) be the
family of the ground states of the adiabatic Hamilto-
nian H (HY) for the twisted boundary condition by Zs
symmetry (for the periodic boundary condition, resp.).
For the spin system introduced in Sec. I A, the twisted
boundary condition is defined by the identification rule

Oj+L = VO'jV_l (40)

for the spin operators. Let ¢ and e?’= be the Berry
phases for the periodic and boundary conditions, respec-
tively. We claim that the ratio of the Berry phases

e Jel (41)

is quantized to a Zy, value in the thermodynamic limit and
serves as the Zs invariant of the adiabatic cycle.

For the toy model (6), the Berry phase is computed as
follows. The ground state for the periodic/twisted bound-
ary condition is given by

|W5"7) = Uy %), (42)
where | Uy) is the fully polarized state |¥g) = |—— - -),
and Ug /7 — ¢4 N0 is the local unitary with

o0 _ N~ 10505 | 1Fojo
NJ7 = ; 5 +— 43)

the operator counting domain walls for the peri-
odic/twisted boundary condition. Since U, 0/ — 11d
holds as an operator, the ground state satlsﬁes the bound-
ary condition |09/} = 4 |¥Y/?), and it contributes the
Berry phase by e'™ for the twisted boundary condition.
For the both boundary conditions, the contribution from
the integral of the Berry connection to the Berry phase
results in a common value

JoT W TNy ) _ im(WoING o) L (44)
In sum, the Berry phases are ¢/’ = —1 and e = 1,
and therefore, the adiabatic Hamiltonian (6) shows a non-
trivial ratio (—1) of the Berry phases.

Note that the ratio (41) is generally not quantized when
there is no symmetry to quantize the Berry phase. There
is an example of a model in which the ratio (41) is quan-
tized only in the thermodynamic limit [30].

G. Duality transformations

In the presence of Zo onsite symmetry, one can ap-
ply the Kramers—Wanner and the Jordan—Wigner duality
maps to get dual Hamiltonians. It should be instructive
to see dual models of (6).

1. Kramers—Wannier map
We apply the dictionary of the Kramers—Wannier du-
ality map
U 4 ’7'] +19 45)

070741 = Ti (46)



to the model (6). We have the dual trivial Hamiltonian
HEW and the local unitary UV as follows.

HyW == il (7)

—rZ
J

J
a1
W =% =" (48)
J

We also have the Z> onsite symmetry (Wilson line) W in
the dual model

w =] (49)
J

HEW is the Ising Hamiltonian and the dual local unitary
UEW can be seen as assigning the U(1) phase e? to
the charged objects 77 for the Zy symmetry W. To be
concrete, the dual adiabatic Hamiltonian is still the Ising
model but the spin axis is rotated by 6/2 around the z-
axis as in

HE = UF VO

0 0
= *ZTJy(i)Tf(g)a (50)
J

where 7;(¢) = e 13 Tl E

Since the adiabatic Hamiltonian (50) is an Ising model
for all 4, the ground state is in a spontaneous symme-
try broken phase. For the closed chain with the periodic
boundary condition, the ground state has two-fold degen-
eracy and is spanned by the cat states |+-(6)) character-
ized by Tf(& /2) = +1 for all j. Although the spin oper-
ator 7;(6/2) is not 27-periodic but 47-periodic, the Ising
term 77/ (g)TJy (%) is 2m-periodic, implying that during a
period the two cat states are exchanged.

In this paper, we do not study the adiabatic cycles
in spontaneous symmetry broken phases anymore. We
should note that the Floquet drives in spontaneous sym-
metry broken phases were studied in Ref. [31].

2. Jordan—Wigner map

Let aj7a; be complex fermion creation and annihi-
lation operators at site j. By introducing the Majorana
fermion operators cg;_1, c2; by

caj-1 = —i(a; —al), (51)

C2j = a5 + a;, (52)

the Jordan—Wigner transformation for the Zo symmetry
V is given by

O'jy- = C2j H(iC2i—1C2i)v (53)
1<J
07 =251 H(iCQ'L—lC%)a 54
1<J
0';: = ’1:02]-_102]'. (55)

Applying the Jordan—Wigner map to the model (6), we
have the dual Hamiltonian HJ" and the local unitary
UW as

HYW = = (ica;-1035)

J
=—Y (1-2ala), (56)
J

ig 17icgjcai41
UV =T]e>— 7 . (57)
J

Importantly, the local unitary U] " does not give a U(1)
phase on the local U(1) charge of the complex fermions

aT-, but on the complex fermions living in bonds. The
dual adiabatic Hamiltonian is

HW = =" BIW* (58)
J

with

1+ cosf
JW,0
B; =—(1- Qa;faj)

1—cos¥d
2
+isinf(aja;41 + a;al;+l). (59)

(aj-1+al_y)(aj41 —al,,)

The adiabatic cycle H é]w is supposed to show a nontriv-
ial fermion parity pump. Since the state at § = 0 is the
vacuum, the fermion parity pump of H]W is realized in
a Zo-trivial superconductor which has no edge Majorana
modes.

3. Kramer—Wannier and Jordan—Wigner map

The final duality map is the successive map of the
Kramers—Wannier map followed by the Jordan—Wigner
transformation. This is same as the half lattice transfor-
mation ¢; + c;j41 of Majorana fermions. The resulting
model at & = 0 is the zero-correlation limit of the Kitaev
chain [32]

H(I)(WJW = — Z(i02j02j+1). (60)
J



The mapped local unitary is the /2

the complex fermions

UFWIW — He2 T (61)
J

phase rotation of

Thus, the dual adiabatic model HfWIW is the 27-phase
rotation of the superconducting gap function

HEWIW _ Z(ia;aﬂ*l _
J
i0 T
+ea ;H +e

T )
aj 10y

aj+1aj). (62)
It is well known that the 27-phase rotation of a Zo-

nontrivial superconductor gives rise to the fermion parity
pump [32].

H. Other models

We present other models of the Z, charge pump in spin
chains.

1. The cluster Hamiltonian

Let us consider the cluster Hamiltonian [33]
— Zaj-flafajgrl. (63)
J

This model has Zs symmetry, of which the symmetry op-
erator is the same form as (2). The cluster Hamiltonian
can be modified while keeping the Zs symmetry by the
local unitary

Up=[]e? =" (64)
J

We consider the adiabatic Hamiltonian Hy =
UpHoU, ' = =3, B9 with 39 =02 4(§)ot0%,,(5)

and 0;(¢) = emivF o €144 Unlike the local unitary
(5) discussed in Sec. IIA the local unitary (64) for a
period, Us, is not the identity, but coincides with the Zo
symmetry operator Us, = V. Since the Hamiltonian H
is Zo symmetric, Hy becomes 27-periodic.

Let us consider the model Hy on an open chain. The

. . . 0
total Hamiltonian is of a form Hy ;. + Hedge where
N-1 .
HY o= -2 =2 BY. Since BYs are commuted each

other, the ground state of Hf ;. is given by imposing
Bf =1forj =2,..., N — 1 on the Hilbert space. The
resulting ground state manifold has four states coming

from the free edge spins. On the ground state manifold,
the Zy symmetry operator V' looks

9 0
P;VPy=P Ha P(Hok(5): (65)

where P is the projection onto the ground state mani-

fold. Here, the effective Z» action on the edge o7 (%) =

afe%’f is the same form as (16). Therefore, as discussed
in Sec. II C, the edge Z- action has the nontrivial Z in-
variant of the adiabatic cycle.

2. Kitaev’s canonical pump

Let us consider the model Hamiltonian as well as the
ground state of the Kitaev’s canonical pump shown in
Fig. 1 for the Zy symmetry operator

v=]]e; (66)
J

The ground state shown in Fig. 1 is given by

_ [ 9>2>1,2' (0 € [0,7),
o) = { ®; |Ha‘9>;j,2jj1 (0 € [, 27]), 67

where we have introduced the notations

IL,0), —COS*|T> 1), +Sln*|¢> ), (©68)

and

ITL,0);; = —cos 5 | )i [1); +sin 5 \¢> ;- (69
A Hamiltonian of which ground state is |¥y), which is
not unique, is given by the sum of local projection oper-

ators

-]

It is straightforward to show

1
ngfz

=2 L 0) o105 L0y _q5; (6 €[0,7]),
=225 M 0) ;0511 (I 0y 5504 (0 € [, 27]).
(70)

(14 03;_105; +cosO(o5;_ +05;)
J

+sin (05, _103; —0§’j_103j)] 71

for 0 € [0, 7], and

1
Hy = 1 (14 03,0541 +cosB(c5; +05,,1)
J
—sinf(05;05, 11 — 05;05,,1)] (72)



for § € [, 27]. The Hamiltonian Hy is discontinuous at
6 = 7 but it can be continuous by inserting the following
two adiabatic paths of ¢ € [0,1] at § = 7

1—-03._; 1—03;
¢ J J} 73
+H(—— 5 ) (73)
and
1—-03,_, 1-03;
_ 1 _ J Ji
(ool o g
J
1—03,1-03.
2j 2]—0—1} (74)
2 2

After introducing the matrix product state description of
adiabatic cycles in the next section, we see that the state
|Wy) is a nontrivial Z cycle. See Sec. IIIB 2.

III. MATRIX PRODUCT STATES

The discussion in Sec. II C to define the Zs invariant
of adiabatic cycles from the edge symmetry action moti-
vates us to formulate the classification of adiabatic cycles
by the MPS representation of 1D quantum spin systems.

A. MPS with Z; symmetry

We first generalize the adiabatic cycles in Zo symmet-
ric systems by using the MPS. A translation-invariant
MPS is written as

0) = Tx[-- A, A - omymyga. ), (5)

where the index m; stands for the basis of local Hilbert
space at site j, and A,, = [Am]ap are D x D square
matrices on the bond Hilbert space. A Zs symmetry op-
erator is written as a tensor product of a local Zs actions

z=T]o. (76)
J

mj1 .

where o, acts on the local Hilbert space as o |m;) =
1) [0j]m,n, and satisfies 07 = 1. The uniqueness of
the state |¥) is encoded in the matrices A,,s: When | )
represents a unique gapped ground state, the state |U) is
Zy symmetric if and only if there exists a U (1) phase e*?
and unitary matrix V' € U(D) such that [34, 35]

[0]mnAn = eVTA,V (77)

holds. We note that the matrix dimension D of A,,s re-
flects the entanglement between two sites.
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1. The space of the matrix V

Since the subsequent Zo actions and the identity are
the same, the uniqueness of the U(1) phase €' and the
matrix V guarantees that e* € {+1} and V is a pro-
jective representation of Zo, i.e., V' square is propor-
tional to the identity matrix. Since V and e!®V represent
the equivalent projective representation, the matrix V' is
regarded as an element of the projective unitary group
PU(D) = U(D)/{e**1ple’* € U(1)}. The constraint
on V means that V2 is the identity in the projective uni-
tary group PU(D).

We are interested in the topological nature of the
“space of gapped 1D spin systems”, especially in the
homotopy equivalence class of maps from S to that
space. In the view of MPS representation, the topology
of gapped 1D spin systems may be encoded in the space
in which the matrices A,,,, the factor ¢*?, and V live. We
focus on the space of matrices V' and show that its funda-
mental group is nontrivially given as Zs.

For the cases of D = 1 (a trivial tensor product state),
the projective unitary group is trivial PU(1) = {1},
which implies no nontrivial adiabatic cycles.

For the cases of D = 2, the projective unitary group
is identified with the group of SO(3) rotations PU (2) &
SU(2)/Zy = SO(3). Let us write the equivalence class
of the matrix V by [V] = {#V|z € U(1)}. The con-
straint V2 ~ 15 implies that [V] is either the identity
[V] = id of the SO(3) group or a m-rotation along an
axis 7 € S2. For the former case, we can not have a
nontrivial cycle since the space to which [V] belongs is
just a point {id} C SO(3). On the one hand, we have
a nontrivial loop for the latter case. Remarkably, n and
—n represent the same 7-rotation, [V] belongs to the real
projective plane RP? = S2/Zy C SO(3) where antipo-
dal points are identified in the 2-sphere S2. Therefore,
we have a nontrivial loop 71 (RP?) = Zs of the space of
[V].

To evaluate the fundamental group for generic matrix
dimension D, let us diagonalize the unitary matrix V.
Due to the constraint V2 ~ 1p, V can be written as

V= U [ Iy Ut (78)

—1p-n ]

with U a U(D) matrix and z a U(1) phase. N can be
chosen as 0 < N < D/2, because z — —z exchanges
the eigenvalues 1 and —1. Since the multiplication in the
form

U—U

{ W (79)

]
with W € U(N) and W € U(D — N) does not
affect the matrix V, the equivalence class [V] belongs



to the complex Grassmaniann manifold Gy (CP) =
U(D)/(U(N) x U(D — N)). Since the complex Grass-
maniann manifold have the trivial fundamental group
71 (Grn(CP)) = 0, there is no nontrivial adiabatic cy-
cles. Howeyver, this conclusion is not true when D = 2.
When D = 2N, there is an additional identification of
matrices U

UHU{I IN], (80)
N

which is not a block diagonal matrix in the form (79),
implying that the equivalence class [V] should be re-
garded as an element of the quotient space of the Grass-
maniann manifold by the Z. transformation (80), i.e.,
Grn(C2N)/Zy. This Zs identification is the origin of
a nontrivial adiabatic cycle. Since m1(Gry(C*V)) = 0,
the fundamental group is given by 71 (Gry (C*) /Zy) =
70(Zs) = Zs. Therefore, if D = 2N, a nontrivial adia-
batic cycle exists.

The above discussion provides us a simple way to
judge if there exists a nontrivial adiabatic cycle: There
exists a nontrivial adiabatic cycle if and only if the uni-
tary matrix V' of projective representation of Zy for the
bond Hilbert space satisfies tr [V] = 0.

2. Gauge invariance of homotopy class

With the above thought, let us formulate how the Zo
nontrivial adiabatic cycle is defined from a given cycle
of MPS. Let A,,(0) with € [0, 2] be a cycle of MPS
with onsite Zy symmetry. We enforce the periodicity of
A, (0). Namely,

Am(27r) = Am(o) (81)

form = 1,...,dim%H;. From onsite Z, symmetry, one
also has one-parameter families of a UU(1) phases e**(?)
and U (D) matrices V (¢) by

[05]mnAn(0) = OV (0)T A,,(0)V (0) (82)

for § € [0,2n], where () is unique, and V' (6) is
unique up to a U(1) phase. Also, as discussed above,
the Zo-ness ensures that ¢¢(?) is a constant ¢*¢(9) = +1,
and V' (0)? is proportional to the identity matrix. Here-
after, we focus on the U (D) matrix V' (#) only. The peri-
odicity of A,,(0)s implies that the U (D) matrix V (0) is
also 2mr-periodic. The equivalence class [V ()] is a loop
in the topological space PU (D).

We should take care about on the gauge choice of A,,,s.
The matrices A,, are not unique. In fact, the following
transformation

Ay Ay = eXWTA,W (83)
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with e’ a U(1) phase and W a U(D) matrix repre-
sents the same state as A,,. However, the homotopy
class of [V(#)] is found to be independent with this
gauge choice. Consider a cycle of gauge transformation
(eX(9) T/ (9)) with the periodicity e?X(>™) = ¢ix(0) and
W (2xr) = W(0) so that the gauge transformed matrices
A, (0) maintain the periodicity. Under the gauge trans-
formation, the U (D) matrix V' (¢) changes as

V(0) =W () V(O)W(H). (84)
Since the U(1) phase of W () does not matter, one can
think of W (6) as a cycle in the spacial unitary group
SU(D) which is contractible, meaning that the cycle

W(0) is homotopically equivalent to the identity. There-
fore, V' (#) and V (#) have the same homotopy class.

3. Zs invariant

The Zs invariant for MPSs is defined in the completely
same manner as in Sec. IIC. Let w(6) € U(1) be the two-
cocyle (factor system) defined by V (6)? = w(0)1. One
can define the Z, invariant

1
v=— %dlogw(@) mod 2. (85)
2mi

as in (28). The Zs-nature is because the redefinition of
U(1) phase of V() changes v by an even integer.

B. Examples

To illustrate our strategy, we discuss a few examples.

1.  MPS of the toy model (4)

We consider the state (4) with a slight modification by
areal parameter r > 0 as

(Do) = D (reF )N | gjoin ). (86)
{UJ}

Namely, the complex wight 7e*?/2 is assigned to each
domain wall. The MPS for (86) reads as

g 0 O
44(0) = (é e > A,(0) = (reize 1) (87)

In this gauge choice, Zy symmetry is written as

(0750 Agr (0) = T Ay (0)T7, (88)



where we have introduced the Pauli matrices 7+ for the
bond-Hilbert space. The gauge choice in (87) breaks
the 27-periodicity, however, it can be 27-periodic by the
gauge transformation

Ay (0) = Ay (0) = W(0) A, ()W ()1 (89)

with, for example,

W) = (1 6i0/2> . (90)

In doing so, we have a 27-periodic one

Ay(0) = (é g) A,0) = (Tgw ?) ©1)

Zo symmetry is rewritten as

[07]0a A0 (0) = V()T A5 (0)V (), (92)

_ 0 —1i0/2
l= (eiG/Z ‘ 0 ) ©3)

This V(6) does not satisfy the 27-periodicity, but since
the U(1) phase of V(6) is arbitrary, V() can be 27-
periodic by, for example,

V(o) = (699 (1)) ©4)

We have the nontrivial Zs invariant ¥ = 1 and conclude
that the cycle of the MPS (87) belongs to the nontrivial
homotopy class.

One can directly see the matrix V' (6) wraps a nontriv-
ial Zo loop in the topological space PU(2) = SO(3).
The matrix V(0) ~ cos 47, + sin &7, represents the
SO(3) m-rotation around the (cos 6, sin §, 0)-axis. Since
the 7-rotation around the (1,0,0) and (—1,0,0) are the
same, the equivalence class [V'(6)] forms a nontrivial Zo
loop.

V(0) ~ W(0)T"W (0)

2. MPS of Kitaev’s canonical pump

The Kitaev’s canonical pump (67) is invariant under
the translation j — j + 2. Regarding 27 — 1 and 27 sites
as one site, the matrix product state is given by

0
A}rT(G) = cos =

5 95)

I .0
Au((b) = sin 3 (96)
Al = Al =0, 97)
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for 6 € [0, 7], and

0
II coss 0
A (0) = ( 2 0) : (98)
11 (0 0
A“ o (O sin g (99
0 — cos & sin g (100)
O b
AL (0) = ! (101)
i — cos g sin g 0/’

for € [m,27]. The matrix dimensions of A!(#) and
A(9) are not continuous at § = 7. To discuss the homo-
topy class of the MPS, we enlarge the matrix dimension
by 2 for A'(6) and take the unitary transformation

) 4 )
A#T(e) _ 6197';5/2 (COS 2 8) 6—197'90/2, (]02)
AL (0) = i /2 sin 0\ _ior, 2
il( )=¢e 0> 0)¢ , (103)
00
Apy = Al = <0 O) : (104)

to make the matrices A'(9) and A!(#) continuous in
total. We note that the set of matrices AL _ (6) have
ambiguity as the matrices A} , (6) for 01,02 € {1t
,4} does not generate the algebra of 2 by 2 matri-
ces. In fact, Af ., (f) commutes with the matrix
¢i072/2¢107= o =i072/2 for any . This implies that a uni-
tary matrix defined by (77) is not unique: V(6) —
V(0)ef7=/2¢i0m==1972/2 for an arbitrary o satisfies
77).

Nevertheless, one can conclude that the adiabatic cycle
(67) belongs to a nontrivial homotopy class. The matrix
V' (0) defined by (77) reads as

eiOTz/2eioc(9)Tz e—iOTz/2 (

V() ~ { ir. (6 € [, 27)),

where () is a real function. V() for § € [0, 7] is
not unique as «(#) varies, however, to have a continuous
unitary V'(0), a(f) obeys the constraint a(0), a(w) €
{m/2,—m/2}. Note that V(6)?> ~ 1 does not holds in
general. Therefore, V' (6) represents a loop in generic
SO(3) rotations, not restricted in 7-rotations. Recall that
for an SU(2) matrix V, the 2 to 1 projection SU(2) >
V= (n,¢) € SO(3), the p-rotation around the n-axis,

is given by cos £ = 1tr[V] and sin £n = 1tr[—ioV].



The SO(3) parameter of V(0) is then extracted as

[ ((0,sin 6, cos6),2a(0)) (6 € [0,7]),
(n,¢) = { §(0,0,1),7r) ) (0 € [r,27]).
(106)

Irrespective to the choice of the function a(f), V()
wraps a nontrivial loop of the manifold SO(3).

C. Generic finite group symmetry

We generalize the above discussions to generic finite
group symmetry which can include antiunitary elements.
Let G be a finite group and s : G — Z2 = {1, —1} be the
homomorphism specifying if g € G is unitary (s, = 1)
or antiunitary (s, = —1). Let U(1)s be the G-module
with the left action g.z = 2% for g € G and z € U(1).

The following proof is much inspired by [36], where
the homotopy type of the space of homomorphisms from
a group to the projective unitary group on an infinite di-
mensional Hilbert space is discussed.

A simple and translation invariant MPS is written as

W) = Tr[--- A, A - emymyg--) (107)

with A,,s a set of D x D matrices which generates the
algebra of D x D complex matrices and |m;) the basis
of local physical Hilbert space at site 7. The symmetry
group G acts on the physical Hilbert space as the ten-
sor product of local actions § = ), g; with g; [m;) =
05} Grm;m,;- Unless misunderstanding arises, we omit the
site index j. At each site, §; is a linear representation of
G.

A simple MPS |¥) is invariant under the symmetry
group G if and only if there exists a U(1) phase e'®s
and a unitary matrix V,, € U(D) such that g,,, A4, =
e¥9VIA,Vy for g € G. It is found that the U(1)
phase e*s is unique, and the unitary V4 is unique up
to a U(1) phase. The uniqueness of the set of uni-
tary matrices Vy implies that Vs form a projective rep-
resentation of G, i.e., there exists a two-cocycle w €
Z2(G,U(1)s) such that V,V;’* = wy 5, Vyp, holds. Here,
we introduced a notation: V® = V for s, = 1 and
Vs = Vg* for s, = —1, where Vg* is the complex
conjugation of V. The redefinition V, — a4V, with
ay, € CYHG,U(1),) induces the change of the two-
cocycle wy p — wg’haffaghag. Since the U(1) phase
of V, has no physical meaning, the group cohomology
[w] € HX(G,U(1),) = Z2(G, U(1),)/B(G,U(1),) is
regarded as a physical quantity to specify a class of MPS
with symmetry G [4-6].

Let us fix a two-cocycle w € Z%(G,U(1)s), and we
focus on the space of w-projective representations them-
selves. There may be additional identification among dif-
ferent w-projective representations, which comes from a

mMj41
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redefinition of the set of U (1) phases of V;s. Given a ho-
momorphism 7, € Hom(G,U(1)s) = HY(G,U(1)s),
which satisfies 77977;9 = 7gh, the redefining of V by
Vy — nyV, may or may not change the w-projective rep-
resentation V, while keeping the two-cocycle w.

Let p1, p2, . . . be the equivalence classes of irreducible
w-projective representations. The equivalence class of
an w-projective representation V' is a direct sum V'~
@, pE™e of pys with n,s nonnegative integers repre-
senting the number of p, irreps in V. Let X7 be the
space of w-projective representations of which the equiv-
alence class is @, pP"=. Here we introduced a vector
notation @7 = (n1,n2,...). The total space X* of w-
projective representations is the disjoint union X% =
7 X%. The group Hom(G,U(1)s) acts on the total
space X by (nV), = n,V,. Since V; and n,V, with
n € Hom(G,U(1);) are regarded as physically the
same action, the space of symmetry action on the bond
Hilbert space can be identified with the quotient space
X“ /Hom(G, U(1);). Therefore, the adiabatic cycles of
the MPS with G symmetry is classified by the homotopy
equivalence class

{51, X“’/Hom(G, U(1)S)] . (108)

Let us focus on an orbit

U X (109)
n€Hom(G,U(1)s)

to which a given w-projective representation V,; with the
vector 7 belongs. We denote the dimension of V, by D.
The quotient space is given by

U X/ Hom(G,U())

n€Hom(G,U(1)s)

~ Xg/Hom(G,Uu)S)ﬁ, (110)

where we have introduced the stabilizer subgroup
Hom(G, U(1))s := {n € Hom(G,U(1),)|n(i1) = ).
Elements of the stabilizer subgroup Hom(G, U(1))7 rep-
resent the homomorphisms 77 € Hom(G, U (1)) that does
not change the equivalence class of the w-representation
specified by 7i. We find that the space Xy is sim-
ply connected: Every representation V, belonging to the
equivalence class 77 is written as V,, = V(/'VE;“?fV(/'Jr with
VgrCf a reference representation and W a unitary matrix
W € U(D). Since the U(1) phase part of W does
not change V;, W can be an element of the spacial uni-
tary group SU(D) that is simply connected. Then, a
loop V(#) : S' — X& of w-projective representa-
tions can be written as V,(0) = I/I/'(H)VgrerV(H)Jr with
W : St — SU(D) aloop on SU(D). Since SU(D)



is simply connected, there is a homotopy equivalence
W(0) ~ 1p, which gives the homotopy equivalence of
V(0), Vy(0) ~ V;ef. Thus, we conclude that

[Sl, X;:;/Hom(G, U(1)5)ﬁ}

=~ Hom(G,U(1)s)z. (111)
This is the central result of this section. The adiabatic cy-
cles of the MPS is classified by the stabilizer subgroup
Hom(G,U(1)s)7, which is the space of G symmetry
charges keeping the w-projective representation invariant
as an equivalence class.

There is a practical method to calculate the stabilizer
subgroup Hom(G, U(1))5 for a given projective repre-
sentation V. Firstly, it is sufficient to consider the center
group Z(Go) = {g € Golgh = hgforallh € Go} of
the unitary subgroup Gy = Ker (s) = {g € G|s, = 1}.
If there exists ¢ € Z(Go) such that the both n, # 1
and tr [V;] # 0 hold, the representation nV defined by
(nV)g = n4Vy is not equivalent to V, because of the
mismatch of the w-projective character tr [V;]. The con-
verse is also true. Thus, we arrive at the following state-
ment. For an MPS with a projective representation V/,
of G, the classification of adiabatic cycle is given by the
subgroup of Hom(G,U(1),) composed of the elements
n € Hom(G,U(1)s) such that tr [V] = 0 holds for all
g € Z(Gy) with ng # 1.

D. Topological invariant from two-cocycle

Let V,(f) be the G-action on the bond Hilbert
space of the MPS A,,(0) defined by ¢m,A,(0) =
eV (0)1 A, (0)V,(0). V,(0) is a projective rep-
resentation of G with a two-cocycle wyx(f) €
Z%*(G,U(1)s) which also depends on 6. Namely,
Vy(@)Vi(0)%s = wy 1 (0)Vgn(0). V4(8)s can be chosen to
be 27-periodic. In doing so, the two-cocycle wg 1 (6) is
also 27-periodic, and one can define the Z-valued wind-
ing number

L_ fdlogwg,hw) €z

112
211 ( )

Ng,n =

for each pair (g,h). The cocycle condition of wgy p(6)
implies that n, 5, is a two-cocycle of Z%(G,Zs), where
Zs is the G-module with the left-G-action g - n = syn
for n € Z. A redefinition Vy () — V,(0)ay(0)
with a 27-periodic U (1)-valued functions a4 (6) changes
the two-cocycle by the two-coboundary (da(0))gn =
an(0)%sagn(0)tay(6). The two-coboundary da(6) de-
fines the set of winding numbers by (dm)q n = sgmp —
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mgn + mg € B%(G,Zs) with

(113)

Mg = —
9 omg

dlogay(0) € Z

for ¢ € G. This gives the equivalence relation of two-
cocycles Z2(G, 7). We conclude that the topological
invariant of adiabatic cycles of MPSs lives in the coho-
mology group

[n] € H*(G,Zs) = Z*(G, L)/ B*(G, Zs).  (114)

The isomorphism H?(G,Zs) = HY(G,U(1),) sug-
gests that the invariant (112) can be interpreted as the
pumped charge of the symmetry group G by a period. As
shown in Sec. V, we can indeed construct a model of 1D
adiabatic cycle from a given element of Z1 (G, U(1),) by
using the Bockstein homomorphism.

If the cohomology group H?(G,U(1)s) is not triv-
ial, the two-cocycle wy,(f) can run over a non-
trivial sector of Z2(G,U(1),). This means the set
[S1, Z%(G,U(1))] of homotopy equivalence classes of
map S' — ZZ%(G,U(1)) splits into the sectors by
H?(G,U(1)). For each sector, one can define the wind-
ing number ng j in the same way. Thus, the homotopy
equivalence class is classified by

[S1, 22(G.U(1),)]

[SlaBQ(G,U(l)S)] = H2(G7 U(1)s) x H2(G,Z5).

(115)

This is in complete agreement with the classification of
Floquet SPTs in 1D. [20-22]

IV. A TWO-DIMENSIONAL MODEL OF ADIABATIC
PUMP WITH TIME-REVERSAL SYMMETRY

In this section we present an exactly solvable model
of the adiabatic pump in 2-spatial dimensions with time-
reversal symmetry (TRS).

A. Model

We consider a model slightly modified from Levin—Gu
model [8], which is a prototypical model for SPT phases
in 2D. In the same way as in Sec. IT A, we start up with the
trivial paramagnet as the model for the initial parameter,
and take a local unitary transformation with 6. Let us
consider the spin 1/2 degrees of freedom on the triangular
lattice. We denote the spin operator at site j by Uf for
W = x,y, 2. The initial Hamiltonian is

H():*ZU;C
J

(116)



We apply the local unitary [8, 37]

(117)

to Hy. Here, < pgr > runs over all triangles, and the sum
Z; , means that pq stands for all the nearest neighbor
links of 5. Here we showed two expressions in (117), the
same local unitary in bulk but different with a boundary.
We define the adiabatic Hamiltonian by

=UpHoU; ' = - Bf (118)
j

with

BY = Ugo Uyt = o%e% 95 Taa — 3" 7097 (119)

g5¢
We find that B?™ = o, meaning that the periodicity of
Hy is 27. In particular, Hy—, is recast as the Levin—Gu
model as Hy—, has Zy symmetry defined by [| j o For
generic 6, no unitary Zo symmetry exists, but there is
TRS defined by

(120)

T = (Ha;c)/c

where we have denoted the complex conjugation by .
On a closed manifold, the ground state is unique, as is
Hy, and the ground state wave function is given by

{{oj} W) = 0= (121)

on the basis of a]Z- = =£1. Here, Ny (V) is the number
of contractible loops whose interior near the loop is up
(down) spins. See Fig. 5 for a snapshot wave function. It
should be noted that no U (1) phases are attached to the
non-contractible loops.

On a closed manifold, the local unitary Uy is 27-
periodic and preserves TRS. However, on an open mani-
fold like an open disk, depending on local terms near the
boundary, Uy can be either 2m-periodic or time-reversal
symmetric. This issue is discussed from a more general
perspective in Sec. V B.

B. Open disk

We consider the model (118) on an open disk. The
calculations in this section is almost parallel to Ref. [8].
The Hamiltonian is of the form Hy = Hy bulk 1 H, by
with Hpuk = Z i cbulk B ,and H, bdY s composed of lo-
cal Hamlltonlans near the boundary with 2m-periodicity
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FIG. 5. The wave function (121) over a torus. This figure shows
a spin configuration with Ny = Ny = 2. The U(1) phase
factor €% (e %) is attached to the blue (orange) loops.

and TRS. Here, the sum ) jebulk TUNs over sites strictly

interior of the system. We first solve HP" to get the
degenerate ground state manifold and discuss the effect
of the boundary Hamiltonian H, ;’ % from the degenerate
perturbation theory.

We denote the site index on the boundary by n € bdy.
The ground state manifold of H}"¥ is specified by the
boundary spins o,, € £1 as

[Wo({onenay}))
~ T 0+ BY) {ojebux = 1}, {onebay}) - (122)
j€bulk
The relative U(1) phases among ground states
|Wo({o,})) are undetermined in general. —However,

as seen in Sec. IID, to make the effective boundary
Hamiltonian local one, it is important to satisfy a kind
of locality for the choice of the relative phases among
|Po({o,})). Here we employ the same prescription as
Ref. [8]. We assume the “ghost spins” outside of the
system and fix these spins to the up states. With this
prescription, the relative phases are determined as

{{ojevunc} [ Wo({on})) = eV =N),

where Ny and N are the ones introduced before.

Introduce the spin operators ¢~ with 4 = z, y, z acting
on the ground state manifold |¥y({c,})). Note that 5
is different from o, the original spin operators on the
boundary. Let Py be the projection onto the ground state
manifold. One can find the TRS operator on the ground
state manifold is

(123)

(124)



FIG. 6. Labeling sites near the boundary.

Here, we have ignored an unimportant U (1) phase fac-
tor. The unitary part of T} is not a product of a unitary
operator at each site, which is a characteristic feature of
SPT phases in 2D. [8, 38] Note that without the edge of
the boundary, (T(,b dy)2 = 1 holds.

C. Microscopic edge theory

Following Ref. [8], we first introduce the boundary lo-
cal Hamiltonian B to be the same form as bulk ones
B;’ but with the fixed ghost spins outside of the system

42 1-0%0?

Here, )7, runs over the triangles < nj;j’ > containing
the boundary sites n (See Fig. 6). The advantage of this
boundary term is that B,T;@ commutes with bulk ones B;,
meaning that the eigenstates of the effective edge Hamil-
tonian is the exact eigenstates of the total system. On the
ground state manifold, we have

PyBlY Py = %, (126)
But this does not satisfy TRS Ty. To enforce TRS, we
add the local term

ToolT, * = 526%573(6@14-52“) (127)
to get the 27-periodic and time-reversal symmetric effec-
tive boundary Hamiltonian

HyY .= PyHY Y Py
=AY (68 + 5re Tty (128)

with A a small constant.

We would like to prove that the ground states of any
one-parameter family of effective boundary Hamiltoni-
ans Hy respecting TRS Ty can not be unique for all
6 € [0,2x]. In this paper, we could not prove this no-
go. In the rest of this section, we leave a discussion on
ingappability of the effective boundary Hamiltonian of
the form (128).
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1. Discussion: fermionic dual model and ingappability

The effective Hamiltonian (128) accidentally has Z,
onsite symmetry defined by [],, o7 in addition to TRS
Tp. Applying the Kramers—Wannier duality map (45,46)
and the Jordan—Wigner transformation (53, 54), and
(55) to the effective Hamiltonian (128), we get the dual
fermion model called the Kitaev chain [32]

Hy =2\ Z[—alanﬂ — ajH_lan
n

i0
2

; 0 0
+e% cos iaILaLH + e~ 2 cos §an+1an} (129)

and the dual TRS

Tp = e% XnananyC, (130)

Importantly, the dual TRS is not 27-periodic, while obeys

Tor = (-1)"K, (131)
where (—1)" is the fermion parity operator. This is the
symmetry class BDI in fermionic SPT phases. The clas-
sification is known to be Zg [39].

We first discuss ingappability as free fermions, where
the topological classification is Z which is character-
ized by some winding number. The BdG Hamiltonian
Hiq defined by Hy = 537, [HEaglnn has the

0-dependent chiral symmetry Fg’HGBdGFQ_ 1 = f’H% e
i0/2
with 'y = 6799 /2 € 0o ) With transnational invari-

ance, the winding number N,, is written by the BdG
Hamiltonian H%,, (k) in the Bloch-momentum space as
Nu = & § dktr [To[Hhq (K)] 7 0HDya (k)] € Z.
Since the winding number N, is quantized as it takes a
value in integers, N, remains a constant unless no gap-
less points of H (k) arise for all @ € [0,27]. On the
one hand, the periodicity of H%dc and 'y, = —I'p im-
ply that N, = 0 if no gapless points arise. Therefore, if
N, # 0 at 8 = 0, there must be a gapless point at some
6 € (0,2m). For example, the Kitaev chain (129) shows
|N,| = 1até = 0, and it is consistent with the gapless
point of (129) at 0 = 7.

For the many-body fermionic Hilbert space, ingappa-
bility is more subtle since we have to distinguish 1 € Zg
and —1 € Zg phases. Namely, a Z, many-body invariant
is needed. In the Euclidean space-time path-integral pic-
ture, the Zg invariant v € Zg is known to be the discrete
U (1) phase of the partition function over the real projec-
tive plane RP2, Z(RP2, £) = | Z(RP2, 4)|e 5" [10].
Here, + means two different Pin_-structure on RPZ,
which is exchanged by the local fermion parity trans-
formation on the orientation-reversing patch intersection




introduced by the TRS operator Ty. Then, the relation
Ty, = (-1)F T, implies that the Zg invariant should sat-
isfy v = —v modulo 8 if the ground state is unique. This
is only consistent when v = 0, 4 modulo 8, implying that
if v = 1,2,3 modulo 4 at § = 0, there must be a phase
transition in 6 € (0, 27).

We note that the discussion in this section is based on
the assumption of the additional Z, symmetry by [[,, o

D. Zs invariant from three-cocycle

In this section, we discuss how the adiabatic cycle of
(118) is nontrivial in the viewpoint of the three-cocycle.
Since the ground state of (118) is unique and symmet-
ric, we can in principle extract the one-parameter family
of three-cocycle wy € Z3(ZL,U(1),) characterizing the
ground state with TRS, where U (1), the left Zy-module
defined in the same way as in Sec. III C.

1. Zs invariant

Before computing the three-cocycle of the ground state
(121), we first investigate how the space Z3(Z3 U (1))
looks like. Solving the cocycle condition

(dw)(g, h, k, 1) = w(h,k,1)’9w(gh, k, l)fl
w(g, hk, Dw(g, h, kl) tw(g, h, k) =0 (132)

directly, we have Z3(Z1,U(1)s) = U(1)®> which
is independently parameterized by, for example,
wle,e,T),w(T,T,e) and w(T,T,T). Therefore,
given a 2m-periodic three-cocycle wy, one can de-
fine three 7Z invariants as winding numbers of these
representatives. However, a part of Z invariants is
trivialized by 2m-periodic three-coboundaries dag with
ag € C%*(ZT,U(1)s). Under the three-coboundary da,
w changes as

w(e,e,T)
— w(e e, T)ale, T)ale,e) ™, (133)
w(T,T,e)
= w(T, T, e)a(T,e) tale,e)t, (134)
w(T,T,T)
— w(T,T,T)a(T,T) 2ae,T) 'a(T,e). (135)

Therefore, the only one Z, invariant is well-defined. Ex-
plicitly, given a 27-periodic three-cocycle wy, the Zs in-
variant is defined by
1
V= 27 f d log[wg (67 €, T)w9 (T7 T7 6)(4}9 (Ta T7 T)}
g
(136)
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modulo 2.

2. Review on Else-Nayak’s method

We adapt the method in Ref. [40], where they
showed how the (d + 1)-cocycle emerges from the local
(anti)unitaries defined on the (d — 1)-dimensional bound-
ary. Let G be a symmetry group possibly including an-
tiunitary elements and U(g € G) be the local symmetry
action on the 1D boundary of a 2D non-chiral invertible
state. Because U(g) is written with local operators, one
can restrict U(g) on an interval I = [a, b] to get the sym-
metry action Uy(g) on the interval I. U;(g) is only de-
fined modulo local unitaries acting near the edge of I,
which leads the breaking the group law near the edge as
in

Ur(g)Ur(h) = Qoar(g, h)Ur(gh),

where Qs7(g, h) is a local unitary near the edge OI. The
associativity of U;(g)s implies that the following con-
straint condition on Q5 (g, h),

(137)

Ui(g) Qa[(h7 k)Qaf(ga hk)
(138)

Qor(g,h)Qoar(gh, k) =

with Y19 Qar(h, k) = Ur(9)Qor(h, k)Ur(g)~. We
further restrict Q57(g, h) to the left edge part, which we
denote by Q,(g,h). For Q,(g,h), the condition (138)
holds true only modulo a U (1) phase

Qa(g, h)Q0a(gh, k)

= w(g, h, k)19, (h, k)Qa(g, hk). (139)

It is shown that w(g, h, k) defined in (139) satisfies the
three-cocycle condition.

3. Boundary TRS and three-cocycle

We consider the local antiunitary (124) as the TRS op-
erator on an interval. For our purpose to extract the 27-
periodic three-cocycle, the local antiunitary on the inter-
val should also be 27-periodic. Such a 27-periodic local
antiunitary is

:(Ho’

N-
1+az 1—or i1
H K (140)
n=1 n=1
for TRS and UY(e) = Id. One can reads off the boundary
unitaries Q9 (g, h) parameterized by 6 as
QY (T, T) = e 7T %N (141)



and Q9,(g, h) = Id otherwise. Restricting Q9 (T, T) to
1—0o%

the left edge, we have QY (T, T) = e?~—=" which is 2n-
periodic. The three-cocycle defined by (139) is given by
wo(T,T,T) = e’ and wy(g, h, k) = 1 otherwise, result-
ing in the nontrivial Z, invariant (136) v = 1. Thus, the
one-parameter family of the local TRS (124) forms a Z,
nontrivial loop which can not be deformed to a constant
local TRS.

E. Haldane chain pump

Interestingly, the local unitary (117) by a period is
viewed as pumping a Haldane chain protected by TRS
on the boundary of 2D systems [18, 41, 42]. To see this,
we consider the local unitary on the open disk in the form

i0 (9. %z, 2 2 __z__z_ =z
ngen: H ei(Sapaqorfopfaqfor)’ (142)
<pqr>

where < pqr > runs over the all triangles of the open
disk. Note that U,”*" is chosen to have TRS, but no
2m-periodicity. A spin operator o/ ebdy ON the boundary
transforms as

PO, __ yropen _y rropeny—1
Bn - UO Un(Ua )

. 1-0%0%,
0 _z n J

J i0 =z
— g il — 5o
affe 2 9n Zicjjil> 2 e 29

(143)

for u = z,y and B%* = UP"oz(UP")~! = oZ.
Here, the sum Zz jj/> Tuns over the all triangles con-
taining the boundary site n (See Fig. 6). Note the dif-
ference from the boundary interaction (125) introduced
before. (125) preserves the 2m-periodicity, but breaks
TRS. In contrast, B2* preserves TRS but breaks the 27-
periodicity

— o z —a? a7
1-0Z_,0%Z 1-0%o

_0-4:(_1) 2 + n2 n+1

By = (144)

for 4 = z,y. Importantly, the pumped spin operators
BY# depend only on the boundary spins, meaning that
the 27-periodicity of U,P*" breaks only on the boundary.

The pumped boundary spin operators (144) is also
given by the local unitary on the boundary

i LmOROE
Upay = [] e¥ 2. (145)
n€bdy
Thus, we have the operator relation
Ugf:en = Upay (146)

up to a constant factor. Uy,qy is known as the local unitary
giving the Haldane chain for TRS (], ¢%)K [7]. There-
fore, we can say the local unitary UyP“" pumps a Haldane
chain phase by a period.
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We note that such a picture of the SPT phase pumped
on the boundary for higher-dimensions is well known in
the context of Floquet SPTs. [18, 41, 42]

V. ADIABATIC CYCLE IN ANY DIMENSION

We integrate the results obtained in the previous sec-
tions and discuss a general theory of a kind of solvable
model for any dimension. This section has much overlap
with Ref. [ 18], where the group cohomology construction
of Floquet SPT drives in any dimension is given. The lo-
cal unitary Uy obtained in Sec. V B is the same one in
Ref. [18].

A. Topological invariant from group cocycle

Let |¥y) be an adiabatic cycle of gapped G-symmetric
non-chiral ground state in d-spatial dimensions. Suppose
that we have the inhomogeneous (d + 1)-cocycle wy €
ZM1(G,U(1),) associated with the ground states |¥y).
We also assume the 27-periodicity of wy. Define the set
of Z invariants from wy by

1
(g1, > 9ds1) i= %%dw9(917~--agd+l)~ (147)

The cocycle condition of wy implies that n is a (d + 1)-
cocycle with the Z-coefficient, i.e., n € Zd+1(G7ZS).
The (d 4 1)-cocycle wy is not unique. For a 27-periodic
d-cochain ag € C4(G,U(1),), wp and wydory represents
physically the same ground states |Wy). Let

1
m(g1,...,9d4) == %fdag(gl, ey d) (148)

be the set of Z invariants of ags. The equivalence wy ~
wgday means that the equivalence relation n ~ n + dm
by the Z-valued (d+1)-coboundary dm € B+1(G, Z).
Therefore, given a cycle of (d + 1)-cocycle wp, one can
define the set of integer invariants [n] living in the group
cohomology

H™YG,Z,) = 277G, Zs) /BTG, Z,).  (149)

B. Group cohomology construction

From the isomorphism HY(G,U(1)y) =
H¥*Y(G, Zy), the invariant [n] may be interpreted as the
pump of an SPT phase in (d — 1)-spatial dimensions. The
isomorphism H¢(G,U(1),) — H(G,Z,) is given
by the Bockstein homomorphism associated with the
short exact sequence of the coefficients Z — R — U(1).



As we will see in this section, the Bockstein homo-
morphism gives us an exactly solvable lattice model of
adiabatic cycles in the basis of Chen—Gu-Liu—Wen’s
construction. [7]

In this section we employ the homogeneous cochain
v € C%G,U(1),). The relation to the inhomogeneous
cochain w is

V(g()a g1, --- 7gd) = w(g(;lglv e vg(;jlgd)sgo . (150)

Let v(go,.--,94) € Z%G,U(1),) be an homoge-
neous d-cocycle, of which the equivalence class [v] €
H4(G,U(1),) is what we want to pump in (d — 1)D. Let
us denote v(go, ..., gq) = €'¢(90:-94) and introduce a
lift
,94) € R. (151)

¢V(g07 T 7gd) — (511(90’ cee

The cocycle condition of v ensures that the differential
of ¢, is a (d + 1)-cocycle of the Z-coefficient 5-d@, €
Z4Y(G, Zs), and the equivalence class [5=d¢,| gives
the isomorphism H¢(G,U (1)) = H¥Y(G, Zs).
For an adiabatic cycle in dD, we introduce a 2mu-
periodic homogeneous (d + 1)-cocycle
(dH)(QO, o Gag1) = e (@90 (g0ga)  (157)
According to the recipe by Chen—Gu—Liu—Wen [7], we
get a model of d-dimensional exactly solvable model
parameterized by 6. To be precise, we consider a d-
dimensional manifold with a triangulation with a branch-
ing structure equipped with the local Hilbert space
spanned by the group basis |g) for ¢ € G. The G ac-
tion is defined by §|h) = |gh)® for each site. The local
unitary Uy sending the trivial tensor product state to a

state with the group cocycle V(SdH) is given by [7]
d+1 d
ZH (+)g*7907"'agd)A

{g;} Ad

"Wy }) {ai}
(153)

where the product [[,« runs over all the d-simplices,
|A?| € {£1} represents the orientation of the d-simplex
A4 and g, € G is an arbitrary fixed group element. The
choice of g, does not affect the local unitary in bulk. This
local unitary Uy is manifestly 27-periodic, but breaks G-
symmetry on the boundary [7].

Instead, we introduce alternative form of the local uni-
tary. Let us expand the differential of d¢.

(9*7907 s agd)

= 00(90, g1, 9a) — o (Gus g1, - -+ 9a)

+'”+(_1)d+1él/(g*7907glv'"agdfl)' (154’)
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We realize that except for the first term in the right-hand-
side, this is the d-coboundary dé of the (d — 1)-cochain

d(QOa s 7gd—1) = qu(g*ag()a v 7gd—1)- We have

|
{g;} Ad

2 18%| (G (g0..90) —(dd) (g

0--99) | {g;1) s},
(155)

e27r

The coboundary term d¢ is canceled out each other with
adjacent d-simplices in bulk. Therefore, the local unitary

U@ = Z HeglAd‘él/(ng-,gd) |{gj}> <{gj}| , (156)

{g;} Ad

provides the same action on the degrees of freedom
strictly interior of bulk as that of Uy. The local unitary
Up is the same one as in Ref. [18].

Compared to Uy, the local unitary Uy has no periodic-
ity for 6, but preserves G symmetry even in the presence
of the boundary

§Usg™" = Up. (157)
This is from the homogeneous  condition
¢u(990,---:994) = S9¢u(g0,-..,94). More gen-

erally, for any function O(A?) from the set of d-simplices
to R, the space-dependent local unitary

= 3[R ) g, 1) (g3

{g;} A¢
(158)

is G symmetric
(159)

even in the presence of boundary.

The adiabatic Hamiltonian Hy is defined by the unitary
transformation by Uy (or Up) on the trivial Hamiltonian
Hj as in

Hy = UgHoU, (160)
Here, Hj is defined by the sum of local projectors onto
the disordered state

(161)

(162)

¢); = \/FZL@

geG

In the rest of this section, we examine the properties of
the adiabatic cycle Hy as well as the local unitary Up.



FIG. 7. The basic moves to remove internal sites. Here we
omitted the branching structure.

C. SPT phase pumped on the boundary

One can show that Uy pumps the (d — 1)D SPT phase
with the d-cocycle v directly [18]. For a period 6 = 27,
no ambiguity from the lift ¢ — ¢ remains, so we can
safely write

Use = > [ e4710t00259) 1{g,1) ({31

{g;} Ad

= ST v(g0:- - 90" Ha}) Loy}l (163)

{gs} Ad

Note that Us, is the identity for an closed space mani-
fold because of the property [[ A4 (g0, - - -, gd)‘Ad| =1.
With boundary, by using the basic moves (cocycle condi-
tion) to remove the internal sites except for a one site 4,
the amplitude is simplified as

d d—1
HV(g07'-'7gd)|A | = H V(gzﬁgOa"wgd—l)‘A |7
Ad Ad—1

(164)

where the product [ [ A4—: runs over the all boundary (d—
1)-simplices. We illustrate the basic moves to remove the
internal sites in Fig. 7 for d = 2.

The amplitude (164) is further simplified by using the
cocycle condition

v(Gis 9o - -+ gd—1)
= 1/(9*,90, ce 7gd—l)1/(g’iag*7gla e agd—l)71

: - 165
"'V(glag*agﬂa'“agd—Q) 5 ( )

where g, € G is an arbitrary group element. In (165),
the factors including g; are canceled out with adjacent d-
simplices, resulting in that U is the local unitary acting
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FIG. 8. The intensity of the red color represents the function 6.
The codimension one surface M, is represented by the blue
line in figures.

only on the boundary operators
U27'r = Ubdy(l/)
d—1
= > I v@eg0.---.90-0"" THga}) Hga}l

{gnebay } Ad-1

(166)

where the sum ) g, Tuns over the boundary sites and
the product [[,4-: runs over the boundary simplices.
Us, is nothing but the the local unitary giving the (d —
1)D SPT phase labeled by the group d-cocycle v €
Z4G,U(1)s) [71.

D. Texture induced SPT phase

The local unitary Uy can be used to generate a texture
Hamiltonian which is exactly solvable. Let § : {A9} —
[0, 27] be a function from d-simplices to the circle [0, 27]
where 27 and 0 are identified. We consider the trial twist
operator in the form

Ule] = Y- [ e 5720 g,) ({931

{g;} A¢
(167)

As seen in Sec. IIE, because of the lack of the 27-
periodicity of Uy on the boundary, the twist operator U [6)]
should be modified to give a smooth texture Hamiltonian.
To do so, we introduce the (d — 1)-dimensional manifold
Mg as the codimension one surface on which §(A9)
changes from 27 to 0, and insert the local unitary (166)
over My_1. See Fig. 8 [a] for the illustration of M _;.
Explicitly,

UMgr)= Y 11

{gnemy_ } Ad=1eMy

9002 g ) Hgnd
(168)

V(g*7907 ..



where n runs over M,_1.
defined as

The proper twist operator is

Uniss = U(My_1) " UT]. (169)

Accordingly, the smooth texture Hamiltonian is given by

Htexture = thvvis‘cI—IO[Uv‘cwist}_1 (170)
The point is that we can explicitly write down the ground
state

‘\I}texture> = Utwist |\I]O> P (171)
which we can concretely examine the properties of the
texture ground state.

We note that our construction can also be applied for
the vortex localized modes if #( A?) has a singularity with
nonzero winding number. For such cases, the codimen-
sion one surface M;_; has a boundary on the singularity
of 6. See Fig. 8 [b]. The local unitary sending the trivial
Hamiltonian Hj to the vortex Hamiltonian is defined in
the same way as (169).

We expect that the inserted local unitary U(My_1) is
the origin of the emergence of the SPT phase in the tex-

J

01

1 T
Bj:@ Z e

9j—1,95:h5,95+1

Sg._4(& -1 —a&
9j-1 )
J 95195 951N

~ 0 -
-1 5 .)+271389j (O‘
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ture. We consider this issue for 1D and higher dimensions
separately.

1. ID

We already see the emergence of 0D SPT phase for
G = Zs in Sec. I1E. We here revisit this for the exactly
solvable model (160).

Given a 1-dimensional representation e'®s €
Hom(G,U(1),) = ZY(G,U(1)s), we introduce a lift
ag — a4 € R. The twist operator (169) is given by

N 10]' ~
p S ].O( ‘71
Uit = 3 70 [Le™ ™55 o000 1{g,}) (s
{9;} Jj=1
(172)
Here, 0; is, for example, 0; = 2—17\7[7 We confirm

that the texture Hamiltonian Hiexture =
*Z UtwistP'[Utwist]7
local terms, where P;
We have

*Zij =

1 is indeed composed of smooth
|G| > |9); (Rl;, as follows.

_1 —a
95 9j+1 R

-1, )
i gio16i95+1) (9i—1hj g4l

(173)
forj=2,...,N,and
. 1971\7 & _ —a _ m 5 A
By = |727'| Z R CTIE T ?gN(agN1g O(gNlhl)"l‘ 5L sg, ((yg1 Ly s 192) ‘gNgng> <gNh192|
gn,91,h1,92
1 %(5‘ —1 '—&h,l )

= @ Z e 91 92 192 |9N9192> (gNh192|. (174)

gn,91,h1,92

Here we have used 0y = 2 and e'*" = ¢'*s¢’*s*". Note that without inserting the unitary 3

texture Hamiltonian is not smooth.

e |gy) (g1], the

The texture induced 0D state is evident from the symmetry property of the twist operator. We have

gUtwistg
{95} Jj=1

This implies that the ground state |Wyist) =
compared to the trivial ground state |Ug).

Z e S9i%n H Sl IR {99;}) ({995} = €7 Uswist.

(175)

Utwist | Vo) of the texture Hamiltonian Hyexgure has the U(1) charge e®s

2. Higher dimensions

To show that the texture Hamiltonian Hiexture traps an SPT phase in one dimension lower, we explicitly compute
the symmetry action on the boundary. Let X; be a d-dimensional space manifold with boundary and My_; be the
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codimension one surface on which 6 jumps from 27 to 0. Let us denote g iex, and gneax, for group elements living
inside bulk and boundary of X, respectively. The ground state manifold |¥ ({gneax,})) of the texture Hamiltonian is
explicitly written as

U ({gneox,})) = Z H V(g*,go,...,gd,l)_mdfw H ew(zﬁ)éu(907~--,gd)|Ad\|{gj}’{gn}> (176)

{gjex"d}AdileMd—l AdeX,

Note that the relative phases among the ground states | ({g,, })) are arbitrary in general. We fix a set of relative phases
as (176). Let us compute the symmetry action on the ground state manifold.

sgi0(Ad)

. _ d—1 g d
g |\Ij({gn€8Xd,})> = Z H V(g*vg()v R 791171) solA | H € 2m Sv(g0,--,9a)|A%] |{ggj}a {ggn}>sy
{gjgx“d}AdfleMd,] AdEXd
- ~ _IAd—1 i0(ad 1 . a4
= > I vegedo,--gan)™27 0 T e o @0 90I87 (g} {ggn})™ .
{9jex,} A4 €M, AdeXy

(177)

Here, we used the homogeneous condition of v and q~51, and introduced the notation

5 o— ) 9z (33‘ € )O(d)a 178
9= {ggm (x € 0Xy). (178)

At this stage, we find that the symmetry acts only on the codimension one surface M1, and thus, the problem is
completely reduced to how the symmetry acts on the boundary of M;_;, which is well-known. See, for example,
Ref. [40]. For self-contentedness, we further compute the boundary symmetry action. Using the cocycle condition

V(994505 -+ -+ Ga—1)V(Gws G0y - -+ Ga—1) " V(Gus 995 G-+ - Ga—1)

-~ o~ - _ - - _qyd+1
V(ger 9955 G0s G2, -+ Ga—1) "+ V(gus 9945 Gos - - -5 Ga—2) T =1, (179)
we have
~ d—2
919{gneox )= I v(9+,99-,990, -, 99a-2)>" "]
Ad=2cOM4_1
~ - _IAd—1 i0(ady 1 . d R
Z H U(Gss oy - Gar) 12 H e o Or(@onGalATH 1o Y Lgg 1)
{gje)(@d}Ad_leM(ifl AdeXy
= NaMd—l(g)Saxd(g)Ing |\I]({gn}> . (180)

Here, we have introduced the local unitaries Mgy, , and Spx, acting on the ground state manifold |¥({g, })) which
have supports on M1 and 90X 4, respectively, by [40]

SGXd (g) |\Il({gn}> = ‘\II({ggn}> ) (181)
Nowrw i@ 1Uga 1y = [T (90099090, 9a-2)'" 10 ({gn}) - (182)

Ad=2€OMg_,

The local unitary Nanr, , (9)Sax,(g)K®s (restricted to dM,—_1) is known as an anomalous symmetry action of the
(d — 1)D SPT phase with the cocycle v € Z4(G,U(1),). Thus, we have shown that the texture Hamiltonian (170)
indeed traps the (d — 1)D SPT phase.

E. Examples of local unitary 1. 1D, Z2 symmetry

We illustrate the local unitary (158) with a few exam- Let us consider the unitary symmetry group G = Zo =
ples. See also Ref. [18]. {e, o}. There is only one nontrivial representation of Z,



e = —1. Aliftis given by &, = m. The local unitary
(156) reads
017995 +1
Up=> Tle* > o) oy}l (183)
{o;} J

This is nothing but the local unitary (5) discussed in
Sec. II.

2. 2D, 7% symmetry

Let us consider Z time-reversal symmetry. The inho-
mogeneous cocycle w representing the nontrivial group
cohomology H?(ZY ,U(1)s) = Zs is

_ ) -1 (g =h= 0')’
wig:h) = { 1 (else). (184)
Accordingly, a lift is given by
dg.m =] 0 W="=7 g
9> 0 (else).

The local unitary (156) is
i0 A2 19091 1=0j09
Up= > J[e?™173 727 [{o;}) oy}
{o;} A2

0 Py 171750{ 17(:{(75
:Heﬂﬂgfmﬁ*. (186)
AQ

This differs from the local unitary (117) discussed in
Sec. IV A, but supposed to belong to the same adiabatic
cycle.

3. 3D, Zy symmetry

We here present only one example of adiabatic cy-
cle in 3D that pumps a nontrivial 2D SPT phase on the

23

boundary. For G = Z, SPT phases are classified by
H3(Z2,U(1)) = Zs and a representative inhomoge-
neous three-cocycle w € Z3(Zy,U(1)) is given by

1 (g=h=Fk=o0),

(else). (187)

sl ={

Correspondingly, the local unitary in 3D is given by

0 3 lfacz)af 170%(75 170505
w:IkﬂAlz 3 el (188)
Ad

VI. SUMMARY

We studied adiabatic cycles in quantum spin systems
with unique gapped ground states. Through the de-
tailed calculation of the toy models in one and two di-
mensions and the MPS representation for one dimen-
sion, we show that the set of winding numbers of (d +
1)-cocycle in Z9+1(G,U(1),), which characterizes a
unique gapped ground state with G symmetry, serves as
topological invariants of adiabatic cycles. These topo-
logical invariants are found to live in the group coho-
mology H*1(G,Z,). The Bockstein homomorphism
HYG,U(1),) — H™(G,Z,) gives us an exactly
solvable model of the adiabatic cycle by Chen-Gu-Liu-
Wen’s group cohomology construction [7]. The obtained
one-parameter local unitary is the same one as that in
Ref. [18]. We demonstrated that an SPT phase emerges
at the spatial texture on which the adiabatic parameter
winds a period.

Note added. After the first version of this paper was
submitted to the arXiv, the author was informed of the
video [43]. Some points in [43] overlap with Sec. II in
this paper.
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