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The non-interacting magnon gas description in ferromagnets breaks down at finite magnon den-
sity where momentum-conserving collisions between magnons become important. Here we present a
hydrodynamic description of spin systems with global SU(2) symmetry in the ferromagnetic phase.
We identify a key signature of the collision-dominated hydrodynamic regime—a magnon sound
mode—which governs dynamics at low frequencies. The magnon sound mode is an excitation of
the longitudinal spin component with frequencies below the spin wave continuum in gapped ferro-
magnets and can be detected with recently-introduced spin qubit magnetometers. We also show
that, in the presence of exchange interactions with SU(2) symmetry, the ferromagnet hosts an usual
hydrodynamic regime that lacks Galilean symmetry. We show that our results are relevant to ferro-
magnetic insulators in a finite energy/temperature window such that dipolar and magnon-phonon
interactions are negligible, as well as in recent experiments in cold atomic gases.

I. INTRODUCTION

The presence of symmetries and conservation laws can
affect the universal dynamics of interacting quantum sys-
tems in dramatic ways. One example is the recently ob-
served hydrodynamic regime in graphene where, in a wide
range of temperatures, fast momentum-conserving colli-
sions lead to viscous electron transport' 6. This unusual
electron transport behavior, also proposed in a variety of
other quantum systems” !¢, differs from the more con-
ventional ballistic and diffusive regimes. The giant leap
in our understanding of quantum transport that resulted
from the study of hydrodynamics in graphene, combined
with the advances in material synthesis and quantum
metrology, motivates us to raise two new questions: (i)
are there other available experimental platforms to probe
new hydrodynamic regimes in quantum materials? (ii)
can additional symmetries give rise to qualitatively dis-
tinct transport features?

We address these two questions by showing that (i)
Heisenberg ferromagnets host an unusual hydrodynamic
regime in a wide range of temperatures and frequencies
when SU(2) symmetry is present, and (ii) we propose
an experimental protocol to detect hydrodynamic modes
using spin qubit magnetometers'”'®. As we will see, the
hydrodynamic regime is unusual because of the lack of
Galilean symmetry, signaling the presence of a special
reference frame in the system.

At low temperatures, the long wavelength excitations
in ferromagnets (magnons) propagate ballistically given
the weak magnon-magnon interaction which renders re-
laxation processes inefficient. However, as temperature
increases and the thermal magnon population occupies
larger momentum states, momentum conserving colli-
sions give rise to a relaxation length ¢ which steeply de-
creases with temperature 7 and magnon density n'®:
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Here a is the lattice spacing, J is the exchange coupling,
and d > 2 is the dimension (see Appendix A). For an in-
termediate temperature range such that Umklapp scat-
tering can be neglected (T' < J), but large enough such
that ¢ < L for the characteristic length L of the sys-
tem, hydrodynamic behavior emerges. For instance, for
moderately small occupation numbers (na? ~ 0.1) and
temperature below the Curie temperature (7'/J ~ 0.2),
{ ~ 50nm is much smaller than a typical sample length
L ~ 10 pm (here we used a = 0.5nm and d = 2).

A key signature of momentum-conserving collisions is
the existence of a gapless sound mode, even when the spin
wave continuum is gapped by a Zeeman field. As shown
in Fig.1, the sound mode is manifested as an excitation of
the longitudinal spin correlator, (S%S5%), where S* is re-
lated to the magnon density n via (5?) = S(1—na?), and
is analogous to a second sound in a superfluid?®22. As a
result, spin fluctuation measurements can provide clear-
cut signatures of the sound mode, as shown below. We
distinguish magnon hydrodynamics from hydrodynamics
in electron fluids where, rather than sound modes, the
system hosts plasmon modes; this qualitatively distinct
behavior arises because longitudinal charge fluctuations
are mediated by long-ranged Coulomb interactions?3. We
also distinguish the sound mode from the previously stud-
ied ‘magnon BEC’?427 in which the physics is primarily
governed by the dynamics of the ferromagnetic order pa-
rameter.

One unique feature of magnon hydrodynamics is that
the SU(2) symmetry constrains the collisions between
quasiparticles, giving rise to a momentum dependent
magnon-magnon interaction which vanishes at k =
0 [see Eq.(5)]. This feature bears important conse-
quences. First, Galilean symmetry is intrinsically bro-
ken at lenghtscales, and differs from usual hydrodynam-
ics in lattice systems where Galilean symmetry is broken
only at energy scales comparable to the single-particle
bandwidth (i.e., when deviations from quadratic disper-
sion are sizable). While Galilean symmetry can also be
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FIG. 1. Spectral function x(q,w) = x+-(q,w) + x—+(q,w) +
4x.-(q,w) exhibiting single magnon excitations at the Zeeman
energy w = A, induced by a finite (S~ST), and a linearly
dispersing sound mode at low frequencies induced by magnon
density fluctuations, (S*S%). The sound mode is damped
above frequencies w. by viscous forces.

broken in planar ferromagnets in the presence of spin
textures?® 31, Galilean symmetry is broken with or with-
out spin textures in isotropic ferromagnets. Second, van-
ishingly small scattering matrix elements suppress col-
lisions between magnons and the magnon condensate
that arises due to symmetry breaking. Such suppre-
sion justifies why the dispersion of magnons—the Gold-
stone modes of the ferromagnet—remain quadratic in
the symmetry-broken phase, contrary to U(1)-symmetry
breaking where interactions between quasiparticles and
the condensate renormalize the quasiparticle dispersion
and where a ‘two-fluid’ description is necessary.

Previous works on hydrodynamics in ferromagnets as-
sume momentum relaxation due to Umklapp scatter-
ing (T =~ J) or disorder, as first described by Halperin
and Hohenberg32. Such momentum-relaxing effects give
rise to diffusive particle and energy transport. Al-
though a few authors?’ 22 made the case for momentum-
conserving hydrodynamic behavior in a magnon gas,
there is little experimental evidence of this regime to
date.?3 Arguably, the energy scales (~meV) and wavevec-
tors (2 1/a) accessible by neutron scattering, the main
probe of ferromagnets at the time, were too large to ac-
cess the low frequency, long-wavelength regime in which
hydrodynamic sound modes live. In addition, the Hamil-
tonian of realistic materials has terms that break magnon
number and momentum conservation, such as dipolar in-
teractions and magnon-phonon interactions, and, as a
result, it is unclear whether such regime can exist in re-
alistic materials.

We argue that recent experiments*3? have opened
new pathways to observe and study hydrodynamic be-
havior in spin systems. First, ultraclean ferromagnetic
materials, such as yttrium iron garnet (YIG), allow bal-
listic propagation of magnons in macroscopic scales with-
out scattering by impurities and phonons. Independent
control of temperature and chemical potential is possi-
ble via a combination of heating and driving and, there-

fore, enables us to explore all possible regimes from
non-interacting magnon gases to interacting magnon flu-
ids. In addition, magnetic spectroscopy with spin qubits
allows to access spin fluctuations at the energy and
lengthscales relevant for hydrodynamics. Besides spin
waves>#3% such probes have been used to image sin-
gle spins?®, domain walls*', and to study electron trans-
port in metals*?. The have also been proposed to ac-
cess the hydrodynamic regime in graphene* and one-
dimensional systems**, to study magnon consensation in
ferromagnets®®, and to diagnose ground states in frus-
trated magnets?®. In addition, recent experiment in iso-
lated cold atomic gases63? have now access to long-time
relaxation dynamics of spin systems. Such platforms
have exquisite tunability of the global symmetries and
dimensionality, and are sufficiently well isolated from the
environment such that magnon number and energy re-
laxing processes can be neglected.

II. MICROSCOPIC MODEL

We consider a Heisenberg ferromagnet in the presence
of a Zeeman field and a small exchange anisotropy e:

H=—-JY (88 +e87-57) +A3 5. ()
J
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Here j labels the lattice site, Y (jj»y denotes summation
over nearest neighbors, and we take periodic boundary
conditions in each spatial direction. We assume that the
spin system has N lattice sites on a d dimensional cubical
lattice, each containing a spin S degree of freedom which
satisfies the commutation relations [Sj,SJjE] = :i:éjj/Sj-E
and [5”;', SJ_,] = 28;; 5%, with S’ji =57+ 15’;’ the raising
and lowering spin operators. The Zeeman term plays
an essential role experimentally because it gaps the spin
wave continuum and, for large A, it separates the magnon
continuum from the gapless sound mode.

With the objective of deriving an effective model de-
scribing the low energy manifold of H, we recall that
one magnon states |k) = Sy |F), with [F) = | |/ ... |
) denoting the ferromagnetic ground state and 5‘,‘: =
\/iﬁ Zj e~k S”j', are exact eigenstates of H with en-
ergies

ee =A+JS[¢o(l+¢€) — ], on= Z et (3)
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Two magnon states |k,p) = %S’,‘:S{;\F% however, are

not eigenstates of H94T48 Tndeed, it is straightforward
to show that
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such that one magnon states are coupled via momentum-
conserving collision gg p q. More generally, an N-magnon
state H|N) = H [W Hiv 5‘,;" |F) can also be de-
composed into a diagonal component comprised of in-
dividual spin wave energies and an off-diagonal compo-
nent containg all possible combinations of two-body col-
lisions. When the incoming magnons are close to the
bottom of the band, the collision term is approximately
Jkpq ~ —Ja*(e + k- p). Importantly, whereas col-
lisions between quasiparticles are hardcore in the easy
axis/plane ferromagnet, collisions are soft under SU(2)
symmetry (e = 0). We focus on the latter regime (for
a discussion on the easy plane ferromagnet with broken
U(1) symmetry, see Ref.[49]). We also note that e = 0
case is suitable for hydrodynamics in YIG if T is larger
than dipolar energies®®, which is typically the case.

An effective description of the interacting magnon fluid
which captures all the features of the parent SU(2) sym-
metric Hamiltonian in Eq. (2) is given by

H /aaql}aad]w Ja (w.rd}.‘.aaww awm—l—hc>

)
where mg = 1/2SJa? is the magnon mass and 1) is
a bosonic operator defined after a Holstein-Primakoff
transformation (S; ~ v2S¢, and SF ~ v/25¢1), and
summation over repeated indices is assumed. Equation
(5) is valid in the dilute limit na® < S and small tem-
perature T' < J such that only small momentum states
are occupied.

III. MAGNON HYDRODYNAMICS WITHOUT
GALILEAN SYMMETRY.

The conserved quantities in Eq.(5) are N = [ i, =
fw Vithg, Py = fw;ﬁa,m = %’fw ¥l 04tz — h.c., and H.
Although P, is not strictly conserved in the lattice model
(2), it becomes conserved in the long-wavelength effec-
tive theory after neglecting Umklapp scattering. We
use the local equilibrium approximation to describe the
density matrix as p = ][], pz, where space is coarse-
gained into regions of size £. The local density matrix

is pp = exp (—ﬁ/T—uaPa —uN) , with (T, wa, 1)
the position and time-dependent thermmodynamic poten-
tials. One important aspect of Eq.(5) is that the particle
current operator, defined as Oq Ja [H fig], is not
equal to P, instead, J, takes the form J, = P, /mo +

”T“(w;wmwm oV — h.c.) and gives rise to Galilean sym-
metry breaking. As such, a variety of interesting ef-
fects emerge, including velocity-dependent transport co-
efficients, anomalous viscous terms, and anisotropic dis-
persion of hydrodynamic fluctuations, to name a few.
To make analytical progress, we compute expectation
values using a Gaussian approximation of the distribution
function p, which can be formally implemented by using

H/T ~ Dok %@Lﬁk, with m the renormalized magnon
mass. As such, any N-point correlation functions can be
expressed as products of two point correlation functions.
Because corrections to the bare mass are small, dm =
m —mg ~ O(na®T/J) < 1, below we will use m and
my interchangeably. The expectation value of conserved
quantities ((N)g = n, (Py)e = npa, (H)z = ne) are
given by:

mT T'g2(2)

nzﬁgl( z), Do = MUg, 0=

where the thermal energy 6 is related to energy den-
sity through ¢ = 6 + (1—na®/45)p®

2m ’

sumed a two-dimensional system. In Eq.(6), z = e #/7
is the fugacity, and g,(z) is the Bose integral, g,(z) =
foo dyy?*
F(q) ey /z— 1
The particle current J,,, the momentum current I,z =
(ILap), and the energy current Qo = (), are given by

and where we as-

I'(¢): Gamma function].

Jo = NVq;,
Haﬁ = NPavs + Pa,Bv (7)
Qa = NEVy + Paﬁvﬁ + [5)

see details in Appendix B. Here P53 = (nf — Wyﬁ )0as +
Pag is the pressure tensor, with Pag the dissipative (vis-
cous) component, and ¢, is the heat current (both Pag
and ¢, will be defined explicitly below). The main con-
sequence of Galilean symmetry breaking in our work
is that conserved quantities flow with a drift velocity

Vo = (Jo)/n which is different from the thermodynamic
potential u:
2
na
= (1 =9)ta, 7= g (8)

The continuity equations for each of the conserved
charges lead to the hydrodynamic equations:

N+ 0 (nvy) =0,

. 1
Pa +v808pa = ——0pPag, 9)

. 1
0+ Uaaag = ——0afqa —
n

2
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which resemble usual hydrodynamic equations for a clas-
sical fluid with the caveat that convective terms contain
vq rather than u,. We recall that the ‘single fluid’ equa-
tions (9) do not include dynamics of the condensate due
to the zero coupling with k = 0 modes in the SU(2) sym-
metric Hamiltonian.

IV. DISSIPATIVE EFFECTS

We incorporate dissipation effects phenomenologically
using the relaxation time approximation, see Appendix
C. This approximation allows us to relate the non-
equilibrium magnon distribution to gradients in n; =



(1, ua, 0), i-e. i = Nk +Th (00K /) (O + V8 Vi )0,
where 7y is a momentum-dependent relaxation time (see
details in Supplement). As a result, Pag and ¢, can
be written ]Sag = v (Oaug + 03U — 00301, ), and go =
KnOan + Kkg0nl. For a two-dimensional magnon gas
with quadratic dispersion and collision rate of the form
1/7, o k2, we find that, within the relaxation time ap-
proximation, dissipation is dominated by viscous effects
with scaling v ~ ]% While we will keep track of k,, and
K¢ in our equations of motion, we set k,, = kg = 0 in the
numerics.

V. HYDRODYNAMIC MODES

The sound mode originates from the longitudinal spin
fluctuations and is manifested in the retarded correlator

—i [ e 3570, 85 O

(10)
This is equivalent to computing density fluctuation be-
cause S7 = —S(1 — 7,;). With this objective in mind,
we first linearize Eq.(9) around the equilibrium values,
n(r,t) = a+én(r,t), 0(r,t) = 0+60(r,t), and v, (r,t) =
v (7, t), and go to momentum space:

Xzz q,w

on 0
A 6v‘| = ’LF‘H/TI’L s
) 0
w —ng
A=| —0g/mn w/(1-7)+ivg*/n  —q/m
. 2 — n . 2 —
—iknq* /T —0q w — ikeq* /T

(11)
The coupling between dn, dv and 6 gives rise to two
propagating modes and one diffusive mode. The trans-
verse momentum component, du_, which does not cou-
ple to on, gives rise to an extra diffusive mode, (w +
ivg?/n)dv, = iF /m. Here we included in our equa-
tions a fluctuating parallel (transverse) force Fj (FL).
Close to thermal equilibrium, the density-density corre-
lation function can be obtained from Eq.(11) using the
fluctuation-dissipation theorem:

JS?(nga?)?
w?/(1 =) = (g, w)fg? /m + ivwq? [0’

(12)

Y
where ((q,w) = 1+ %M ~ 2 at the intermedi-
ate/large frequency range of interest. In this regime,

the response function exhibits a linearly dispersing sound

mode w = vsq, with v = a+/2(1 —v)J0, see Fig.1.

Xzz(Q7 w) =

VI. DETECTION OF THE SOUND MODE

We consider a spin-1/2 qubit with an intrinsic level
splitting w placed a distance d above the thin magnetic

insulator. The combined dynamics of the qubit and
ferromagnet is governed by the Hamiltonian Hiotal =
H+ H, + H , where Hg is the spin qubit Hamiltonian
Hq = zwaz Wlth polarizing field assumed to be aligned

in the z direction. The term H, is the qubit- ferromagnet
coupling induced by dipole-dipole interactions:

i=ts 5 B-L1Y %W]
2

3

4m 7 T
(13)
where r; = (2;,y;, —d) is the relative position between
the i-th spin in the 2D lattice and probe. The relax-

ation time of the spin qubit can be obtained from Fermi
Golden’s rule 1/Ty = “B [*_dte™t({B~(t), B+ (0)}),
where {,} denotes antlcommutatlon (see Appendix D).
Replacing Eq.(13) into 1/7} and using the fluctuation-
dissipation theorem, the relaxation time can be expressed
in terms of spin correlation functions:

1 I d*’q _
il th ) B/ 2|q|d|, |2
T (2T 22 ) @rzt X

+(q,w)

X (gq,w) +4x.(q,w)]
(14)
where we denote Xgﬂ = —Im[xag], and Xgﬂ(q,w) =
—i [;° dt([Sﬁq(t)7Sg(0)]>. Figure 1 shows the integrand

of Eq.(14), and Fig.2 shows the spin relaxation time as
a function of w induced by longitudinal and transverse
spin fluctuations (we assumed a constant magnon popu-
lation 7 and T'). The correlators x++(g,w) are related to
single-magnon production/absorption, which we assume
to be given by Xf_(q,w) = w — wg + 1X"(q,w), where
(q,w) ~ L2(ga)? (valid for z ~ 1 and w < T) is
the imaginary part of the self-energy computed from the
bubble diagram, see inset of Fig.2 and details in the Ap-
pendix E. We also note that, in Fig.2, we normalize 1/T}
with coth(w/2T") to capture the spectral contribution of
spin fluctuations rather than its amplitude. Figure?2 is
the main result of this work, and shows a clear fingerprint
of the sound mode within the gap of the ferromagnet.

VII. DIPOLAR INTERACTIONS

Contrary to classical and electron fluids where par-
ticles cannot be created or annhiliated, conservations
laws are not as robust in a magnon fluid and, therefore,
should be subject to scrutiny. Dipolar interactions lead
to magnon decay via three-magnon processes, particu-
larly in thin layers with a canted ferromagnetic order
parameter. Assuming a magnon distribution with z < 1,

we estimate the typical magnon decay time induced by a
dipolar term Hyq = B35 ST Sy _ 38y “,)(s 1 7550) ,
i’ JJ

with ga = pd/4m. Asshown in the Appendix F, this gives
_ 2
values on the ballpark 198 ~ % (22 _ 23)  MHz, sev-

eral orders of magnitude smaller than the typical GHz
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FIG. 2. Relaxation time [normalized by sinh(w/2T")] of a spin
qubit located a distance d from the 2D ferromagnet. Besides
the characteristically large relaxation rate induced by spin
relaxation due to emission of spin waves at energy A, the
relaxation rate exhibits a peak below the ferromagentic gap
induced by emission of sound modes with velocity vs. Param-
eters used: na®> = 0.03, T/J = 0.2, A/J = 0.1, a = 0.3nm,
and d = 20 nm.

frequencies that typical spin-qubit magnetometers can
access. As a result, sound modes are expected to be well
defined excitations in a wide range of frequencies, from
MHz to several GHz.

VIII. CONCLUSION

Our model and theoretical predictions, which are rel-
evant to ongoing experiments using spin qubit magne-
tometers on ferromagnetic insulators and in cold atomic
gases, provide distinct signatures of hydrodynamic be-
havior in spin systems. Although the sound mode is its
most distinctive feature, the strong momentum depen-
dence of the magnon-magnon interaction induced by the
SU(2) symmetry suggests that ferromagnets can also host
anomalous transport not achievable in classical and elec-
tron fluids.
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Appendix A: Relaxation time due to exchange
coupling

To estimate the relaxation time induced by the ex-
change interaction, we consider a magnon fluid at ther-
modynamic equilibrium and zero drift velocity, ng =
1/(z='e*/T —1). Let us a assume that, at t = 0, a
non-equilibrium distribution is formed with a bump at
wavevector k, i.e. np = np + ongdgp. The relaxation
time for such a distribution is given by

1 (Ja?)?
Tk N2

(A1)
The relaxation time can be expressed as — =

Tk
2 2
7{“6(;) w after factoring out the k vector dependence

out of the integral, normalizing energies with 7', and mo-
menta with v2m7T. The dimensionless prefactor ~g(2)
is plotted in Fig.3, exhibits a weak dependence on k,
and scales approximately as o« z. Rather than keep-
ing this unimportant k dependence of ~g, we define
an average vy of all k vectors and z values, v(z)/z =
fol dz/z [ d*k/(27)%yk(2), which yields (z) = cz, with
c~ O(1).

In thermal equilibrium, the typical relaxation rate for
thermal magnons is given by 1/7 ~ T2(a®)  The re-
laxation length of thermal magnons is given by ¢ = 0T,
where 02 = L [ dkk®ns, = 2mTgs(z)/g1(2) is the
thermal velocity, and results in Eq.(1) of the main text.

Appendix B: Derivation of hydrodynamic equations

In this section we derive the current operators associ-
ated with the conserved quantites of the effective Hamil-

(a) (b)
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FIG. 3. (a) yk(z) plotted for different values |k|/muvyn, = 0,1,5
(increasing darkness). Indicated with dashed line is the linear
Yk(z) = z/8m obtained from the classical Boltzmann equa-
tion. (b) vk (z) exhibits a weak dependence on k, as shown
for z = 1. At most, vy, (z) varies by a factor of ~ 2.5 as k is
varied. In our calculations, we take the average of vx over k
space.
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which was derived in the main text. Here we defined
g = Ja?/4 for compactness of notation. We recall
that the Hamiltonian (B1) has three conserved quanti-

ties: particle number N = S e = [, Yl b, momen-
tum P, = fm Paae = _71 fm ¥} 0uthy — h.c., and energy
H= fm €. We proceed to derive the currents associated
J

with each of the conserved quantities.

1. Current operators

The current operators can be derived from the conti-
nuity relation that ensures charge conservation: O, =
—0aJo = i[H,ng] for particle number, 0ipaq
—Gafla,g = i[ﬁ,p@w] for momentum, and 0, =
—00Q = i[H, ¢, for energy. Computing the commu-
tator of H with each of the local operators gives rise to
the currents:

Jo = g [0uths = hec] + 209 [10400 ot — ]
2m L
. 1 7. - N A N Ay oA N N
fas = 5 [athOsila + he] + g |(Vaytn)20ap + 2050500 a0t0 + hec ], (B2)
A —7 [ - A ) PN N A Ay oA A A Ay oA N A
Qu = 7 |05050a00 — huc.| = 22 [D101 0500 0aBithe + UL L 0nbo0htn — 0atiil03vedste — hc| .

2. Currents within the gaussian approximation

We compute the expectation value of the currents
using the local equilibrium approximation which allows
us to coarse-grain real space in regions of size ¢ in
which the system is effectively thermalized. We also
employ the gaussian approximation to represent the

J

(

density matrix in the subregion region x as p, =
exp (— Yok %df};wk —ug Py — ,uN), where we use the
bare mass m rather than the renormalized mass for sim-
plicity. The gaussian approximation enables us to com-
pute four-point correlation functions in terms of two-
point correlations function. In particular, the expecta-
tion value of the currents is given by

- g = Eed 1),
P = (ko). s = F80 g ks — Sotkad (), (B3)
= M) g aihs), Q= RIS gy Bead gy ka)

where we used the short-hand notations (A) =
f %Aknk, and ng is the Bose distribution function
with chemical potential u, drift velocity u,, and temper-
ature T. It is straight-forward to compute the expec-
tation values, which are given by: (1) = mTg;(z)/2m,
(ko) = nMug, (kaks) = mnuaug + (kakg), (kakgks) =
(kakgks) + muq (kgks) + 2mug(kaks) + mPnuu, (here
gv(2z) is the bose integral defined in the main text,
ko = ko — mug, and we used d = 2).  The term
<l~€al~c§> = Pog =nbdas + P(;B is the pre§511~re~tensor with
P/ 5 the dissipative component, and (kokgkg) = qo is

the heat current. Both P, 5 and ¢, are estimated below.

Replacing the expectation values into Eq.(B3) results in
the charges and currents:

n, Ja = NVq,
Do = Mg, Hap = Pap +npavs, (B4)
do o
‘T2 : gvﬂv Qa = qa + neva + Popup.

The continuity equations dn + 9yJo = 0, Oi(npa) +
0pllas = 0, and 9¢(ne) + 9,Qn = 0 give rise to the



hydrodynamic equations (9) in the main text.

Appendix C: Estimating transport coefficients from
the relaxation time approximation

To compute the leading order corrections to P, and
Go, We need to determine dny induced by gradients in n,
Uy, and €. With this objective in mind, we linearize the

J

[Eh + Ukyaaa] N = [n + vk,aaan} On ik |9,ua + [9 + Uk’aaoﬂ} agT_Lk,|

Boltzmann kinetic equation

(at + Uk,’aaa + Faaka) ng = I(T_Lk + 5nk) (Cl)
Here we assumed that dng < ng, such that the lead-
ing order contributions on the left-hand is given by the
derivatives (both space and time) of fig. The right-hand
side is already leading order in dng because I(7ig) = 0.

We begin the analysis by considering the left-hand side
of Eq.(C1). We recall that nig(n, uq, #) is the local distri-
bution function which depends implicitly on n, u, and
0. As such, computing the time and spatial derivatives
of ng, leads to

+ [lla + Uk’gagua] O, ke |n,9’ (02)

Ny Ue

where 0ny /0|y, . denotes the derivative of fg with respect to x, leaving y and z constant. In Eq.(C2), we replace
the time derivatives n, 44, and 6 by the hydrodynamic equations (9) of the main text in the local equilibrium

approximation, and compute transport coefficients to leading order in na

and g, = 0. This results in

2anin d = 2. i.e. using Pog = dapnf/m

m m
[at + Uk)aaa + Faaka] N = [6a,38nﬁk‘07ua + g@npagagkﬁk} ﬁk’,@&ln + [5@897’1,@]”7% + gaepaﬂaekﬁk} @k,ﬁaae

_ m _ - - _
— (Sagnannkb’ua + gPagagan?ua + mvk@vk,gagknk] Oqug,

(C3)

where we used the identities Ofik/Ouql|ng = —[00K/00k]MTk,o and FoOk, T = Fo[0fik/00k|0k . The terms in
brackets in Eq.(C3) are thermodynamic functions that depend on the local values of (T, z,w,) and are given by

2
[at + Uk,aaa + Faaka] ng = l:ﬂ;;—‘ (hn(Z) +

where the dimensionless coefficients hy, o(2) and h, ¢(2) are

ho(2) = 293 — (1 — 2)g207
’ 29297 — (1= 2)gi/2’

2 _ 1— 2

ho(z) = 92 (1 = 2)g201

29297 — (1 — 2)g1/2’

Let us now focus on the right-hand side of Eq.(C1).
There are many schemes to calculate I[fig + dng]. The
simplest approach is to use the relaxation time approx-
imation. In this approximation, the collision integral is
written as I[fig + dng| &~ —dng /T, where 7, is defined in
Eq.(Al). Importantly, we keep the explicit dependence
on magnon wavevector. We note that 1/7, was calcu-
lated using u,, = 0, but its value remains valid so long as
ue S +/T/m [corrections to 1/ due to finite drift ve-
locity are O(u2)]. As a result, ng becomes proportional

hn(2)

Or\ . 2 ~ O\ -
fZl“c) Uk,a0an + T (h@(z) + hg(z);> Uk,0000
(C4)
(7 MUKV o
+ ((5a5; — k’Tk’ﬂ> aCYUg:| nk(nk + 1)7
7 1 292 ]
hn(z)= | —+ 52—,
) Lh 9i(1 — 2) — 229
(C5)
~ 1 zg2
he(z) = | —+ =—"""——|.
o= o+ = A
[
to gradients in n, 0, and uq:
2T ~ Or\ .
ong =Tk [mT (hn(z) + hn(z)T> Uk, 0 Oan+
2 ~ O\ -
% (hg(z) + hg(z)j’f> . a0ab
Gk mvkavkﬁ _ _
+ <5QQT — T) 0auﬁ] nk(nk + 1)

(C6)



Using nr = ng + 0ng and integrating over k leads to

0
P.s = %(5aﬁ + v (Oaug + 0ptia) — VapOy iy,

(C7)
qo = KnOan + "‘3080497

where only linear terms on O.n, 0,0, and Jd,up were
considered (i.e., gradients of thermodynamic quantities
are small). For a two-dimensional magnon gas with
quadratic dispersion and collision rate of the form 1/7
k? (i.e., only considering exchange coupling), the relax-
ation time yields that dissipation is dominated by viscos-
ity v(T, z) ~ JTQ, while k,, = kg are second order effects
(in powers of T'/.J) compared to v. Kk, and kg are domi-
nated by deviations to quadratic dispersion and/or finite
scattering at low scattering, e.g. dipolar interactions.

Appendix D: Measurement of magnon sound modes

We consider a spin-1/2 qubit with an intrinsic level
splitting w placed a distance d above the magnetic insu-
lator. The dynamics of the qubit and the ferromagnet
is governed by the Hamiltonian Htotal = H + H + H
Here Hp is the Hamiltonian of the ferromagnet, see main
text. The term H, is the qubit Hamiltonian given by
H, = fwngq o, where ng is the intrinsic polarizing field of
the spin probe. For instance, in the case of NV centers in
diamond, nq is the axis of the NV defect in the diamond
lattice. Finally, the term H, is the qubit-ferromagnet
coupling, given by

2
B 4 A Ail
HC—?O' s B—ZE
J

S ) ]]
5 k)
"

(D1)
where B is the magnetic field at the position of the probe
induced by dipolar interactions with the 2D ferromagnet,
and r; = (z;,y;, —d) is the relative position between the
i-th spin in the 2D lattice and probe.

In thermal equilibrium, the 2D ferromagnet is de-
scribed by the density matrix pp = > e~/*eT|n)(n|,
where |n) are the eigenstates of the ferromagnet. The
absorption rate, 1/T7 aps, and emission rate, 1/71 em, is
obtained from Fermi Golden’s rule using the initial state
|i) = |—) ® pr and |i) = |+) ® pr, respectively:

1/Tabs1em =2 Z panmB'r:gnd(w + Emn)'

nm

(D2)

Here B2, denotes (n|B®|m), and &,,, is the energy dif-
ference between states m and n, €,,,, = €,, — €,,. The re-
laxation rate is defined as 1/7} = %[1/Tabs + Tom]. More
compactly, 1/77 can be expressed as
1 u / >
2 ) o

dte™ ({B~(t), BT(0)}). (D3)

For computation it is more convenient to express 1/7} in
terms of retarded correlation functions. In this direction,
the fluctuation-dissipation theorem reads

& . . N w
|t B0, B 0)) = coth (57 ) 1 [ )]
(D4)
where x®_ o, (w) = —i [[7 dt([B~(t), BT(0)]) is the re-
tarded correlation function.
Finally, 1/T7 can be expressed in terms of spin-spin

e'ik-‘r So s
Yok “~ 5 in

momentum space and inserting into Eq.(D1), we can ex-

correlation functions. Expressing S¢ =

press B in terms of S,f and S¢. Without loss of gener-

ality, we assume k = (k,0). For B®, we find

. . 1 3x?
T § ikx - J T
Bk = & : [<T3 ’[’5, > Sk
i J

J

3l‘jyj 3$]d
5 Skt s
J J

(D5)
Using the continuum approximation to approximate
Zj — a%fd%:, the first term on the right-hand side
of Eq.(D5) is

1 1 322
ikx; | - J . -
g e (r? 77“5 > — / dxdy e ( 5 >
2 _ .2
_ /dx e 45— 2
a? (d? + 22)?

2 . 1—¢2
_ i(kd)€
da? /dge (1+&2)*

(D6)
In the last step, we can use the residue theorem to express
[ dgeitkds (11+£§z)2 as ¢ dzel(kd)z a = 2 oy 7(kd)e ",

where for kd > 0 we use a contour of integration in the
upper-half complex plane. As a result, we obtain

2
E etkz; % _ 3% ~
- T 2

J

ke‘kd
2a2 "’

(D7)

exact in the continuum limit. For the second term on
the right-hand side of Eq.(D5), we find ), s 281 =

0. Finally, for the third term in the right-hand 81de of

Eq.(D5), we find
3zk:d //d dy™ k
r

32 ik x]

Repeating the same procedure for BY and BZ, and
generalizing our results for a generic k = (k,k,), we

obtain B* = ﬁ >k By, with

(D8)

BEN e [ K2R koky/IK| ik, \ (S
Bl | =S | huky/ R/ ik, | (S
B iky ik, Ikl ) \ 5

(DY)

The Bif = Bf + B} terms can be written as a function
of S,f and Sf such that Eq.(D9) can be recasted as



BI ikl
B, | =
By (iky + ky)/2

|K[/2

2a2 | (ks —iky)?/2|K|

S+

(ky +iky)?/2|k| ik, — K, il
Ik|/2 ihy ey || 6] (D10)

(ike — ky)/2 K| Sk

Using Eq.(D10) in Eq.(D3), the spin qubit relaxation time is given by

1 I3 d°k
— — coth B AR —2lkld), 2
TR (2T) 2a2/(27r) K7 [

where we denote xrz(k,w) = —i [ dt([S*,, (1), S2(0)]).

Appendix E: Transverse spin fluctuations

The spectral weight of the correlator x;_(k,w) =
—i [° dte™([S7,, S, (0)]) is concentrated at the
magnon frequency wgr = A + g and is associated
to the production of a single magnon. Off-resonant
processes, however, give rise to a finite contribution
to x—+(k,w) below the magnon gap, see Fig.4(a). As
such, we estimate the contribution of such processes
in the noise spectrum and show that they give a small
contribution to x4_ compare to that of the sound mode.

J

Y(k,w) =

L (kw) + X (kw) + X (k,w)] (D11)

(

With this objective in mind, we calculate the leading
order contribution of the imaginary part of the magnon
self-energy Y (k,w), and approximate the correlation
function as

1

—(k,w) =
+ ( 7UJ) w_wk+i2,,(k7w)v

(E1)

where energy shifts to the single magnon dispersion are
neglected. From the effective interaction in Eq.(5) of the
main text, this is given by the second order process de-
picted in Fig.4(b). In terms of Matsubara frequencies, it
can be written as

: (E2)

Pq iwliw!

J2 4 k .
Z Z Py (iwy, — wp) (iwy + iwy] — Witq) (iw], — iw)] — Wp—q)

The retarded correlator is obtained by analytical continuatio iw, — w + ie and taking the imaginary part of the

resulting expression:

S (k,w) = J2a* > (k- p)*s

where we denote 7, = n(ep + w). A similar analysis
follows for the correlator x4_(w) &~ 6(w + wg). Dimen-
sional analysis in the limit w < T yields X" scaling as

%(q,w) = T (qa)?.

Appendix F: Effect of dipolar interactions

Dipolar interactions, which can be sizable in a two-
dimensional ferromagnet, introduce a variety of effects
that need to be carefully taken into account, namely, it
modifies the collision term by adding hard-core repulsion,
and induce magnon leakage via three body interactions.

(= A+ ep— Chtg

J(1+ Nktq + Np—gq)s (E3)

—ep—q)(Np — Tip

(

We incorporate dipolar interactions via the term

b Bl Sj- 8y (8 ri)(Syr - Tyyr)
H E -3
T qr 2 |3, =N ’
]]’ JJ 17

(F1)
where up is the Bohr magneton, and 7;;/ is the relative
distance between spins j and j'. It is important to con-
sider the combined effect of the Zeeman term,

H, =AY 5, (F2)

and dipolar interactions. In particular, in the presence
of a Zeeman field, it is convenient to pick a quantization
axis which is canted from the 2D plane r = (z,y,0),

5'; — Cos 957 — sin 95'367
S7 — cos 0S5 +sin 657, (F3)
) ry
Sj‘-’ — 57,
where 6 will be conveniently chosen below.
Eq. (F3) into Eq. (F1), we find

Inserting
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(gt — )

FIG. 4. (a) In addition to the sound mode, off-resonant processes can also give a finite contribution to x—4+ below the magnon
gap. (b) Sunrise diagram contributing to the magnon self-energy of x_.

3 113 1 y &y TZ? 2Tz
Hq = St — 73 | T <13cos plz ) SJSH_T 1737_—2 +S i (13sm 07_2>
J (F4)

—6coshE ySISy

—651n9c059 S$SZ i

TaTy
. — 6sinf 5’sz+7] :
where 7 denotes relative positions between spins on a two-dimensional square lattice (not restricted to nearest neigh-
bors). After rearranging terms, we find

2 _

i 3MB 17 5, Th & 2,78 & Ty
- ZTB [( 8540 (3—72 +sin” 0L 5757, + cos” 9L 5757, — Sys;/+T

7.

(F5)

-2
—2sinfcosf mSZ ]Z+T 2 cos 0% nyS;’+T 2 sin 02 yS]ZS}y_s_T}

Note that the first term on the right-hand side can be incorporated into the definition of J with a small anisotropy
in the x direction which we will neglect. For convenience, we define Hq = H,, + H,, + Hyp + Hyy + Hyy + Hy., with

i a’ TaT,
sz = £4 COS 9 Z =5 SJZSJZ+T, zz = €4 SIn 9 Z SL jl+7'7 2z = —2eqsinf cos —= 52 ySISJZ+T,
7' — 72 i Ty ga - o, .
=& 7r52 Z Sj’S]erT, oy = —2€4 cos@ Z Ly S;’H, H,, = —2¢q 51n9 Z ySySﬁT,
(F6)
where we defined the dipolar energy as
35%ud
€4 = 403 (F7)
The Zeeman splitting term in the rotated frame is given H,=H, + Hz, with
H,=Acosf» 57, H,=-Asin0) S (F8)
Focusing on M., first, we define 5‘; = —S5(1 — n;), which leads to
- 5 a3 72 9 ad T2
H,, = gq cos 9?;7_—2(1—2nj—|—njnj+7) = ¢gqcos” 6 NS—sz:nj—&—?;Tgn]nﬁrT ) (F9)

and where, in the last step, we used

Z e kT 2 — g +0(¢%). (F10)
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Similarly, for H,., we find

2eq sin 6 cos 6

H,, = 2eq sm@cos@ Z S”” —Njyr) = — Z o —Z - ]nJJrT . (F11)
j

Turning to H,, and using Sf =( A;f + Ajf)/2, we find

€4 Sin 29

. eqsin®0 a (
4,52

A, = 22 =) 818t + 8785, +2878,) = > (8585 + 50,8 +255,8; ). (F12)

k

where, in the last step, we used Eq.(F10). The term IA{M introduces coherent creation/destruction of two magnons.
The term H,, also introduces similar two-magnon processes such as those in Hy,,

2 o €dC059 a® TxTy + &+ N 25dCOS€ kxky G+ o+ A oA
Hey = ==, 52 ~ P (S Sfr =87 Sg+r> = T TiRs? ) a (kaSk: _kaSk)’ (F13)

but the matrix elements of I:Ixy are O(q?) smaller than those corresponding to H,., [in the last step of Eq.(F13), we
used Y eF T — % + O(k*)]. As a result, we neglect H,,. Finally, for H,., we find

. TaTe a® T T,
H,. = —2gqsin 9— Z i "Sy(l —njts) = —2eqsin Oﬁ Z 7-5y Sjy Z 5 ySynJJrT
I I (F14)

T
= 6eq smH— g ySyn]+T,

where the first term in the third equality is zero because ) 7,7, /7> = 0, thus giving only a cubic term. The cubic
term, however, has matrix elements O(q ) smaller than those corresponing to Hm because of the factors 7,7,. As a
result, we neglect the matrix elements introduced by H. vz when compared to those in Hy,.

The Zeeman splitting term H, and the dipolar term H,, both generate terms which are linear in S“f In particular,

. 94 5in 0 cos 0 2eq sin 0 cos §
H, + H,. :—AbmHZSI %ZSE WZ i (F15)

As a result, we conveniently define # such that the linear term is cancelled. This leads to

SA
cos 5oy’ 0 < SA < 2eq, (F16)
0=0, SA > 2e4.

Therefore, in this case, the terms

5000, (F17)

I I 2e4 sin 6 cos 6 Z
7557

Hx Hmz -
N S

JT
lead to a cubic interaction term after a Holstein-Primakoff transformation.
In the same spirit, combining H, from Zeeman splitting and H,, from dipolar interaction, we find

A 72

3
N a
H,+H,, = (AS cos 0 — 2e4 cos> 0) Z nj + €4 cos? 0? Z T’g N tr (F18)
J JT
As a result, the combination of H, and H,, gives rise to a magnon gap induced by Zeeman splitting and dipolar
interactions, and a quartic interaction induced by dipolar interactions.
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1. Effective Hamiltonian

To cast the dipolar Hamiltonian into a long-wavelength, effective Hamiltonian, we use the Holstein-Primakoff

transformation to leading order, which results in

2 2
T o Tr ~tat A ,Zq,.m AT AT N At At A A
g Tsnﬂnﬁ‘”* E T—5aja]+7aj+7aj = g <§ e Opt qOp— qapakN Pl g gt qOp—qUpQk-

JT JT kpq T

(F19)

kpg

In the last step, we used Eq.(F10). In addition, for Eq.(F17), we use

. e as) =
E , "J+T V5 E :75 ajay+faa+f+aj+7aj+f% =

JT

S - emat A
2N > 5 [e PTaiikyp + e " a};+papak}
k

PT
S 7
~a ] 2" AT AT
~ 2Na3Z(aPak
kp

koip + G plpiie )

(F20)

Putting everything together, we find that, at long wavelength, the dipolar and Zeeman Hamiltonian can be effectively

written as

Hy+ B, Y [Adan + 2 (ana s +alal )] -
k

€4 Sin2 0

A= (AS cos ) — 2e4 cos? 9) + 5

’ >\2:

2. Bogoliubov transformation

For small Zeeman fields, the canting angle lies in
the range 0 < 6 < 7/2, and Ay 3 are finite. The
quadratic part of the Heisenberg Hamiltonian combined
with Eq.(F21),

=Y [(A +ew)alan + Ao(apap +alal k)}
k
(F22)
can be diagonalized using a Bogoliubov transformation:

ik = 5Bk +tey gy Gk = skbe +tedt,,  (F23)
where s and tg are k-dependent real numbers. It is

straightforward to show that
sk = cosh g, tp = sinh gy, (F24)

diagonalizes H 2,

=3 B (BBt akw] . Br= ek + 27— N3,
k
(F25)
where ¢y is the solution of

A
sinh 2pg = -2

T (F26)

Several comments are in order. First, we note that the
magnon dispersion is quadratic, with or without dipolar

€4 Sin2 0
28

At At A A
Z (a Upli+p ak+papak> TN Zalwqa;refqapak’

kpq

A1 = £q cos? 0.

A3 = e4y/2/Ssinf cos b,
(F21)

(

interactions. In particular, in the presence of dipolar in-
teractions, there will be a small correction to the magnon
mass at low energies on the order of O(eq/J), and which
we will neglect (quadratic dispersion greatly simplifies
the hydrodynamic description, as will be discussed be-
low). Second, we are mainly interested on the hydro-
dynamic behavior at large 7" such that magnon-magnon
collisions become important. In the regime ¢4 < T K J,
most magnons will typically have large kinetic energies
€k such that corrections due to the Bogoliubov transfor-
mation are negligible.

For sufficiently large Zeeman fields, when A > g4 and
6 = 0, then the coupling terms verigy A2 3 = 0. In this
case, the quadratic part of H;+ Hy+ H, is already di-
agonal in the (&k,a};) basis and there is no need for a
Bogoliubov transformation.

3. Magnon leakage

Three magnon processes in Eq.(F21) do not preserve
particle number. This means that the distribution func-
tion 7g, = [z~ 'e=*/T — 1]~ is a quasi-equilibrium distri-
bution if 0 < z < 1, and invalidates our hydrodynamic
theory for frequencies below the leakage rate. The total



magnon leakage rate can be calculated from

dn
dt

/\2
= —N—Z Z 21é(ep +€p + A — €tp)
kp

[ﬁkﬁp(l + ﬁk+p) - (1 + ﬁk)(l + ﬁp)ﬁkﬂx] :
(F27)

Here we note that three magnon processes are not neces-
sarily suppressed by energy and momenta conservation.
For instance, if the incoming magnon states have mo-
menta that verifies k-p = mA, then energy and momen-
tum is conserved after the collision. For concreteness, let

us assume that u, <

10

11

12

13

14

15

16

17

18

T/m, which leads to

dn Yieak (22 — 23) TA3
2 F28
dt 47 J2q?’ (F28)

13

where we normalized k = k /k and the value of Vieax(2)
can be shown numerically to be J1eax ~ O(1). From here
we can define the leakage rate

1 _ 1 dﬁ _ fyleak)\g

- _ 2_ .3
ndt 7 &)

(F29)

Tleak

Using J ~ 1000K, A3 ~ 1K, and z =~ 0.9, we obtain
1/Tieak ~ 5MHz. As such, magnon number can be as-
sumed to be a good conserved quantity for w > 1 MHz.
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