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We present a theoretical framework to describe polarons from first principles within a many-body
Green’s function formalism. Starting from a general electron-phonon Hamiltonian, we derive a self-
consistent Dyson equation in which the phonon-mediated self-energy is composed by two distinct
terms. One term is the Fan-Migdal self-energy and describes dynamic electron-phonon processes, the
other term is a new contribution to the self-energy originating from the static displacements of the
atomic nuclei in the polaronic ground state. The lowest-order approximation to the present theory
yields the standard many-body perturbation theory approach to electron-phonon interactions in the
limit of large polarons, and the ab initio polaron equations introduced in [Sio et al., Phys. Rev. B
99, 235139 (2019); Phys. Rev. Lett. 122, 246403 (2019)] in the limit of small polarons. A practical
recipe to implement the present unifying formalism in first-principles calculations is outlined. We
apply our method to the Frohlich model, and obtain remarkably accurate polaron energies at all
couplings, in line with Feynman’s polaron theory and diagrammatic Monte Carlo calculations. We
also recover the well-known results of Frohlich and Pekar at weak and strong coupling, respectively.
The present approach enables predictive many-body calculations of polarons in real materials at all

couplings.
I. INTRODUCTION

A charge carrier propagating through a crystal may
induce distortions in the lattice through the electron-
phonon interaction. The quasiparticle formed by the
carrier and the lattice distortion is referred to as a
polaron.™ The ionic displacements surrounding the car-
rier may lead to an increase of its effective mass, and, in
the case of strong electron-phonon coupling, may ulti-
mately form a potential well in which the polaron be-
comes self-trapped.>f

A detailed characterization of polarons in materials has
been possible throughout the last decades by a combina-
tion of an array of experimental techniques.” Polarons
have been proposed to play a crucial role in the exotic
properties of several quantum materials, such as high-
temperature cuprate superconductor&8 colossal magne-
toresistance manganites,” and halide perovskites.!® In
particular, the low-energy satellites observed in angle-
resolved photoemission spectroscopy (ARPES) experi-
ments are considered the hallmark of polarons in doped
oxides.' 16 Tt is generally accepted that polarons gov-
ern the transport,'” optical,’® and chemical properties of
conducting oxides.

On the theoretical side, the study of polarons mostly
focused on idealized models such as the Frohlich®20:21
and the Holstein?%%% models, as well as the Su-Schrieffer-
Heeger model.2* These models have provided a fertile
playground for the development and application of ad-
vanced many-body techniques?® such as variational path
integral methods,?%?7 diagrammatic Monte Carlo,?82°

dynamical mean field theory,*3! and renormalization

group approaches.?? While these methods are of great
fundamental interest, they are not directly applicable to
the study of polarons in real materials.

Recent developments in density functional theory
(DFT), density functional perturbation theory (DFPT),
and many-body perturbation theory have opened promis-
ing new avenues to study polarons in real materials
from an ab initio perspective.?3 3% For instance, by
combining first principles calculations with many-body
Green’s function techniques, it has been possible to re-
produce the signatures of the electron-phonon interac-
tion in the ARPES spectra of doped semiconductors to
high accuracy.'®16:37 However, at this level of theory, the
possibility of spatial correlations between electrons and
phonons is not taken into account,?® since it is generally
assumed that, upon electron addition or removal, both
the electron and the phonon subsystems maintain the
periodicity of the original crystalline lattice.

An alternative, heuristic approach to model the for-
mation of polarons from first principles consists of per-
forming direct DFT calculations on supercells of insu-
lators with an added or removed electron, and relaxing
the structure to seek for distorted configurations which
are energetically favorable with respect to the original
periodic structure.384°,

In a recent work,?*3% Sio et al. have formalized the
DFT approach to the polaron problem, replacing super-
cell calculations by a set of coupled equations whose in-
gredients are the electron band structures, phonon dis-
persions, and electron-phonon matrix elements obtained



from DFPT calculations in the crystal unit cell. This
method established the link between model Hamiltonian
and ab initio approaches to the polaron problem, and
makes it possible to study polaron formation in materi-
als in a systematic way.

However, the intrinsic limitations of DFT, such as the
adiabatic and classical approximations for the nuclei, are
naturally inherited by the method of Ref. 35. As a
consequence, this approach does not capture dynamical
renormalization effects that give rise, for example, to the
phonon satellites in ARPES spectra.

In this work, we generalize the theory of Ref. 35 to
a many-body formalism beyond density functional the-
ory. In particular, we present a Green’s function the-
ory of electron-phonon interactions that captures spatial
correlations between lattice distortions and electrons in
the many-body ground state. We find that, besides the
standard Fan-Migdal self-energy,® one must consider an
additional self-energy contribution that arises from the
nonvanishing expectation value of the atomic displace-
ments when the electron is “pinned” around a lattice
site.

After presenting the general formalism, we discuss ap-
proximations that can be used to implement this method-
ology in existing ab initio codes. This analysis allows us
to establish the links between our general formalism, the
DFT polaron equations,?*3> and the Allen-Heine theory
of band structure renormalization.5

As a first proof of concept, we apply our methodol-
ogy to the Frohlich model, and we benchmark our pro-
posed approximations with respect to the all-coupling
path-integral method by Feynman?® and diagrammatic
Monte Carlo calculations.?®29 We show that our theory
naturally connects the established results at weak and
strong coupling limits, and predicts polaron energies with
remarkably good accuracy throughout the whole range
of couplings. Furthermore, as a first ab initio demon-
stration of this method, we describe in detail the com-
putational procedure that we used to calculate the full
polaronic renormalization of the band gap in LiF. The
main results of this calculation and its implications in the
theory of the phonon-mediated renormalization of band
structures are discussed in the companion manuscript.4”

The manuscript is organized as follows. In Sec. II
we develop our general formalism. In particular, we in-
troduce the electron-phonon Hamiltonian in Sec. ITA.
In Sec. IIB we apply Schwinger’s functional derivative
technique to obtain an equation of motion for the elec-
tron Green’s function which can be rewritten as a Dyson
equation, and identify two separate self-energy contribu-
tions. In Sec. II C we introduce an expression for the ver-
tex function and a related approximation to simplify the
equations. In Sec. IID we obtain an expression for the
expectation value of the atomic displacement operator in
terms of the electron density, which allows us to make
the Dyson equation fully self-consistent. In Sec. IIT A
we introduce the Lehmann representation of the electron
Green’s function, which we use to derive a Schrédinger-

like equation for the Dyson orbitals describing the elec-
tronic part of the polaron quasiparticle. In Sec. III B the
self-energies are rewritten in terms of the polaron quasi-
particle amplitudes, and in Sec. II1 C we present the self-
consistent many-body polaron equations. In Sec. IIID,
an expression for the total energy in the many-body
ground state of the coupled electron-phonon system is
derived. In Sec. IV, we develop approximations of the
many-body equations to make the formalism useful for
practical ab initio calculations. Transparent links with
the DF'T polaron equations and the standard self-energies
for electron-phonon coupling are established in Sec. IV B.
In Sec. IV C, we outline a practical recipe to implement
the lowest-order approximation to our theory in ab ini-
tio calculations. In Sec. V A, we apply our methodology
to the Frohlich model, and report benchmarks against
the well-known weak and strong coupling limits, as well
as Feynman’s path integral solution and diagrammatic
Monte Carlo results. In Sec. V B, we outline the compu-
tational setup that we used to calculate polarons in LiF,
as reported in the companion manuscript Ref. 47. In
Sec. VI we address the issue of translational invariance
of the polaronic solutions, and we explain how we can
“pin” the polaron at a given lattice site. In Sec. VII we
summarize our key findings and we anticipate possible
future developments.

II. SELF-CONSISTENT GREEN’S FUNCTION
APPROACH TO POLARONS

A. Electron-phonon Hamiltonian

The starting point of our derivation is the stan-

dard Hamiltonian describing a coupled electron-phonon

syst em?3:

H=H,+ H,+ H,,
= ennlhilnc+ Y hwgy(al,dqy +1/2)

nk qv
_1 R R .
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where €, is the single-particle eigenvalue of an elec-
tron in the band n with crystal momentum k, wgq, is
the frequency of a phonon in the branch v with crys-
tal momentum q, and é;k /énx (@, /dqy) are the associ-
ated fermionic (bosonic) creation/annihilation operators.
The electron-phonon coupling matrix elements are repre-
sented by gmny (k,q), and N, is the number of unit cells
in the periodic Born-von Kdrmén (BvK) supercell. To
make the following derivations more compact, we intro-
duce the complex normal coordinate operator,3?

h
s st
Zqu = m (aql’ + a*(}l/) ) (2)



where My is a reference mass. The operator Zy, has
dimensions of a length. We note that Eq. (1) is an effec-
tive Hamiltonian, where we assume that electron-electron
interaction effects have been incorporated in the single-
particle energies €,x, so that electrons can be identified
as well-defined quasiparticles in the absence of electron-
phonon coupling. Moreover, phonons are described in
the harmonic approximation, only linear electron-phonon
coupling is retained, and the phonon frequencies and
the electron-phonon matrix elements already incorporate
electronic screening at a mean-field level. In practical ab
initio calculations, the electron energies are typically ob-
tained via DFT or GW calculations,*® and phonon fre-
quencies and electron-phonon matrix elements are ob-
tained from DFPT calculations.*® The use of Eq. (1) to
compute most of the physical observables related to the
renormalization of electrons due to the electron-phonon
interaction, such as for instance temperature-dependent
band structures, can be justified rigorously by starting
from a more general electron-ion Hamiltonian.?? The
study of phonon renormalization requires more care®?,
and it is not attempted in this work. Most model Hamll—
tonian approaches to the polaron problem, such as the
Frohlich?! (see Sec. V A) or the Holstein?*?3 model, are
based on further simplifications of Eq. (1).

As we discuss in detail in Sec. VI, an additional term
is needed in Eq. (1) to break translational symmetry and
pin the polaron at a given lattice site. In the following
we omit this term for clarity, since it does not alter the
final results, and we return to it in Sec. VL.

B. Equation of motion for the electron Green’s
function

The central object in our derivation is the electron
Green’s function, which is defined as:

Glrt,x't) = = (N + 1T (e, ) &1 (', ¢) [N + 1), (3)
where |[N + 1)
state of an (N + 1)-electron system, 7 is the time-
ordering operator,®® and ﬁf / 1[) are the electron field cre-
ation/annihilation operators. In the following we con-
sider the electron polaron for definiteness, but our results
hold unchanged for hole polarons. The field operators can
be written in the single-particle basis used in Eq. (1),

represents the many-body ground

r)= Z Yk (T) Cnk, (4)
nk

being ¥,k (r) the single-particle Bloch wave functions,
so that the Green’s function in the single-particle basis
reads:

Grienic (£,) = —%<N+1| T éme(t) e () INH1) . (5)

In Egs. (3) and (5), |N + 1) represents the polaronic
many-body ground state, which corresponds to a single
electron added to semiconductor or insulator with filled
valence bands and empty conduction bands, correlated
with its accompanying phonon cloud. In the following,
the brackets () represent the expectation value of oper-
ators over the |N + 1) state, unless otherwise specified.
An important distinction from previous Green’s function
approaches to the polaron problem?829 ig that in those
studies the expectation value in the definition of Eq. (5)
is taken over the ground state of the N-electron system,
i.e. the system in absence of the extra electron. Our
present choice of starting from the |N + 1) state is useful
to better connect with DFT calculations, as it will be-
come clear shortly. We elaborate further on this point in
Sec. VII.

The time dependence in the electron operators can be
described within the Heisenberg picture, so that their
equation of motion is given by:

0 N

ih 5 Cu(t) = [énk(t), H} = e (t)

2M°“’°*’ S G (K — 4, @) uricqt) Zau (1), (6)
n’qu
where the anticommutation relations for the electron
operators, {énk7éjl/k/} = Opknw and {énk, éyk} =
{éLk,éL,k,} = 0 have been used. Combining Eqgs. (5)
and (6), the following equation of motion for the electron
Green’s function is obtained:

0
<'Lhat
- 7N Z gnn”l/ k q,9 )

n''qu

x W (T Zau (1) Enne—q(t) el (1)) - (7)

In order to deal with the last term of Eq. (7), we proceed
with Schwinger’s functional derivative technique.®':>2
The main idea is to add an external source term that
couples to the normal mode coordinates via:

ext Z Fql/ 1/ . (8)

6nk) Gnk,n’k’ (t; t/) = 5(t - t/) 6nk,n’k’

This term will be set to zero at the end of the derivation,
but it is instrumental to obtain a set of self-consistent
equations for the electron Green’s function by taking
functional derivatives with respect to the fictitious forces
Fy4u(t). Furthermore, this term is needed to break trans-
lational symmetry and pin the polaron around a lattice
site (see Sec. VI). The Schwinger’s functional derivative
technique has proven very successful in electronic struc-
ture theory, and is at the heart of all modern develop-
ments in the GW method.?3 55

We rewrite Eq. (7) using the following functional iden-
tity, first derived in Ref. 52 and employed extensively in
Refs. 56 and 57:



5<T01§213?(2t§t2) ) —%(Téql,(t) Or(t)Oa(ta) ... ) + %(éqy(t)><T01(t1)Og(t2) ) )

Here, O represents a generic many-body operator. Using this expression, Eq. (7) becomes:

(iha - ank) G (tt) = 0(t = 1) dnk i

ot
_1 2M0w . 5
N 2 nn''v k_ 5 QY h z v t n""k—q.n'k’ t,t/ .
NS gl )y R (i G (0) ) G aeltat)

n''qu
(10)

To eliminate the dependence on Fg, (), we first rewrite the functional derivative in the last term in terms of the
inverse of the Green’s function,?®

5Gnk n’k’ (t t ) / 1 34011 "
— dt"dt G (£,
5Fa (1) 2, Grterine (1)

-1
5GTL/II(I/ ’n//IkIII (t//7 tlll)

Gn/// " n/ ’ tll/7t/ 3 11
5Fqu(t) k’’, k( ) ( )

11,11

/K"

and then we apply the following functional chain rule,?®

5G7_Lk e (1) /d ,,, 5G7:k wie (B) 6(2q0 (")) (12)
T ) e 7)) 6 ()
The last term on the right hand side can be identified with the phonon Green’s function, which is given by:
Dot aqw(t',1) = —z'\/ M \/ ZUO (P [y (1) = (o (V)] (1) — {2 ()] (13)
In fact, by using this definition inside Eq. (9), we find:
i) 1 L e, )

(5Fq/u/ (t/) - \/QMowqy \/2M0wq/u, qu,q'v

Now we define the vertex function as:

h 5G_li /k/(tatl)
Crienie wq(t,t,8") = — o ; o
kvt 1) \/J 5 2ar (7)) "

and we write the non-interacting Green’s function as:

0
(Go)nk n'k’ (t t ) ( 8t Enk) (5(t — t/) 6nk’nlkl s (16)

Using the last two relations together with Egs. (11)-(14), we can rewrite Eq. (10) as a Dyson equation:

/dt// Z GO nk n''k’’ (t t”) Enk n''k’’ (t t”) Enk n''k’’ (t7 t”):| Gn”k//’n’k/ (t”, t/) = 6(t - t/) 6nk’n/k/
”k”

—
=
~

S—

where the self-energies ¥ and XM are defined as follows:

S e (1) = N2 / dt"dt” > " " g (K k= K")Grmer e (£,8")

77I/Il(ll 77IIIII(/// l/y/q/
X Fn’”k’”,n’k’,q’u’ (t”/, t/, t//) Dq’l/’,k—k”l/(t”a t) s (18)

S e (1) = ”22\/2%”“ K g (O T K) (e ()3t — 1) (19)

(

and the superscripts “FM” and “P” stand for Fan-Migdal and Polaronic, respectively. Note that (Go)nk e (1),



and X,k /i (¢, ¢') have units of energy divided by time. From Eq. (16), we see that §(G°)~1/6(2) = 0. The
A diagrammatic representation of the self-energy XFM functional derivatives of £F and £FM are obtained as
in Eq. (18) is given in Fig. 1(a). In Sec. IVA we show  follows. For the polaronic self-energy in Eq. (19), we

how, using a standard approximation for the vertex I, find:

we can identify X¥™ in Eq. (18) with the standard Fan-

Migdal (FM) self-energy33. This self-energy has been key 5En1k1 ok (E1512) St — NS (b — )5

to interpret the spectral kinks and satellites observed in 8 Zqaus (t3) ) = 0t = 12)0(t1 — £3)dqg -k,
photoemission experiments,!!:15:37:59:60 and leads to the

Allen-Heine® theory of band structure renormalization % Np_%1 /M Gningvs (K2, q3) . (21)
including its non-adiabatic generalizations®' % upon per- h

forming the pertinent approximations (see e.g. Ref. 33). For the FM self-energy, we apply the chain rule as in

To the best of our knowledge, the self-energy ¥F in Eq. (12),
Eq. (19) appeared in Refs. 57 and 70, but the connec-

tion to polaron formation was not appreciated. This new SSFM (t1,t2) SOFM (t1,t2)
self-energy accounts for the static renormalization of elec- makineks VD 72 / dtadts Z ik maks VD)
tron energies due to localization effects. In fact, as we 6 Zqaus (t3) ) naks 6G ks msks (4, 15)
show below, this self-energy reproduces the Pekar solu- nsks
tion to the Frohlich polaron problem in the limit of strong 0G ks nsks (ta,ts5) (22)
COUpling'G 6< 730131/3 (t3) >
This expression can be simplified using G~! as in
Eq. (11):
C. Vertex function
5Gn4k4,n5 ks t47 t5 _ /
In order to obtain a closed self-consistent set of equa- 0 Zqaus(t3)) dhodts 7%;6 Gk noks (14, L)
tions, we need to express the vertex function I' in Eq. (15) nrky
in terms of the electron Green’s function. To this aim, 5Gr_15k5 ke, (65 17)

Gn7k7,n5k5 (t7) t5) .
(23)

we first invert the Dyson equation in Eq. (17), 5o (t3))
qsvz\Y3

G’;ll,n'k'(t’ t/) = (Go)r_tli,n’k’ (t’ t/) - E"kﬂl’k' (t7 t/) ’ (20)
In this expression we recognize the vertex function ap-
so that we can take the functional derivatives for each pearing in the integrand, in the form of Eq. (15). Com-

term separately. In the remainder of this section we use  bining Eqgs. (15) and (20)-(23), we arrive at the following
numbered indices for convenience. self-consistent expression for the vertex function:

1
Fnlkl naka,v3qs (tl’ t2, t3) = 5(t1 - t2) 6(t1 - t3) 5q37k1*k2 N:D 2 Ininavs (k27 q3)

t t)
k k. 1,02
/dt4dt5dt6dt7 Z 5G::k: szz (t4’t5)Gn4k4an6k6 (t47t6)Gn7k7,n5k5 (t7at5)rn6k67n7k7,l/3qg (t67t7)t3) : (24)

’I’L5k5

nekeg

n7k7

(

A diagrammatic representation of Eq. (24) is given in  pressed as:33

Fig. 1(b).
qu N Z TRy \/ emx 1/( )(A%KO([)’ (25)

D. Atomic displacements and polaronic self-energy rap

where A7, represents the operator for the displace-

The expectation value of the normal mode operator  ment of the nucleus  in the unit cell p along the carte-
that appears in the polaronic self-energy -¥ can be ex-  gian direction @, €ra(q) is the polarization vector of
the phonon branch v at momentum q, M, is the mass

of the nucleus xk, My is a reference mass (e.g. the pro-

ton mass), and R, is the lattice vector of the unit cell p.
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FIG. 1. Diagrammatic representation of the self-consistent Green’s function theory of polarons. Legends for the different parts
of the diagrams are given in the lower left corner. (a) Fan-Migdal self-energy in Eq. (18). (b) Self-consistent definition of the
vertex function in Eq. (24). (c) Polaronic self-energy in Eq. (33). (d) Dyson equation, Eq. (17). (e) Schematic representation

of the self-consistent solution of Egs. (17), (18), (19), (24) and (31).

Equations (17), (19) and (25) show that, if in the polaron  (Af,qp):

ground state the atoms are displaced from their equilib-

rium sites, then there is an additional self-energy term to d? (At (1)) = — Crapr'a'p! (Ao (1))

be added to the standard FM self-energy contribution. In dg2 T eep s M, PP

the following, we show that the value of the atomic dis- e

placements is determined by the ground state electron 1 dravt%t(r) ne(r) (29)
density, which in turn can be written self-consistently in M, OMeap

terms of the renormalized electron Green’s function G.
In order to obtain an explicit expression for (A7.qp), it
is convenient to rewrite the electron-phonon interaction

term of the Hamiltonian in Eq. (1) as:??
Vo
dr Lot Afpq 26
o= [ar 0 TG (5) Aty . (26)

Kop

where V (r) is the total (electronic plus ionic) electro-
static potential in the absence of the excess electron, and
fe(r) = YT () (r) is the electron density operator. Simi-
larly, the phonon term of the Hamiltonian in Eq. (1) can
be rewritten as:*?

. K2 02
Hy=- ZQM or2

Kap ROp

1
+§ E Cﬁap,n’a’p’ATnapATn’a’p’;
Kap

K'a/p/

(27)
where Cpap x/a/pr is the matrix of the interatomic force
constants.

From Egs. (26) and (27), an equation of motion for the
displacement operator resembling Newton’s equation can
be obtained:

2 1 R PN

s Dap(t) = =5 [[Ateap (0, H)H] . (28)
Using the commutation relations [Afxap, ATwrarp] =
[ﬁfcapa]aﬂ’a’p’] = 0 and [A’f—r;ap’ﬁn/a’p/] = ih(snozp,n’o/p’a
where Puap = —ih0/0Twap, and taking the expectation
value on the polaron ground state, we are left with a
second-order nonhomogeneous differential equation for

where ne(r) = (fo(r,t)) is the expectation value of the
density operator on the ground state, which is stationary.
The first line of Eq. (29) serves as the complementary ho-
mogeneous equation, whose solution is given by a linear
combination of normal vibrational modes,

<A7_hom

mop ( Zuqu\/ %Aq)eiqﬁpe—wf, (30)

where the constants ug, have to be determined by the
initial conditions. In the absence of external fields and
in the thermodynamic limit, these should yield a ther-
malized distribution of the atomic displacements. For a
finite supercell, one could use, for example, the ZG dis-
placements introduced in Refs. 71 and 72 as an initial
configuration. In a more refined treatment, these initial
thermal displacements could be obtained starting from a
formulation of the problem using the Keldysh contour ex-
tended to include a vertical leg in the complex plane” 74,
This non-equilibrium formulation of the polaron problem
is potentially promising and should be explored in future
work. A particular solution of Eq. (29) is given by:

E : Cﬁapnap

Kr'a'p’

gy Ve (r)

37’,“”,

(ATpap) = ne(r) . (31)

The general solution of Eq. (29) is given by the sum of
Egs. (30) and (31). However, we note that the time-
average of Eq. (30) vanishes. Furthermore, in the pres-
ence of anharmonic phonon-phonon couplings, which are
not included in our Hamiltonian Eq. (1), the amplitude



of the fluctuations in Eq. (30) must decay with a charac-
teristic phonon lifetime. Since we are interested in equi-
librium properties of the polaronic state, we neglect the
fluctuations in Eq. (30), and focus on the static term in
Eq. (31) as the average of the atomic displacement oper-
ator.

The expectation value of the displacement operator in
Eq. (31) can be linked with the electron Green’s function
introduced in Sec. II B via the standard relation:?¢

(fe(r)) = —ih G(rt,rt™)
_Z/ dwIm [G(r,r;w)] , (32)

— 00

where g is the chemical potential. This relation derives
directly from the definition of G in Eq. (3).

Combining Egs. (3)-(5), (19), (25), (31) and (32), we
find the following self-consistent expression for the pola-
ronic self-energy:

2 nn’v kla k - K
Egk,n/k' (t, t/) == _(S(t—tl) - w
p n’'n'""k" v hwk_k/vl/
X [—Zh Gn’”k”Jrkfk’,n”k” (t, t+)] g;kL///an(kH, k — k/) .
(33)

A diagrammatic representation of Eq. (33) is given in
Fig. 1 (c), where we can recognize that the polaronic
self-energy shows a tadpole structure similar to the
Hartree self-energy term found in the electron-electron
problem.”%:75

Equations (18), (24) and (33), together with the Dyson
equation given in Eq. (17) and shown in Fig. 1(d), form
a closed set of self-consistent equations, similar to the
Hedin equations in the electron-electron problem.?%:76 A
graphical representation of the interdependence of the
different elements is shown in Fig. 1(e).

Calculations of polarons using these equations are be-
yond the reach of current computational methods. In
the following sections we introduce standard approxima-
tions that make this problem tractable and amenable to
ab initio calculations.

III. MANY-BODY POLARON EQUATIONS
A. Lehmann representation in the polaron problem

In this section we move from the Green’s function to
Dyson orbitals using the Lehmann representation. To
begin with, we recall that the Fourier transform of the
Green’s function can be written in the Lehmann repre-

sentation as:®Y
/
Z fs (I' ) , (34)
hw — [es + nsgn(p — es)]

rrw

where n — 07T, the functions f, are Dyson orbitals,
and the energies 4 are electron addition/removal ener-
gies. We define these quantities below. Since our ref-
erence state is the N + l-electron system, our notation

",
— N 'l'
==== N+1noel-ph !

— N+1 ’

Energy

\

0 (ATeap)

Lattice distortion

FIG. 2. Schematic representation of the different energies in-
volved in the polaron formation process. The solid gray line
represents the original periodic N-electron system, and the
solid blue line represents the N + 1-electron system for which
a distorted polaron configuration is the ground state in the
presence of a pinning potential (cf. Sec. VI). The dashed gray
line represents a fictitious N + 1 electron system in which an
electron with no phonon-mediated renormalization has been
added to the conduction band minimum (e25,,). The exci-
tation energy from the N + l-electron ground state to the
distorted N-electron state is the electron addition/removal
energy €s. The energy released by the relaxation of the lattice
back to the periodic configuration is represented by Flattice-
The polaron formation energy, that is the energy gained by
the system when a delocalized electronic state becomes local-
ized in a polaronic state, is represented by AFE.

for the Lehmann representation differs slightly from the
conventional notation. In Eq. (34), the electron addi-
tion/removal energies are defined as:

Es > I, (35)
€s < U, (36)

€s = Enyos — Engp for

€s=Ent1—Ens  for

where Exnyi141,s is the energy corresponding to the
|IN + 1+ 1,s) many-body eigenstate of the Hamiltonian
in Eq. (1), En41 is the ground state energy of the refer-
ence N + 1-particle system and p = BEN N The Dyson
orbitals f, are given by:?°

fo(r) = (N +1]p(xr)| N +2,5) for
fs(r):<N,S|1ﬁ(I')|N—|—l> for

The physical interpretation of these Dyson orbitals
within the polaron problem is discussed below. Given
that we are mainly interested in occupied polaron states,
we will focus on the case €5 < p. A similar reasoning
holds for the case 5 > u.

In Eq. (38), fs(r) gives the probability amplitude for
the state ¢T(r)|N,s) to be contained in the reference

gs =, (37)
gs < p . (38)



|N +1) ground state. The state ¢T(r)|N, s) is a quantum
state (not necessarily an eigenstate) with N +1 electrons,
which is obtained by adding an electron at position r to
the excited eigenstate |N,s) of the N-electron system.

Now, the many-body eigenstates | N+1) and | N, s) cor-
respond to correlated electron-phonon states. Since @/Aj(r)
acts purely on the electronic component of these states,
for fs(r) to be sizeable, the phonon part of |N, s) has to
overlap significantly with the phonon part in the |N + 1)
ground state. Thus, if |[N + 1) corresponds to a local-
ized polaron configuration in which the atoms are dis-
placed with respect to the periodic lattice, the first elec-
tron addition/removal energy ¢, with a sizeable Dyson
amplitude corresponds to the removal energy of the ex-
tra electron while the ions remain frozen in the distorted
structure. Other |N, s) states with different atomic con-
figurations still having vibrational wave functions non-
orthogonal to [N + 1) will yield finite but exponentially
small Dyson amplitudes, and will not be considered in the
following (this is best seen by considering the coherent-
state approximation of Sec. IIID). The first |N,s) state
yielding a sizeable fs(r) differs from the ground state of
the N-electron system due to the lattice distortion. In
order to reach the N-electron ground state, the energy
released by the distorted lattice upon relaxation must be
accounted for. A schematic representation of this pro-
cess, and its relation to the polaron formation energy
(which will be discussed in Sec. IIID), is given in Fig. 2.

The Dyson orbital for the lowest energy state of the
N-particle system, say fs .. (r), has a simple physical
interpretation if we approximate the exact many-body
state |V, smin) by a single Slater determinant. Indeed, in
this case, all valence electronic states must be occupied,
and fs . (r) constitutes the lowest-energy single parti-
cle wavefunction in the conduction manifold. Therefore
this Dyson orbital represents the electronic part of the
polaron wave function.

B. Self-energies in terms of the polaron
quasiparticle amplitudes

Following Ref. 35, we proceed by expanding the Dyson
orbitals in a single-particle basis:

In the following we refer to the coeflicients A7, as
the polaron quasiparticle amplitudes. After combining
Egs. (25), (31), (32), (34) and (39), and using the stan-
dard relations between the electron-phonon matrix ele-
ments, interatomic force constant matrix, and vibrational
eigenmodes,?>3° we can express the expectation values of
the normal mode coordinates as:

h
) = — 2N 32 | ——
(Zav) P 2 Mowey

<M

s g:ﬂny kvq S \*
X Z Z An/k-‘rq hw(qu )( nk) : (40)

s knn’/

Using this expression inside Eq. (19), and transforming
to the frequency domain, we obtain the polaronic self-
energy in terms of the polaron quasiparticle amplitudes:

2
ZEk,n’k’ (w) = _ﬁ Z gnn’u(k/a k — k/)
P v

es<p * " ’
gr (K k —K)
X g E AS , S my s )
m’k’ +k—k hwk—k’u ( mk )

s k”mm’

(41)

We proceed similarly for the FM self-energy. In view of
practical calculations, we approximate the vertex func-
tion in Eq. (24) by retaining only the term in the
first line.5”7” This is the well-known Migdal approxima-
tion, and is a standard procedure in the electron-phonon
literature.>>"® With this approximation, the FM self-

fs(x) =N, /2 Z Ay V() (39)  energy in Eq. (18) becomes:
nk |
i *
Zf;lli/{n’k’ (t7 t/) = F Z gmnu(k? k" — k) Im'n'v’ (k/7 k" — k/) Gmk”,m’k’” (t7 t/) Dk”—kl/,k”’—k’l/’ (t, t/) ) (42)
p mk’ v
mlkl/,]//

having used the relation g, (k',k — k') = ¢%,,.,(k,k’ — k) to achieve a compact expression. Along similar lines as
in Eq. (41), we write the FM self-energy in the frequency domain and in terms of the quasiparticle amplitudes, by

combining Eqgs. (34), (39), and (42):

) d ! ASN " AS/// 1" >|<.D " kv k' kv !
S e ) = 0 Y G KK g () [ G5 B i) Dot )
p S

1y

1y
n"'k'""v

hw — hw' —es —insgn(p — e5)



In order to proceed further, we approximate the interacting phonon Green’s function by its adiabatic counterpart:33

1 1

W—Wqy T W+wg —1in

Dglu,q’u’ (w) == |: 5qq/5111// . (44)

This approximation is well justified and usually very accurate because the vibrational frequencies are obtained from
DFPT calculations. By inserting Eq. (44) inside Eq. (43), and performing the integral over w’ by closing the contour

in the upper half of the complex plane, we find:

1
Egll\c/{n/k/(w) = 72 Z gmnl/ k q) Im/n’ V(k q)

p mm’qu

0(55 - ,u) 9(/“‘ B 85)

*
X ZAmk+q m’k/+q) hw

where 6 is the Heaviside function.

— &5 — hwgy + 1

hw — g5+ hwgy —in |

C. Self-consistent polaron equations

The self-energies ©F and &M

after a transformation to frequency domain:

G'r:li,n’k’( )

(G et (@) —

obtained in the previous section can be used inside the Dyson equation Eq. (20)

Enk n’k’( ) Enk n’k/( ) . (46)

The first term in the right-hand side is obtained from Eq. (16) by using the Fourier representation of the Dirac delta

function:

(GO);li,n’k’ (w) = (hw - 5nk) 6nk,n'k’ . (47)

Note that (Go)nk wie (W) in Eq. (47), 27, 0 (w) in Eq. (41), and B ) (w) in Eq. (45) have dimensions of energy.
We are now in a position to combine the above results into a self-consistent set of equations for the polaron

quasiparticle amplitudes.

By using Eqgs. (34), (39), (41), and (45

)-(47), we find that the poles of the interacting

Green’s function are the solutions of the following eigenvalue problem:

pol
§ : an,n’k’ A

n’k’

wie = EsApic (48)

where the effective polaron Hamiltonian HP°' depends on the electron addition/removal energies and quasiparticle

amplitudes as follows:,

es<p

pol —
an,n’k’ - Enkénk,n’k’ BN}

k//

N2 SN G (K, Q) G (K, Q) Ay (A1)

’ ’
mm' S
vq

The self-consistent solution of Eqgs. (48)-(49) yields the
excitation energies and the quasiparticle amplitudes of
the Dyson orbitals, and hence the polaron energies and
wavefunctions. We note that the only approximations
that we have made thus far are the Migdal approxima-
tion to the electron-phonon vertex in Eq. (24), and the re-
placement of the interacting phonon Green’s function by
its noninteracting (i.e. DFPT) counterpart in Eq. (13).
Equations (48)-(49) constitute the central result of

E s grn’mu(k//’ k— k/) s *
A m/k/ +k—k’ T (Amk”) gnn/y(kl, k — k/)
s k—k'v

O(esr — 1)
€s — s — Mg + 1

O(p—es)
€s —€s + hwgy — i

(49)

(

this manuscript. These equations generalize the polaron
equations derived in Refs. 34 and 35 within the context
of DFPT to a many-body Green’s function formalism for
the polaron quasiparticle amplitudes and excitation ener-
gies. Practical strategies for solving these equations are
outlined in Sec. IV.

A schematic illustration of the self-consistent proce-
dure required for solving Eqgs. (48)-(49) is provided in



Enk, Wqu; gmnu(k7 q)

Initial guess A7,

2P (An) SM(AN)

HPOU[SP (A7), 5P (A3

pol
/Zk’an n’k’ An/k’ - 63"477,1(

newl old No

Es €s

Yes
€s) fs (I‘), <Aﬂ€ap>

FIG. 3. Schematic representation of the self-consistent pro-
cedure required to solve the many-body polaron equations,
Eqgs. (48) and (49).

Fig. 3.

D. Total energy of the polaron ground state

In this section, we derive an expression for the to-
tal energy of the polaronic ground state in terms of
the Dyson orbitals and the eigenvalues of Eq. (48).
We proceed along the same lines as for the Galitskii-
Migdal formula,3° except that we consider the coupled
electron-phonon Hamiltonian in Eq. (1).

Upon acting on Eq. (6) with éL,k, (t') and taking the
expectation value over the ground state, we find:

3 s (o) = EnnlChne (om0 + Ny F

X Z 9nn’ l/ k 9,9 )< n’k’( )én/qu(t)(aqv +a7qu)>
n’'qu
(50)
This expression can be related to the total energy, E =

(fI ), by taking the expectation value of the electron-
phonon Hamiltonian in Eq. (1):

L0 A
B e () enc(1))

+ > hwgy (@, aqu) +1/2). (51)

qu

The first term on the right hand side of this expression
can be identified with the electron Green’s function from
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Eq. (5)
= lim h n n'k’ t, tl
¢ttt Z ki (8, 7)
n'k'=nk K
+ ) gy ({6, aq0) +1/2) - (52)
qv

We transform this result into the frequency domain, and
we make use of the spectral representation of the Green’s
function:3°

E:—

n

hQ
dwwIm [Grk nk(w)]
k / k,nk (W

+ quu(<d£u&QV> + 1/2> : (53)

qv

By further using the Lehmann representation in Eq. (34)
and the expansion of the Dyson orbitals in terms of po-
laron quasiparticle amplitudes, Eq. (39), we obtain:

es<p
Z Z es | ASl? +quy il iqn) +1/2) .
(54)

In the second term on the right hand side, the expec-
tation value of the phonon number operator must also
be related to the polaron quasiparticle amplitudes A7, .
We have not found a way to establish this relation in the
most general case. However, an accurate first-principles
formulation is still possible if we make the approxima-
tion that the phonon subsystem can be described as a
superposition of coherent states.

Coherent states are minimum-uncertainty wavepack-
ets, and in the case of the harmonic oscillator they cor-
responds to Gaussian wavefunctions, rigidly translated
away from the minimum of the potential well. The rea-
son for considering coherent states is that much of the
earlier literature on the Frohlich polaron model shows
how coherent states constitute a very accurate variational
ansatz for determining the ground state energy of the
polaron. 8186

We therefore approximate the phonon subsystem of the
polaron ground state as the following normalized super-
position of coherent states:

|N+1)=exp Z (uql,a

qv

—|uqu] /2) IN+1,0pn), (55)

where uq, indicates the (complex) displacement of the
wavepacket and, |Opn) denotes the phonon vacuum.
With this approximation, we have the standard prop-
erty dqu|N + 1) = uqy|N + 1). By using this relation in-
side Eqgs. (54), (2), and (40), and employing time-reversal
symmetry to replace u”y, by uqy, we can rewrite the to-
tal energy as:

es<p
Z Z eo | Al +Zh‘*’qu |“ql/‘ +1/2),
qv

(56)



where the coherent displacements are given by:

es<p

E E gw u(k’ q) 5 \*
Uqy = 7N 8/2 A; n'k+q o ( nk) .
ql/

s knn'

(57)
The last two equations provide the relation between
the total ground state energy of an interacting electron-
phonon system, and the excitation energies and quasi-
particle amplitudes of the Dyson orbitals, within the ap-
proximation of coherent states for the phonon subsystem.
From the second term on the right hand side of Eq. (56),
we see that |uq,|? gives the number of phonons qu (per
BvK supercell) contributing to the polaronic lattice dis-
tortion.

IV. TOWARD AB INITIO CALCULATIONS
A. Approximations for practical calculations

The formalism developed in Sec. III provides a self-
consistent mathematical framework to investigate po-
laron wave functions and formation energies within a
first-principles many-body approach. However, the self-
consistent solution of Egs. (48) and (49) is currently be-
yond reach for real materials, because it requires a sum-
mation over all the occupied and unoccupied polaronic
states in the Fan-Migdal self-energy term, including those
with finite total polaron momentum.

In view of devising a practical approach for systematic
many-body ab initio calculations of polarons, we make
the following reasoning. If we approximate the interact-
ing many-body ground state by a single Slater determi-
nant, and assume that the added electron in the (N +1)-
electron system has a negligible effect on the lowest N
electron wavefunctions and energies, the contributions of
the valence states in the N- and (N 4+ 1)-electron sys-
tems in Eq. (54) are identical. This approximation is
physically motivated by the fact that the addition of a
single electron to a system of many electrons will modify
the electron density only slightly®. Furthermore, by con-
struction, the N-electron system is associated with a pe-
riodic undistorted lattice, therefore the expectation value
of the phonon number operator vanishes in (N|H|N).
These observations lead to the following simplified ex-
pression for the formation energy of the polaron in the
BvK supercell®” :

AE = (N +1|H|N + 1) — (<N|ﬁ|N> + eggM)

= €s,min — ECBM + Z hewqy|uqu]? - (58)

qv

In this expression, EggM represents the many-body elec-
tron addition energy for the periodic, undistorted lattice.
For example, this could be the quasiparticle energy of
the conduction band bottom in a GW calculation in the
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absence of atomic displacements. A schematic illustra-
tion of Eq. (58) is given in Fig. 2. The quantity Flattice
appearing in the figure corresponds to the last term of
Eq. (58), where the coherent displacements are given by
Eq. (57).

Similarly, we obtain a compact expression for the po-
laronic self-energy X¥ by replacing the first N occupied
states with unperturbed Bloch wavefunctions With this
choice, the quasiparticle amplitudes for these states be-
come Dirac delta functions, A%, =+/N, 8k, and their
contribution to ¥¥ can be neglected in Eq. (41). As a
result, only the lowest-energy Dyson orbital, which corre-
sponds to the electronic part of the polaron wave function
(cf. Sec. TIT A), contributes in the summation in Eq. (41):

Skl = N2 > g (K k= K)
P omm/ vk’
s, min g* ’ y(k//7 k - k/) S, miny %
A m’k’ +k—k’ m mhwk,k/ (Amk" ) (59)

A similar reasoning can be extended to the self-energy
YFM in Eq. (42). We replace the interacting Green’s
function G by its non-interacting counterpart G°. This
choice amounts to assuming sharp quasiparticles, as in
the standard GoWy approximation.*® With this replace-
ment, FM becomes diagonal in the single-particle basis,
and simplifies to:

5nk,n/k/
ZE%n’k’ (w) = T Z |gmnu(k7 q)|2
p mqv
O(1 — emkta)
— Emk+q + gy — i
(60)

This expression only depends on the phonon frequencies
and the electron-phonon matrix elements of the periodic
configuration. Equation (60) is the standard expression
used in ab initio calculations of electron-phonon renor-
malization of band structures.??

Using the above simplifications, the many-body po-
laron equations are reduced to solving the self-consistent
eigenvalue problem given by

e(gmk-i-q — M)
hw — emkrq — gy + 1 hw

P
g {Enkank,n’k’ + an,n’k’
n’'k’

+ Zgllgn’k’ <Es7min/h)} Ai/ﬁjn = Es’min Aialf(nin , (61)

where the self-energies are given by Egs. (59) and (60).
In the remainder of this manuscript, the index sy, corre-
sponding to the wavefunction and eigenvalue of the po-
laron in the ground state will been omitted for ease of
notation.

B. Relation to the theory of Ref. 35

The many-body polaron equations Egs. (59)-(61) share
a similar form with the DFPT polaron equations derived



in Ref. 35, see Eqs. (37) and (38) of that work. In fact, if
we neglect the Fan-Migdal self-energy term in Eq. (61),
the two sets of equations become identical within the
approximations outlined in Sec. IV A.

The main differences between the two approaches are
that, in the present case, (i) the polaron eigenvalue
also incorporates the dynamical Fan-Migdal self-energy
renormalization, and (ii) the lattice distortion energy in
Eq. (54) is directly linked to the number of phonons that
participate in the polaron via the phonon number oper-
ator dill,&qu.

The fact that we reached a very similar set of polaron
equations as in Ref. 35 starting from a general many-body
formulation is very encouraging, and provides a rigorous
field-theoretic justification for the DFPT approach fol-
lowed in Ref. 35.

At a qualitative level, the main improvement of the
present many-body approach over the DFPT strategy
of Ref. 35 is in that our present formalism incorporates
dynamical effects as described by the FM self-energy.
Therefore, in addition to the physics of phonon-induced
localization and self-trapping, the present approach also
captures the physics of phonon-induced band structure
renormalization and polaron satellites in photoemission
spectra.

C. Perturbation theory on the polaron
quasiparticle amplitudes and energies

Equations (59)-(61) constitute a nonlinear, self-
consistent eigenvalue problem. The polaron energy € ap-
pears on both sides of Eq. (61), therefore an iterative
solution is required.

This requirement can be relaxed if we proceed to eval-
uate the equations in perturbation theory. Specifically,
one could solve the equations by retaining only X and
treating ©FM within perturbation theory, or viceversa
by retaining 3™ and treating XF perturbatively. Since
YFM does not couple different wavevectors, the latter op-
tion would lead to a vanishing polaronic correction and
no localization, which is equivalent to standard calcu-
lations of band renormalization in absence of polarons.
Therefore we focus on the former option of retaining only
the polaronic self-energy and treating the FM term per-
turbatively. This procedure can be implemented in two
steps:

(i) Solve Eq. (61) by considering only the polaronic
self-energy ¥F:

Z {E’nk(snk,n’k’ + Esk,n’k’} Azlk/ = EPAEk . (62)
n/k/

(ii) Add the FM contribution to the polaron energy
after replacing A,k by the solution at the previous
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step, A"}

1 *
= FZ ZASI( (6”k67lk,n'k’ +Efbk,n'k')Ag/k/

P nk n'k’/

+—Z|A k> SEM (w). (63)

Within the simplest Rayleigh-Schrodinger perturbation
theory, the frequency w appearing in the last equation
can either be set the polaron eigenvalue, w = €% /A, or to
the unperturbed Bloch eigenvalue, w = €°/h. In Sec. V A
we compare the latter to the self-consistent solution of
Eq. (61).

V. APPLICATIONS
A. The Frohlich model

To validate the theory developed in Secs. II-IV, we
apply the formalism to the Frohlich model.?%29 The
Frohlich model represents a standard benchmark in the
study of polaron physics, and has been investigated
by a number of authors using a variety of many-body
techniques.®21,:26:28,29,32,88 = The ayailability of highly-
accurate solutions such as Feynman’s path integral
results?® and diagrammatic Monte Carlo calculations®’
makes it possible to carefully assess the validity of our
approach and of the approximations described in Sec. IV.

In the Frohlich model, the Hamiltonian given by
Eq. (1) is simplified by considering a single electron
band with effective mass m* and parabolic dispersions

k = h?|k|?/2m*, coupled to a dispersionless longitudinal
polar optical phonon with frequency wy,o. The coupling
matrix element is given by:2%:89

o) = [ ¢ dm hro 1]1/2 (64)

47eg 0 2 &

In this equation, €y is the vacuum permittivity, and the
dielectric screening constant x is defined by 1/k = 1/e>°—
1/€°, with € and €” being the high-frequency electronic
permittivity and the static dielectric constant including
the ionic contribution, respectively. In this model, the
Debye-Waller self-energy vanishes®®, and the electron-
phonon coupling strength is traditionally described by
a single parameter «, referred to as the Frohlich coupling

£:25,35,91
e? 1 m* 1
= —1/ - 65
dreg b\ 2hwro K (65)

constant:

There is a single Dyson orbital, which we identify with
the electronic part of the polaron wave function, f(r) =
¥ (r). The expansion in Eq. (39) can now be performed in
terms of plane waves, and the transition to the extended
crystal is performed by considering an infinite number of




unit cells in the BvK supercell so that summations over
the momentum k become continuous integrals:

Y(r) = (2\:5)23 / dk A(k) ekT (66)

Here, r and k belong to R3, and  is the unit cell volume.
We require that the polaron wave function be normalized
in real space,

/ dr [P =1, (67)

and this implies the normalization of its Fourier coeffi-
cients:

Q
(2m)?

Using Egs. (66) and (68) inside Eq. (61), we obtain:

/dk Ak =1. (68)

e= (22)3/dkA(k)/dk’ {5k5(k —K)

+ 2Pk, K) + =FM(k;6) 5(k — k’)] AK) . (69)
Using Eq. (59), the polaronic self-energy appearing in
this expression becomes:

20° |g(k —K)?
(277')6 hwr,o

YP(kK)=— / dk” Ay v 1w A

(70)
The FM self-energy in Eq. (60) can be evaluated
exactly,”! and is given by:

3/2

YM(ke) = _alwro) arcsin ( Ek) .
\/a hwro — € + €k

(71)

To calculate the energy and wave function of the lowest
polaron state, we use a variational approach. For sim-
plicity, following Refs. 25 and 35, for the electronic part
we employ a normalized exponential trial wave function:

Yer) = | epl-kl/ml (72)

where 7, can be identified as the polaron radius. The
Fourier transform of this function is:

3 1
A(k; = -
() =8y g (r2]k[2 + 1) (73)

Equations (72) and (73) show that the more localized
the wave function is in real space (small 7,), the more
extended are its coefficients in Fourier space, and vice-
versa. In Fig. 4, we show the exponential trial wave func-
tion for different values of the polaron radius r,, together
with the corresponding Fourier transforms.
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FIG. 4. Variational ansatz for the electronic component of
the polaron wave function in the Frohlich model. (a) Wave-
function plot for a few values of the variational parameter rp,
which corresponds to the polaron radius, from Eq. (72). ag
is the Bohr radius. (b) Reciprocal-space coefficients of the
wavefunctions shown in (a), from Eq. (73).

We now use Eq. (73) in Eq. (69), and evaluate the inte-
grals for each of the three terms within square brackets.
The first term is the average of the kinetic energy:

Q h|k|? h
—— | dk A" (k;r,) —Alk;1rp) = ——
(27)‘5/ (i) 2m* (ki) 2m*r2

p
and is identical to what is found in the Landau-Pekar
model.2%3% The expectation value of the term containing
¥F in Eq. (69) corresponds to the Coulomb energy in the
Landau-Pekar model, and is given by:2%3%

(74)

(EF) = e (75)

From Egs. (69) and (73), we see that the expectation
value of the FM self-energy results from the radial inte-
gral:

(SFM) =

Q o0
@ 477/0 dk |A(k;rp) > 2™ (k) . (76)
Let us analyze the asymptotic limits of this integral. In
the limit of a strongly localized polaron (r, — 0), A(k)
tends to a constant value, but "M (k) is significant only
near k = 0 [cf. Eq. (71)]. Owing to the normalization
of the Fourier coeflicients, the integral vanishes in this
limit. In the limit of an extended polaron (r, — o), the
A(k) coefficients become a Dirac delta function centered
at k = 0, therefore the integral coincides with the value of
the FM self-energy at k = 0, (X*M) = —ahwro (having
set € = 0).

Equations (74)-(76) allow us to evaluate the polaron
eigenvalue as a function of the polaron radius, £(r,). To
determine the total formation energy, we also need to
consider the lattice relaxation energy, i.e. the last term
in Eq. (58). The evaluation of this term yields:

(2% J

X /dk /dk, (Ak+q)*Ak Ak’-‘,—q(Ak/)* =

 Admeg k167,
(77)

lg(q)]?
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FIG. 5. Ground state polaron energy as a function of the polaron radius rp, within the Frohlich model for o = 4.94. (a) 7p-
dependence of the different terms contributing to the total energy in Eq. (78), namely the kinetic energy (dotted), the Coulomb

energy composed by the Landau-Pekar and the lattice energy

(dotted-dashed), and the Fan-Migdal self-energy contribution

(dashed). (b) Total energy as a function of the polaron radius r,. The red solid line represents the Landau-Pekar result,3®
where only the kinetic and the Coulomb energies are considered. The blue solid line represents the total energy including the
FM contribution, as in Eq. (78). The energy minima are highlighted by the solid crosses.

Putting together the above results, we obtain the follow-
ing expression for the total energy of the Frohlich polaron
as a function of the radius rp:

h 5 €2 1 28x%) e wFM(g
AE(r,) = - p/ dk k)
2m*r2 16 dmegk 1 Q Jo  (1+r2k2)t
(78)
where X¥M is given by Eq. (71). This total energy coin-

cides with the energy of the Landau-Pekar model if we
neglect the integral on the right hand side [see for exam-
ple Eq. (10) of Ref. 35]. We note that the polaron for-
mation energy within the Frohlich model has been called
FE in previous work because the delocalized state with
no electron-phonon interaction has zero total energy by
definition.

In Fig. 5 we analyze the total energy as a function of
the polaron radius 7,. In this example, the physical pa-
rameters have been chosen to match those for the electron
polaron in LiF,3® namely m* = 0.88 m,, Awpo = 77 meV,
€? = 10.62 and €> = 2.04, giving a coupling constant of
a = 4.94. Figure 5(a) illustrates the contribution to the
polaron energy from each term in Eq. (78). The first
term on the right hand side of Eq. (78) is the kinetic en-
ergy (dotted line). This term is positive and thus favors
delocalization. The second term on the right hand side
of Eq. (78) is the Coulomb attraction energy between the
electron and the lattice distortion (dashed-dotted line).
This term is negative and thus favors localization. The
last term in Eq. (78) is the FM self-energy contribution.
It is negative and thus it also favors localization, but
it varies more smoothly with the radius. As discussed
above, this term tends to vanish at small radius, and
approaches the value —ahwr,o at large radius.

Figure 5(b) shows the dependence of the total energy
of the polaron on the radius (blue line). The minimum
of this energy is marked by a cross and indicates the

variational solution. For the sake of comparison, we also
show the total energy curve for the Landau-Pekar model
(red line).?> In this model there is no FM contribution.
We see that the FM contribution modifies the shape of
the energy surface of the Landau-Pekar model, and shifts
the minimum towards a larger radius and a lower ground
state energy.

Now we analyze the dependence of the variational po-
laron energy on the coupling constant . To this aim,
we generate curves like those in Fig. 5(b) for a range of
parameters «, and we determine the minimum in each
case. The results are reported in Fig. 6.

In Fig. 6(a), the red line represents the Landau-
Pekar ground state polaron formation energy. Within
the exponential ansatz used in Eq. (72), this energy
is given by AEYY = —(50/512)a?hwLo.?® The blue
line represents the FM self-energy evaluated within
Rayleigh-Schrédinger perturbation theory, and is given
by AEFMRS —ahwro.?' The gray line repre-
sents the result obtained by Feynman’s path integral
method, 259293 and the black circles are diagrammatic
Monte Carlo results.?$:2%94 This comparison shows that
Feynman’s results are essentially as accurate as the dia-
grammatic Monte Carlo data, therefore in the following
we use Feynman’s result as the “exact” solution for the
purpose of comparison.

In Fig. 6(b) we show the relative errors of the Landau-
Pekar (LP) energy and the Fan-Migdal energy (in the
Rayleigh-Schrodinger approximation, FM-RS) with re-
spect to Feynman’s result as filled areas, following the
same color convention as in Fig. 6(a). It is clear that
both approaches deviate significantly from Feynman’s re-
sult throughout the entire coupling range, with errors in
the energy as large as 100%. The LP result gives the
correct trend at strong couplings, but it underestimates
the polaron energy at weak couplings. In contrast, the
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FM-RS result correctly captures the linear dependence
of the energy at weak couplings, but it underestimates
the polaron energy at strong couplings.

In Figs. 6(c) and (d) we compare the total energy of
the polaron calculated using Eq. (78) with the Feynman
theory. We compare two different levels of approxima-
tion. First, we compute the polaron ground state en-
ergy by requiring self-consistency in the energy entering
the FM self-energy, as in Eq. (61). We will denote the
ground state energy obtained in this way by AES. Sec-
ond, we consider the perturbative approach discussed in
Sec. IV C. Within the Fréhlich model, this translates to
the following two-step process for each coupling constant
a:

(i) We determine the polaron radius that mini-
mizes the Landau-Pekar total energy. With the
exponential ansatz of Eq. (72), this radius is
Tp min = 16Kmeag/5m* .35

(ii) We calculate the total formation energy of the po-
laron by adding the FM contribution evaluated at
the non-interacting energy as a perturbation:

AEPS = 75‘%0427%;

+47r/ dk |A(k; 7pmin) |2 ZFM (k36 = 0)  (79)
0

LO

The result of these two approaches are shown in Fig. 6(c)
as light green and dark green lines, respectively. The re-
sults by Feynman are shown as the dashed gray line. The
filled areas in Fig. 6(d) represent the relative errors with
respect to Feynman’s result, with the same color code as
in Fig. 6(c). This comparison indicates that our formal-
ism correctly describes the polaron energy throughout
the entire range of couplings, irrespective of the level of
approximation adopted in the evaluation of the ground-
state energy. Interestingly, the deviation of the pertur-
bative approach with respect to Feynman’s results never
exceeds 10%. This success suggests that the perturbative
procedure is particularly suitable for studying polarons,
and can be generalized to ab initio calculations.

The variational ansatz employed in Eq. 72 could be im-
proved further 62595 therefore we expect that with some
refinements we should be able to achieve an even bet-
ter agreement with Feynman’s theory. Since no other
theoretical approach has succeeded to match Feynman’s
calculations at all couplings,* the present results are very
encouraging, especially because the present approach can
be used for ab initio calculations of real materials, as we
show in Sec. V B.
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FIG. 7. Comparison between the hole polaron wave function
in LiF obtained by (a) direct DFT (HSE) supercell calculation
with a removed electron and (b) the solution of the polaron
equations in Eqgs. (59) and (62).

B. Ab initio calculations in LiF

As a first fully ab initio calculation using the method-
ology presented in this work, we compute the polaronic
band gap renormalization of LiF from first principles. To
this aim, we consider the simplest approximation to our
theory, as described in Sec. IV C. In this section we pro-
vide the details of the computational procedure, while
the main results and implications are discussed in the
companion manuscript.*?

All calculations are performed using the QUAN-
TUM ESPRESSO software suite.”® Ground state DFT
calculations are performed within the Perdew-Burke-
Ernzerhof generalized gradient approximation,®” us-
ing optimized norm-conserving Vanderbilt (ONCV)
pseudopotentials?®99 and plane waves with a kinetic en-
ergy cutoff of 100 Ry. Our optimized lattice parameter
is @ = 4.06 A. Phonon frequencies and electron-phonon
matrix elements are computed within density func-
tional perturbation theory.*® Coarse momentum grids of
12x12x12 k and g-points are used for the ground state
electron and lattice dynamics calculations, respectively.
Electron energies, phonon frequencies, and electron-
phonon matrix elements are interpolated to dense grids
by means of Wannier-Fourier interpolation,'®%102 as im-
plemented in the wannier90'%® and EPW'% codes. The
method presented in Ref. 89 is used to deal with the
long-range part of the electron-phonon matrix element
for polar materials.

In order to converge both the band and momentum
sums needed to compute the FM self-energy in Eq. (60)
we proceed as follows. Following Refs. 64 and 105, we
divide the band sum into two subspaces: (i) a lower sub-
space formed by the valence band manifold and the first
four conduction bands (~ 15 eV above the conduction
band bottom), where the momentum integration is car-
ried out explicitely, and (ii) an upper subspace formed
by the rest of the conduction bands, where the phonon
frequency in the denominator of Eq. (60) is neglected
and the band summation is transformed into the solu-
tion of a Sternheimer equation.’* For the solution of the
Sternheimer equation and the calculation of the upper
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subspace contribution, we employ the implementation of
Ref. 105 within the PHonon code. The lower subspace
contribution is calculated with EPW. A slightly modi-
fied version of the code is used to evaluate the FM self-
energy at the noninteracting polaron energy for all k-
points, which corresponds to the Kohn-Sham energies of
the band extrema. The momentum integrals are con-
verged by interpolating all quantities into fine 96 x96 x 96
g-point grids for each EM.

Equations (59) and (62) are solved iteratively using the
implementation of Refs. 34 and 35 within EPW. We ini-
tialize the A,y coefficients using a Gaussian line shape
centered at the band edge. We note that, similar to a
DFT optimization, different initializations could poten-
tially lead to multiple local minima. We validate the ro-
bustness of our results by starting the iterative procedure
with different Gaussian widths, as well as with random
distributions of the A,y coefficients, for which equivalent
self-consistent solutions are obtained within the conver-
gence threshold in all cases. The lattice energy is eval-
uated using Eqs. (57)-(58). We use increasingly denser
k-point grids, and we take the isolated polaron limit by
extrapolating to infinite supercell size (infinitely dense
k-point grid).3?

To asses the validity of the approximation that the
change in the total density is negligible upon electron
addition/removal (see Sec. IV A) in the worst-case sce-
nario, we perform direct DFT calculations on a 3 x 3 x 3
supercell of LiF with an electron removed (hole polaron).
To mitigate the self-interaction error, we use the Heyd-
Scuseria-Ernzerhof (HSE)!% hybrid functional with an
exact exchange fraction parameter of agxx = 0.37. The
atomic positions are relaxed so that forces on each ion
are below 107> Ry/bohr. Figure 7(a) shows the relaxed
atomic configuration, together with the wave function of
the first unuccupied Kohn-Sham state. The total energy
of the relaxed configuration is lower than the the total
energy obtained for the original periodic configuration
with the hole, confirming that the polaronic configura-
tion is more stable. For comparison, in Fig.7 (b) we show
the hole polaron wave function and atomic displacements
obtained by the solution of Eqs. (59) and (62), which is
practically identical to the result shown in Fig. 7(a). This
result validates a posteriori our initial assumption.

Figures 8 (a) and (b) show our results for the elec-
tron and hole polaron energies in LiF, respectively. The
light-blue triangles represent the polaron eigenvalues e¥
as a function of the inverse supercell size, and dark-
blue crosses represent the corresponding lattice energy
in each case. The dashed lines are used to extrapo-
late these quantities to infinite supercell size. We obtain
eP —eB% , = —0.898 eV and Elagtice = 0.652 eV for
the electron polaron, and e¥ — X%, = 4.672 eV and
Elattice = 2.775 €V for the hole polaron, in good agree-
ment with the results reported in Ref. 35.

To obtain the total polaron eigenvalue ¢ from Eq. (63)
we need to evaluate the average of the FM self-energy
over the quasiparticle amplitudes A,y obtained above.
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FIG. 8. Analysis of the various contributions to the polaron formation energy in the lowest-order approximation, Egs. (58), (62)
and (63). (a) Polaron eigenvalue (light-blue triangles) and lattice energy (dark-blue crosses) as a function of the supercell size
for the electron polaron in LiF. The supercell size is given as L™!, where L® is the supercell volume. The numbers next to the
data points indicate the number of unit cells in each direction of the homogeneous Born-Von Karman supercell, or equivalently
the number of k-points in each direction of the homogeneous mesh of the Brillouin zone. The dashed lines correspond to the
extrapolation of each contribution to the infinite supercell size. (b) Same as (a) but for the hole polaron in LiF. (c) Expectation
value of the FM+DW self-energy over the polaron quasiparticle amplitudes for the electron polaron in LiF, as a function of the
number of k-points in each direction of the homogeneous mesh of the Brillouin zone. (d) Same as (c¢) but for the hole polaron

in LiF.

We accomplish this by performing a Wannier interpola-
tion of the FM self-energy, similar to the Wannier inter-
polation of the GW self-energy corrections to the band
structure.’®” This procedure consists of five steps: (i)
we calculate the FM self-energy in Eq. (60) on a coarse
8x8x8 k-point grid; (i) we add the self-energy to the
bare Kohn-Sham eigenvalues on the coarse mesh; (iii)
we perform a Wannier interpolation of the bare and the
corrected eigenvalues to a fine mesh; (iv) we obtain the
interpolated self-energy on the fine mesh from the dif-
ference between the bare and the corrected eigenvalues;
(v) we evaluate the summation corresponding to the sec-
ond term on the right hand side of Eq. (63). Follow-
ing this procedure, the total computational cost of cal-
culating the full polaronic renormalization of band gaps
is approximately given by (i) the cost of performing an
adiabatic electron and hole polaron calculation as in
Ref. 35, plus (ii) the cost of performing a standard AH-
based band structure renormalization calculation on a
relatively coarse k-point mesh on the Brillouin zone.
We note that since our Hamiltonian in Eq. (1) only
considers electron-phonon interactions to linear order in
the atomic displacements, our self-energy does not in-

clude the standard Debye-Waller (DW) contribution,33:46
and this term must be added separately to be consistent
with previous work. To evaluate this contribution, we use
the method presented in Ref. 105 as implemented in the
PHonon code on a coarse Brillouin-zone mesh, and add
the result to the FM self-energy before proceeding with
the interpolation procedure described above. The disper-
sions of the Fan-Migdal and Debye-Waller self-energies
for the valence and conduction bands of LiF are shown
in Ref. 47.

In Figs. 8 (¢) and (d) we analyze the convergence of
the Fan-Migdal and Debye-Waller contributions to the
polaron energy with the Brillouin-zone grid for the elec-
tron and the hole polaron, respectively. As we discuss
in Ref. 47, in the case of the large electron polaron the
quasiparticle amplitudes are localized around the con-
duction band bottom, so that relatively dense k-meshes
are needed to converge the average of the FM+DW self-
energy within 1 meV. In contrast, in the case of the small
hole polaron, the quasiparticle amplitudes are distributed
across the entire Brillouin zone, so that coarser meshes
are sufficient to achieve convergence. The converged val-
ues for the FM+DW self-energy contribution to the po-



laron eigenvalue are -0.35 eV and 0.30 eV for the electron
and the hole polaron, respectively.

By combining the above contributions, we find forma-
tion energies of -0.60 eV and -2.20 eV for the electron and
the hole polaron, respectively. Note that the formation
energy for the hole polaron is negative, but the associ-
ated renormalization of the ionization energy and thus
of the band gap is positive. This brings the total pola-
ronic renormalization of the band gap to —2.8 eV. This
value is considerably larger than that obtained within
the Allen-Heine theory (—1.2 eV), where the Fan-Migdal
and Debye-Waller self-energies are evaluated at the band
edges, without taking into account the quasiparticle am-
plitudes. This result demonstrates that polaronic local-
ization can have a significant effect on the band gap
renormalization of solids. We elaborate more on this
point in the companion manuscript, Ref. 47.

VI. LOCALIZATION AND TRANSLATIONAL
INVARIANCE

For completeness, in this final section we address one
formal question that arises in the polaron literature, and
which pertains to the nature of the localization of a po-
laron in real space.31:84:8

The question is on how to reconcile the spatial local-
ization of the polaron with the translational invariance of
the Hamiltonian in Eq. (1): Since H commutes with the
the lattice translation operator, the ground state must
also be an eigenstate of the translation. This issue has
already been discussed in prior literature,' therefore we
only touch upon those aspects that are relevant to the
present work.

To clarify the relation between translational invariance
and localization, we use the textbook example of the
hydrogen atom as a proxy for an interacting electron-
phonon system. In this proxy, the proton replaces the
concentration of ionic charge resulting from the forma-
tion of the polaron. The general expression for the eigen-
function of the hydrogen atom Hamiltonian'® is:

Mele T Mpl'p Ynim (e —Tp),
(80)
where r. and r;, are the position of the electron and the
proton, respectively, m. and m,, their respective masses,
Pnim 18 the hydrogenic eigenstate in the standard nota-
tion, and V is the volume of the box where the atom is
contained. Since the Hamiltonian of this atom commutes
with the translation operator Ty that acts simultane-
ously on r, and r,, ¥y is also a translation eigenstate:

1 .
\Ilk(rearp)zﬁexp ik - e ———
e P

TR\IIk(re, rp) = exp(—ik - R) U(re,rp), (81)

as well as an eigenstate of the total momentum with
eigenvalue k. From these relations we see that the cou-
pled electron-proton state is completely delocalized. In
particular, if we look for the probability n(r.) of finding
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the electron irrespective of the location of the proton, we
have:

n(e) = [ P = 50 62)

therefore the electron is fully delocalized over the box
that contains the atom. On the other hand, if we consider
the conditional probability P(r.|r, = rg) of finding the
electron when the proton is located at rg, we find:

Plreley = xo) = [W(re, vl = - |thim (e — xo)l?

(83)
which is localized around ry. Similar considerations hold
for excitons within the Bethe-Salpeter formalism.?® The
situation for polarons is analogous to the above example
of the hydrogen atom: electrons and atomic displace-
ments are localized with respect to each other, but the
many-body wavefunction is delocalized in the sense of
Eq. (81).

In the same way as it is convenient to study the hy-
drogen atom by using a center-of-mass reference frame,
or equivalently by “pinning” the center of mass at the
origin of the reference frame, in our approach we pin the
polaron at a fixed location in space. In Sec. V A this is
implicitely achieved by centering the variational ansatz
at r = 0 [cf. Eq. (72)], and in Sec. VB it is achieved by
initializing the polaron wavefunction using a wavepacket
at the center of the BvK supercell.

The use of polaron pinning is not mere technical expe-
dient, it is rather a necessity. Indeed, one limitation of
the single-particle Green’s function G is that it only con-
tains electronic variables, therefore the Dyson orbitals
fs(r) appearing in Eq. (34) only depend on the elec-
tronic coordinates, unlike many-body wavefunctions such
as that in Eq. (80).

There are several possible avenues to overcome this
limitation: (i) One could abandon the standard single-
particle Green’s function formalism, and replace it with
Green’s functions for both electrons and phonons. This
choice carries two limitations: first, the complexity of
these Green’s functions grows combinatorially with the
number of phonon modes; second, this choice would de-
feat our purpose of developing a unifying formalism that
connects polaron calculations and many-body calcula-
tions of band structure renormalization. (ii) One could
work directly with many-body wavefunctions of electrons
and phonons. This is essentially the approach taken by
Pekar and coworkers in Refs. 84 and 85, and is amenable
to incorporating translational invariance. The drawback
of this approach is that it is a wavefunction method,
hence it faces the same exponential wall that hinders di-
rect solutions of the many-body Schrédinger equation for
interacting electrons. (iii) One could formally break the
translational invariance of the Hamiltonian in Eq. (1) by
introducing a small perturbation. Such a perturbation
could be the potential of an impurity or the confining
potential of a finite crystal.



In the latter case (iii), the electron and the lattice
distortion are pinned, and the symmetry-breaking per-
turbation can be set to zero at the end of the calcula-
tion. This approach is equivalent to retaining small but
nonzero fictitious forces in Schwinger’s functional deriva-
tion, Eq. (8). In the present work, when we refer to
polaron localization in real space, we implicitly consider
that such a small perturbation is present in the Hamil-
tonian as an additional term in Eq. (1), so that transla-
tional invariance is slightly broken, localization survives,
and the energetics of the polaron is not affected.

VII. SUMMARY AND OUTLOOK

In summary, we have presented an ab initio Green’s
function theory of polarons, which unifies the perturba-
tive weak-coupling approach and the adiabatic strong-
coupling approach to the polaron problem. Starting from
a general electron-phonon Hamiltonian, we have derived
a Dyson equation for the electron Green’s function, ac-
counting for possible static displacements of the atomic
nuclei in the ground state of the system with an excess
electron or hole. In addition to the conventional Fan-
Midgal dynamical self-energy, we identified a new self-
energy contribution which results from static lattice dis-
tortions in the polaron state. After presenting the general
formalism, we have outlined several approximations that
enable practical implementations of the theory in current
ab initio software. This analysis establishes unambigu-
ously the links between our formalism, density functional
calculations of polarons,3*35 and the Allen-Heine theory
of band structure renormalization.5

In order to benchmark our method, we have studied
the ground state energy of the Frohlich polaron, and
found that our approach is in very good agreement with
Feynman’s path-integral solution and with diagrammatic
Monte Carlo calculations, at all coupling strengths. As
a first ab initio calculation using this method, we have
computed the polaronic band gap renormalization in LiF.
The main results and implications of our ab initio calcu-
lations are discussed in the companion manuscript.*”

The agreement between our theory and previous di-
agrammatic Monte Carlo calculations for the Frohlich
model might appear suprising. In fact these previous
calculations involve summations over a very large num-
ber of electron-phonon self-energy diagrams,?®2%:%¢ while
only two self-energies are considered in this work. The
main difference between our approach and the diagram-
matic Monte Carlo method is that in our case the sum
over all electron-phonon diagrams is replaced by a set
of self-consistent equations defining the exact interacting
Green’s function. This strategy allows us to describe lo-
calization effects, which become dominant at strong cou-
pling, via the self-consistent polaronic self-energy given in
Eq. (33). The remaining non-adiabatic electron-phonon
interactions are encoded in the FM self-energy given in
Eq. (18), whose lowest-order approximation is enough to
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capture the renormalization of large polarons at weak
coupling. Higher-order diagrams could be included via
the vertex function I', but on the basis of the results pre-
sented in this work we expect their contribution to be
small. It is possible that the inclusion of vertex correc-
tions will further reduce the slight deviation between our
present results and diagrammatic Monte Carlo calcula-
tions.

The success of our self-consistent many-body approach
is reminiscent of Hedin’s GW equations for the electron-
electron problem.?%76 By converting the infinite sum of
diagrams for the bare Coulomb interaction into a set of
self-consistent equations, it was found that the electron-
electron self-energy could be expanded in terms of the
screened Coulomb interaction, and this strategy proved
highly successful over the past four decades.*®°375% In the
same spirit, in the present work we employed the func-
tional derivative technique of Schwinger to replace a sum-
mation over infinite electron-phonon diagrams into the
self-consistent solution of a set of equation for the elec-
tron Green’s function and the interaction self-energies.
This strategy allowed us to show that adiabatic local-
ization and dynamical many-body effects are not sepa-
rate and inconsistent ways to look at the electron-phonon
problem. Rather, both contributions are complementary
aspect of the same problem, and need to be taken into
accound on the same footing.

Many improvements upon the present method are pos-
sible. For example, in this work we mostly focused on
perturbative solutions of the self-consistent many-body
polaron equations; in the future it will be interesting to
test full-blown self-consistent schemes for better accu-
racy. Furthermore, in this work we only focus on the
polaron ground state, but the formalism contains infor-
mation about excited states as well; work on polaron exci-
tations would be useful to investigate finite-temperature
properties and the response of polarons to external fields.
Another interesting development would be to calculate
the renormalization of the phonon Green’s function on
the same footing as the electron Green’s function, which
would require upgrading the starting point in Eq. (1)
to a more general electron-ion Hamiltonian.?31%? This
further step would allow us to investigate the signature
of polarons in vibrational spectroscopy via the change
in the phonon frequencies.''? Lastly, systematic calcu-
lations using the present approach for a broad library
of materials will be needed to assess the significance of
polaronic effects, and their role in the phonon-induced
renormalization of the band structure of solids.

We hope that this work will be useful as a starting
point to investigate polarons in real materials from the
point of view of ab initio many-body methods.
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