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We report a comprehensive investigation of the effects of quantum turbulence and quantized
vorticity in superfluid 4He at ultra low temperatures on a nonlinear micro-electromechanical systems
(MEMS) resonator which is uniquely sensitive to fluctuations of quantum turbulence. We observe
that the phase noise of the MEMS is significantly increased in the presence of turbulence, while
the noise in the amplitude channel is negligible in comparison. We formulated a model based
on fluctuating number of vortices pinned on the device to explain the observed noise. We also
present measurements of the noise statistics and power spectra, providing insight into the dissipation
mechanism of vortices at the micrometer scale in the ultra quantum regime. The high degree of
customizability of MEMS oscillators coupled with their sensitivity to a small number of vortices lays
the foundation for a more complete understanding of the interaction between quantized vortices and
oscillating structures, and also offers a window into the dynamics of single vortices and small scale
fluctuations of quantum turbulence.

I. INTRODUCTION

Quantum turbulence is found in macroscopically co-
herent quantum systems, such as superlfuid 4He, 3He,
and Bose-Einstein condensates of ultra cold gases [1–5].
Pure quantum turbulence differs from classical turbu-
lence in that all of the circulation arises from microscop-
ically thin quantized vortices. In superfluid 4He, each
vortex has identical circulation, κ = h/m4 [6], and diam-
eter a0 ' 10−10 m. Here, h is Planck’s constant and m4

is the mass of the helium atom. At finite temperatures in
4He, quantum and classical turbulence can coexist giving
rise to a new coupled turbulent flow [7–9]. Despite the
different physical manifestation of quantum turbulence,
it is remarkably similar to classical turbulence. For exam-
ple, the decay rate of turbulent energy was found to have
the same time dependence as predicted by the classical
Kolmogorov-Ohbukov theory in both helium superfluids
[10–15], and the ubiquitous k−5/3 law and intermittency
are present for turbulence in 4He [16].

The similarities to classical turbulence arise from the
polarization of quantized vortices, which allows for bun-
dles of vortices to mimic classical vortices on scales larger
than the average inter-vortex distance, ` = L−1/2, where
L measures vortex line length per unit volume [17]. In
this way, pure superfluid turbulence can behave quasi-
classically [18]. This similarity stops at scales close to `,
where the individual nature of the quantized vortices is
dominant.

In the ultra-low temperature regime, conventional vis-
cous damping is absent. However, quantum turbulence
is observed to decay. Experiments [10–15, 19] and sim-
ulations [17, 20–24] have demonstrated that turbulent
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energy is transferred to smaller scales through a process
analogous to the Richardson cascade [25] in the quasi-
classical regime. This process involves the breakup of
bundles into smaller parts. At the resolution of indi-
vidual vortices, this process must cease, and a new pro-
cess should emerge. At this scale the energy is contained
in perturbations of the vortex lines, and the energy is
thought to flow to yet smaller scales through nonlinear
interactions of these waves in a process called the Kelvin
wave cascade. However, this process has not been di-
rectly observed, due to a lack of an appropriate experi-
mental probe.

Recently, small oscillating objects, such as vibrat-
ing wires [10, 11, 26–50]; tuning forks [51–64]; micro-
spheres [65–71]; vibrating grids [44, 72–77]; and nano-
electromechanical systems (NEMS) devices [78], have
proven to be effective tools for investigating many prop-
erties of quantum turbulence in 4He and 3He over a wide
temperature range. However, so far in 4He, none have
been successful at investigating the fluctuation spectrum
of turbulent energy or vortex line density, L.

In this letter we present the measurement of turbulent
fluctuations in superfluid 4He at 10 mK, using a nonlin-
ear micro-electromechanical (MEMS) oscillator for de-
tection. Previously, similar MEMS resonators have been
used to study superfluid [79–81] and normal fluid [82]
3He, and turbulent damping in superfluid 4He [83]. In
this work, we use a quartz tuning fork (TF) to generate
the turbulence. The turbulent fluctuations in the fluid
are measured by their influence on the MEMS plate res-
onator. A simple diagram of the experiment can be seen
in Fig. 1(a). The TF sits about 3 mm above the MEMS
device, while the plate of the MEMS is suspended 2µm
above the substrate by four springs (not shown).
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FIG. 1. (a) Schematic diagram of the experiment (not to
scale). The TF sits ' 3 mm above the MEMS, while the
MEMS sits 2µm above the substrate. In turbulence, the
MEMS captures vortices at a rate λC , which are removed
at a rate λR, see text. (b) A plot of the velocity amplitude
response of the MEMS in 4He at 13mk. The solid black dot
represents where measurements of the noise are made.

II. EXPERIMENTAL METHODS

A simple diagram of the experiment can be seen in
Fig. 1(a). The TF sits about 3 mm above the MEMS de-
vice, while the plate of the MEMS is suspended 2µm
above the substrate by four springs (not shown). The
MEMS device used in this study consists of a 125 ×
125 × 2µm3 center plate, four springs, and two pairs
of capacitively coupled comb electrodes, one on either
side of the device. The device is driven from one pair of
electrodes and its displacement is measured as a change
in the capacitance on the other pair. The same springs
which suspend the device also provide the restoring force.
The TF used in this study has two tines of dimension
100 × 230 × 2360µm3. The TF is single crystal quartz
and is actuated piezoelectrically. When driven, the tines
oscillate in antiphase with their velocity directed paral-
lel to the velocity of the MEMS. Only the fundamental
mode, f = 32768 Hz, was used to generate turbulence.

The MEMS device has four main modes of oscillation:
three which involve out of plane motion and change the
thickness of the gap beneath the MEMS and one that
does not. The modes are illustrated in Refs. [84, 85]. In
this work we only consider the shear mode, which leaves
the gap size unchanged. The roughness of the surfaces
has previously been characterized [84]. The average grain
was found to be approximately 10 nm tall with a diameter
of 140 nm.

While undergoing shear motion, the center of mass dis-
placement, x, of the MEMS can be described by the fol-
lowing equation of motion:

ẍ+ 2Γẋ+ ω2
0x+ α3x

3 = g0 cos(ωt), (1)

where Γ characterizes the damping on the device,
ω0/2π ' 23 kHz is the resonance frequency, α3 is the
strength of the conservative nonlinearity, g0 = f0/m, f0

is the force on the device, and m is the mass of the device.

FIG. 2. (a) The amplitude (R-Channel), in-phase (X-
Channel), out-of-phase (Y-Channel), and phase response of
the MEMS to ramping of the TF velocity. (b) Time depen-
dent response of the MEMS device to a series of TF states
[on, off, on, off ], see text.

The nonlinear restoring force, α3, arises from the nonlin-
ear capacitive interaction of the electrodes. This term
cannot be neglected as it is responsible for the response
of the MEMS to parametric fluctuations [86].

Turbulence was generated by driving the TF on reso-
nance to velocities exceeding the critical velocity, vc '
140 mm s−1. Unlike in classical fluids, there is not a
smooth transition to turbulent flow in superfluid 4He.
The transition from potential to turbulent flow of the
TF can be seen in Fig. 2(a) as the discontinuous jump in
TF velocity.

The measurements presented in this work were made in
the ultra-low temperature regime, 10 mK, where damp-
ing from the normal component of the fluid is negligi-
ble. In the absence of turbulence or remnant vortices,
the damping is nearly equal to the damping measured in
vacuum [83], and can be considered to only come from
processes intrinsic to the polysilicon. Due to the ex-
tremely low damping, exciting the MEMS above the noise
floor requires driving it into the nonlinear regime, where
α3A

2
0 ' Γω0 and A0 is the amplitude on resonance. In

this regime, the frequency response of the oscillator be-
comes hysteretic with two stable oscillation amplitudes
around the resonance. A typical example of the MEMS
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frequency response is displayed in Fig.1(b).
The mesaurement of noise in oscillating systems is

usually made on resonance. However, in the nonlinear
regime, fluctuations can induce a transition to the lower
amplitude stable branch, where the MEMS loses its sen-
sitivity. The strength of fluctuations needed to induce
a transition is reduced as the device is driven close to
resonance.

To measure the response of the MEMS device to tur-
bulent fluctuations, we employed an open loop scheme
where MEMS was driven at constant frequency, ω, and
driving force amplitude f0. To begin the measurement,
the MEMS was driven at a frequency above the bistable
region and slowly reduced to the desired frequency – in-
dicated by the black dot in Fig 1(b). The output of the
device was fed into a lock-in amplifier which was refer-
enced at the driving frequency of the MEMS. In this way,
we were able to directly measure the baseband fluctua-
tions in the amplitude and phase. The lock-in time con-
stant was chosen empirically to be short enough to ensure
that the frequency spectrum of the noise was unaltered.
The velocity of the TF was then adjusted to generate
turbulence while the amplitude and phase of the MEMS
were monitored. To get the frequency response, a dis-
crete Fourier transform is performed on the time domain
data.

III. RESULTS AND DISCUSSION

Time domain responses of the MEMS to turbulence
can be seen in Fig. 2. Figure 2(b) shows the ampli-
tude (R-Channel), in-phase (X-Channel), out-of-phase
(Y-Channel), and phase response of the MEMS to a se-
ries of TF states, [on, off, on, off ], where in the on state
turbulence is being generated. The output of the MEMS
is significantly noisier when the TF is generating turbu-
lence. One can make a direct comparison between the
quadrature components (X and Y) and the amplitude
since they are plotted on the same scale. Notice that the
noise in the quadrature components is more pronounced
than the amplitude noise, indicating that the noise is pre-
dominantly in the phase. The amplitude noise is more
than an order of magnitude smaller than the noise in the
quadrature components. The mean signal change be-
tween the on and off states is also much larger for the
quadrature components compared to the amplitude.

Figure 2(a) shows the response of the MEMS to a con-
tinuous ramp up of the TF drive amplitude followed
by a continuous ramp down. At t = 0, the TF ve-
locity is 51 mm s−1 and is in the potential flow regime.
The TF remains in this regime until the velocity reaches
140 mm s−1. The transition to the turbulent state is de-
marcated by the sudden decrease in the velocity, indi-
cating an increase in damping. From there, the velocity
continues to increase to 144 mm s−1. The velocity is kept
at this value for some time and then is reduced at the
same rate. When the TF is in the potential flow regime,

the response of the MEMS is unaffected by changes of
the TF velocity. The excess noise in the MEMS only
appears when the TF enters the turbulent regime. The
amplitude of the noise increases as the velocity of the TF
increases in the turbulent regime. This increase in noise
occurs for all channels; however, it can be seen again that
the amplitude noise is suppressed substantially compared
to the quadrature noise. It is also noteworthy that the
overall phase of oscillation is increased as the TF velocity
is increased.

The overall shift in phase and the predominance of
phase noise in the presence of turbulence is due to the
overall increase in damping and damping fluctuations.
This can be understood from the arguments in Ref. [86].
The authors consider the effects of low frequency para-
metric fluctuations to the response of a Duffing oscilla-
tor from the linear to strongly nonlinear regime over the
whole resonance, showing that fluctuations in damping,
Γ, manifest mainly as fluctuations in the quadrature com-
ponents of the signal with relatively weaker fluctuations
of the amplitude. On the other hand, for resonance fre-
quency fluctuations, the relative strengths of the quadra-
ture and amplitude noises are comparable in magnitude.
Because we observe more than an order of magnitude
difference in the relative amplitudes of the quadrature
and amplitude noise, it can be concluded that the mea-
sured noise is caused predominantly by fluctuations in
the damping. They also provide the following relation-
ship between damping and phase changes:

dφ

dΓ
=

1

Γ

cosφ sinφ+ 2A2
0Π/Γ sin4 φ

1 + 2A2
0Π/Γ cosφ sin3 φ

, (2)

where A2
0Π/Γ characterizes the degree of nonlinearity,

and Π = 3
8
α3

ω0
determines the nonlinear frequency shift.

For the MEMS, α3 is negative and therefore Π is negative.
From Eq. 2, the overall shift in the phase in the turbulent
regime can be understood as an increase in the average
damping experienced by the MEMS.

The statistical properties of the noise shown in
Fig. 2(b) were calculated and are shown in Fig. 3. For
this data set, the interval between successive measure-
ments is 1.07 s, and the total time interval is 3106 s. The
moments of these distributions are listed in Tab. I.

To explain the increased damping and excess noise in
turbulence, we proposed a mechanism for damping based
on the interaction of the MEMS with vortices pinned
between the movable plate and the substrate [83] (see
Fig. 1(a)). In this model the MEMS resonantly [83, 87]
pumps energy into the vortices pinned between the de-
vice and substrate. The energy flux into the vortices
increases their length, which eventually leads to self re-
connection and ejection of vortex rings, carrying away the
energy. The rate at which energy dissipated (damping)
is proportional to the number of pinned vortices. In tur-
bulence, the number of pinned vortices fluctuates giving
rise to fluctuating damping experienced by the MEMS.
The number of pinned vortices changes because vortex
rings from the TF can be captured and existing pinned
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FIG. 3. Distribution of ∆N , the change in pinned vortices
beneath the MEMS. The solid red line is a fit to the double
Poisson process with λ = 7.2±0.2 s−1 and the dot-dashed blue
line is a fit to a Gaussian distribution with σ = 3.93. Inset
Distributions of the noise amplitude for the phase noise. The
solid curve is a Gaussian fit, see Tab. 1.

TABLE I. Second, third, and fourth central moments of the
time series shown in Fig. 2(b) and the distributions shown
in Fig. 3. For reference, a pure Gaussian distribution has
µ3/σ3 = 0 and µ4/σ

4 = 3.

σ2 µ3/σ3 µ4/σ
4

Phase 0.65 (deg2) 0.13 3.34

Amplitude 64 (µV2) -0.15 3.10

X-Channel 6965 (µV2) -0.19 3.34

Y-Channel 9129 (µV2) 0.07 3.34

δN 15.4 -0.02 3.03

vortices can be removed through reconnection with other
existing pinned vortices or vortex rings from the TF.

To relate changes in phase, dφ, to changes in the pinned
vortex number, dN , we use the following relationship
dφ
dN = dφ

dΓ
dΓ
dN . From this we can estimate the change in

the number of vortices as

∆N =
∆φ

(dφ/dΓ)(dΓ/dN)
. (3)

Here ∆φ and ∆N are the change in phase and num-
ber of pinned vortices, respectively, between two different
points in the time series. dΓ/dN is a constant which de-
pends on the static parameters of the MEMS device [88].
The distribution ∆N is shown in Fig. 3. The moments of
the distribution are given in Tab. I. The dash-dotted line
is a Gaussian with variance from Tab. I, and the solid red
line is a fit to the data using the model described below.

To model the fluctuating number of pined vortices, we
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FIG. 4. Power spectrum of the MEMS signal in the presence
and absence of turbulence. (a) Power spectrum of the phase
noise. (b) Power spectrum of the amplitude noise.

consider that vortex rings ejected from the TF are cap-
tured randomly with a mean rate λC , and vortices are
removed from beneath the MEMS randomly with a mean
rate, λR. A cartoon of this process is shown in Fig. 1(a).
In general the rate for capture and removal can vary in-
dependently. In steady state, when the average value
of the damping is constant, the rates should be equal,
λC = λR = λ. Assuming that the capture and removal
events are random and uncorrelated, the probability of n
capture or removal events in a duration T is then given
by the Poisson distribution [39, 89]

P (n;λT ) =
e−λT (λT )n

n!
. (4)

The MEMS is not sensitive to individual capture or re-
moval events. Rather, it is sensitive to the change in
the total number of vortices within a measurement win-
dow. Therefore, we need to consider the probability of
observing a change in vortex number ∆N . Many dif-
ferent combinations of capture and removal events can
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result in a given ∆N . For example, observing ∆N = 1
is consistent with 1 capture event and 0 removals, while
it is also consistent with 2 capture events and 1 removal.
The distribution describing ∆N must contain a sum over
all possible combinations. Then the distribution can be
expressed as

P (∆N ;λT ) =

∞∑
a=0

PC(∆N + a;λT )PR(a;λT ), (5)

where PC and PR are the Poisson distributed probabili-
ties of capture and removal, respectively. The sum over
a accounts for the different combinations of removal and
capture that lead to the same ∆N . A fit of the mea-
sured vortex fluctuations to Eq. 5 is presented in Fig. 3.
From fitting to Eq. 5 we determine that the capture and
removal rates are λ = 7.2± 0.2 s−1.

The power spectrum of the noise for several differ-
ent TF velocities was also measured. Figure 4 shows the
phase and amplitude power spectra for several different
TF velocities including when the TF is off and not gen-
erating turbulence. When turbulence is not present, vor-
tices can still remain pinned between the MEMS and the
substrate and contribute to the damping of the MEMS
[83, 90]. These vortices can be removed from the device
by driving the MEMS with a large amplitude. When the
vortices have been removed we say the MEMS has been
annealed.

In Fig. 4, the noise spectra in the absence of turbulence
are shown with remnant vortices and after annealing in
black and red, respectively. While the presence of the
remnant vortices influence the damping on the device
[83, 90, 91], their contribution to the noise is relatively
small. This is consistent with the interpretation that
the noise arises from the fluctuating number of pinned
vortices in equilibrium with the surrounding vortex line
density.

When turbulence is present, the amplitude and phase
noise are both peaked around 0.7 Hz and roll off at higher
frequencies. At lower frequencies the phase noise roughly
follows an f−1/2 power law, while the amplitude spec-
trum is flat and close to the noise floor. The noise in the
quadrature channels (not shown) have an identical shape
to the phase fluctuations, as the phase fluctuations drive
the quadrature fluctuations [86]. The spikes at higher
frequencies are likely resonances in the measurement cir-
cuit aliased to lower frequency and unassociated with the
turbulence.

The f−1/2 power spectrum of the phase noise must be
inherited from the spectrum of the combined effects of

the capture and removal processes. The power spectra of
the phase fluctuations and the number of pinned vortices
are related by:

Sφ(f) =

(
dφ

dN

)2

SN (f), (6)

where S(f) is the power spectrum and dφ/dN is defined
above. In the low frequency limit, dφ/dN is indepen-
dent of frequency, and SN (f) and Sφ(f) have the same
frequency dependence. If the capture and removal of vor-
tices were independent of each other and the number of
pinned vortices, the statistics and power spectra of the
noise would be equivalent to that of a random walk, with
the number of pinned vortices being analogous to the
displacement. If this were true, SN (f) ∼ f−2. From the
power spectrum, the noise auto correlation function can
be determined using the Weriner-Kinchin theorem, which
states that the two are Fourier transforms of each other.
Using dimensional analysis, it can be determined that a
SN (f) ∼ f−1/2 corresponds to< N(t)N(t−τ) >∼ τ−1/2.
Whereas, for a random walk < N(t)N(t − τ) >∼ τ1.
The absence of long time correlations likely arises from a
limit in the number of vortices which can be pinned on
the device [92] and a dependence of λR on the number
of pinned vortices. While λR and λC must be equal in
steady state, it is expected that λR will increase with in-
creasing density of pinned vortices. This is because as the
density increases the likelihood that two nearby vortices
will collide, reconnect, and annihilate will increase. This
mechanism will limit the growth of N , preventing a build
up of vortices, and attenuating long time correlations.

IV. CONCLUSTION

In summary, we have shown that our MEMS device
is sensitive to turbulent fluctuations of superfluid 4He
in the ultra-low temperature regime. The phase noise
of the Duffing oscillator is enhanced by the presence of
turbulence due to fluctuating number of vortices pinned
to the device. These fluctuation in pinned vortices are
almost Gaussian and lack long time correlations.
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