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High-harmonic generation (HHG) in solids is a fundamental nonlinear phenomenon, which can be efficiently
controlled by modifying system parameters such as doping-level and temperature. In order to correctly predict
the dependence of HHG on these parameters, consistent theoretical formulation of the light-matter coupling is
crucial. Recently, contributions to the current that are often missing in the HHG analysis based on the semi-
conductor Bloch equations have been pointed out [J. Wilhelm, et.al. PRB 103 125419 (2021)]. In this paper,
by systematically analyzing the doping and gap-size dependence of HHG in gapped graphene, we discuss the
practical impact of such terms. In particular, we focus on the role of the current Jr(az), which originates from
the modification of the intraband dipole via interband transition. When the gap is small and the system is close
to half filling, intraband and interband currents mostly cancel, thus suppressing the HHG signal — an important
property that is broken when neglecting J@. Furthermore, without J®, the doping and gap-size dependence
of HHG becomes qualitatively different from the full evaluation. Our results demonstrate the importance of the
consistent expression of the current to study the parameter dependence of HHG for the small gap systems.

I. INTRODUCTION

Recent development of laser technology in the terahertz
and infrared regime enables the study of various nonlin-
ear phenomena in condensed matters originating from strong
light-matter coupling'. Important examples include dielectric
breakdown?, Bloch oscillations® as well as Floquet engineer-
ing*>. The high-harmonic generation (HHG) is also a funda-
mental example of such nonlinear phenomena®®. While HHG
was originally observed and studied in gas systems”, its scope
has been recently extended to condensed matters, in particular
semiconductors and semimetals>'%2*, One important aspect
of condensed matters is the sensitivity of material properties
against system parameters such as doping-level and temper-
ature. This feature opens the interesting possibility of con-
trolling HHG in condensed matters using active degrees of
freedoms>>—28. For example, strong doping dependence of the
HHG spectrum has been reported in carbon nanotubes, where
the doping level is controlled by gating®.

To explore the intriguing possibility of controlling HHG,
consistent understanding of the origin of HHG is essen-
tial. There are several approaches to theoretically study
HHG in solids?>**%. One major strategy is the time depen-
dent density functional theory (TDDFT)?*-323%4 " In prin-
ciple, TDDFT can provide an ab-initio way to study HHG.
However, its accuracy is limited by the inevitable approx-
imations to the exchange-correlation functional and relax-
ation effects. Another major approach complementary to
TDDFT is to study model systems with several bands around
the Fermi level applying the semiconductor Bloch equations
(SBEs)33-36,38.40.41,43.45.46 ' The SBEs are formulated based on
the single-particle density matrix (SPDM), and allows us to
disentangle contributions to HHG and to easily introduce the
relaxation and dephasing effects at least phenomenologically.
These approaches revealed that many features of HHG in semi-
conductors and semimetals can be explained as the dynamics

of independent electrons (independent particle picture). Fur-
thermore, it has been pointed out that there are two major con-
tributions to HHG in semiconductors: the intraband and inter-
band currents. The former essentially represents the intraband
acceleration of electrons (holes) in the conduction (valence)
band, while the latter represents the change of the interband
polarization. The dominant contribution depends on systems,
excitation conditions and the order of harmonics, and the two
contributions may cancel with each other in some occasions.
Still, the separation of contributions is helpful to obtain the
physical picture of the HHG mechanism in solids. For exam-
ple, HHG from the interband current can be understood by the
so-called three step model30-33-36

Despite the success, there still remains ambiguity in the
treatment based on the SBEs originating from the choice of
gauges of the light and bases for electronic states**". Differ-
ent works in the literature often use different representations
and different classification of contributions, and thus consis-
tency between these studies is not fully clear. Recently, Wil-
helm et.al. rederived the SBEs and clarified the relation be-
tween different representations*”. They point out the exis-
tence of two types of currents that are often neglected in the
HHG analyses based on the SBEs: (i) The contribution to
the current originating from the modification of the intraband
dipole via interband transition. We call it Jr(f) in this paper.
This term contributes to the intraband current, when the in-
traband current is defined as the derivative of the intraband
dipole moment. (ii) The contribution originating from the de-
phasing term phenomenologically introduced to the SBEs. In
Ref. 49, the authors demonstrate the importance of these con-
tributions using the massless Dirac model with a fast dephas-
ing time. Still, in order to fully understand the role of these
often-neglected terms and their practical impact, further sys-
tematic analyses are necessary.

In this paper, we study the doping and gap-size depen-
dence of HHG in gapped graphene and reveal the role of
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often-neglected contributions, in particular, the role of Jr(f).
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comparable: We show that, when the gap is small and the
system is close to half filling, the cancelation between the in-
traband and interband currents is severe and the inclusion of
the contribution of Jr(f) to HHG becomes important. On the
other hand, when the gap becomes large compared to the ex-
citation frequency, the contribution from the interband cur-

rent becomes dominant and the effect of Jr(z) becomes rela-
tively marginal. We demonstrate that, without J, @ the mass-

ra >

less or non-doped system is predicted to be favorable for the
large HHG intensity, while, in the full evaluation, the HHG
intensity shows nonmonotonic behavior against the gap-size
and the doping level. Our results demonstrate the importance
of the consistent expression of the current to correctly predict
the parameter dependence of HHG for the small gap systems.
These insights should be also relevant for HHG from the sur-
face states of topological insulators 243132,

This paper is organized as follows. In Sec. II, focusing on
the two-band model, we revisit the formulation of the light-
matter coupling and clarify the relation between different rep-
resentations. In Sec. III, we introduce the tight-binding model
for gapped graphene applying the general formulation dis-
cussed in Sec. II. We also introduce the effective Dirac mod-
els. In Sec. IV, we present the numerical results, examine the
doping and gap dependence of HHG and discuss the role of
different components of the currents to HHG. The summary is
given in the last section.

II. FORMULATION: GENERAL STATEMENTS

In this section, we revisit the formulation of the light-matter
problem based on the SBEs and clarify the relation between
frequently-used representations to be self-contained. We note
that a general discussion is already given in Refs. 49 and
50. For simplicity, we focus on a specific problem, i.e. the
tight-binding model consisting of two well-localized Wan-

nier states per unit cell;—to—elarify—the—origin—of-—potential
inconsisteney-between—different-representations—and-to-point

out-the-practically-usefulrepresentation. Our setup is directly
applicable to graphene and hexagonal boron nitride (hBN).

The extension to mutiorbital cases is straightforward, which is
relevant for the transition metal dichalcogenides such as WSe,
and MoS,°>4. In the following, we use the dipole approxima-
tion (neglecting the spatial dependence of the field). We also
assume (y; [F|y;) = r;6,;, where F is the position operator and
lw;) is a well-localized Wannier state centered at r;. Namely,
the dipole matrix element between the different Wannier states
is zero. Because of this assumption, the light-matter coupling
in the dipole gauge is equivalent to the Peierls substitution. As
our starting point, we employ the length gauge. In this gauge,
the Hamiltonian for the light-matter coupled problem is ex-

pressed as

AL¢) = - Zthop,]cc+2Vn—q2E(t) ri;, (1)
i#j

where é:' is the creation operator of an electron at the ith site,

corresponding to the Wannier state |y;), and A; = éiT Ci- Thop,ij
is the transfer integral from the jth site to the ith site, V; sets
the energy level, g is the charge of the electron, E(¢) is the elec-
tric field and r; is the position vector of the ith site. We omit
the spin index assuming the paramagnetic phase. The Hamil-
tonian (1) is the low-energy tight-binding model, which is ob-
tained by the projection of the first-principles Hamiltonian in
the length gauge to the space spanned by the specified Wannier
states®”. Another way to construct the low-energy model is to
start from the minimal coupling, i.e. projection from the veloc-
ity gauge. Although first-principles Hamiltonians in the length
gauge and the velocity gauge are equivalent for finite systems
(which can in principle be infinitely big), they are not equiv-
alent after the projection. As discussed in Ref. 55, the main
difference of the optical response originates from the inequiv-
alent treatment of the diamagnetic current. The high-energy
response such as HHG is expected to be less sensitive against
the choice of the projected models.

The Hamiltentan(1)is-our-startingpoint- In the following,
we will demonstrate how frequently used representations are
obtained via unitary transformations from Eq. (1), see Fig. 1.
In all representations, the Hamiltonian (I:I (1)) is quadratic. In
order to study the time-evolution of the system, we focus on
SPDM,

pii(D) = (& (&) 2)

Here, (---) is the expectation value with the grand canonical
ensemble, and ¢7(¢) indicates the Heisenberg representation
of &7, Introducing the matrix elements of the Hamiltonian as

hy;(1) = (vaclc,»H (t)é; |vac), the time evolution of SPDM (the
von Neumann equation or the quantum master equation) is ex-
pressed as

9,p(t) = i[p(t), ()] + 3,p(1)| o - 3)

Here, p(t)(h(?)) expresses the matrix with elements pij(t)
(h;;(r)). We set h unity in this paper. The last term indi-
cates the contribution from the correlations originating from
electron-electron interactions, electron-phonon interactions
and impurities, although these are absent in our Hamilto-
nian (1). 0,p(t)|.orr can be directly evaluated by explicitly
including these terms in the Hamiltonian and using the dia-
grammatic expansions>®>°, However, the direct microscopic
evaluation of 9, p(?)|...r is computationally expensive, and in-
stead the correlation effects are often taken into account phe-
nomenologically through the relaxation time approximation
[see Sec. II D].

The intensity of HHG is evaluated from the current J (¢) in-
duced by the external field as Iyyg(®w) = |oJ (w)|?, where
J(w) is the Fourier transform of J(#). J(f) can be directly
evaluated as the expectation value of the current operator J
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FIG. 1. Summary of the relation between different representations
discussed in this paper.

or from the time derivative of the expectation value of the po-
larization P using p(r). Both approaches yield the identical
result if the time evolution with respect to the Hamiltonian is
solved exactly.

A. Representation I: Dipole gauge expressed with localized
Wannier basis

. : ian AT igA(t)r; AT
Applying the unitary transformation ¢, — e ¢, tothe

Hamiltonian (1), we obtain the dipole gauge Hamiltonian®

AP@¢) = Z hop.
i#]

’qA(’) Tij c e+ Z Vi, 4)

where r;; = r; — r; and A(7) is the vector potential. The lat-
ter is related with the electric field as E(f) = —0,A(t). In this
gauge, the light-matter coupling is taken into account through
the Peierls phase. We-againnete—that-the-light-enly—enters
through-the-veetorpotential-because-we-assume-that-there-are

It is natural to express this Hamiltonian in the momentum
space representation applying the periodic boundary condition
to the Hamiltonian (4) An-ebvious-chotee-of-the-basis—setfor
the-eleetriestatesis and usmg the Bloch states defined by the

Wannier states as |yy ,) = \/_ Dica® etkr; |1y.). Namely, we

introduce the creation operators as c = —= Z,ea ikrigt

where a = A,B indicates the sublattlces Here N is the num-
ber of unit cells in the system. The resulting expression is

AD At At _ Cra
10 =Y |ef, ef,] k- qAw) [5k3], )

k

where h(k) is obtained by the Fourier transformation of #;,,,, ;;
interms of r;;. Note that h(k) is in general not dlagonal In the

following, we express k — g A(¢) as k(t) and yr [ékA, B].
In this representation, the von Neumann equation for
SPDM, psﬁ (D= (éiﬂ(t)éka(t)), is expressed as

9Py (1) = il P} (1), h(k(1))]. (6)

blueFrom-SPPDM;-we-can-evaluate-variousrelevant-quantities
sueh-as—the—eurrent— The operator of the current of the a-

direction is defined as fa(t) = —5HD(Z)/5Aa(t). More ex-
plicitly, it is expressed as J (=2 J, ka(?) with

Fea®) = qir} [0, (k(2) 1., %

where we defined 0, = 0/0dk,.

Since the expression of h(k) can be easily evaluated, this
representation is an obvious choice for the numerical im-
plementation for-the-simulation-of-the-time-evolution-of-the

light-drivensystem. However, for classifying different contri-
butions to HHG or when including phenomenological relax-

ation terms, it is more convenient to choose the basis set that
diagonalizes h(k)®. For the following change of representa-
tion, we assume that the system is gapped (no degeneracy of
the eigenvalue of h(k) at each k).

B. Representation II: Dipole gauge expressed with the
Houston basis

I . L Hamittoni b
%@—w—h&k{t}w—rﬁw%ﬂeees&&fﬂ’fdmgeﬂa%Nowwe

consider the representation using the instantaneous eigenstates
of the time-dependent Hamiltonian H (D= q/kh(k(t))y/k),

i.e. the Houston basis®’#*>Y. The representation is obtained
by the time-dependent unitary transformation of Eq. (5) with

Ut = 11« 17,:(1) , where ﬁ;(t) satisfies
U (o) |Gea V(1) = U(k(2)) Cal (8)
k CkB CkB

Here U(k)"h(k)U(k) = e(k) and e(k) = diag[e,(k), €,(k)]is a
diagonal matrix. We note that the choice of U(k) is not unique
and there exists a gauge freedom. After this transformation,
the meaning of éza is changed and it represents the instanta-
neous eigenstate of H(¢) in the original representation. In
order to clarify the difference of the meaning, we express cA,Tc "
(é;B) as IA);O (IA)L) after this transformation in the following,
and introduce til;j = [b;o,bT ]. The resultant Hamiltonian
(AR @) = T APOT () + 10, U ()T (1)) becomes

Al =, ek, - q Y, E,0d (k). ©)

where d(k(t)) = y?,’jdu(k(t))xp,; is the dipole moment for the
direction a, and d (k) = iUT(k)[()aU(k)] is the (non-abelian)
Berry connection, which plays the role of dipole matrix ele-
ments. Note that the Hamiltonian in this representation is now
diagonalized at each k and time, at least in the adiabatic limit
(Q — 0and E(f) ~ 0). After the transformation the expres-
sion of the current (f ,L(t) = 17,: (t)f k(t)ﬁ’k(t)) becomes
! (0 = qir, 10,6k, — iqir, [, (kD). ek,
(10)



The first term consists of the diagonal components of an b
i.e. n = m, while the second term consists of the off-diagonal
components. We-call-the-contribution{rom-the-first-term—as

I I ; :
In the literature, the first and second terms are sometimes
referred to as the intraband and interband currents, respec-
tively®!=05. However, they are different from the intraband and
interband currents defined in terms of the length gauge®6-67
[see Sec. I C]. For example, the first term only depends on the
dispersion of the band, while the intraband current includes the
anomalous velocity originating from the topological nature of
the wave functions. In-See-H-C-we-diseuss-this-differenee-in
mere-detail:

The corresponding von Neumann equation for pgn’k(t) =

(l?;n(t)l;km(t)) becomes

0P (1) = il (1), e(k(t)) — qZE Od,(k@)]. (11

Actually, this representation is closely related to the represen-
tation III discussed in the following section.

C. Representation III : Length gauge expressed with band
basis

Now we come back to the length gauge and express the
Hamiltonian (1) using the band basis,

At oAt AT At
[ ko kl] = [ckA kB

In this representation, H() is expressed as

] U(k). (12)

A1) = Z Ho el | e(k) [Cko] —E@) - P. (13)
k

The important issue is the expression of P, which includes
the position operator [see Eq. (1)]. Note that the band basis
implicitly assumes the periodic boundary condition, while the
position operator is not well-defined in this condition. As is
discussed in Refs. 66 and 68, in the thermodynamic limit, the
polarization operator can be interpreted as

P=P,+P,, (14a)
B, = PO 4 PUD
dok) 0 e
S Xl [ ay] ]
ZZ[zvké(k k)]c s (14b)
Kk n
0 dy )] [e
=a X |G ¢ ][dlo(k) "0 Hcﬁ?] (140

Here, e(k) and d(k) are the same as in the representation II. Pra
is the intraband polarization, which is expressed with diagonal

components of 62: ¢,,. On the other hand, P,, is the interband

polarization, which is expressed with off-diagonal components
of @Z ¢,,- The current corresponds to the change of the polar-
ization, J ) =-i [f’, H L(#)]. One can consider two types of
currents originating from the intraband and interband polar-
izations®0-67;

—i[ P, (1), A (1)].
(15)

Jo (1) = —i[Py(t), H*(1)], Jo(t) =

The explicit expression of the total current along the a axis is

i = zk: [ el ]a e(k) [Cko] (16)
y ; “«0 jd] [d,(k), e(K)] [Z’Z(l)] :

The expression of the intraband current becomes
Jr(al)a(t) + Jr(f)a(T), where

jra,a(t) =

ROE Z Z Opalks DE! G (17)
Jr(f)a(t) =-E@) Z ’nm,a(k)é,tn@km, (18)
k,n#m
with
Una(k,1) = 0,€,(k) — [E(t) X (Vi X d,,,(k)) (19)
Fum.a(K) = 0,0, (K) — i(dy, (k) = dmm,,,(k»fi,,m(k). (20)

Jr(a)a consists of the diagonal terms in terms of E}:ém. Vi X
d,, (k) represents the Berry curvature, and the second term
in Eq. (19) is the anomalous velocity. On the other hand,

J@ consists of the off-diagonal terms. J j

ra, 0 ra,a
—i[P,,,—E(?) - P,]. Physically, this indicates the change
of the 1ntraband polarization by the interband excitation via

—E(t) - P,,. We note that this term corresponds to the shift
current66 67,69 70.

The interband current is expressed as

Fopa=—i ; [A;O Ajd] [d,(k), €(k)] [ﬁﬁ’]

~E® Y FamaKef, Cim o3

k,n,m

originates from

nm,a

_ ) —ildys (O, (K) = diy, o(K)d,y5(K)) - (n = m)
Vil oK) + id,y ((K)(d,,, (k) =, (K)) (1 # m).
(22)

Here 7 = 1 — n. Note that our definition of the intraband and
interband currents are based on the types of the polarization
as Ref. 66. On the other hand, the authors of Ref. 49 define

Jr(;)a as the intraband current and all remaining terms is the

mterband contribution. We also note that J,, includes a term
—i[P,,—E()- P,](= fc(rz)), which resembles fr(f) Indeed, if



we focus on the linearly polarized filed and the current along
the field direction, we have .fe(rz ) = —.]Ar(f ).

The corresponding von Neumann equation for pbﬁ LD =

(&) (On(®) is
0,p° (1) = ilpP (), P (k. 0)] — (E(1) - V)pi P (1) (23)

with hB(k,1) = (k) — 3, E,(t)d,(k). This form of SBEs
has been often used for the analysis of HHG3>-36-3841  Fur-
thermore, if we define ﬁII;B(t) = pk?q 4 we have
PRE) = ilpB (1), Bk — qA(D), 1)]. (24)

This equation is the same as Eq. (11) for the SPDM in the rep-
resentation II. Since the initial SPDM is the same between the
representation II and the representanon 111, Py Hipy = ~LB(t)

s

are-conneeted-by-the-time-dependentshift-of the-wave-veetor
*-and-are-thus-essentially-the-same- This also justifies the ex-

pression of the polarization (14).

In the analysis of HHG based on the SBEs in the form of
Eq. (23), the intraband and interband currents are evaluated
separately>>36-38:41 For the intraband current, only the contri-

bution from J"

raq 18 Often taken into account. Fhis-is-justified
lori] o that_the_dinel .
independent 33 but for more generic situations, and it is im-

portant to clarify the role of Jr(a)a On the other hand, the in-
terband current is often evaluated through a derivative of the

expectation value of P,

Finally. ] bt 4 : , ,

taken into account via phenomenological terms in the von
Neumann equation. They are usually introduced for the relax-
ation process of the occupation of the bands and the dephasing
process between the bands. In the representation II, the phe-
nomenological von Neumann equation becomes

0,p(0) = i), e(k(n) = Y E,(0d (k1))

ol
p diag, MO eq ko Pott D

25
T T (25

Here, pgi,, indicates a matrix consisting of diagonal compo-
nents of p, while ps indicates a matrix consisting of off-
diagonal components of p. The second term represents the
relaxation process, where the occupation (the diagonal terms
of pt) approaches the equilibrium value with a time scale T;.
The third term expresses the dephasing process, where the off-
diagonal components of pt approaches zero (the equilibrium
value) with a time scale T,. The corresponding expression
in the representation III is naturally obtained from Eq. (25).
In the representation I, since p W) = U(k(t))p HHUT (k(@)),
Eq. (25) corresponds to

DWwW W
P O—p,
0,02 (1) = 1™ (1), hde()] - ~———252
1
1
* <F1 a _>U(k(t))poff k(t)UT(k(t)) (26)

exp erim Eﬁt,s 35.36.71

In real materials, relaxation and dephasing of excited carri-
ers occur due to the electron-electron interactions, electron-

phonon interactions and disorders. These effects are often

Upon introducing phenomenological relaxation and dephas-
ing terms, attention needs to be payed to the following issue.
The current obtained directly from evaluating the expression
for J, i.e. (f ), and from the derivative of the expectation value
of the polarization, i.e. 0,(13), are not equivalent any more
(without the phenomenological terms they are equivalent). We
note that this discrepancy corresponds to the current induced
by the dephasing, which is pointed out in Ref. 49 and is also
often neglected in the HHG analysis using SBE*>3¢. There-
fore, when one uses small 7| and T,, this subtlety of how to
evaluate a certain quantity becomes a practical problem.

E. Lessons

From the above section, one can identify the following is-
sues; 1) there is a often-neglected term J.; @ in analyses of HHG
based on the representation III, and ii) the phenomenological
damping term may bring some inconsistency between differ-
ent ways to evaluate the current*>?, In-the-abovesections;
feeusmgeﬂ{hesystemexpfesseé%ﬂ&h%qfﬁé:wedeﬁved{he
].]1 ) led ”gj.l .]t’.] efiniti



FIG. 2. Tight-binding model on the two-dimensional honeycomb lat-
tice. Blue circles indicate the A sublattice, while red circles indicate
the B sublattice.

following, we focus on gapped graphene as an example, and
discuss how these points are relevant for the doping and gap-
size dependence of the HHG spectrum.

III. GRAPHENE MODELS

In this section, we apply the general formulation discussed
in Sec. II to the tight-binding models for gapped graphene. We
note that the same model is also applicable for hBN. We con-
sider the two dimensional honeycomb lattice as in Fig. 2. We
set the length of the bond to unity.

In equilibrium, the tight-binding model is expressed as

= —thop D €1 ¢ +m2( 1), —,uz (27)

(i)
RE
to-the-Wannier—state-centered-at-the-ith-site: (ij) indicates a
pair of the neighboring sites ({ij) # (ji)). fop is the transfer
integral, m is the energy level difference between the A and B
sublattices, (=1)' = 1 fori € A, (=1) = —1fori € B, and u
is the chemical potential.

A. Light-matter coupling in representation I

Assuming that the Wannier state is well localized at the ith
site, we apply the general formulation in Sec. II. The Hamilto-

nian corresponding to Eq. (4) is

FI(Z‘) = _thopz iqA(t)- r:/é\T’\ +m2( l)l _”Zﬁl
(i) i
(28)
The corresponding current operator is J( =
igA(t)-r; AT N

iqthop Zw) rue ie,

Hamlltoman corre%pondmg to Eq. (5) is

A R 0 F(k - qA()] .
H (1) = ~thp ; vy [ Fik-qA®M) 0 ] Vi
Cfm-x 0 1.
+Z‘I’£ [mOM —m—M] Ve @)
k

while the current is

R —eik—qA)-e,
J(t) = thop Z le Z [ —i(k—qA)-e, 0

] 7%
(30)

Here, F(k) = k¢ + efk€2 4 o'k and e; indicates vectors
from a site of the A sublattice to the neighboring sites [see
Fig. 2]. We note that the mass term yields the band gap of 2m.

B. Effective Dirac models

The above tight-binding model hosts two Dirac points in the
Brillouin zone at K and K’, where F(K) = 0and F(K') =0
One can focus on the dynamics of electron arounds the Dirac
points, when the Fermi-level is close to the Dirac points (y is
not far from 0), the excitation frequency is small compared to
the bandwidth, and the field is not too strong. The dynamics
of electrons can be described by the effective Dirac models,
which are obtained by expanding the tight-binding model (29)
around the Dirac points.

Around k ~ K (k ~ K’), we introduce 6k = k — K (6k =
k — K’ ), expand Eq. (29) in terms of §k(1) = 6k — qA(?) and
regard e~ K187 (e7iK"e127 ) agnew é;zB. Finally, we obtain
the effective Hamiltonian for each k:



—H+m

(KK o a

H =m0 =, l 3,
2

while the corresponding current operator becomes

2(K,K') _3th0p t
Jk =+ ) €y V/k

A

01
10

C. Implementation

Using the explicit form of the Hamiltonians shown in
Secs. III A and III B, we implement the code based on the
representation I, i.e. Eq. (26), for the original tight-binding
model and its effective Dirac models. The different types

of currents defined in the representation III are obtained by
taking account of the relation between these representations
as discussed in Sec. IIC. A mored detailed explanation on
the implementation is found in Appendix. A. Ja—erder—te

directly—compare-theresults—ofthetight-binding-medeland

IV. RESULTS

In this section, we show the results of the HHG spectra of
gapped graphene and discuss the issues raised in Sec. IIE. In
the following, we set ;,,, = 3 and the excitation frequency
Q = 0.26. Since the hopping of the graphene is roughly 3
eV, our energy unit corresponds to 1 eV. Under this corre-
spondence, the excitation frequency corresponds to Q = 0.26
eV, which is in the mid-infrared regime, and our time unit
approximately corresponds to 0.66 fs. This set of parame-
ters is motivated by experiments on graphene and carbon nan-

otubes!®-20_ Tn addition, we set the bond length (0.246Xx % nm

for graphene) as our unit of length and set the charge g to unity.
With this choice, the field strength of 1 MV/cm corresponds
approximately to E; = 0.014 in theory units.

[ 16k, (1) — i8k,(1)]

3thop .
— +6k, () +iok (¢
YD 46K (1) + i6k,( )]] . an)
—u—m
R 3thop + 10 il .
] Vi~ Tey lllk [—i O] Y- (32)

(

We set the temperature as T = 0.03, which corresponds
to the room temperature. As for the dephasing time, we set
T, = 30, which is almost 20 fs as is recently reported’?. We
set T} = 150, which is much larger than 75 as in Ref. 60.
These time scales are reasonable to describe dephasing and
relaxation originating from genuine many-body effects. We
note that these time scales are much longer than the time (T, =
1 fs) used in Ref. 49. Such short dephasing times of a few fs
have been often used in previous studies. As pointed out in
Refs. 44 and 71, it can be regarded as a crude way to mimic the
dephasing by the propagation of light and the inhomogeneity
of the field strength.

In the following, we mainly show the results obtained from
the analysis of the effective Dirac model, since the expression
of the dipole moment d is much simpler in this model com-
pared to the original graphene model [see Appendix B]. We
have checked that the full HHG spectrum Iy obtained from
the Dirac model and the original graphene model agrees rea-
sonably well for the excitation conditions considered here [see
Appendix C].

A. Linearly polarized light: Doping dependence

We consider the excitation with the linearly polarized light
along the X direction,

Ax(®) = %FG(I, ty, 0) sin(Q(t — 1)), (33)

2
(’2:2 ]. We measure the HHG

spectra polarized along the X direction as Iyyyg = |oJ (@)%
Here, J indicates the current along the X direction. We note
that due to the mirror symmetry along the X direction (Fig. 2),
only odd harmonics are present in the HHG signal (finite even
harmonics are due to the finite pulse used in the simulations).
Here, we focus on the system with vanishing gap (m — 0), and
study the doping dependence of HHG. In Figs. 3(a) and (b), we
show how the HHG spectra change with modifying the chem-
ical potential. We also plot the intensity of the peaks in the
HHG spectra (1) as a function of the chemical potential
in Figs. 3 (c) and (d). Here, I,y (n) for the nth HHG peak

is defined as Ieq5(n) = (in_géz dwl(w), and we set 6 = 0.5.
When the field is relatively weak (~ 1 MV/cm), one can see the

clear dependence of HHG on the chemical potential, where the

where Fg(t,t5,0) = exp[—




) 04
107" (@) Eo=0.014 (0) Eo=0.014 ®3rd ¢ 5th v 7th (€) Eo=0.014,5th
| ° ° ° °
° [ 0.2
g %N 2
T LA Y S Y Hr Y | S—— oo ;
. W 1
N
tw v 02 \_\.\ 0
M v v v '\,\
-06 ~0.4 202 00 %4 02 00 02 o4
H" ke — K«
04
(d) Eg=0.07 () Eo=0.07,5th
®
[ ]
[ ] [ ] [ ] [ ] 100
50
0
¢ ¢ ¢ ¢ ¢ X
\d v v v v v 04 ) \f\
-06 ~04 ~02 0.0 204 02 00 02 04
u ke — K,

FIG. 3. (a)(b) HHG spectra I, = |oJy(w)|> of gapped graphene for indicated values of chemical potential and field strength. (c)(d)
The intensity of the peaks of the HHG spectra I,.,(n) as a function of chemical potential. (e)(f) The intensity of the Sth harmonic peak of
Ty (@) = |od) x (w)|? for indicated values of field strength around the Dirac point (K = (K, K ,))- The dashed circles indicates the Fermi
surface for 4 = —0.4, while the dot-dashed lines indicate the edge of the Brillouin zone of the graphene. In all cases, we set #,,,, = 3, m = 0.001,
T, = 150 and T, = 30. The parameters of the electric field are 7, = 280, c = 40 and Q = 0.26. These results are obtained from the analysis of

the Dirac models.

HHG intensity can change by an order of magnitude. In par-
ticular, the intensity of the 5th and 7th peaks increases with the
doping from half filling, and the 5th peak intensity shows non-
monotonic behavior. The increase of the HHG intensity origi-
nates from that the cancellation between the intraband and in-
terband current becomes less severe upon doping, as discussed
below. On the other hand, when the field is relatively strong
(=~ 5 MV/cm), the effects of doping become marginal. This
change in the doping effects depending on the field strength
can be understood by considering which electrons contribute
to HHG. In Figs. 3 (e) and (f), we show the intensity of the 5th
harmonic peak of Iyyg (@) = |wJy, x(@)]?. Behavior of the
other harmonics is qualitatively the same. The results suggest
that for the weaker field only the electrons around the Dirac
points contribute to HHG, while for the stronger field the elec-
trons in a larger range contribute to HHG. This naturally ex-
plains the weak doping dependence of HHG for stronger fields,
since the contribution from electrons around the Dirac point
becomes less important. In addition, Figs. 3 (e) and (f) tell that
the contribution from electrons along the Dirac point is small.
This is natural since electrons along the Dirac point do not
change the velocity under the field and thus do not contribute
to HHG. Furthermore, the region of the strong contribution
is extended along the field direction but limited in the perpen-
dicular direction, suggesting that HHG mainly originates from
the electrons moving along the optimal band dispersion.

Now, we study in detail the contributions from different

types of currents and discuss the importance of Jr(f). In
Figs. 4(a-d), we show the contributions from different types

of currents; Iyyg = |oJy (@)%, I, = |wJ x (@), I, =

|era’X(w)|2, Ir(;) = |er(i)X(w)|2. For the first harmonics

(w =~ Q), in all cases, the agreement between I, and Ir(;) is
good and the cancellation between I, and I, is marginal. On
the other hand, one needs to pay attention for the higher har-
monics. When the field is relatively weak (~ 1MV/cm) and
u =0, I and I, take very close values and the total spec-
trum I, becomes much smaller than the former two. Namely,
the contributions from J. and J,, cancel each other out. This
is also the case for stronger fields [see Figs. 4(b) (d)], although
the cancelation is less pronounced than in Fig. 4(a). For these
cases, the correct evaluation of J, is important. On the other
hand, for the doped system and for relatively weak fields, the
contribution from J, is dominant for the 3rd, 5th and 7th har-
monics [see Fig. 4(c)]. In this case, although the individual
contributions I, and I, are decreased away from half filling,
the total HHG intensity can be enhanced, since the cancella-
tion between them becomes less severe. This explains the in-
crease behavior of the peak intensity of the Sth and 7th har-
monics shown in Fig. 3(c). As for the 3rd harmonics, the can-
celation is not as severe as the higher harmonics even at half
filling [see Fig. 4(a)], which makes the doping dependence dif-
ferent.

When J,,(¢) is evaluated without Jr(f), the contribution to

HHG is underestimated [see Ir(;) in Fig. 4]. Then, the cancela-
tion between J,, and J, is underestimated and the HHG inten-
sity is overestimated in general. This can lead to qualitatively
opposite prediction about the doping dependence of HHG:
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FIG. 4. (a-d) HHG spectra of gapped graphene for indicated values of chemical potential and field strength. We compare the contributions from
different types of currents; Iy = |oJy(@)|?, I, |w ax @2, I, = |oJ, x(@)]?, I = |a)J(”X(co)|2 (e)(f) The intensity of the peaks of
the HHG spectra I ! 1), which is evaluated from I}, (@) = |0(J,, x (@) + J, (I’X(w))|2 (i.e. without J), are shown with open markers, as

a function of Chemlcal potential. The filled markers indicates the results from /,y,5() shown in Figs. 3(e)(ﬂ. In all cases, we use Thop = 3,
m = 0.001, T} = 150 and T, = 30. The parameters of the electric field are 7, = 280, 0 = 40 and Q = 0.26. These results are obtained from the

analysis of the Dirac models.

when Jr(f) is not included, the HHG intensity decreases with
the doping when the field is relatively weak [see Fig. 4(e)]. For
stronger fields, the doping dependence becomes marginal, but
the HHG intensity is strongly overestimated [see Fig. 4(f)].

B. Linearly polarized light: Effects of the mass term

Now the question is when Jr(f ) becomes important. In order
to obtain insight into this question, we examine the gap-size
dependence of HHG at half filling [see Fig. 5]. The results
indicate that when the gap is small or comparable to the ex-
citation frequency, contributions from the intraband and inter-
band currents are comparable and cancel each other. In this
regime, the accurate evaluation of the intraband current is cru-
cial, in order to correctly predict the dependence of HHG on
system parameters. On the other hand, when the band gap
is sufficiently large compared to the excitation frequency, the
contribution from the interband current becomes dominant for
@ 2 2m. Although there still remains substantial difference

between the contributions from J,, and Jr(a), the difference
hardly affects the general structure of the HHG spectrum in
this regime [see Figs. 5(e,f)].

The cancelation between the 1ntraband and interband cur-

rents mainly originates from J y and J ( JI(a)X) As

is indicated in Figs. 4(a)(b) and Flgq 5(a)(b) when the gap is
smaller than or comparable to the excitation frequency, these
terms become the dominant components in the intraband cur-

rent and the interband current, respectively. Since Jr(f ) is the
modulation of the intraband polarization by the interband tran-
sition, this term is expected to be large when the gap is small
and the photo-excitation between the bands is activated. On
the other hand, when the gap becomes larger, the contribution
of these terms should be suppressed since there is no efficient
transition by the photo-excitation, and these terms should be-
come less important.

To demonstrate the importance of the contribution of Jr(a) ,
we show the gap-size dependence of the HHG peak in Fig. 6.
In the full evaluation, the peak intensity increases as the gap
is increased from zero. This can be understood by the fact
that cancellation between the intraband and interband currents
is relaxed. On the other hand, when Jr(? is not included,
the intensity of the 5th and 7th harmonics is severely over-
estimated for small m and the intensity is monotonically de-
creased. These results underpin the importance of the full

evaluation of the current for small-gap systems.

Next we discuss the potential inconsistency between the dif-
ferent ways of evaluating the interband current [see Fig. 7].
Within the present choice of T} and 75, there is no crucial dis-
crepancy between I, which is evaluated from (J,, ), and T
which is evaluated from ( er). We note that compared to the
previous study*®, which emphasizes the discrepancy between

. and I, we use much larger dephasing time. However,
there is clear difference between the full HHG spectra Iyyyg
and IHHG(— |o(J (@) — za)Per(a)))|2) when the field is rela-
tively weak and the mass is small [see Fig. 7(a)]. This is natu-
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FIG. 5. (a-f) HHG spectra of gapped graphene for indicated values of the gap (2m) and field strength. We compare contributions from different

types of currents; Iy = |oJ (@)%, I, = |oJ,, y(@)|?, I,

= |y, (@) IV = |0J ) ()| Inall cases, we use t,, = 3, 4 = 0,T; = 150

and T, = 30. The parameters of the electric field are 7, = 280, ¢ = 40 and Q = 0.26. These results are obtained from the analysis of the Dirac

models.

ral since in this regime the cancellation between I, and I, is
strong. On the other hand, in the rest of the cases, where the
cancellation is less severe, agreement between Iy and Tyyg
becomes reasonable.

C. Comments on circularly polarized light

Finally, we comment on cases where we excite the system
with the circularly polarized light;

EOx

Ax(t) = Q Fq(t,ty,0)cos(Q(t — ty) — %) (34)

EOy 4
Ay(t) = EFG(I‘, to, (7) COS(Q(t - to) + Z)

We analyzed the HHG spectrum for various values of the el-
lipticity of the light. However, we do not show the detailed
results here, since the general tendency turns out to be essen-
tially the same as the cases with the linearly polarized light.
Firstly, when the gap is small, the doping dependence of the
HHG spectrum is smaller for cases with stronger laser fields,
as in the cases with the linearly polarized light. This is because
the contributions from the electrons around the Dirac point be-
coming less important for stronger fields as in the cases with
the linearly polarized field. Secondly, the influence of Jr(f)
also follows the same trend as the cases with the linearly po-
larized light. When the gap is small, the cancelation between
the contributions from J,, and J,, is strong and full evaluation
of J,, is important. On the other hand, when the gap becomes
large compared to the excitation frequency, the contribution

from J,,; becomes dominant and the contribution from J, r(f ) be-
comes less relevant. This feature can be explained from that
contributions from Jr(.f ) and Je(l2 ) should become large when
the photo-excitation is activated for small gaps as in the cases
with the linearly polarized field. One of the important feature
characteristic of HHG in solids is the dependence on the ellip-
ticity 360, Namely, the HHG intensity can increase at nonzero
ellipticity. The discussion on the role of Jr(f ) suggests that one
needs to pay close attention when one evaluates the ellipticity-
dependence of HHG for small gap systems like graphene.

V. CONCLUSIONS

In this paper, we studied the doping and gap-size depen-
dence of HHG in gapped graphene under mid-infrared excita-
tions and revealed the importance of a consistent representa-
tion of the light-matter coupling. Focusing on the two-band
systems, we explicitly revealed the relation between the fre-
quently used representations of the SBEs, which are based on
different gauges of the light and bases for electric states. As
shown in Ref. 49 for general cases, we pointed out several is-
sues that may cause inconsistency between different represen-
tations. In particular, we focus on the impact of a term in the

intraband current Jr(f ), which corresponds to the modification
of the intraband dipole via the interband transition and is of-
ten neglected in the HHG analysis. With a systematic analy-
sis of the doping and gap-size dependence of HHG in gapped
graphene, we showed that the contribution from Jr(? is cru-
cial when the gap is smaller than or comparable to the exci-

tation frequency and that the evaluation without Jr(f ) can lead



(a) En=0.014

-4 I X I/
10 peaks {peaks
* i
¢5th ¢
107 e ¥ ’ v 7th v 7th
2 v
3,410 v
ch.']O v Q
M s
-13
10

0 %50 02 04 06 08 10

m
10‘2 (b) Ex=0.07 .
* 3
107 ¢ V9
v
=
3 10° g
~

0 %0 02 04 06 08 10

FIG. 6. The intensity of the peaks in the HHG spectra I, (n),
which is evaluated from Ijy5(w), and 1 }: ks Which is evaluated from

Ii6(@) = lo(J, (@) + I ()] (ie. without J@)), as a function
of the mass term m. In all cases, we use ty,,, = 3, u = 0, T} = 150 and
T, = 30. The parameters of the electric field are 7, = 280,06 = 40
and Q = 0.26. These results are obtained from the analysis of the

Dirac models.

to qualitatively opposite behavior of the dependence on pa-
rameters such as doping. On the other hand, when the gap
is large enough compared to the excitation frequency, the ef-
fects of Jr(f) are less important. The theoretical insight into
the relation between frequently used representations and the
importance of Jr(f) should be valuable to systematically un-
derstand how HHG changes with system parameters such as
doping-level*® and temperatures?’.

In our study, we introduced the phenomenological relax-
ation/dephasing terms, and fixed their values. However, in
practice, these values may change with doping-level? or with
temperatures due to the correlation effects?’-’>~73. Although
recently the effects of correlations on HHG beyond the phe-
nomenological description have been attracting much inter-
est’>~%0_ deeper understanding is required for further accurate
understanding of behavior of HHG. This is an important future
task.
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Appendix A: Detail of the implementation

In this paper, we study the tight-binding model and the
Dirac models introduced in Secs. III A and III B using the
representation I, i.e. Eq. (26). In the practical implementa-
tion of Eq. (26), at each time step, we evaluate pg(t) using

UT(k(t))pll?W(t)U(k(t)), extract the off-diagonal components
and make an inverse transformation to evaluate the last term
of Eq. (26). We note that as far as h(k(?)) « I (I is the identity
matrix), this operation does not depend on the choice of the
gauge of U(k(?)).

In order to directly compare the results of the tight-binding
model and the Dirac models (where a momentum cutoff |k| <
k. has to be introduced), we evaluate observables by consider-
ing the difference from equilibrium 6p (1) = pr(t) = Peq k()
where k(1) = k — qA(t). Here, Peq indicates the equilibrium
SPDM. The value of physical quantities such as the energy and
the current depend on the choice of k., but the deviation from
the equilibrium hardly depends on this choice. In practice, for
the direct comparison of the HHG spectrum between the tight-
binding model and the Dirac models, we evaluate the current
using 6 p; (1), instead of py(7), for the Dirac models at K and
K’ and sum up these contributions [see Appendix. C]. We
also evaluate the different types of currents from 6p, (¢). This
procedure is justified by the fact that those currents are zero
when they are evaluated from pe (). Note that we need to be



careful when the system is a topological state where the Chern

number becomes nonzero and thus .ll.(;) [see Eq. (17)] can be
nonzero even for peg k(-

Appendix B: Expression of the dipole moment for the Dirac
model

For completeness, we show the expression of the dipole mo-
ment and its relevant quantities for the Dirac models (31). We
express the Dirac Hamiltonian as

B cosf,  sinf ek
hik) = B(k) sin O e "%k —cos @) (BD)
with B(k) > 0. We consider the unitary matrix,
‘ 4
cos oS _gin %ol
Uk) = 2, 2w | (B2)
. O -k Kk —i—5-
sin%e'2 cos e 2

which diagonalizes h(k) as U T (k)h(k)U (k) = diag[ By, —By].
We consider the expression of the dipole moment for this trans-
formation.

To be more explicit for the Hamiltonian (31) expanded
around K, we have

B, = \/m2 +12 2+ kD)
_ E®)

sin Hk
By

cos 0 = Bﬂ, (B3)
k

¢k = arg(_kx - iky),

where ty5,0 = 1.5t and F(k) =ty o(ky + ik,). By intro-
ducing k = y/k3 + k2 and y = t,,;, o/m, the dipole moments

are expressed as

1 K 1k

——, dy, k)= ——
241+ y2k2 K2 g 24/1 + y2x2 K2

dy (k) = =dy (k),  dyy (k) = —dy (k)

doo (k) =

Y 1 ok
don o) = =L ——— i, + i ——] (B4)
* 2 1+ y2x2 g V14 y2k?
k
=7 — [ |
2 /1422 V1+y2k?

dyox(k) = dgy; (k)" dyg,,(k) = doy (k)"

As for the Berry curvature Q,(k) = V, x d,, (k), we only
have the z component, which becomes

2

Y
24/ 1 + y2x2)3

£2O,z(k) = s £2(),z(k) = _Ql,z(k)~ (BS)
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FIG. 8. Comparison of HHG spectra polarized along the X direction
evaluated with the tight-binding model or with the Dirac model for
gapped graphene. In all cases, we use #,,, = 3, u = 0, T} = 150 and
T, = 30. The parameters of the electric field are 7, = 280,06 = 40
and Q = 0.26.

For r,,, ,(n # m), we find

kyk, K
[r01 ] = y3— iy3—x
xlx (1 + yzkz)% k(1 + y21<2)2
2 2
e ] = J/3 ky - kx N iy3 kxky
01, -5 3 T 9 9\
V2 k(1 + ysz)% k(1 +y2x2)?
2 2
oy = D B
01, - 5 — 701,
yix 2 (1 + yzkz)% k(1 + J/2K2)2 xly
kky K
[roryly = =1 +iy?
YAy (1 + y2K2)% k(1 + 7,2,(2)2

*

*
[r10.x]x = [Forx]y y

[r10x]y = [Fo1x]

—_ * — *
[r10ylx = [Foryls  [Fi0yly = [royl,

The Dirac Hamiltonian around K’_ (we denote the corre-
sponding quantities by a bar, e. g. ¢;) is closely related to
the Hamiltonian expanded around K. One finds

gk = Oy, (]Sk =—¢y +7, Jnn,a(k) = _dnn,a(k)’
doy o(k) = —conj(dg; 4(k)), (B6)
Qn’z(k) = —Qn’z(k), Frma = —conj(r

nm,a)

Appendix C: Tight-binding model vs Dirac model

Here, we compare the HHG spectra polarized along the X
direction obtained by the analysis of the tight-binding model
(29) and that of the Dirac model (31) [see Fig. 8]. The HHG
spectra from the tight-binding model and the Dirac models
match reasonably well for the excitation conditions used in



this paper. As we expected, agreement is better for the weaker
field since the relevant electron dynamics is limited to the re-
gion around the Dirac point. For the stronger field, agreement
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better for the lower harmonics. This is also natural since

the higher order harmonics involves the trajectory of electrons
farther away from the Dirac points.
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