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1Department of Physics, Santa Clara University, Santa Clara, CA 95053
2Institute of Physics, Polish Academy of Sciences, Aleja Lotnikow 32/46, PL-02668 Warsaw, Poland

Many solid-state qubit systems are afflicted by low frequency noise mechanisms that operate along two per-
pendicular axes of the Bloch sphere. Depending on the qubit’s control fields, either noise can be longitudinal or
transverse to the qubit’s quantization axis, thus affecting its dynamics in distinct ways, generally contributing
to decoherence that goes beyond pure dephasing. Here we present a theory that provides a unified platform
to study dynamics of a qubit subjected to two perpendicular low-frequency noises (assumed to be Gaussian
and uncorrelated) under dynamical decoupling pulse sequences. The theory is demonstrated by the commonly
encountered case of power-law noise spectra, where approximate analytical results can be obtained.

Introduction. Decoherence of qubits can be calculated rela-
tively easily in two cases: that of pure dephasing due to Gaus-
sian longitudinal noise acting along the qubit’s energy quan-
tization axis [1, 2], and that of Markovian evolution of open
systems that applies when the relevant environmental fluctua-
tions (coupled along any axis) act on timescales shorter than
that of the open system dynamics of the qubit [3, 4]. However,
many solid-state qubits decohere due to environmental fluctu-
ations with non-negligible correlation times that couple along
at least two perpendicular axes. Born-Markov treatment of
both relaxation and dephasing is then inapplicable, and a gen-
eral solution beyond the pure dephasing case is out of reach
[5, 6]. In the often-encountered case of noises with spectra
concentrated at low frequencies - quasistatic or 1/f type [1] -
an adiabatic treatment of qubit dynamics caused by multi-axis
noise is possible [7, 8]. Our focus here is on two-axis cou-
pling of a qubit to such low-frequency noises, and we develop
an approximate analytical solution to decoherence for qubit
that is freely evolving or subjected to dynamical decoupling
(DD) sequences [2, 9–14].

The Hamiltonian of the qubit-environment system can be
written quite generally as:

H(t) =
1

2
[B + ξ(t)] · σ, (1)

where B is a vector of the qubit control fields, ξ(t) is a vec-
tor of environmental quantum operators or classical stochastic
functions representing noise, and σ is the vector of Pauli ma-
trices. Strictly speaking, the qubit control fields are not static,
as they typically include dynamical decoupling (DD) pulse se-
quences, but here we assume instantaneous pulses that result
in perfect π rotations of the qubit state around the y axis, per-
pendicular to both control and noise directions.

Solid state devices are abundant with sources of low-
frequency excitations such as slowly switching two-level fluc-
tuators responsible for 1/f noise [1]. Prominent examples of
solid-state based qubits affected by two-axis low-frequency
noise include those based on two [15–17] or three [18–22]
exchange-coupled semiconductor quantum dots (QDs) con-
taining at least two electrons, and both charge and flux su-
perconducting (SC) qubits [23–25]. In all these devices, elec-
tronic charge noise and flux noise spectra follow power law,
1/fα, over a wide range of frequencies, with α generally

falling in the range of α = 1 − 1.25 [26–30]. Several ex-
periments reported other power laws, including α = 0.9 for
flux noise in a SC qubit [23], α = 0.7 for charge noise in
GaAs QDs [31], α = 1.93 in a charge-tunable SC device in-
flicted with anomalous large-amplitude charge noise [32], and
a dual power law of α = 1.48/1.97 of charge noise in Si QD,
where the higher power law was measured at extremely low
frequencies, below 10−4 Hz [33].

We focus here on the case of two-electron singlet-triplet
(S − T0) qubit in a double quantum dot (DQD), for which
B = (δh, 0, J), where δh is the interdot magnetic field gradi-
ent across the QDs and J is the exchange coupling [17, 34].
The latter originates from Coulomb interaction, and as such
exhibits slow fluctuations [31, 35–38] caused by 1/fα charge
noise. Finite δh arises due to a spatially dependent field from a
nanomagnet [33, 39–41] or inhomogeneous nuclear spin po-
larization resulting in Overhauser field gradient [42, 43]. In
the latter case, nuclear noise is concentrated at very low fre-
quencies [44, 45], and the quasi-static approximation breaks
down only at timescales longer than 10µs [46–48]. How-
ever, charge noise leads to stochastic shifts of the electron
wavefunctions with respect to the frozen nuclei, thus mak-
ing the Overhauser fields experienced by the electrons inherit
the characteristics of charge noise [45, 48]. The same hap-
pens when δh results from an external magnetic field gradi-
ent: charge noise induces variations in electron positions that
translate into fluctuations of their spin splitting, and thus δh.
Consequently, noise in both δh and J is of 1/fα type at high
frequencies, with an additional zero-frequency component for
δh accounting for nuclear spin diffusion. In GaAs QDs, δh
noise power spectra characterized by α = 1− 2.6 were mea-
sured at frequencies between ∼ 1 kHz, below which classi-
cal nuclear spin diffusion results in a Lorentzian, quasi-static
noise, and ∼ 100 kHz [44, 45, 49, 50]. It should be stressed
that our model for two low-frequency noises applies to all the
above-mentioned qubits, so while we present below results for
the S-T0 qubit, our theory applies to a wide class of systems.

Energy relaxation of the qubit depends on the availability
of environmental excitations with appreciable transverse (with
respect to the quantization axis set by B) coupling to the qubit
and energy that is comparable to its level splitting. In contrast,
environmental degrees of freedom with any energy contribute
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to pure dephasing of superpositions of qubit’s eigenstates. In
devices with strong low-frequency noises, the timescales of
dephasing and relaxation are thus often well-separated, with
coherence becoming limited by relaxation only after applica-
tion of a very large number of DD pulses [23]. This justi-
fies our neglect of relaxation, and focus on effects of dephas-
ing and tilting of the qubit’s quantization axis. A crucial ele-
ment of our theory follows from the fact that transverse noise
couples to the qubit’s phase nonlinearly (quadratically in the
lowest order). As a result, even a noise with Gaussian statis-
tics becomes effectively non-Gaussian and calculation of its
higher order cumulants, beyond the second one, is necessary
to correctly evaluate the qubit’s dephasing [7, 51–53].

In this work we develop a unified theory for the time evolu-
tion of a qubit state under two uncorrelated, zero-mean, low-
frequency Gaussian noises that operate on perpendicular axes
[54]. Our theory extends a previous analysis made by Barnes
et al. [8] for S-T0 qubits in two respects: (i) we perform
the calculation to second order in ξ(t), such that (quadrati-
cally coupled) transverse noise is considered, and (ii) we in-
clude DD control pulse sequences, accounting for qubit evolu-
tion outside the free induction decay (FID) case. The latter is
made possible by the former, as effects of transverse noise are
typically overshadowed by the longitudinal one when no DD
filtering of the lowest-frequency longitudinal noise is done.
We also include contributions resulting from the nontrivial in-
terplay of longitudinal and transverse noises, as well as axis-
tilting effects, thus providing a complete analytical treatment
of the problem of decohrrence due to two-axis slow noises.

Formalism. We specify the qubit working position for a
two-axis control field, B = (Bx, 0, Bz), using the angle
χ = arctan(Bx/Bz). ξz , ξx in the Hamiltonian, Eq. (1), rep-
resent fluctuations of the respective control fields. We assume
that these act on a much slower timescale, as compared with
the qubit dynamics, allowing us to take the adiabatic limit,
where the qubit evolution operator is approximated by apply-
ing instantaneous eigenstates of H(t) [8]. The resulting in-
stantaneous unitary evolution reads

U(t)≈
(

cosφ− i sinφ cosχ −i sinφ sinχ
−i sinφ sinχ cosφ+ i sinφ cosχ

)
, (2)

where the noises impact the evolution by modifying the rota-
tion axis, χ(t), and the accumulated rotation angle φ(t):

χ(t) = arctan

(
Bx + ξx
Bz + ξz

)
≡ χ+ δχ(t) (3)

φ(t) = φ(t) + δφ(t). (4)

Without noise we have φ(t) = 1
2

∫ t
0
dt′ft(t

′)Bz secχ, where
ft(t
′) is the switching function corresponding to the employed

pulse protocol, whose Fourier transform, f̃t(ω), is known as
the filter function [55]. For FID, φ(t) =

√
B2
z +B2

xt/2,
whereas any balanced pulse protocol yields φ(t) = 0, since∫
ft(t
′)dt′ = 0. One can split the qubit-environment term

in the Hamiltonian, Eq. (1), into parts that are parallel and
perpendicular to the quit control axis, using ξ‖ = ξx sinχ +

ξz cosχ and ξ⊥ = ξx cosχ − ξz sinχ. To second order in ξl,
l ∈ {‖,⊥} we have:

δχ(t) ≈ cosχ

Bz
ξ⊥(t)

[
1− cosχ

Bz
ξ‖(t)

]
(5)

δφ(t) ≈ 1

2

∫ t

0

dt′ft(t
′)

[
ξ‖(t

′) +
cosχ

2Bz
ξ2
⊥(t′)

]
. (6)

Utilizing the qubit Hamiltonian eigenstates in the tilted ro-
tation axis z′ = (sinχ, 0, cosχ):

|+〉 =

(
cos χ2
sin χ

2

)
, |−〉 =

(
− sin χ

2

cos χ2

)
, (7)

and the perpendicular state: |x′〉 = 1
2 (|+〉+ |−〉), the effects

of the two noises can be quantified by the coherence function:

W (t) =
|〈ρ+−(t)〉|
|〈ρ+−(0)〉|

=

∣∣∣∣〈 〈+|U(t)|x′〉〈x′|U†(t)|−〉
〈+|x′〉〈x′|+〉

〉∣∣∣∣ =

|〈1− 2 sinφ cos δχ (cos δχ sinφ+ i cosφ)〉| ≈∣∣∣∣e−2iφ
〈
e−2iδφ

〉
− 1

2

〈
δχ2

[
cos 2φ+ e−2iφ

]〉∣∣∣∣ , (8)

where 〈·〉 denotes Gaussian averaging over both ξz and ξx,
and the last row is correct to second order in these noises,
with the first (second) term corresponding to rotation angle
(axis tilting) error.

The presence of quadratic noise terms in δφ requires a full
cumulant expansion in the averaging since ξ2

l (t) are no longer
Gaussian distributed [53]. For zero-mean Gaussian noises,
〈ξk(t)〉 = 0 for odd k, and even-power terms factorize to two-
point correlators, 〈ξ(t1)ξ(t2)〉 ≡ S(t12), where t12 ≡ t1 −
t2. Addressing first the dominant contribution due to rotation
angle errors we have

〈e±2iδφ〉 = exp

{∑
k=1

(±i)kCk
k!

}
, (9)

where Ck generalize the standard noise cumulants [56] for
two uncorrelated noises, and are given explicitly in terms of
their noise power spectra in section I of the supplemental ma-
terial [57].

The structure of the kth cumulant reveals two types of con-
tributions that we coin linked, Rk(t), (with k correlators) and
semi-linked, R̃k(t), (with k − 1 correlators):

Rk(t)=− 1

2k

(
i

B

)k∫ ∞
0

dω1 · · · dωk
πk

f̃t(ω12) · · · f̃t(ωk1)

k∏
i=1

[
sin2 χS̃z(ωi)+ cos2 χS̃x(ωi)

]
, (10)
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R̃k(t)=−1

2

(
i

B

)k
(Bz sinχ)2

∫ ∞
0

dω1 · · · dωk−1

πk−1
×

f̃t(−ω1)
[
S̃z(ω1)− S̃x(ω1)

]
f̃t(ω12)×

k−2∏
i=2

f̃t(ωi,i+1)
[
sin2 χS̃z(ωi)+ cos2 χS̃x(ωi)

]
×

f̃t(ωk−1)
[
S̃z(ωk−1)− S̃x(ωk−1)

]
. (11)

In Eqs. (10)-(11), S̃z(ω) and S̃x(ω) are the power spectra of
the two noises. The linked diagrams involve only ξ2

⊥ contri-
butions, whereas the semi-linked diagrams include a mixing
of ξ2
⊥ and ξ‖ terms. Eq. (9) then reads

〈e±2iδφ〉 = cz(t)cx(t)e−[Σ2k+Σ̃2k]e±i[Σ2k+1+Σ̃2k+1], (12)

where Σ2k ≡
∑
k=1R2k(t)

[
Σ̃2k≡

∑
k=2 R̃2k(t)

]
and

Σ2k+1 ≡ i
∑
k=0R2k+1(t)

[
Σ̃2k+1≡ i

∑
k=1 R̃2k+1(t)

]
are

the summations over linked [semi-linked] even and odd dia-
grams, respectively, and we singled out the semi-linked con-
tributions in the second cumulant that are accounted for in [8]:

cz(t)=exp

{
− cos2 χ

∫ ∞
0

dω

2π
|f̃t(ω)|2S̃z(ω)

}
cx(t)=exp

{
− sin2 χ

∫ ∞
0

dω

2π
|f̃t(ω)|2S̃x(ω)

}
, (13)

For odd number of DD pulses, f̃t(ω) is an odd function and
only even cumulants survive. In this case the phase terms in
Eq. (12) vanish and only signal decay remains.

The evaluation of the axis-error, transient, contribution in
Eq. (8) is more involved and the calculational details can be
found in section II of the supplemental material [57]. We note
here that the leading terms in this contribution vanish for any
balanced DD pulse sequence. Finally, we provide for com-
pleteness, formulas for singlet and | ↑↓〉 return probabilities,
correct to second order in noise amplitudes, under any DD
pulse sequence [57], corresponding to experiments reported
in Refs. [45] and [58], respectively.

Cumulant resummation for low-frequency noises. We use
the resummation technique of ref. [53] to derive analytical re-
sults for the cumulant sums found in the rotation angle error
contribution, Eq. (12), and for the various time derivatives of
these sums in the axis-error contribution [57]. We split the
noise into a dominant low-frequency, static component and a
high-frequency, time-dependent component: ξl = ξlf

l +ξhf
l (t),

and denote the standard deviations of the low- and high-
frequency noise components as:

σ2
0l =

∫ ω1

ω0

dω

π
S̃l(ω) , σ2

tl =

∫ ∞
ω1

dω

π
S̃l(ω), (14)

where ω0 is a low-frequency cutoff, determined by the shorter
of the noise correlation time and the total acquisition time,
both of which are typically much longer than t, and ω1 can
be taken as 1/t or otherwise as a fixed ultraviolet cutoff. Our

approximate calculation of the cumulant sums rests on the as-
sumption that σ2

tl � σ2
0l, for both noises at timescales relevant

for the qubit operation. This assumption holds for any power-
law noise with α ≥ 1.

Replacing each noise correlator with Sl(tij) =
〈ξhf
l (ti)ξ

hf
l (tj)〉hf + σ2

0l, and keeping only terms with
maximal power of σ2

0l, we derive explicit expressions for the
cumulant terms and their time derivatives [57], and perform
the summations in Eq. (12). Whereas for any balanced DD
sequence this procedure amounts to replacing every second
correlator with σ2

0l, in the FID case all correlators are replaced
with σ2

0l. The linked and semi-linked even sums are found
respectively as

e−Σ2k =

{ √
η(t), DD

η
1/4
FID(t), FID

(15)

and

Σ̃2k=

{
η(t)

2

(
BxBz

B3

)2[
f̃2
t (0)S

hf

+ (t)σ4
0−+

[
Shf
− (t)

]2
σ2

0+

]
, DD

ηFID(t)
2

(
BxBz

B3

)2
σ4

0−σ
2
0+t

4, FID
(16)

where we have defined

η(t)≡

(
1+

σ2
0+S

hf

+ (t)

B2

)−1

; ηFID(t)≡
(

1+
σ4

0+t
2

B2

)−1

. (17)

In Eqs. (16)-(17), σ2
0± ≡ σ2

0z ± σ2
0x, σ2

0± ≡ sin2 χσ2
0z ±

cos2 χσ2
0x, and similarly the high-frequency combined noise

correlators are given by Shf
± (t) = Shf

z (t) ± Shf
x (t),

S
hf

± (t) = sin2 χShf
z (t) ± cos2 χShf

x (t), where Shf
l (t) =∫∞

ω1

dω
π

∣∣∣f̃t(ω)
∣∣∣2 S̃l(ω). The sums over odd diagrams in

Eq. (12) are nonzero only for FID, giving a nontrivial phase
shift inW (t) that is characteristic for free evolution dephasing
due to low-frequency transverse noise [7, 59, 60]:

ΣFID
2k+1(t)=

1

2
arctan

(
σ2

0+t

B

)
Σ̃FID

2k+1(t)=− sin2 2χ

8B
ηFID(t)σ4

0−t
3. (18)

We calculated the highest subleading contribution due to
linked odd diagrams, with one less σ2

0l factor, showing it to be
negligible for experimentally relevant noise parameters [57].

Results. We now demonstrate the versatility of our two-
axis noise theory in predicting decoherence at arbitrary work-
ing positions, by considering real-life noise parameters, per-
taining to the charge (J) and magnetic (H) control fields in
singlet-triplet spin qubits. We consider αJ = αH = 1, such
that S̃J/H = A2

J/H/ω for both noise spectra with a low-
frequency cutoff of ω0 = 1 Hz, and also include for the nu-
clear noise a quasi-static contribution SqsH = σ2

0Hδ(ω). Un-
less otherwise noted, we take the high-frequency nuclear noise
amplitude as AH = 66 peV [50], attributed to shaking of the
electronic wavefunction by charge noise. For αJ =1 we have



4

0 0 . 2 0 . 4 0 . 60
0 . 2
0 . 4
0 . 6
0 . 8

1

0 2 4

b

t  ( m s )

 

 

W

t  ( m s )

 s 0 J = 1  n e V
 s 0 J = 5  n e V

a

c = 0 c = p / 2

 s 0 H = 0 . 1  n e V
 s 0 H = 1  n e V

 

 

FIG. 1. FID decoherence function, Eq. (8), calculated to first or-
der (dashed lines) and with a full cumulant summation (solid lines).
(a) J = 0.5µeV, δh = 0 (χ = 0), σ0H = 0.1µeV relevant for
GaAs QDs, σ0J = 1 neV (Blue lines) and 5 neV (Red Lines), and
AJ = σ0J/5. The perpendicular noise contribution becomes domi-
nant with smaller charge noise amplitudes. (b) J = 0, δh = 0.1µeV
(χ = π/2), σ0J = 10neV, and AJ = 0.2σ0J . We consider low
static magnetic noise values σ0H = 1 neV, 0.1 neV with the latter
relevant for isotopically purified Si QDs with micromagnets [33, 40].

AJ ≈ σ0J/5 at typical ω0 values, and AJ ≈ 10−3J , as was
measured in [31].

In Figs. 1a and b we consider FID at χ = 0, and π/2,
respectively, focusing on scenarios where the transverse (⊥)
noise contribution is comparable or greater than the longitudi-
nal (‖) one. In either case the main contribution to the longitu-
dinal noise comes from cx/z , Eq. (13), resulting in dephasing
time of T2‖ =

√
2/σ0‖, whereas the dominant contribution to

the transverse noise comes from the linked terms, Eqs. (15),
(17), resulting in dephasing time of T2⊥ ≈ 7.3B‖/σ

2
0⊥ [61].

For χ = 0 the transverse (nuclear) noise contribution can
easily dominate dephasing due to the relatively large Over-
hauser field gradient static noise of σ0H = 0.1µeV, measured
for GaAs QDs [50] (see Fig. 1a), but at χ = π/2 (Fig. 1b),
the transverse (charge) noise contribution becomes important
only for quiet magnetic environment, e.g., by implementing a
field gradient with local micromagnets (σ0H . 0.1 neV was
measured in isotopically purified Si QDs with nanomagnets
and charge noise dominating spin dephasing [33, 40]). As
the quantization axis tilts, χ & 0, the longitudinal noise con-
tribution includes nuclear noise component, thus becoming
dominant with a resulting Gaussian decay. This is demon-
strated in Fig. 2a, where we provide T2 FID times vs. δh for
J = 0.5µeV. With increasing δh, decay is dominated by lon-
gitudinal contribution, adequately described by the first order
calculation.

In order to provide an intuitive explanation for the decoher-
ence in a DD setting, we consider spin echo (SE) as an ex-
ample, assume quasi-static nuclear noise (AH = 0) and again
limit our discussion to the linked terms, Eqs. (15), (17) (this
picture is largely unchanged if small dynamic nuclear noise
is added). Starting at χ = 0 we have Gaussian decay due
to longitudinal noise, TDD

2J ≈ 3/AJ , while the quasi-static
transverse noise is echoed away. As χ increases the longitu-
dinal dephasing time becomes TDD

2‖ = TDD
2J / cosχ, whereas

under the reasonable assumptions AJ � AH , σ0J � σ0H ,
Eq. (17) gives TDD

2⊥ ≈ 2BTDD
2J /(σ0H sin 2χ), as long as
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FIG. 2. Dephasing times for quasi-static nuclear noise (σ0H =
0.1µeV, AH = 0) as a function of (a) δh for FID at J = 0.5µeV,
σ0J = 1 neV and (b) J for SE at δh = 0.5µeV. Several charge noise
models are shown in (b), including σ0J = 5 neV (red), 1 neV (green)
and 0.05J (blue). Solid lines depict full cumulant summation and
dashed lines show first order calculation. In all cases, AJ = σ0J/5.

tanχ � σ0H/σ0J is met. As χ approaches π/2, longitu-
dinal noise becomes irrelevant whereas the transverse dephas-
ing time saturates at TDD

2⊥ ≈ BTDD
2J /σ0J . Fig. 2b illustrates

this nontrivial two-axis behavior, showing a crossover from
power-law to Gaussian decay for SE.

Finally, Eq. (17) suggests that the transverse dynamic noise
contribution is renormalized by σ2

0+, resulting in an unex-
pected effect whereby longitudinal quasi-static noise can im-
pact decoherence under DD. This effect is demonstrated in
Fig. 3, where we consider δh � J and show that increas-
ing the (predominantly) longitudinal nuclear quasi-static noise
from σ0H = 0.01µeV to 0.1µeV results in 25% (37%) re-
duction in dephasing time with (without) additional dynamic
noise. We note that additional longitudinal-transverse noise
mixing originates from the semi-linked contributions, as seen
by comparing dashed lines (full calculation) with dotted lines
(excluding semi-linked terms) in Fig. 3.
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FIG. 3. Decoherence function vs. time for SE at δh = 0.1µeV,
J = 0.02µeV. The charge noise parameters are σ0J = 5 neV and
AJ = σ0J/5, and we compare nuclear quasi-static noise of σ0H =
0.01µeV (dashed red) and 0.1µeV (dashed blue). Solid lines depict
decoherence with additional dynamic nuclear noise with amplitude
AH =66 peV. Dotted lines illustrate the results forAH =0 excluding
the semi-linked contribution from Eq. (16).

Conclusions. We have developed a theory to evaluate qubit
state evolution under two perpendicular low-frequency noises,
and obtained closed-form results for the decoherence in both
FID and DD settings, by utilizing cumulant summations. Our
theory captures the qubit’s dynamics at any working point,
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including the optimal point, where transverse noise (missing
in previous first order treatments) dominates and near that
point, where the interplay between longitudinal and transverse
noises leads to nontrivial dynamics.
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