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Fractional quantum Hall quasiparticles are generally characterized by two quantum numbers:
electric charge @ and scaling dimension A. For the simplest states (such as the Laughlin series) the
scaling dimension determines the quasiparticle’s anyonic statistics (the statistical phase 6 = 27 A).
For more complicated states (featuring counterpropagating modes or non-Abelian statistics) knowing
the scaling dimension is not enough to extract the quasiparticle statistics. Nevertheless, even in
those cases knowing the scaling dimension facilitates distinguishing different candidate theories for
describing the quantum Hall state at a particular filling (such as PH-Pfaffian and anti-Pfaffian
at v = 5/2). Here we propose a scheme for extracting the scaling dimension of quantum Hall
quasiparticles from thermal tunneling noise produced at a quantum point contact. Our scheme
makes only minimal assumptions about the edge structure and features the level of robustness,
simplicity, and model independence comparable to extracting the quasiparticle charge from tunneling

shot noise.

I. INTRODUCTION

The fractional quantum Hall (FQH) effect is renowned
as a showcase example of strongly correlated quantum
states. Electron-electron interactions result in the emer-
gence of fractional quasiparticles that are predicted to
possess fractional charge and fractional statistics [1-8].
For some filling factors, the fractional statistics is ex-
pected to be non-Abelian, which can be instrumental for
topologically-protected quantum computation [9].

The fractional charge of FQH quasiparticles has nu-
merous confirmations obtained with a number of meth-
ods [10-20]. The most used method for extracting the
quasiparticle charge is based on measuring the shot noise
at a quantum point contact (QPC) where two FQH edges
meet and quasiparticle tunneling processes take place
[11-14, 16, 17], cf. Fig. 1. At the same time, the first
promising measurements of the fractional statistics have
been obtained only recently [21, 22], despite a large num-
ber of distinct theoretical proposals [23-33].

With statistics measurements not readily available, an
important problem in the field is discriminating between
different candidate theories that can describe the same
filling factor. For example, a number of theories can de-
scribe v = 5/2, some host non-Abelian quasiparticles,
while others do not [34, 35]. A basic approach to dis-
criminating between different theories relies on extract-
ing two key properties of the fundamental quasiparticle:
its electric charge @ and its scaling dimension A [36-38].
The charge alone does not always allow one to discrim-
inate different theories. For example, in most candidate
theories for v = 5/2, the fundamental quasiparticle has
charge @ = e/4.

A series of theoretical works, based on gauge invari-
ance and the topological nature of the bulk states, have

come to the following conclusions [39, 40]: The scaling
dimension of the qp, closely related to the parameter K
of non-chiral Luttinger Liquids [11], characterizes its dy-
namics at a FQH edge. In the simplest cases, when only
modes of a single chirality are present on the edge, the
scaling dimension is directly related to the quasiparticle
braiding statistics. The statistical phase is then given
by 8 = 2xA. In the case of non-Abelian statistics of
quasiparticles, the scaling dimension may only capture
its Abelian part. For more complicated edge structures
featuring counterpropagating modes [ |, the scaling
dimension may not correspond to the quasiparticle statis-
tics at all. Nevertheless, even then the scaling dimension
is an important property characterizing the quasiparti-
cle behavior and allowing one to discriminate different
candidate theories.

The so far most promising attempts to measure the
scaling dimension concerned the dependence of the tun-
neling current at a QPC on the voltage bias between
the two edges [36, 38]. The scheme should simultane-
ously extract both @ and A. Some experiments produce
data that is congruent with the theoretically predicted
curves [30, 38]. However, the extracted values of @ and
A vary greatly between different experimental configu-
rations. Furthermore, in none of the configurations do
both the fitted charge and the scaling dimension agree
with those predicted by expected candidate theories [38].
Other experiments of the same type report that the tun-
neling current dependence on voltage significantly devi-
ates from theoretically predicted curves [14, 46-48]. One
possible explanation for such behavior is that changes in
the bias voltage, V = V; — Vb, cf. Fig. 1, affect the elec-
trostatic balance at the QPC, changing its shape and the
tunneling matrix element; the dependence of the tunnel-
ing amplitude on the voltage in turn alters the behavior
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Figure 1. The standard setups for investigating quasiparticle
[gp, panel (a)] and electron [e, panel (b)] tunneling in quantum
Hall systems. Ohmic contacts 1 and 2 having voltages V1 and
V4 respectively are used to inject electric current to the edges.
Two FQH edges meet in the middle of the device, giving rise
to the tunneling current I and noise S, which are inferred
from measurements at contacts 3 and 4. The dependence of S
and Ir on Vi — V5 enables a reliable extraction of the charge
of the tunneling particle (gp or e). Here we propose to extract
the tunneling particle’s scaling dimension, A, which governs
the edge dynamics, using the temperatures 71 and T of the
injected edge modes as additional experimental knobs. In the
simple Abelian cases the exchange statistics of the tunneling
particle is related to A.

of the tunneling current in a non-universal way.

This non-universality can be excluded by considering
the ratio F = S/(2elr) (also called the Fano factor)
of the excess noise S appearing due to tunneling (the
noise measured at contact 3 in the setups of Fig. 1 mi-
nus the Johnson-Nyquist noise 2ve?kpTy /h) to the tun-
neling current Ip. When the tunneling amplitude n is
small, both are  |n|?, so that the ratio F' does not de-
pend on 7. In fact, this is the very trick that enables
reliable determination of the quasiparticle charge in such
setups [11-14, 16, 17]. It has been theoretically shown
that considering the dependence of F' on bias voltage at
non-zero temperatures, in principle, allows for extract-
ing not only charge but also the scaling dimension [19].
However, the term involving the scaling dimension turns
out to be only a small correction to the main charge-
dependent term and, therefore, cannot be reliably ex-
tracted from the standard experiments.

Considering temperature dependence instead of the
voltage dependence is a new promising direction. On
one hand, recent experiments developed a way of chang-
ing the edge temperature in a quick and electrically con-
trollable manner [50-56]. On the other hand, a number
of theoretical works considered the QPC physics when
the two edges are at different temperatures [57-60]. In
particular, an intriguing effect of the excess noise drop-
ping when the temperature imbalance between the edges
is increased has been predicted [60].

In the present paper, we study the dependence of the
Fano factor F' at the QPC on the temperatures of the two
edges. We show that the scaling dimension can be ex-
tracted from the Fano factor’s temperature dependence.

The paper is organized as follows. We briefly describe
our key results in Sec. II. We then describe in Sec. III
the model used to obtain these results for the noise in the
setups of Fig. 1. In Sec. IV we analyze our predictions
for some experimentally relevant scenarios. A discussion
of the factors that may render the scaling dimension non-
universal and of other experimental subtleties that may
restrict the applicability of the proposed method is pro-
vided in Sec. V. We conclude with Sec. VI. For com-
pleteness, we provide a brief overview of the basics of
the quantum Hall edge theory and of the meaning of the
quasiparticles’ scaling dimensions in Appendix A. Tech-
nical details of the derivation of our results are relegated
to Appendix B.

II. MAIN RESULTS

We first consider the case of equal temperatures of the
two edges: Ty = To = T. In the inset of Fig. 2(a),
we present the dependence of noise on the bias volt-
age for several temperatures 7. Notice that we plot
ve?V/hx S/(2Ir) = ve?V/h x eF so that the dependence
of the tunneling amplitude on the bias voltage or the tem-
perature cancels out. The slope at large V' corresponds
to the charge of the tunneling quasiparticle. However,
otherwise the curves do not appear to exhibit universal-
ity. In Appendix B4a we show that in the regime of
weak tunneling of quasiparticles or electrons across the
QPC (cf. Fig. 1), the Fano factor is a universal function
of T/V, namely

_2Q Qv
F==*Im {1/} (mmzkaTﬂ , (1)

where Q and A are respectively the charge and the scal-
ing dimension of the quasiparticle that tunnels, kp is
the Boltzmann constant, the digamma function ¢ (x) =
I(z)/T(z) is the logarithmic derivative of the gamma
function, and Im stands for the imaginary part. This
universality is illustrated in Fig. 2(a) where the curves of
the inset of Fig. 2(a) are plotted as a function of T/V.
Fitting experimental data to this curve should enable re-
liable extraction of the charge and the scaling dimension.

Further, consider the limit eV > kg7, which corre-
sponds to a typical regime investigated experimentally.

Then

kpT\?

eV
The first term of the expression represents the well-known
result that the shot-noise Fano factor corresponds to the
charge of the tunneling quasiparticle. The scaling dimen-
sion enters the second, subleading term. This subleading

correction is a linear function of T'/V and can be quite
sizeable, cf. Fig. 2(a).

Q _kpT

Fleysier = +2 7 (1-44)+0 . (2)
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Figure 2. Fano factor’s dependence on temperature 7' = T1 =
T> (cf. Fig. 1) as a tool for extracting the scaling dimensions
of FQHE quasiparticles and electrons. (a) The dependence of
the Fano factor, F = S/(2elr) in Eq. (1), on T/V forv =1/3
Laughlin quasipaticles (Q = e¢/3,A = 1/6). The curve for
each temperature corresponds to V' € [0,100] V. The curves
collapse on top of each other, showing the universal behavior
of the Fano factor. The thin black line corresponds to the
asymptotic behavior in Eq. (2). The dot on the vertical axis
corresponds to F' = @/e. Inset: The same data plotted in
the way experiments are conventionally analyzed. The curves
for different temperatures appear unrelated. (b) Fano factor
vs. T/V for quasiparticles that appear in various candidate
theories of v = 5/2 FQHE: Q = e/4 (in all the theories),
A =1/16 (K = 8 theory), 1/8 (Pfafian and PH-Pfaffian),
3/16 (331 state) or 1/4 (anti-Pfaffian) [61]. (c) Fano factor
vs. T/V for v = 1/3 Laughlin quasiparticle (Q = e/3, A =
1/6), one of the quasiparticles in the Kane-Fisher-Polchinski
(KFP) v = 2/3 fixed-point theory (Q = €e/3,A = 1/3), non-
interacting integer quantum Hall (IQH) electrons (Q = e, A =
1/2), electrons in the v = 1/3 Laughlin state (Q = e, A =

3/2) [5, 42, 43].

In Fig. 2(b,c), we give several examples of the Fano
factor behavior for quasiparticles corresponding to var-
ious quantum Hall states. Notice that quasiparticles of
the same charge but different scaling dimensions produce
notably different curves. In addition, we emphasize that
the strongly-interacting nature of FQH states is mani-
fest not only in the existence of fractional quasiparticles,
but also in the electron scaling dimension, which can be
inferred by the proposed method, cf. Figs. 2(c) and 1(b).

The origin of the above correction term can be roughly
related to the quasiparticle exclusion statistics. Consider
as an example non-interacting edges of v = 1 integer
quantum Hall states. At T' = 0, each edge is a Fermi sea
of electrons occupied up to each edge’s Fermi level. Only
the window of energies eV, where the electrons on one
edge are not balanced by the electrons of the other edge
is important. The electrons of different energies within
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Figure 3. The Fano factor for the case of T1 > T» (cf. Fig. 1).
(a) Plot of the universal function given in Eq. (3) illustrated
for the Laughlin quasiparticle (Q = e¢/3, A = 1/6). Lines de-
note the cuts corresponding to 71 /7> = 1, 3, and 7. (b) Cuts
corresponding to T1/T> = 1, 3, and 7 plotted as a function
of T1/V. At small T1/V the Fano factor’s behavior is de-
scribed by Eq. (4) (solid black line). At large T1/V, Eq. (5)
gives the asymptotic behavior (dashed black line); the slope
of the curves at 71 /7% = 3 and 7 is quite close to the ex-
pected behavior, while the offset C' only converges to zero
when T1/T> — oo. Inset—The slope f(A) entering Eq. (5) as
a function of the quasiparticle scaling dimension.

this window tunnel independently, so the Pauli exclusion
principle does not affect the observable quantities. At
a T > 0, the edges of the Fermi seas become smeared.
An electron within the eV window can be hindered from
tunneling to the other edge if this energy level is occupied
(which happens with a T-dependent probability). This
reduces the fluctuations of the occupation of this level,
and thus reduces the noise and the Fano factor. This
intuitive picture agrees with the prediction of Eq. (2) as
for non-interacting electrons A = 1/2.

Had the electrons attracted each other or tended to
bunch (as bosons do), the presence of an electron at an
energy level before the QPC would increase the proba-
bility of tunneling of another electron from the opposite
edge, and would increase the noise. This is the case,
e.g., when dealing with » = 1/3 Laughlin quasiparti-
cles (that can bunch up to 3 in one quantum state and
have A = 1/6). It is remarkable that quasiparticles with
A = 1/4, (for example, semions) which for sufficiently
simple edges are half-way between bosons and fermions
in terms of the statistical phase 8 = 2w A, would produce
no correction to the Fano factor in this regime.

It is important to emphasize two things. First, while
the above consideration is qualitative and appeals to
the intuition of non-interacting systems, we have derived
Egs. (1) and (2) using proper quantum Hall edge theory
that takes the interacting nature of the FQHE states into
account. Second, the relation between the scaling dimen-
sion and quasiparticle statistics is not universal and holds
only for sufficiently simple Abelian quantum Hall edges,
when only modes of a single chirality are present on the
edge. Therefore, it is correct to characterize the noise in
terms of the scaling dimension A, and not in terms of the
quasiparticle statistics.



We next consider the situation of general tempera-
tures, assuming without loss of generality 77 > T5. In
this case, the Fano factor can be expressed as a universal
function of 71 /V and T} /T3,

7Tk'BT1 ﬂ)

eV ’ T2 (3)

F=Fga (
where the detailed expression is presented in Sec. III,
Eq. (23). The universality is manifest in the function
being determined only by the charge, (), and the scaling
dimension A, of the tunneling quasiparticle. All the data
for the Fano factor dependence on the bias voltage, V,
and the two temperatures, T7 and T5, should collapse on
a two-dimensional surface, which is determined only by
the values of Q and A. We illustrate the behavior of this
function for Laughlin quasiparticles in Fig. 3(a).

The expression in Eq. (3) simplifies in some limiting
cases. First, we show in Appendix B4a that for T} =
Ty, =T, Eq. (3) reduces to Eq. (1). Second, we show in
Appendix B4c that in the regime eV > kg1 > kT,

Eq. (3) simplifies to[62]
kBT 2 ?
eV

(4)
Third, we show in Appendix B4b that in the regime
dominated by the temperature imbalance, kgT; >

eV, kg,

_Q  ksTh
= <122l (1-48)+0
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where f(A) is a function of the scaling dimension, whose
behavior is presented in the inset of Fig. 3(b). Notice
that the bias voltage enters the expression of Eq. (5),
but the quasiparticle charge @ does not. We illustrate
the asymptotic behaviors of Egs. (4, 5) in Fig. 3(b).

Note that the Fano factor can become negative when
Ty # Ty, cf. Fig. 3. This is due to the excess noise be-
coming negative in the presence of temperature imbal-
ance between the edges, similarly to the effect predicted
recently in Ref. [60]. We emphasize the non-triviality of
this result: while raising the temperature of one edge
is expected to affect the intensity of the tunnelling pro-
cesses, the Fano factor’s behavior shows that the noise
and the current are affected in different ways. The total
noise at contact 3 (cf. Fig. 1) comprises the excess noise
S, as well as the Johnson—-Nyquist noise of the FQH edge
(which is typically subtracted in experiments). The lat-
ter, of course, grows as 77 is increased, as does the total
noise at contact 3. However, the excess noise S involving
the contribution of the tunneling processes does become
negative.[03] Knowing the extent of its negativity, en-
ables one to extract the quasiparticle’s scaling dimension
A, cf. Eq. (5) and Fig. 3(b, inset).

The negative excess noise (and thus the negative Fano
factor) can be understood from comparing the noise at
contact 3 in the presence and in the absence of the tun-
neling contact. In the absence of tunneling at the QPC,
the noise measured at contact 3 is the Johnson-Nyquist
noise corresponding to 7). In the presence of tunnel-
ing, part of the Johnson—Nyquist noise from the upper
edge leaks to the lower edge. Similarly, the noise from
the lower edge leaks to the upper edge. The shot noise
generated by tunneling can be, to a good approximation,
ignored since the temperature imbalance dominates the
system. As the upper edge has a higher temperature,
overall the noise at contact 3 is reduced. The extent of
this reduction is controlled by the intensity of the tunnel-
ing processes, i.e., by the scaling dimension A. The lower
the scaling dimension, the more intense the tunneling is,
which correlates with the behavior of f(A) in the inset
of Fig. 3(b).

We warn the reader against hastily interpreting the
above behaviors in terms of particle statistics or identi-
fying a specific behavior with that of classical particles.
As is discussed above and in Appendix A, the scaling di-
mension is not always simply related to the quasiparticle
statistics. Further, even in the cases when this relation is
valid, predicitons based on naive models of particles with
corresponding statistics can be misleading. For example,
the results of Ref. [64] show that the predictions for the
noise in the presence of small temperature imbalance are
different for the model of free bosons and the model of
chiral Luttinger liquid with integer scaling dimensions
(that translate into the bosonic statistics of quasiparti-
cles through = 2w A). Therefore, the system’s dynamics
cannot be described in terms of non-interacting quasipar-
ticles of the respective statistics.

Overall, we argue that the Fano factor is a powerful
instrument for extracting not only the charge but also the
scaling dimension of FQH quasiparticles. In particular,
if investigated as a function of the edge temperatures.

IIT. GENERAL RESULTS FOR THERMAL

NOISE AT A QPC

We now proceed to describe our theoretical approach
and overview the obtained results. Our calculations are
valid for any FQH edge theory for which the FQH edges
on either side of the QPC can be assigned a well-defined
voltage and temperature. For simplicity, however, we
focus in this section on the Abelian theories. The gener-
alization to non-Abelian theories is straightforward and
is discussed in Appendix A.

The action of the general Abelian FQH edge is given
in terms of N bosonic fields, ¢;, i =1,..., N|[65]

S = ;/dxdtzl: (—X13x¢13t¢z - (ax¢l)2) , (6)



41 and v; > 0 are the chirality and velocity
These fields satisfy the

where x; =
of the Ith mode, respectively.
commutation relations

[D1(z,t), g (', )] = imxusgn (& — &) O, (7)

where & = x— x;u;t. Density and current operators along
the edge are given by

1 . 1
=5 Zl:fﬂaxdn; J=-5- zl:matéf)l, (8)

where, as explained in Appendix A, ¢; are numbers that
define the charge-carrying properties of the edge modes.
They are constrained via the relationship

ZXIQ? =,
l

where v is the filling factor.
The edge supports quasiparticles of the form

Yoz, t) o em'd’(w’t), (9)

where ¢(z,t) = (é1(z,t),...,é6n(z,t)) and a =
(a1,...,ayn) are vectors composed of the bosonic fields
and real numbers, respectively. The vector a, while being
real-valued, can only take a discrete set of values reflect-
ing the set of possible quasiparticles. Such quasiparticles
are characterized by two important quantum numbers:
the electric charge

Qo = BZqumz (10)
1
and the scaling dimension
1 2
=5 > af. (11)
1

The set of allowed quasiparticles must include electrons
with Q = e.

We model the QPC by a term in the Hamiltonian which
describes tunneling of quasiparticles between the edges,

7= 1yl + hee

=) [mada +m AL Aa =0T,

with superscripts u/d denoting the upper/lower edge,
respectively. The current operator at the upper/lower
drain (labeled 3 and 4 in Fig. 1) will be given by|[(0]

f3/4 =D ¥ Ip (12)

where j(*/4) is the current operator of the unperturbed
edge at the QPC location, cf. Eq. (8), and Iy is the tun-
neling current (i.e., the current that leaves the upper edge

and enters the lower edge). In the operator form, this is
given by

jT = iZQa [naAa - 77:142] . (13)

We wish to calculate the average tunneling current,
Ir = (fT), the auto-correlations at each of the drains,
and the cross-correlations between them. We define the
DC noise correlations between drains ¢, j as

Sijw=0) = / AHAT(0)AL (1) + AL ()AL (0)), (14)

where Al = I, — (I;} The auto-correlations and cross-
correlations are not independent, but satisfy the relation
Sss+ Sia+ 2554 = 2% kg (T + Ty) that links their
sum to the Johnson-Nyquist noise, cf. Appendix B 2.
It is, therefore, sufficient to investigate only the auto-
correlations S3 3 and Sy 4.

Without loss of generality, we focus in what follows

on the excess noise measured at drain 3, S = S33 —
Z%Vk‘BTl. Defining A = T} /T», we find

S =Srr + 2S0r (15)

Srr =4ZQ§Ga11 < %T i 2A > (16)

SOT:——ZQQG 7, (% i 2A> (17)
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where we have defined the integrals[67]

(a,b,¢) = r cos( (y—%ﬂ))
b,c) = /dy cosh (3 zsinh(b(y—%f))}c’ (19)

ycos (a(y —Z))
[cosh (y) isinh (b (y — 2=))]° (20)

i A ) (18)

oo

7y (a,b,c) = /dy
— 00

oo

_ sin (a (y — )
nwsd= [ feosh (y) sinh (5 (y — Z))]° )

and

Ga = [na? (ko) 2 N2 o720 (22)
l

is the effective tunneling constant for each quasiparti-
cle. The derivation of these expressions is given in Ap-
pendix B 2.



The term Stp arises from self-correlations of the tun-
neling current, while Sy represents cross-correlations be-
tween the current j(*/9 flowing along the unperturbed
edge and the tunneling current. The physical mechanism
giving rise to these cross-correlations and its rough rela-
tion to the exclusion statistics was described in Sec. II.

Typically, a single quasiparticle possessing the smallest
scaling dimension A, = A is assumed to dominate the
tunneling processes at the QPC. Denoting its charge Q,
as @, we find the Fano factor

QV T:
F=2 _ 0% (o #:22) (23)
2elr e 13 (ﬂkQBVTl ’ %’ 2A>

Note that F' does not feature the non-universal tunneling
amplitude |7, |*

IV. EXPERIMENTALLY RELEVANT
SCENARIOS

In this section we explore several parameters’ regimes,
demonstrating how the expression for the Fano factor in
Eq. (23) enables discrimination between different values
of A. These regimes correspond to different cuts of the
2D surface presented in Fig. 3 and illustrate how the
three experimental knobs (V, T1, and T3) affect the Fano
factor. We choose the parameters of these regimes to be
compatible with modern experiments [17-20, 68].

A. Equal temperatures

The case of equal temperatures was discussed at length
in Sec. II. For T} = T, = T, Eq. (23) simplifies to Eq. (1),
there the Fano factor is equal to the imaginary part of
the digamma function whose argument depends solely on
the parameters @ and A, and the ratio eV/kgT. At the
high-voltage limit, eV > kpT, the expression further
simplifies to a linear function of kpT/eV, see Eq. (2).

As shown in Fig. 2, this universal function enables easy
extraction of the quantum numbers of interest by plotting
the Fano factor as a function of the ratio kgT/eV. The
quasiparticle charge will be given by the intersection of
the plot with the y axis, and the scaling dimension by
the slope of the curve at low kgT/eV.

B. Different temperatures (small V)

In this regime, the bias voltage, V, is kept constant
and small compared to both edge temperatures, T7 and
T5. One of these temperatures is then swept over a
substantial range, which in an experimental setup will
be restricted from above by the bulk gap. The behav-
ior of the Fano factor in this regime is demonstrated in

Fig. 4(a) for candidate theories of the potentially non-
Abelian v = 5/2, and in Fig. 4(b) for characteristic quasi-
particles at v =1/3, 2/3, and 1.

The Fano factor when 77 = 75 can be obtained from
Eq. (1); note that at V' = 0, this will be zero. As T}
is increased (decreased), the Fano factor decreases (in-
creases), becoming strongly negative (positive). This is
consistent with the results of Ref. [60], in which a tem-
perature imbalance leads to noise reduction on the hot
edge, and a noise increase on the cold edge. This regime
exhibits a particularly instructive asymptote where the
dominant energy scale of the system is the temperature of
the hot edge, i.e. A =T1/T5 > 1. In this limit, the Fano
factor becomes a linear function of the ratio kgTi/eV,
cf. Eq. (5). The scaling dimension alone determines the
slope, via a negative, monotonously increasing function
f(A), cf. the inset of Fig. 3(b). The cold edge temper-
ature, Ty, drops out entirely from the description. Note
the values of |F| > 1, which appear due to kgT; > eV

For physical intuition, we once again appeal to the
more familiar case of Fermi-Dirac distributions. When
kgTy > kpTs,eV, the Fermi sea at the hot edge is so
dramatically smeared that any deformations of the cold
edge are comparatively negligible. As such, the noise
will depend solely on T7. The tunneling current, mean-
while, is in the Ohmic limit I oc T{472V | which leads
to F' oc V1. We note that had we been interested in
the noise measured at contact 4 (cf. Fig. 1), belonging to
the colder edge, the respective Fano factor would retain
a term proportional to T /T}.

The monotonicity of the function f(A) makes this
regime useful to differentiate between similar theories
with different scaling dimensions. However, the non-
linear form of f(A) means that in this regime F is highly
sensitive for A < 1/2, less sensitive for 1/2 < A < 3/2,
and can hardly discriminate different A > 3/2.

C. Different temperatures (large voltage)

Another useful regime exists when eV > kgT5,, while
kT takes any value between them. We present the data
for candidate theories at ¥ = 5/2 and for characteristic
quasiparticles at v = 1/3, 2/3, and 1 in Fig. 5, panels (a)
and (b) respectively.

As long as kT < eV, the Fano factor obeys Eq. (4),
in particular giving the charge @ at the limit 73 — 0. The
dependence on A in this regime is linear, which guaran-
tees the same sensitivity over the whole range of A.

For kT, < eV, the analytical understanding of the be-
havior is lacking. However, Fig. 5 shows that this regime
has its own distinctive features. Note that F' can be-
come negative. We find that it always becomes negative
at kgTp ~ eV, with the exact location of the crossover
point determined by the scaling dimension. This agrees
with the intuition of the kT > eV regime, cf. Sec. IV B.
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Figure 4. The Fano factor vs. temperature ratio T /7%
for small voltage (eV = 0.1rkpT:). Remark the large A-
dependent negative values of the Fano factor and its very
weak dependence on the charge @, cf. Eq. (5). (a) Quasipar-
ticles that appear in various candidate theories of v = 5/2
FQHE: Q = e¢/4 (in all the theories), A = 1/16 (K = 8
theory), 1/8 (Pfaffian and PH-Pfaffian), 3/16 (331 state) or
1/4 (anti-Pfaffian) [61]. (b) v = 1/3 Laughlin quasiparti-
cle (Q = ¢/3,A = 1/6), one of the quasiparticles in the
Kane-Fisher-Polchinski (KFP) v = 2/3 fixed-point theory
(Q = e/3,A = 1/3), non-interacting integer quantum Hall
(IQH) electrons (Q = e, A = 1/2), electrons in the v = 1/3
Laughlin state (Q = e, A = 3/2) [5, 42, 43].

V. DISCUSSION

In the above sections, we have described a method
for determining the scaling dimension of quantum Hall
quasiparticles and analyzed some experimentally relevant
regimes. At the same time, it is important to understand
what information is encoded in the scaling dimension. It
is also important to be aware of the experimental sub-
tleties that may affect the applicability of the above con-
siderations. We discuss these issues below.

In the fully chiral edges (both Abelian and non-
Abelian), the scaling dimension is universal as it is re-
lated to the quasiparticle statistics, cf. Appendix A. Non-
chiral edges do not feature this robustness: interactions
between counterpropagating edge modes can lead to a
change in the scaling dimension [42-45]. Further, edge
reconstruction can add counterpropagating modes to chi-
ral edges [14, 69] and thus facilitate a change in the scal-
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Figure 5. The Fano factor vs. temperature ratio 71 /75 for

a large voltage (eV = 10mkpT>). Measuring this dependence,
cf. Eq. (23), one can extract both the charge @ (which is
obtained at 71 /7> — 0) and the scaling dimension A of the
tunneling particle (which dictates the form of the curve). (a)
Quasiparticles that appear in various candidate theories of
v =5/2 FQHE: Q = e/4 (in all the theories), A = 1/16 (K =
8 theory), 1/8 (Pfaffian and PH-Pfaffian), 3/16 (331 state) or
1/4 (anti-Pfaffian) [61]. (b) v = 1/3 Laughlin quasiparticles
(Q = ¢e/3,A = 1/6), one of the quasiparticles in the Kane-
Fisher-Polchinski (KFP) v = 2/3 fixed-point theory (Q =
e/3,A = 1/3), non-interacting integer quantum Hall (IQH)
electrons (Q = e, A = 1/2), electrons in the v = 1/3 Laughlin
state (Q = e, A =3/2) [5, 42, 43].

ing dimension. Yet even under these circumstances the
scaling dimension remains an important quantity to mea-
sure. First, the scaling dimension reflects the properties
of the edge including the reconstructions and intermode
interactions. Second, the scaling dimension of the quasi-
particle that dominates tunneling is typically larger in
the reconstructed theory. Therefore, measuring a specific
scaling dimension excludes underlying non-reconstructed
theories, where the scaling dimension is bigger than the
one measured.

Another mechanism undermining the universality of
the scaling dimension is the electrostatic (screened
Coulomb) interactions in the vicinity of the QPC [61, 70].
These may renormalize the scaling dimension in the vicin-
ity of the QPC, so that it does not reflect the properties of
the quasiparticles away from the QPC. One can minimize
these interaction effects by designing the device such that
counter propagating modes are close to each other only



at short length l;,; near the QPC. At low energies such
that v/E > iy (v is the characteristic edge velocity) the
Coulomb interaction will not affect the scaling dimension.
The results of Ref. [21] suggest that it is indeed possible
to have experiments, where the electrostatic interactions
in the vicinity of the QPC do not play a major role.

The above non-universalities may affect the interpreta-
tion of the extracted scaling dimension. However, they do
not affect the validity of our method. Below, we discuss
subtleties that may be present in realistic experimental
setups and may require modifications to the proposed
method.

The considerations of this paper assume that each edge
is at equilibirum. However, edges featuring counterprop-
agating modes may not be at equilibrium [71-77]. Some
types of non-equilibrium may be tolerated. For example,
the v = 2/3 edge can have temperature gradients along
the edge while locally all the modes have the same tem-
perature [71, 73, 74]. This type of non-equilibrium can
be taken into account simply: the physics at the QPC is
described by the local temperature. As long as the tem-
perature at the QPC can be estimated independently, the
scaling dimension can be extracted.

On the other hand, if counterpropagating modes in-
teract very weakly, they can be out of equilibrium
even locally, invalidating the assumptions of the present
work. Such non-equilibrium will, however, lead to a non-
quantized Hall conductance for charged counterpropa-
gating modes [12, 43]. The equilibration properties of
counterpropagating neutral modes can be investigated by
measuring the excess noise of a single edge (with no tun-
neling at a QPC) [55, 56, 71, 73, 74, 78, 79].

Finally, one could expect complications due to in-
terfaces between the Ohmic contacts and the quantum
Hall edges. Indeed, the transport properties (e.g., con-
ductance) of the Luttinger liquid depend crucially on
the nature of its interface with external leads (see, e.g.,
[30, 81]). Quantum Hall edges may also experience such
non-universal effects [$82-84], implying the need to em-
ploy other methods for probing the noise generated at a
QPC, e.g., that of Ref. [85]. However, we expect this to
be unnecessary. Such non-universalities should have no
influence on the observations as long as the charge trans-
port along the edge channels is fully chiral (i.e., for the
edges where all modes have the same chirality, as well as
for generic edges with modes of different chiralities in the
regime of strong equilibration [71]). All the current and
noise generated at the QPC must then reach the respec-
tive Ohmic contact, as they cannot be reflected back at
the interface.

VI. CONCLUSION

In this paper we have proposed a method for determin-
ing the scaling dimension of quantum Hall quasiparticles

based on the measurements of the noise generated at a
QPC. The method relies on analyzing the dependence of
the Fano factor on the bias voltage and the temperatures
of the quantum Hall edges. We expect the extraction of
the scaling dimension via the proposed method to be as
robust as the extraction of the quasiparticle charge from
the Fano factor.

While our method is expected to enable reliable ex-
traction of the scaling dimension and excludes some non-
universal effects, it is important to realize that the scal-
ing dimension itself may not be universal. Yet even when
the scaling dimension is non-universal, it remains an im-
portant quantity that characterizes the dynamics of the
system. For fully chiral edges (both Abelian and non-
Abelian), the scaling dimension is universal, as it is re-
lated to the quasiparticle statistics.
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Appendix A: Background on quantum Hall edge
theory

In this section we remind the reader some well-known
theoretical results which apply to all existing quantum
Hall edge models (integer and fractional, Abelian and
non-Abelian, fully chiral or featuring counterpropagat-
ing modes). We only focus here on the aspects relevant
for the present work, in particular, the role of the scaling
dimension in describing the edge properties. For a more
comprehensive summary of the theory in the notation
that is close to the notation used in the present paper,
see Ref. [36, Sec. III] or Ref. [58, Sec. IV]. In particu-
lar, these references explain in detail the relation between
the standard K-matrix-based notation for Abelian theo-
ries [8] and the present notation.

1. The structure of a general edge model

The behavior of quantum Hall edges is theoretically
described by the chiral Luttinger liquid theory and its
non-Abelian generalizations [5, 6, 8, 87]. A quantum Hall
edge may consist of an arbitary number NV of edge modes.
Each mode has a direction of propagation (chirality) that
we denote y; = +1,1 =1,..., N, cf. Fig. 6. Some modes
contribute to the electric transport by carrying charged
excitations, while others may carry only neutral excita-
tions. The size of a mode’s contribution to the electric
transport can be encoded in numbers ¢q; > 0. When a
mode does not carry charged excitations, ¢; = 0. If the
edge mode is at equilibrium and its electrostatic poten-
tial is V, it carries current I; = ehjq?XIV. The sign of
I; reflects the current direction, i.e., the mode’s chirality.
Fixing the Hall conductance to ve?/h, therefore, requires
> ql2 x: = v. Each mode has a velocity v; > 0 with which
its excitations propagate.|[38]

The bulk and the edge of a quantum Hall sample can
host local quasiparticles. At the edge, for each quasipar-
ticle one can define the second-quantized quasiparticle
operator ¥qp(x,t), where x is the postition along the edge
and t is the time. The quasiparticle might be associated
with one mode only. However, in general, a quasiparticle
is distributed over several modes: 9qp(,t) = [, Oi(x, 1),
where O; is an operator belonging to mode [. The dis-
tribution can be quantified by a set of numbers h; > 0,
reflecting the scaling properties of operators O;. For the
modes contributing to the electric transport, one defines
a; = v/h;. The electric charge of the quasiparticle can
then be expressed as

Q=ecqoa=c) qxa,

l

(A1)

where e is the electron charge. It is also convenient to
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define the scaling dimension

A:%Zhl

l

and the conformal spin[39]

s = %Z)@hl.
l

(A3)

When the edge is at equilibrium, characterized by elec-
trostatic potential V' and temperature 7', one can write
the self-correlation function of a quasiparticle on the edge
as

<T1/}(§p (2,1)Yqp(0,0))

h; .
= H mhpT exp ieq xia V't
L | \ihoy sinh wkpTt,/h oA

)

(A4)

and
(Ttpap(z, £)4,(0,0))

- H WLLEL " ex —ie alVt
— LU \ihosinh wkp Tt /7 P —peaxiaVi

)

(A5)

where t; = t — x;x/v; — i0Tsgnt with 0" being the in-
finitesimally small positive number and 7 stands for the
time ordering of the operators.

Note how the above correlation functions reflect the
quasiparticle distribution over several edge modes. The
correlation function in Eq. (A5) represents the quan-
tum amplitude of putting a quasiparticle on the edge
at t = 0 and extracting it from a different location at a
later time ¢ > 0. The size of this amplitude decays ex-
ponentially for T # 0 (power-law when 7' — 0) with the
distance from the expected quasiparticle location on each
edge mode: :zrii)pected =x
cation xi)pected is different for different modes [. This
reflects that once the quasiparticle is put onto the FQH
edge, different parts of it propagate independently. This
is reminiscent of spin-charge separation in Luttinger lig-
uids: once an electron is injected into a Luttinger liquid,
its spin and charge propagate with different velocities
[90].

This concludes the minimalistic introduction into the
structure of a general quantum Hall edge model. Next,
in Sec. A 2, we focus on discussing the main properties of
the quasiparticles, namely, the charge @, the conformal
spin s, and the scaling dimension A, their connection to
the quasiparticle statistics and to the setup of Fig. 1.

(vit. However, the expected lo-
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q1 = /1/2 — ){1:"1‘1
G2=0 ======= >y, =+1

v=2/3(1;1;2)KFP

v=2/5(5;5;0)

q1 = 12/3 — X1 =+1

v = 5/2 PH-Pfaffian

qlzl/\/g—)ﬁ:-l—l q2:0

qz=1/\/§_>)(2:+1

X2=-1 q1:\/1_/2_>)(1:+1

q2 = === X2 =-1

Generic FQH edge

v = 5/2 anti-Pfaffian

=0 = = =
V=2/5 (3,3,2) ZZ_O q = 11/2 — x1=+1
= 25—){1:+1 3= =0 )(Z:—l
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Figure 6. Examples of various quantum Hall edge structures. Note that the same filling factor » may admit multiple edge
structures. Each edge structure is characterized by a number of gapless modes. Each mode is chiral (rightmoving, x = +1
[blue arrows]|, or leftmoving, x = —1 [red arrows]). Modes can be charged (thick lines) and neutral (thin). Further, they can
be Abelian (solid) or support non-Abelian excitations (dashed). Quasiparticles (gp) that can tunnel between edges of one FQH
sample generically combine degrees of freedom from several modes.

2. Properties of the FQH quasiparticles and their
connection to the setup in Fig. 1

In order to explain the meaning of the quasiparticle
scaling dimension A in Eq. (A2) and conformal spin s
in Eq. (A3), as well as their connection to the statistics,
we will analyze the quasiparticle correlation functions in
Egs. (A4-A5). Consider first the same-position correla-
tion function:

e—iQVt/h

(sinh wkpTt/R)*®

(thap (0,1 > 0){,,(0,0)) o (A6)
The oscillating exponential confirms the meaning of the
quasiparticle charge @ defined in Eq. (Al): creating a
quasiparticle adds energy QV to the edge. The scaling
dimension A controls the decay of self-correlations with
time.

Consider now the correlation of quasiparticles at the
same time but different positions. These can be obtained
from Eqs. (A4-A5) by taking the limit ¢ — 0 while keep-
ing ¢ > 0 and using the translational invariance of the
correlation functions:

<7/’:£p (z, O)wqp (0,0))

kT (0% + xaz/v) ] ™
ocl?[[ isinh = , (A7)

(thqp(0,0)8] (,0))

.. wkgT (10" — xyz/v;) —h
— h . (A
x Ill [ isin - (A8)

Ignoring the infinitesimal imaginary part, one sees that
the two expressions are connected by a factor [,(—1)~".
The infinitesimal imaginary part prescribes what root of
unity one should take in each factor depending on the
chirality x;, so that

(thap (0, 0)¢Ilp(x7 0)) = e 7 sgnw<¢lp($7 0)¥qp(0,0)).

(A9)
This suggests that exchanging two quasiparticles pro-
duces the statistical factor e*? with § = +27s. Therefore,
the conformal spin in Eq. (A3) reflects the statistics of
the quasiparticles. The last statement is accurate only
for Abelian quasiparticles. If the quasiparticles possess
non-Abelian statistics, this requires at least four quasi-
particles to be manifest and cannot be seen via two-point
correlation functions. Therefore, the conformal spin s
only captures the Abelian part of the statistics.

When the edge contains modes of one chirality only
(all x; = x), then s = xA, as can be seen from Eqgs. (A2-
A3). In this sense, measuring the scaling dimension al-
lows one to infer the quasiparticle statistics. We empha-
size once more that this statement is only exactly valid for
fully chiral edges and featuring no non-Abelian quasipar-
ticles. However, even when the correspondence between
the statistics and the scaling dimension does not hold,
the scaling dimensions of different quasiparticles in the
theory are an important property of the edge theory and
are valuable to measure.

Tunneling experiments as in Fig. 1 enable access to
the scaling dimension. Since the tunneling happens only
at one point on each edge, such experiments can be de-
scribed in terms of the same-position correlation func-
tions such as in Eq. (A6). In fact, when the tunnel-
ing is weak, only two-point correlation functions, con-



taining one creation and one annihilation operator for a
quasiparticle, appear in the calculation, cf. Appendix B.
Therefore, nothing but the quasiparticle charge and scal-
ing dimension can be extracted from such experiments
(at least, at weak tunneling).[91]

It is important to point out that a quantum Hall edge
hosts many types of quasiparticles, all of which can con-
tribute to tunneling.[92] It can be argued (and confirmed
numerically [93]) that at sufficiently low energies the
quasiparticle with the smallest scaling dimension (whose
correlations decay the slowest in time, cf. Eq. (A6)) dom-
inates the tunneling processes. In the setup of Fig. 1(a),
therefore, one expects to measure the charge and the scal-
ing dimension of the fractional quasiparticle whose scal-
ing dimension is the smallest. This quasiparticle is also
called the most relevant quasiparticle. There are theo-
ries in which several quasiparticles possess the smallest
scaling dimension, cf. Refs. [12, 58, 94, 95]. In this case
the contribution of all such quasiparticles has to be taken

J
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into account.

In the setup of Fig. 1(b), fractional quasiparticles can-
not tunnel; only electrons and agglomerates of electrons
can. Therefore, the setup of Fig. 1(b) enables measur-
ing the scaling dimension of the electron. We stress
that this is a non-trivial measurement, also character-
izing the FQH edge and the interacting nature of the
state. On an integer quantum Hall edge, the electron
is expected to have the scaling dimension of A = 1/2.
Since the IQH edge is fully chiral, this is related to the
fermionic statistics of the electron: 6 = 2ws = 27 A = T,
e’ = —1. By contrast, in the Laughlin v = 1/3 state,
the electron is expected to have A = 3/2. Lauglin edge is
also chiral, so the statistics is still manifestly fermionic:
6 = 2ws = 2rA = 37, €Y = —1. However, the dynam-
ical behavior of electrons is altered due to the strongly-
correlated nature of the state, which results in a different
scaling dimension.

Appendix B: Theory derivations

1. Required Correlation Functions

Now we want to calculate various two point functions. From the action Eq. (6) we obtain

<¢l($7 t)¢l (l‘/, t/)> = log

where & = x — xuit, J is a short distance cutoff, and we’re working in units where A = 1. This leads to

N ximkgT / -
sinh (_T & —-&+ zchS))

i | (B1)

sinh <”i£ (5)
aNL
ULEESVE & -¢)
iv,(”/d) —iEQlalvl/zﬁ
' e T (BY)

ORCIETEICRONET | |

I | sinh (

Xl’ll'kBT .
—v;ui/«nm & —-¢ - leé))

where u/d denotes a quasiparticle operator for the upper/lower edge, and Vi /; and T, are the electrostatic potentials
and the temperatures of the edges, respectively. Subsequently,

7TI€BT1 Tl'kJBTQ

<A:r1 (t)Aa’ (O)> = 5a,a/ H
l

(D i@
wuy wld ) iexiqra V't (BS)
sinh (wkpTh (t — i€)) sinh (rkpTs (t — ic))

€ )

where V = V] — V5 is the bias drop between the edges, and € is a short time cutoff. Furthermore, using the definition

of 7 (0) in Eq. (8), we obtain

(o) - (

The final correlation function we need is

2

2 2
> Y- (ZkBTW) . (B4)
sinh (WkBTl/Qt)
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kpT;
(A (] (¥ Y (0 1)) = B (1 1)) LN

kT kT
{coth (—Wfl 2 ¢ —z’xlé)) ~ coth (—W O (- g —z‘xmﬂ . (B5)

which recreates equation A4 in [58].
2. Noise
We define the DC noise correlations between drains i, j as
Sijlw=0) = / dHAT(0)AL (1) + AL (1) AL(0)), (B6)
where Al; = I; — (I;) (cf. Eq. (B6) of the main text). From Eq. (12) and Eq. (13), we obtain to leading order in the
tunneling amplitude 7
< j(3/4)> _ <j(u/d> == jT> _ <j<u/d>>

AT =AW/ £ [

where Aj(®/d) = j(u/d) _ < g/ d)>. Auto-correlations and cross-correlations will hence be given by

S33/44 = Séﬁ/d) + Séq%/d) + S(T%/d) + S, (B7)
S34/43 = —STT — S((;%/d) - S(T%/u)y (B8)

where we define
S :/dt<{fT(0),fT(t)}>,
S/ = sy =% [t (a7 B (1)) (BY)
S8/ = [ e {184100), a5 (1))

and we used

(i) =o. (B10)
So the entirety of the noise correlations are described by five different terms, which boil down to three independent
P (u/d)  o(u/d)
calculations; Str, Sy7' ™, Spo’ -
a.  Soo

This term is derived directly from Eq. (B4),
u/d -(w -(u
siit = [ ar((a700(0), A7)}
(oo}

1\’ mkpT /2 ( 1 ) v
=2\ 3, ) vrksTiy [ di = 5= ) vkBT1/2 coth = ZkpTy ). (BLI
(27T> e 1/2/ sinh® (7kpT) at) on ) B2 () —rpl1y2 (B11)

— 00

In this manner we see that for each edge, (up to restoration of e, i), Spo just gives the Johnson-Nyquist noise. As we
are interested in excess noise, i.e. noise measured beyond the Johnson-Nyquist noise, this is subtracted from the total
noise contribution we seek in the main text.
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b. Sor = Sto

We define Sor = S ) Plugging Eq. (13) into Eq. (B9), we use the Kubo formula to obtain

oo

Ser == [ dt (i) r(t) + Fr(t)] ) (0))

+ fT(t), Z (naAa(T) + 772142(7'))

a

i / dt/dr <j<“>(0) le(t)’Z(naAa(T)_‘_nZAZ(T))

a

j<"><0>>

— =Sl Qu [t [ ar (50) (A, (041(7) - AL L) — LA + Au(7)41(0) )
Sl Qu [t [ dr {(Au)44(0) ~ ALOAL) - ALTIAu(E) + Aulr)44(0) 70))

— =Sl Qu [ at [ ar (50 (Au0AL) = ALOAD) + (Au(DAL) - AL L) 10

where in the third line we only kept charge-conserving terms, and in the last lime we switched dummy indicies for half
the terms. We can also note that by switching between ¢ and 7 in the second term, we just obtain that the second
term is the complex conjugate of the first. Separating this to products of terms given to us by Eq. (B5) and Eq. (B3),
we obtain

Q2 . 1 i (rkpTy)* 2 (nkpTh)* cos (QuV (t — 7))
Sor = Z ] 1:[ [ () () ] /dt/dT [isinh (mkpTy (t — 7 — i (k — €))) i sinh (rkpTs (t—r—i—i(fﬁ—s)))}ZAx

(B12)
X [coth (mkpT) (—t — ie)) — coth (nkpTy (—7 — ik))] + c.c., (B13)
where we employ here two positive short time cutoffs, with k > . Assuming v( v - l( ) = vy, and changing variables

tot =7 + y, we obtain

@ e . ; i (kT2 (nkpTs)* cos (QuVy) y
SOT*ZI: 7 [l [1:[ : ]/d / [isinh (tkgTy (y — i (k — €))) isinh (mkpTy (y — i (k — €))%

X [coth (mkpTy (—7 — y — ie)) — coth (7T/€BT1 (=7 —iK))] + c.c.,

We now calculate the 7 integral. The integral over a single hyperbolic contangent is diverging,

_ Vi cosh (mkpTy (—7 — y — i€)) 1 ) - 100
h (nkgTy (=7 — y — ic)) = — In [sinh (tkgTh (=7 — y —
/chot (mkpTy (—7 —y —i€)) /deinh(kaTl E—— o n [sinh (7kgT) (-7 —y —ig))| =,

— 00

but since we have a difference between two hyperbolic cotangents, this divergence cancels out, and we obtain

o
' ) 1 Sinh(ﬁkBTl (*T*y*is» -
dr [coth (tkpTy (—7 — y — ie)) — coth (kpTy (—T — ik))] = — L
/ 7 [coth (wkpTy (=7 — y — ig)) — coth (rkpTy (=7 — ik))] rkpTy n{ sinh (mkpTh (-7 —ik)) |
- _ 1 mhkpT(y—i(k—e)) _ —mhpTi(y—i(k—e) | — _ —i(k—
= T TEsTh e e |=2-it-2).

Plugging this back into Eq. (B12), renaming —i (k — €) — —ie, we obtain the full integral expression

2 , 28-1 F . 2/
Sor = —4 Z % |T]a|2 H vl_%l (WkBT2)4A_1 (W:B§1) / dy— i(mkpTh) (y — ie) 08 (QaVy) T \2A
— 7 ; mkp1s [isinh (rkpTh (y — i€)) isinh (wkpTs (y — i€))]

(B14)
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where we replaced the +c.c. with an overall factor of 2, because we see this quantity is real.

Numerical calculation of the above integral requires treating the vicinity of y = 0 with care. We derive a numerics-
friendly expression, which does not require special treatment for any part of the integral, using a convenient change
of variables in the complex plane [96]. For 77 > T» , we define

T=y—ie+ —n (B15)

1
2]€BT1

we can write the integral as

. i
oo—za—&-m

i(?TkBTl)2 (T o 2k;T1) o8 (QaV (T _ ﬁ))

. ] A
{i sinh (7T]<JBT17' — %) 7 sinh (ﬂk;BTQT — l;,f;% )}

dr

; i
_Oo_w"'m

Since isinh (ﬂ'kBTlT - %) = cosh (mkpT17), we hence obtain

; i
coO—1E+ TEpT1

dTi (rkpTy) (T _ ﬁ) cos (QaV (T - %;ﬁ)) .

: 2A
[cosh (mkpTy7)isinh (WkBTQT _ z;rkk:Tle )]

00—t et
00 zs+2kBTl

Now defining y = kT 7, A\ = T1/T> we have

co—iet i (y _ 7) cos (kaTl )
dy 5A -

[cosh( )zsmh( (y—*))]

—oo—ie+ -

This expression has poles at y = % + imn due to the cosh term in the denominator, and at y = % + Ximn due to
the sinh term in the denominator. In particular, for A > 1, we have no poles between 0 an % — ie. So we can move

the contour back to the real axis, giving us a final integral form for the noise term,

4 x z(y*%) COS(kaT1 7% )
Sor=-—-2_QiGa [ d
or 71_;Cga é y[COSh( )Zslnh< (y_%"))]

, (B16)

where G, is given in Eq. (22).

This is a convenient expression, which can be calculated numerically without any special care. Finally, we note
that for S(()(;?, the entire derivation should be the same, except we lose one factor of A due to replacing 77 <+ 7% in
Eq. (B12). In the case of T, > T4, the derivation is also rather similar, with the only difference being the shift in the
complex plane described in Eq. (B15) is now 7 =y — ie +

2k;T2‘
c. Str
Plugging Eq. (13) into Eq. (B9), and only keeping charge-conserving terms, we obtain
Srr =3 @il [t (A A1) + ALOA) + Au(0AL0) + AL Au(0)). (B17)

Plugging in the values found above for all correlation functions, assuming that v, W = vl( ) = = vy, and that we have a

2
scaling dimension of A =3, %l, this now gives

_ 2 2 (rhpT1)*® (nkpTy)*> cos (QuV1)
STT*ZL;Q“ el [Hl ]/ [isinh (rkpT (t — ic)) isinh (tkpT (t —i€))]*> (B15)

— 00
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We continue with the same manipulations used to convert Eq. (B14) to Eq. (B16), using a change of variables,

T=t—1ic+ ﬁ and utilizing the location of the poles in the denominator to shift our contour back to the
pmax(T1,T2)

real axis. This gives us the convenient integral expression for A > 1

i cos (44 (v - %))
=1 QG [ d (s -
r Z _4 Y Teosh (y) isinh (& (y — 7))

with the extension to the case A < 1 being straight-forward.

(B19)

3. Current

Calculation of the average tunneling current is very similar to the calculations above. Going up an order in the
Kubo formula, we obtain

24 2A
Iy — 2 Z Qu nal® H Uz / it (mkpTh)™" (rkpT2)™" sin (Q. V1) - (B20)
- ; [isinh (mkpT (t — i€)) isinh (rkpTs (t — ic))]

t

(Ip) =—i / dT<

— 00

fT(t)7 Z (naAa (1) + U;AZ (T))

a

The appropriate utilization of Eq. (13) and Eq. (B3) lead to

where we define I = <fT> Similar manipulations as the two previous sections lead to the final expression for A > 1

sin (324 (v - %))

cosh ) i sinh (% (y — 1'7’T))]2A7

(B21)

IT—2zZQa /dy

which is numerically convergent, and predictably yields finite current only for finite voltage.

4. Limits

Here we show how the expressions in Egs. (B16), (B19) and (B21) reduce to more convenient expressions in the
regimes discussed in Section IV. The extension to the case A < 1 is again straight-forward.

a. FEqual Temperatures

For equal temperatures, we define Ty = T, = T. As such, in all three integral expressions, we may replace
isinh (§ (y — %)) — cosh (y). The three terms now give

SOT - - Z Q2 / 2 [COSh (y)]4A ’ (B22)

— 00

(B23)

N T sin ‘
(Ir) =2 QuGa / T (B24)
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and the excess noise is given by

8 % ycos
S = Srr +2S0r = —i= Y _ QG / dy (B25)
T [

Since all denominators are now even, we may keep only the even components of the respective numerators, reducing
the expressions to

00 " Qa
8 5 ) ( Q.V ) / ysin (kaTy)
=— G, sinh dy———+, B26
DI 25T0) ] " eosh ()] (20
00 QaV
Q.V > / cos (kaTy)
Ir) =2 oGq sinh dy————%. B27
< T> ZQ (2k To Y [cosh (y)]** (B27)
These are now well-known integrals, which correspond to
00 Qa
CcOos (‘ﬂ'k?BTy) Q Q
dy———"— = 2271 (ZA F i 2N - ) B28
/ Y [cosh (y)r’tA 2nkpT’ 27rkBT (B28)
oo . oV 00 a
/d vsin (k) _ kT O /d LOS(”% ) (B29)
= Y [cosh (y)]4A Qa OV K Y [cosh (y)]4A
_ - QuV QdV
_g1aig(op 4 YV 20 — QaV N iy (20 2 : B
5 ( kT “orksT VAT (B30)

where B(z,y) is the beta function, the digamma function ¢(x) = I'(z)/T'(x) is the logarithmic derivative of the
gamma function, and Im stands for the imaginary part. Finally, for a single vector a, Q, = @, this reduces to

S 2Q . QV
2eIT 7re {1/) <2A + ZQﬂkBT>:| ' (B31)

b. Dominant Temperature

In the regime where bias voltage is much smaller than the two temperatures, i.e. eV < kgTi, kpTs, we may expand

all trigonometric functions to leading order in k;V The three terms now give

=150 [ o

i 1
=452 [ ay , (B33)
T za: __o/o [CObh( )i sinh (% ( %))}ZA
L o T Lo (y— ) . B34
’ ;Q 4 ! [cosh () isinh (% (y — 5))]** o

We note that the integrals for Sy and I are now completely equivalent. Assuming only one type of quasiparticle
tunnels, the Fano factor is now given by

d
Str +2S0r  wkpTh —{o Y [COSh(y)iSi“h(%(y*TW))] (B35)
- oo . i I
2€IT ev f dy z(yfj) . s

DO

F =

[cosh(y)i sinh(% (y* % ) )]



In the limit where A > 1, we can further simplify this expression by approximating sinh (3 (y — &) =~ § (y — Z),
such that the Fano factor is now to leading order

[ dy

—25
kT e [eosh(w)i(y—F kpT
p=tEL ’ (W o) = paykel, (B36)
eV Td y—i) eV
% Yy [coah(y)z( 7%)]2A

This defines the function f(A) used in Eq. (5).

c. Dominant Voltage

In the case of dominant voltage, eV > kgT; we return to Egs. (B14), (B18) and (B20), and re-define y = Q,V't.
This gives us the expressions

_Z 2 —2a] Oo dy i (mhpT)* 21 (nkpTy)* (y — ic) cos (y)
SOT - ZQ | a‘ l ] (Qa ) rhnTy iy . wkinTh iy 2A (B37)
[z sinh ( 2 (y zs)) isinh (7@” (y ze))}
s 2A 2A
Srr =15 Q2 P [H ] Qdy (ki)™ (nkpT)™ cos (y) _ (B38)
a 1 aV [z sinh (7”“331 (y — 25)) isinh (7”“332 (y — Z€)>}

oo

— 25570, I, —2a3 dy (mkpT1)*® (rkpTz)>> sin (y) |
e za: el [1:[ ]4 @V {z sinh (”kB$1 (y — z’z—:)) isinh (”’%52 (y— z’s))} - (239

Now replacing sinh (”kBg (y — ze)) R~ ”Qk%g (y — i€), these expressions now give to leading order

Q2 ot | T Ty (QaV)™ cos(y)
SOT = _42 | (1‘ [ l QaV ) Qav [’L (y —iE)]4A_1 ’ (B40)
B _ 2a2] [ dy (QuV)™ cos(y)
S =12 Qi [l ! L A TVETETE o
Y 2 —2a} [ dy (QaV)4ASin(y)
S el [Hl ] QuV' iy —ie)" -

These integrals are now known in terms of Euler gamma functions. For a single quasiparticle, this gives the Fano

factor of
Str 4257 Q@  kgTy kpTi\”
eV

FP=-—-___"""">" %
2elr e+ e

(1-4A)+0 (B43)
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