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Symmetry fractionalization on topological excitations is one of the most remarkable quantum
phenomena in topological orders with symmetry, i.e., symmetry-enriched topological phases. While
much progress has been theoretically and experimentally made in two dimensions (2D), the un-
derstanding on symmetry fractionalization in 3D is far from complete. A long-standing challenge
is to understand symmetry fractionalization on looplike topological excitations which are spatially
extended objects. In this work, we construct a powerful topological-field-theoretical framework ap-
proach for 3D topological orders, which leads to a systematic characterization and classification
of symmetry fractionalization. For systems with Abelian gauge groups (Gg4) and Abelian symme-
try groups (Gs), we successfully establish equivalence classes that lead to a finite number of pat-
terns of symmetry fractionalization, although there are notoriously infinite number of Lagrangian-
descriptions of the system. Based on this, we compute topologically distinct types of fractional
symmetry charges carried by particles. Then, for each type, we compute topologically distinct
statistical phases of braiding processes among loop excitations and external symmetry fluxes. As
a result, we are able to unambiguously list all physical observables for each pattern of symmetry
fractionalization. We present detailed calculations on many concrete examples. As an example,
we find that the symmetry fractionalization in an untwisted Zs X Za topological order with Zs
symmetry is classified by (Z2)® @ (Z2)? @ (Z2)*> @ (Z2)?. If the topological order is twisted, the
classification reduces to (Zg)6 in which particle excitations always carry integer charge. Inspired
by the field-theoretical analysis, we find that our classification of symmetry fractionalization with
twist w can be formally organized into an algebraic formalism: €p,, H(Gy N, Gs, U1)) /T (1),
where anomaly-free symmetry fractionalization on particles v; € H2,,(Gs, Gy). Despite the lack
of detailed dependence of I',,(v;) on w and v;, the present field-theoretical approach allows us to
efficiently calculate and understand I'.,(v;). Several future directions are present at the end of this

paper.
CONTENTS B. M3L invariants, M3L statistical phases, and
two origins of periods 11
1. Introduction 2 C. General procedure for computing SFL 12
A. Research background 2 1. Enumerating all independent M3L
B. Synopsis and summary of key findings 3 invariants and M3L statistical phases 12
C. Technical aspects and outline 6 2. Quantization rules and periods of M3L
statistical phases 12
II. Symmetry fractionalization on particles 7 D. Anomalous symmetry fractionalization 13
A. Topological actions and implementation of E. Preliminary observations on algebraic
global symmetry 7 structure and procedure of gauging 14
B. Equivalence relations and reduction of charge
matrix 8 IV. Symmetry fractionalization in untwisted
topological orders: taking Z,4 topological order
III. Symmetry fractionalization on loop excitations 9 enriched by Z, symmetry as an example 15
A. Coefficients of twisted topological terms A. Computation of SFP 15
affected by global symmetry ) B. Minimal model for computing SFL 15
C. Computation of SFL for each SFP 16
1. Computing SFL when SFP is e0 16
* Present address: Department of Physics, The Chinese University 2. Computing SFL when SFP is eC 17
of Hong Kong, Shatin, New Territories, Hong Kong, China 3. Computjng SFL when SFP is either eQJr
 Corresponding author: yepeng5@mail.sysu.edu.cn or GQ_ 18


mailto:Corresponding author: yepeng5@mail.sysu.edu.cn

VI

VII

Symmetry fractionalization in twisted

topological orders: taking Zs X Zs topological
orders enriched by Zs symmetry as an example 19
A. I3L statistical phases for Zs x Zs topological

orders 19
B. Computation of SFP 20
C. Minimal model for computing SFL 20
D. Fractional Zo symmetry charge in twisted

Zo X 7o topological orders must be

anomalous 22
E. Computing SFL for each SFP 22

1. Computing SFL when SFP is e;0e20 22
2. Computing SFL when SFP is either

e1Ces0 or e10esC 23
3. Computing SFL when SFP is e;CexC 23

Symmetry fractionalization in topological orders
with multi Zg symmetry subgroups: taking Zo
topological order enriched by Zs X Zo symmetry

as an example 24
A. Computation of SFP 24
B. Minimal model for computing SFL 24
C. Computing SFL for each SFP 26
1. Computing SFL when SFP is €00 26

2. Computing SFL when SFP is either eC0O
or e0C' 28
3. Computing SFL when SFP is eCC 30
Summary and outlook 30
Acknowledgments 30
Frequently used abbreviations and concepts 30

B. Review on 3D bosonic topological order: particle

H.

excitations, loop excitations, and twisted gauge
theories 31

General properties of charge matrices 32

Quantization and periods of coefficients of
twisted topological terms 33

M3L statistical phases from M3L invariants 34
Procedure of gauging 35

Zy topological order enriched by Zg symmetry 35

1. N=2, K=2n+1 36
a. SFP 36
b. SFL 36

2. N=2, K=2" 37
a. SFP 37
b. SFL 37

3. N =4, K =4" 38
a. SFP 38
b. SFL 38

Details of substituting Eq. (100) into the twisted
terms 41

1. Zn x Zx topological order enriched by Zx

symmetry 41
1. N=2,K=2" 44

a. SFP 44

b. SFL 44

J. Zy topological order enriched by Zon X Zon

symmetry 48
1. SFP 48
2. SFL 49
References 53

I. INTRODUCTION
A. Research background

Symmetry fractionalization (SF)! is a remarkable
quantum phenomenon arising from the interplay of global
symmetry and topology in strongly correlated systems
[1-4]. For example, in the superconductivity theory
of doped cuprates [3], electrons are fractionalized into
holons and spinons carrying charge and spin respectively,
which behave differently from electrons. Especially, the
fractional quantum Hall systems [5] as typical topological
phases of matter, support fractional charge excitations
called anyons, which has been experimentally observed
[6-10]. On the other hand, in quantum spin liquids [11-
13], the spinon excitations carry half-spin quantum num-
bers, in contrast to spin-integer magnon excitations in
magnetically ordered materials. Such kind of symmet-
ric topological orders is often referred to as “symmetry-
enriched topological phases (SET)” [14]. The patterns of
symmetry fractionalization in SET phases, as illustrated
in above examples, are important for both theoretical and
experimental sides. Intuitively, the existence of symme-
try fractionalization on particles can be encoded, indi-
rectly, by the Aharonov-Bohm (AB) phase €' of braid-
ing a particle carrying fractional charge around a U(1)
symmetry flux. If g takes integer, the resulting phase is
said to be trivial and can be used to establish equivalence
relations for fractional parts of ¢. This AB phase count-
ing motivates us to transform the problem of SF into the
problem of braiding statistics of underlying topological
excitations in the presence of external symmetry fluxes.
In fact, we will use this mized braiding statistics involv-
ing both topological excitations and external symmetry
fluxes to efficiently study SF in the present paper.

One of the key tasks in the study of SET phases is
to understand how global symmetry acts on topological
excitations in a self-consistent fashion. In an anomaly-
free SET, global symmetry transformations on the whole
spectrum are compatible with full data of topological

1 Some frequently used abbreviations are collected in Appendix A.



order. Otherwise, the constructed SET is said to be
anomalous, which might be realizable on the boundary
of some higher dimensional topological phases including
symmetry-protected topological phases (SPTs) [15, 16].
For example, the surface of bosonic topological insula-
tors [i.e., 3D bosonic SPT with U(1) and time-reversal
symmetry| supports a Zg topological order with unbro-
ken symmetry, such that both e anyon and m anyon
carry half-quantized electric charge. Such a symmetric
2D topological order can exist as a surface state [17-24].

Since 1D gapped phases do not admit topological order
[25], SET phases only exist in two or higher dimensions.
2D SETs and the associated SF have been studied from
various theoretical approaches [1, 2, 26-36]. From group-
theoretical point of view, one of the key points in 2D
SET phases is that anyonic excitations can carry projec-
tive representations of the symmetry group of the system.
The product of two projective representations may result
in a linear representation, which is consistent with the fol-
lowing two facts (i) anyons must be created in pairs and
(ii) the whole many-body wavefunction must transform
linearly under symmetry transformations. Furthermore,
one needs to consider the situations that symmetry may
permute different types of anyons and that some pat-
terns of symmetry fractionalization may have anomaly.
Sometimes, the permutation invariance among anyons is
called “anyonic / topological symmetry” in the literature.
To elaborate, symmetry enrichment of 2D topological or-
ders involves three aspects:

(i) permutation of superselection sectors under sym-
metry transformations;

(ii) symmetry fractionalization of topological excita-
tions; and

(iii) stacking with nontrivial SPT layers.

In more sophisticated situations, nontrivial permutation
among different topological excitations would make it
hard to define projective representation of symmetry
group. A systematic framework called “G* tensor cat-
egory” for 2D bosonic SET is established [31], which is
related to the mathematical framework in Ref. [37]. The
authors in Refs. [35, 36] proposed a general framework
for 2D fermionic SETSs, which is the so-called modular
extension of unitary fusion category. It is equivalent to
the “G™* tensor category” when 2D bosonic SETs are con-
sidered. Very recently, frameworks of physical characteri-
zation and classification for 2D fermionic SETs are estab-
lised in Ref. [38-42]. For more about 2D SF, we suggest
the review article [1].

In 3D or higher dimensions, quantum statistics of par-
ticles is less interesting compared to 2D: anyons do not
exist [43, 44] and mutual statistics among particles is triv-
ial. Nevertheless, topological excitations with spatially
extended shapes emerge in the low-energy physics. As a
result, braiding data become far more fruitful and com-
plicated [45-51]. In the long-wavelength limit, such spa-
tially extended objects geometrically form closed man-

ifolds?, such as loops®, membranes, ---. For example,
3D toric code model is the simplest toy model exhibit-
ing 3D topological order, where topological excitations
include a particle carrying Zo gauge charge and a loop
carrying Zo gauge flux. In the literature, some con-
crete examples of 3D SETs have been studied [23, 54—
61]. For instance, 3D fractional topological insulators in
both bosonic and fermionic systems [55-65] are typical
3D SETs in which time-reversal symmetry plays a crit-
ical role and the axion angle is quantized at fractional
but time-reversal invariant value. One generalization of
the anyonic symmetry to 3D SET phases was discussed
in Ref. [58], which are dubbed charge-loop excitation
symmetry. Anomalous SETs in 3D were considered in
Ref. [66, 67] and surface theory of 3D SETs was partially
studied in Ref. [23, 60]. In Refs. [68, 69|, the authors
relate symmetric properties of loop excitations to prop-
erties of specific lower-dimensional topological systems.
Ref. [70] constructed many local bosonic models in 3D
which can realize various types of simplest topological
orders with time-reversal symmetry. In Ref. [71], the au-
thors initiate the field-theoretical line of thinking to study
SET physics, especially emphasizing the critical role of
symmetry-enriched gauge theories. Very recently, two
formal frameworks based on higher-form symmetry and
spectral sequences in Refs. [72, 73| are proposed to clas-
sify symmetry enriched gauge theories and SET phases.

Despite the above progresses, the theoretical study of
3D SET phases is far from complete and satisfactory,
as compared with the aforementioned triumph in 2D
SET phases. In higher-dimensional topological orders,
one may ask how to systematically classify SF on spa-
tially extended topological excitations. And, what are
relevant physical observables responsible for such kind
of SF' phenomena? For example, one may wonder rigor-
ously how many distinct phases are there when Zs topo-
logical order is enriched by Zs symmetry? And, how
can we distinguish them via physical observables of ei-
ther realistic experiments or thought experiments? And
more seriously, what is meaning of SF on Z, gauge fluxes
(i.e., Zs loop excitations)? Motivated by these questions,
in the present work, based on previous efforts, we at-
tempt to complete the construction of a systematic field-
theoretical description of 3D SET phases for the purpose
of physical characterization and systematic classification
of patterns of symmetry fractionalization in 3D topolog-
ical orders. Specially, attentions will be paid to loop ex-
citations, which are entirely absent in lower dimensions.
Inspired by the AB phase counting picture mentioned

2 As a side note, non-manifold-like excitations [52, 53] are found
in a class of exactly solvable models that exhibit exotic fracton-
topological order.

3 In this paper, we use “loop excitations” rather than “string exci-
tations” although the latter are also popular in the literature.
Furthermore, “particle excitations” and “loop excitations” are
also frequently simplified as “particles” and “loops” unless oth-
erwise specified.



at the very beginning of this paper, we expect braiding
statistics in the presence of external symmetry fluxes will
be a very important way to characterize SF on loops.

B. Synopsis and summary of key findings

In this paper, we consider systems with discrete global
symmetry and Abelian topological order described by
topological quantum field theories (TQFTs) [74], where
both the symmetry group G and the gauge group G, are
Abelian. We develop a step-by-step way to compute SFP
(symmetry fractionalization on particles) and SFL (sym-
metry fractionalization on loops), which eventually ren-
ders a classification of SF' patterns. The classification is
complete within the present field-theoretical framework.

The classification is illustrated in Table I via several
typical examples. Each 3D topological order is labeled
by two input data: a gauge group G, and a cocycle
w € HY(G,,U(1))*. Each cocycle, in our field-theoretical
formalism, is uniquely represented by a twisted topolog-
ical term (i.e., twist in Table I). It should be noted that
the trivial element in the classification means ‘SET with
trivial SF or SF-trivial SET’. The SF-trivial SET for
a Gy topological order with a twist w and a symmetry
G can be viewed as stacking a Gs SP'T on top of a G|
topological order with a twist w. In contrast, an SET
with trivial symmetry enrichment is a concept with much
stronger constraints, where the following aspects are re-
quired to be simultaneously trivial: permutation among
excitations, SFP, SFL and stacked SPTs. Therefore, the
classification we obtain in Table I is the classification of
patterns of symmetry fractionalization, which is an im-
portant building block of the final SET classification.

Patterns of symmetry fractionalization in an SET
phase are composed by the patterns of SFP and SFL.
These data, as classified in Table I, are physically ex-
plained in Tables II, IIT and IV for various representative
combinations of G5 and GG4. To characterize SFP, one can
braid particle excitations around externally inserted sym-
metry fluxes and collect all inequivalent braiding phases.
The resulting braiding phases in turn reflect how symme-
try charge is fractionalized on particle excitations with
nontrivial gauge charges. Among all types of SFP, we
also carefully exclude anomalous types. The patterns of
anomaly-free SFP are shown in the first columns in Ta-
bles II, ITI and IV. To characterize SFL that is much more
complex than SFP, we compute a set of physical observ-
ables, which we dub ‘mixed three loop braiding’ (M3L)
statistical phases. We study the quantization rules and
periods of all M3L statistical phases, which are utilized

4 Some technical description of such bosonic 3D topological order
can be found in the literature see, e.g., Refs. [75, 76]. Appendix B
also provides useful information. But if taking Borromean rings
braiding into account, there are more types of 3D topological
order [48, 49| which will not be considered in this work.

to characterize and classify SFL when SFP is specified.
The patterns of SFL for any given SFP are listed in the
main body of Tables II, IIT and IV, which are physical
observables of symmetry fractionalization.

In summary, the key findings of the present work can
be summarized into the following aspects:

(i) A systematic field-theoretical framework is fi-
nally established for SF patterns of SET phases
with Abelian gauge groups and Abelian symmetry
groups. Several technical difficulties are solved. Es-
pecially, among infinite number of Lagrangians, we
figure out equivalence relations which give rise to a
finite number of equivalence classes;

(ii) The characterization of SFP and especially SFL is
provided. Physical observables are constructed to
unambiguously label SETs with distinct SF pat-
terns;

(iii) We find many exotic SET phases with nontrivial
SFP and SFL. For example, we find an SET phase
with Z4 symmetric Z4 topological order where both
SFP and SFL are nontrivial, i.e., gauge charge car-
ries one half Z, symmetry charge and nontrivial
M3L statistics 0,z = /8, as shown in Table II.
We also find many exotic SET phases with the Zg
symmetric twisted Zo X Zo topological orders, in
which there are (Z3)% classes with different types
of SFL even though their particle excitations carry
integer charges, as shown in Table III. For Zy x Zo
symmetric Zs topological order, there is an exotic
SET phase where gauge charge carries nontrivial
SFP (either eC0,e0C or eCC) and the SFL are
characterized by M3L statistics involving both two
symmetry flux defects and flux loop excitation, as
shown in Table IV;

(iv) Within the present field-theoretical framework, a
complete classification of SF is naturally obtained,
some of which are collected in Table I;

(v) Inspired by the present field-theoretical framework,
the underlying algebraic structure of SF patterns is
briefly discussed, which leads to several stimulating
questions.

C. Technical aspects and outline

Below we elaborate the key technical steps of our cal-
culations. The low-energy effective field theory of topo-
logical order is TQFT [74]. Therefore, what we have
explored is essentially the interplay of TQFT and global
symmetry. More specifically, if a topological order is de-
scribed by TQFT of some gauge group, the existence
of anomaly-free SETs necessarily enforces stringent con-
ditions such that gauge transformations and symmetry
transformations are mutually compatible. In TQFT, to



TABLE I. Classification of symmetry fractionalization. We use gauge group G4 and “twist” to determine a topological
order. n =1,2,---. Zy topological order is always untwisted, so we denote the twist as —. We use a pair of integers (coefficients
of two linearly independent twisted topological terms) to label a twist. If both integers vanish, the term is untwisted. The
classification is expressed as C1 ® C2 @ ---, where ¢ = 1,2,... of C; label the i-th type of SFP (symmetry fractionalization
on particles). Within a given type i, C; corresponds to the classification of SFL (symmetry fractionalization on loops). @
denotes a summation over topologically distinct types of SFP. We organize SFP types such that the less “fractionalized”
SFP comes first. That is, C1 always denotes the SFL classification when SFP is trivial. The symbol “(Z,)™” is defined as
(Zn)™ =Zn X Zp - - - Zn, where m denotes the number of Z,’s repeated in the direct product. The symbol “k(Z,)™” is defined
as: k(Zn)™ = (Zn)" ® (Zn)" ® -+ ® (Zn)™, where k denotes the number of (Z,)™’s repeated in the summation. For example,
when gauge group Gy = Z2 and symmetry group Gs = Zan, the classification is given by Zs X Zo @ Z1, i.e., 2% +1 =5 distinct
patterns of symmetry fractionalization and thus distinct SET phases. If e particle (i.e., the particle with unit Zs gauge charge)
carries integer symmetry charge, the classification of SFL on the unit Z> gauge flux (i.e., elementary loop excitation denoted
as X) is Za X Zo = (Z2)?, (i.c., 4 different classes that form a cyclic group); if e particle carries one-half symmetry charge, the
classification result is Z; (i.e., only the trivial one). For G4 = Za x Zs, there are four different twisted terms labeled by (0, 0),
(2,0), (0,2), and (2,2). The corresponding topological orders are denoted by TOi, TO2, TO3, and TO4. But the difference
between TO2 and TOs3 is trivial as they are changed to each other upon switching two Z» gauge subgroups. For this reason,
in this table, we only preserve (2,0). Each SET phase is characterized by a set of physical observables, which are shown in
Table II, III, and IV.

Gauge group G, Twist Symmetry group G, Classification
Za - ZLan+1 Zy
7o - Zion (Z2)* ® 71
T - ZLign X Zian (72)° © Lo © Zo © Zo
Za - Zyn (Z4)? © L2 71 D7
ZQ X ZQ (07 0) Zzn (ZQ)6 S (Zz)2 52 (ZZ)2 @D (ZQ)2
ZQ X ZQ (2, 0) Zzn (Zz)6
ZQ X ZQ (2, 2) Zzn (Zz)6

TABLE II. Z4 topological order with Z; symmetry. In this case, Gy = G5 = Z4. In the column of SFP, e denotes the
particle excitation that carries unit gauge charge of G4 gauge group. The symbols “e0”, “eC”, “eQ)+” mean that e carries integer,
half-integer, :t% symmetry charge of Zs4 symmetry group, respectively. For each given SFP, we can characterize SFL via a set
of M3L statistical phases (denoted by 0...) that are uniquely determined by linearly independent integers with proper periods
(i.e., p1,p2,---). X denotes the elementary loop excitation that carries unit Gy gauge flux. o denotes the unit quantized Gs
symmetry flux. Oqp,c denotes an M3L (Mixed 3-Loop)statistical phase of the M3L braiding process: loop-like object a (either
loop excitation or symmetry flux) is braided around b both of which are linked to ¢. If a and b are identical, the braiding
process, e.g., 0q;c is the exchanging phase upon exchanging two identical loop-like objects denoted as a, both of which are linked
to c. The periods indicate the minimal trivial values of the M3L statistical phases. Two values of a given M3L statistical phase
are said to be equivalent if they differ by a period. The classification is given by (Z4)? ® Z» ® 2Z; which is also summarized in
Table I. The exposition of technical details of this table is present in Sec. IV.

Characterizing SFL by M3L statistical phases

SFP 0500 . . By 55 O5. 5.0 050 Classification
value: 3mp1/8 mp1/4 mp1/8 3mp2/8 mp2 /4 mp2/8
e0 periods: w/2 w/2 /2 w/2 /2 /2 PLE 2Ly, p2 €24
value: mp3/8 0 mp3/8 0 0 mps/4
e periods: /4 /4 /4 /4 /2 /2 ps € L2
value: 0 0 0 0 0 0
Q-+ or Q- periods: /8 /8 /8 /8 /2 /2 2

detect symmetry fractionalization, one can externally in- G4 and symmetry group G, are given. This calcula-

sert symmetry fluxes such that braiding statistical phases
among topological excitations (both particles and loops)
and symmetry fluxes can be used to describe the interplay
of symmetry and topological order. Then, by computing
all braiding data via TQFT, one can characterize and
classify SF patterns of SET phases.

In this paper, we first exhaust all types of SFP via
field-theoretical calculation on braiding of particle and
symmetry-flux, which can be done as long as gauge group

tion is conducted in Sec. II. Several technical difficulties,
e.g., treatment on infinite number of possible “charge ma-
trices”, are successfully solved. We note that, some of
SFP types found in this section are essentially anoma-
lous when G-topological order is twisted.

Then, for a given type of SFP, we exhaust all types of
SFL via field-theoretical calculation on M3L statistical
phases, as shown in Sec. III. M3L statistical phases are
closely related to the so-called three-loop braiding sta-



TABLE III. Z> x Z> topological orders with Z> symmetry. In this case, Gy = Zn, X Zn, and G5 = Zz with N1 = N = 2.
In the column of SFP, e; denotes the particle excitation that carries unit gauge charge of Zxy,; gauge subgroup. The symbols
“e10” and “e1C” mean that e; carries integer and half-integer symmetry charge of Zs symmetry group, respectively. For each
given SFP, we can characterize SFL via a set of M3L statistical phases (denoted by 6..) that are uniquely determined by
linearly independent Zy integers (i.e., p1,p2,--- ,p12). Y% denotes an elementary loop excitation that carries unit gauge flux
of Zn, gauge subgroup. We note that there are four topological orders with the same gauge group Zs X Zz (two of them
are actually identical; see the caption of Table I). The last column specifies topological orders that can, in an anomaly-free
way, realize the SFP and SFL in the same row. We also note that for the first row, i.e., e10e20, the (Zg)6 classification for
SFL can be realized by all Zs x Za topological orders while the other three rows can only be realized by TO1, i.e., untwisted
topological order. Therefore, as shown in Table I, the classification for untwisted TO1 is (Z2)° @ 3(Z2)? while for twisted one, it
is (Z2)% only. The exposition of technical details of this table is present in Sec. V. For saving space, this table does not include
051 51.0,052 52.0,05 551,05 552, all of which are vanishing up to proper periods.

SFP

Characterizing SFL by M3L statistical phases

Classification TO

021,0;0 90‘;21 60,21;21 621;0‘ 922,0';0 90‘;22 90‘,22;22 922;0 90‘,22;21 022,21;0‘ 0(7‘,21;22
value:  BLT  pim pam pam  pam  paw pam pam psT per  (stpe)m .
e10e20 periods: 72r 7? 72r 727 71? 712' 7? 71? 7? 7? 7? (P, ,ps) € (Z2)" all TO;
value: 0 0 0 0 g L 0 bsT 0 ez 0 2
610620 . ) 4 4 2 2 (p7 pg) € (Zz) T01
periods: % 3 5 b 5 5 5 ™ 5 m 5 ’
value: boT  Pof 0 Liom 0 0 0 0 bon 0 Py
e10e,C AT T 4 2 2 (o, p10) € (Z2) TO,
periods: 5 5 5 g 5 5 5 T 5 s 5 ’
value: pLIT puiT 0 ple™  p11m Pl 0 (P11+p12)™ 0 pum 0 9
. 4 4 2 4 4 2 2 . T
e1CexC periods: 2 i = z i z x 2 z z z (p11,p12) € (Z2) (O
TABLE IV. Z; topological order with Z> x Z> symmetry. In this case, Gy = Z2 and Gs = Zk, X Zk, with K1 = Ky = 2.

The symbols “e0” and “eC” mean that e carries integer and half-integer symmetry charge of one of the two Zs symmetry groups,

respectively. o’ (i = 1,2) denotes a unit symmetry flux of Zk, symmetry subgroup. o

12 45 a composite of o' and o2 as a result

of fusion process. For each given SFP, we can characterize SFL via a set of M3L statistical phases (denoted by 6...) that are

uniquely determined by linearly independent Zo integers (i.e., p1,p2,- - -

is present in Sec. V1.

,p9). The exposition of technical details of this table

Characterizing SFL by M3L statistical phases

SFP 0,155 0501 O55101 Oo1s 05255 Os02 050202 Oo2is 050201 052515 55102 O5 512,51 Os 512,52 Classification
value: ~ PAT  PLT  pzm pam p3m  pgm  pam pam psm  (Ps¥pe)m pom (Pafps)m (Pafpe)m

€00 ue 2 2 : 2 2 2 2 2 : 2 p (p1,-++ ,p6) € (Z2)°
periods: 7 T T m T T m m m m T m T ’
value: 0 0 0 0 0 0 0 0 % 0 0 0 0

eC0 L 2 p7 € Lo
periods: 5 g 5 5 T g T T T 5 5 5 5

0C value: 0 0 0 0 0 0 0 0 0 0 = 0 0 cz
periods: T g T T 5 g 5 5 5 5 T 5 5 pe 2

lue: pom pom

cco e 00D D00 00000y

periods: > ™ 5 > > ™ > 5 > 5 5 ™ ™

tistical phases where “three loops” are really three loop
excitations [45]. But, in an M3L process, “three loops”
means a mixture of loop excitations and external sym-
metry fluxes. The latter are geometrically loop-like too.
Even though it might be conceptually straightforward to
shift from three-loop braiding to the M3L braiding, it
is very challenging to formulate them in a precise and
significant manner. For example, how many M3L sta-
tistical phases should we take into account for a certain
symmetry, given a 3D topological order? What are the
equivalence relations among M3L statistical phases af-
fected by both gauge group and symmetry group? What
are the quantization rules, linear dependence, and peri-
ods of these M3L statistical phases?

To address these questions, we realize that these M3L

statistical phases are closely related to a set of invariants,
which we dub M3L invariants as shown in Table V of
Sec. III. The M3L invariants are expressed in the space-
time manifolds, from which we can determine the M3L
statistical phases, similar to the fact that the Hopf link
invariants in (2 + 1)D spacetime can determine mutual
statistics of anyons in 2D topological orders. All these
M3L invariants can be derived from TQFTs with certain
twisted topological terms, which provides a platform for
systematic study of M3L invariants and M3L statistical
phases. We expect the present framework we adopt is
universal enough to capture the most general M3L sta-
tistical phases for the cases we consider in this paper. We
also believe this framework can be generalized to study
more complicated cases.



The remainder of this paper is organized as follows:

(i) In Sec. II, we discuss symmetry fractionalization
on particles (SFP). In Sec. ITA, we review TQFT
description of 3D topological order with symme-
try, where several relevant terminologies are in-
troduced. Appendix B is relevant to this subsec-
tion. In Sec. II B, we study SFP from the field-
theoretical viewpoint, where we especially discuss
the reduction of charge matrices. Appendix C is
relevant to this subsection. And, several frequently
used abbreviations and concepts are collected in
Appendix A.

(ii) In Sec. III, we systematically discuss symmetry
fractionalization on loops (SFL). In Sec. IITA, we
study the quantization and periods of coefficients of
twisted terms, which will be useful in the discussion
of SFL. Appendix D is relevant to this subsection.
In Sec. III B, we introduce M3L braiding, M3L in-
variants, and M3L statistical phases. Appendix E is
relevant to this subsection. In Sec. IIT C, we present
the general steps for computing characterization
and classification of SFL. In Sec. III D, anomalous
SETs are discussed. In Sec. IITE, we discuss the
classification from the algebraic viewpoint. Ap-
pendix F' is relevant to this subsection.

(iii) Starting from Sec. IV, we present three typical ex-
amples to demonstrate how to classify and charac-
terize SET phases. In Sec. IV, we study symmetry
fractionalization in untwisted topological orders, by
taking Z4 topological order enriched by Z4 symme-
try as an example. Appendix G is relevant to this
section. In Sec. V, we study symmetry fraction-
alization in topological orders that can be either
untwisted or twisted. We take Zs X Zy topologi-
cal orders enriched by Zs symmetry as an exam-
ple. Appendices H and I are relevant to this sec-
tion. Sec. VI is devoted to topological orders with
multi Zg symmetry subgroups where interplay of
two symmetry subgroups play a critical role. We
take Zo topological order enriched by Zs X Zs sym-
metry as an example. Appendix J is relevant to
this section.

(iv) We conclude the paper in Sec. VII with several fu-
ture directions.

II. SYMMETRY FRACTIONALIZATION ON
PARTICLES

Here we warm up with some preliminary steps, includ-
ing how to implement the global symmetry, and how to
classify SFP. In order to detect SF, we turn on the exter-
nal probe fields and minimally couple them to the con-
served currents written in terms of gauge fields. The
coupling coeflicients are integer-valued and form a so-
called charge matrix. In this paper, we only consider

the Abelian SFP: particles (gauge charges) carry one-
dimensional irreducible projective representations of the
symmetry group. Higher-dimensional projective repre-
sentations carried by gauge charges are beyond the scope
of the present work and will be left for future study.

A. Topological actions and implementation of
global symmetry

The 3D topological orders we consider here are bosonic
and Abelian, which can be described by topological BF
gauge theories [19, 45-49, 66, 76-86] whose action take
the form of °

_ Niio dijk 4 j 5 k
S_/27rbda +/47T2aada (1)

with gauge group Gy = []_, Zn, where repeated in-
dices are summed implicitly. The first term is a set of
BF terms that describe charge-loop braiding processes.
The second term, which we denote by SP ,, can be re-
garded as interaction between gauge fields. S9 , is a set
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of twisted terms that describe three-loop braiding pro-
cesses [45]. Ome can also add some trivial layers corre-
sponding to level-1 gauge fields® (i.e., N; = 1 in action
(1)) to the system, which does not affect the topologi-
cal order but may potentially induce important effect on
SFL. (One can refer to Appendix B for more detailed
review on topological BF gauge theories.) Then, i can
take 1,...,n+n’ as we have taken into account adding n’
trivial-layers (N; =1 fori=n+1,--- ,n+n’).

The global symmetry group to be considered is G5 =
[[L, Zk,. Below we encode the information of global
symmetry into the field theoretical formalism. In the ac-
tion (1), we can define a 1-form conserved current J* for
each i as *J' = %dbi, where * denotes the Hodge dual
operation. Symmetry charges are then carried by those
conserved currents. As a result, each conserved current
(labeled by i) minimally couples to the probe field A%
where the probe field A [23] is used to probe global sym-
metry Zg,. Generally, one conserved current can carry
different symmetry charges, therefore the general form of
the minimal coupling term is

SC:QZ']‘/JJ*A:2T:/ACH)J, (2)

where the summation over repeated indices is implicit.

Since ¢ can take 1,2,- -+ ,m and j can take 1,2,--- ,n+n’,

5 We neglect the wedge product symbol A for simplifying formu-
las. It should also be noted that, if explicitly writing spacetime

indices, there is an additional % prefactor for each b*da’ since b

is of 2-form, which results in %.

6 Definition of “level-1 gauge field”. In this paper, gauge fields are
specially called “level-1” gauge fields if they appear in level-1 BF'
terms. Each BF term is called “a layer”. Those BF' terms with

level-1 are said to be trivial layers.



Q is am x (n+n') integer matrix, called charge matriz,
and its element Q;; could be any integer now. The probe
field A’ takes values continuously in U(1) group but are
in fact “higgsed” to Zg, such that the symmetry flux
piercing any one-dimensional closed path is quantized as
zKﬂ—f with p € Zg,, that is,

B A eZ (3)

2w M1
for Zy, symmetry subgroup where M?! denotes a closed
worldline. A direct consequence of such a quantized sym-
metry flux (3) is that the symmetry charge Q;; = K is
topologically equivalent to Q;; = 0.

B. Equivalence relations and reduction of charge
matrix

Below, we aim to present how to characterize and clas-
sify SFP. We use the fractionalized symmetry charge to
characterize SFP and further consider the equivalence
relations among fractionalized symmetry charges to find
out the minimal symmetry charge that is trivial. We as-
sume that there is no permutation of topological sectors
under symmetry transformations. We will first illustrate
the basic idea and then discuss the main results for the
general cases with detailed derivations in Appendix C.

To illustrate, we discuss a simple example: Z, gauge
theory enriched by Zi symmetry:

Slzi/bda—kg//ldb—l—qg/a*j, (4)
2m 2m

where j# is the excitation current formed by particles
that carry g, unit gauge charge of the gauge field a. If
gg = 1, these particle excitations carry unit gauge charge.
In general, g, can take arbitrary integers. The gauge
group we consider here is Z4, which means ¢, = 4 and
gg = 0 are topologically equivalent. Therefore, g, can
take four inequivalent integers: 0,1,2,3. Keeping the
additivity property of Abelian gauge charge in mind, it
is sufficient and necessary to study SFP in which particle
excitations” carry unit gauge charge, i.e., ¢g = 1 (denoted
by e). Upon integrating out b, we obtain a = —%A under
a proper gauge, then:

Sa=—-2 [ 4x]. (5)

From this effective action, we find that the particle cur-
rent is effectively coupled to the external probe field with
coefficient —@)/4, which indicates that e carries —Q/4

7 Such particle excitations are called “elementary particle excita-
tions” and denoted by e; for Zy, gauge subgroup. Analogously,
“elementary loop excitations” are loop excitations that carry unit
gauge flux, denoted by 3J; for Zy, gauge subgroup.

symmetry charge of symmetry group Z,. We note that
here we do not have any requirement on the integral @
i.e., it might take arbitrary integers, so it seems that
there are infinite choices of symmetry charges, either frac-
tional or integral, carried by e.

To figure out equivalence relations among them, by
noting that @ is the coefficient of minimal coupling in
S1, Q is equivalent to Q + K, i.e.,

Q~Q+K (6)

with K = 16 for the symmetry group Zis, as dis-
cussed at the end of Sec. IIA. On the other hand,
there may be other equivalence relations among sym-
metry charges. One may perform the integral-by-part
and obtain “% J QbdA”, which indicates that the exter-
nal Z4 symmetry flux is also charged in the gauge group
Zy. Therefore, the coefficient @ should be equivalent to
Q4+ N, ie.,

Q~Q+N (7)

with N = 4 for SFP. Intuitively, we can also understand
this equivalence relation of @) by considering the attach-
ment of a trivial particle (i.e., particles with gauge charge
0 mod 4 in Z4 gauge group) to an elementary particle
excitation e that carries unit gauge charge. This attach-
ment process does not alter topological properties, i.e.,
braiding data of e particle, so that after attachment, the
composite of e and trivial particles is topologically equiv-
alent to e. Nevertheless, the attachment of a trivial par-
ticle may shift the symmetry charge Q/N carried by e to
Q/N + 1 as trivial particles carry integer charge. As a
result, we obtain the equivalence relation (7).

By taking the two equivalence relations (6) and (7) into
account, we have®

Q ~ Q+ged(K,N).

Thus, @ /4 is equivalent to Q/4+1, which eventually leads
to four types of SFP: 0, 1/4, 1/2, and 3/4. Among these
four types, the first one is trivial, which actually means
that the symmetry charge is not fractionalized and any
integral charges are equivalent to zero.

The above analysis can be easily generalized to more
general and complicated situations. For a general charge
matrix as (2), it turns out that its element @);; have the
following equivalence relations (see Appendix C for de-
tailed derivations)

Qij ~ Qij + ged(K;, Nj). (8)

Accordingly, if N; =1, i.e., it is a trivial layer, Q;; ~ 0,
which means there is no nontrivial SFP. We can further
define the so-called reduced charge matrix Q, whose el-
ements are defined as: Q;; = Q;; mod ged(K;,N;),1 <

8 gcd stands for greatest common divisor.



1 <m,1 <j<n; Q;; =0, otherwise. Therefore, the
reduced charge matrix is one-to-one correspondence to
the Abelian SFP. In fact, we can use the SFP matriz C;;
to denote the corresponding Zg, symmetry charge car-
ried by Zy, elementary particle excitations denoted as ¢;
(i.e., particle with only unit Zy, gauge charge):

 Qy mod ged(K, Nj)

SFP matrix: C;; = N, N,

)

Therefore, it has ged(XK;, N;) inequivalent values, indi-
cating that there are ged(K;, N;) types of SFP'Y. In to-
tal, we have N, different types of SFP labeled by v; whose
i=1,2,--- N, with

Ny =[] ] ged(®:, N)) . (10)

i=1j=1

We note that v; denotes the trivial SFP in which sym-
metry charge is integral.
We now apply the above results to three examples with

untwisted topological orders (i.e., SO, = 0):

(i) Zn topological order and Zy symmetry. There are
ged(N, K) types of SFP in Zy topological order
with Zx symmetry, which can be respectively la-
beled by symmetry charges that are carried by e:

IR TOTE gdWN.K) 116d 84WNK) - These different
choices of symmetry charges exhaust all types of
SFP. Each type corresponds to a projective repre-
sentation, i.e., an element in the second cohomol-

ogy: H*(Zk,Zn) = Lgca(n,K)-

(ii) Zn, x Zn, untwisted topological order and Zg
symmetry. In such untwisted topological order,
there are two kinds of elementary particle exci-
tations, denoted by e; and ey respectively. Each
elementary particle e; can carry ged(V;, K) dif-
ferent kinds of Zx symmetry charge and in total
there are ged(Ny, K) x ged(Na, K) types of SFP.
Each type corresponds to a projective representa-
tion, i.e., an element in the second cohomology

HQ(ZKvZNl X ZNz) = chd(Nl,K) X chd(Ng,K)-

(iii) Zn topological order and Zy, X L., symmetry. De-
note (s1, s2) as the symmetry charge carried by the

9 We note that the period of C;; can be fractionalized as long as
ged(Ky, Nj) < Nj. Consequently, when Q;;/Nj is fractional, it
doesn’t mean that the elementary particle excitation e; really
carries fractional charge of Zy, symmetry group. It is possible
that the fractional number may be potentially removed by proper
periods. In the following discussion, by “fractional charge”, we
really mean that the fractionalization exists against any periodic
shift. In other words, we’d better define fractional charge in its
“Ist Brillouin zone”.

For j=n+1,--- ,n+n’, we have trivial BF levels, i.e., N; =
1, therefore, C;; is always 0 mod 1, i.e., non-fractionalized. As
such, for the purpose of computing SFP, it is sufficient to consider
reduced charge matrices of a reduced size m X n.
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elementary particle excitation, where s; = % and
ki=1,2,---,ged(N, K;). As a result, there are in
total ged(V, K1) x ged(N, K3) types of SEP, which
exhausts all one-dimensional projective represen-
tations carried by particle excitations. SFP with
non-Abelian representation cannot be realized by
the present field-theoretical framework.

One caveat is: some types among the N, types may
be potentially anomalous, which must be removed from
the final classification. The key reason why so far we are
unable to identify anomalous SF is that twisted terms in
(1) do not enter the calculation of SFP (see Appendix C).
In other words, the above classification is always valid
for untwisted topological orders but potentially contains
anomalous types for twisted topological orders that are
determined by twisted gauge theories in Eq. (1). For
twisted gauge theories with nontrivial twisted terms (i.e.,
all gauge fields are not from trivial layers), collected as
SY ., the reduced charge matrices Q are not always simul-
taneously compatible with gauge invariance and global
symmetry. We will discuss the impact of S?, in Sec-

wm
tions III D and also in the concrete example in Sec. V.

III. SYMMETRY FRACTIONALIZATION ON
LOOP EXCITATIONS

In this section, we present how to characterize and
classify SFL, i.e., symmetry-fractionalization on loop ex-
citations. We use the mixed three loop (M3L) braiding
statistics to characterize SFL. Different from the (intrin-
sic) three-loop braidings where all loops are really loop
excitations of bulk topological order, participants of each
M3L braiding process simultaneously consist of loop ex-
citations of bulk topological order and quantized symme-
try fluxes of external gauge (i.e., probe) fields. Generally
speaking, the M3L braiding statistical phase is defined
to be the phase accumulated in one of the two types of
processes: (1) one loop excitation or symmetry flux de-
fect is braided fully around another loop excitation or
symmetry flux defect which are both linked to the third
loop excitation or symmetry flux defect, (2) two identical
loop excitations or symmetry flux defects are exchanged
which are both linked to the third loop excitation or sym-
metry flux defect. The total number N of loop excita-
tions and symmetry fluxes participating M3L braiding
processes is 3. More generally, there are mixed four loop
braiding statistics with N' = 4, which however is of non-
Abelian nature. In this paper we only consider simplest
cases: M3L, which is sufficient for all examples we will
compute. We begin with the discussion of coeflicients of
twisted topological terms that is closely related to the
MS3L braiding staitistics.



A. Coefficients of twisted topological terms
affected by global symmetry

Here we discuss the quantization levels and periods of
coeflicients of twisted topological terms in the absence
or presence of general charge matrices. We will see that
global symmetry will drastically change the quantization
levels and the periods of the coefficients. We list some
useful formulas here. Detailed derivation can be found in
Appendix D. In the absence of any global symmetry, as
mentioned in Appendix B, the coefficients g;;, of twisted
terms are quantized and periodic:

(11)

TEZN

Qijk = T—F— iik )
Nlj g

is introduced to denote the
5 i.e., Nij... =

where the symbol Nj;...
greatest common divisor of N;, Nj,---
ng(Ni, Nj, s )

In the presence of symmetry, additional constraints
should be taken into account, which often changes the
quantization levels and periods of the twisted-term coef-
ficients. Here we mainly consider two typical cases with
general charge matrices. See Appendix D for the detailed
derivation of the two cases and more general cases. We
consider a gauge theory with gauge group []\_; Zy, and
symmetry group H?;l Zk, in the presence of a twisted
topological term involving the gauge fields a', a2, a®. The
action is given by:

S :SO + Sc ) (12)

n+n
SQ— Z/ i zdbz (J123 1 2d 3 (13)

m n+n
Se=3>" /6227: Aldv (14)

i=1 j=1

where the BF level for trivial layers is unit: N; = 1 for
i =n+1,---,n+n’. The coefficient gi23 is quantized
and periodically identified as

qi23 = kMy23 , k € Zr,, , (15)

where the integers Mi23 and I'123 are defined as:

N1K1 N2K1
ged(Q11, N1K1) ged(Qua, N2K1)'

N1 K> No Ko
ng(QA217N1K2)7 ng(QA227N2K2)7 ’

N1 K, No Ko,
ged(Qm1, N1Km) ged(Qmaz, NaKon)

M123 = lCIIl ]\717]\727

(16)
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and

NI N2 K
F123 = ng lem = )
ged(N1 N2 K, Qj2Mi23)

NlN?KiAKJ'A Vi, g =1,...,m]|,
ged(N1 No K K, Qin Q2 Mias) J
r N N2 K
L gcd(N1 N2 K, Oj1 Mias)|

NlN?KiAKJ’A Vi g =1,...,m]|,
ged(N1 No K K, Qin Q2 Mias) ]
I NiNsK; NoN3 K;

lem

lem

Lgcd(N1N3 K, Qj1Mi2s) ged(NaN3Kj, QjaMizs)’
NiN3K; K;
ged(N1N3 K K, QisQj1 Mias)
NoNs K K;

Ay ,Vi7j:17...7m]}.
ged(NaNs K K, Qi3 j2Mi23)
(17)

Here, the symbol “lem” and “ged” stand for the least common
multiple and greatest common divisor respectively.

There is a very important notation Qij defined as:
Qij=Q¢j7ifQij750;Qij:Ki7ifQij=0. (18)

Using this definition, the expressions of Mi23 and I'123 can
be conveniently applied to both Q;; = 0 and Q;; # 0, which
largely simplifies the remaining calculation of this paper.
Now we consider another type of twisted term: a'a®da?.
We consider a gauge theory with gauge group [[}_, Zn, and
symmetry group [[I", Zk, and the following action

S:SO+SC7 (19)
7L+n

Soiz/_ZZdbz+Q12212d2 (20)
m 7L+n Q

S. —ZZ/ A (21)
=1 j=1

The coefficient qi22 is quantized and periodically identified as
Q22 = kM2, k' € Zr,,y, , (22)

where the two integers Mi22 and I'122 are defined respectively
by:

N1K1 N2K1
ged(Q11, N1K1) ged(Quz, N2K1)'

N1 K> No Ko
ng(QA217N1K2)7 ng(QA227N2K2)7 ’

N1 K, No Ko,
ged(Qm1, NiKm) " ged(Qma, N2Kom)

M122 = lCIIl ]\717]\727

(23)



and

NN K
I'122 = ged S lem = ,
ged(N1 N2 K, Qj2Mi22)
NN KK
ng(NlNQKiKﬁQile2M122)
[ NN K
lem = s
ged(N1 N2 K, Qi1 Mizz)
NlNzKi:Kj ] Vi, G =1, ,,,,m} } .
ged(N1 N2 KK, Qi1 Q2 M22)
(24)

7Vi7j:17...7m}7

From the above two actions with different twisted terms
(a*a*da® and a'a*da®), we reach the following useful con-
clusions:

(i) For the purpose of concreteness, the above formulas are
written by explicitly choosing the first three layers (1st,
2nd, 3rd) that forms a'a*da® and a'a*da®. Tt is natural
to generalize these formulas to three arbitrarily selected
layers as long as we carefully replace layer indices in
order.

(ii) The coefficients gi23 and gi22 follow the same quanti-
zation rule, i.e., Mi23 = Mi22. So, the general minimal
quantized value is in fact fully determined by informa-
tion of 1st and 2nd layers. We introduce a new symbol
Mis:

Mz = M2z = Mi2o . (25)

(iii) In contrast to Mi22 and Mi2s which are equivalent to
each other, the expressions of the two periods, i.e., ['122

and I'123 are not the same, so they should be computed
separately.

(iv) When the twisted term is ata®da®, Ti93 is fully de-
termined by Ni, Nz, Ns, Qi17 Qig, and Qig with
i=1,2,---,m. When the twisted term is a'a?da?,
I"122 is fully determined by Ni, N2, Q:1, and Q;2 with
i =1,2,--- ,m. Therefore, we reach a general result
that I'122 and I'123 are fully determined by the infor-
mation of gauge fields (i.e., levels and coupling matrix
elements) that appear in the twisted term aada.

(v) It a’atda’ is considered, it is clear that Ma11 = Mg
and I'211 = i22. So, it is unnecessary to compute the
coefficient of a2a'da' if the coefficient of a'a®da? has
been computed.

(vi) If symmetry group Gs = Zg, then the above formulas
can be largely simplified by directly settingi =j =1 =
m, K; = Kj =K.

B. MB3L invariants, M3L statistical phases, and two
origins of periods

Here we will show, via an example, how to obtain the in-
equivalent quantized values of M3L statistical phases that are
originated from the same M3L invariant. More explicitly, we
first need to determine the quantization rules of M3L invari-
ants, which can determine the quantization of the correspond-
ing M3L statistical phases. Then, we need to determine the
minimal periods of the corresponding M3L statistical phases.
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To illustrate, we take one Z4 symmetric Z4 topological or-
der as an example, with the following action under proper
gauge choice:

4 1,1 1 2, 2 t 12,2
S—27r/bda—1—27T/bda—&—47T2 a a“da

+%/Adb2+/ai*ji+/bl*217

where 2-form X! represents the world-sheet of the loop ex-
citation current and X2 is omitted since it is a trivial loop
excitation. Both b® and a? are level-1 gauge fields (see foot-
note 6). In this action, 59 . doesn’t exist since Z4 topological
order is always untwisted. But S},, = a2z falazda2 is in-
cluded in the action (see Eq. C2 for definition of S},,). For
simplifying notation, we temporarily use ¢ to replace “gi22” in
this subsection.

Upon integrating out b* and b?, we get o' = -3 *1(*21)
and a? = —Q124 = —%dil(*o). Here d~* formally de-
notes the inverse of differential operator d'', and the 2-form
tensor o = *%dA represents the world-sheet of the symmetry
flux-line. In the expression of o, we choose the coefficient to
be 2/7 such that o counts the number of Z4 unit flux lines,
by noting that dA = 2% X Z. Formally, A can be resolved as:

A = Zd '(x0). Then we obtain

(26)

2

Qiatm
32

Sur=—T /(*f)d*l(*El) . /A . i

/d’l(*El) ANd7H(x0) A (x0). (27)

The first term in Eq. (27) is a Hopf term and leads to the
particle-loop braiding process. Such a process involves one
particle with unit gauge charge and one loop excitation with
unit gauge flux.

The second term in Eq. (27) indicates the particle (denoted
by e2) with unit gauge charge of the level-1 gauge field a?
carries integral symmetry charge, as expected. As a side, this
term can be rewritten as —% f(>|<j2)d*1 x0. If Q2 = 1,
this Hopf term leads to a 7 phase once e2 is braided around
0.

The third term in Eq. (27) describes M3L braiding pro-
cesses, which contributes to three M3L statistical phases (see

2 2
Appendix E): 0, ;.51 = Qlf;”, Oy51 = % and 051 ,., =
2
—%. Here, 0, ,.s1 is the statistical phase of braiding one

symmetry flux around another symmetry flux, both of which
are linked with a loop excitation ¥!, and 051 .., is the sta-
tistical phase of braiding one symmetry flux around %%, both
of which are linked with another symmetry flux. 6, 51 is the
exchange statistical phase of two aAYidenticalaAZ symmetry
fluxes both of which are linked to %*.

Next we investigate all inequivalent values (quantization
and periods) of these M3L statistical phases. We take 0, ,.s1
and 6, 51 as examples. By applying Eqgs. (23) and (24), we

11 While the formal notation d~' works well, a more mathemati-
cally rigorous derivation can be achieved by using Seifert surface
and J-function of manifolds, see, e.g., Refs. |23, 47, 49, 50, 87].



can obtain the quantization for t'%:
t =4k, (28)
where k is a periodic integer:

k€ Zy/gcaaanm) (29)

From Eq. (28), the quantized values of 6, ,.51 and 6, 51 take

@ -k and @ - k with integral k, respectively. Therefore,
when Q12 = 1, they can take the minimal (i.e., most general)
quantized value, i.e., 0, ,.s1 = "Tk, Oy 51 = %k.

Next, we determine the minimal period of the two M3L
statistical phases:

(i) First, we note that Eq. (29) provides a period of ¢. If
Q12 = 1, hence Q12 = 1, the period of ¢t is 16. This
period is required by gauge invariance and symmetry

Q%zt‘rr

invariance. Thus, the statistical phase 0, ,,;s1 = 4

2
is defined modulo 7 and 0,51 = % is defined mod-

ulo 3.

(ii) Second, we consider the periods from attaching parti-
cles to one dimensional objects, as we want to quotient
out the phase ambiguity caused by attaching particles.
More concretely, the trivial particle e can be attached
onto the symmetry fluxes. As a result, attaching an es
particle to one of the symmetry flux will shift 6, ,.s1 by
5 due to the AB phase between ez and the Z4 symmetry
flux o. (See the texts below Eq. (27)). Therefore, fol-
lowing Bezout’s lemma, the minimal period of 0, .51 is
determined by the greatest common divisor of the above
two periods: 7 and Z, that is: 7 x ged(1, %) = %. Like-
wise, in the “exchange” phase 0, 51, in order to keep
both o¢’s identical to each other, we attach one es par-
ticle to each of the o loops. Then, the exchange phase
0,51 is shifted by % X3 +% x 5 = 5. Thus, the minimal

™

period of the exchange phase is 7 x ged(%, 1) = Z.

In summary, the inequivalent quantized values of 0, 1 are

T 7w 37 uy uy uy
mod 5 and those of 0, ,.x1 are 0,7 mod 5. In

’) 87408
a similar fashion, we can obtain the inequivalent values of
051 00 =0,%, %) %" mod 7. If Q12 takes other values, these

M3L statistical phases are not beyond those with Q12 = 1.
Also, if n’ > 1, the M3L statistical phases are not beyond
those with n’ = 1, Q11 = 0 and Q12 = 1. Nevertheless, the
M3L statistical phases may be drastically altered if Q11 # 0,
which we will discuss in Sec. I'V.

C. General procedure for computing SFL

In the following, we shall discuss, on a general ground, how
to obtain SFL for a given SFP. Several important terminolo-
gies will also be introduced. As mentioned, the M3L statisti-
cal phases can be used to characterize SFL, which are deter-
mined by the related M3L invariants. So we first enumerate
all different possible M3L invariants. Then we discuss how
to determine classification (i.e., equivalence relations) among
the M3L statistical phases.

12 Since Q11 = 0 in Eq. (26), we set Quu=K=4. Ny =4, N = 1.
Q12 = 0,1,2,3, which corresponds to Q12 =4, 1,2, 3.

12

1. Enumerating all independent M3L invariants and MS3L
statistical phases

In contrast to SFP, twisted terms play a critical role in
SFL. Twisted terms contain two pieces as shown in Eq. (C2) in
Appendix C. If we start with the action (C1) with gauge group
G4 and symmetry G, by integrating out all dynamical gauge
fields, i.e., all b"’s and a'’s in Eq. (C2), a quantity Z shown
below appears as an effective action that involves three loop-
like objects in which loop excitations and symmetry fluxes
must coexist:

T= 27rzijk/ (d ™10 (ed ) (%K) (30)
M4

where 277 is a real-valued coefficient. We should note that,
the notations €, €2, --- denote either unit symmetry fluxes
o or elementary loop excitations Y. Therefore, the sub-
scripts “i, j, k” are intentionally written in fonts different from
“7:7 j7 k”.

From now on, we also use the coefficient Zjx to represent
the invariant given by (30). The invariant Zij can be used to
describe the following braiding processes:

(i) A statistical phase “27Z;” (denoted as g, 0;;0,) is ac-
cumulated once € is braided around €2; both of which
are simultaneously linked to ;.

(ii) A statistical phase “—27Zj” (denoted as fqo,,0;0;) is
accumulated once € is braided around €2; both of which
are simultaneously linked to €;.

(iii) In general, i, @ and Qi are different from each
other. If € and (2 are identical, the statistical phase
0y ,0;0; = 4m7Zikk. If the process only involves the ex-
change of two identical ’s both of which are simul-
taneously linked to €2, we can have a statistical phase
00,0 = 27 Ti.

Now we discuss how to enumerate all different M3L invari-
ants for a gauge group G4 and a symmetry group Gs. From
the definition of Zjj, the following relation holds:

Tk = —ZLjix (31)

which means that exchanging the positions of the first two
loop objects does not provide a new invariant. Suppose sym-
metry group Gs = [[;" Zxk, and gauge group Gy = [[} Zu;.
Thus, there are m topologically distinct unit symmetry fluxes
denoted as o',02,0%,--- respectively from symmetry sub-
groups Zg,, LK, , LK, - -. There are n topologically distinct
loop excitations denoted as ©!, 32, %3 ... respectively from
gauge subgroups Zn,, ZNy, LNs, - - -

Definition of universal notation: For the latter con-
venience, we introduce the following notation system. We
use Greek letters a, 3,7, -+ as the subscript of Z... if the
corresponding loop-like objects are unit quantized symmetry
fluxes 0%, 02,03, - - of symmetry subgroups 2Kk, LKy, -+ TE-
spectively. We use Latin letters a, b, c, -+ as the subscript of
T... if the corresponding loop-like objects are elementary loop
excitations X!, 22, %3 ... of gauge subgroups Ny s LNy, - -
respectively. In this notation system, we can distinguish two
sets of “1,2,3,---” and thus unambiguously express M3L in-
variants, as shown in Table V.

For the purpose of enumerating all the independent types
of M3L invariants, we follow the two rules:



(i) Enumerate all kinds of mixture of loop excitations and
symmetry fluxes. Among three loop-like objects, if two
of them are loop excitations, they can be identical (e.g.,
both are ¥'). Likewise, if there are two symmetry
fluxes, they can also be identical (e.g., both are o').

(ii) List all M3L invariants for each choice of combination.
Apply Eq. (31) to eliminate redundancy.

To make the above general statements more concrete, we
list three examples in Table V. For instance, G4y = Zy and
Gs = Zxi. In this case, there is only one kind of elementary
loop excitations denoted by ¥ and one kind of unit symme-
try fluxes denoted by o. There are two independent M3L
invariants denoted by Z,aa and Zaaa, whose effective actions
are respectively written as 21700 [(d7" % £)(d™! * o) (x0)
and 27Zaqa [(d™" * 0)(d"" * £)(*X). From the M3L in-
variants, we can obtain the following M3L statistical phases:
90;2 = _02,0;0 = 27TIaaa7 90,0;2 - 47TIaaa7 02;0 = _90,2;2 =
21 ZT0aa, 0s,550 = 4mZaaa. The formulas in Table V will be
used in Sec. IV, V, and VI.

2. Quantization rules and periods of MS3L statistical phases

Next, we discuss how M3L invariants as shown in Table V,
are quantized. From the derivation in Sec. 11 B, we see that a
nonvanishing M3L invariant exists only when twisted terms'?
are present. In other words, M3L invariants numerically de-
pend on the coefficients of twisted terms ¢..., charge matrix
elements Q;;, {N:}, and {K;}.

In practice, a specific twisted term can contribute to many
different M3L invariants. Meanwhile, multiple twisted terms
can contribute to the same M3L invariant. Therefore, in gen-
eral, an M3L invariant is quantitatively determined by coef-
ficients of twisted terms. Since the coefficients are quantized
and periodic, M3L invariants are also quantized and peri-
odic. Once we know how M3L invariants are quantized, we
can straightforwardly deduce M3L statistical phases via the
fourth column of Table V.

Once quantization is obtained, the next step is to determine
the minimal periods of M3L statistical phases. The minimal
period of each M3L statistical phase is the greatest common
divisor of all possible periods. In this paper, we consider
the following two sources of periodic identification for M3L
statistical phases:

(i) First, we note that each M3L statistical phases can be
expressed in terms of M3L invariants. So, the period-
icity of M3L invariants provides a period for each M3L
statistical phase.

(ii) Second, in M3L braiding processes, one can always at-
tach particle excitations onto either £2; or €2 or both.
This attachment leaves flux contents unaltered but may
potentially shift the final statistical phases by an AB
phase. As a result, we obtain another period.

13 Since twisted terms contain two different pieces Sin: = S?m +
Silm as shown in Eq. (C2), even though the topological order is
untwisted, i.e., S?m = 0, one can still add trivial layers and con-
sider Silnt. The coefficients in Silnt are periodically equivalent to

zero if symmetry is not considered. But when symmetry is con-

sidered, they have nontrivial values that cannot be periodically

identified as zero.
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Finally, we can characterize and classify SFL via M3L statis-
tical phases for each SFP.

D. Anomalous symmetry fractionalization

In the following we show that some types of SFP labeled
by v; may be inconsistent with the twisted topological terms,
which is said to be anomalous. For this reason, we must
carefully remove the anomalous patterns in our classification
of SF.

Let us go back to the derivation of SFP in Sec. II B and
Appendix C. In the derivation of SFP, we did not include
the twisted terms S;n:. Hence, it seems that for a specific
(Abelian, finite) gauge group, no matter whether the topo-
logical orders are twisted or not, they can always admit the
same SFP. However, this is not always the case. The reason
lies in the fact that the minimal coupling with external probe
field(s) (i.e., the charge matrix) may substantially affect the
quantization and periods of the twisted terms which in turn
determine whether a topological order is twisted or not. We
will see that some types of SFP cannot consistently coexist
with a topological order with a specific twist, which means
such an SFP is obstructed in certain twisted topological or-
der.

For example, we consider the simplest twisted topological
order, that is Zs X Z2 topological order and Zox symmetry
with the action:

2
_ 2 i i, 4 12,2 1 1
szw/;ﬂbda +4W2/aada —|—27T/Adb (32)

where ¢ = 2. Following the method above, we can know that
here e; carries half integer symmetry charge while es carries
integer symmetry charge. Using the results (16) and (24),
the allowed coefficients of ¢ are 0,4K mod 8K, which are all
equivalent to zero if the symmetry is broken. In other words,
the anomaly-free symmetric twisted Zs X Zs topological order
cannot have such SFP (corresponding to a symmetry assgin-
ment denoted by the charge martix Q = (Q11, Q12) = (1,0)).
On the other hand, if a twisted Zs X Z2 topological order
has such a SFP, then it has to be anomalous. The existence
of this kind of anomaly was first pointed out in Ref. [66] in a
very specific example, but a systematic treatment was lacking
there. In the present work, we are able to characterize and
classify symmetry fractionalization in a systematic and pow-
erful field-theoretical approach, in which the above anomaly
can be safely removed from the final classification.

In Sec. V, we will concretely analyze the symmetry frac-
tionalization in Zs X Zs2 topological orders with Zs symmetry.
When the bulk topological order is twisted, we find in Sec. VD
that nontrivial SFP of Z; symmetry is impossible in twisted
Za X Z2 topological order.

E. Preliminary observations on algebraic structure
and procedure of gauging

In the field of topological phases of matter, it is usually a
hallmark of significant theoretical progress when an algebraic
theory (i.e., abstract mathematics) of a given class of topo-
logical phases of matter is established. For example, group
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TABLE V. List of M3L invariants when gauge group and symmetry group are given. Once the quantized values and periods

of M3L invariants (i.e.,

Z...) are computed, the quantized values of M3L statistical phases (i.e., 6...) can be fixed from the

fourth column. In addition to the periods of M3L invariants, the periods of M3L statistical phases are also affected by ‘particle
attachment’. The final periods are fixed by both factors. More details are available in Sec. III C.

Gy G M3L invariants M3L statistical phases
00;2 = _02,0;0 = 27TIaaa
Iaaa 00‘,0‘;2 = 47TIaaa
Zn Zx Toaa 02;0 = _00,2;2 = 21Z0aa
02,2;0’ - 47TIaaa
90;21 = _021,0;5 = 27rIaaa
90’,0’;21 = 41700
Toaa 921;0 = _90,21;21 = 21Twaa
Ibaa 021,21;0 = 47r1—aaa
Iaaa 00‘;22 = _022,0;0 = 27TIbaa
7N, X LN, L L 9(7,0;22 = 41 Thaa
Iaab 922;0' = _00,22;22 = 27TIO<bb
Zoba Os2 512, = 47 Lopb
Iaba 00,22;21 = 27T(Iaba - aab)
922’21;(7: 27T(Iaab + Iaba)
00,21;22 = _27T(Iaba +Iaba)
92;01 = —901,2;2 = 27rIaaa
02,2;01 = 471'Iaaa
Iaaa 92;02 = —90272;2 = 27‘(‘_’[5[“1
Iﬂaa 92,2;02 = 471'1-5[“1
Taaa 001;2 = _02,01;2 = 217uax
7N L, X Lk, Zapp 901,0;2 =41 7000
Teap Op2.5s = —0Ox ,2.5 = 27Tapp
IBaa 902,0?2 = 47TIGI3/3
IaBa 92,02;01 = 27"(1-04511 +Iaa6)

90'2,0'1;2 = 27"(1-!1045 - Iﬁaa)
901,2;02 = 27T(Iﬁaa - a,Ba)

cohomology theory [15, 16] is the algebraic theory of the clas-
sification of bosonic SPTs. As mentioned in Sec. [ A, a sys-
tematic framework called “G™ tensor category” for 2D bosonic
SET is established [31], which is related to the mathemati-
cal framework in Ref. [37]. While a pure algebraic theory of
symmetry fractionalization in 3D is beyond the scope of the
present field-theoretical approach, it may be still inspiring to
present some interesting observations.

For a given SFP v; and a fixed topological order w, the
classification of SFL can be denoted as Cu(v;), where w €
H'(Gy,U(1)) labels the underlying Dijkgraaf-Witten type
topological order with gauge group Gy4. Then total clas-
sification of SF in 3D SET phases can be enumerated as:
Yo = Eva;l Cu(vi) , where N, = [[i [T/, ged (K, Ni) (see
Sec. I1 B and Appendix C), and the symbol @ denotes a sum-
mation over all SFP types. From Sec. IIID, it is possible
that for certain w, SFP v; is anomalous. If this happens, the
corresponding C,(v;) is replaced by the empty set. In our
field theoretical approach, we have embedded the symmetry
group into a continuous group U(1l) ® --- ® U(1), therefore
all the particles carry one-dimensional irreducible represen-
tations of the symmetry group, which can be either linear
or projective. In other words, all the patterns of SFP we

have considered are Abelian. But more generally, particles
can carry higher dimensional irreducible projective represen-
tations of the symmetry group, belonging to a general element
vi € H*(Gs,Gy)."* In addition, the types of SFL are charac-
terized by M3L statistical phases, which are Abelian phases.
This means we only consider Abelian symmetry fractionaliza-
tion on both particles and loops in the present field-theoretical
framework.

Physically we can gauge the symmetry group G5 and obtain
an enlarged gauge group

G; = Gg >\ui G, (33)

which depends on the choice of v; that is non-anomalous.
Noticing that v; € H?*(Gs,Gy) essentially defines a central
extension of G5 by Gy'” and that the projective representa-
tions of G5 are linear representations of the extended group

4 We assume Gy to be Abelian.

15 More formally, for an element v; € H?(Gs,Gy) with Abelian Gy,
we have a short exact sequence: 0 — Gg — G5 — G5 — 0
which determines an extended group Gg.



Gy, the SFP can be physically understood as ‘gauging’ the
symmetry group which results in a larger gauge group Gf.
For the (non-anomalous) Abelian v;, G} can be obtained by
the procedures in Appendix F. The algorithm presented in
the appendix provides an efficient route to G. The SFL, on
the other hand, are closely related to (but not the same with)
the (twisted) gauge theory after the gauging.

With this observation, we conjecture that

Cu(vi) = H (G n, Gs,U(1)) /T (1) (34)

for non-anomalous v;, where I', (;) stands for an ‘equivalence
relation’ in the sense that both of the topological order and
the SF patterns are equivalent. Therefore, the classification
of symmetry fractionalization in 3D SET for a bosonic topo-
logical order w with gauge group G4 and symmetry G, reads:

S S HY Gy >, G, U(1)/Tu(vi),  (35)
VieH%on(Gs’Gg)
where we have collected all non-anomalous v; as

H2,.(Gs,Gy). The abstract dependence of T (v;) on
w and v; is complicated. Despite the lack of abstract for-
malism, our present down-to-earth field-theoretical analysis
provides some insights in the form of I'y, (v;). In the following
we analyze the form of ', (v;) via some examples.

For the Zs topological order labeled by wg enriched by
Zs X Zo symmetry, we consider two cases. (i) SFP is trivial
(i.e., €00, denoted by 1), the classification of SFL is (Z2)®,
while for the trivial SFP, G} = (Z2)® and H'((Z2)*,U(1)) =
(Z2)®. Then we can see that Iy, (1) = (Z2)?, such that
H*((Z2)3,U(1))/Twy(r0) = (Z2)8. In this case, the T, (10)
has physical meaning that they are the stacking Zs x Zs SPT.
(ii) SFP is eCO (denoted by v1), the group G = Za X Za,
which implies H* (G}, U(1)) = (Z2)?, and the classification of
SFL is Z2, then we can see that T'y, (1) = Z2. The physical
meaning of this I'y, (v1) is interesting and from our calculation
in Sec. VIC2, it is related to the trivalization of M3L statis-
tical phases due to the presence of fractionalized symmetry
charge carried by gauge charge.

Another interesting example is untwisted Zs X Zo topo-
logical order (denoted as wg) enriched by Zo symmetry. As
for trivial SFP e10e20 (denoted by 1p), the group Gy is
(Z2)* which implies that H*(G;,U(1)) = (Z2)®, and the
classification of SFL now is (Z2)®, then we can see that
Two () = (Z2)?. The physical meaning of this Ty, (vo) is
that it is related to the classification of Za X Z2 gauge theory.

IV. SYMMETRY FRACTIONALIZATION IN
UNTWISTED TOPOLOGICAL ORDERS:
TAKING Z; TOPOLOGICAL ORDER ENRICHED
BY Z, SYMMETRY AS AN EXAMPLE

From this section to Sec. VI, we present three typical ex-
amples, i.e., Z4 topological order enriched by Zs symmetry,
Zo X Z2 topological order enriched by Z2 symmetry and Zo
topological order enriched by Za X Zo symmetry. More exam-
ples can be found in appendices.

In the present section, we present how to obtain the clas-
sification for Z4 topological order enriched by Z4 symmetry.
First, we derive classification of SFP. Then, for each SFP
class, we derive SFL classification.
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A. Computation of SFP

According to Eq. (9), there are four different SFP types,
ie, C = Q%;ﬁ:i fractionalized symmetry charge carried
by the elementary particles, which we denote as €0, eC, eQ +
respectively (see Table VI). Correspondingly, the reduced
charge matrices are only one dimensional and Q@ = Qi1 =
0, 2, £1. Therefore, SFP is classified by Za, which is consis-
tent to H*(Za,Za) = Z4. Upon gauging, the resulting gauge
groups are Za X Za, Lo X Zs, Zi6 and Z1¢ respectively.

TABLE VI. Four SFP types for Gy = Z4 and Gs = Z4. C

denotes the SFP matrix defined in Eq. (9). Q is defined in
Eq. (18). G} is the gauge group after gauging the symmetry.

SFP Q11 C Q11 G,
el 0 0 mod 1 4 Z4 X Z4
eC 2 1/2 mod 1 2 Zo X 7g
eQ+ 1 1/4 mod 1 1 Z16
eQ— 3 —1/4 mod 1 3 VAT

B. Minimal model for computing SFL

We note that, in deriving SFP, twisted terms and trivial
layers are not considered. But in deriving SFL, it is crucial
to incorporate twisted terms and trivial layers in order to
exhaust all possible inequivalent types of SFL. Below, we shall
show that, for Zx topological order enriched by Zx symmetry,
among infinite ways of expressing action, it is sufficient to
consider a minimal model given by Eq. (49). For the present
example, N = K = 4.

In general, we can add arbitrarily many but finite trivial
layers with level-1 (see footnote 6), labeled by i = 2,...,1 +
n’/, which could couple to external Zy probe field A by Q1.
We can also add arbitrarily many possible twisted terms that
involve one or two gauge fields of level-1, which does not alter
bulk topological order as explained below Eq. (B7). For the
purpose of obtaining M3L invariants, we only need to consider
the twisted terms that at least contain the level-4 gauge field
a'. Thus, we can divide twisted terms into two sets:

(i) For those involving two different gauge fields i.e., a'

and a', such as twisted terms a'a'da' and a'a’da’,
1 1+n" i 131
int (2m)2 fZizg gna‘a da” +

we collect them as S'! =

quisatatda’ .

(ii) For those involving three different gauge fields, i.e.,
a', a' and o/ with j # 4, such as twisted terms

a it o
a'a'da’ and a'a’da’, we collect them as S;;7 =

1 1+n’ 1 i3 j 1 57 i i G g1
T fZKj qrija a‘da’ + qijia d’da’ + gijra‘a’da’ .



As a result, we consider the action below (N = K = 4):

S=So+S-t4+ g2 g g (36)

'Lnt int

1+n’

/Nbda+Zbda, (37)

1+n

5 [ Quad' + > Quaar, (38)
_ o1 o i i, gl
Ser= [ a xj +Za ¥ +b %%, (39)
i=2

where ¥ is the elementary loop excitation of Zy gauge field.
Integrating out b and all b* gauge fields, we obtain

271'Q11

1__2_71' -1 _

a = Nd * 3 — NE —d (40)
i 2mQ1i

a' = e —d (41)

where A = Q%dfl * 0. Upon substituting them into twisted
terms, we can obtain the aforementioned M3L invariants.
More explicitly, from g;11a’a'da’, we obtain

i1l aatdat = 27"%‘11@11‘ -1 -1
72“‘18\1]?{1)12@“ (A 5 2)(d ! % o) (50)

(42)

where we have used the fact that the integration [ (d' %
o)(d™! x o) (%) is equal to zero since for any one-form f and
two form g we always have ff ANfAg=0.

Similarly, from qii:a Laldal , we obtain

q1ii CLl zd i 27Tq1nQ11 (d—

yw = NI LeS)d w o) (o). (43)

And from qlijalaidaj, we obtain

Qg 100 2m 135 Q1iQ1y

o o’ = — N2 (d™ "« 2)(d " x0)(x0). (44)

(For qijia La7da’, the calculation is very similar to qma atda?,
just by exchanglng iand j.) However, from ¢;j1a'a’da’ there
is no contribution to M3L invariant since [(d~ Ly a')(d !
0)(%X) is vanishing. Therefore, the M3L invariants from all
these twisted terms are collected together as follows

1+n

Tooca= unl QUQM

1+7L

2
Z 122]\?}.1{22

1+n

Z q1ij Qj\l;gzlj s (45)

1+n

=— Z %11]\?21;( (46)

where all i and j take values in [2, 1+ n/]. Furthermore, each
summation corresponds to a special way of selecting three
layers for constituting twisted topological terms. Within each
summation in the above two formulas, all summed terms share

the same periods and quantization rules of the coefficients.

1+n 2i11Q11 Q14
(NK)?

(1811{1)2 ZZ 5 qiqui , ¢i11 Q1 is a function of Q11, N, K, Q1,
which is fully determined by the 1st and ith layers according

More concretely, in the summation “} 7
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to Sec. IIT A. So, as a minimal model, it is enough to con-
sider just one typical term in each summation, e.g., nonzero
g211 while all other ¢;11’s can be turned off. Likewise, we can
further simplify Zgaa, which results in (N = K = 4 in the
present example):

QllQlZ Q122Q§2 Q123Q12Q13
Iaaa - - - s 47
PUINKY? T TNK? NK? (47)
q211Q12
I(uza - - N2K . (48)

In other words, for characterizing SFL, it is sufficient to con-
sider nontrivial 211, qi22 and qi23, which also means n’ = 2.

Therefore, without loss of generality, we obtain the follow-
ing minimal model:

S :SO + Sint + Sc + Ssr 3 (493.)

So zzi / Nb'da' + b*da® + b*da® (49b)
v

Sint 24—12 /(1211a2alda1 + Q122a1a2da2 + qlzga1a2da37
7Iy
(49¢)
1
Se=5- /QllAdbl + Qu2Adb + Qi3 Adb® (494)
SST:/al*jl+a2*j2+a3*j3+bl*27 (49¢)

where b2, a2, 1%, a® are from trivial layers, and are called level-
1 gauge fields (footnote 6).

To quantitatively determine the quantization of M3L in-
variants, one can apply formulas in Sec. IITA. Before cal-
culation, here is one more subtle thing. According to
Eq. (8), it is enough to restrict all charge matrix elements
Qi; (here ¢ and j are arbitrary layer indices) to the domain
[0,1,---,gcd(Ky, N;j) — 1] for the purpose of SFP classifica-
tion. However, for SFL, we need to extend the domain to a
larger one, i.e.,

Qi; €10,1,--- , K; — 1] (50)

as it is potentially possible that @Q;; and Q;; + ged(K;, Nj)
lead to the same SFP but completely distinct SFL. But it
is unnecessary to go beyond Eq. (50). By noting that [ A;
is quantized at 27/ Kj;, shifting Q;; by K; only generates 2w
quantized terms in Eq. (G1), which doesn’t change the par-
tition function of the system. Back to the present exam-
ple, there is only one K;, ie., K; = K = 4. Therefore,
Q11,Q12,Q13 € {0,1,2,3}, which also uniquely determines
Qi; via the definition in Eq. (18).

Despite the above fact, we perform all calculations in
Sec. IV and Sec. V by Q;; = 1 for all trivial layers for the sake
of simplifying calculation. For concrete examples we study in
these two sections, this special choice gives us correct classifi-
cation. We will study the most general choices of ;5 of trivial
layers in Sec. VI and appendices. For this reason, below we
set Q12 = Q13 = 1, which corresponds to ng = Q13 = 1.
The two M3L invariants reduce to:

Qll q122 q123
Tace = - - 7 51
PUNK)E T NK2 ~ NK? (51)
g211
Tosa == o532 - (52)



By setting m = 1, N1 = 4,N; = 1,K; = 4 in Eq. (23), we
have the following quantization rules:

q211 = kM | qi22 = EM | q123 = EM, (53)

where k, k and k are three independent and arbitrary integers,
and the minimally quantized value M is given by:

SR (54)
ged(Q11,16)
Then, from Eq. (24), we can obtain the period of k, k:
=4, ie, k€Zi,kcZ. (55)
And from Eq. (17), we can obtain the period of k:
T=4,ie, k€Z. (56)

C. Computation of SFL for each SFP

Below we begin to compute SFL when SFP is given. The
results are summarized in Table II.

1. Computing SFL when SFP is e0

First we consider SFL when SFP is 0. In this SFP, Q11 =0
(hence Q11 = K = 4), thus the elementary particle excitations
carry integer Z4 symmetry charge. From (54), we have:

M=4. (57)

Then from from Eq. (53), we can obtain the two M3L invari-
ants Zaaa and Zaae defined in Egs. (52) and (51):

L (58)

Taaa = =5 16

By noting that the three integers, ie., k, k, and E, are

arbitrary and mutually independent, we may conclude that
both M3L invariants are independently quantized at 1—16.

Then, we can obtain quantization rules for all M3L statis-
tical phases listed in Table V in Sec. II1C: 05,5 = —0%,5,0 =

%700,0;2 - %702;0 = _90,2;2 = %702,2;0 = %7
where p1 = —(k + k) and p2 = —k. In summary, the six
b

M3L statistical phases are fully controlled by two indepen-
dent integers and have a very natural period 27 since the
actual physical observables have a form like €'+, Neverthe-
less, this 27 period is not the minimal one. The latter is what
we shall look for below.

The first period origin comes from Egs. (55) and (56) which
state that k, k, and k are periodically identified. Due to ele-
mentary number theory, the integers p1 and p» also have ex-
actly the same periods, i.e., p1 € Z4 and p2 € Z4. Therefore,
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M3L statistical phases have the following periods:

_Tpr

90;2 — ) mod g ) (59)
05,00 = — % mod g , (60)
Oo.0:5 :% mod 7, (61)

Os.0 :% mod g , (62)
/S %”2 mo g , (63)
9272;0 :WTPZ mod 7. (64)

The second period origin comes from particle attachment.
For each M3L braiding process, there are two loop-like ob-
jects that are both linked to another “base loop” and are
braided around each other. We may always attach a particle
onto braided loop-like objects in the M3L process, then there
is a possible phase ambiguity due to particle-loop braiding.
This phase ambiguity provides a new periodic identification
for each M3L statistical phase. Then, the final minimal pe-
riod of each M3L statistical phase is the greatest common
divisor of all aforementioned periods, includingNall kinds of
attachment and the period due to periodic k, k, k. Below, we
examine them one by one.

For the M3L statistical phases 0%+, and 0, 5.5, the el-
ementary loop excitation ¥ and the unit symmetry flux o
are braided around each other, both of which are linked to
a base loop. The base loop for 0s .., is another ¢ and the
base loop for 0, ;s is another ¥. Therefore, the elementary
particle excitation e can be attached onto ¢ during the M3L
braiding process. Since the elementary particle excitation e
carries unit Z4 gauge charge (i.e., C = 0 mod 1 in Table VI),
there is a 7 phase shift due to the AB phase %Tﬂ = 3 from the
particle-loop braiding between the elementary loop excitation
>, and the elementary particle excitation e. As a result, the
final period is still 5. That is to say, the above attachment
consideration doesn’t change anything in the present example.
Finally, we end up with the result listed in Table II:

37Tp1

[/ %”1 mod g = Z mod g : (65)
__Tp2 7 _ 3mpe T
0o 55 = 3 mod 7= g mod 5 (66)

where we have removed minus sign by means of the periodic
shift.

For 0,52, an e can be attached onto one of ¢’s in the
MS3L braiding process. A § phase shift is generated, which
is smaller than the period 7 in Eq. (61). Therefore, the final

period should be ged(%,7) = Z, and we end up with the
result listed in Table II:
Oc,0:5 :WTZH mod g . (67)

For 05 5., an e can be attached onto one of ¥’s in the M3L

braiding process. A § phase shift is generated since there is a
1 x QW” = %Tﬂ = 5 phase once braiding e around X. This new

period is smaller than the period 7 in Eq. (64). Therefore,
the final period should be ged(5,7) = %, and we end up with
the result listed in Table II:

2 T

05 50 :% mod 7. (68)



For 90 », in the exchanging braiding of two identical ¢’s, a
=3 phase shift is caused by attaching one e to each

hat both o’s still keep identical. Therefore, the result

n Eq. (59) is unchanged, and we rewrite the same formula:

1w
35+3
g SO

7Tp1

. d z (69)

00‘;2 -
which is listed in Table II.
For 0s,,, in the exchanging braiding of two identical ¥’s, a
%% + % 5 = % phase shift is caused by attaching one e to each
3. so that both X’s still keep identical. Therefore, the result
in Eq. (62) is unchanged, and we rewrite the result again:

[/ — e d T (70)
8
which is listed in Table II.

Egs. (65), (66), (67), (68), (69), and (70) together form a
complete set of physical observables that classify and char-
acterize SFL when SFP is e0. The classification of SFL can
be formally written as a cyclic group Zs4 X Za, which indi-
cates that there are in total 16 kinds of topologically distinct
SFL classes. We can use the above six M3L braiding statis-
tical phases to distinguish 16 classes, which is exhausted in
Table VII.

2. Computing SFL when SFP is eC'

In the SFP denoted as eC, Q11 = 2, i.e., Qu = 2, thus
the elementary particle excitation e carries half integer Z4
symmetry charge, i.e., C = % in Table VI. From (54), we
have:

M=38. (71)

Then from Eq. (53), we can obtain the two M3L invariants
Zaaa and Zgaa defined in Egs. (52) and (51):

ko k+k k

IGQQ:___—y Iaaa:__- 72

16 8 8 (72)
It is convenient to introduce two integers ps and ps via ps = k
and ps = —(k+ k). Then, these two integers are mutually in-
dependent and have the same period: ps € Z4 and ps € Zy
according to Egs. (55) and (56). Thus, ps + 2p4 also has the
same period: ps+2ps4 € Z4 according to the elementary num-
ber theory. The six M3L statistical phases can be expressed
as:

O :% + % mod g (73)
Os.0:0 = — %”3 - me d g , (74)
O e WTpB + %”4 mod T, (75)

Oy, = — % mod T, (76)
05,55 :% mod 7, (77)
Os 50 = — % mod 27 . (78)

Next, we will consider the effect of particle attachment.

For both 65 +,- and 05, 5.5, one can consider the attachment
of e onto braided Y. Since the latter is braided around o, e
carrying % symmetry charge is simultaneously braided around
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the unit Z4 symmetry flux o, rendering a % X %Tﬂ = 7 phase
shift. This % phase shift changes the periods of the two M3L

statistical phases to 7, leading to the result listed in Table II:
T

mod Z) =

s
8

05,55 =0 mod

% mod 27 (79)

—

02,0;0 = -

(80)

N

In Eq. (79), pa-term is exactly multiple of the minimal period
7 /4, and is removed. Likewise, in Eq. (80), ps-term is exactly
multiple of the minimal period /4, and is removed.

For 0,5, an e can be attached onto one of ¢’s in the
M3L braiding process. A 7 phase shift is generated, which
is smaller than the period 7 in Eq. (75). Therefore, the final

period should be ged(%,7) = §, and we end up with the
result listed in Table II:
0.0:5 =0 mod % . (81)

For 0s 5., an e can be attached onto one of ¥’s in the
M3L braiding process. A 7 phase shift is generated, which
is smaller than the period 7 in Eq. (78). Therefore, the final
period should be gcd(5,7) = 3, and we end up with the
result listed in Table II:

fs 510 =0 mod g . (82)

For 05,5, in the exchanging braiding of two identical o’s, a
%% + %% = 7 phase shift is caused by attaching one e onto
each o so that both o’s still keep identical. Therefore, we
have

m T
0o :% mod 1 (83)

which is listed in Table II.

For 0s,,, in the exchanging braiding of two identical ¥’s, a
%% + % 5 = % phase shift is caused by attaching one e to each
3. so that both X’s still keep identical. Therefore, the result
in Eq. (76) is unchanged, and we rewrite the result again:
T3 T Tp3 T

4 mod 3= "4 mod 5 (84)
which is listed in Table II.

Egs. (79), (80), (81), (82), (83), and (84) together form a
complete set of physical observables that classify and charac-
terize SFL when SFP is eC. It is apparent that ps disappears
in these formulas. The remaining parameter ps is periodically
identified as ps ~ p3 + 4. However, upon carefully tracking
how the six M3L statistical phases change with respect to ps,
we find that ps has a smaller period: p3 ~ p3+2, i.e., p3 € Za.
Thus, the classification of SFL is given by Z>. We can use the
above six M3L braiding statistical phases to distinguish the
two SFL classes, which is exhausted in Table VIII.

92;0 = -

3. Computing SFL when SEFP is either eQ+ or eQ)_

For these cases, Q11 = 1 or 3 for eQ+, so e can carry (plus
or minus) one fourth Z4 symmetry charge. From (54), we
have M = 16, and then from Eq. (53), we have
lel k + E

6 1 (85)

k
Iaaa = =, Iaaa =
4
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TABLE VII. Six M3L statistical phases [Egs. (65), (66), (67), (68), (69), and (70)] when SFP is e0 in Z4 topological order

enriched by Zs global symmetry. As all phases have the same period

s

o, %) by properly adding or subtracting multiple of 5

s

5, we restrict all phases into “the first Brillouin zone™

. For SFP €0, there are in total 16 topologically distinct SFL classes each

of which is uniquely labeled by a pair of integers (p1, p2) with p1 € Z4 and p2 € Zy.

G2) () 0) () () ) () () ) ) () G 6) ) () )G

seo 0 0 0 0 2 &

8

8

|
|3
|
|3

1 1 1

0oz 0 0 0 0 T I I I 0 0 0 0 I I I 3
6x 0 0 0 0 F F F F § 3 % % ¥ ¥ ¥ ¥
boms 0 % 3 Z 0 ¥ 3 Z 0 ¥ 3 o3 o0 ¥ 3 2
Oss0 O z 0 z 0 = 0 z 0 z 0 z 0 z 0 z
bo 0 F % ¥ 0 2 o5 ¥ 0 0z oz % 0 0% oz 0%
V. SYMMETRY FRACTIONALIZATION IN

TABLE VIII. Six M3L statistical phases [Egs. (79), (80), (81),
(82), (83), and (84)] when SFP is eC in Z4 topological order
enriched by Z4 global symmetry. We restrict all phases into
their own “the first Brillouin zone”. For SFP eC, there are
in total 2 topologically distinct SFL classes each of which is
uniquely labeled by an integer ps with ps € Zs.

P3 92,0’;0’ 90’,0’;2 90‘;2 90’,2;2 92,2;0’ 92;0’
0 0 0 0 0 0
1 0 T 0 0

=3 O

us
8

As such, the quantized values of the statistical phases 65 ;5
—92;0. = 71'[»{3/27 92’2;0- = —7k and 90—;2 = _92,0';0'
n(k — 4k — 4k)/8 and 0, 5,» = w(k — 4k — 4k) /4.

Next we consider particle attachment. In the present SFP,

e carries :I:% symmetry charge, which leads to a % X 27” =3
phase shift if braiding e around a unit Z4 symmetry flux o in
a M3L braiding process. Again, there is a 1 X 2% = 5 phase
shift if braiding e around an elementary loop excitation ¥ in
a M3L braiding process. By carefully taking these two kinds
of phase shift into account, following the similar discussion,
we obtain the result listed in Table II. The result indicates
that if SFP is either eQ+ or eQ_, there is no nontrivial SFL.
Formally, we use Z: to denote the classification of SFL when
SFP is either eQy or eQ_.

In summary, the total classification of Z4 topological order
enriched by Z4 global symmetry is given by: (Za X Z4) ®Z2 ®
71 @ 71, as also shown in Table II. When SFP is €0, e carries
integer symmetry charge and SFL is classified by Zs X Zs.
When SFP is eC', e carries half-integer symmetry charge and
SFL is classified by Zs. When SFP is either eQ+ or eQ—, e
carries either 1/4 or —1/4 symmetry charge and SFL is always
trivial (denoted as Z1). In Appendix G, we present details for
general Zy topological orders enriched by Zx symmetry. All
results are collected in Table I.

TWISTED TOPOLOGICAL ORDERS: TAKING
Zz x Zz TOPOLOGICAL ORDERS ENRICHED BY
Z> SYMMETRY AS AN EXAMPLE

In this section, we study Zs X Z2 topological orders enriched
by Zs symmetry. In contrast to the previous section where
there is only one Zs2 topological order, Zs X Z2 topological or-
ders include one untwisted topological order and three twisted
topological orders (two of them are identical to each other
upon group automorphism). To distinguish them, it is neces-
sary to calculate three-loop braiding statistical phases (called
“intrinsic three-loop” or “I3L” in the following texts) among
three elementary loop excitations. After imposing symmetry,
we need to collect I3L and M3L statistical phases together,
from which we can read symmetry fractionalization and its
connection to a specific Zo x Zso topological order.

This section is organized as follows. In Sec. V A, we com-
pute I3L statistical phases (Table IX) in order to identify
topological orders with the same gauge group Gy = Za X Zo.
In Sec. V B, we compute SFP and collect results into Table X.
In Sec. V C, we derive the minimal model [Eq. (103a)] that is
served as the starting point for the computation of SFL. In
Sec. VD, we demonstrate the quantum anomaly in Zs X Zo
topological orders enriched by Zs symmetry. In Sec. VE, we
concretely compute SFL of each SFP, which renders the final
classification of symmetry fractionalization of Zo X Zs topo-
logical orders enriched by Zs symmetry.

A. 1I3L statistical phases for Zs x Z2 topological

orders

In contrast to 3D Zx topological order, Zy, X Zn, topo-
logical order can have many phases even in the absence of
symmetry. In terms of twisted gauge theory language, when
the gauge group is Zn, X Zn,, there can be nontrivial twisted
terms in Eq. (1): S = [5= 37, Nib'da' + 922a'a’da” +
M2 gony = kA2 with K,k €
Zn,, (N12 is the greatest common divisor of Ny and Na).

Physically, three-loop braiding statistics among nontrivial
elementary loop excitations, i.e., ¥! and ©? can be used to

2151
%a a da” , where gi20 = k




distinguish different topological orders with the same gauge
group Gy = Zn, X Zn,. More specifically, I3L statistical
phases can be obtained from the following effective action of
! and %2 (N1 = N2 = N is assumed):

—2mq122
N3
—2mg211
e

Srp = (d™ s« 2H(dh 2% (x2?)
(d 2% (d !« 2 (=2t . (86)

The two terms in St of Eq. (86) lead to the following I3L
statistical phases (N = 2):

922;21 = —921722;22 = 7Tq4122 ,922722;21 = 7rq2122 s (87)
921;22 == —921722;21 == % 7021721;22 = % . (88)

In the absence of symmetry, the coefficients qi22 and ¢211 are
quantized and periodic in the following way:

qi22 = 2k, 211 = 2k (89)

with k, k € Z> by applying the universal formula (11), which
leads to:

k k

022;21 = % mod ™, 921,22;22 = % mod ™,
nk

022722;21 = wk mod 27‘(‘,921;22 = 7 mod ™,

nk -
Os1 52,51 = o> mod 7, fs1 51,52 = 7k mod 27 .

We should also consider the effect of attaching particles. In
the present topological order, there is a 7w phase shift if we
braid e; (i=1,2) around *(i=1,2). As a result, we obtain the
following new set of phases:

k
Os2.51 = % mod 7, (90)
k
921’22;22 = Tr— mod ™, (91)
922;}2;21 = 0 mod ™, (92)
k
O 52 = % mod 7, (93)
k
Os1 52,51 = % mod T, (94)
921’21;22 =0 mod 7. (95)

Thus, by using these six braiding statistical phases to char-
acterize the bulk topological order, one can realize that there
are totally four distinct Za X Z2 topological orders denoted
as TO1, TO2, TO3, TO4'. We list their physical properties
in Table IX. This table will be useful for identify topological
orders after symmetry is imposed.

16 In fact, TO, and TO3 are the same topological order since they
just relate each other by relabelling fluxes (mathematically, they
are related by a group automorphism action).
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B. Computation of SFP

From (9), depending on whether e;(ez) carries integer or
half integer symmetry charge, there are four different SFP,
denoted as €10(C)e20(C) (see Table X). The corresponding
charge matrices are (Qi1,Q12) = (2,2),(2,1),(1,2),(1,1).
Upon gauging, the resulting gauge groups are (Zs)?, Za x Za,
Z4 X 227 and ZQ X Z4.

C. Minimal model for computing SFL

Here we will derive the minimal model, to be given in
Eq. (103a), which is sufficient for the purpose of classification
of SFL. We start from the most general action and then derive
the most general form of different M3L invariants, through
which we can show the action (103a) is sufficient enough for
classification of SFL. The derivations for the minimal model
apply to Zn X Zn toplogical order enriched by Zx symmetry
with general N and K. For the present example, N = K = 2.

We first consider different types of twisted terms that could
be related to M3L invariants, which are classified in four
classes (v = 1,2;4,5 = 3,4,--- ,2+n'; n is the total number
of trivial layers):

(i) Twisted terms with gauge fields from two nontrivial lay-

ers. S?nt = ﬁ fqlggalazdaz + qgllazaldal. These
two terms determine what topological order belongs to;

(ii) Twisted terms with gauge fields from one non-
trivial layer and one trivial layer. Sshi =

int
1 2+4n’ Vi, i ivg v,
@z J 2k awia”d'da’ + qivva'ada”;

(iii) Twisted terms with gauge fields from one non-

trivial layer and two trivial layers. st =

ﬁ fZ?;"éS quija’a‘da’ +qujia”a’ da’ 4 qijuata’ da”;
(iv) Twisted terms with gauge fields from two non-

trivial layers and one trivial layers. Sil,f; =

2+4n’ 1.2 i i 132 i 271
ﬁ leig qi2iata’da’ + giizata*da® + qizia‘a’da’.

Then we consider the most general action

S =S80+ Sput + Sy + Sit 4+ ShE 4+ Se + Sery (96)

int

24-n’

1 v v 7 7
SO:%/NZbda+Zbda, (97)
v=1,2 =3
1 24-n’ )
S. :%/ > QuAd’ + Y Quddy, (98)
v=1,2 i=3
2+7L' ) )
sST.:/ SO (@ DS 1S g (99)
v=1,2 i=3
Integrating out b*? and b’, we obtain (v = 1,2)
v 27 1w 2mQu 4 i 2mQui
a’= Nd * 2 NKd *x0,a'= e d” " *o0,

(100)

where N = K = 2 and A = %dil * 0. Upon substituting
them into the twisted terms, we can obtain the aforemen-
tioned M3L invariants (see Appendix H). The resulting ef-
fective action is given by: Seg = Sap + St + Swmsr, where
Sap collects the terms describing the braiding between e, and



TABLE IX. I3L statistical phases [Eqs. (9
identical to each other upon group automorphism.

0), (91), (92), (93), (94), and (95
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)] of Z2 x Z2 topological orders. TO, and TOs3 are

TOpOlOgiC&l Orders 022;21 021’22;22 922;}2;21 021;22 022,21;21 921;}1;22
TO: 0 mod 7 0 mod 7 0 mod m 0 mod m 0 mod 7 0 mod m
TO, 5 mod 7 g mod 0 mod 7 0 mod 7 0 mod 7 0 mod 7
TO3 0 mod 7 0 mod 7 0 mod 7 5 mod 7 5 mod 7 0 mod 7
TO4 % mod 7 % mod 7 0 mod 7 % mod 7 % mod 7 0 mod 7

TABLE X. Four SFP types for G4 = Z2 X Z2 topological order and Gs = Z2 symmetry. C denotes the SFP matrix defined in
Eq. (9). Ci1 and Ci2 are the fractionalized symmetry charges carried by the elementary particle excitation e; and ez respectively.

Q is defined in Eq. (18

)- G is the gauge group after gauging the symmetry.

SFP (Q11,Q12) (C11,C12) (Q11, Qi2) G;
e10e20 (0,0) (0 mod 1,0 mod 1) (2,2) Zo X Ly X Lo
e1Ce20 (1,0) (3 mod 1,0 mod 1) (1,2) T4 X Lo
e10e2C (0,1) (0 mod 1, £ mod 1) (2,1) Zo X T
e1CexC (1,1) (3 mod 1, % mod 1) (1,1) Zas X Lo

¥ (v = 1,2). Srr is given by Eq. (86), which collects two
terms involving three-loop braiding statistics among elemen-
tary loop excitations ¥! and ©2, which is used to characterize
topological order without symmetry. And S collects all
M3L braiding processes:

ShsL :27T/Iaba(d*1 * X (7 % 22 (x0)

+I¢mb(d71 * O’)(d71 * El)(*E )—&—Iaba(d * O’)(d71 * 22)(*21)

—&—Ima(d71 * El)(d71 * a)(*a)—&—Ibaa(d* * X )(d71 * 0)(x0)

+Zwaa(d % o) (d ™ %« DY) 4 Zap (71 5 o) (dF % B2)(x22%)
(101)

The seven coefficients are M3L invariants. For those involving
two elementary loop excitations and one symmetry flux, M3L
invariants are given by:

T — (I211Q12 ZQlllle f— Q122Q11 _2§ quQQli
T N3K N°K T N3K 4 N?K’
2+7L'
T :(I122Q12 ZQUQQM (I211Q11 _ ZQinQli
*TUNBK NeR Lot N — N°K
T —_ Q122Q12 (I211Q11 _2 - q12iQ1i
WTTUNSK T UNSK & NPK

For those involving one elementary loop excitation and two

symmetry fluxes, M3L invariants are given by:

Iaaa =
—Q122Q%2 (I211Q11Q12 + zi qillQlinl _ 2§ qlllQ%z
N°K? N°K? 42 T N?’K* | £ NK®
24n' 24-n’ 24n'
_ Z q1ijQ1iQ1j + Z qi12Q1iQ12 _ q12iQ12Q1i
2 TNKT T 4 TNeR? NTK?
Ibaa =
2 24n' 24-n’
Q122Q11Q12 _ q211Q11 + Z qi22Q1iQ12 _ Z QQth
N3K? N3K? N2K? P NK?
24n' 24-n’ 24n'
_ Z q2ijQ1iQ1j + Z qi21Q1iQ11 + Z q12iQ11Q1i
oy NK? N2K? N2K2

Following the same analysis as Sec. IV B, it is sufficient to con-
sider n’ = 2 and preserve one typical term in each summation.
Then, we have the following simplified formulas:

Toaa=— qj\l;g%z - q?;;’g{w : (102a)
o q122Q11 @322Q13
Lovp=— Nk VIR (102Db)
Loat= quffg{m - q?f;’g{w : (102¢)
G211Q11  g321Q13
Iaba N3K - NZK 5 (102(1)
o oq122Q12 | 2uiQu qi23Q13
Iaba—_ N3K + N3K - N2K 5 (1026)
Iaaa =
—q122Q% | @11Q11Q12 | 311Q13Q11  q133Q7s
NSK2 T NSK2 T N?K? | NK?
q134Q13Q14 | @312Q13Q12 q123Q12Q13 102
~ NK? N2K2  N2K2 (1026)
Ibaa -
q122Q11 Q12 211QT | 322Q13Q12 _ 4233Q33
N3K?2 N3K? N2K?2 NK?2
q234Q13Q14 | ¢321Q13Q11 | q123Q11Q13
T NKT T Nk T g o (10%)



Therefore, without loss of generality, we obtain the following
minimal model (N = 2):

S = SO + Sint + Sc + Ssr 5 (1033.)
2
_ 1 v v 3 3 4 4
So = 271_/UEZINZ) da” +b’da” + b da” (103b)

2
1 v 3 4
S. = %/UE:lQMAdb + Q13Adb” + Q14 Adb™ (103c)

2
SST:/Z(a“*j“+b”*2”)+a3*j3+a4*j4, (103d)
v=1

1
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Sint = /q122a1a2da2 + qoria’a'da’
2
+ Z Gaova’a’da’ + qussa’a’da® + quaaa’a®da’+
v=1
qasa’a’da® + gsioa’atda® + gsora’a’dat . (103e)

By further setting @Q;; = 1 for all trivial layers, all M3L
invariants reduce to:

_ @@z gsu
Iaaa - NSK N2K 5 (1048,)
_ q122Q11 Q322
Tavy = oK N K (104b)
_Q122Q12 G312
Iaab 77N3K NZK 5 (104C)
211Qu . gs21
Laba = Nk 2K (104d)
T - q122Q12 | G211Q11 Q23
abe N3K N3K ~ N2K’
T :—Q122Q%2 I 2211Q11Q12 n g311Q11 Q33
e N3K?2 N3K?2 N2K?  NK?
q134 q312Q12  q123Q12
T NKZ T N?K? . NPK? (104e)
7 ZQ122Q11Q12 B 211Q%, " g322Q12 ¢33
o N3K?2 N3K?2 N2K?  NK?
Q234 g321Q@Q11 | qi23Q11
T NK2 + NZK2 + NIRT (104f)
The coefficients are quantized as: qizz = kiMis, qi3a =

k1Mis, gz11 = kaMis, qa3z = k3aMoasz, qasa = k3Ma3z, g3z2 =
kaMas , qz12 = ksMis, gs21 = keMoas , qi23 = k7 M, qi22 =
kM , 211 = kM, where k:l, kl, k)z, k:g, k3, k)4, ks, kg, k:7, k and k
are arbitrary integers. M, Mi3 and Ma3 are given by:

M =lem % , il , (105)
ng(Qllv 4) ng(Q127 4)
and
4 4
Mys = 23 = (106)

- ged(Qu, )’ ged(Qi2,4)
Furthermore, one can check one by one that the periods of all

integers i.e., ki, ]_617 ks, ks, ]_637 ka, ks, ke and k7 are given by

r=2 (107)

regardless of the choices of Qu and ng. k and k also have

the same period:

I' = 2 for e10e20, e1Ce20, e10e2C',
I' =4 for e1CexC.

(108)
(109)

22

According to Table V, we can write totally 15 M3L statis-
tical phases as (N = 2; K = 2):

1
90’;21 = _021,0;0 = 500,0;21
:—27T]€MQ§2 27T]€MQ11Q12 27Tk2M13Q11 . 27Tk1M13
N3K? N3K? N2K? NK?2
_ 2mkiMis | 2mks MizQue  2mkrMQio (110)
NK? N2K? N2K2 ’
921;0 = —90’21;21
1 27T];7MQ12 2mko M3
25921,21;0 = - N3 K - N2K ) (111)
1
90’;22 = _022,0;0 = 500,0;22
_27T]€MQ11Q12 - 27T]€MQ§1 27Tk4M23Q12 - 27Tk3M23
n N3K? N3K? N2K? NK?2
_ 2mksMas | 2mkeM23Qu1 | 2mkr M Q1 (112)
NK? N2K? N2K?2 '’
1
922;0 = —9(7,22;22 = 5922’22;0
2nkM Q11 2mwkaMas
— — 11
N3K N2K (113)
9 o 47Tk‘MQ12 QWEMQll 27Tk7M 27Tk'5M13
XL T TIONBR N3K  N?K N?K
922,21;0
_27T]€MQ12 _ 27Tk5M13 QWI_CMQU o 27T]€6M23 (114)
T N3K N2K N3K N2K
90721;22
47TEMQ11 2mke Mos 2k M Q12 2wk M
— . (115
N3K + N2K + N3K + N2K (115)

D. Fractional Z> symmetry charge in twisted
Z2 X Z> topological orders must be anomalous

From Table III, we see that among all Zs x Zs topological
orders, which are denoted by TO; with ¢ = 1,2, 3,4, only un-
twisted one denoted as TO; can support nontrivial SFP. For
all twisted ones, SFP must be trivial, denoted by e10e20. This
is the first concrete example that demonstrates the quantum
anomaly introduced in Sec. IIID. In other words, nontrivial
SFP, i.e., fractional charge carried by elementary particle ex-
citations, must be anomalous in twisted Za X Zs topological
order with Zs symmetry.

To be more specific, in the presence of symmetry, gi22 and

q211 are quantized as qi22 = kM, q211 = EM where M is
given by Eq. (105). There are four independent combinations
for Qu and ng, as shown in Table X, which respectively
correspond to four different types of SFP.
. If we consider the trivial SFP denoted as e10e20, i.e, Qn =
Q12 = 2, Eq. (105) gives M = 2. Thus, qi22 = 2k, q211 = 2k,
k € Za, and k € Zo, which are exactly the same as Eq. (89).
Thus all four topological orders in Table X are realizable
when SFP is trivial. In other words, all topological orders do
support trivial SFP, as shown in Table III. .

But if we consider any kind of nontrivial SFP, either Q11
or Q12 equals to 1. Then, Eq. (105) leads to M = 4, i.e.,
q122 and g211 must be multiple of 4 in order to respect global
symmetry. As a result, from Eqs. (87) and (88), we can verify
that the values of these six phases always correspond to TO;
in Table IX.

)



Therefore, it is impossible to have nontrivial SFP (i.e.,
e1Ce20, e10e2C, and e1CexC) in Za X Zo twisted topological
orders (i.e., TO2, TOs, and TO4;) with Zs symmetry. Alter-
natively speaking, fractional Zs symmetry charge carried by
elementary particle excitations in twisted Zs X Zo topolog-
ical orders must be anomalous. As discussed in Sec. 111D,
such an anomaly cannot be identified if twisted terms are not
taken into account. In Sec. VE, we will compute SFL for
each SFP in Table V B, and will clearly see that nontrivial
SFP can only be realized when topological order is untwisted
for Gg = Z2 X Z2 and G = Zs.

E. Computing SFL for each SFP
1. Computing SFL when SFP is e10e20

In this SFP, Q11 = Q12 = 0, Qu = le =K=2 M=
Moz = Mis = 2. We can write totally 15 M3L statistical
phases as:

™
90;21 = —021 = =

1030 2

(—kl — ];71) mod ™,
90.70.;21 = 7T(—k'1 — ];71) mod 27‘(‘,

921;0 = —0(7,21;21 = —gkz mod ™,
051 51, = —7k2 mod 27,
Ops2 = =052 ;. , = g(—kg — k3) mod 7,

Op o2 = m(—ks — k3) mod 27,
922;0 = _00’22;22 = _gk4 mod ™,
Os2 y2,, = —mks mod 27,

90’22;21 = g(—kﬁ + k’5) mod 7,
Os2 51, = g(—ks — k¢) mod 7,

90721;22 = g(ks + k’7) mod 7,

where the periods are due to Egs. (107) and (108). All kinds
of particle attachment provide a minimal 7 period:

(i) Braiding e; around o gives a 7 phase shift.
(ii) Braiding e; around X' gives a m phase shift.
(iii) Braiding ez around o gives a 7 phase shift.

(iv) Braiding ez around Y2 gives a 7 phase shift.

S0 0, ,.51, 051 51,0, 05 5,52, and Ox2 52, vanish up to 7.

In the remaining 11 M3L statistical phases, one can further
simplify the above 11 M3L statistical phases by introducing
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six linearly independent integers pi1,--- ,pe € Za:

0,51 =051 5., = gpl mod 7, (116)
Os1., =0, 5151 = gpz mod 7, (117)
Op52 =052 .., = gpg mod 7, (118)
Os2., =0, 5252 = gp4 mod 7, (119)
0y 5251 = gp5 mod 7, (120)
Os2 51, = gpg mod T, (121)
Oy 51,52 = z(pf) +ps) mod (122)

2

as shown in Table III.. Since qi22 = Mk = 2k and g211 =
Mk = 2k, we find that all four topological orders in Table IX
can be exhausted. Therefore, the present SFP can be realized
by all four topological orders. This result is consistent to
the discussion in Sec. V D. In summary, when SFP is e;0e20,
SFL is classified by (Zg)6 for all Zs x Zs topological orders,
regardless of twists.

2. Computing SFL when SFP is either e;Ce20 or e10e2C'

In the following, we first consider SFL. when SFP is e1Ce20,
then e;0e2C can be obtained by switching indices properly.
In the SFP e1Ce20, Qi1 = Qi1 = 1,Q12 = 0,Q12 = 2,
M = 4, Mis = 4, M3 = 2. We can write totally 15 M3L
statistical phases as:
90;21 = —921 = gkz mod ™,

,050
0y,0: 1 = Th2 mod 27,
Os1.0 = =0, s1.51 = —mk2 mod 27,

051 51., = 0 mod 27,

0 . ™
90.;22 = —92270.;0. = Z(kﬁ — k) mod 5
Op 552 = g(kg — k) mod 7,

Os2,5 = —0, 52,50 = g(—k — k4) mod 7,
Os2 s2., = m(—k — ka) mod 27,

71'_
Oy x2,51 = §k: mod 7,

Os2 51, = g(E — ke) mod T,

T
Oy 51,52 = §k6 mod 7.

where the periods are due to Egs. (107) and (108).

The elementary particle excitations e; and es carry respec-
tively 1/2 and 1 symmetry charges. So, there are following
different kinds of particle attachment, which provides various
kinds of phase shift.

(i) Braiding e; around o gives a 5 phase shift.
(ii) Braiding e; around :* gives a 7 phase shift.
(iii) Braiding ez around o gives a 7 phase shift.

(iv) Braiding ez around %2 gives a 7 phase shift.



By properly attaching these particles into M3L braiding pro-
cesses, we reach the following results with new minimal peri-
ods:

0,51 = 0 mod g , 051 5., = 0 mod g ,

0y.0.x1 = 0 mod g , 0s1,, =0 mod T,

0y x1.51 = 0 mod g , 051 51, =0 mod 7,
00:’22 = 922’0;0 = g(kﬁ - ]:)) mod g s

0y 5.2 = 0 mod g y 052, = g(—k — k4) mod 7,

0y 52,52 =0mod =, 052 52, = 0 mod 7,

Oy 52,51 =0mod =, Os2 51, = g(E — kg) mod 7,

SRR S

0(7,21;22 = 0 mod

As a result, there are only four nonvanishing phases param-
eterized by two independent Z. integers, py = k¢ — k and
ps = ka + k.

Op52 = £p7 mod g, Os2 5.0 = £p7 mod g, (123)
Os2., = gpg mod 7, Os2 v1,, = gp7 mod 7. (124)

In this new parametrization, I3L statistical phases and M3L
statistical phases are uncorrelated. Since q120 = Mk = 4k and
g211 = Mk = 4k, we find that only the untwisted topological
order denoted as TO; is possible. Therefore, the present SFP
can be realized only by TO;. This result is consistent to the
discussion in Sec. V D.

In summary, in SFP e1Ce20, the classification of SFL is
given by Zso X Z2, which can only be realized in TO; as shown
in Table III. The case of SFP e;0e2C can be analyzed in the
same way, also resulting in Zs X Zs classification labeled by
two Zs integers po and pio in Table III.

3. Computing SFL when SFP is e;CexC

In the SFP e1CexC, Q11 = Qu =1,Q12 = Q12 =1,
M = 4, Mz = 4, M2z = 4. We can write totally 15 M3L
statistical phases as:

90;21 = —021’0;0 = %(—k + E) + g(kg — k1 — E1 + ks — k7) mod 7,

[ g(—k + &)+ (ks — k1 — k1 + ks — ky) mod 2,
O,y = —0p x1,51 = —gk — ks mod 2,

Os1 51,5 = —mk mod 27,

0,52 = —Os2 5.y = %(k — &)+ g(m + kg + ky) mod 7,
Oy iz = g(k — k) + (ks + ko + kr) mod 27 ,

Os2.0 = =0, 5252 = —gk — mks mod 27,

Os2 y2., = —mk mod 27,

0, 52,51 = —7k + gk — 7kr + ks mod 27,
Os2 51, = g(k + &) — (ks + ke) mod 27,

Oy s1,52 = —k + gk + ke + k7 mod 27,
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where the periods are due to Egs. (107) and (109).

The elementary particle excitations e; and ez carry respec-
tively 1/2 and 1 symmetry charges. So, there are following
different kinds of particle attachment, which provides various
kinds of phase shift.

1. Braiding e1 around o gives a § phase shift.
2. Braiding e; around 3! gives a 7 phase shift.

3. Braiding ez around o gives a 7 phase shift.

4. Braiding e» around X2 gives a 7 phase shift.
By properly attaching these particles into M3L braiding

processes, we reach the following results with new minimal
periods:

0,51 = %(k+ %) mod g Ot g = %(k + k&) mod g ,
0y.0.x1 = 0 mod g 051, = gl;: mod 7,
0y 51,51 = 0 mod g , 0151, =0 mod 7,
Oy,52 = g(k—i— k) mod g 052 5. = %(k + k) mod -,
05,052 = 0 mod g y Os2., = gk mod 7,
0y 52,52 = 0 mod g , 052 52, =0 mod 7,
0, 251 =0 mod g sz 51, = g(k + k) mod 7,
0y 51,52 = 0 mod g .
By int_roducing two new Zo integers via p11 = k + k and

pi12 = k, we arrive at the results listed in Table III. Following
the same analysis in Sec. VE 2, only TO; can realize e;CexC.

In summary, the total classification of the untwisted Zs X Zo
topological order enriched by Z2 global symmetry is given by
(Z2)® @ (Z2)*> @ (Z2)* @ (Z2)?. For any twisted topological
order, the classification is given by (22)6 in which only trivial
SFP denoted as e10e20 is realizable. Thus, nontrivial SFP
(i.e., fractional Zo symmetry charge) in twisted Z2 X Z2 topo-
logical orders must be anomalous.

VI. SYMMETRY FRACTIONALIZATION IN
TOPOLOGICAL ORDERS WITH MULTI Zx
SYMMETRY SUBGROUPS: TAKING Z,
TOPOLOGICAL ORDER ENRICHED BY Zj x Z»
SYMMETRY AS AN EXAMPLE

In the previous two sections, we have studied SET exam-
ples where symmetry group is simply Zx and the unit external
symmetry flux is denoted as o. In this section, we consider the
Z2 topological order enriched by Za X Z2 symmetry, in which
two symmetry subgroups coexist. Consequently, we must in-
troduce two distinct symmetry fluxes denoted as o' and o2,
in order to detect symmetry fractionalization on particles and
loops. Physically, one may expect that the final classification
have two typical parts. The first part includes SET phases
in which Zs symmetry subgroups are independently fraction-
alized or non-fractionalized. The second part includes SET
phases in which both symmetry subgroups are “intertwined”
together such that it is impossible to regard the fractional-
ization patterns as independent combinations of data from
two symmetry subgroups. Indeed, our calculation shows that



there are M3L braiding processes in which both ¢! and o2
are involved. Furthermore, we should consider M3L braiding
processes in Which external symmetry flux (denoted as 012) is
a composite of o' and o2. These M3L braiding processes are
used to detect the second part of classification, which unveils
nontrivial interplay of two symmetry subgroups. The results
are summarized in Table V.

This section is organized as follows. In Sec. VI A, we com-
pute SFP and collect results into Table XI. In Sec. VIB, we
derive the minimal model [Eq. (126)] that serves as the start-
ing point for the computation of SFL. In Sec. VIC, we con-
cretely compute SFL of each SFP, which renders the final
classification of symmetry fractionalization of Zs topological
order enriched by Zo X Z2 symmetry.

A. Computation of SFP

There are four different types of SFP. From (9), the elemen-
tary gauge charge, denoted as e, can carry one-half or integer
charge of the two Zy symmetry subgroups. We denote these
four types as e00 and e0C', eC0 and eC'C, respectively. Upon
gauging, the four SFP types correspond to gauged groups
Za X Lo X Lo, Lo X La, Ly x Lo and Zz X Z4 respectively (see
Table XI).

B. Minimal model for computing SFL

Here we show that the action (126) we consider in the ex-
ample is sufficient for the purpose of classification of SFL. We
start from the most general action and then derive the most
general form of different M3L invariants, through which we
can show the action (126) is sufficient enough for classification
of SFL. Our derivations apply to general Zny and Zx X Zk
symmetry. For the present example, N = K = 2.

We first consider different types of twisted terms that could
be related to M3L invariants, which are classified in two
classes:

(i) Twisted terms with gauge fields from one non-
trivial layer and one trivial layer. sbt o —

wnt
1 1+n’ 1,07 i i 131
ng ite quiia a'da’ + ginna'a da.

(ii) Twisted terms with gauge fields from one non-

trivial layer and two trivial layers. Szl,i =

1 14n’ o1 i P B » J A,
G f2j>i22 qrija a’da’ + qujiaa’da’ + gij1ata’ da
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Then we consider the following general action:

S=So+ 85+ 852+ Se 4 Ser

int

1+7L

So:—/Nbda +Zbda
1+7L
Sc:—/ZQ Adbl+ZQ;ﬂA db')
1+n ) )
Ssr:/al>(<j1—&—bl>(<2—|—z:a’*jl7
=2

1 14+n ) ) )
Sint = H/ Z Qi11aza1da1 + quialazdal—l—
i=2

1+n/
1 i 4 1 G i g1
E qrija a'da’ + qijia a’da’ + qijra’a’da

j>i>2

where we have ignored the loop excitations corresponding to
the level-1 gauge fields since they are trivial. Integrating out
b' and b’, we obtain a' = —%“d*l * X — %dil * ol —
2rQo1 g—1 , 2 i 27Qui =1, 1 21Qp; -1 2
%d *0” and a' = —Tgid v o — TE2dT 0" and
Al = Z%dfl x o'. Upon substituting them into the twisted

terms, we can obtain the M3L invariants:

1+7L' q Q
11114
Iaaa - - Z N2K
i=2
1+n
qi11Q2i
Iﬁaa - Z N2K
iy ¢i11Q1:Q11 Q1“Q2 q1ij Q1iQ1;
_ 0 [3 11¢ 11 ] 1 J
Toca =D (NK)?  NK? =2 NK?
i=2 i#]
1+n’
o qi11Q2iQ21 lhz‘z‘sz q123Q2zQ2]
Laps = Z[ (NK)?2 NK2 Z NK2
i=2
14+n’
QleQMQZl q1uQ11Q22 qu;leQQj
Zaap = Z[_ NK?2 +Z NK?2
1+n
- QZ11Q27,Q11 q1iiQ2inz q1ij Q2:Q15
Lo = Z[_ NK?2 Z NK?2
1+n
o gin1 ( Q21Q11 - Q11Q21 21 (Q1;Q2i—Q1:Q25)
Laga = Z 2 NEKZ
i#]

Following the same analysis as previous sections, we preserve
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TABLE XI. The four SFP types for G4 = Z> topological order with G5 = Za X Z2 symmetry. C denotes the SFP matrix defined
in Eq. (9). Ci1 and C21 are the fractionalized symmetry charges carried by e, which are respectively in the first and second Zs
subgroups of G's. Q is defined in Eq. (18). G} is the gauge group after gauging the symmetry.

SFP (Q11,Q21) C (Q11,Q21) Gy
€00 (0,0) (1,17 (2,2) Zoa X Ly X Lo
eC0 (1,0) (172, )T (1,2) Zy X o
e0C (0,1) (1,1/2)T (2,1) Ziy X Ty
eCC (1,1) (1/2,1/2)F (1,1) Zy X o
one term per summation: where k, I%E, k' are arbitrary integers and
Tuaa = —qz]i]lilgf (125a) ,
q Q M12 :lcm[27 ~ 5 ~ )
Thaa = —% (125b) ged(4, Q1) ged(2, Q12)
I euQi12Qu  1220Q12Q12  ¢123Q12CQ13 (125¢) 1 — 2 —] (131)
T T(NK)? NK? NK?2 ged(4, Qa1) ged(2, Q22)
G211Q22Q21  q122Q22Q22 q123Q22Q23 _ 2
Tops = - - 125d Mas =lem]| — —,
e (NK)2 NK?2 NK?2 (125d) ged(2, Q12)  ged(2, Qus)
Toas = _Q211Q12(2221 Q122Q122sz q123Q122Q23 (125¢) 2 . 2 — . (132)
(NK) NK NK ng(27Q22) ng(27Q23)
G211Q22Q11 | q122Q22Q12 | q123Q22Q13
Tsaa = — 125f
s (NK)2 '~ NK2 T NK? (1259)
Tapa = 211 (@22Qu _2Q12Q21) + 2231 (Q13Q22 ; Q12Q23) Plugging these results into the above M3L invariants, we can
(NK) NK easily obtain quantization rules of the corresponding M3L sta-
(125g) tistical phases. The periods of k, k, k, k' will be discussed case

These M3L invariants are generated by the following minimal
action:

S = SO + Sint + Sc + Ssr' (1263.)

So = Qi / Nb'da' + b*da® + b*da® (126b)
v

2
_ 1 A 1 [ 2 [ 3
S, = %/;QHA db* + QinA'db® + Qi A'db®  (126¢)

SST:/al*jl+b1*2+a2*j2+a3*j37 (126d)
Sint = w2 /q211(12¢11d¢11 + qiaza'a’da®+ (126e)
q23a’a’da’ + gas1a’a’da’. (126f)

Note that if Q21 = Q22 = Q23 = 0, the second Zas symmetry
subgroup is not coupled to the system so that the system looks
like only have first Zs symmetry. Similarly, if Q11 = Q12 =
Q13 = 0, the first Zo symmetry subgroup is not coupled to
the system so that the system looks like only have second Zo
symmetry.

From (16) and (23), we have

q211 = kM2, (127)
qu22 = kM2, (128)
Q123 = kM2, (129)
qo31 = k' Mo (130)

by case below.

C. Computing SFL for each SFP

Below we discuss the SFL for different SFP respectively.

1. Computing SFL when SFP is e00

We first discuss the case with SFP being €00, namely the
gauge charge e carries integer symmetry charge of both the
two Zg subgroups. In this case, Q11 = 0, Q21 = 0 and then
Qu = 2,@21 = 2. Then (131) and (132) reduce to

Mz =2, (133)

2 2
ged(2, le) ' ged(2, ng) ’

TN
ged(2, Q22)  ged(2, Q23)

M23 :lcm[




Therefore, the above invariants become

Toaa = —% (135a)
TBaa = —% (135Db)
Taoa = —’_CQIZQ” — EQZQ“ (135¢)
Taps = — EQQiQ” — EQZEQ% (135d)
Toap = EQEQ” + %QZQ% (135¢)
Thae = ]_Cszle n EinQm (1350)
Toge = klMZB(Q13Q§2 — Q12Q23) (135¢)

We first discuss the invariant Zoaq. If Q12 is zero, then Zyqa
in (135a) vanishes. So we assume Q12 is nonzero when discuss
the invariant. Under this assumption, ng = @Q12. According
to Table V, the M3L statistical phases take

Os,01 = —2le<¢212 (136)
051 5.5 = 27rk4Q12 (137)

When Q12 = 1, these two statistical phases take the most

: : _ 2k _

gzerlzeral quantized values, that is, 05,1 = —=7= and 0,1 5,5 =
™
1

Now we discuss the periods of the two statistical phases.
First of all, we consider those from attaching particles. Since
e carries only integer symmetry charge, then by attaching par-
ticle, the statistical phases 0y ,1 can shift by 7, and 0y ,1.5
can also shift by 7. Secondly, we can also consider the peri-
ods from those of twisted coefficients. However, the periods
from twisted coefficients are always multiple of the ones from
attaching particles, as we show below.

From (24), we set m = 2, Ny = 2, No = 1 and M is given
by (133), the period of k is given by

2 2
ged(2, Qi) " ged(2, Q22)

Plugging (138) into (136) and (137), then periods of these two
statistical phases 0y,,1 and Oy, ,1.5; due to I are

I’ =lem] I (138)

27112 2 2
lem

4 [ng(276212)7 ng(27Q22)

It is easy to verify that, regardless of Q12 and @22, this period
is always multiple of 7 that is the period from particle attach-
ment. Therefore, the statistical phase fx,,1 and 6,1 5,5 can
take two inequivalent values: £ with p1 € Z». In summary,
these statistical phases contribute to one Zo classification for
SFL.

Similarly, the invariant Zg.q can also be discussed and the
MS3L statistical phases are quantized to be

]. (139)

U502 = —— (140)
0,255 = 27”‘746’222 (141)
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and they can take the most general values

Oy ,0 = —¥ (142)
92,02;2 = # (143)

whose periods are both .

We note that even though the two invariants Zyaq and Zgaq
can come from the same twisted term g211, however depend-
ing on different Q12 and @22, they can appear independently
by choosing different values of Q12 and (22 so that they in-
dependently contribute to the classification. Therefore, the
statistical phases Oy.,2 = 0,2 v,y = 5% with p3 € Za can
also contribute to another Zs classification for SFL.

Now we consider the invariant Z,qoo. We assume Q12 to be
nonzero, otherwise both parts vanish. According to Table V,
the M3L statistical phases 0,1.5; and 05 ;1,1 from Zyaa are
quantized to

21 (kQ12 + EQ13)Q12

0,05 =— - (144)
O 1 — G ZkQB)Q” (145)

When Q12 = Q13 = 1, the statistical phases 0,1.5; and Oy, ;1,1
can take the most general values, i.e.,

o (k + k)

Op1.5 = — 1 (146)
05 51,01 = w (147)

with k and k being integral.

The periods of these statistical phases can come from at-
taching particles and periods of k and k. From attaching
particles, both 0,15, and 05 ,1,,1 can shift by 7. On the
other hand, the periods of the two statistical phases from the
ones of k and k are always multiple of that from attaching
particles, i.e., w, as follows.

The period of k is given by (138). From (17), we set m =
2,N1 = 2,N2 = N3 = 1,K1 :NKQ = 2 and M12 is given by
(133), we obtain the period of k:

= ng{lCm[ng(Q7 Q12)” ged(2, QQQ)L
tem|—— a0

ged(2, Q1s) ged(2, Qas)

From (144) and (145), we see that I'Q12 and fQ13Q12 must
be even, so the periods of 0,1,5; and 0y, ;1.,1 from those of k

and k must be multiple of 7.

Therefore, the statistical phases (0,15, 05 ,1,,1) can take
two inequivalent values, that is, (52, —752) with p2 € Zo,
which contribute to one Zs classification for SFL.

Similarly to Zaaa, two statistical phases (0,2.5, Ox ,2.,2)
determined by the invariant Z,gs also take two inequivalent
values, that is, (754, —*5%) with ps € Z2, which contributes
to another Zs classification for SFL.

We also note that even though the two invariants Z,qa
and Z,gs can come from the same twisted term g¢i22 and gi23,
however depending on different Q12 and Q22, they can appear
independently so that they independently contribute to the
classification.




Now we discuss the invariant Z,,s which now beomes
(135¢). Then the M3L statistical phases 0y, ,2.,1 and 0,2 ;1.5
from the invariant Zn.p are quantized to

0 27 (kQ22 +EQ23)Q12
,02;01 4

B 27 (kQa2 + Est)Qm
4

(149)

Op2 01,5 = (150)

When Q12 = Q13 = 1 and Q22 = Q23 = 1, the statistical
phases 0,15, and 05 ,1,,1 can take the most general values,
ie.,

(151)

02,0'2;0'1 =

(152)

00.270.1;2 = —

with & and k being integral.

Now we consider the periods of 0y, ,2.,1 and 0,2 ,1.5. The
periods of these statistical phases can come from attaching
particles and periods of k and k. From attaching particles,
both 05, ,2.,1 and 0,2 ,1.5 can shift by 7. On the other hand,
the periods of the two statistical phases from the ones of k and
k are always multiple of that from attaching particles, i.e., 7.
The periods of k and k are also I' and I, given in (138) and
(148). It is easy to see that I'Q12 and szngg must be even,
so the periods of Oy, ,2.,1 and 0,2 ;1.5 from those of k and k
must be multiple of 7.

Therefore, the statistical phases can take two inequivalent
values, i.e., (755, —75%) with ps € Z2, which contribute to
one Zs classification for SFL.

Similarly, we can also discuss the invariant Zg,o. We note
that one can observe that simply by exchanging the two
Z2 symmetry subgroups, the above discussions can be car-
ried over for the case of Zg,o. Therefore, we can straight-
forwardly obtain the conclusion: from Zg.., the statistical
phases 05, ;1,2 and 0,2 ,1.5 can take two inequivalent values
that is, (75¢, —*£¢) with ps € Z2, which contributes to one
Zso classification for SFL. We note that the statistical phase

0,2 51,5 can also originate from the invariant Zn.s(the total
contribution is then w in Table IV).

We note that the four invariants (135c)-(135f) can come
from the same twisted terms gi22 and qi23, however the corre-
sponding statistical phases can A‘gake different values indepen-
dently by choosing different k, k and also Q12, Q22, Q13, Q23.
For example, for Zyaa, one can choose k = 0 and Q12 = 1
and other elements of charge matrix are zero andNI_c take
different values in Za; for Z,gg, one can choose k& = 0
and Q22 = 1 and other elements of charge matrix are zero
and k take different values in Zz; for Tnqp, one can choose
k= 0, Q12 :~Q23 = 1 and other elements of charge matrix
are zero with k take different values in Zz; for Zg.q, one can
choose k = 0,Q22 = 6213 = 1 and other elements of charge
matrix are zero with k take different values in Zs. There-
fore these four invariants can contribute independently to the
classification.

Finally, we come to discuss the invariant Z,g,. For conve-
nience, we can divide the expression in (135g) into two parts,
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i.e.,
k' M-
Igﬁ)a _ 23Q13Q22 (153)
8
—k' M-
Iézga _ 23Q12Q23. (154)
8
For convenience, we define p23 and p2s through
Q12Maz = 2pa3 (155)
Qo2 Mas = 2jn3. (156)

We first discuss ISB)G. If Q22 =0 or Q13 = 0, it vanishes. So

we focus on the case with nonzero Q22 and nonzero Q13. Then
’ —

it can be simplified to Iélga = %“3@237 which determines the

statistical phases

00,0 = — T (157)
27k’ Q13P2s
g))az;ol = 4 (158)

When Q22 = 1, then pos = 1. Further if Qi3 = 1, the 6

3,0l;02
and Gg)oz'ol can take the most general quantized values, that

is. b — _mk g(1) _ mkl
18, 92,01;02 - 2 VS 02,00 T2

Similarly, we disucss the second part of the invariant Igﬁ)a.
If Q12 = 0 or Q23 = 0, it vanishes. So we focus on the case
with nonzero @12 and nonzero Q23. Then it can be simplified

to Ifg)a = —W#mhich determines the statistical phases
2mkQ23p2s3
021 2= T (159)
27k’ Q23p2s
0P, 1 = — 2T (160)

When Q12 = 1, then p23 = 1. Further if Q23 = 1, the 9(22)01‘02

and 9(22 )a2~al can take the most general quantized values, that

;
_ 7k 0(2) _ _‘rrk/
27 Y% 0201 T 2

From the above discussion, we see the most general quan-

tized values of the two statistical phases from Z,g, are

k'
92’01;02 = 7 (].6].)
/
Os 02,01 = —%. (162)

with k' being integral.

We recall that these two statistical phases 0y ,1.,2 and
92702;01 can also detemined by the invariants Zgq and Zaap,
respectively. As compared to (159) and (151), the values of
these two statistical phases from Z,g, are not beyond those
in (159) and (151). And any pattern of the two statistical
phases in (161) and (162) are not independent since they can
be viewed as combination of those from invariants Zg.. and
Toap. While they do not contribute to new pattern of SFL,
Zasa might contribute to smaller periods of these statistical
phases. However as we will show below it does not contribute
any smaller period of these statistical phases, that is, they are
always multiple of 7.

As we have discussed the periods of 05 ,1.,2 and Oy 2,1
from attaching particles above, here we only need to focus on
the ones from twisted coefficients.



We first discuss the period of k'. From (17), we set m = 2,
Ni = No =1and N3 =2 and K; = K2 = 2, and M3 is given
by (134), and we obtain the period of k':

2 2

ged(2, p23Qis)” ged(2, p2sQas)’
2 2 ]
ged(2,723Q13) ged(2, p2sQas)
2 2
ged(2, p2a)’ ged(2, p2s)’

2 2
2cd(2, paz) | ged(2, psa) I} (163)

I'" = ged{lem]

lem|[

It is easy to see that [VQi3p23 is even. So from (157), (158),
(159), and (160), we see that the periods of 0y ,1.,2 and
0y »2,,1 are both multiple of 7.

In fact, we can also consider other M3L statistical phases,
such as 0y, ;12,,: with i = 1,2, involving o2 which can be
viewed as fusion of ¢! and o2, having the unit symmetry
fluxes of both the two Zs symmetries. However, in this case,
they are not independent. For example, the quantization of
05,12, are determined by Oy, ,1.,¢ and Oy, 2 .1, i.e.,

O5,512,50 = 05 51,50 +0x 52.5i (164)
We note that even though the quantization of them are not
independent, the periods of them, in particular those from
attachment of particle, may be different as we can see below.

To summarize, for the SFP pattern €00, the classification
of SFL is (Z2)®. The corresponding characterization of these

SFL are given by the M3L statistical phases above (see Ta-
ble IV).

2. Computing SFL when SFP is either eCO or eOC

Now we discuss the case with SFP being eC0, namely the
gauge charge e carries half integer symmetry charge of the
first Z> and integer charge of the second Z2 subgroup. In this
case, Q11 = 1,Q21 = 0 and then Q11 =1 Qzl = 2. Then
(151) reduce to

Mo =4. (165)
while (132) remains in the same form. Then the M3L invari-
ants above reduce to

Taga = — Mg” (166a)
Thaa = — Mg” (166b)
Ty = kcim B EQI;Q12 B EQl;QlS (166¢)
Tapp = — I_CQQSQ” - EQ?;Q” (166d)
Toap = EQl;Q” + %QI;Q% (166¢)
Tpaa = — Mi” + EQZ;Q” + EQ%QB (166f)
Toga = kQ22 " k' Ma3(Q13Q22 — Q12Q23) (166g)
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As below we will show that all the first six invariants (166a)-
(166f) result in only trivial M3L statistical phases while the
last one (166g) can give rise to nontrivial M3L statistical
phase.

First of all, we discuss the invariant Z,g, that can con-
tribute to nontrivial classification and now becomes

kQa2 K (P23Q13 — p23Q23)
4 + 4

where we have used (155) and (156) and assumed that Q22
and Q12 are nonzero (Otherwise the corresponding term(s)
would be vanishing.). We divide it into two parts for conve-
nience

Topa = (167)

7 _ k' (p23Q13 — p23Qas)

aBa T 4 (168)
kQ
L= (169)

Then the two statistical phases 0Oy, ,2,,1 and 0y, ,1.,2 can be
divided into two parts. We first discuss the part one deter-

mined by Iglga, that is,
1 P23Q13 — p23Qas
o), . = an P2 - pn) (170)
0(21)01 =2 (p23Q134— P23Q23) (171)

When Q22 = Q13 = 1(with Q23 = 0), P23 = 1 according to
(156) and (134), which means Hg)alal and Hg)ol

the most general quantized values, that is, Gg)oz'ol =

o2 can take
;

’
% and

9(21)0'1‘0'2 = Z”k Froml'( ) , we have 9(2) o2l = 27TkQJ and
(2) = 27 szz which are always multlple of Z, the most

So0l02 =
general value from ISB) o
We then consider the periods of the two statistical phases
that can come from two aspects. First, 05 ;2,1 and Oy ,1.,2
can shift by m and § respectively from attaching e particle to
Y. since e particle carries integer charge of the second Zs and
half charge of the first Zs. Secondly, the periods of these sta-
tistical phases can also come from twisted coefficients, which,
however, are always multiple of those from attaching particle,
as follows. From (16) and (24), the period of k and k' are
given by
I' = lem| 2 —, 2 —]
ged(2,Q12) ged(2, Qa2)

(172)

and
2 2
ged(2, p23Qis) ged(2, p2sQas)’
2 2 ]
ged(2, p23Qi3) ged (2, p2sQas)
4 4
ged(4,pe3)” ged(4, pas)’

4 4
ged (4, ps2)’ ng(47ﬁ32)]} (173)

271'Qao
4

I'" = ged{lem]|

il

respectively. As I'Q22 is even, then is always multiple

of m. Meanwhile, we can see that both I'p23Q13 and I'pa3 Q23

271 Pp3Qis
1

prow i .
are also even, then and P 423Q2J are also multiple

of .



We note that the statistical phases 0y ,2,,1 can also de-
termined by invariant Z,.g, as given by (180) below, which
however are always multiple of the trivial value .

Therefore, 05, ,1.,2 are always equivalent to being trivial
while 0y, ,2.,1 can take two inequivalent values, that is, T5%
with p7 € Za. Therefore, the Z2 inequivalent statistical phases
s ,2.,1 contributes to one Zy classification of SFL (see Ta-
ble IV).

Below we discuss the other invariants in (166) can only
result in trivial values. We first discuss the invariant Znqq.
If Q12 is zero, then Z,., vanishes. So we assume Q12 is
nonzero when discussing the invariant. Then the M3L sta-

tistical phases take

Oy.1 = _%TW” (174)
051 5.5 = ersz (175)

when @12 = 1, they can take the most general quantized val-

ues, that is, 0y,,1 = —7k and 0,1 5.5, = k. However, these
quantized values of the two statistical phases are equivalent
to being trivial since by attaching e particle to ¥ or ¢, Os.01
and 6,1 5.5 can shift by 7 and 7.

Similarly, we discuss the invariant Zg,,, which now becomes
(166b). Then the two correspondingly statistical phases 0,2
and 0,2 5.5, are also multiple of 7, which however are also
equivalent to being trivial since attaching particle e to ¥ can
shift the phases by .

We now discuss the invariant Zs,ao, which now becomes
(166¢). Then the two statistical phases can take the quantized
values as

kQi2 EQ12Q12

— EQIQQIS
01,5 = 27{ < s ] (176)
02,01;01 = —27T|:kQ412 - le;Q12 - le;le] (177)

When Q12 = Q13 = 1, they can take the most general quan-
tized values, i.e., 0,15 = % and 05 ;1.5 = —% with [
being integral. However, these quantized values of the sta-
tistical phases are trivial due to the following reason: as e
carries half integer charge of the first Zo symmetry, attaching
e to o' for 0,15 and to ¥ for Oy ,1.,1 can both shift them by
5 phase shift.

We turn to discuss the invariant Z,zg, which now becomes
(166d). Then the two statistical phases can take the quantized
values as

6,5 — 27{_ EQz;sz _ sz;QQS] (178)
Os 2,02 = —271'[— ’_“QQEQ” - kQ?;Q%] (179)

These quantized values of the statistical phases are always
multiple of 7 and then trivial due to the following reason: as
e carries integer charge of the second Zx symmetry, attaching
e to o2 for 0,2.5(.e., one e to each 0% in the exchanging
braiding) or to ¥ for 0y, ,2.,2 can both shift them by 7 phase
shift.

Now we discuss the invariant Z.,3, which now becomes
(166e). Then the two statistical phases now can take the

30
quantized values

kQ12Q22

05, 2,01 = 271'[ + kQ”Qﬂ (180)
o 2 2
[ _Qw[lengz n le;Q%} (181)

These quantized values of the statistical phases are always
multiple of 7, and then trivial due to the following reason:
as e carries half integer charge of the first Zo symmetry and
integer charge of the second Z2 symmetry, attaching e to X
for 05 ,2.,1 and to o? for 02,15 can shift them by 7 and 3
respectively.

We turn to consider the invariant Zg,«, which now becomes
(166f). Then the two statistical phases now can take the quan-
tized values as

O5 1,02 = 27{— bz | OnGw kQ”QB} (182)
ot 1 2 2
0,1 2.5 = 2{’“2” - kQZ;Q” - kQ?QB} (183)

The quantized values of the statistial phases are always mul-
tiple of 3 and then trivial due to the following reason: as
the e particle carries half charge of the first Zx symmetry,
attaching e partcle to ¥ for 0y ,1,,2 and to o for 051 52,5
can shift them by 7 phase factor.

Now we discuss the M3L statistical phases 0y, ,12.,:. From
the relation (164) and the above discussions, we can see that
the quantization values of 0y, ,12,,: are always multiple of 7,
which however is trivial as attaching e particle to 2 can result
in phases shift of 7.

To summaize, for SFP eC0, the classification for SFL is

Za, which is characterized by Oy, ,2.,1 = 757 with p7 € Zo.

Similarly to the SFP eC0, the discussion for SFP with e0C
for the classification for SFL can be easily obtained by just
exchanging the two Zs symmetries. Therefore, we can obtain
the conclusion: for SFP e0C, the classification for SFL is Za,
giving by the two inequivalent values of the statistical phases
Os o1.,2 = B2 where ps € Za(see Table IV).

8. Computing SFL when SFP is eCC

This case can also be connected to by rearranging the sym-
metry group Zs X Z2 generated by g, h to another isomorphic
one Za x Z3 whose generators are g, gh. In this case, e particle
still carries half charge of the first Z> symmetry, but integer
charge of the second Zz symmetry now. In other words, the
SFP eC'C now becomes eC'0 where the superscript reminds
of the second Zs is generated by gh. Then we can apply
the above discussion to this case and we can draw the conclu-
sion: for SFP eC'C' (or equivalently eC0), the classification for
SFL is Zo, characterizing by the two inequivalent statistical
phases 0y, ,12,,1 = *52 with pg € Z> where 0'? is the fusion of
o' and o*(see Table TV). Similarly argument also show that
Oy, ,12,,2 = 752, Therefore, for eCC, the classification of SFL
is Zo characterized by Oy, ;12,,1 = 05 ,12,,2 = 0, 5 mod 7.



VII. SUMMARY AND OUTLOOK

In summary, we have systematically developed a field-
theoretical framework to completely characterize and classify
symmetry fractionalization of topological excitations (espe-
cially loop excitations) in 3D symmetry enriched topologi-
cal phases. The procedure is illustrated via concrete exam-
ples, as listed in Tables I, II, III, and IV. Especially, the
three examples studied in the main text respectively stand
for three typical combinations of gauge fields and symme-
tries, namely, untwisted gauge theory with cyclic symmetry
group, twisted gauge theory with cyclic symmetry group, and
untwisted gauge theory with product symmetry group. In
addition, anomalous symmetry fractionalization and the un-
derlying algebraic structure of the classification in our field-
theoretical framework have been discussed.

Some interesting questions remain open, which are left for
future study:

(i) In this paper, SFP is characterized by fractionalized
symmetry charges, corresponding to one-dimensional
projective representations of the symmetry group,
which indicates that the gauged group Gy is always
Abelian; SFL is characterized by the M3L statistical
phases that are also Abelian. We have not yet con-
sidered “non-Abelian fractionalization of Abelian sym-
metry”. The SETs that involve non-Abelian properties
may come from two aspects: (i) the particles carry two-
or higher-dimensional irreducible projective representa-
tions of symmetry group, which upon gauging results in
a non-Abelian gauge theory; (ii) the non-Abelian MML
invariants (related to M4L or non-Abelian M3L).

(i) We have not yet considered permutation of topolog-
ical superselection sectors under symmetry transfor-
mations. It is interesting to add this layer of com-
plexity into 3D SET classification. Several initial at-
tempts to treat untwisted topological orders were made
in Ref. [58].

(iii) Another interesting issue is to introduce extra topolog-
ical terms in the BF field theory which is beyond the
Dijkgraat-Witten twisted gauge fields, such as bb type
[19, 83, 85] or aab type [48, 49]. With these topologi-
cal terms, it is very interesting to discuss the symmetry
fractionalization.

(iv) Generalizing our theory to fermionic SETs via spin-
TQFT is interesting and challenging, where the peri-
ods and quantization rules are in general substantially
modified when transparent particles are fermionic. And
it is also possible to implement spatial symmetry into
topological orders and study generalized Wen-Zee terms
[86].

(v) The underlying algebraic structure of our specific field-
theoretical data of symmetry fractionalization is not
completely understood. Some aspects of algebraic
structure are preliminarily analyzed in Sec. IITE, in-
spired by the present field-theoretical framework. It is
fundamentally important but definitely challenging to
find a more coherent and more complete algebraic de-
scription.

(vi) Recently, field theories with exotic higher-rank symme-
try and higher-moment conservation, e.g., dipole con-
servation were motivated in part from the rapid devel-
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opment of fracton topological order, have gained in-
tensive attentions from both condensed matter physics
and high energy physics [88-110]. It will be exciting to
further implement global symmetry in these unconven-
tional field theories and see how symmetry is fraction-
alized.
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Appendix A: Frequently used abbreviations and
concepts

e AB: Aharonov-Bohm

e [3L: intrinsic 3-loop

e MML: mixed multi-loop

e M3L: mixed 3-loop

e MA4L: mixed 4-loop

e SPT: symmetry-protected topological phases
e SET: symmetry-enriched topological phases
e SF: symmetry fractionalization

e SFP: symmetry fractionalization on particles
e SFL: symmetry fractionalization on loops

e TQFT: topological quantum field theory

e Charge matrix Q;; is defined in Sec. IT A

e Reduced charge matrix Q;; is defined in Sec. IIB
e SFP matrix C;; is defined in Sec. II B

e M3L statistical phases 6., and 6, are defined in
Sec. 111 B

e M3L invariant Z .. is defined in Sec. IIIC

Appendix B: Review on 3D bosonic topological
order: particle excitations, loop excitations, and
twisted gauge theories

3D Abelian topological orders we consider here are de-
scribed by TQFT of Dijkgraaf-Witten type, i.e., twisted BF
gauge theories with gauge group Gy, = [[,Zn, [19, 45—
48, 51, 66, 76, 77, 79-83]. In such topological orders, par-
ticle excitations are Abelian and bosonic. Since they carry



gauge charge (representation of gauge group), we can de-
fine n species of elementary particle excitations denoted by
e (i =1,2,...,n denote n different Zy, gauge groups) while
other excitations can be realized by fusing these elementary
ones. One of basic fusion rules is the fact that N; e'’s fuse
to the trivial particle (i.e., vacuum), e; X €; X ... X ¢; = 1, or
symbolically

(e)Ni=1. (B1)

It is convenient to introduce integer-valued vectors to denote
particle excitations. For example, e; = (0,...,1,...,0) where
only the i-th component is nonzero. All other particles can
be geometrically denoted by lattice sites of n-dimensional hy-
percubic lattice. But there is an explicit redundancy in this
labeling system: the fusion rules in Eq. (B1) indicate that the
i-th component of vectors is defined modulo N;.

As for loop excitations carrying gauge fluxes, there are also
elementary loop excitations ¥* whose gauge fluxes, denoted as
¢i (i =1,2,...,n), satisfy fusion rules that NN; different copies
of m; gauge flux fuse to the trivial flux (i.e., 27), ¢: X ¢; X
... X ¢; = 1, or symbolically

N; _
oV =1. (B2)
Likewise, we may denote all loop excitations by using n-
dimensional vectors. For example, ¢; = (0, ..., %7 .., 0) where

only the i-th component is nonzero. All other loops can
be denoted by superposition of all these basis vectors with
integer-valued coefficients. The gauge flux of a generic loop
denoted as [[,(¥%)" can be labeled by ¢ = (¢1,d2,...6n)
where ¢; = % with k; = 0,1,...,N; — 1 being the gauge
fluxes correspor;ding to Zn, gauge subgroup.

One of defining properties of the [], Zn, twisted gauge the-
ory is that the AB phase accumulated in the process that
braids a particle with gauge charge ¢ = (q1, g2, ..., gn) around

a loop excitation with gauge flux ¢ = (é1, @2, ...¢n) is given

by
Og.6 = > aibi

We also call such braiding process as charge-loop braiding.

Another interesting braiding statistics of the Abelian topo-
logical order is three loop braiding statistics. In the process
of three loop braiding, one loop excitation is adiabatically
braided around another while both are linked to the third one.
While the fusion rules (B1), (B2) and the AB phases (B3) are
defined the same for all the bosonic topological orders with
the same gauge group [[, Zny;, the three loop braiding statis-
tics can be different in different topological orders. The three
loop braiding statistics are related to topological invariant in
four dimensional manifold, and in principle can be detected
numeraically and experimentally.

The effective action of the 3D Abelian topological order we
consider here is

(B3)

~Ni i
S:/Z%bda + 5%, (B4)

where S?, includes twisted terms'”:
S0 = / %aiajdak. (B5)

4,5,k

17 The terminology “twisted term” in this paper is always like aada.
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{a'} and {b'} are respectively one- and two-form gauge fields.
All wedge products are implicit. g¢;;x = 0 for untwisted the-
ories. The first term is a set of BF terms that describe
charge-loop braiding processes while the second term is a set
of twisted terms that describe the three-loop braiding pro-
cesses. N; is the level of the i-th BF' term, corresponding
to the Zy, gauge subgroup while ¢;;;, is the coefficient (alter-
native names are coupling constant, level and so on) of the
twisted term a‘a’da”®. In the absence of twisted terms (i.e.,
gijr. = 0), the gauge transformation is just at — a' + dx’,
bt — b+ dV? where {x'} and {V'} are O-form and 1-form
gauge parameters respectively. Nevertheless, in the presence
of twisted terms, the gauge transformation of b* should be
modified properly by adding an additional term with g;;z de-
pendence [79]. In fact, several consistency conditions induced
by twisted terms make g¢;; to be quantized and compact (i.e.,
periodically identified), as shown in (11), i.e.,

N;N;

Qijk =T+ ,T EZNijk (B6)

3

As a result, all topologically inequivalent values of g;j deter-
mine inequivalent three-loop braiding statistical phases. All
these different gauge theories are classified'® by

FGQ = H(ZNij )2>< H (ZNijk)27

i<j i<j<k

(B7)

From (B7), it is apparent that in the action (B4) we are al-
lowed to arbitrarily add BF terms (i.e., “trivial layersaAl)
of level-1 and add twisted terms containing level-1 a’ gauge
fields. One can prove that addition and deletion of level-1 BF
terms doesn’t affect braiding data at all; in other words, I'g,
is unchanged'?. More intuitively, adding n “trivial layersaAl
is equivalent to adding n species of bosons that are in trivial
gapped phases. The coefficients of those twisted terms con-
taining at least one level-1 a’ gauge fields are all equivalent to
zero in the sense of bulk topological order, i.e., braiding data.
Nevertheless, once global symmetry is imposed, these auxil-
iary gauge fields will be useful and necessary in approaching
complete classification of SET orders.

Appendix C: General properties of charge matrices

Here we discuss the SFP for general charge matrices for
system with gauge group [[ ,Zy, and symmetry group
[T, Zxk,. We begin with the following action:

LIS R LA L
Szg/;Nibda+%/ZZAQijdb]+Smt,

i=1 j=1
(Cn

All symmetry-fractionalization types and topological order we
consider in this paper are Abelian, so the twisted terms aaaa
that induce non-Abelian four-loop braiding are not considered
throughout this paper.

18 The full expression of I'y should contain Hi<j<k<l ZN”,M which
comes from twisted terms aaaa. But in this paper, we do not
consider this type of twisted terms.

19

It is obvious that greatest common divisor of 1 and any other
integer is always 1.



where the first term is a set of BF terms. N; > 1 for 1 <
i<mand N; = 1forn+1<i <n+n'. The Q matrix
dependent term is a minimal coupling term that defines how
global symmetry is implemented. The coefficients @Q;; form
the m x (n + n') charge matrix Q. S;n: includes all possible
twisted terms (see footnote 17) of 1-form gauge fields a’ with
indexi=1,---,n’. One may further split Si,: into two terms:

Sint - S?nt + Silnt . (02)
The two terms are defined as follows. Each twisted term
in SY, is composed by 1-form gauge gauge fields a’ with
¢ =1,---,n only. In other words, BF' terms together with
SY . completely determine bulk topological order, as shown
in Eq. (B5). But S2,,, as a non-quadratic term, doesn’t par-
ticipate the determination of SFP at all. On the other hand,
each twisted term in S}, at least contains a gauge field a’
from i = n+1,---,n +n’. These gauge fields are called
“level-1 gauge fields”, see footnote 6. Inclusion of S},, doesn’t
introduce new twisted gauge theories outside I'g, defined in
Eq. (B7), just like the inclusion of BF terms with N; = 1.
But S},; is expected to introduce nontrivial SFL, which is
discussed in Sec. I11 B. For all above reasons, in the following
discussions on SFP, we will temporarily ignore both S9,, and
Silnt' X

Now we insert a set of particle currents {j'} and a set
of loop currents {El} with proper gauge®”, which minimally
couple to the one-form and two-form gauge fields respectively:

n+nl m n+n,

1 i, 1 i i
S':§/2Nibda +%/ZZAQ¢jde
i=1 i=1 j=1

n+n, n+n,

(C3)

+ Z qiai*ji—i— Z qz'-bi*Ei.
i=1 i=1

Integrating out all the two-form gauge fields b°, we obtain a
constraint
27, o Qi
e L YLVt C4
“ N, ; N; (C4)

7

Substituting these constraints back into Eq. (C3), we end up
with the following effective functional that is fully determined
by the configurations of external gauge fields A, particle cur-
rents, and loop currents:

n+n’ , m n+n'
) A ry— G Qij 4i. .
S[A,J,z]:_z/Tj iy _zz/%zq .
i=1 g i=1j=1 J

(C5)

The first term in Eq. (C5) describes the braiding process in
which a particle excitation carrying ¢; unit gauge charge in
Zn, gauge subgroup (i.e., ef?) braids around a loop excita-
tion carrying g; unit gauge flux in Zy, gauge subgroup gen-
erates a statistical phase 2mq;q;/N;. The second term indi-
cates that the particle excitation carrying g; gauge charge

20 Toop currents are usually denoted by an antisymmetric tensor
%, which, in Euclidean spacetime, form a two-dimensional closed
world-sheet. A recent calculation related to this loop current in
condensed matter can be found in Ref. [19, 48].
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in Zy,; gauge subgroup (i.e., egj) carries ¢;Qij/N; symmetry
charge of global symmetry subgroup Zg,. Since this symme-
try charge is always integer-valued (i.e., “non-fractionalized”)
once N; =1 for the labels j =n+1,--- ,n+n’, it is sufficient
to consider j = 1,--- ,n during the following calculation of
SFP. Again, it is also sufficient to consider particles with unit
gauge charge ¢; = 1°'. Since if ¢;Q;;/Nj is fractional, Q;;/ N,
is also fractional. The inverse is not always true. We conclude
that, the complete answer to SFP has been encoded in those
particles carrying unit gauge charge. For gauge group Gy,
there are n such elementary particles, denoted as e;, each of
which carries unit gauge charge of a specific gauge subgroup.

Next, we demonstrate that there exist equivalence relations
such that infinite choices of symmetry charges Q;;/N; can be
reduced to a finite set (here @);; may take arbitary integer.).
For this purpose, let us examine the property of the mini-

mal coupling term “z= [S°7" Z;Liln/ A'Qy;db”. Since the
external gauge field A’ probes symmetry charge in symme-
try subgroup Zg,, the coefficient Q;; should be equivalent to
Qij + K. Furthermore, one may perform the integral-by-part
and obtain “2& [Y7 Z;LL"/ b Qi;dA™, which indicates that
the external symmetry flux is also charged in the gauge sub-
group Zy,. Therefore, the coefficient QQ;; should be equivalent
to Qi; + N;?%. Combining two facts together, we see that for
characterizing SFP, Q;; is equivalent to Qi; + ai; N; + Bi; K,
i.€.,

Qij ~ Qij + aigNj + b K;
where a;; and f;; are arbitrary integers. From the Bézout’s
lemma, ) can be decomposed in terms of

Qij = aijNj + Bij Ki + Qij

where the integer |Q;;| is less than the greatest common divi-
sor of K; and N; denoted by gcd(K;, N;). Alternatively, one
can generally express Q;; as: Qi; = ni;jged(K;, Nj) + Qij,
where the integer n;; is determined by ay; and ;5. Q is re-
ferred to as “reduced charge matriz” whose element Q;; takes
values in a finite set:**

Qij € {07 1,2, 7ng(Ki7Nj) - 1} .

(C6)

(C7)

(C8)

We use the SFP matrix C;; to denote the corresponding Zg,
symmetry charges carried by particles e; with unit Zy; gauge

charge: C;; = %]J mod %?Nj). It has ged(Kj, Nj) in-
equivalent values, indicating that there are ged(K;, N;) types
of SFP of e; *. Considering all different subsymmetries for

21 In order to simplify descriptive words, here we have already im-
plicitly assumed that all other ¢’s vanish. By “a particle with unit
gauge charge in a certain gauge subgroup”, we have already as-
sumed that the particle doesn’t carry nontrivial gauge charges in
all other gauge subgroups, unless otherwise specified. These par-
ticles are also called “elementary particles or elementary particle
excitations”, denoted as e;, in this paper. Likewise, we have sim-
ilar definitions for “elementary gauge fluxes / loop excitations”.
Such equivalence relation of @Q;; can also be understood as by
attaching trivial particles to elementary particle excitation e;.

22

23 One can always redefine the set as {1, -, gcd(K;, N;)} since 0
is equivalent to gcd (K, Nj).
22 Forj=n+1,---,n+n', we have trivial BF levels, i.e., N; =

1, therefore, C;; is always 0 mod 1, i.e., non-fractionalized. As
such, for the purpose of computing SFP, it is sufficient to consider
reduced charge matrices Q of a reduced size m X n.



i =1,...,m, there are in total [[;" gcd(K;, N;) types of SFP

of e;. Furthermore, considering all elementary particles e;

with j = 1, ..., n, we obtain the total types of SFP should be:
iy [j— ged(Ki, Nj).

In summary, we have successfully reduced infinite number
of charge matrices @) to finite number of “reduced charge ma-
trices” Q whose elements are given by Eq. (C8). As a result,
we end up with J[i%, [T/, ged(Ki, N;) different Qs. Given a
Q, the Zg, symmetry charge (i = 1,2,--- ,m) carried by e;
(i.e., particles with unit Zy, gauge charge) (j = 1,2,--- ,n)
is uniquely fixed and exactly provided by C;; in Eq. (9).
If we use v; to label SF type with ¢ = 1,2,--- /N, and
Ny = I[i%, IT;-, ged(Ki, N;) , each type of SFP is one-to-
one correspondence to Q but there is a caveat about the
anomalous SFP of twisted topological order, as mentioned
in Sec.II B. We finally note that vy denotes the trivial SFP in
which symmetry charge is integral.

Appendix D: Quantization and periods of
coefficients of twisted topological terms

34

topological terms, with and without global symmetry.
We consider a gauge theory with gauge group H?:ln Zn,

m

and symmetry group [[;", Zk, that is twisted by one twisted
term ¢, i.e., with general action

S = So+ Se
o Ni i q 12,3

So = ;/%adb +maada

S, = i7§//@mdbﬂ} (D1)
i=1 j=1 2

In (D1), besides the level-N1 23 gauge fields that is included
in the twisted term ¢, there are also additional n different
untwisted gauge fields, which might be level-1 or not and can
also be coupled to external probe fields. As it is shown below,
these untwisted gauge fields do not affect the quantization
and period of the twisted coefficient q.

We first claim that the quantization levels and period of ¢
are

q=kM,k € Zr (D2)
In this Appendix, we provide detailed calculations on quan-
tization rules (i.e., levels and periods) of coefficients of twisted with
J
M = lem [Nl,Nz, M K : Na K NiKm , NoKm ] (D3)
ged(Q11, N1 K1) ged(Qi2, N2K1) gcd(Qmi1, N1 Km) ged(Qmaz, N2Krm)
T = ged {lcm N1N2KjA , NlNQKil{j = WViejg=1,..., m},
Lgcd(N1 N2 K, Qja M) ged(N1N2 K K, Qi1 Q2 M)
[ N1 N2 K Ni1N: K K o
lem - , e Vi, 7 =1,....,m|,
Lged(N1 N2 K, Q1 M) ged(Ni N2 KK, Qi1Qj2M)
lem [ N1NsK; N2 N3 K
Lecd(M N3 K, QM) ged(NaNs K, Q2 M)’
N1 N3 K; K No N3 K K

ged (N1 N3 K K, QisQin M) ged(N2NsKi K, Qis Q2 M

where lcm and ged mean the least common multiple and great-
est common divisor respectively. @Q;; can take 0,1, ..., K; — 1
and we define Qij = Qij if Qi; is nonzero; Qij = K; if Q4 is
Z€ro.

Below we are going to prove (D3) and (D4). First of all, we
consider the gauge transformations, under which the action
So is invariant,

1 1 1 q 2, 3
b = b +dV 3N, X da (D5)
2 2 2 q 1;3
b = b +dV +—27TN2X da (D6)
b= b +dVia — a4 dy’ (D7)

where ¢ > 3 and j > 1. The gauge transformations of
two-form gauge fields b"? are twisted due to the additional
terms on r.h.s.. V', V2, ... are 1-form gauge parameters;
x',x%, - are O-form gauge parameters.

The twisted gauge transformations should be consistent
with Dirac quantization conditions, namely % fx3 v’ € 7

),Vz’,j = 1m]} (D4)

|
where X3 is a 3D compact manifold. Thus, ¢ is quantized as:

q q
A g L. D
N €L € (D8)

by noting that 5= [, dx" =€ Z and 5= [, da’ € Z where
X! and X? are respectively 1D and 2D compact manifolds.

In addition, S, is invariant up to multiple of 27 under the
gauge transformations, which leads to another quantization
constraints:

qQi
N1 K;

qQi2
T No K

€L

€Z,i=1,..,m. (D9)

Combining all these constraints together, we have the quan-
tization of ¢ as

¢g=kM,k€Z, (D10)

where M takes (D3).
Secondly, we consider the following shift operation to re-



move the redundancy of k

1, 1 KM 2,3
/db /db N, a“da
KoM 1,3
— [ d*— — [ dv® + = d
271'/ - 271'/ + 472 Ny @ da
8_, 3 KsM 12
/db /db N, d(a a”)

k— k+ K1 + Kz + K3 (D11)

(while other 2-form gauge fields b’ remain unshifted) which
keeps the action Sy invariant but shifts the coefficient k. If
two k can be related to under this shift operation, they are
equivalent.

This shift operation will lead to two constraints on the I?Z
(and hence on the period of k). The first one comes from
consistency with the Dirac quantization conditions such that
I?i must satisfy

KiMQj» KaMQj

Z D12
N1 N2 K " NiN2K; €L ( )
KsMQj KsMQye
Z D1
MNK; <% NaNsK; © (D13)
for all j = 1,..,m. To derive the above constraints,

we have considered the equation of motion:

fxl a' =
Qji _ Qji 27 . . -

-3, 3 Jxidi =%, N, %, X integer with ¢ = 1,2. In
addition, the coupling action S. should be invariant (up to
multiple of 27r) under this shift operation, which leads to an-

ther set of constraints on I?Z

Qile2I?1M Qi2Qj1I?2M

7 7 D14
MNGEE, <Y NNEE <b (P
QiSlelN{SM QiSQleN{SM
MNsKK, 2 NoNsKoK, <2 (D15)

foralli,j=1,...m
The above two set of constraints require that

Ki/T1 € Z, Ko/Ts € Z, K3)T's € Z (D16)

where
NiN2 K;
Lged(N1 N2 K, Qo M)’
NlNzKin
ged(N1 N2 KK, Qi1 Qj2 M)
N1 N2 K
_ng(NlNsz,leM) ’
NlNzKin
ged(N1 N2 K K, Qi1Q 2 M)
NiN3K;
_ng(NlNng,leM) ’
N1N3K; K
gcd(N1N3sK; K, QiSleM) 7
NaN3K; K
gcd(N2N3Kin7Qi3Qj2M)

'y =lem

7Vi7j:17“~7m:|7 (D17)

I's = lcm

7Vi7j:17“~7m:|7 (D18)

N2N3 K

I's = lem —
ged(NaN3 K, Q2 M)

By choosing different multiple of I';, the minimal value I'

of K1 +K2 —|—K3 is equal to ged[I'1, 'z, I's], which is just given
by (D4). Therefore, the minimal period of k is given by I'.
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Appendix E: M3L statistical phases from M3L
invariants

In this Appendix, we present more details of Eq. (27).
In a more rigorous treatment of braiding statistical phases,
one should spht o into two spatially separate world-sheets:
o = o450 where 1 and 1% are two symmetry fluxes that
respectively form two different world-sheets in the (341)d
spacetime. As a result, the M3L invariant is split into four
terms:

2
Qiaqm /(dfl " El)(dfl % (0[1] _,_0[2]))(*0[1] + *0[2])

32
2
:—Q?;ﬂ- /(d71 * El)(d71 * 0[1]) x ol
2
+ —Q;Zqﬁ /(d71 * El)(d71 * 0[2]) * o2
2
+ —Qg;” /(d’l « XD (d ™« oMy« ol
2
I /(*d’lzl)(*d 1121) 4 11, (E1)

If we want to calculate 0, ,.s1, i.e., the statistical phase of
braiding one symmetry flux around another symmetry flux
by letting ' be the base loop, then, the third and fourth
terms simultaneously contribute to the phase, resulting in

Op ot = Q1322q7r + Q132q7r — Qhar If we want to calculate
o510, i-€., the statistical phase of braiding one symmetry

flux around El by letting another symmetry flux be the base
loop, then, either the third term (if the base loop is o!*or the
fourth term (if the base loop is o(?) contributes to the phase,

resulting in 0, v1,, = quﬂ The first term directly gives the

exchange statistical (half- braldmg or 27 self-rotation of a sin-

gle symmetry flux denoted by ol ) phase 0, 51 = Q1322q7r after

a proper point-splitting regularization. One can also perform
this self-rotation with o!? by using the second term, resulting
in the same answer. In the current calculation scheme, one
can always have the relation: 0, ,.s1 = 20,.51.

Appendix F: Procedure of gauging

Below, we mainly discuss generally how to gauge the sym-
metry with a certain charge matrix, specially show how to
obtain the gauged group denoted as G7.

Again, we consider the gauge and symmetry group to be
Gy =11, Zn, and Gs = [[*, Zk,, and the minimal cou-
pling constant as Q;;. We start with the action (C1), rewrit-
ten as

n+n,
1 i
5:%/ Z Nib'da' + Se + Sint (F1)
m n4n’
/ SN AQudv (F2)
i=1 j=1

where N; is the corresponding level of gauge fields b° and
a'. N = 1forn+n > i >n+1 A" denotes the
external probe field related to the symmetry subgroup Zg,
and S;.: denotes the collection of all twisted terms. Note



that the external probe fields here can only introduce static
(i.e., non-dynamical) symmetry fluxes. To gauge the sym-
metry G is nothing but to give the dynamics to those
static symmetry fluxes by technically adding new BF terms
% Z;ﬂ K;B'dA*?°. The latter enforces the charge-loop braid-
ing statistics onto the corresponding new gauge charges and
flux loops. Besides we also need to add the corresponding
functional integration over A’ and B® in the partition func-
tion. As a result, we obtain the following gauged theory:

S, = % / BTWAA + Sin (F3)

where W is an integer matrix given by

w:(é} N‘;ﬂ) (F4)

The entries of K are given by: K;d;; for i, = 1,2,---m.
The entries of Q7 are determined by the charge matrix: Qj;
fori = 1,2,---,n+n' and j = 1,2,--- ,m. N is diagonal:
N;j = N;b;; fori,j =1,---  n. [is an n’-dimensional identity.
0 denotes an m X (n + n’)-dimensional null matrix.

All 2-form and 1-form gauge fields are collected in B and
A, respectively:

B:(Bl7B2"' 7Bm7b17"' 7bn7bn+17"' 7bn+n/)T7 (F5)
A:(A17A2"' 7Am7a17"' 7an7an+17"' 7an+nl)T' (F6)

Note that two gauge theories with W and W’ respectively
are in fact topologically equivalent if they can be connected
by a general linear transformation: W' = UWYV with U,V €
GL(m +n+n',Z).

Next, we attempt to diagonalize the matrix W in Eq. (F4).
Qij can be any integer in principle. Through some elementary
column or (and) row transformation (s), we can shift Q;; to
be less than the greatest common divisor of K; and N;. More
precisely, from the Bézout’s identity, ) can be decomposed
in terms of Eq. (C7). Under this constraint, we recall the
charge matrix Q as reduced charge matrix. Technically, we
can always perform the following transformation to simplify
W to be

K, 0 . 0 0. 000
0 Ky . 0 0.-00..0
O 0 - K, 0.~ 000
Wi =UWVo=| Q1 Qa1 =+ Qua Ny 000 (F7)
Qin Qon - Qmn 0 - N, 0 ... 0
00 0 . 0 0..01.0
0 0 0O 0..00..1

Note that Vy depends on «;; while Uy depends on f;;. Their
explicit forms are given by:

1 0 0 0..00..0
0 1 0 0.-00..0
0 0 1 (1) 8 8 8

Voo!| —em e mama Lo 00000 gy
—&1,n —Q2,n —Qm,n 0..10.0
“Quatr —Qzm41 = ~Qumngr 0 010
7Ql,n+n/ 7Q2,n+n/ 7Qk,n+n/ 0O.-.00..1

25 Actually, we should also add Maxwell terms which gives the dy-
namics to the loop and particle excitations. Nevertheless, these
terms is less relevant than the BF' terms, and hence we ignore
them when we focus on topological aspects of gapped phases.

36

and
1 0 0O 0..00..0
0 1 0O 0.-00--0
0 0 1 0..00..0
Up=| P P Pra 1 =000 (F9)
—B1,n —B2,n —Bmn 0 10 ..0
0 0 0 0..01 ..0
0 0 0O 0..00-.-1

We can further use the Smith normal form to diagonalize
Wi via Wy = UW1V although the specific procedures usually
depend on the values of Q;;. Finally, from non-unit diagonal
elements in the diagonalized matrix, one can directly obtain
G;, that is formally denoted as G; = G5 X, Gy in Sec. IITE.

We note that after diagonalizing VW we can further perform
the transformation on those 2-form and 1-form gauge fields:
B = (UUO)TB and A = VoV A and substitute them back to
the action, especially back to the twisted terms, so that we
obtain a new (twisted) gauged theory. Those new twisted
terms which involve level-one new gauge fields can be aban-
doned since their coefficients are topologically equivalent to
Z€ro.

Appendix G: Zy topological order enriched by Zx
symmetry

In this appendix, we calculate the classification through
some examples (See Table II) for Zxy topological order en-
riched by Zx symmetry. These examples are illustrating
which can be generalized to general N and K.

From (9), we see that there are gcd(N, K) different patterns
of symmetry fractionalization on particles.

Now we discuss the SFL. From Table V, there are two M3L
invariants Zaae and Zyaa for Zx topological order enriched by
Zr symmetry. As shown in Sec.IV B, without loss of gener-
ality, we study the following actions (49), rewritten as follow

S :S() + Sint + Sc + Ss'r 5
So :2i /Nbldal +b%da® + b3da®,
™

L
472

S :% /QnAdb1 + Qu2Adb” + Qs Adb®

2 1 1 1 .2 2 1 2 3
Sint = /qma a da” + qia2a a”da” + qieza a’da”

Ssr:/al*jl+a2*j2+a3*j3+bl*2. (G1)

After integrating out b',b% b3, we can obtain the effective
action

Sup = — 20211012 /(*d*a)(*d*z)(m)

N2K

2mq211Q11Q12  2mQ12(q122Q12 + q123Q13)
T NeR - NK? ]
/(*d*z)(*d*a)(*a) +Sap (G2)

where Sap collects the terms describing the braiding between
charges(particles) and fluxes(defects). Therefore, the coeffi-



cients Zaae and Zyoo take

qi11Q12

Toaga = — oK (G3a)
211Q11Q12  Q12(q122Q12 + ¢123Q13)

Iaaa = - b

N2K? NK?2 (G3b)

If Q12 and Q13 are set to be one, then the two invariants
reduce to the form (51) and (52). Here we keep Q12 and Q13
generally and show below that the final classification of SFL
for case with general Q12 and @13 is the same as that by
setting Q12 = Q13 = 1 at first. In fact, that is also why we
can safely set Q12 = Q13 = 1 in the main text in order to
simply the notation there.

From these expression of M3L invariants, we assume that
Q12 is nonzero, otherwise the invariants vanish, while Qi3
can be zero or nonzero. The quantization rules of the twisted
coefficients are given by :

q211 = kM, (G4a)
qu22 = kM, (G4b)
Q123 = kM (G4e)
where k, k, k are integral and from (16) and (23)
M =lem[N, K NE ] (G5)

ged(K, Q12) ged(NK, Q11)

and according to (17) and (24), the periods T of k, k and T’ of
k are given by

NK?

- — (o)
ged(NK2,Q11Q12M)
I' = ged { N}fQ _ ,
ged(NK?,Q11Q12M)
mj— VK =l
ged(NK?,Q11Q13M)’ ged(K?2, Q12Q13 M)
(G7)

As by assumption @12 nonzero, ng = @12. Then the two
MS3L invariants can be simplified to be

NKQi2
. lem[K, NQ12, gcd(NK@n)] (G8)
aaa N2K
Looa = Itg,})z)a + It(zQa)a (G9)
where
1) _ . lem[KQu1, NQ12Qu1, NKQ12][Sign(Q11)|
Iaaa =k- N2K2 (GlO)
lem[K, NQq2, —KQ12 )
(2) _ . I. ’ ? ged(NK,Q11)
Iaaa - _(kQ12 + leS) N2 1 (Gll)
where the Sign function encodes that when Qi1 = 0, i.e.,

Sign(Q11)=0, ZiHa = 0.

1. N=2, K=2n+1
a. SFP

Since ged(2,2n + 1) = 1, there is only trivial SFP. There-
fore, there is also only trivial SFP, no matter what values of
Q11 take.
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b. SFL

Below we are going to show that the M3L statistical phases
(see Table V) determined by the two M3L invariants Zaqq and
Taoo are always equivalent to trivial values, namely, there is
only trivial SFL.

First, we discuss Zaaq in (G8), which now can be simplified
to be

2KQi2
T = — klcm[K7 2Q127 ng(ZKvéll)] (G12)
@aa 4K
Then the two M3L statistical phases are given by
lcm[K7 2Q127 M
Os,0.5 = —27k 1 ;‘“”K'Q“) (G13)
lcm[K, 2Q127 &]
Os.0 = 27k 4;Cd(2K»Q11) ) (G14)
lcm[K,2Q12,%
Since K is odd, T CICI). ¢ 7, and then we set
2K
lem[K, 2Q12, 7&?] =2Kp (G15)
ged(2K, Q11)
where p is integral and depends on Q11 and Qi12. Then the
above two M3L statistical phases can be simplified to
Os,0;x = —mkp, Os;o = Tkp. (G16)

It is easy to see that these two statistical values are trivial by
checking the period from attaching particles with unit gauge
charge to o or 3.

Next, we discuss the M3L invariant Zgqq. Since I&)a and
I(gi)a have independent origins, we will discuss them sepa-
rately and show that both of them determine trivial values
of M3L statistical phases. The two parts Iétm and Iétm now
take

70 _ . Jem[KQu1, 2012011, 2KQ12]|Sign(Quu)| (G17)
4K?
lCIIl[K 2@12 _2KQip
(2) _ _ (1. 7. ’ ? ged(2K,Q11)

Zice = —(kQ12 + kQ13) Ve (G18)
Also due to odd K, lem[K,2Q12, 7gcd2gggn)] /2K € Z, and
then we set

lem([K, 2012, — 281219y (G19)

ged (2K, Q11)

Further, since lcm[KQn,2Q12Q11,2KQ12]|SlgH(Q11)| is
equal to Q11lem[K, 2Q12, gdz(2+g] then we have
kp1Q11
I, = G20
k k
e ~ (kQ12 —|—K Q13)p1 (G21)

Therefore, the correspondingly two M3L statistical phases are

_ 2mkp1Qur | 2m(kQi2 + kQ13)p1
02,0‘;0‘ - 2K K (G22)
2rkp1Qu  27(kQi2 + kQ13)p1
Oy.v = — 2
> 2K K (G23)



The trivialness of these M3L statistical phases can be seen
by considering the attachment of particles to ¢ or 3. For
0s,0;0, one can attach particle with ¢; unit gauge charge to
o and particle with t2Q12 + t3Q13 symmetry charge and ta4
unit gauge charge to X, which can cause a phase shift by
2”(“K+2t2Q122;;2t3Q13H4Q“) . By choosing proper ¢;, the min-
2ﬂg0d(K’%}§’Q12,Q13)

imal value of this phase shift is . So we
can see that the values of 05 5, in (G22) are all multiple of
this minimal value of the phase shift, and then are trivial.
As for 05,5, one can attach one particle with t2Q12 + t3Q13
symmetry charge and ¢2 unit gauge charge to each o in
the exchanging process, which results in a phase shift by
2”(2’52Q12+2t3@13+t4@11)

2m gcd(Qu,Zle 2Q13)

. The minimal value of the this shift

is 57 Then we can see that the values of
0s:5 in (GQS) are all multlple of this minimal value, and then
are trivial.

a. SFP

Since ged(2,2™) = 2, there are two different patterns of
SFP. Accordingly, from (9), the elementary gauge charge can
carry one-half or integer symmetry charge, corresponding to
two reduced charge matrices: Q11 = 0,1. We denote these
two patterns as e0 and eC.

b. SFL

Below we discuss the SFL for e0 and eC' case by case.
Case one: e0

We now discuss the case €0. Then Q11 = 0 and Q11 = 2m,
then Qi1 = 2m (if m = 0, = 2" % if m # 0, m = m).
We assume Q12 # O(then Qm = Q12), otherwise all Zoqq and
Taaa are automatically zero. The two M3L invariants Zaqa
and Z,aa become

lCIIl(K, 2Q12’ gcfi{(cf)(l,?ﬁl) )

Zoaa = —k 1K (G24)
7 :klcm(KQ1172Q11Q1272KQ12)|Sign(Q11)| (G25)
acx 4K2
B B lem[K, 2Q12, M]
I3, = —(kQ12 + kQi3) £cd(2K,Gn1) (G26)

2K?
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Then the M3L statistical phases are given by

lem (K, 2Q12, gcd(K m) )

Os oz = 21k o (G27)
lem(K, 2Qu2, 74 #%5)
Os.0 = —21k e (K ) (G28)
o o klcm(KQn, 2Q11Q12,2KQ12)|Sign(Q11)]
Y,050 — —em 4K2
(G29)
W o lem(KQ11,2Q11Q12, 2KQ12)[Sign(Q11)]
o), = 2k e (G30)
- B lem[K, 2Q1,, —2K@12
02 = 2m(kQia + kQ13) cdCIOM (G31)
;050 2K2
_ ~ lcm[K, 2Q127 M]
6L = —21(kQ12 + kQu3) SRl (G32)

We first discuss the 0s +;x and 6x,,. When Q12 = 1, they can
take the most general quantized values, i.e.,

21k

92’5;2 = T (GSS)
50 =~ 28, (G34)

The periods of them can be discussed from two aspects.
First, from attachment of particles to o or ¥, fs,.;x has a
perlod to be 2= whlle 0s.s has w. Second, the perlods of them
can come from that of twisted coeﬁiment However, we can
show that they are some multiple of those from attachment
of particles. For this purpose, we note that from (G6), the
period of k is given by

B 2K
ged[2K2, lem(Q11 K, 2Q11Q12, 2K Q12)]

(G35)

where we have used the relation (G5) and Q11Qi12M =
lem(Q11K,2Q11Q12,2KQ12). For convenience, we can set
lem[K, 2Q12, %] = pK with p being integral and then
we have lCIIl(QnK, 2@11@12,2KQ12) = QllpK, which sim-
plifies I" to be

K
= . G36
ged [ K, mp)] (G:36)
The periods of x5 and Ox., from twisted coefficient are
both given by

2rpK
4 ged[K, mp] (G37)

which must be some multiple of 7t and hence ig since K = 2"

and m < 27 L Therefore, the minimal periods of fx ;5 and
Os,, are 27” and 7 respectively.

Therefore, from (G33) and (G34), & = 0,1 mod 2 are
two inequivalent quantized M3L statistical phases, which con-
tributes to a Zso classification. When K = 2, both statistical
phases are nontrivial when k& = 1. However, when K = 2"
with n > 2, 0x -5 are trivial no matter what values of k and
Os.o are still nontrivial with k£ = 1.

Next we discuss 0s 4.0 and 65,5. We first focus on 0(2 )0 -

and 9}72)2 since they originate from different twisted terms and
are independent of the other two statistical phases. When



Q12 = Q13 = 1, they can take the most general quantized
values, i.e.,

0(2) 27T(E + ]~€)

S0 = T 9 (G38)
om(k + k
0%, = —7(2 IR ). (G39)

From the attachment of particles, both s 5., and 6,.x have
a period given by 27” The periods of twisted coefficients
would also given rise to periods of these statistical phases,
which however, as we can show, must be some multiple of 27”

To show it, we note that the periods of k and k are given by
I in (G35) and

~ K K K
F:ng[ Py 71CH1( A ’ A )]
god (K, pri) " ged (K, pQa) - ged (K, pQ1a)
(G40)
from (G7) where p is defined through setting
lem(2K,2Q11, —591 ) = 2pK. Since Q12,Q13 < K,

ged (K,Q12)
then p < K. Then the periods of 0s . and 0,;x from the

periods of k and k are given by

Qﬂ'lez
_ 41
2 ged(K, pm) (G41)
and
2_7Tng[ KleQA , m( Kleg , leSf{ ]
2K 7 ged(K, pri) ged(K,pQiz) ged(K, pQis)
(G42)

If p is even, it is easy to see both the above two periods
are multiple of 27” Now we focus on odd p. We then have

ged(K, pm) = ged(K, ). Since m < K/2, m is even.
pQ13K pPQ13K
Further, Sk o0 = 2ed(R.Om) is also even. Then both the

f27r

above two periods are multiple of 3=. Therefore, the minimal

periods of 0s ,; and 6,,x are both 27”

Now we turn to 9(217)0;0 and 95,1)2 As Qu1
tized values of them must be some multiple of ;—;, so they do
not contribute to any new values of 0x ».» and 0,;5. Further-
more, one can show that they also do not contribute smaller
periods of these two statistical phases. Therefore, there is a
Zo classification for 65 »,» and 0,5 and the nontrivial values
of them are given by 0x 5.0 = 05z = 22—;; mod 27”

To summarize, for e0, the classification for SFL is given
by ZQ X ZQ.

= 2m, the quan-

Case two: eC

Now we turn to discuss the case with eC. For this case,
Q11 = Q11 = 2m + 1. We assume Q12 # 0(then Q12 = Q12),
otherwise both Znae and Zyae are zero. In the case, the Zoqa
and Z, o« become

I(uza =—k- % (G43)
W _,. P
Iy = —(kQu2 + %ng)% (G45)
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where we have set lem[KQ11,2Q12Q11,2KQ12] = 2pK. Cor-
respondingly, the M3L statistical phases are given by

5,05 = 2ka12 (G46)
5.0 = 27er12 (G47)
0% = —2rk 2’;{ (G48)
0% = 2k b (G49)
02, = 2m(kQuz + FQus) L2 (G50)
02, = ~2m(kQuz + FQus) L2 (G51)

We can argue that all the values of the above M3L statistical
phases are trivial simply by checking the periods from the
attachment of particles: (1) for Os 45, 05,00 and 0,5, by
attaching particle with unit gauge charge, Which now carries
half symmetry charge, they can shift by 2K; (2) for Ox;s,
similar to the case, e0, by attaching one particle with unit
gauge charge to each of ¥ in the exchanging process, it shifts
by .
Therefore, there is only trivial SFL for eC.

3. N=4K=4"
a. SFP

Since gcd(4,4™) = 4, there are four different patterns of
SFP. Accordingly, from (9), the elementary gauge charge can
carry integer, one half, plus and minus one fourth symmetry
charge, corresponding to four reduced charge matrices: Q11 =
0,2, 1, 3 respectively. We denote these four patterns as e0, eC,
and eQ+.

b. SFL

Below we will discuss the SFL for different SFP case by
case.

Case one: €0

We first discuss the case with SFP being e0. In this
case, Q11 = 4m, and then Q11 = 4 with m = 4" if m = 0;
Q11 = 4m if m # 0. Then (G8) and (G9) reduce to
lem[4™, 4Q 0, — 12 ]
o ’ ? ged(4™,m)
Iaaa =—k- 4n+2 (G52)
@ _ 5 lem[d"m,4Q12m, 4" Q12]|Sign(Q11)|
Tocia =k - 2nii (G53)
_ - 1cm[4 4ng7 - n ]
I3, = —(kQi2 + kQ13) = d(4 (G54)

42n+1



Then the M3L statistical phases can take

. lem[4"™, 4Q12, ;T%]

O = —2m e (G55)
05,00 = 27k - fom4”, 46’422’2W%] (G56)
921)2 ok 1cm[4”m74Q12T27n{11Q12]|Sign(Q11)| (G57)
gg)o e lem[4™m, 4Q127:2,n{11Q12]|Sign(Q11)| (G58)
02, = —2m(KQua + KQus) ﬁf@f“‘“” ! (as0)
6 = 2m(kQuz + Fu) 431715‘:‘“4% L (coo

We first discuss 0, and 0s o;x. When Q12 = 1, they can
take the most general quantized values, i.e.,

21k

02;5 — —F (G61)
2k

brom = ¢ (G62)

The periods of them can be discussed from two aspects. First,
from attachment of particles to o or X, 0 »,x has a period to
be 2 4T while 0x., has % 5 Second, the perlods of them can come
from that of twisted coefficients. However, we will show that
they are some multiple of those from attachment of particles.
For this purpose, we note that from (G6) the period of k is

given by
47l

= —— G63
ged[47, mhp] (G63)
where we have set lem[4™,4Q12, m] = 4"p with p being

integral. The periods of 65,5 and 0x,, from twisted coefhi-
cient are both given by

214" 2p
gcd[47 7irp) (G64)

which must be some multiple of 5 and hence 2K since K = 4"
and m < 4771, Therefore, the mlnlmal periods of s, ;> and
Os.- are 27” and g respectively.

Therefore, from (G61) and (G62), &k = 0,1,2,3 mod 4 are
four inequivalent quantized M3L statistical phases, which con-
tributes to a Z4 classification. When K = 4, both statistical
phases are nontrivial when k = 1,2, 3. However, when K = 4"
with n > 2, 0s »,x are trivial no matter what values of k and
Os.o are still nontrivial with k = 1,2, 3.

(2)

Next we discuss 05,40 and 05.5. We first focus on 92’0:’0
and 9(2) since they are independent of k, while the other two
depend on. When Qi2 = Q13 = 1, they can take the most

general quantized values, i.e.,

2 271'(];) —|— ];))
03, = T (G65)
2 271'(];’ —|— ];))

From the attachment of particles, both 0x ., and 0,.s have a
period given by . The periods of twisted coefﬁ(:lents would

40

also give rise to periods of these statistical phases, which how-
ever, as we can show below, must be some multiple of i—,’{. To

show it, we note that the periods of k and k are given by I'
n (G63) and
4 —lem( 4 . 4 ]
ged(47, prin) ged(4™, pQ1s) ged(4", pQ13)
(G67)

I = ged|

where I is defined
40, —AMQu Y yntlp
lem (4™, 4Q11, ged (47,Q12) ) s

of s 5.0 and O,,x from the periods of k and k are given by

27TpQ 12
4 ged (4™, pm)

through
Then the periods

setting

(G68)

and

21Q13 4"p 4"p 4"p
g [ ——— lem( — —)]

4 ged(4, prin) ged(4n, pQ13) ged (4", pQis)
(G69)

. - n—1 4" p 4"pQi3
Since m < 4" ", both eI eumy and P T T

multiple of 4, so that both the above two periods are multiple
of ZZ{. Therefore, the minimal periods of 0x +,, and 0,5 are

both 2’“ .

Now we turn to

must be

o

Y,050

and 0(1) As Qi1 = 4m the quan-
tized values of them must be some multiple of 4n -, so they do
not contribute to any new values of 0x 5., and 0s;x. Further,
one can show that they do not contribute to smaller periods
of 0, 5,6 and 0,;x. Therefore, there is a Z4 classification for
0s,0;0 and 65,5 and the nontrivial values of them are given by
92,0’,0’ - 00 D = ﬁﬁ HlOd 4n .

To summarize, for e0, the classification for SFL is given
by Z4 X Z4.

Case two: eC

In this case, Q11 = 4m + 2 so Qll = 4m + 2. The
two M3L invariants become

Laaa = —k% (G70)
Tide = k% (G71)
I3, = —(kQ12 + kQ13) an (G72)
Then the M3L statistical phases quantize to

05,0 = —27 ka (G73)
5,05 = 2”stl2 (G74)
9(1)2 —or k(Qm;jl)le (G75)
o), = —amp 2Tt WO = DL (G76)
0((,2)2 = —2m(kQ12 + kQ13) Qlin (G77)
0((,2)2 , = 2m(kQ12 + kQ1s) 2211n (G78)



When Q12 = Q13 = 1 and m = 0, the above phases can take
the most general values, i.e.,
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Now we return to prove that the periods of these statistical
phases from those of twisted coefficients are always multiple of
the ones from attachment of particles. From (G6) and (G7),

Os.p = _Qﬂ—E (G79) the period of k and k is
’ 8
k 4n
Os,0x = 2= (G80) I'= = (G85)
2 ged (4™, Q12)
o — 9 G81 -
038 4n+1 (G81) and the one of k is
) k
90,2;0 —27 An+1 (G82) - 4n 4" 4n7%
L I’ = ged{ —, lem] —, ——— 1}
02 — _o k+k (G83) ged(4m, Q12) ged (4™, Q13) ged(4"2,Q12Q13)
o2 2 X 4n (G86)
2 E+Fk . . .
0. ., = 271'2 A (G84) Then the corresponding period of 0s,, and 0x 5.5 is
The period of these statistical phases can come from two as- o lem(4", Q12) (G8T)
pects. One the one hand, considering attachment of particles, 8
f5;¢ are ambiguous up to 5t while HEIU’E’ 05 and 0‘7'2,’0‘ P which is apparently multiple of £ and also 52%-. And the
to =22_. On the other hand, the periods of these statistical . . 2 2% 4%,
2Xx4 . . X corresponding period of 65,5 and 6, 5, due to k is
phases from those of twisted coefficients are always multiple
of the ones from attachmeng particles, as we can show be-
low. So Os ;% 0(2) and 0%  are equivalent to zero and WM (G88)
[caP3) 0,350 4ng(4n7Q12)
050 = zgkﬁf,l)z = ﬁffl nd 95,1)20 = ﬁffl can take two
inequivalent values depending on k = 0,1 mod 2. which is multiple of 2>< 7w those due to k and k are
n n n—1
g Q12Q12 od{ 4 ,lom| 4 7 2x4 — (G89)
2 x 4n ged (4™, Q12) ged(4n, Q13) ged(2 x 4771, Q12Q13)
n n n—1
e (G90)
2 x4n ng(4n7 le) ng(4"7 Q13) ng(2 X 4"717 Q12Q13)
|
respectively, which is also apparently multiple of 2>< R Then the M3L statistical phases quantize to
Therefore, the classification for SFL for eC' is Zs. Q1s
Os,o = —2mk—= 1 (G94)
Case three: eQ+ Q
. 05,00 = 21k 42 (G95)
In this case, Q11 = 4m £+ 1, then Q11 = Qi1. The two
M3L invariants are simplified to ,9((71)2 — ok (4m4:|:+11)Q12 (G96)
1 (4m + 1)Q12
00 %, = —2mhi 2 (G97)
65 = —2m(kQu2 + FQua) 1 Qo (G98)
‘94(72,)2;0 = 27 (kQ12 + kQ13)Q12 (G99)
Toaa = _ka (G91) As for 0s.,, it is ambiguous only up to Z* due to attaching
particles, while as for s, ».5, 05,5 and 0., 2 -, they are ambigu-
Igla)a _ kQ12(4m +1) (G92) ous up to 43%. So we see that all these values of statistical
4n+t phases are equivalent to trivial values.
72, = —(k FQus) 92 G93
aaa (kQuz + kQ1s) 4n (G93) Therefore, for eQ+, there is only trivial SFL.




Appendix H: Details of substituting Eq. (100) into

For a*a?da® and a’a’

q122
472

(

+

and

9211 a2t _
12 da' =

(

the twisted terms

ata’da® = —2mq122 (

xd"1Y2
N NK

da',

7121 Qll
N + NK
Q12

xd o)

—1 *Z ng
wd o)t N

+

24122 (=5 (kd 152 (+522)

N3

2mq122Q12 (kd =151 (xd 1 52) ()

N3K

2m02Q12 (G151 (g~ g) (x52)

N3K

2012298 (151 (g o) (o)

N3K?

2220 (416 (107 52) (452

N3K

m2Qubiz 152y 00715 ()

—271'(1211(
xd"1Y1

N3K?

7122 Q12

N +NK

Qll — e Qll
N NKd )(N +NK o)

d o)

2D o1y (g R (x2)

+

N3
21211 Q11
N3K

2mq211Q11 ,  ,—1¢2 1 1
W(*d Y (xd o) (xX7)

2
72”]‘\7[2;;(2“ (+d 152 (+d o) (+0)

72”}7\%}?12 (+d " o) (xd " £ (+21)

2rgen1 Q@ - -
72];1”{1; L (xd '8N (xd "' 0) (x0)

(xd'E?) (xd ' 21 (x0)

*0)

42

For more examples, we have

2
quii

42 a’a'da’ = —2mqy i~ NK? (xd 'S")(xd " 'o)(x0)
?LVJ; a’a'da’ = —27qui; Qj\lrljc(géj (+d™'5")(+d " o) (x0)
o ada’ = —2m S 9 o o) )
Zi—j;aiajday =0
e e
y MO Qe (o g153) (v ) (v0)
Zmzz 1200t — %%}?”(*dflzl)(*dflzz)(*a)
_ Wﬁgicig%(*d”zl)(*d“a)(w)
+ mﬁgi%%(*dﬂﬁ)(*d’la)(*”)
012 11 g = _%ﬁu(*d*a)(*d”ﬁ)(@z)
N 27“11;[2273(1562u‘(*dﬂzl)(*crla)(*rr)

QZ21 12d1

1n? _2M4n Qg1 (g 5 (3

N2K

27Tq7; Q Qz _ _
¢ ARQUQL (4 152) (41 (e0)

Appendix I: Zy X Zn topological order enriched by
Zk symmetry

From (9), we see that there are (gcd(N, K))? different pat-
terns of symmetry fractionalization on particles.

Now we discuss the SFL. Generally, from the discussion in
Sec. II1 C, we need to consider seven M3L invariants for this
case Zoaas LZaaas Lbaas LZavby, Laaby, Laba and Lgpe where we
have used a,b to represent the two elementary loop excita-
tions ' and %2 respectively and « to represent the symme-
try flux o. Correspondingly, statistical phases determined by
these invariants can be seen in Table V. In fact, there are in
total 15 different M3L statistical phases. Furthermore, in the
following we ignore the statistical phases 0, , v and 05 5.,
since they are determined by 0, .5: and Ox:,,.

From Sec.(V C), we can start with considering the action



(103), rewritten as follows

S = SO + Sint + Sc + Ss’r b (Il)
2
_ 1 v w3353 | g4 4
50_27T/U§:1Nb da® + b3da® + b*da* (12)
1 2
Se= 5 / 5 QuAd +QuAds’ + QuAds', (1)

2
SST:/Z(a”*j”+b“*2“)+a3*j3+a4*j4, (14)
v=1

Sint = o) /q122a1a2da2 + q211a2a1da1
2
+ ) gswwa’a’da’ + qusza’a’da’ + qusaa’a’da’+

v=1

q123a1a2da3 + Q312a3a1da2 + q321a3a2da1 . (I5)

After integrating out b*, b2, b",b’, we can obtain the effective
action

S =SaB + Str + SwmaL (I6)

where Sarsr is given by (101), Sap collects the terms describ-
ing the braiding between charge(particle) flux(defect) and
Str collects two terms that characterize three-loop braiding
statistics, given by

—2mq _ _
St = |~ (kd ™S (xd TS (+57) +
—2mq _ _
Tﬂl(*d SN (dTIEN (2N, A7)

The coefficients of the M3L invariants in (I6) are given by
(102), which are rewritten as follows

_ @11Qiz gs11Qas

Toaa= el e K (I8a)

q122Q11  q322Q13

Topp=———— ——, I8b
YTTTNSK N?K (I8b)

q122Q12  g312Q13

Iaa: - ) I
"TNSK | N?2K (18¢)

@211Q11  g321Q13

Toba= . 7 18d
“TTNSK | N2K (18d)

q122Q12 | @211Q11  q123Q13

Tapa—— - 7 18
b MK T NK  N°K (18e)

Iaaa:

—q122Q%2 | ©11Q11Q12 | G311Q13Q11  q133Q7s
NSK? T NSK2 T N?°K® | NK®
q134Q13Q14 | @312Q13Q12  q123Q12Q13 I8f
TTNK2 T NR? T N?K2 (186)

Ibaa:

$122Q11Q12  @11Q71 | ¢322Q13Q12  q233Q7s
NSK2  NSK2 T N°K2 | NK?

_ @234Q13Q1a | g321Q13@u1 | q123Qu1Qus (18¢)

NK? N2K? N2K? &
We first discuss the terms in (I7) that de-
termine the three loop braiding statistics. The
two terms determine that the three loop braid-

ing statistics
(Zﬂqmz —27q1922
N3 N3

(921’22;227922;217021722;217021;22) take
2 —2 .
TRl =1L respectively.

)
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In the absence of symmetry, qi2o = kN, q211 = kN with
k,k € Zn. Therefore (051 y2.52, 052,591,051 52,51, 051.52) are
further quantized to (QNLZk7 —21\%“, 21\%“, —2]\’;—2]‘) The periods
of these statistical phases should also consider two aspects as
MS3L invariants, that is the periods of twisted terms and at-
tachment of particles. For the present cases, combined these
two aspects, the periods of these statistical phases are all ZW”
Therefore, for pure Znx X Zn topological order, their four sta-
tistical phases are given by

2k 2T

021722;22 = —021;22 = W mod W (19)
21k 27

021’22;21 = —922;21 = W mod W (110)

with k,k € Zy. Correspondingly, the N? patterns of these
three loop braiding statistics can characterize the Zn X Zn
topological orders. In particular, if both k, k ~ 0, then all the
three loop braiding statistics are trivial. Topological order
with trivial three loop braiding statistics is untwisted; other-
wise twisted. In these topological orders, no matter whether
there is symmetry or not, these three loop braiding statis-
tics are always there. However, the presence of symmetry
may affect the quantization levels of gi22, g211 so that some of
three loop braiding statistics are not compatible with certain
symmetry realization, as we discuss more details below.

In the presence of symmetry, i.e., Q11,Q12 are not both
zero, the twi§ted coefficients gi22, g211 are quantized to gi22 =
]CJ\J7 q211 = kM with

NK NK

M = lem|N, . , -
ged(Qu1, NK)  ged(Qi2, NK)

). (111)

When any of Q11 and Q12 take 1, then M = NK, so qi22, ¢211
are both multiple of NK, and then the four loop braiding
statistics 021’22;22, 021;22 and 92122;217 922;21 both take
multiple of %7 which are equivalent to be trivial. As Q11
and Q12 also determine the SFP, we see that only the un-
twisted Zn X Zn topological order is compatible with these
symmetry realizations with Q11 = 1 or Q12 = 1 (i.e., certain
SFP), while the twisted ones are not compatible with these
SFP, hence are anomalous. The phenomenon might also hap-
pen for other charge matrix (i.e., the values of Q11 and Q12),
which depends on both N and K.

From (16) and (23), the quantization levels of various
twisted coefficients take the form as qizs = kiMis, q311 =
kaMis, goss = ksMoas, gs2 = kaMos and qiza = kiMas,
ge3a = k3Mos, qz12 = ks M3, g321 = ke Moz, and qi23 = k7 M
where k;, k; are all integral where

NK K
ged(NK, Q1) ged(K, Q1s)
NK K
ged(NK, Q12) ged(K, Q1s)

M13 = lCIIl[]V7 ] (112)

M3 = lem[N, ] (I13)



Then the above invariants can be simplified to be

T —kMQi2 | —koMizQus
“T N3K N2K
Tory = —kMQ11 . —kaM23Q13
« N3K N2K
Ty — EMQi12  —ksMi3Qi3
e N3K N2K
EMQ11 | —keM23Q13
T = 75 T T MoK
T = —kMQi12  kEMQi11 = —krMQis
aber N3K N3K N2K
7 [—kMQ%Q EMQ11Q12 | kaMi13Q13Q11
v N3K?2 N3K?2 N3K
" —Q13(k1 M13Q13 + k1 M13Q14)
NK?2
ks M13Q13Q12 —k7MQ12Q13]
N2K?2 N2K?2
Tyoe = [kMQanz —kMQ?1,  kaM23Q13Q12
o N3K?2 N3K?2 N3K
n —Q13(ksM23Q13 + ks M23Q14)
NK?2
ke M23Q13Q11 k7 MQ11Q13
t T Nekr T NeRz )

From (17) and (24), the periods of k, k are given by

N?K N?K?
I' = ged < lem| = , —— I,
gcd(N2K,Q12M) ged(N?2K?,Q11Q12M)
- N?’K N2K? ]}4
ng(N2K,Q11M)7 ng(N2K2,Q11Q12M) k
(114)
those of k1, k2 are given by
2
Ty = ged {lcm[ le , N{{ = I,
ged(NK, QusMis) ged(NK?, Q11Q13Mi3)
NK NK?
lem]| - , — l¢s
gcd(NK, Qu1Mi3) ged(NK?,Q11Q13Ma3)
(115)
those of k3, ks are given by
2
Iy = ged {lcm[ le , N{{ ~ 1,
ged(NK, Q13Mas) ged(NK?, Q12Q13M23)
NK NK?
lem]| ~ , ——= I3
ged(NK, Q12M23) ged(NK?, Q12Q13M23)
(116)
those of ki, k3 are given by
2
't = ged {lcm[ le , N{{ ~ 1,
ged(NK, QusMis) ged(NK?, Q11Q13Mis)
- NK NK? |
ged(NK, Q11 Mi3) ged(NK2,Q11Q13Ms)”
NK K
lem]| ~ ) P )
ged(NK, Q11 Mi3) ged(K, Q13 Mis)
NK? K? ]}.
ged(NK2,Q11Q14) ged(K?2, Q13Q14M13) )
(I17)
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)]};

and
Iy = ged {lcm[ NK: , N{(Q - 1,
ng(NK,Q13M23) ng(NKZ,leQl;gMzg)
S S ALSEN
ng(NK7Q12M23) ng(NK27Q12Q13M23)
m| NK: , [f ,
ng(,Nl{7 Q12M23) ng(l{7 Q13M23)
NK? K? ]}4
ged(NK2, Q12Q1s) " ged(K?, QuaQuaMas) S
(118)
those of ks, k¢ are given by
T's = ged {lcm[ N[f , N{(Q _ 1,
ged(NK, Q11 Mi3) ged(NK2,Q11Q13Mi3)
m[—— K 7 NKZ ’
gcd(NK, QisMis) ged(NK?,Q11Q13Mi3)
SR £ S | S—
gcd(NK, QisMis) ged(N2K, Q11 Mis)
NK? N2K?
ged(NK?2, Q12Q13M13) ' ged(N2K?2, Q11Q12M13
(I19)
and
T's = ged {lcm[ le , N{{Q = I,
ng(NK, Q12M23) ng(]\H:{Q7 Q12Q13M23)
SR S— ALSE
ng(NK, Q13M23) ng(]\H:{Q7 Q12Q13M23)
SR £ S . S—
ng(,Nl{7 Q13M23) ng(N2K7Q12M23)
NK? N2K?
ged(NK?2, Q11Q13M23) ’ ged(N2 K2, Q11Q12 Mo
(120)
and that of k7 is given by
T'7 = ged {lcm[ NQ[{ , N2{{2 - 1,
ged(N2K, Q12M12) ged(N?K?2,Q11Q12M12)
m NE 7 NERE I
ged(N2K, Q11 M12) ged(N?K?,Q11Q12Ma2)
e NE_____NE__
gcd(NK, QuiMi2) ged(NK, Qi2Mi2)
NK? NK?
ng(]\/vf(Z7 Q11Q13M12) ’ ng(]\/vf(Z7 Q12Q1&M)12)
21

Below we discuss a concrete example Zo X Zsa topological
order enriched by Zs» symmetry. The case of n = 1 is also
discussed in Sec.V where to obtain the classification we have
taken Q1; = 1 for ¢ > 3 for simplicity. Here we prove that the
specific choice with Q1; = 1 can result in the same results as
that the general (Q1; which is discussed here.

Due to the specific value N = 2, K = 2" and the fact
1 < Qi; < K, the above periods I's can be further simplified

)]};

1}



as follows.

N?K?
ged(N2K2,Q11Q12 M)’
_ NK? _
 ged(NK2,Q11Qu3Ms)’
_ NK? .
" ged(NK?, Q12Q13Mas)’
[ NK?
ged(NK2,Q11Q13M3)’
NK? K? ]]
ged(NK?2, Q11CA214]\413)7 ged (K2, Q13Q14M13)
I :gcd{ Nf{z = )
gcd(NK?, Q12Q13Ma23)
m| N{{Q = ) {(2 = ]}
ged(NK?, Q12Q14M23)  ged(K?2, Q13Q14M23)
[ NK?
Lgcd(NK2,Q11Q13Mis)’
NK?

'y =ged

lem]|

I's =ged

N2K* 1
lem|

NK? ]
Lgcd(NK2,Q12Q13Mas)"
NK?

I'e =gcd

N?K? 1
lem|

N?K?

-gcd(N2K2,QnQuM)]’

m] ALISE— NEE
ged(NK?2,Q11Q13 M) ged(NK?, Q12Q13M) )

'y =ged

To further simplify the expressions, we introduce integers
pij(Pij) by

QM =puNK (I23a)
Q12M = p1oaNK (123b)
QisMis = pi1sK (I23c)
QuMis = p1sNK (123d)
QisMas = pasK (I23e)
Q12Mas = posNK (123f)

From the expressions of M, Mi3, M2s above, one can see that
pij and p;; are indeed integers. Using these relations, the

— ) — 1K
ged(NK?,Q12Q13M13) ged(N2K?2, Q11Q12M13) ]

— ) — 1K
ged(NK2,Q11Q13M23) ged(N2K2,Q11Q12M23) ]
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periods I's can be further simplified as

 NK B NK _
ged(NK, p11Qi2)  ged(NK, p12Qui)’
. K _ NK )
ged(K, p13Q13)  ged(NK, p13Qi1)’
r K NK
= - .
ged(K, p23Qis)  ged(NK, pes3Qiz2)
I =ged { l{ ——, lem]| l{ - ]}
ged(K, p13Q13) ged(K,p13Q1a) ged(K P13Q14
:gcd[ K ——, lem| K: = ]},
ged(K,p13Qi1) ged(K,p13Q1a) ged(K P13Q14
fg :ng{ lf A ,lcm[ l{ A ) ]:|
ged (K, p23Qs) ged(K, p23Qia)  ged( 7p23Q14
:ng{ K ~ 71CH1[ I{ A ]:|7
ged(K, p23Qi2) ged(K, p23Q1a) ged(K P23Q14
I's =ged I{ —, lem| K: — ]}
Lgcd (K, p13Q13) ged(K, pazQus) ng(NKplanz)
[ K K NK
=ged ——, lem] — —11;
Lged (K, p13Q11) ged(K, p23Qiz) ged(N K, p13Qi2)
I's :ng lf = Llcm[ Nl{A s le = ]:|
L gcd (K, pa3Q13) ged(NK, Quip2s) ged(NK, p23Qi1)
[ K NK NK
=ged —1,lem]| = , —1|;
L gcd (K, pa3Qi2) ged(NK, Quip23) ged(NK, p23Qi1)
[ NK K K
=gecd —], lem| —, -
Lgcd(NK, p11Q12) ged(K, p11Qis) ged(K, p12Qis)
[ NK K K
=gcd — ], lem]| —, - :
Lged(N K, p12Q11) ged(K, p11Q1s) ged(K, pr2Qis)

(124)

With these expression of the quantization rules M;; and peri-
ods I's, now we move to discuss the SFP and SFL of Za X Zo
topological order enriched by Zs» symmetry.

1. N=2K=2"
a. SFP

Since ged(2,2") x ged(2,2") = 4, there are four dif-
ferent SFP. From (9), the two elementary particle e;
and ez can carry half and integer charge of Zx symme-
try. Accordingly, their reduced charge matrices are Q =
(0,0),(0,1),(1,0),(1,1) respectively where Q = (Q11, Q12).
We denote these four patterns as e10e20, e10e2C, e1Ce20 and
e1CesC respectively.

b. SFL

Here we discuss the SFL for different SFP case by case.
Case-1: e10e20

We first dis-

If m1 or meo are zero,

In this case, Q11 = 2m1 and Q12 = 2ma.
cuss the two invariants in (I7).



then the three loop braiding statistics can take the values
as those in (19) and (I10), which means that all Zs x Zs
topological order, including both untwisted and twisted ones,
are compatible with this SFP.

Now we discuss the M3L statistical phases for all the Za x Zo
topological orders with this SFP. Now M in (I11) becomes

K K ]
ged (11, K) ged (e, K)°

M =lem] (125)

where we have denoted Qu = 2m; and Qm =2m2 (If Quv =
0,m, = K/2, otherwise m, = m, with v = 1,2.). Now (112)
and (I12) now take

K K
Mhs =1eml G B ged O ) 2
M23 = lcm[ K K ] (127)

ng(ﬁ’Lz, K) ’ ng(ng7 K)

To further simplify the expression of M3L statistical phases,
we introduce 7 function such that that

ml/M = TOupuK7 (128)
Q13M13 = T13p13 K (129)
Q13Moa3 = T23p23 K (130)

with v = 1,2 where 7;; are defined as: 70, = 0 if m, = 0,
otherwise 1o, = 1; 7u3 = 0 if Q13 = 0, otherwise 7,3 = 1.

The seven M3L invariants now become

—kToap2  —kaTisp13

Iaaa = N2 N2 (131)
Loty = _k];o;p Ly _k‘*;f;p = (132)
kTo2p2 | —ksTizpi3
I(uzb - N2 N2 (133)
ktoip1 | —keTespos
Iaba = N2 N2 (134)
_ Qi3 K Q13K
T :k7'01p1 _ kToap2 k7lcm[gcd(71§1,1<)v gcd(:??g,K)]
abe TN N2 N2K
(135)
—kToapama | kToipima  kaTizpizma
Iaaa :[ NK + NK + N2
+ —(QiskiTiap1s + k17T13p13Q14)
NK
ks —k
n 7'1;1;1{37712 " 7;@3}]}2@13] (136)
I _[kTo1p1m2 —kto1pimi | kaTaspasmo
e TUTTNK NK N2
n —(Q13ksTespas + k3Ta3p23Qi4)
NK
keTospazmi  krro1p1Qis
+ N — NEK ] (137)

When Q13 =1 and m1 = m2 = 0, then p13 = p23 = 1 and
also 713 = 73 = 1. Then all the M3L statistical phases can
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take the most general quantized values, that is,

k7 + k1 — El) —27T(k7 + k1 — El)

A R L
(138)
(O 1,01, = (ot~ 2202 (139)
(O oo Broms) — (27r(k7 ;Zg - E3)7 —271'(]67]\7—[(]?3 - Eg))
(140)
(O, O,) = (Pt 22 (141)
Oz, 52 m1,0) = (G2, =28 (142)
(O 1,2, 52 1,0) = (G2, =220 (143)
(O s, 0 2 ,5) = (ot =220 (144)

Now we discuss the periods of these M3L statistical phases.
For this purpose, we need to consider two origins of the pe-
riods of the M3L statistical phases. On the one hand, the
periods of these M3L statistical phases can come from at-
taching particles. For 01 ,.5, 052 5.0y 0551, 0y.52, 0, 51,51,
0y 52,52, 0, 51,52 and 0, 52,51, the periods from attaching e;
or ez or even trivial particle to Zl, 22 or o are all 27“ since e;
or trivial particle can carry unit charge of Zx symmetry which
can induce particle loop braiding statisitcs, and result in an
amount of 27” phase factor. For Os1.,, 052, and Os1 52,
their periods due to attaching particles are all QW“

On the other hand, the periods of these M3L statistical
phases can also come from those of twisted coefficients. How-
ever, as we can show below, the periods from twisted coeffi-
cients are always multiple of those from attaching particles.
From (124), the periods of k and k are

K K
= _ = _ ; 145
ged (K, mipi2) ged (K, map11) (145)
those of k1 and ks are
K
N=—————: 146
' ged(K, rupis) (146)
those of k3 and k4 are
K
No=————: 147
* 7 ged(K, mapas) (147)
those of k1 and ks are
Ty = ged{ KA ,lem]| K: —,
ng(K7 m1p13) ng(l{7 Q14p13)
Ky oy
ged(K, Qrapia)
T2 = ged{ KA ,lem] K: ,
ng(K7 m2p23) ng(K, Q14ﬁ23)
K (149)

ged(K, Quapas) ]



respectively; those of ks, k¢, k7 are

K K
I's = ged .1 _ 7
o 8e {gcd(K,ﬁhpm) Cm[gcd(K,m2p13)
K
— = 150
ng(Kymzﬁm)]} (150)
K K

s = ged{

= ,lem - ,
ged (K, Q13p23) [ng(K, M1pa3)

K
K s
gcd(K,ﬁnﬁ%)]} (15
I'7 = ged{ KA lem| K AN
ged(K, mipia) ged(K, p11Q13)
K

_ I
ged (K, 1312@13)]} 152)

We then can evaluate the periods of the M3L statistical phases
due to twisted coefficients. For 0y sv;sv and Osvio (v = 1,2)
which come from invariants Zoqa or Zaps, since mi 2 <n —1,
p2l', p1T; p13l'1, and p2sl’2 must be multiple of N = 2, the
periods of these statistical phases from the periods of k, k, ko
and k4 are all multiple of %” For Osv o0 and Oo;5v (v =1,2)
which come from invariants Zoaa Or Zpaa, six types of differ-
ent twisted terms are related for each case (i.e., v =1 or 2).
As for v = 1, the six types of twisted terms are represented
by k,k, ko, ki,ki, ks and k; which appear in the expression
of Zaaa in (I36). As poI', p1I' must be even, then periods of
051 .0 and 6, v1 from k and k must be 27”; as pismi['1 must
be multiple of K, then the periods of 051 ., and 6,1 from
ko must be multiple of 7; as pi3'1 and p13Q14f1 must be
even, then the periods of 051 ,., and 0,51 from k1 and k1
must be 27”; as pismeal’s and p2I'7 must be even, the periods
of 01 ,., and 0, 51 from ks and k7 must be 27“ and 27” re-
spectively. Therefore, for 051 ,., and 6,51, their periods from
twisted coefficients are always multiple of 27” Similarly and
straightforwardly, we also can see that the periods of fx:2 .,
and 6,52 from twisted coefficients are always multiple of 27“
For 0x1 x2,, which can come from Zyap and Zapa, four types
of twisted terms are related, which become k, ks in (I33) and
k, ke in (I34). As poT',piT, p13Ts and pe3l’s must be even,
then the periods of 051 52, from twisted coefficientsis are al-
ways multiple of QW” As for 0, 5152 which can come from
Tova and Zgpe, four types of twisted terms are related, which
become k, kg, k and k7 in (I34) and (I35). As the period of
0, 1,52 from attaching particles can be 2?“7 those period (even
the quantized values) of its due to k, k, ks are trivially (i.e.,
always be multiple of 27”) We then only need to consider that
from k7. As I'7M is always multiple of N? = 4, the period
of 0, s1.52 from k7 are always multiple of 27“ Therefore, the
periods of 0, s1.52 from twisted coefficients are always mul-
tiple of 27” Similarly, the periods of 0, 52,51 from twisted
coefficients are always multiple of 27“

Therefore, the MB3L statistical phases in (I38)-(141)
can be generated independently by different twisted
terms and charge matrices. In other words, they can
give to four different types of patterns of M3L sta-
tistical phases. More explicitly, these M3L statistical
phases can take: (1)(0s1,.5,0,51) = (2]\7,';;,—21\7,’2) with
L € Zny (2) (O551.51,051,,)=(0,22) with l» € Zn;
(3) (052 gi0 Opzn) = (32, —2T4) with I} € Zn; (4)
0y 52.52,052,,)=(0, 2;\;124) with Iy € Zn. As patterns of M3L
statistcal phases in (I42)-(I44) are not independent, they in
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fact can give two independent patterns of M3L statistical
phases, that is (5) (0,w2.51,05251.,) = (%, —27ks)
with Is € Zn; (6) (0,51.52,052 51,,) = (358, =268 with
le € Zn. We note that the above discussion of patterns of
MS3L statistical phases are compatible with all Zy X Zn
topological order. Therefore, the classification of SFL for the

SFP e10e20 is (Zn)® all Zy x Zy topological order.

Case-2: e1Ce20

In this case, Q11 = 2m1 + 1 and Q12 = 2ms. We first
discuss the two invariants in (I7). Now M in (I11) becomes

NK K

M = leml e o T TN zed (g, K)

|=NK. (I53)

Then the statistical phases 051 52.52,052,51,051 52,51 and
051,52 are all quantized to %“ Therefore, only the untwisted
Z N X Z N topological order are compatible with this SF'P, while
the twisted ones are not compatible with, namely they are
anomalous.

Now we discuss the classification of SFL for the untwisted
Zn X Zn topological order with SFP being e1Ce20. Now (112)
and (I13) become

Mys = NK (I54)

K K

Mss = lem[N, — , =
» [ ng(m27 K) ng(C?m7 K)

. (155)

With definition of pz; and 72; in (I123) and (129), the seven
invariants now can be simplified to

—kms  —k2Q13
Iaaa = E—
N N
T —kQu1 | —kaTospos
abb — N2 N2
kma | —ksQ13
Iaa = =
S
I kQi1 | —keTaspas
aba — N2 N2
—k k —k
Tuba = —5= + ﬁ;l + ;VQ”
—km3  kQuima | kaQ13Qn
Iaaa = [ K + NK + N2
—Q13(k1Q13 + k1Q14)
+
K
ksQ13mea —k7m2Q13]
K K
- kQuima | —kQT, | kaTaspaama
baa = [ N2K e
n —Q13kaTespa; — k3Ta3pas3@Q1j
NK
keTasp2i@u1 k7Q11Q13]
N2K NK ’

To simplify the discussion, we first discuss the periods of
the correspondingly M3L statistical phases (see Table V) from
attachment of particles. Now the e; particle carries one-
half charge of the Zx symmetry, therefore, in certain M3L
statistics, attaching particles to 2% or ¢ may lead to an ex-
tra process that e; braiding around o, which causes a 2%

NK
phase shift. Specifically, for 051 5.0, 051 505 051, 0552,



Oy s1,51, 0, 5252, 05 51,52 and 6, 52,51, the periods from at-
taching e; to X', ¥? or o can all be 1\2,’;{ For Os1.,, Os2.,
and Oy1 52, their periods from attaching particles are all
%”. Then the invariants Zaaa, Zaab; Zaba and Zoao in (I56)
can be ignored since they only contribute to trivial values of
(90)21;21,921;0), (922@;21,922)21;0), (90)22;21,9021;22) and
(0y51.0,0,.51) that they determine, respectively. For Zpaa
in (I56), we can only need to consider the two parts with k
and kg since its other parts only contribute to trivial values
of (052 5.5, 05.52).

Therefore, among the above invariants, only Zass, Zaba
and Zpaa can give rise to nontrivial values of M3L statisti-
cal phases, i.e., 92270;22, 022;0., 921722;07 921’0;22, 92270;0 and
90;22. When Q13 = 1, Qll = l(i.e., M23 = K, and T23 =
p23 = 1), they can take the most general quantized values of
M3L statistical phases, that is, (0x2.,,0x1 52,4, 0,.52,052 ,.,)
= (72”1(\?;’64)7 2”(5\;]“6)7 727;\55;(]“6)7 2”](\52}?6) ), while the other
two 052 ;.52 and Os1 .52 can only take trivial values as they
have a period of %, as discussed above.

Below we discuss the periods of (0x2.,,0s1 52,
Op.s2,052 ,.,) from those of twisted coefficients (as the
periods from attachment of particles have already been
discussed above). From (124), the periods of k, k, k4 and ke
are given by

. m (157)

. m (158)

I's = ged{ gcd(K, mapas)’ lcm[gcd(gffé p23)’
% N (159)

Asmoe <n—1, T, p2sl’2 and p23I's must be even, and then the
periods of Ox2., and 01 x2., from the periods of twisted co-
efficients are always multiple of %” and those of 0, .52, 052
are always multiple of %

Combined with the periods from attaching parti-
cles(discussed above), the minimal periods of fy2,, and
Os1 2., are both %“ and those of 0,52, 02 ,., are both %

Therefore, there are two independent types of patterns of
M3L statistical phases, that is, (1)052,, = 2]7\721 with [ € Zn
and (2) (01 52,5, 052,052 ,.,) = (252, 532, 252 ) with
lo € Zn. Therefore, the classification of SFL for e;Cex0 is
(ZN)2 for the untwisted Zy x Zx topological order while the
twisted ones are anomalous with e;Ces0.

050

Case-3: e10exC

This case can be obtained similarly to the above case
by just exchanging the two Znx gauge group in the discussion.
Therefore, there are two independent types of patterns of
M3L statistical phases, that is, (1)0x1,, = 2;\;21 with [ € Zn
and (2) (021’22;0790;21702170;0) = (27rl2

NZK ;\72;1?7 J%rglf() with
lo € Zn. Therefore, the classification of SFL for e;0exC' is
(ZN)2 for the untwisted Zy X Zn topological order while the

twisted ones are anomalous with e;Ces0.

Case-4: e1Cex(C

In this case, Qi1 = 2m1 + 1 and Q12 = 2m2 + 1. We
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first discuss the two invariants in (I7).
becomes

Now M in (I11)

M = NK. (160)

Then the statistical phases fs1 52.52,052,51,051 52,51 and
051,52 are all quantized to %“ Therefore, only the untwisted
Z N X Z N topological order are compatible with this SF'P, while
the twisted ones are not compatible with, namely they are
anomalous.

Now we discuss the classification of SFL for the untwisted
ZnN X Zn topological order with SFP being e;CexC. Now

(I12) and (I13) become

My = NK (161)
My = NK. (162)
The seven invariants now can be simplified to

Toaa = _fvc’z” + —kaleg (163a)
Lovy = _I;\gn + —k};VQm (163b)
Loab = k:j(\%g % (I63c)
Taba = Eﬁ; + %Q”’ (163d)
Toso = e+ ot 4+ I (163¢)
Toaa = [_]\';?;2 + M])\;g” + kQQJi;Q“ (163f)
n _ng(le[l(B + k1Q14) (163¢)

+ ks?\;;?” + _k7]€;@13] (163h)

N2

Tpoo = [F002  ZhOL | MQulz gy
n —Q13(k3Q11(3 + k3Q14) (163))

+ kS?\;j(Q = k7€2\;;?13]. (163Kk)

To simplify the discussion, we first discuss the periods of the
correspondingly M3L statistical phases (see Table V) from at-
tachment of particles. Now the e; and e2 particles both carry
one-half charge of the Z x symmetry, therefore, in certain M3L
statistics, attaching particles to 2% or o may lead to an ex-
tra process that e; or ez braiding around o, which causes a
% phase shift. Specifically, for Ox1 ..., 051 .0 0551, 05,52,
0y 5151, 0, 52,52, 0, 51,52 and 0, 512,51, the periods from at-
taching e; to 2!, 2 or ¢ can all be % For 051.,, 052, and
051 2., their periods from attaching particles are all %”

Therefore, these invariants can determine the following pos-

sible nontrivial M3L statistical phases: 0Ox1, = kalz,
_ 27k _ 27(kQ114kQ12)

922;0 - N2Ql27 021,22;0 - 11\1]2 12 ’ 021,0';0'

27 (kQ35—kQ11Q12) 0 —2m(kQ5—kQ11Q12) 0 _

— Nk Vot P y Us256 =

502, _ .
W7 0,52 while others

; NZK
can only take trivial values due to the aforementioned pe-
riods. When Q11 = Q12 = 1, they can take the most general

—27(kQ}; —kQ11Q12)
P)

_ —27nk _ —27nk _ ZW(k“FE)

values as Os1., = T Os2., = T Os1 y2,, = T
_ _ _ _ 2n(k—k)
921,0';0' - _00';21 - _922,0;0 - 90’;2 - " N2K



Now we discuss another aspect of the periods of these M3L
statistical phases that is from those of twisted coefficients
(as the ones from attachment of particles have already been
discussed above). From (124), the periods of k, k are both
I' = NK. Therefore, it is easy to see that the periods from
those of twisted coefficients are always multiple of those from
attachment of particles.

Therefore,  there are (Zy)? different patterns
of MB3L statistical phases, that are given by
(921;07 022;07 921,22;07 921,0;07 00;21 ) 922,0;07 90;22) -
(727'2#% 727-2rk 27r(1c;r15) 27r(k;15) 727r(];7];) 727r(];7];) 2w(k;1%))

NZ > "NZ T N2 T N2 T N TN TN
with k,k € Zn. Therefore, the classification of SFL with
e1CexC is (ZN)2 for the untwisted Zny X Zn topological
order while the twisted ones are anomalous with e;CexC.

Appendix J: Zs topological order enriched by
Zon X Zon symmetry

In this appendix, we discuss the symmetry fractionaliza-
tion of Zs topological order enriched by Zan X Zon symmetry.
In Sec.VI, we have discussed the case with n = 1 and ob-
tain the quick classification using some trick by setting the
trivial layers coupling constants to be one. Here we provide
a more general discussion that involve general charge matrix
and justify that setting is sufficient to obtain the classification
of SFL.

From (9), we see that there are (gcd(N, K))? different pat-
terns of symmetry fractionalization on particles.

Now we discuss the SFL. Generally, from the discussion in
Sec. II1C, we need to consider seven M3L invariants Zsaa,
TaBBs Laaa, Lsaas Laass Lapa and Lagq and the corresponding
statistical phases (see Table V) where «, 8 are the defects with
unit symmetry flux of the two Zx symmetry respectively, and
a is the loop excitation with unit gauge flux of Zn where
N =2and K =2".

From Sec.VIB, it is sufficient to consider the action (126),
which is rewritten as

S = SO + Sint + Sc + Ss'r (‘]1)

So = 2i / Nb'da' + b’ da® + b*da® (J2)
s

c

2
% / > QuAldb + QuA'd: + QusA'db®  (J3)
i=1

SST:/al*j1+b1*E+a2*j2—|—a3*j3, (J4)
Sint = m /q211a2a1da1 + q122a1a2da2+ (J5)
q123a1a2da3 + q231a2a3da1. (J6)

After integrating out b',b%,b%, we can obtain the effective
action

S =Sap + SusL J7)
(J8)

where Sap collects the terms describing the braiding between
charges(particles) and fluxes(defects) and Sarsr contain the
seven M3L invariants whose the coefficient of the invariants
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are given by (125), i.e.,

_ @euQi
7. _ _Gnu Q22 (J9b)
paa NK?2
C @nQ2Qin 122Q12Q12 q123Q12Q13
Taca = =NK)2 NK2 NK2 (J9c)
o 11Q220Q21 122Q22Q22 q123Q22Q23
Tapp = (NK)2 NK?2 NK? (J9d)
e Q12Q21 | q122Q12Q22 | q123Q12Q23
IaaB - (NK)2 + NK2 + N2 (Jge)
Q22011 q122Q22Q12 | q123Q22Q13
Toaa = (NK)2 NK? NK? (J99)
q211(Q22Q11 — Q12Q21) | ¢231(Q13Q22 — Q12Q23)
IaBa = +
(NK)?2 NK?
(J9g)

We remark that if Q21 = Q22 = Q23 = 0, the Zg, sym-
metry subgroup is not coupled to the system so that the
system looks like only have Zg, symmetry. Then many of
the above invariants become zero and only the two Zyqa
and Zyae remain which is the same as those in (G3). If
Qi1 = Q12 = Q13 = 0, the Zx, symmetry subgroup is not
coupled to the system so that the system looks like only have
Zk, symmetry and only the two invariants Zg., and Z,gg
remain.

From (16) and (23), we have

q211 = kM2, (J10a)
qi22 = kMa, (J10b)
23 = EMlg (J10c)
qa31 = k' Moas (J10d)

where k, E,E are integral and

NK K
ged(NK, Qu1) ged(K, Q12)’
NK K ]
ged(NK, Q21) " ged(K, Q22)

K K
ged(K, Q12) ged(K, Q1s)’
K K

ged(K, Q22) " ged(K, Qas) )

Plugging these results into the above M3L invariants, we can
easily obtain quantization level of the corresponding M3L sta-
tistical phases. We can also further discuss the periods of
these statistical phases from the periods of twisted coefficients
and the symmetry fractionalization of ambient particles. In
particular, we discuss them in details in the following exam-
ple: N =2, K =2".

M12 :lcm[N,

(J11)

M23 :lcm[

(J12)

1. SFP

Since ged(2,2") = 2, there are four different patterns of
SFP. From (9), the elementary gauge charge, denoted as
e, can carry one-half or integer charge of the two Zx sub-
group. Correspondingly, their reduced charge matrices are



Q = (0,007, (0,H7,(1,0)", (1,1)" respectively where Q =
(Q11,Q21)" and T denotes the matrix transposition. We de-
note these four patterns as e00 and e0C, eC0O and eCC, re-
spectively.

2. SFL

Here we discuss the SFL for different SFP case by case.
Case-1: €00

We first discuss the case with SEFP being €00, namely
the gauge charge carries both integer symmetry charge of
the two Zk subgroups. In this case, Q11 = 2mi, Q21 = 2me
and then Qn = 2ﬁ11,Q21 = 2mo with the conditions that
m; = 2" if the corresponding m; = 0. Then (J11) and
(J12) reduce to

Mo =lem] K —, K —,
ng(Kv ml) ng(K7Q12)
KK
ng(K7 m2) ng(f(7 QQQ)
M3z =lem]| K —, K —)
ged(K, Q12) ged(K, Qs)
K K o

ged(K, Q22) " ged(K, Q23)

We first discuss the invariant Zaqqe. Using (J13) and (J14),
the invariant becomes

7 _ kQ12 lcm[ K K
aaa K N2 gcd(l{77’7’ll)7 ng(l{7C?12)7
K K

ged(K,m2)" ged (K, sz)] (715)

If Q12 is zero, then Z,., vanishes. So we assume Q12 is
nonzero when discuss the invariant. Under this assumption,
Q12 = Q12. Then the invariant can simplified to

—k KQi2 KQi2 KQi2
Iaa,a, = lem K7 ~ ) ~ ) A
KN?2 [ ged(K,m1) " ged(K, re) ged(K, Q22)
(J16)

We note that KQ12/gcd(K,m1) must be multiple of Q12.
Then the M3L statistical phases take

2k KQ12 KQ12 KQi2

Os.01 = lem[K, —, > =
Ziot = TN U SR, ) acd (K, 713)” god (K, Oma)
(J17)

2wk KQi» KQi2 KQ12

Os 51,5 = ——=lem[K, > > ~
mitm = e U (K, ) ged (K, ) ged(K, Q22)
(J18)

When Q12 = 1 and Q22 = 1, these four statistical phases
take the most general quantized values, that is, 05,1 = —21\%“
and Oy, ;1.5 = 21\7;—5

Now we discuss the periods of the two statistical phases.
First of all, we consider those from attaching particles. Since
e carries only integer symmetry charge, then by attaching par-

ticle, the statistical phases 05,1 can shift by %”7 and Oy, ,1.5
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can shift by 2Z (since K/N € Z). Secondly, we can also con-
sider the periods from those of twisted coefficients. However,
the periods from twisted coefficients are always multiple of
the ones from attaching particles, as we show below. From
(24), the period of k is given by

I’ =lem| K K
ged(K, maipi2)’ ged(K, mapiz)’
K K

= ) — J19
5od(K, i paa) " 8ed (K, ropas) (J19)

where we have defined p;; through setting

J20
J21
J22
J23

Qi2Mi2 = pi2K,
Qo2 Mi2 = paoK,
QuMiz = pii K,

(
(
(
Qa1 M1z = pa1 K. (

)
)
)
)

From (J13), we can easily see that all p;; are integral. Plug-
ging (J19) into (J17) and (J18), the periods of these two sta-
tistical phases 0, ,1 and 0y, ;1.5 are

271’])12 ICIH[ K K
N2 ged (K, mapi2)’” ged(K, mapi2)’
K K

Py 5 = J24
ged(K, map22)” ged (K, 12pa2) (724)

If pi12 is even, then this period of 0y,1 and Og,1.5
is obviously multiple of 7, the periods from attach-
ing particles. If pi2 is odd, since mi2 < 27“1,
lem[— K , K , K , K ]
ged(K,m1p12)’ ged(K,mapi2)’ ged(K,m1p22)’ ged(K,map22)

must also be even, so this period is also multiple of 7.

Therefore, the statistical phase 0y, ,1 can take N inequiv-
alent values: 21\’;—5 with k € Zn while for the other statistical
phase 05 1.5, when n > 2, they can only take trivial value
and when n = 1(i.e., K=N), it can also take N inequivalent
values: 21\’;—5 with & € Zn. In summary, these statistical phases
contribute to one Zy classification for SFL.

Similarly, the invariant Zg.q can also be discussed and the

MS3L statistical phases are quantized to be

—2rk KQas KQ22 KQ22
Os.p2 = lem[K
202 = o S SR ) ged (K, e’ god (K, Qra)
(J25)
2k KQo22 KQo22 KQ22
Os, y2.v, = ——=lcm[K, —, —, =
5,048 T N2 [ ged(K,m1)  ged(K, m2) ged(K, Q12)
(J26)
and they take the most general values
27k
92;0.2 - _W (J27)
27k
92702;2 = W (J28)
whose periods are QW” and 27” respectively. We note that as

these statistical phases originate from a;aidai-like twisted
terms, they can contribute to the classification independently
by choosing different charge matrices. Therefore, the statis-
tical phases 0y.,2 and 0y ;2.5 can also contribute to another
Zn classification for SFL.



Now we consider the invariant Z,qo. For convenience, we
divide this invariant in (J9¢) into two parts, i.e.,

211Q12Q11
Tive = “gons (129)
2 _ @122Q12Q12  q123Q12Q13
Iaaa - = KZN - KZN (JSO)

We assume Q12 nonzero, otherwise both parts vanish. Then
the two parts can be simplified to

T, = Lﬁﬁ” (J31)
]_CPIQQIQ EplZQlS
L0 =~~~ T (132)

where we have used (J20). Then the M3L statistical phases
0,1.5 and 0,1 x.,1 from the two parts of Zoaa are quantized
to

o), = T (333)
03101 = —% (J34)
49((721);2 _ _277(147@12}:]\1;@13)])12 (J35)
9(22’)01;01 _ 2”(’;7@12];-]\’;@13)1712 (136)

When Q12 = Q13 = 1, from (J13) and (J20), we have p12 = 1.
Then the statistical phases 0((721),2 and 0

s p1.51 can take the
most general values as

on(k +k

s =~ ) (737)
o (k + k

02, = 2D (139)

with k and k being integral. We observe that 9211),2 and

Hg )01,01 are always multiple of %7 hence they do not con-

tribute any new quantized values. The periods of these statis-
tical phases can come from attaching particles and periods of
k and k. From attaching particles, both 901;2 and 02“,1;01 are
ambiguous up to 27” On the other hand, the periods of the
two statistical phases from the ones of k, k and k are always
multiple of that from attaching particles, i.e., 27” To see this
point, using the period of k given in (J19), we can easily see
that Z‘Tr’;(l—?\,’mlﬂ is multiple of %“7 hence also multiple of 27”

Below we show that the periods of the statistical phases
9221);2 and 0(22’)01;01 from those of k and k are always multiple
of 2Z. The period of k is also given by (J19). From (17), the

o1

period of k is given by

~ K K
I= ng{lcm[gcd(K, Mmip12)’ ged(K, mipaz)’
K K ]
ng(l{7 mgpm) ’ ng(f(7 ﬁ”szgg) ’

NK NK
lem| —, —
gcd(NK, p11Q1s) ged(NK, p11Q23)

NK NK
gcd(NK, p21Q1s) ged(NK, p21Qas)’

K K
ged (K, p12Q13) ged(K, p12Q2s)’

K K

SO — 1} (J39)
ged(K, p22Qis) ged (K, p2aQ2s)

From (J35) and (J36), since 7n1 < 2"°!) then I'p12 and
I'Qi3p12 must be even, so the periods of 0,15 and Oy ,1,,1

from those of k and k must be multiple of 27“

Therefore, the statistical phases (0,15, 05 ,1,,1) can take
N inequivalent values, that is, (%, —%’15) with k € Zn,
which contributes to one Zy classification for SFL.

Similarly to Zuaa, two statistical phases (0,2.5, 05 ,2.,2)
determined by the invariant Z,ss also take NN inequivalent
values, that is, (22&, —2Z%) with k € Zy, which contributes
to another Zy classification for SFL.

Now we discuss the invariant Z,,s. For convenience, we

also divide this invariant in (J9e) into two parts, i.e.,

1 @11Q12Q21

Iaaﬁ - K2N2 (J40)
@ _ q122Q12Q22 | q123Q12Q23

Iaaﬂ - K2N K2N (J41)

We assume Q12 nonzero, otherwise both parts vanish. Then
the two parts can be simplified to

(1 _ kp12Qo21

Toas = "Nz (J42)
(2) _ ]_€p12Q22 Emezs

Toas = — N N (J43)

where we have used (J20). Then the M3L statistical phases
05,5251 and 0,2 ;1.5 from the two parts of Znap are quantized
to

0% = —72”1‘}?}\27"” (J44)
%) 1y = % (J45)
9((722)’2;01 _ 27?(’56222};-]\1;@23)?12 (J46)
0% = _27T(EQ22I;-]\1;Q23)Z)12 (347)

When Q12 = Q13 = 1, from (J13) and (J20), we have pi12 =
1. Together with the condition that Q22 = Q23 = 1, the
statistical phases 0((721);2 and 9221)2;01 can take the most general
values as

) g = ot (J48)
or(k+ k
‘9((722),01;2 - (I(N ) (J49)



with k& and k being integral. We observe that Gg)oz'ol and
27

9((:2)’01;2 are always multiple of %,

tribute any new quantized values.
Now we consider the periods of 0, ,2.,1 and 6,2 ,1.5. The

periods of these statistical phases can come from attaching

hence they do not con-

particles and periods of k and k. From attaching particles,
both 0Oy, ,2,,1 and 0,2 ,1.5, are ambiguous up to 27” On the
other hand, the periods of the two statistical phases from the
ones of k, k and k are always multiple of that from attaching
particles, i.e., 27” First we consider k. Using the period of
k given in (J19), we can easily see tl}l{at 2”’;&—12\;"21“ is multiple

of QW", hence also multiple of 27” as § € Z. The periods of k

and k are also I' and T, given in (J19) and (J39). From (J46)
and (J47), since 1 < 2"~1 then I'p12 and T'Qa23pi2 must be
even, so the periods of Oy, ,2.,1 and 0,2 ,1.5 from those of k

and £ must be multiple of 27”

Therefore, the statistical phases can take N inequivalent
values, i.e., (%,—%) with k € Zn, which contributes to
one Zy classification for SFL.

Similarly, we can also discuss the invariant Zg,.. We note
that one can observe that simply by exchanging the two Zg
subgroups, the above discussion can be carried over to the
case of Zgqo. Therefore, we can straightforwardly obtain

the conclusion: from Zg.a, the statistical phases 0y, ,1.,2 and

02 51,5 can take N inequivalent values that is, (%7 —%)

with k € Zxn, which contributes to one Zxy classification for
SFL. We note that the statistical phase 0,2 ,1.5 can also orig-
inate from the invariant Z,.g, however its inequivalent values
are compatible from these two different invariants.

Finally, we come to discuss the invariant Z,z,. We also
divide the expression in (J9g) into four parts, i.e.,

I(1) _ 9231 Q13Q22

e = S (J50)
1) = _QQ?}I(?Jl\?QQS (J51)
18, = Gl (152)
1, = 7_‘12;%2"” (J53)

where we have substituted Q11 = 2m1 and Q12 = 2me. For
convenience, we define pa3 and p23 through

Q12Mas = pas K (J54)
Q22 Mo = pas K. (J55)
Q13Mas = ps2 K (J56)
Q23 Mo = P32 K. (J57)

We first discuss ILIB)G. If Q22 =0 or Q13 = 0, it vanishes. So
we focus on the case with nonzero Q22 and nonzero (Q13. Then

it can be simplified to ILIB) . = %, which determines the
statistical phases

(1) _ 2mkQ13p2s

s0l02 = T KN (J58)
(1) 27k Q13P2s
92’02;01 = KN (J59)
When Q22 = 1, then p23 = 1. Further if Q13 = 1, the 0(21)01‘02

and Hg)alal can take the most general quantized values, that

is. o) _ _2nk p(1) _ 2nk’
Y VS ot02 T KN’ 'S,02;,61 7 KN *
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Similarly, we disucss the second part of the invariant Igﬁ)a.
If Q12 = 0 or Q23 = 0, it vanishes. So we focus on the case
with nonzero Q12 and nonzero Q23. Then it can be simplified

to Ifg)a = —kl%?#mhich determines the statistical phases
(2) _ 27kQa3p2s
02,01;02 - KN (JGO)
() 27wk Qa3pas
‘92’02;01 =TT KN (J61)

When Q12 = 1, then p23 = 1. Further if Q23 = 1, the 9(22)01‘02

and 9;2)52-51 can take the most general quantized values, that

e _ 2nk p(2) _ _ 27k
18, 92,01;02 ~ KNV 02,02;01 — T KN

Next we consider Ifﬁ)a. If Q22 is zero, it vanishes. So we
focus on the case with nonzero (Q22. Then it can be simplified

to ILBB)a = % which determines the statistical phases
(3) _ 2mkmapas
92,01;02 - KN (J62)
(3) _ 2mkmipas
92,02;01 - KN (J63)

When Q22 = 1, then pa2 = 1. Further when m; = 1, they can

(3) _ 27k p(3) _ 2nk
take the most general values 0201;02 = —%N U5 o201 = TN

Now we discuss Iglﬁ)a. If Q12 is zero, it vanishes. So we
focus on the case with nonzero Q12. Then it can be simplified

to Igga = —% which determines the statistical phases
(4) _ 2mkmapi2
02»471;02 - KN (J64)
(4) _ 2mkmapi2
02»02;01 - T KN (J65)

When Q12 = 1, then p12 = 1. Further when mo = 1, they can

(4) __ 27k (4) _ 2nk
take the most general values 92’01202 =8 05 02,01 = — %N

From the above discussion, we see the most general quan-
tized values of the two statistical phases from Z,g, are

O5,51,02 = ;—Z\Z] (J66)
05,052,601 = —;—Z\Z]. (J67)

with [ being integral.

We recall that these two statistical phases 0y ;1,2 and
0x, »2,,1 can also be determined by the invariants Zg., and
Zoap, respectively. As compared to (J60) and (J48), the val-
ues of these two statistical phases from Z,3, are not beyond
those in (J60) and (J48). And any pattern of the two statisti-
cal phases in (J66) and (J67) are not independent since they
can be viewed as combination of those from invariants Zgqa
and Zoqp. While they do not contribute to new pattern of
SFL, Z,g, might contribute to smaller periods of these sta-
tistical phases. However as we will show below it does not
contribute any smaller period of these statistical phases, that
is, they are always multiple of 27”

As we have discussed the periods of 05 ,1.,2 and Oy 2,1
from attaching particles above, here we only need to focus on
the ones from twisted coefficients. We first discuss the period



of k', which from (17) takes

I'" = ged{lem| K — K 0
ged(K, p23Qis) ged(K, p23Q2s)
K K ]
ged(K, p23Qis) ged(K, p23Q2s) "
[ K K
M ecd(K, pastinn) " ged (K, pastin)’
K K
ged(K, pasiz)’ ged(K, pasine)’
K K
ged(K, pa2r)’ ged (K, ps2ring )’
K K

2ol (K. prarie) ged Ko pnz) ) (%)
Then I"Q13p2s and IV Qaspas are even since g, mae < 2771,
So from (J58), (J59), (J60), and (J61), we see that the periods
of Oy, ;1,52 and Oy, ,2,,1 are both multiple of 27“

As the period of k in (J62)-(J63) and also (J64)-(J65) is
given by I' in (J19), we easily see that both I'mgpi2 and
I'mapz22 are multiple of K. Therefore, the periods of Oy ;1.,2
and Oy, ,2,,1 from (J62)-(J63) and also (J64)-(J65) are always
multiple of ZW” and then also multiple of 27”

To summarize, for the SFP pattern €00, the classification
of SFL is (Zn)°.

Case-2: ¢C0

Now we discuss the case with SFP being eC'0, namely the
gauge charge carries half integer symmetry charge of the first
Zri and integer charge of the second Zx subgroup. In this
case, Q11 = 2m1 + 1,Q21 = 2me and then Qll = 2my +
1,Q21 = 22 with the conditions that e = 2" if the
corresponding mo = 0. Then (J11) reduce to

Ms =NK. (J69)

while (J12) remains in the same form.
We first discuss the invariant Zaqq. Using (J69), the invari-
ant becomes

Q12
N
If Q12 is zero, then Z,.. vanishes. So we assume Q12 is

nonzero when discuss the invariant. Then the M3L statis-
tical phases take

Toaa = — (J70)

g = 02 (I71)
s = 202 (172)

when @12 = 1, they can take the most general quantized val-
ues, that is, 05,1 = 7?\?/% and Oy, ;1.5 = % However, these
quantized values of the two statistical phases are equivalent
to being trivial since attaching e particle to ¥ or o' can shift
by at least a phase factor %’r
Similarly, we discuss the invariant Zg,,, which now becomes
$Q2
N
Then the two correspondingly statistical phases 05,2 and
05, 52,5, are also multiple of QW", which however are also equiv-

alent to being trivial since attaching particle e to 3 or 6% can
shift the phases by at least %"

Iﬁaa = - (J?S)
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‘We now discuss the invariant Z,qq, which now becomes

_ kEQ12Q11

T kQ12Qu2 kQ12Q13

KN = K K

(J74)

Then the two statistical phases can take the quantized values
as

0 — o kQ12Q11 EQ12Q12 B EQ12Q13
ohE = KN K K

. kQ12Qu kQ12Q12 kQ12Qis
Os, 1,01 = 27Z'|: 12 e o (J76)

When Q12 = Q11 = 1, they can take the most general quan-
tized values, i.e., 0,15 = % and 05 ;1.5 = —% with [
being integral. However, these quantized values of the statis-
tical phases are trivial due to the following reason: as e carries
half integer charge of the first Zx symmetry, attaching e to
o' for 0,15 or to X for Oy ,1,,1 can both shift them by %
phase shift.

We turn to discuss the invariant Z,g5, which now becomes

(J75)

kQ22ma £Q22Qa2 _ EQ22Q23

Taps = — K K

(J77)

Then the two statistical phases can take the quantized values
as

(J78)

0 o kQ22meo _ EQ22Q22 _ EQ22Q23
o%E = K K K

kQaama kQ22Q22 B kEQ22Qa3
K K K

Os; 2,01 = —27r[ } (J79)

These quantized values of the statistical phases are trivial
due to the following reason: as e carries integer charge of the
second Zy symmetry, attaching e to o for 0y2.5 or to X for
0, »2,,2 can both shift them by 27“ phase shift.

Now we discuss the invariant Z,,5, which now becomes

kQi2ma n kEQ12Qa2 n Elest
K K K ’

Toap = — (J80)

Then the two statistical phases now can take the quantized
values

_ kQizma EQ12Qa B Elest

02“72;01 = 27T|: K K K (ng)
. kQizma EQ12Q22 _ EQ12Q23

002,01;2 = 27T|: K K K (J82)

These quantized values of the statistical phases are trivial
due to the following reason: as e carries half integer charge of
the first Zx symmetry and integer charge of the second Zx
symmetry, attaching e to ¥ for 0y ,2,,1 or to o' for 052 51,5
can both shift them by at least 2?“ phase shift.

We turn to consider the the invariant Zg,, which now
becomes

kQa22(2m1 + 1) n EQ22Q12 + £Q22Q13

KN K K (783)

IBaa - -



Then the two statistical phases now can take the quantized
values as

0,1 02 = _QW[kQ22(2m1 +1) n EQ22Q12 n EQ22Q13:|

KN K K
(J84)
. _ kQ22(2mi +1) EQ22Q12 %Q22Q13
051 025 = 271'|: N + % + i
(J85)

The quantized values of the statistical phases are trivial due
to the following reason: as the e particle carries half charge of
the first Zx symmetry, attaching e particle to X for 6,1 5,2

or to o for 0,1 52,5 can shift them by 22—;; phase factor.
Finally, we discuss the invariant Z,g,, which now becomes

kQ22(2m1+1)  kQizmo n k' (P23 Q13 — p23Q23)
KN K KN

IaBa =
(J86)

where we have used (J54) and (J55) and assumed that Q22
and Q12 are nonzero (otherwise the corresponding term(s)
would vanish). We can divide it into two parts

k' (p23Q13 — p23Qas)

I(l) _

aBa KN (J87)
@ _ kQ2(2mi+1) kQi2ama

Iaﬁa - KN K (J88)

Then the two statistical phases 0y, ,2,,1 and 0y ,1.,2 can be
divided into two parts. We first discuss the part one deter-

mined by 7% that is,

afBa’

1) K (p23Q13 — p23Q2s)

92702;01 =27 N (J89)
(1) _ k' (p23Q13 — p23Q23)

00, =21 o (J90)

When QQQ = Q13 = 1(With Q23 = 0)7 P23 = 1 and

9(21)02@1 and 9(21171‘02 can take the most general quantized val-
. 1 o 1 y

ues, that is, 9;,)02;01 = % and 9;,)01;02 = —%. From

Igﬁ)a, we have 0(;)02;01 = Qﬂ.[szngLlH) — kQﬁmﬂ and

HS)Ulvz = —27r[kQ22gx1+1) — kQﬁmz] which are always mul-

tiple of %,the most general value from Iilga.

The periods of the two statistical phases can come from
two aspects. First, 05 ,2.,1 and 0y ,1,,2 can shift by 27” and
g—l’; respectively from attaching e particle to X since e particle
carries integer charge of the second Zx and half charge of
the first Zx. Secondly, the periods of these statistical phases
can also come from twisted coefficients, which, however, are

always multiple of those from attaching particle, as follow.
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From (17) and (24)), the period of k and k' are given by

I' = lem]| K —, K —] (J91)
ged(K, Qi2) ged(K, Q22)
and
I'" = ged{lem| K —, K —,
ged(K, p23Qis) ged(K, p23Q2s)
K K ]
ged(K, p23Qis) ged(K, p23Q23)"
N K
ged(NK, p23)” ged(K, p2siz)’
NK K
ng(NK7 ﬁ23) ’ ng(K7 ]3237’?12) 7
NK K
ged(NK, p32)’ ged(K, paainz)’
NK K
2cd(NE, p)’ god(R i)} 92

respectively. As both T'Qi2 and T'Q22 are both multiple of
K, then Z”Fsz\,(f{mlﬂ) and Z”FQI\I{"Ingﬁ are both multiple of

%” and hence 27” Meanwhile, we can see that both IVp23Q13
,
and I'p23Q23 are also multiple of K, then % and

2%1“’;)721?@3 are also multiple of QW” and hence multiple of 27”

Therefore, 05, ,1.,2 are always equivalent to being trivial
while 0y, ,2,,1 can take N inequivalent values, that is, %
with [ € Zn. Therefore, the Zn inequivalent statistical phases
05 52,51 contributes to one Zy classification of SFL.

To summaize, for SFP eC0, the classification for SFLis Zx.
Case-3: e0C

Similarly to the Case-2 with SFP eC0, the discussion for
the classification for SFL can be easily obtained by just
exchanging the two Zx symmetry. Therefore, we can obtain
the conclusion: for SFP eCO0, the classification for SFL is Zx,
giving by the N inequivalent values of the statistical phases

05 01.02 = 255 where | € Zy.

Case-4: eCC

This case can also be connected to by rearranging the sym-
metry group Zg X Zk_generated by g, h to become another
isomorphic one Zg X Zk whose generators are g, gh. In this
case, e particle still carries half charge of the first Zx symme-
try, but integer charge of the second Zx symmetry now. In
other words, the SFP eC'C' now becomes eC0 where the su-
perscript reminds of the second Zk is generated by gh. Then
we can apply the above discussion to this case and we can
draw the conclusion: for SFP eC'C (or equivalently eC0), the
classification for SFL is Zx, characterzizling by the N inequiv-

alent statistical phases 0y ,12.,1 = g with | € Zy where
12

o'? is the fusion of ¢! and 2.
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