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Motivated by the giant phonon anomalies in α-RuCl3 reported by Li et al. [Nat. Commun. 12,
3513 (2021)], we investigate the thermal Hall effect in a Kitaev-Heisenberg system in the presence
of the coupling between spins and phonons arising from chlorine atoms’ vibration. We observe
that the coupling modifies the relative stability between different magnetic states under a magnetic
field, especially stabilizing a canted zigzag antiferromagnetic state. Remarkably, the spin-phonon
interaction has distinct effects on the thermal Hall conductivity in different magnetically ordered
states. For a canted zigzag state, which is relevant to α-RuCl3, the spin-phonon interaction enhances
the magnon excitation gap induced by a magnetic field and suppresses the thermal Hall conductivity
at low temperatures. For the Kitaev spin liquid state, we find that the spin-phonon interaction
reduces the excitation gap of Majorana fermions and destabilizes the quantized thermal Hall effect.
Our results demonstrate a crucial role of phonon degrees of freedom to the thermal Hall effect in
Kitaev materials.

I. INTRODUCTION

Phonons play a fundamental role in controlling the
electronic and magnetic properties of materials [1–12].
For example, the electron-phonon interaction induces the
charge-density-wave and superconductivity in the high-
temperature superconductor Ba0.51K0.49BiO3 [13]. Fur-
thermore, phonons can couple to spins and induce the
spin-Peierls transition in quasi-one-dimensional materi-
als, such as CuGeO3 [14] and TiOCl [15].

Here, we focus on α-RuCl3 [16–24], a candidate mate-
rial to realize the Kitaev spin liquid state [25]. A signif-
icant interplay between phonons and spins has been re-
ported in α-RuCl3 [26–29]. In α-RuCl3, the edge-sharing
Ru-Cl octahedra form a honeycomb lattice with an ef-
fective spin-1/2. The interaction between two nearest-
neighbor pseudospins strongly depends on the Ru-Ru
distance and the Ru-Cl-Ru bond angle [30]. Many ex-
perimental studies have reported the signature of spin-
phonon couplings in this compound. For example, the
spin-phonon coupling renormalizes phonon propagators
and generates the salient Fano lineshape in the Raman
spectroscopy [18, 31–34]. The coupling between phonons
and Majorana fermions has been suggested to play a
pivotal role in realizing the quantized thermal Hall ef-
fect [35–40].

To gain insight into the novel magnetic behavior in
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α-RuCl3, various microscopic spin models were devel-
oped by using the density-functional theory (DFT) or
fitting to inelastic neutron scattering spectra [16, 19, 41–
49]. These model studies have provided significant in-
sights, including the heat capacity and the Raman spec-
tra. However, some important experimental features re-
main unexplained, such as the Fano effect in the Ra-
man spectra [33, 34] and the sample dependence of the
quantized thermal Hall effect in α-RuCl3 [50]. To re-
solve these difficulties, the spin-phonon coupling was
suggested to play an essential role. In this case, it is
necessary to develop a model that includes both spin
and phonon degrees of freedoms. However, compared to
the Kitaev-Heisenberg model, far fewer studies exist for
such a model. Recently, several studies have considered
phonons in the Majoranan fermion representation to ex-
plain the Fano effect [33, 34, 39]. Such studies only con-
sidered the Kitaev-type interaction and neglected other
terms that are relevant to α-RuCl3. Furthermore, the ef-
fect of the spin-phonon coupling on the thermal Hall con-
ductivity has not been clarified, while some interesting
predictions have been made by analyzing a phenomeno-
logical model [51].

In this work, we develop a microscopic model with
spin-phonon interactions to study the thermal Hall con-
ductivity in α-RuCl3. We consider optical phonons,
which originate from the vibration of the Cl-Cl bond
(shown in Fig. 1(a)). These optical phonons modify the
Ru-Cl-Ru bond angle, hereby the spin-spin interaction
between Ru atoms [30, 52]. A DFT study has shown that
the relaxation of chlorine atoms enhances the hopping be-
tween dxz and dyz orbitals and suppresses the hopping
between dxy orbitals. As a consequence, the Heisen-
berg interaction is reduced by about half [30]. With
these considerations in mind, we focus on the vibration of
ruthenium atoms, which has been oversighted in recent
phonon-related work [33, 34, 37, 38].

Our work systematically reveals the magnetic prop-



2

erties of both magnetically ordered states and the spin
liquid state in the presence of the spin-phonon coupling
in Kitaev materials. We first use the mean-field the-
ory to study the spin-phonon interaction in the Kitaev-
Heisenberg model under a magnetic field. We observe
that optical phonons stabilize the canted zigzag state
and destabilize the antiferromagnetic star state. Next,
we use the generalized spin-wave theory to study the
thermal Hall conductivity. We find that the spin-phonon
interaction has distinct effects on the thermal Hall con-
ductivity in different magnetic states. For example, in
a canted zigzag state, which is relevant to α-RuCl3, the
spin-phonon interaction increases the magnon excitation
gap and suppresses the thermal Hall conductivity at low
temperatures. In other magnetic states, such as an an-
tiferromagnetic star state, the spin-phonon interaction
generates a nonmonotonic behavior in the thermal Hall
conductivity. We also examined the pure Kitaev model
coupled with phonons. We found that the quantized ther-
mal Hall effect in the spin liquid state is destabilized by
the spin-phonon interaction. Our results provide a guid-
ance to understand the anomalous thermal Hall behavior
of α-RuCl3.

The rest of the paper is organized as follows: In Sec. II,
we will describe the Kitaev-Heisenberg model with spin-
phonon interaction. Detailed results will be presented in
Sec. III. In Sec. III.A, we will discuss the phase diagram
in the presence of the spin-phonon interaction. In Secs.
III.B and III.C, we will analyze the effect of the spin-
phonon interaction on the magnetic properties, including
the magnetization and the thermal Hall conductivity. In
addition, we will compare our simulated results with ex-
perimental data in Sec. III.D. To gain insight into the
spin liquid state, we will study the Kitaev model with
spin-phonon interaction in Sec. III.E. Sec. IV is devoted
to further discussion and summary.

II. MODEL HAMILTONIAN

To begin with, we set up our theoretical model.
Our optical phonons come from the motion of chlorine
atoms in α-RuCl3 as shown in Fig. 1(a). This opti-
cal phonon changes the distance d between two chlorine
atoms and modifies the spin-spin interaction J(d) be-
tween Ru atoms. Assuming that the variation of d is
small, the interaction can be approximated as J(d) =
J(d0) [1− g(d− d0)], where d0 is the distance at the
equilibrium position, and the spin-phonon coupling g =

− 1
J(d0)

∂J(d)
∂d . Including such phonon contributions, the

Kitaev-Heisenberg model [53] for α-RuCl3 may be mod-
eled as H = Hspin +Hph +Hspin−ph, where

Hspin =
∑
〈ij〉γ

[
2KŜγi Ŝ

γ
j + J Ŝi · Ŝj

]
−
∑
i,η

gLµBHηŜ
η
i ,

Hph =
∑
〈ij〉

[
M ˆ̇u2ij

2
+
Klatû

2
ij

2

]
,

Hspin−ph = −
∑
〈ij〉γ

ûij

[
2gKKŜ

γ
i Ŝ

γ
j + gJJ Ŝi · Ŝj

]
.

Here, Hspin describes the spin-spin interaction in the
absence of the spin-phonon interaction. J and K are
the nearest-neighbor Heisenberg and Kitaev couplings,
respectively. These two variables are parameterized by
J = A cos ξ and K = A sin ξ [54–58]. 〈ij〉γ denotes the
nearest-neighbor γ bond, with γ = x, y, z. We follow
Ref. [58] and set that the [111] direction in the spin space
is parallel to the c axis and Sz direction is on the ac plane.
Hη is the magnetic field along the η direction, which is
shown in Fig. 1(b). The magnetic field strength is labeled
as |H| =

√
H2
a +H2

b +H2
c . Hph is the Hamiltonian for

phonons. ûij denotes the variation of the distance be-
tween two chlorine atoms, and 〈ûij〉 = dij − d0. M and
Klat are the mass of the chlorine atom and the elastic
constant between chlorine atoms, respectively. Hspin−ph
describes the spin-phonon interaction. gK and gJ are the
spin-phonon couplings for the Kitaev and Heisenberg in-
teractions, respectively.

The ground state is obtained using the mean-field ap-
proach [58, 59] (see, also, references [60–64] therein).
Specifically, we set Ŝγ = 〈Sγ〉 + δŜγ and û = 〈u〉 + δû.
The Hamiltonian is then rewritten as H = const+ H̃ph+

H̃(1) + H̃(2) + H̃(3), where H̃(1), H̃(2), and H̃(3) include
terms with one, two, and three operators, respectively.
H̃ph is the new Hamiltonian for the harmonic phonons.
〈Sγ〉 and 〈u〉 are obtained by self-consistently solving
H(1) (see supplementary material [59]). After obtaining
stable spin and lattice configurations, we apply a general-
ized spin-wave theory to H̃(2) and compute the Berry cur-
vature [59]. The thermal Hall conductivity is then calcu-

lated via κxy = −k
2
BT
~N

∑BZ
k

∑L
n=1 c2(fBE(εnk))Ωnk [65–

67], where c2(x) is given by c2(x) =
∫ x
0
dt
(
ln 1+t

t

)2
,

fBE(εnk) is the Bose distribution function, and BZ de-
notes the Brillouin zone. Ωnk is the Berry curvature at
the momentum k for the nth band. 2L is the number of
bands, and N is the number of the magnetic unit cell,
which is labeled as a dashed-rectangular in the inset of
Fig. 1. In this work, we set N = 120 × 120, ~ = kB = 1
and neglect three-particle interaction H̃(3).

III. RESULTS

A. Phase diagram

We first consider the simplest case with gJ = gK =
g. We assume that our optical phonons belong to the
low energy phonons observed in inelastic x-ray scattering

experiments [27]. The phonon frequency ωph = ~
√

Klat

M
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FIG. 1. (a) A sketch of chlorine atoms’ vibration in α-RuCl3.
(b) A sketch of the Honeycomb lattice that lies on the ab
plane. Panels (c)-(d) plot the phase diagrams for the spin-
phonon interaction g = 0, 1/Å, and 2/Å under a magnetic
field gLµB |H| = 0.4A, respectively. The insets in panels (c)-
(e) show the spin configuration of each magnetic state when
the magnetic field is along the c axis. The spin configuration
is projected onto the ab plane.

is estimated to be 8 meV (With M = 35.453 u for a
Cl atom, Klat is estimated to be 535.2 meV/Å2). As
reported in Ref. [27], the optical phonon energy is close to
the spin-spin interaction in α-RuCl3 at low temperatures,
hereby we assume A = ωph. Results with different values
of A will be discussed later.

At zero field, the ground state of the classical spin
model is a Néel antiferromagnetic (AFM) state for
−0.15π < ξ < 0.5π, a zigzag state for 0.5π < ξ < 0.85π,
a ferromagnetic (FM) state for 0.85π < ξ < 1.5π, and a
stripy state for 1.5π < ξ < 1.85π [55, 59]. These ground
states are changed under a magnetic field [55, 58]. In this
work, we rotate the magnetic field in the ac plane (shown
in Fig. 1(b)) and label the angle between the magnetic
field and the c axis as θ. Figure 1(c) shows the phase
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FIG. 2. The left column shows the magnetization M ·H/|H|
along the field direction for three different values of θ. The
blue dashed line in panel (c) represents the phase boundary
between the extended zigzag and canted zigzag states. The
right column shows the corresponding thermal Hall conduc-
tivity κxy/T as a function of temperature T . The inset in
panel (e) plots the thermal Hall conductivity of α-RuCl3, ob-
tained from Ref. [68]. Here, we set ξ = 0.65π and gLµB |H| =
0.4A.

diagram as a function of ξ and θ at gLµB |H| = 0.4A and
g = 0. In addition to the above four magnetic states,
there appear another four magnetic states, including an
AFM star state (AFM Star), an extended zigzag state,
a FM Star, and a vortex state (vortex) [55, 58, 59]. Re-
markably, the spin-phonon interaction changes the rela-
tive stability between different magnetic states and mod-
ifies the phase diagram. As shown in Figs. 1(d) and 1(e),
the spin-phonon interaction increases the regions of the
canted zigzag and extended zigzag states by suppressing
the AFM Star state when 0.5π < ξ < 0.75π. By fur-
ther increasing the spin-phonon interaction, the extended
zigzag state is replaced by the canted zigzag state (see
Fig. 2). Thus, the optical phonons stabilize the zigzag
state under a magnetic field.

B. Magnetic properties

We now analyze the effect of the spin-phonon interac-
tion on the magnetization M and the thermal Hall con-
ductivity κxy in a parameter regime where the zigzag
state is stable at zero field. If not stated otherwise, we
set ξ = 0.65π and gLµB |H| = 0.4A here. ξ = 0.65π is in-
dicated by dashed lines in Figs. 1(c) - 1(e). Figures 2(a)
- 2(c) plot the magnetization for θ = 0.05π, 0.25π, and
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FIG. 3. The left column plots the thermal Hall conductivity
κxy/T (green curve) and the energy gap ∆ (blue curve) as a
function of the spin-phonon interaction g for three different
values of θ. The black dashed line in panel (c) represents
the phase boundary between the extended zigzag state and
the canted zigzag state. Panels (d), (f), and (h) plot the
Berry curvature density B(ω), and panels (e), (g), and (i)
plot the integrated Berry curvature density K′(ω). Here, we
set ξ = 0.65π, T = 0.04A, and gLµB |H| = 0.4A.

0.49π, respectively. The ground states for these three val-
ues of θ are the AFM Star, canted zigzag, and extended
zigzag states, labeled as a white square, triangle, and
diamond in Figs. 1(c) - 1(e), respectively. As shown in
Figs. 2(a) - 2(c), the spin-phonon interaction suppresses
the magnetization for all these three states. In addition,
a first-order phase transition from the extended zigzag
state to the canted zigzag state occurs at θ = 0.49π and
g = 5.6/Å, accompanied by a sudden drop in M ·H/|H|.

Figures 2(d) - 2(f) plot the thermal Hall conductivity
κxy/T as a function of temperature T for several different
values of g. Interestingly, κxy/T has a distinct tempera-
ture dependence in different magnetic states. In the AFM
Star (extended zigzag) state, κxy/T has three (two) ex-
trema, while in the canted zigzag state κxy/T could have
either one or two extrema, depending on the value of ξ.
We note that the temperature-dependent κxy/T in the
canted zigzag state is qualitatively consistent with that
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FIG. 4. Panels (a) and (c) plot the thermal Hall conductivity
κxy/T for θ = 0.25π and ξ = 0.65π, respectively. Panels
(b) and (d) plot the corresponding energy gap ∆. Here, the
ground state for the selected values of θ and ξ is the canted
zigzag state. The other parameters are set as T = 0.04A and
gLµB |H| = 0.4A.

measured in α-RuCl3 [68] (see the inset of Fig. 2(e)).
It is interesting to note that κxy/T in the intermediate
temperature regime (1.2A > T > 0.3 A) has a strong
dependence on the spin-phonon interaction for all these
three states.

To better visualize the change in κxy/T at low temper-
atures, we plot κxy/T in Figs. 3(a) - 3(c) for T = 0.04A.
The energy gap ∆ (blue curve) is also plotted in these
three panels. At θ = 0.05π (AFM Star), |κxy|/T is
enhanced by the spin-phonon coupling when g < 3/Å
and suppressed when g > 3/Å. This nonmonotonic be-
havior arises from the competition between the changes
in ∆ and Ωn,k. The latter contribution can be visual-
ized more clearly by the Berry curvature density, which
is defined as B(ω) =

∑
n,k Ωn,kδ(ω − εn,k) and plot-

ted in Figs. 3(d), 3(f), and 3(h). The δ function is
approximated by the Lorentzian function with a width
of 0.005. In the AFM Star state, the spin-phonon in-
teraction monotonically decreases ∆, leading to an en-
hancement of |κxy|/T . However, the Berry curvature
density near ω = 0.2A is suppressed by the spin-phonon
interaction, resulting in the decrease in |κxy|/T . Fig-
ure 3(e) plots the integrated Berry curvature density
K ′(ω) = −

∫ ω
0
c2(fBE(ω′))B(ω′)dω′, equivalent to the

thermal Hall conductivity. It is easy to observe this com-
petition from K ′(ω) in Fig. 3(e). At θ = 0.25π (canted
zigzag), |κxy|/T is suppressed by the spin-phonon inter-
action because ∆ increases and B(ω ≈ 0.2A) decreases
with g.

At θ = 0.49π, κxy/T is positive and slightly suppressed
by g when g < 3/Å. This behavior is attributed to the en-
hanced energy gap. Near g = 3.2/Å, κxy/T suddenly be-
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The thermal Hall conductivity of α-RuCl3 is obtained from
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comes negative and increases with g. This sudden change
is due to the band crossing at the Γ point (see details in
the supplementary material [59]). By further increasing
g, ∆ increases. At g = 5.6/Å, the phase transition oc-
curs, and the ground state becomes the canted zigzag
state. |κxy|/T in this canted zigzag state has the same
behavior as that shown in Fig. 3(b).

C. Canted zigzag state

We now focus on the canted zigzag state, which is rel-
evant to α-RuCl3. As shown in Fig. 3(b), the thermal
Hall conductivity in the canted zigzag state is suppressed
by the spin-phonon interaction. To further corroborate
this trend, Fig. 4 plots κxy/T for different values of ξ
and θ in the canted zigzag state at T = 0.04A and
gLµB |H| = 0.4A. All the results show that κxy/T de-
creases as g increases, confirming that this trend is ro-
bust.

D. Relevance to α-RuCl3

We compare our predicted thermal Hall conductiv-
ity with experimental results. Reference [69] proposed
K = 3.5 meV and J = −4.6 meV in α-RuCl3, lead-
ing to A = 5.78 meV and ξ = 0.793π. Figure 5 plots
the temperature dependent thermal Hall conductivity of
the model proposed in Ref. [69] and the model used in
the previous sections in this work (ξ = 0.65π with A = 8
meV). The sign of the thermal Hall conductivity depends
on the orientation of the magnetic field, and one can
change the sign by flipping the magnetic field. To com-
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FIG. 6. (a) The energy gap as a function of the magnetic
field for different spin-phonon coupling strengths. (b) The
thermal Hall conductivity for different spin-phonon coupling
strengths. The parameters are set as A = 5.78 meV and
ξ = 0.793π.

pare with experiments, we use the absolute value of the
thermal Hall conductivity. The experimental result is
obtained from Ref. [68] and renormalized by 0.1. Our
predicted thermal Hall conductivity of magnons is much
smaller than that in α-RuCl3. A similar conclusion has
been made in the previous study [46]. The underesti-
mation of the thermal Hall conductivity might be due
to the fact that our spin-wave theory does not capture
the quantum spin fluctuation even at low temperatures,
which suppresses the ordered moment in magnetically or-
dered states. Moreover, the experimental data in Fig. 5 is
outside of the magnetically ordered region, where quan-
tum or thermal spin fluctuations are prominent.

Our results with gJ = gK imply that the spin-phonon
interaction suppresses the thermal Hall conductivity in
the canted zigzag state. However, in α-RuCl3, the spin-
phonon interactions could be different for different inter-
actions [52]. To examine the validity of our conclusion,
we use gJ = 0.288/Å and gK = 4/Å, predicted by a
DFT study [52]. Figure 6 plots results for A = 5.78 meV
and ξ = 0.793π with three sets of gJ and gK . Here,
the magnetic field direction is fixed with θ = 0.25π. We
observe that the nonzero spin-phonon coupling increases
the energy gap ∆ in the canted zigzag state, hereby the
thermal Hall conductivity is suppressed, consistent with
our previous results with gJ = gK . Yet, the precise
value of ∆ certainly depends on the value of gJ and gK .
For gJ = gK = 0, the nonmonotonic behavior appears
because of the subtle competition of the field-induced
nonzero Berry curvature and magnon excitation gap with
temperature.
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and below the Fermi surface at the K point. The red line
represents the Chern number C.

E. Spin liquid state

Finally, we turn our attention to the spin-phonon in-
teraction in the spin liquid state. We consider the
pure Kitaev model coupled with phonons, which is de-

scribed by H = i
2

∑
〈ij〉K(1−gûij)cicj+ ih̃

2

∑
〈〈ij〉〉 cicj+

Hph [25, 70]. Here, ci is the Majorana fermion operator at

site i, and h̃ is an effective magnetic field. We set K = 1,
h̃ = 0.3, and phonon frequency ωph = 1 in our calcu-
lations and use the second-order perturbation theory to
study this model (for details see the supplementary ma-
terial [59]). Figure 7 plots the spectral functions for three
different values of g. There exist energy gaps at zero en-
ergy due to an applied magnetic field. In the low-energy
region, the spin-phonon interaction decreases the energy
E±(k) of the lowest excited state at the K point. Here,
E+(−)(k) represents the energy above (below) the Fermi
surface at the momentum k. Figure 7(d) plots the vari-
ation of the energy difference ∆E between E+(K) and
E−(K). While ∆E is decreased by the spin-phonon in-
teraction, the Chern number C remains 1 [71, 72]. Thus,
the spin-phonon interaction does not induce a topological
phase transition.

The nonzero Chern number implies the quantization
of the thermal Hall conductivity at low temperatures.
However, when the thermal energy is close to or larger
than the energy gap, the quantized thermal Hall ef-
fect is expected to disappear [73]. With increasing
the spin-phonon interaction, the energy gap approaches
zero, hereby the temperature range to observe the quan-

tized thermal Hall effect is reduced to lower tempera-
tures. Therefore, the sample-dependence of the half-
integer quantized thermal Hall effect in α-RuCl3 could
be ascribed to the sample-dependent spin-phonon inter-
actions [50].

IV. DISCUSSION AND SUMMARY

In this work, we studied the effect of the spin-phonon
interaction on the magnetic ground state, magnon exci-
tations, and the thermal Hall conductivity in the Kitaev-
Heisenberg system. We observed that a large spin-
phonon interaction stabilizes the canted zigzag state un-
der a magnetic field. Further, the spin-phonon interac-
tion has distinct effects on the thermal Hall conductivity
in different magnetic states. In the zigzag state, the spin-
phonon interaction increases the energy gap and sup-
presses the low temperature thermal Hall conductivity.
This effect is robust with respect to model parameters
as long as the canted zigzag state is stabilized. In the
Kitaev spin liquid state, we find that the spin-phonon
interaction destabilizes the quantized thermal Hall ef-
fect by suppressing Majorana excitation gap. Our re-
sults provide crucial guidance to understand thermal Hall
conductivity in Kitaev materials, including α-RuCl3 and
Na2Co2TeO6 [74].

In this work, we consider optical phonons arising from
the displacement of chlorine atoms. It would be impor-
tant to study acoustic phonons, which involve the dis-
placement of ruthenium atoms, and examine how these
phonons modify the magnetic properties in α-RuCl3.
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