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Graphene on hBN (G/hBN) has a long period moiré superstructure owing to the lattice mis-
match between two materials. Long periodic potential caused by the moiré superstructure induces
modulation of electronic properties of the system. In this paper, we numerically calculate optical
conductivity of G/hBN under circularly polarized light irradiation. The lack of spatial inversion
symmetry in G/hBN induces the valley polarization. In further, the valley polarization becomes
most pronounced in the infrared and terahertz regions if the twist angle between two materials is
close to zero for non-doping case, however, insensitive with twist angle for hole-doped case. These
results will serve to design the valleytronics devices using G/hBN.

Two-dimensional (2D) atomically-thin materials are
attracting much attention owing to its high flexibility
to control the electronic and optical properties to de-
sign new functional devices[1–4]. Graphene, one atomic
thickness carbon sheet, is one of the fundamental 2D
materials[5]. Since graphene has honeycomb lattice
structure, and its electronic states near the Fermi en-
ergy are well described by massless Dirac equation[6, 7].
When two graphenes are overlaid with slight twisting
angle, the moiré superstructure appears and works as
the long periodic electronic potential for Dirac elec-
trons of graphene [8–15], i.e., so-called twisted bilayer

graphene (TBG). The period of the moiré superstructure
becomes larger with decreasing the twist angle. TBG
provides attractive properties such as vanishing the Fermi
velocity[11], flat band at the magic angle[16–18] and
superconductivity[19–21]. In addition to TBGs, moiré
superstructure also appears when different materials are
overlaid. Graphene on hBN (G/hBN), i.e., graphene
overlaid on hexagonal boron nitride (hBN), has moiré su-
perstructure owing to the mismatch of lattice constants
between two materials[22–24]. Experiments of G/hBN
have revealed many intriguing phenomena such as the
Hofstadter butterfly[25, 26] and the fractional quantum
Hall effect [24, 27, 28].

Meanwhile, 2D materials with honeycomb lattice
structure such as graphene and hBN have local min-
ima in the conduction band and local maxima in the
valence band in the momentum space, which are referred
as valley. Recently much efforts are devoted to manipu-
late the valley degree of freedom to encode and process
information, i.e., valleytronics, which is valley analogue
of spintronics[3, 29–35]. The irradiation of circular po-
larized light onto 2D materials is one of representative
ways to generate the valley polarized states[30, 36–40].
Since the broken spatial inversion symmetry is needed
to induce valley polarization, the valley polarized states
can not be realized in monolayer graphene which respects
the spatial inversion symmetry. However, the moiré su-
perlattice potential of G/hBN owing to the lattice mis-

match has the trigonal symmetry, i.e., no inversion sym-
metry, resulting in the valley polarization. Several groups
have recently investigated the electronic properties of
G/hBN[41–43], and optical absorption properties[44–47].
However, the optical properties under circular polarized
light in G/hBN have not been investigated yet. In this
paper, we numerically calculate optical conductivity un-
der circular polarized light irradiation in G/hBN het-
erostructure. It is shown that the valley polarization is
induced in G/hBN owing to the lack of spatial inversion
symmetry. In further, the valley polarization becomes
most pronounced when the twist angle between graphene
and hBN is close to zero for non-doping case. However,
for hole-doped case, the valley polarization is insensitive
to the twist angle.
Figure 1(a) shows crystal structure of G/hBN with

a twist angle θ = 0◦, where moiré superstructure is
clearly seen owing to the lattice mismatch. LM

1 and LM
2

are moiré primitive vectors and the area surrounded by
rhombus indicates moiré unit cell. The lattice constant
of graphene is a = 0.246 nm. Though hBN has the same
honeycomb lattice structure, the lattice constant of hBN
is ahBN = 0.2504 nm[42, 48], which is slightly larger
than graphene. The ratio of lattice constant between
graphene and hBN is α = ahBN/a ≈ 1.018. When we

define a1 = a(1, 0) and a2 = a(1/2,
√
3/2) as the prim-

itive vectors of graphene, the primitive vectors of hBN
layer of G/hBN are defined as ã = αR(θ)ai (i = 1, 2),
where R(θ) is the rotation matrix by angle θ. We de-

fine the reciprocal vectors Gi, G̃i for graphene and hBN,
respectively. These vectors should satisfy the relation
ai ·Gj = ãi · G̃j = 2πδij .
The reciprocal vectors for moiré period of G/hBN can

be defined as

GM

i = (1− α−1R(θ))Gi. (1)

Note that the period of the moiré superstructure also de-
pends on twist angle. The corresponding moiré primitive
vectors satisfy the relation

LM

i ·GM

j = 2πδij . (2)
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FIG. 1. (a) Crystal structure of G/hBN in real space for twist angle θ = 0◦. Here, ahBN/a = 16/15 is used to draw the figure
for simplicity. (b) Schematic of reciprocal space. Here, ahBN/a = 5/4 is used to draw the figure for simplicity. Bold black
hexagon with a thick line and gray dashed hexagon show the 1st BZ for graphene and hBN, respectively. Small hexagons are
moiré BZ. The inset is zoom of moiré BZ.

Long periodic potential appears due to the moiré super-
structure and affects on the electronic states of G/hBN.
Figure 1(b) shows the schematic of reciprocal space for
G/hBN. Bold black hexagon with a thick line and gray
dashed hexagon show the 1st BZ for graphene and hBN,
respectively. The small hexagons are moiré BZ spanned
by GM

1 and GM
2 . The inset is the zoom of moiré BZ,

where Γ̄ point means original K (K ′) point of graphene.
In the continuum model, K and K ′ valleys are treated
independently, and the energy bands can be separately
plotted in the BZ centered at K (magenta hexagon) and
that centered at K ′ (cyan hexagon).
The electronic states near the Fermi energy of G/hBN

are governed by the electronic states of graphene near K
and K ′ points. In this paper, we employ effective contin-
uum model to calculate eigenenergies and eigenfunctions
of G/hBN[42]. The K points of graphene are located
at Kξ = −ξ(2G1 + G2)/3, where ξ = ±1 for K and
K ′, respectively. The Dirac Hamiltonian of monolayer
graphene near Kξ can be written as

HG = −~vk · σξ, (3)

where k = (kx, ky) is the wave number measured from
Kξ point, and σξ = (ξσx, σy) with Pauli matrices σx
and σy. HG is 2 × 2 matrix for the basis {Aξ, Bξ}, i.e.,
sublattice degree of freedom of graphene. The parameter
v is group velocity of the Dirac cone, which is given as
v = 0.80×106 m/s[42]. By eliminating the basis for hBN
using second-order perturbation theory, the effective 2×2
Hamiltonian of G/hBN is written as

HG/hBN = HG + VhBN, (4)

where VhBN is the long periodic moiré potential including

the effect of hBN. VhBN is given as

VhBN = V0

(

1 0
0 1

)

+

{

V1e
iξψ

[(

1 ω−ξ

1 ω−ξ

)

eiξG
M

1
·r

+

(

1 ωξ

ωξ ω−ξ

)

eiξG
M

2
·r

+

(

1 1
ω−ξ ω−ξ

)

eiξG
M

3
·r

]

+H.c.

}

,

where GM
3 = −(GM

1 + GM
2 ), v = 0.80 × 106 m/s, V0 =

0.0289 eV, V1 = 0.0210 eV, and ψ = −0.29 (rad)[42].
Owing to VhBN, a state at k is related to the other states
at k+n1G

M
1 , k+n2G

M
2 , and k+n3G

M
3 , where n1, n2, n3

are integers. In numerical calculation for optical conduc-
tivity, we have taken up to 2th nearest reciprocal lattices,
i.e. 19 independent reciprocal lattice vectors, which are
the enough number to discuss the low-energy properties
of G/hBN system. Thus, the matrix size for numerical
calculations is 38× 38.
Figure 2 shows the energy band structure of G/hBN

obtained by using continuum model. When the twist
angle gets smaller, the electronic states of G/hBN are
modulated by long periodic moiré potential. At Brillouin
zone boundary, energy band gaps appear in valence bands
caused by Bragg scattering where Bloch waves are mixed
by moiré periodic potential. Owing to the moiré periodic
potential, energy band gap opens about 20 meV at hole
band side. The position of the energy band gap goes
down with increasing the twist angle. Also, it is noted
that a tiny energy band gap with 2 meV is also opened
at E = 0.
We use Kubo formula to calculate optical conductivity
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FIG. 2. Energy band structure of G/hBN. Magenta (cyan) bands show the energy bands for K (K′) valley and black dashed
lines are energy bands of monolayer graphene.

of G/hBN. According to the linear response theory[49],
the optical conductivity under the light irradiation which
has the frequency ω is given by

σ(ω) =
gsgve

2

i~S

∑

i,j

∑

k

f(Eki)− f(Ekj)

Ekj − Eki

×|e · 〈ψkj | ∇kH |ψki〉 |2
Ekj − Eki − ~ω − iη

, (5)

where gs (gv) is spin (valley) degree of freedom, i, j are
band indices, k is the wavenumber, Eki is the eigenen-
ergy for band index i, ψki is the eigenfunction for band
index i, S is the area of the system, and f(E) is Fermi-
Dirac distribution function. η is an infinitesimally small
real number. The vector e is the polarization vector of
incident light. Under left-handed circular polarized light
(LCP) irradiation, we use

eLCP =
1√
2
(1, i), (6)

and under right-handed circular polarized light (RCP)
irradiation, we use

eRCP =
1√
2
(1,−i). (7)

The matrix element of interband transition

〈ψkj |∇kH |ψki〉 is related to dipole vector D(k)

D(k) := 〈ψkj |∇r |ψki〉 (8)

=
i

~
〈ψkj |p |ψki〉 (9)

= i
m

~2
〈ψkj | ∇kH |ψki〉 , (10)

where ψki is a state of the valence band and ψkj is a
state of the conduction band, respectively. p = −i~∇r

is the momentum operator and m is the effective mass
of electron. Dipole vector D(k) is a vector quantity
which is composed of complex value. When the real
and imaginary parts of dipole vector are mutually or-
thogonal, the circular dichroism under circular polarized
light irradiation occurs[50–52]. For monolayer graphene,
the behavior of the dynamical conductivity for massless
Dirac electron becomes constant value at the universal
conductivity[53, 54],

σmono =
gsgv
16

e2

~
. (11)

In followings, we scale the optical conductivity of G/hBN
by using σmono as

σ(ω)

σmono

=
16

iSM

∑

i,j

∑

k

f(Eki)− f(Ekj)

Ekj − Eki

×|e · 〈ψkj | ∇kH |ψki〉 |2
Ekj − Eki − ~ω − iη

, (12)

where SM is the area of the moiré periodic unit cell of
G/hBN.
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Let us consider the optical conductivity of non-doped
G/hBN under circular polarized light irradiation for twist
angle θ = 0◦, where the Fermi energyEF is 0 eV. Figure 3
(a) shows the optical conductivity of non-doped G/hBN
for Hamiltonian with ξ = +1. The conductivity depends
on the direction of rotation of circular polarized light
especially in infrared and terahertz regions. In particular,
for photon energy less than 0.1 eV, the difference between
LCP and RCP becomes larger. In this energy region, the
interband transition from valence to conduction bands is
dominant. Figure 3(b) shows the distribution of dipole
vectors for non-doped case, i.e., EF = 0.0 eV. It is clearly
seen that the real and imaginary parts of dipole vectors
are orthogonal at Γ̄ point. Thus, the circular dichroism
is induced by the irradiation of circular polarized light,
and responsible for the electron near Γ̄ point. For the
plot of dipole dipole vectors of Eq.(10), we have used the
states of highest valence subband as ψki below EF = 0.0
eV, and the states of lowest conduction subband as ψkj

above EF = 0.0.

Next we shall consider the optical conductivity of hole-
doped G/hBN. Figure 3 (c) shows the optical conductiv-
ity with the Fermi energy EF = −0.13 eV, i.e., hole-
doping. In the region of ω < 0.1 eV, the difference of
optical conductivities between LCP and RCP becomes
much larger than the non-doping case. As shown in
Fig. 3 (d), the real and imaginary parts of dipole vec-
tors are mutually orthogonal at K̄ and K̄ ′ points, which
are responsible for the circular dichroism. The results for
Hamiltonian with ξ = −1 is obtained by converting LCP
(RCP) to RCP (LCP), because K ′ states of graphene
have opposite chilairty to K states. Here, for the plot of
dipole dipole vectors of Eq.(10), we have used the states
of highest occupied subband as ψki below EF = −0.13
eV, and the states of lowest unoccupied subband as ψkj

above EF = −0.13 eV.

Since the optical conductivity depends on the direction
of rotation of circular polarized light, the valley-selective
electron excitation is possible in G/hBN. Here, we define
valley polarization for each valley as the difference of the

conductivity between LCP and RCP,

P (ω) =
σL − σR
σL + σR

, −1 ≤ P (ω) ≤ 1, (13)

where σL and σR are the optical conductivity under LCP
and RCP, respectively. The positive (negative) value of
P (ω) means that the electron at the valley is easy to
excite by LCP (RCP). Figures 4 (a) and (b) show the
photon energy dependence of valley polarization for (a)
non-doping case and (b) hole-doped case, respectively. In
these Figures, the value of P (ω) is shifted by +1 per 1◦ of
twist angle. The black, magenta and cyan curves indicate
the case of twist angle θ = 0, 1, 2◦. For non-doping case,
the value of valley polarization less than 0.1 eV has maxi-
mum value for θ = 0◦ and it is decreasing with increase of
the twist angle. These results indicate that the electronic
properties of G/hBN approaches to the electronic states
of monolayer graphene with increase of the twist angle.
On the other hand, the peak of valley polarization less
than 0.1 eV for hole-doped case remains even though the
twist angle becomes larger. The common peak of valley
polarization comes from interband transition across the
Fermi energy EF at K̄ point.
In this paper, we have numerically calculated the opti-

cal conductivity of G/hBN under circular polarized light
irradiation. The optical conductivity of G/hBN changes
their behavior depending on the direction of rotation of
circular polarized light due to broken spatial inversion
symmetry of the system. By analyzing the dipole vectors,
we have confirmed that the real and imaginary parts of
dipole vectors are mutually orthogonal. Thus, we can ex-
plain that the electron for each valley can be selectively
excited by using a certain direction of circular polarized
light irradiation. These results indicate that G/hBN can
cause valley polarization by circular polarized light ir-
radiation. Also, we confirmed that the value of valley
polarization of G/hBN depends on not only twist angle
but also Fermi energy. For nondoping case, the peak of
valley polarization for photon energy less than 0.1 eV
is vanished as larger twist angle. On the other hand,
for hole-doped case, it remains even though twist angle
becomes larger. These results will serve to design the
valleytronics devices using G/hBN.
This work was supported by JSPS KAKENHI (No.

JP21H01019, No. 22H05473 and No. JP18H01154) and
JST CREST (No. JPMJCR19T1).
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[12] E. Suárez Morell, J. D. Correa, P. Vargas, M. Pacheco,
and Z. Barticevic, Flat bands in slightly twisted bilayer
graphene: Tight-binding calculations, Phys. Rev. B 82,
121407(R) (2010).

[13] P. Moon and M. Koshino, Energy spectrum and quantum
hall effect in twisted bilayer graphene, Phys. Rev. B 85,
195458 (2012).

[14] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H.
Castro Neto, Continuum model of the twisted graphene
bilayer, Phys. Rev. B 86, 155449 (2012).

[15] P. Moon and M. Koshino, Optical absorption in twisted
bilayer graphene, Phys. Rev. B 87, 205404 (2013).

[16] M. I. B. Utama, R. J. Koch, K. Lee, N. Leconte, H. Li,
S. Zhao, L. Jiang, J. Zhu, K. Watanabe, T. Taniguchi,
P. D. Ashby, A. Weber-Bargioni, A. Zettl, C. Jozwiak,
J. Jung, E. Rotenberg, A. Bostwick, and F. Wang, Vi-
sualization of the flat electronic band in twisted bilayer
graphene near the magic angle twist, Nature Phys. 17,
184 (2021).

[17] S. Lisi, X. Lu, T. Benschop, T. A. d. Jong, P. Stepanov,
J. R. Duran, F. Margot, I. Cucchi, E. Cappelli,
A. Hunter, A. Tamai, V. Kandyba, A. Giampietri,
A. Barinov, J. Jobst, V. Stalman, M. Leeuwenhoek,
K. Watanabe, T. Taniguchi, L. Rademaker, S. J. v. d.



6

(a) (b)

FIG. 4. (a) Photon energy dependence of valley polarization (EF = 0 for several different twist angles. eV). Black dashed lines
indicate P (ω) = 0 line. (b) Photon energy dependence of valley polarization for hole-doped case, where the Fermi energy is set
in the bandgap of the valence band at K̄ point. Fermi energies are set EF = −0.13 eV for θ = 0◦, EF = −0.20 eV for θ = 1◦,
and EF = −0.33 eV for θ = 2◦.

Molen, M. P. Allan, D. K. Efetov, and F. Baumberger,
Observation of flat bands in twisted bilayer graphene,
Nature Phys. 17, 189 (2021).

[18] K. Sato, N. Hayashi, T. Ito, N. Masago, M. Taka-
mura, M. Morimoto, T. Maekawa, D. Lee, K. Qiao,
J. Kim, K. Nakagahara, K. Wakabayashi, H. Hibino, and
W. Norimatsu, Observation of a flat band and bandgap
in millimeter-scale twisted bilayer graphene, Communi-
cations Materials 2, 117 (2021).

[19] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken,
J. Y. Luo, J. D. Sanchez-Yamagishi, K. Watanabe,
T. Taniguchi, E. Kaxiras, R. C. Ashoori, and P. Jarillo-
Herrero, Correlated insulator behaviour at half-filling
in magic-angle graphene superlattices, Nature 556, 80
(2018).

[20] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Unconventional super-
conductivity in magic-angle graphene superlattices, Na-
ture 556, 43 (2018).

[21] M. Yankowitz, S. Chen, H. Polshyn, Y. Zhang, K. Watan-
abe, T. Taniguchi, D. Graf, A. F. Young, and C. R. Dean,
Tuning superconductivity in twisted bilayer graphene,
Science 363, 1059 (2019).

[22] G. J. Slotman, M. M. van Wijk, P.-L. Zhao, A. Fasolino,
M. I. Katsnelson, and S. Yuan, Effect of structural relax-
ation on the electronic structure of graphene on hexago-
nal boron nitride, Phys. Rev. Lett. 115, 186801 (2015).

[23] M. M. van Wijk, A. Schuring, M. I. Katsnelson, and
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Phys. Rev. B 90, 155406 (2014).

[43] Y. Du, N. Xu, X. Lin, and A.-P. Jauho, Moiré effects in
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