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Clapping modes, which are relative amplitude and phase modes between two chiral components of Cooper
pairs, are bosonic collective modes inherent to chiral superconductors. These modes behave as long-lived bosons
with masses smaller than the threshold energy, 2∆, for decay into unbound fermion pairs. Here, we clarify
that the real/imaginary clapping modes in chiral superconductors directly couple to acoustic wave propagation
when the weak particle-hole asymmetry of the normal state quasiparticle dispersion is taken into account. The
clapping modes driven by an acoustic wave generate an alternating electric current, that is, the acoustoelectric
effect in superconductors. Significantly, the clapping modes give rise to a transverse electric current. When
the sound velocity is comparable to the Fermi velocity, as in heavy fermion compounds, the transverse current
is resonantly enhanced at energy below the threshold for continuum excitations. This resonance provides a
smoking-gun evidence of chiral superconductivity.

I. INTRODUCTION

Spontaneous breaking of the time-reversal symmetry (TRS)
is an important concept in modern condensed matter physics.
The chiral superconducting state is an example of such an or-
dered state with spontaneously broken TRS, where electrons
in the ground state form Cooper pairs with a fixed orbital an-
gular momentum, ∆(k) ∝ (kx + iky)ν (ν ∈ Z) [1–3]. The
integer, ν, in the chiral superconducting order is the chirality
of Cooper pairs associated with the orbital angular momen-
tum. This additional symmetry breaking enriches topologi-
cal properties and transport phenomena in chiral superconduc-
tors [4]. For instance, such systems have been recognized as
TRS-broken topological (Weyl) superconductors, where the
chirality of the Cooper pairs is a source of non-trivial topol-
ogy [5]. In turn, TRS-broken topological superconductors can
give rise to chiral Majorana fermion modes, which are es-
sential to the field of fault-tolerant topological quantum com-
putation [6–10]. Consequently, unequivocal identification of
chiral superconducting order in candidate materials remains a
high priority.

Over the last decade, chiral superconductivity has been con-
sidered in many heavy fermion compounds, such as URu2Si2,
UPt3, U1−xThxBe13, UCoGe, URhGe and UGe2 [11–24]. In
URu2Si2, chiral d-wave pairing was supported by the colossal
fluctuation-induced Nernst effect above Tc, which stems from
with scatterings of normal electrons through preformed chi-
ral Copper pairs [25, 26]. Moreover, UPt3 and U1−xThxBe13

are spin-triplet superconductors with multiple superconduct-
ing phases [27–34]. The TRS-broken superconducting state
appears at low temperatures and low magnetic fields for UPt3,
and at low temperatures and in the range 0.019 . x . 0.045
for U1−xThxBe13 [14, 35–41]. The ferromagnetic materi-
als, UCoGe, URhGe, and UGe2, are also candidates for chi-
ral superconductors [42]. These materials have strong mag-
netic Ising anisotropy and non-unitary spin-triplet Cooper
pairing compatible with ferromagnetism [43–47]. The angle-
resolved NMR measurements in UCoGe suggest non-unitary
chiral order with the d-vector represented by d(k) ∼ (a1ka +

ia2kb, a3kb + ia4ka, 0), where ai (i = 1, 2, 3, 4) are real coeffi-
cients [48, 49]. Recently, non-unitary chiral superconductivity
was also proposed in UTe2, where the normal state is para-
magnetic, but superconductivity survives even at extremely
high magnetic fields over 40 T [50–53]. The superconducting
state from the paramagnetic normal state shares many com-
mon features with ferromagnetic superconductors, including
strong magnetic Ising anisotropy and the reentrant supercon-
ducting transition [54, 55].

The chirality of Cooper pairs, ν, is reflected in the anoma-
lous transverse transport coefficients. It is responsible for
the anomalous thermal Hall effect and the fluctuation-driven
Nernst effect [1, 25, 26]. The mechanisms of the anoma-
lous thermal Hall effect are classified into (i) intrinsic, which
arises from the Berry curvature, and (ii) extrinsic, via asym-
metric impurity scattering [56–61]. In chiral superconductors,
the fluctuation-driven Nernst effect stems from skew scatter-
ing via preformed chiral Cooper pairs, qualitatively different
from the conventional fluctuation-induced Nernst effect in su-
perconductors [62]. Here, we propose transport phenomena
mediated by long-lived massive bosonic collective modes of
the superconducting order parameter to identify chiral super-
conductors. We show that the coupling of the acoustic waves
traveling through a chiral superconductor to these modes gen-
erates a transverse alternating (ac) current. This is reminis-
cent of the acoustoelectric effect (AEE), generation of an ac
electric current by propagating acoustic waves in metals that
was extensively studied since the 1950s [63–67]. Since the
transverse current we find is due solely to the chirality of
the superconducting order, with no applied magnetic field,
we refer to this effect as “anomalous acoustoelectric effect”
(AAEE). This effect is enhanced at resonant frequencies in
heavy fermion materials, where the sound velocity is compa-
rable to the Fermi velocity.

Bosonic collective modes directly reflect the symmetry of
the order parameter, providing another probe of chiral super-
conductivity [68]. In chiral superconductors, the character-
istic modes are relative amplitude and phase oscillations be-
tween the two chiral components. In analogy with superfluid
3He-A, these are referred to as real and imaginary clapping
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FIG. 1. Schematic image of the AAEE in chiral superconductors:
Clapping excitations of chiral Cooper pairs are driven by propagating
acoustic waves, leading to transverse electric current.

modes, respectively [68]. In the weak coupling limit, the
clapping modes always exist in any chiral superconductors
with orbital angular momentum |ν| ≥ 1. Coupling of collec-
tive modes to external fields depends on the symmetry of the
order parameter. In chiral superconductors, electromagnetic
waves directly couple to the clapping mode, providing high
resolution spectroscopy of bosonic excitation spectra in chiral
ground states [69–76].

Here, we consider the response of clapping modes to an
acoustic wave, which is a dynamical crystal deformation, and
study the resulting transport phenomena inherent to chiral su-
perconductors. The advantages of acoustic waves are twofold;
(i) the acoustic wave is free from the screening effect by the
Meissner current, and hence can be utilized as a bulk probe,
and (ii) linear coupling to the clapping modes depends on the
effective mass of normal electrons. Indeed, coupling of the
sound waves to clapping modes was studied in Refs. 71 and
77 in the context of Sr2RuO4, with the conclusion that the
effects are weak due to the mismatch between the speed of
sound, vs, and the Fermi velocity, vF. Large effective mass in
heavy fermion materials makes the two velocities comparable.
We show that in this limit the clapping modes are resonantly
excited by the acoustic waves.

Using the augmented quasiclassical transport theory incor-
porating the weak particle-hole asymmetry (PHA) of nor-
mal electrons, we demonstrate that the acoustic waves propa-
gating in chiral superconductors linearly couple to clapping
modes through the PHA, and the clapping modes generate
a transverse electric current characteristic of the AAEE, see
Fig. 1 [78]. The AAEE is a direct consequence of the for-
mation of chiral Cooper pairs in the superconducting ground
state, and the resonant behavior of the transverse current pro-
vides a direct bulk spectroscopy of chiral superconductivity in
heavy fermion systems.

The organization of this paper is as follows. In Sec. II,

we introduce a model of chiral superconductors and clapping
modes as the low-lying collective excitations. In Sec. III, we
present the quasiclassical transport theory incorporating the
weak PHA, which is a powerful tool for studying transport
phenomena in superconductors. In Sec. B, the linear response
theory for acoustic waves is described on the basis of the
Keldysh Green’s function, and the acoustoelectric conductiv-
ity tensor is given in terms of the contributions from Bogoli-
ubov quasiparticles and collective modes. In Sec. IV B, we
present the numerical results on the dispersions of bosonic
collective modes and the acoustelectric conductivity tensor
in chiral p-wave superconductors. We demonstrate that the
acoustic wave propagation linearly couples to the clapping
modes through the PHA of the density of states (DOS), giv-
ing rise to anomalous transverse current. We summarize our
results in Sec. VI. We describe the technical details on how
to incorporate the weak PHA of the quasiparticle DOS into
the quasiclassical Green’s function, and how to obtain the col-
lective modes, and physical observables in Appendices A and
C.

II. MODEL AND BASICS OF CHIRALITY

FLUCTUATIONS

Let us introduce a simple model of chiral superconductors
and the clapping modes as low-lying bosonic excitations. In
this paper, we consider the two-dimensional spinless chiral p-
wave state on the cylindrical Fermi surface in equilibrium,

∆(k) =
∆eq(kx + iky)

kF
, (1)

where without loss of generality, we choose the equilibrium
gap amplitude to be real, ∆eq ∈ R by the gauge transforma-
tion. The pairing state in Eq. (1) has a definite chirality ν = +1
associated with the orbital angular momentum. For the cylin-
drical Fermi surface, the formation of the chiral Cooper pairs
opens an isotropic excitation gap in the fermionic energy spec-
trum and generates the nontrivial Berry flux in the momentum
space [5, 7, 79, 80]. This is a simple model of TRS-broken
topological superconductors with a non-trivial Chern number.

The chiral ground state is degenerate with respect to chirali-
ties ν = ±1, and there exists another ground state, ∆(k) ∝ (kx−
iky) with ν = −1. We assume here that in equilibrium a uni-
form chiral state of Eq. (1) without chiral domains is realized.
Then, the linear fluctuations of the order parameter around
equilibrium are represented by δ∆(k,Q) ≡ ∆(k,Q) − ∆(k),

δ∆(k,Q) =
δ∆(+)(Q)(kx + iky)

kF
+
δ∆(−)(Q)(kx − iky)

kF
, (2)

where Q ≡ (ω, q) is the frequency (ω) and the center-of-mass
momentum (q) of Cooper pairs. The subscript of the order pa-
rameter fluctuations, δ∆(±), represents the chirality of Cooper
pairs. Note that δ∆(+) corresponds to the amplitude and phase
fluctuations in the equilibrium order with chirality ν = +1,
and δ∆(−) has the opposite chirality to the equilibrium order
and can be understood as a Berry phase fluctuation.
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The collective modes in homogeneous superconductors are
classified in terms of parity under the particle-hole exchange,
C = ±1. This classification gives four modes in the chiral
superconductors,

δDC(Q) ≡ δ∆(+)(Q) + Cδ∆∗(+)(Q), (3)

δEC(Q) ≡ δ∆(−)(Q) + Cδ∆∗(−)(Q). (4)

The δD±-modes are collective modes of Cooper pairs with
chirality ν = +1, corresponding to the conventional amplitude
and the phase modes, respectively. These modes appear due
to the broken U(1) gauge symmetry and exist even in con-
ventional superconductors. The odd-parity δD−-mode, the
phase mode, is the Nambu-Goldstone mode associated with
the broken U(1) gauge symmetry, which is gapped out by
the Anderson-Higgs mechanism [81, 82]. The even-parity
δD+-mode, the amplitude mode, is known as the Higgs mode
with the mass gap, 2|∆eq|. The mass gap corresponds to the
fermionic continuum edge, beyond which Cooper pairs decay
into two fermions. The depairing of Cooper pairs introduces
an intrinsic lifetime of the bosonic modes. The δE±-modes
are collective modes of Cooper pairs with opposite chirality
ν = −1, inherent to chiral superconductors. The δE+ and
δE− modes in chiral superconductors are known as real and
imaginary clapping modes, respectively, in analogy with the
A-phase of superfluid 3He. The mass gaps of two modes are
degenerate at

√
2|∆eq|, in the cylindrical Fermi surface and the

weak coupling limit, and this degeneracy is lifted by apply-
ing the anisotropy of the superconducting gap [76]. Note that
the mass gaps of two δE±-modes are always smaller than the
depairing energy 2|∆eq| and thus these modes behave as long-
lived bosons. The long lifetime of the δE±-modes enables one
to capture the signal of the δE±-modes by spectroscopies or
transport measurements. As the two clapping modes are in-
herent to chiral superconductors, a direct probe of the δE±
modes provides a fingerprint of chiral Cooper pairs.

To capture an essence of the interplay of collective modes
and electric charge transport, in this paper, we consider the
simple model for chiral p-wave superconductors. We would
however like to emphasize that the clapping modes, which are
the key ingredients responsible for the AAEE, exist in any
chiral superconductors with orbital angular momentum |ν| ≥
1, and their mass gaps are always degenerate at ω =

√
2∆eq in

the weak coupling limit [83]. Hence, our theory on the AAEE
induced by the clapping modes is applicable to a variety of
chiral superconductors.

III. QUASICLASSICAL TRANSPORT THEORY

In our calculations, we employ the quasiclassical theory,
which provides a powerful tool for describing superconduct-
ing phenomena [78]. Typical length and energy scales in
the superconducting state are the coherence length, ξ0 ≡
vF/2πkBTc, and the excitation gap, ∆eq ∼ kBTc. At weak
coupling, both of these and other relevant parameters, such
as temperature T , external potentials V , and characteristic
frequencies ω, are very small relative to the atomic scales,

which are given by Fermi temperature TF, Fermi energy ǫF,
and Fermi momentum kF. This difference in scales allows
one to perform an asymptotic expansion of full many-body
propagators in small parameters T/TF, V/ǫF, ω/ǫF, integrat-
ing out all quantities that vary rapidly on the atomic scales,
determining the envelope functions that contain information
about the observables. Similarly, for external fields varying
at wave vectors such that q−1

& ξ0 ≫ k−1
F , the corresponding

quasiclassical theory is local.
Traditionally, quasiclassical methods ignored the PHA near

the Fermi surface. It is, however, essential for our analysis,
and below we show that the leading-order correction from the
weak PHA results in the linear coupling of the clapping modes
to acoustic waves, which drive the transverse electric current.

A. Quasiclassical transport theory

The central object of the quasiclassical theory is the qua-
siclassical Green’s function, ǧ(ǫ,kF,x, t). It can be thought
of as the envelope of the full Green’s function, which does
not account for the rapid oscillations at the Fermi wavelength
and time scales of the order of the inverse bandwith, but, in-
stead, gives an effective low-energy description of transport
phenomena. Technically, it is obtained from the full Green’s
function, Ǧ(ǫ,k,x, t), where x and t are the center of mass
coordinate and time, and k and ǫ are the relative momentum
and frequency, respectively, by integrating Ǧ over a momen-
tum shell |ξk | = vF|k − kF| < ǫc ≪ ǫF, so that

ǧ(ǫ,kF,x, t) =
∫ +ǫc

−ǫc
dξk

N(ξk + ǫF)
N(ǫF)

τ̌zǦ(ǫ,k,x, t) . (5)

Since the Green’s function is strongly peaked near the Fermi
surface, its quasiclassical counterpart depends only weakly on
the cutoff energy, ǫc, and the high energy contribution sim-
ply renormalizes the coupling constants (such as the effective
mass or the superconducting pairing) that enter the low energy
description.

For superconductors, Eq. (5) is a matrix in the spin,
particle-hole (Nambu), and Keldysh (retarded/advanced)
space. Hereafter, we assume that the spin structure of the su-
perconducting order, described by the d-vector, is fixed by the
spin-orbit interaction, and therefore do not explicitly consider
the spin degrees of freedom. We denote 4 × 4 (2 × 2) matri-
ces in Keldysh (Nambu) space as ǎ (a). If a matrix a is only
defined in the Nambu space, the corresponding matrix in the
Keldysh space is assumed to be ǎ = a⊗ 11. In Eq. (5), τ̌z is the
z-component of the Pauli matrix in the Nambu (particle-hole)
space. In the same equation, N(ǫ) is the DOS in the normal
state, and ξk is the kinetic energy of electrons measured with
respect to the Fermi energy.

To take account of the leading-order correction to the qua-
siclassical limit, we expand the Green’s function in the small
quantity (kFξ0)−1 ≪ 1,

ǧ(ǫ,kF,x, t) =
∞
∑

n=0

ǧ(n)(ǫ,kF,x, t), (6)
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At each order, we denote the Green’s function as,

ǧ(n) =
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, (7)

where the superscript X = R,A,K represents the retarded,
advanced, and Keldysh functions, respectively.

The n = 0 component in Eq. (6) corresponds to the “stan-
dard” quasiclassical propagator,

ǧ(0)(ǫ,kF,x, t) ≡
∫

dξkτ̌zǦ(ǫ,k,x, t), (8)

and describes the dynamics of quasiparticles and condensates
in the quasiclassical limit, (kFξ0)−1 = 0. This quasiclassical
limit propagator obeys the Eilenberger equation,

[

ǫτ̌z − ∆̌ − σ̌imp − v̌ex, ǧ(0)

]

◦
+ ivF ·∇ǧ(0) = 0 . (9)

In Eq. (9), we introduced the short-hand notation, [A, B]◦ ≡
A ◦ B − B ◦ A, defined with the ◦-product [84],

A ◦ B ≡ exp
[

i

2
(∂ǫ∂t′ − ∂ǫ′∂t)

]

A(ǫ, t)B(ǫ′, t′)
∣

∣

∣

ǫ=ǫ′ ,t=t′
. (10)

In this paper, we set ~ = kB = e = 1. The Green’s function in
the quasiclassical limit is supplemented by the normalization
condition, ǧ2

(0) = −π2 since ǧ2
(0) also satisfies Eq. (9). The

superconducting order parameter matrix, ∆̌, is defined as

∆(kF,x, t) =
(

0 ∆(kF,x, t)
−∆†(kF,x, t) 0

)

. (11)

In the following, we assume a clean limit and set the impurity
self-energy, σ̌imp = 0 since we focus on the (long wavelength)
collective modes.

The external potential, v̌ex in Eq. (9), results from the dy-
namical crystal deformation induced by an acoustic wave.
Crystal deformation changes the interatomic length and mod-
ifies the hopping integral of normal electrons and the elec-
tron energy [63, 85]. In the long-wavelength limit (typical
wavelength of the sound wave in crystals is 1.0 × 10−2 cm,
much longer than the lattice constants O(1Å)), the effects on
the electrons can be described by the effective one-particle de-

formation potential, vex(x, t), proportional to the symmetrized
strain tensor, ui j =

1
2 (∂iu j + ∂ jui), where u is the displace-

ment vector [67]. The deformation potential induced by the
acoustic wave is given by,

vex(x, t) = vex(x, t)τ0 = vex0 exp [i(q · x − ωt)] τ0, (12)

where τ0 is the 2 × 2 identity matrix in the Nambu space,
ω = vs|q| is the frequency of the acoustic wave with the wave
vector q, and vs is the sound velocity.

B. Particle-hole asymmetry in the density of state

We described above the quasiclassical transport theory of
superconductors in the limit (kFξ0)−1 = 0. The quasiclassical
limit, (kFξ0)−1 = 0, postulates that the Fermi surface of normal

electrons is sufficiently large and thus the DOS in Eq. (6) is
replaced by N(ǫF), and the superconducting order parameter,
and all the potentials have been pinned to the Fermi surface
values. In this work, we focus on the leading-order correction
from the PHA in the DOS of normal electrons to the trans-
port coefficients due to the collective modes. This corresponds
to accounting for the slope of the DOS at the Fermi energy,
∂N(ǫ)
∂ǫ

∣

∣

∣

ǫ=ǫF
, in evaluating the propagator, Eq. (6), which, in turn,

induces the weak PHA in superconducting states [86–88]. Be-
low, we demonstrate that the PHA drastically changes the lin-
ear coupling between external fields and collective modes.

While the PHA is very small in conventional superconduc-
tors, the large DOS peak in heavy fermion superconductors
means that the PHA becomes appreciable. In addition, we
emphasize that even small PHA may lead to appreciable ob-
servable consequences. Superfluid 3He is a typical example.
The bulk normal 3He has a large Fermi surface, and the PHA
contribution can be roughly estimated as ∆/ǫF ∼ 10−3. In
the B-phase of superfluid 3He, however, it has been predicted
that the PHA correction alters the coupling of the stress ten-
sor to the order parameter fluctuations, and the real squashing

mode significantly contributes to the attenuation of the lon-
gitudinal zero sound even though the linear coupling of such
mode to zero sound is suppressed by the approximate particle-
hole symmetry [89, 90]. This mode has been detected as a
sharp resonant peak in the absorption spectrum of longitudi-
nal sound [91–94]. Hence, the PHA correction to the collec-
tive dynamics of Cooper pairs makes a significant contribution
in clean superconductors and superfluids even when the factor
∆/ǫF ∼ 1/(kFξ0) is small.

The leading-order correction due to the PHA appears in the
term, ǧ(1), in Eq. (6), and hence we keep this term but ignore
the higher-order corrections, ǧ(n≥2). A seeming problem with
expressing the quasiclassical propagator as,

ǧ ≃ ǧ(0) + ǧ(1) , (13)

is that, generally, ǧ(n≥1) breaks the normalization condition,
and thus the correction to the Eilenberger equation for ǧ(n≥1),
which is a homogeneous equation, cannot have a unique so-
lution. As shown in Appendix A, however, the leading-order
correction is obtained from the Green’s function in the quasi-
classical limit, ǧ(0), as

ǧ(1) =
a

2ǫF

[

ǫτ̌z − ∆̌ − v̌ex, ǧ(0)

]

◦+
, (14)

where we have introduced the dimensionless material param-
eter, a ≡ ǫF

N(ǫF)
∂N(ǫF)
∂ǫ

∣

∣

∣

ǫ=ǫF
∼ O(1), and the anti-commutator

[Ǎ, B̌]◦+ ≡ Ǎ ◦ B̌ + B̌ ◦ Ǎ.
With the quasiclassical Green’s function, the electric cur-

rent is expressed as,

J ≃ −N(ǫF)
∫

dǫ

4πi

〈

1
2
vFTr

[

τ
z

(

gK
(0)
+ gK

(1)

)]

〉

FS,kF

. (15)

where Tr [· · · ] represents the trace in the Nambu space, the
bracket, 〈· · ·〉FS,kF

, denotes the Fermi surface average [87, 95].
For the details on the derivation, see Appendix A. The effect
of the PHA is now included (to leading order) into the second
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term of Eq. (15). We now calculate the quasiclassical Keldysh
Green’s function as the linear response to the deformation po-
tential, and obtain the electric current from Eq. (15). Then,
the acoustoelectric conductivity, χi j, is defined as,

Ji = χi j

(

−∂vex

∂x j

)

. (16)

We note that, in addition to the correction considered above,
there also exists a quantum correction to the quasiclassical
transport, Eq. (9). It is obtained from the higher order con-
tribution of the gradient expansion, which brings about quasi-
particle transport phenomena mediated by nontrivial geomet-
ric structures in real and momentum spaces [96]. The quan-
tum correction is responsible, for example, for the intrinsic
anomalous thermal Hall effect and negative thermal magne-
toresistivity [96]. However, the geometric phase is not the pri-
mary for the collective dynamics of condensates. In this paper,
therefore, we focus on the effects arising from the weak PHA.

IV. ELECTRIC CURRENT AND COLLECTIVE

EXCITATIONS INDUCED BY THE ACOUSTIC WAVE

A. Transverse electric current induced by the acoustic wave

We are now in the position to compute the linear response
of the electric current to the deformation potential, and the
anomalous electric conductivity tensor. We outline the calcu-
lation below, while giving the technical details in Appendix
B.

Our starting point is the equilibrium version of the Eilen-
berger equation, Eq. (9), which reads

[

ǫτ̌z − ∆̌eq, ǧ(0)eq

]

= 0, (17)

subject to ǧ2
(0)eq = −π2. The solution of this equation is well-

known, and is given in App. B 1. This allows us to com-
pute the correction to the Green’s function due to the normal
state particle-hole asymmetry from the equilibrium version of
Eq. (14), with the result given in Eq. (B6).

We now derive the acoustoelectric conductivity as the linear
response to the deformation potential. Once again we separate
the contribution without particle-hole anisotropy by solving
first the non-equilibrium equation

[

ǫτ̌z − ∆̌eq, δǧ(0)

]

◦
−

[

δ∆̌ + v̌ex, ǧ(0)eq

]

◦
+ ivF ·∇δǧ(0) = 0 ,

(18)

which includes the dynamical fluctuations of the order pa-
rameter, δ∆̌, which have to be determined self-consistently by
solving the gap equation. We then use this solution to obtain
leading order corrections due to PHA. The details are given in
Appendix B 2.

Using this solution to evaluate Eq. (15), we obtain the elec-
tric current as the sum of two contributions, due to Bogoliubov
quasiparticles (QP) and collective modes (CM) espectively.

J = JQP + JCM , (19)

where the first term is proportional to vex0 explicitly, while the
second depends on the deformation potential via the order pa-
rameter fluctuations, δ∆± = δ∆ ± δ∆∗, see Eqs. (B28)-(B29).
In our model, without loss of generality, we consider the
acoustic wave propagating along the x-direction, q = (q, 0).
Expressing the order parameter fluctuations via the collective
modes using Eqs. (2)-(4),

kFδ∆+ = [δD+ + δE+] kx + i [δD− − δE−] ky , (20)

kFδ∆− = [δD− + δE−] kx + i [δD+ − δE+] ky , (21)

we connect the current to the collective mode propagators.
Similarly to the current, the acoustoelectric conductivity

tensor is decomposed into the contributions from the Bogoli-
ubov quasiparticles (χQP

i j
) and collective modes (χCM

i j
) as

χi j = χ
QP
i j
+ χCM

i j , (22)

where

χQP
xx =

iN(ǫF)v2
F(X0 + X1)

4ω
, (23)

χQP
yx = 0, (24)

χCM
xx = −

iN(ǫF)v2
F∆eq

8

[

(

λ1 + λ2

) δE−
vex0
+

a

2ǫF
(ϕ0 + ϕ1)

δE+
vex0

]

(25)

χCM
yx =

N(ǫF)v2
F∆eq

8

[

(

λ0 − λ2

) δE+
vex0
− a

2ǫF
(ϕ0 − ϕ2)

δE−
vex0

]

.

(26)

Here λ = |∆eq|2λ is the generalized Tsuneto function,
Eq. (B17), the function ϕ is defined in Eq. (B26), and
we introduced the moments of those functions, λn =

〈(k̂2
x − k̂2

y)nλ〉
FS,kF

, Xn = 〈(k̂2
x − k̂2

y )n 2ω2

ω2−η2 (λ − 1)〉
FS,kF

, as well

as ϕn = 〈(k̂2
x − k̂2

y)nϕ〉
FS,kF

. As above, angle brackets denote
the normalized Fermi surface average, and η = vF · q. The
second terms of Eqs. (25) and (26) arise from the PHA term
of the Keldysh response function. The PHA effect is also in-
corporated into the clapping modes (δE±).

Eq. (23) shows that a propagating acoustic wave generates
quasiparticle-mediated longitudinal current. This is an exten-
sion of the AEE in normal metals to the superconducting state,
which always exists regardless of the symmetry of the super-
conducting order [63]. However, the Bogoliubov quasiparti-
cles carry no transverse current in the clean limit. In addition
to the quasiparticle current, Eqs. (25) and (26) show that the
clapping modes (δE±) carry the electric current. In particu-
lar, the clapping modes (δE±) lead to a transverse electric cur-
rent, flowing perpendicular to the direction of propagation of
the acoustic wave. Hence, this anomalous transverse current
provides a direct probe of the clapping modes, and carries a
fingerprint of chiral Cooper pairs.

B. Excitation of the collective modes by the acoustic waves

In Eqs. (25) and (26), we expressed the acoustoelectric
conductivity tensor using the clapping modes induced by the
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acoustic wave. These order parameter fluctuations have to
be separately determined by solving the superconducting gap
equation under the perturbing potential.

We now proceed to determine the dispersion of the collec-
tive modes in chiral superconductors, and show that the clap-

ping mode linearly couples to the acoustic wave in the pres-
ence of the PHA. Substituting the nonequilibrium Keldysh
pair amplitudes into the gap equation, we obtain the matrix
form of the equation for the order parameter fluctuations as,



































ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

ω2λ0−4∆2
eqλ2

2 −
v2
Fq2(λ0+λ1)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

ω2λ0−4∆2
eq(λ0−λ2)

2 −
v2
Fq2(λ0+λ1)

4
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δE−
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avex0
ǫF

(

ω∆eqλ0 + 2∆eq(γ − X0)
)

avex0
ǫF

(

ω∆eqλ1 − 2∆eqX1

)

2ω∆eqλ1vex0



























, (27)

where γ ≃ 2
N(ǫF)Vpair

= 2 ln
(

1.13ǫc
Tc

)

. The details of the deriva-
tion of Eq. (27) are given in Appendix C. The kernel of the
matrix in Eq. (27) gives the eigenfrequencies of bosonic exci-
tations, ωC

Γ
(q) (Γ = δD, δE), and the damping rates of each

mode [97]. The right-hand side of Eq. (27) represents the driv-
ing force from external perturbations, such as acoustic waves.
In Eq. (27), the phase mode (δD−) is neglected since the phase
mode is gapped out by the Anderson-Higgs mechanism.

It is instructive to first consider the collective modes of the
order parameter in the absence of the driving potential vex0 =

0. If we ignore the PHA and set a = 0, the matrix in Eq. (27)
is block-diagonalized to the C = + and C = − subsectors. In
the long wavelength limit, q → 0, Eq. (27) reduces to




















ω2 − 4∆2
eq 0 0

0 ω2 − 2∆2
eq 0

0 0 ω2 − 2∆2
eq







































δD+
δE+
δE−



















=



















0
0
0



















, (28)

where we use the fact that in this limit the moments of the
Tsuneto functions become λ0 = λ, λ1 = 0 and λ2 = λ/2 [98].
We find therefore that the eigenfrequency of the amplitude
Higgs mode is ω+

δD = 2|∆eq|, while the real/imaginary clap-
ping modes are degenerate with ω±

δE =
√

2|∆eq|.
For q , 0 and a , 0, the matrix in Eq. (27) is not diagonal,

and therefore the amplitude and the clapping modes hybridize.
We denote the corresponding eigenmodes δD1 and δE1,2, and
define them as being smoothly connected to one of the original
modes, namely

lim
a,q→0

δD1 = δD+, (29)

lim
a,q→0

δE1 = δE+, (30)

lim
a,q→0

δE2 = δE−. (31)

In principle, these modes can be described in the framework
of the time-dependent Ginzburg-Landau formalism [76].

Figure 2 shows the dispersions of the the δD1 and δE1,2

eigenmodes in the quasiclassical limit, a = 0, where the mix-
ing is solely due to finite q. Note that, as is clear from Eq, (27),
in this limit δE− remains an eigenmode, while δE+ hybridizes
with the amplitude Higgs mode δD+. The increased splitting
between the real and the imaginary clapping modes with in-
creased q is due to this hybridization.

 0

 1

 2

 0  1

FIG. 2. The dispersions of the δD1 and δE1,2 eigenmodes (thick
curves) and the phonon (dashed/dotted curve) in the quasiclassical
limit, a = 0. The phonon dispersions are plotted for the sound veloc-
ity vs/vF = 2/3, 1, 2, 3. The shaded area for ω ≥ 2|∆eq| corresponds
to the conitnuum excitations of Bogoliubov quasiparticles, where the
collective modes may acquire a finite damping rate.

It is worth noting that the quasiclassical approximation is
most reliable for qξ0 . 1, and therefore we restrict our con-
sideration to this range. Since Eq. (27) and the acoustoelectric
conductivity tensor contain γ, ϕn, and the bandwidth, ǫF, we
need to choose the parameters consistent with the hierarchy
of the energy scales in superconductors, Tc < ǫc < ǫF. For
this purpose, we introduce phenomenological material param-
eters, b = πTc

ǫF
(kFξ0) and c = ǫc

ǫF
(kFξ0). In the simplest estimate,

where ǫF = kFvF, and ξ0 ≃ vF/2πTc, we have b ∼ O(1) at low
temperatures. At the weak coupling, we have to choose b < c,
and then the parameter γ ∼ ln c/b.

V. ANOMALOUS ACOUSTOELECTRIC EFFECT.

Let us now return to the analysis of the collective modes
under a driving force in the right-hand side of Eq, (27). In
the absence of the PHA (a = 0), only the imaginary clapping
mode, δE−, can be driven by propagating acoustic waves. As
discussed above, this mode also decouples from the Higgs,
and the real clapping modes. According to Eqs. (25) and (26),
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the δE− mode contributes to both the longitudinal and trans-
verse conductivities, but the transverse current carried by the
δE− mode vanishes when a = 0. Therefore, the collective
modes do not yield the anomalous, transverse, response when
the PHA is neglected.

The situation is different when the PHA is included. Now
the other two modes are also driven by the deformation poten-
tial, albeit with the coefficient that depends on the PHA of the
normal state, δD+/δvex ∼ O(Tc/ǫF) and δE+/δvex = O(Tc/ǫF).
These modes also hybridize with the δE− with coefficients
O(Tc/ǫF). Therefore, the last term in the longitudinal con-
ductivity, Eq. (25), is the second order in the PHA, and does
not contribute significantly. On the other hand, as Eq. (26)
shows, the δE− mode also carries transverse electric current
when the PHA is included. The electric current carried by the
δE− mode is the same order as that carried by the δE+ mode.
Therefore, we expect the transverse current to be linear in the
PHA.

Consequently, in most materials, the resulting effect is very
weak. However, in heavy fermion systems, the Fermi velocity
may be comparable to the speed of sound, vs. In Fig. 2, we
plot the acoustic phonon dispersion for vs/vF = 2/3, 1, 2, 3.
As vs/vF increases, the phonon dispersion and the collective
mode dispersion intersect at a finite momentum qc, which sat-
isfies for each mode ωΓ(qc) = vs|qc| (Γ = δD1, δE1, δE2).
Importantly, for vs/vF ∼ O(1), the intersection with the δE1,2

modes occurs at energies below the particle-hole continuum.
At that point, the collective modes can be resonantly excited
by propagating acoustic waves, leading to resonant amplifi-
cation of the acoustoelectric effect both in the longitudinal
and in the transverse channels. The resonance between the
eigenmodes and phonons also leads to the characteristic ω-
dependence of the response.

Fig. 3 shows the linear response of the real and imaginary
clapping modes (δE+ and δE−) to the acoustic wave, obtained
from Eq. (27). The spectra of |δE±(ω(q))| have sharp peaks
at the resonant frequencies, ωΓ(qc) = vs|qc|. We note that the
amplitude at resonance of the δE+ mode is determined by the
PHA correction, which is the order of 1/(kFξ0), and hence
two order smaller than the resonance of the δE− mode for
our choice of kFξ0 = 100. As vs/vF decreases, the resonance
peak shifts to the higher frequency and approaches the edge
of the continuum of the fermionic excitations. After crossing
that threshold, the finite lifetime of the collective modes leads
to the broadening and amplitude reduction of the resonance
peaks. Also note that the modes δE1,2 are nearly degenerate
for qξ0 ∈ [0, 1], and therefore we do not resolve the difference
in the resonance energies in our calculations.

We also find that, as the resonance shifts to shorter wave-
length, the resonance amplitude of the real and imaginary
clapping modes increases. This occurs because the driving
forces of δE± are proportional to q3 through X1 or λ1 in
Eq. (27), and therefore vanish in the long wavelength limit
when the superconducting gap in equilibrium is isotropic.
Therefore as the ratio vs/vF decreases, the crossing point in
Fig. 3 moves to higher q, and the resonance amplitude of |δE±|
grows. This growth, of course, is cut off by merging of the
resonance frequency with the continuum at 2|∆eq| for small
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FIG. 3. The ω-dependence of the real and imaginary clapping
modes (δE+ and δE−) induced by the acoustic wave with vs/vF =

2/3, 1, 2, 3. We set the parameters as T = 0.1Tc, a = 1, b =

0.5, c = 5, and kFξ0 = 100. The orange arrows indicate resonant
peaks of the corrective mode current.

values of the vs/vF ratio, and hence the values vs/vF ≃ 1 pro-
vide the optimal range for driving of the collective modes by
the acoustic waves.

Finally, in Fig. 4, we plot the frequency-dependent longi-
tudinal and transverse acoustoelectric conductivities. The left
panels demonstrate that both the quasiparticle and the collec-
tive mode (δE±) generate the longitudinal ac electric current,
while only the collective modes contribute to the transverse
conductivity. Reflecting the resonances between the collec-
tive modes and the acoustic wave, all components of χCM

i j

also show sharp peaks at the resonant frequencies. When the
sound velocity is comparable to the Fermi velocity, e.g. due
to the large effective mass of electrons, the chiral supercon-
ducting fluctuations resonate with the acoustic wave below the
fermionic continuum edge, which results in the pronounced
peak in the ω-dependence of the electric current. This reso-
nance peak dominates the response in both longitudinal and
transverse channels, and therefore can be detected experimen-
tally.
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FIG. 4. The ω-dependence of the acoustoelectric conductivity. The
left (right) panels correspond to the longitudinal (transverse) acous-
toelectric conductivity, χxx (χyx). We take the same parameters as
those in Fig. 3. The orange arrows indicate resonant peaks of the
collective mode current.

VI. CONCLUSION

In this paper, we theoretically investigated the acoustoelec-
tric effect in chiral superconductors, focusing especially on the
interplay between the collective modes and acoustic waves.
Using the quasiclassical transport theory and incorporating
the weak particle-hole asymmetry of the low-energy excita-
tions of normal electrons, we found that the real/imaginary
clapping modes can be driven by propagating acoustic waves,
and are coupled by the particle-hole asymmetry factor of order
of∆eq/ǫF ∼ 1/(kFξ0). These modes, in turn, drive both the lon-
gitudinal and the transverse electric currents. In the longitudi-
nal current, the collective mode contribution is additive to that
of the quasiparticles. However, in chiral superconductors, the
collective modes also drive the transverse, anomalous, acous-
toelectric effect. This effect is inherent to chiral superconduc-
tors, and reflects spontaneous breaking of the time-reversal
symmetry, and the chirality degrees of freedom of the Cooper
pairs.

For systems, where the sound velocity is comparable to the
Fermi velocity, the contribution of the collective modes to the
acoustoelectric effect is resonantly enhanced when the phonon
and the collective mode energies coincide. This generates the

resonant contributions to longitudinal and transverse electric
currents. The transverse electric current carried by the clap-
ping modes is reduced by the particle-hole asymmetry factor,
compared to the longitudinal current mediated by Bogoliubov
quasiparticles and the imaginary clapping mode, but the reso-
nance nature allows its experimental determination.

We stress again that the clapping modes always exist in
any chiral superconductors with orbital angular momentum
|ν| ≥ 1, at least in the weak coupling limit. While above
we considered the chiral p-wave superconducting state as a
simple model, our main result is independent of the spin and
orbital stats of Cooper pairs, and thus applicable to other
(non p-wave) chiral superconductors. For example, in two-
dimensional chiral superconductors, the mass gaps of the
clapping modes are universal and take

√
2|∆eq| regardless of

the chirality, ν, of the chiral order parameters, ∆eq(k) ∝
(kx + iky)ν [83].

There have been extensive investigations of the dc anoma-
lous transport phenomena in chiral superconductors [58–
61, 99]. These transport coefficients are affected by the im-
purity scattering and the particle-hole anisotropy induced in
the impurity band at energies much below the gap, and may
be made more complex by the presence of nodal quasiparti-
cles. It is therefore important to emphasize that the resonance
acoustoelectric response occurs at finite frequencies ω . 2∆.
In this range the impurities and nodal excitations broaden and
slightly shift the resonance, but do not qualitatively change
our analysis above in clean systems.

For the same reason, that we consider the ac signal, Meiss-
ner currents do not screen the field generated by the acoustic
wave, and therefore diamagnetic screening by the condensate
gives small corrections to our results.

The overall magnitude of the effect depends on the de-
tails of deformation potential induced by the acoustic wave.
It is difficult to estimate it reliably in heavy-fermion super-
conductors since the electron-electron correlations renormal-
ize the electron-phonon coupling significantly. We note that
the ultrasonic attenuation, which relies on the same coupling,
has been measured in a number of such materials, including
UBe13 and UPt3 [100]. Therefore, the experimental detection
of the anomalous acoustoelectric effect is feasible in heavy-
fermion chiral superconductors. Moreover, our calculations
predict a resonance behavior of the ac acoustoelectric effect,
and, in clean systems with moderate broadening, we expect
the resonance signature to be easily observable.

Consequently, the anomalous acoustoelectric effect is a
generic feature of chiral superconductors, and is expected
in a wide range of superconducting materials. The anoma-
lous acoustoelectric effect and its resonant behavior provide
a smoking gun evidence of chiral superconductivity in heavy
fermion materials and superconducting materials with small
Fermi surfaces, where the particle-hole asymmetry is appre-
ciable.
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Appendix A: Particle-Hole Asymmetry Corrections to

Quasiclassical Transport Theory

1. Quasiclassical Transport Equation

Here we derive the Keldysh transport equation in the quasi-
classical limit and the auxiliary equation, which is used to ob-
tain the leading-order correction to the Green’s functions and
physical quantities due to the particle-hole asymmetry. We
begin with the Green’s function in the Wigner representation.

Ǧ(ǫ,k,x, t) =
(

GR(ǫ,k,x, t) GK(ǫ,k,x, t)
0 GA(ǫ,k,x, t)

)

, (A1)

GX(ǫ,k,x, t) =
(

GX(ǫ,k,x, t) FX(ǫ,k,x, t)

F
X

(ǫ,k,x, t) G
X

(ǫ,k,x, t)

)

. (A2)

These obey the left-hand Gor’kov equation,

(

ǫτ̌z − ∆̌ − v̌ex

)

⊗ τ̌zǦ +
i

2
v(k) ·∇τ̌zǦ − ξkτ̌zǦ = 1, (A3)

and the corresponding right-hand equation,

τ̌zǦ ⊗
(

ǫτ̌z − ∆̌ − v̌ex

)

+
i

2
v(k) ·∇τ̌zǦ − ξkτ̌zǦ = 1, (A4)

where X = R, A, K and v(k) = ∇kξk. The
Groenewold-Moyal product is given by A ⊗ B(X, p) =
ei(∂A

X
∂B

p−∂A
p∂

B
X

)/2A(X, p)B(X, p), where we have introduced abbre-
viated notation, ∂A

X
∂B

p = −∂A
t ∂

B
ǫ +∇

A
R
·∇B

p, X ≡ (t,x), and
p ≡ (ǫ,p). Subtracting and adding Eq. (A3) and Eq. (A4), we
obtain

[

ǫτ̌z − ∆̌ − v̌ex, τ̌zǦ
]

⊗
+ iv(k) ·∇τ̌zǦ = 0, (A5)

[

ǫτ̌z − ∆̌ − v̌ex, τ̌zǦ
]

⊗+
− ξkτ̌zǦ − 1 = 0. (A6)

We now take the quasiclassical limit, (kFξ)−1 = 0. The qua-
siclassial approximation postulates the slow variation of su-
perconducting order parameters in the space-time (compared
to kF and ǫF scales respectively), and accounts for quasipar-
ticles confined to a low-energy shell near the Fermi surface.
Then, the quasiclassical Green’s functions, ǧ, are obtained by
integrating Ǧ over a small shell in momentum space near the

Fermi surface as in Eq. (5), and replacing the DOS of normal
electrons to N(ξk + ǫF) ≃ N(ǫF). We finally obtain the quasi-
classical transport equation from Eq. (A5) as

[

ǫτ̌z − ∆̌ − v̌ex, ǧ(0)

]

⊗
+ ivF ·∇ǧ(0) = 0. (A7)

Equation (A6) reduces to the auxiliary relation
∫

dξk(ξkτ̌zǦ + 1) =
1
2

[

ǫτ̌z − ∆̌ − v̌ex, ǧ(0)

]

⊗+
. (A8)

This is used to derive the leading-order correction due to the
particle-hole asymmetry, such as Eq. (15).

2. Particle-Hole Asymmetry effect on Physical Quantities

Using the Green’s function in the quasiclassical limit and
the auxiliary equation (A8), we now derive the particle-hole
asymmetry-driven corrections to the physical quantities. We
first derive the correction to the quasiclassical Green’ func-
tion in Eq. (14). The particle-hole asymmetry appears as
the leading-order correction to the DOS at the Fermi energy,
N(ξk+ ǫF) ≃ N(ǫF)+N′(ǫF)ξk, where N′(ǫF) ≡ [∂N(ǫ)/∂ǫ]ǫ=ǫF.
Substituting this expansion and utilizing the auxiliary rela-
tion (A8), we obtain

ǧ(ǫ,kF,x, t) ≃
∫

dξk

(

1 +
a

ǫF
ξk

)

τ̌zǦ(ǫ,k,x, t)

≃ ǧ(0) +
a

2ǫF

[

ǫτ̌z − ∆̌ − v̌ex, ǧ(0)

]

⊗+
. (A9)

The second term in Eq. (A9) describes the particle-hole asym-
metry of the DOS, a ≡ ǫFN′(ǫF)/N(ǫF).

The electric current is defined with the Keldysh component
of the Gor’kov Green’s function as

J = −
∫

dǫ

4πi

∫

dk

(2π)2
v(k)GK(ǫ,k,x, t). (A10)

The Keldysh Green’s function obeys the following rela-
tion [78],

GK(ǫ,x,k, t) = −G
K

(−ǫ,x,−k, t). (A11)

By using this relation, Eq. (A10) is recast into

J = −1
2

∫

dǫ

4πi

∫

dk

(2π)2
Tr

[

v(k)GK(ǫ,k,x, t)
]

. (A12)

The standard quasiclassical approximation is effective
when the Fermi energy is sufficiently large, and hence as-
sumes particle-hole symmetry in the quasiparticle density of
states. The physical quantities in this limit are thus com-
puted in the approximation

∫

dk
(2π)D =

∫

dǫN(ǫ) ≃ N(ǫF)
∫

dǫ,
where D is the dimension of the system. The contribution of
the particle-hole asymmetry is incorporated by including the
leading-order correction to N(ǫF). Substituting the expansion
of N(ǫ), and utilizing the auxiliary equation (A8), we obtain
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the electric current in terms of the quasiclassical Green’s func-
tion ǧ(0) as

J ≃ − 1
2

∫

dǫ

4πi

∫

dξk

(

N(ǫF) +
∂N(ǫ)
∂ǫ

∣

∣

∣

∣

∣

ǫ=ǫF

ξk

)

×
〈

Tr
[

vFGK(ǫ,k,x, t)
]〉

FS,kF

= − N(ǫF)
∫

dǫ

4πi

〈

1
2

Tr
[

vFτz
gK

(0)
(ǫ,kF,x, t)

]

〉

FS,kF

− N′(ǫF)
∫

dǫ

4πi

〈

1
4

Tr
[

vFτz

[

ǫτ̌z − ∆̌ − v̌ex, ǧ(0)

]

⊗+

]

〉

FS,kF

.

(A13)

In the first line of Eq. (A13), we apply the quasiclassical ap-
proximation and expand the DOS. Then, the auxiliary relation
in Eq. (A8) is used to derive the second line of Eq. (A13).
Using Eq. (14), we finally obtain Eq. (15) as

J ≃ −N(ǫF)
∫

dǫ

4πi

〈

1
2
vFTr

[

τz

(

gK
(0)
+ gK

(1)

)]

〉

FS,kF

.(A14)

Appendix B: Derivation of Keldysh Response function

We next derive the nonequilibrium Keldysh Green’s func-
tion by the linear response to the deformation potential. We
denote the equilibrium quantities as x̌eq (x = g(n),∆) and the
linear deviation from equilibrium as δx̌ (x = g(n),∆).

1. Equilibrium Green’s Function

In the absence of external perturbations, the system is
translationally invariant, and the equilibrium quasiclassical
Green’s function, ǧ(0)eq, obeys the homogeneous Eilenberger
equation,

[

ǫτ̌z − ∆̌eq, ǧ(0)eq

]

= 0, (B1)

subject to ǧ2
(0)eq = −π2. The solutions are given by

gR,A
(0)eq
= −π

ǫτ
z
− ∆eq

DR,A(ǫ)
, (B2)

gK
(0)eq
=

(

gR
(0)eq
− gA

(0)eq

)

tanh
(

ǫ

2T

)

= α(ǫ)τ
z
+ β(ǫ)∆eq, (B3)

where DR(ǫ) = DA∗(ǫ) =
√

∆2
eq − (ǫ + i0+)2 (0+ > 0), and

α(ǫ) = −ǫβ(ǫ) = −2πins(ǫ) tanh
(

ǫ

2T

)

, (B4)

with the spectral function ns(ǫ),

ns(ǫ) =
|ǫ|

√

ǫ2 − ∆2
eq

Θ(ǫ2 − ∆2
eq) . (B5)

Here, Θ(x) is the Heaviside function.
Substituting ǧ(0)eq into Eq. (14), one obtains the leading-

order correction from the PHA as

gK
(1)eq
=

a

2ǫF

[

2ǫgK
(0)eq − ∆eq(kF) f

K
(0)eq − ∆∗eq(kF) f K

(0)eq

]

τ0.

(B6)

Note that the equilibrium pair amplitudes in the PHA correc-
tion, f K

(1)eq and f̄ K
(1)eq, vanishes since the Keldysh propagator in

the quasiclassical limit obeys the relation, gK
(0)eq + g

K
(0)eq = 0.

This implies that the weak PHA in the DOS does not renor-
malize the equilibrium gap function. Hence, in evaluating the
temperature response below, we assume a BCS-like temper-
ature dependence of the equilibrium gap function, ∆eq(T ) =
1.765Tc tanh(1.74

√
Tc/T − 1) [101].

2. Nonequilibrium Keldysh Green’s function

We now derive the derive the Keldysh response function to
the propagating acoustic wave. The nonequilibrium Green’s
function in the leading order, i.e. the quasiclassical limit, δǧ(0),
obeys the Eilenberger equation,

[

ǫτ̌z − ∆̌eq, δǧ(0)

]

◦
−

[

δ∆̌ + v̌ex, ǧ(0)eq

]

◦
+ ivF ·∇δǧ(0) = 0.

(B7)

It is important to note that, since we are looking at finite fre-
quencies, we included the dynamical fluctuations of the or-
der parameter, δ∆̌, which are determined by self-consistently
solving the gap equation.

Equation (B7) includes the ◦-product of equilibrium and
nonequilibrium quantities, such as Ǎeq ◦ δB̌(t) and δǍ(t) ◦ B̌eq.
These ◦-products can be cast into a more convenient form by
performing the Fourier transformation in x and t [84], which
gives for the Keldysh part of Eq. (B7)

ǫ+τz
δgK

(0)
− ǫ−δgK

(0)
τ

z
− ∆eq(kF)δgK

(0)
+ δgK

(0)
∆eq(kF)

− δ∆gK
(0)eq

(ǫ−) + gK
(0)eq

(ǫ+)δ∆

+ vex0

(

gK
(0)eq

(ǫ+) − gK
(0)eq

(ǫ−)
)

− ηδgK
(0)
= 0, (B8)

where we introduced shorthand notation, δgK
(0)

≡
δgK

(0)
(ǫ,kF, q, ω), δ∆ ≡ δ∆(kF, q, ω), and η = vF · q.

The frequency shift, ǫ → ǫ± = ǫ ± ω+i0+

2 , arises from the
finite frequency of the acoustic mode in vex(x, t). We also
introduced a small imaginary part, ω→ ω+ i0+, to obtain the
causal response function.
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For solving Eq. (B8), it is convenient to introduce the following quantities,

δgK
(n)± = δg

K
(n) ± δg

K
(n), (B9)

δ f K
(n)± = δ f K

(n) ± δ f
K
(n), (B10)

δ∆± = δ∆ ± δ∆∗. (B11)

Using these quantities, Eq. (B8) becomes































−η ω 2i∆eqk̂y −2∆eqk̂x

ω −η 0 0
2i∆eqk̂y 0 −η 2ǫ
2∆eqk̂x 0 2ǫ −η































































δgK
(0)−
δgK

(0)+
δ f K

(0)+
δ f K

(0)−

































+































0 α− −i∆eqk̂yβ+ ∆eqk̂xβ+
α− 0 −∆eqk̂xβ− i∆eqk̂yβ−

−i∆eqk̂yβ+ ∆eqk̂xβ− 0 α+
−∆eqk̂xβ+ i∆eqk̂yβ− α+ 0



























































0
2vex0

δ∆+
δ∆−





























= 0, (B12)

with k̂ = kF/kF. We now obtain the nonequilibrium Keldysh Green’s function in the quasiclassical limit,


































δgK
(0)−
δgK

(0)+
δ f K

(0)+
δ f K

(0)−



































=
1

(4ǫ2 − η2)(ω2 − η2) + 4∆2
eqη

2

































η(4ǫ2 − η2) ω(4ǫ2 − η2) 2η∆eq(2ǫk̂x − iηk̂y) −2η∆eq(2iǫk̂y − ηk̂x)
ω(4ǫ2 − η2) η(4ǫ2 − η2 − 4∆2

eq) 2ω∆eq(2ǫk̂x − iηk̂y) −2ω∆eq(2iǫk̂y − ηk̂x)
−2η∆eq(2ǫk̂x + iηk̂y) −2ω∆eq(2ǫk̂x + iηk̂y) η(4ǫ2 − η2 − 4∆2

eqk̂2
x ) 2ǫ(ω2 − η2) + 4i∆2

eqk̂x k̂y

−2η∆eq(2iǫk̂y + ηk̂x) −2ω∆eq(2iǫk̂y + ηk̂x) 2ǫ(ω2 − η2) − 4i∆2
eq k̂x k̂y η(4ǫ2 − η2 − 4∆2

eqk̂2
y )

































×































0 α− −i∆eq k̂yβ+ ∆eqk̂xβ+
α− 0 −∆eqk̂xβ− i∆eq k̂yβ−

−i∆eq k̂yβ+ ∆eqk̂xβ− 0 α+
−∆eqk̂xβ+ i∆eqk̂yβ− α+ 0



























































0
2vex0
δ∆+
δ∆−





























(B13)

where α± = α(ǫ+) ± α(ǫ−), β± = β(ǫ+) ± β(ǫ−). We also need the frequency integral of the nonequilibrium Keldysh Green’s
function to compute the order parameter fluctuation and the electric current. The integrated Keldysh Green’s functions are given
by,

∫

dǫ

2πi

































δgK
(0)−
δgK

(0)+
δ f K

(0)+
δ f K

(0)−

































= −















































2 +
(

η2

ω2−η2

)

(λ − 1)
(

2ωη
ω2−η2

)

(λ − 1) iη∆eqk̂yλ −η∆eqk̂xλ
(

2ωη
ω2−η2

)

(λ − 1)
(

ω2

ω2−η2

)

(λ − 1) iω∆eqk̂yλ −ω∆eqk̂xλ

iη∆eqk̂yλ iω∆eqk̂yλ −γ − ω
2−η2−4∆2

eq k̂2
x

2 λ −2i∆2
eqk̂xk̂yλ

η∆eqk̂xλ ω∆eqk̂xλ 2i∆2
eqk̂xk̂yλ −γ − ω

2−η2−4∆2
eq k̂2

y

2 λ











































































0
2vex0

δ∆+
δ∆−





























. (B14)

The γ-function in Eq. (B14) is defined as

γ =

∫ ǫc

−ǫc

dǫ

4πi
β+ = 2

∫ ǫc

|∆eq |

dǫ
√

ǫ2 − ∆2
eq

tanh
(

ǫ

2T

)

+ O
(

ω

ǫc

)2

.

(B15)

where ǫc is the frequency cut-off associated with pairing inter-
action. For ω ≪ ǫc, the γ-function reduces to the equilibrium
gap equation, γ2 ≃

1
N(ǫF)Vpair

, where we consider the p-wave

pairing interaction, V(kF,k
′
F) = Vpairk̂ · k̂′. The gap equation

has a logarithmic divergence on ǫc [102]. To regularize the
ultraviolet divergence in the gap equation, we utilize the fact
that the cutoff energy, ǫc, and the pairing interaction, Vpair, are
related to a measurable quantity, i.e., the bulk transition tem-
perature, Tc, through linearized gap equation,

γ

2
≃ 1

N(ǫF)Vpair
= ln

(

1.13ǫc
Tc

)

. (B16)

The λ-function in Eq. (B14) is the generalized Tsuneto

function,

λ = ∆2
eqλ =

∫ ∞

|∆eq |
dǫ

2 tanh
(

ǫ
2T

)

√

ǫ2 − ∆2
eq

[

η2 − 2ωǫ+
(4ǫ2+ − η2)(ω2 − η2) + 4η2∆2

eq

+
η2 − 2ωǫ−

(4ǫ2− − η2)(ω2 − η2) + 4η2∆2
eq

]

, (B17)

which characterizes the phase stiffness of the conden-
sate [103]. In the long-wavelength limit (η → 0) and the
zero-temperature limit, the λ-function reduces to the Tsuneto
function,

λ(ω) =























sin−1(x)
x
√

1−x2
, if x = ω

2|∆eq | < 1 ,

− ln(x+
√

x2−1)
2x
√

x2−1
+ iπ

2x
√

x2−1
, if x = ω

2|∆eq | > 1 .
(B18)

Note that the Tsuneto function has an imaginary part when
ω/2|∆eq| > 1. This imaginary part describes intrinsic damping
due to breaking of Cooper pairs into two Bogoliubov quasi-
particles (see Fig. 5).

Substituting Eq. (B14) into Eq. (14), we straightforwardly
obtain the PHA part of the nonequilibrium Keldysh Green’s
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FIG. 5. The frequencies dependence of the Tsuneto function in the
limit of the long-wavelength and the zero-temperature.

function,

δgK
(1)+ =

a

2ǫF

[

2
(

ǫδgK
(0)− + ∆eqk̂xδ f K

(0)− − i∆eqk̂y f K
(0)+

)

+ ∆eq

(

k̂xδ∆+ − ik̂yδ∆−
)

β+
]

, (B19)

δgK
(1)− =

a

2ǫF

[

2ǫδgK
(0)+ − 2vex0α+ + ∆eq

(

ik̂yδ∆+ − k̂xδ∆−
)

β−
]

,

(B20)

δ f K
(1)+ =

a

2ǫF

[

ωδ f K
(0)− − 2∆eqk̂xδg

K
(0)+ − δ∆−α− − 2∆eqk̂xβ+vex0

]

,

(B21)

δ f K
(1)− =

a

2ǫF

[

ωδ f K
(0)+ − 2i∆eqk̂yδg

K
(0)+ − δ∆+α− − 2i∆eqk̂yβ+vex0

]

.

(B22)

In contrast with the equilibrium Green’s function, the PHA
in the DOS affects the pair amplitudes in the nonequilibrium
Keldysh Green’s function. As seen later, the PHA correc-
tion to the pair amplitude drastically changes the linear cou-
pling between the acoustic wave and collective modes. In or-
der to evaluate the order parameter fluctuation and the elec-
tric current, it is necessary to integrate the PHA correction
to the nonequilibrium Keldysh Green’s function. Specifi-
cally,

∫

dǫ
2πiδg

K
(1)− directly modifies the electric current, and

∫

dǫ
2πiδ f K

(1)± affects the order parameter fluctuation. Using
Eq. (B13), we obtain,
∫

dǫ

2πi
δgK

(1)− =
a

ǫF

[

ϕη∆eq(k̂xδ∆+ − ik̂yδ∆−) −
∫

dǫ

2πi
vex0α+

]

(B23)
∫

dǫ

2πi
δ f K

(1)+ =
a

2ǫF

[

ω

∫

dǫ

2πi
δ f K

(0)− − 2∆eqk̂x

∫

dǫ

2πi
δgK

(0)+

−4∆eqk̂xγvex0

]

, (B24)
∫

dǫ

2πi
δ f K

(1)− =
a

2ǫF

[

ω

∫

dǫ

2πi
δ f K

(0)+ − 2i∆eqk̂y

∫

dǫ

2πi
δgK

(0)+

− 4i∆eqk̂yγvex0

]

. (B25)

The ϕ-function in Eq. (B23) is defined as,

ϕ = −2
∫ ǫc

|∆eq |
dǫ

tanh
(

ǫ
2T

)

√

ǫ2 − ∆2
eq

[













2ωǫ2+ − ǫ+(4ǫ2+ + ω
2 − η2 − 4∆2)

(4ǫ2+ − η2)(ω2 − η2) + 4∆2
eqη

2
+

2ωǫ2− + ǫ−(4ǫ2− + ω
2 − η2 − 4∆2)

(4ǫ2− − η2)(ω2 − η2) + 4∆2
eqη

2













]

. (B26)

The ϕ-function also exhibits a logarithmic divergence on ǫc,
and thus the cut-off frequency is necessary to regularize the
integral. Note that the second term in Eq. (B23) is even in the
momentum and does not modify the electric current. There-
fore, the contribution to the current from the terms that reflect
the PHA is due to the order parameter fluctuations.

3. Anomalous acoustoelectric effect induced by clapping

modes

We here derive the expression of the electric current with
the use of the obtained Keldysh response function. Substitut-
ing the Keldysh response function from Eqs. (B14) and (B23)
into Eq. (15), we obtain the electric current as the sum of two
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contributions,

J = JQP + JCM, (B27)

JQP =
1
4

N(ǫF)

〈

vF

(

4ωη
ω2 − η2

)

(λ − 1) vex0

〉

FS,kF

, (B28)

JCM =
1
4

N(ǫF)
〈

vFη∆eqλ
(

ik̂yδ∆+ − k̂xδ∆−
)〉

FS,kF

− a

8ǫF
N(ǫF)

〈

vFη∆eqϕ
(

ik̂xδ∆+ − k̂yδ∆−
)〉

FS,kF
(B29)

The first term, JQP, represents the electric current carried by
the Bogoliubov quasiparticles, while the second term, JCM, is
the electric current carried by the collective modes, δ∆±.

As discussed in the main text, we consider the acoustic
wave propagating along the x-direction, q = (q, 0), and ex-
press the order parameter fluctuations, δ∆±, via the collective
modes using Eqs. (2)-(4),

kFδ∆+ = [δD+ + δE+] kx + i [δD− − δE−] ky , (B30)

kFδ∆− = [δD− + δE−] kx + i [δD+ − δE+] ky . (B31)

Substituting this into Eq. (B29), we obtain the acoustoelectric
conductivity tensor, which is also decomposed into the contri-
butions from the Bogoliubov quasiparticles (χQP

i j
) and collec-

tive modes (χCM
i j

) ,

χi j = χ
QP
i j
+ χCM

i j , (B32)

where

χQP
xx =

iN(ǫF)v2
F(X0 + X1)

4ω
, (B33)

χQP
yx = 0, (B34)

χCM
xx = −

iN(ǫF)v2
F∆eq

8

[

(

λ0 + λ1

) δD−
vex0
+

(

λ1 + λ2

) δE−
vex0

]

−
iaN(ǫF)v2

F∆eq

16ǫF

[

(ϕ1 + ϕ2)
δD+
vex0
+ (ϕ0 + ϕ1)

δE+
vex0

]

≈ −
iN(ǫF)v2

F∆eq

8

[

(

λ1 + λ2

) δE−
vex0
+

a

2ǫF
(ϕ0 + ϕ1)

δE+
vex0

]

(B35)

χCM
yx =

N(ǫF)v2
F∆eq

8

[

(

λ0 − λ2

) δE+
vex0
− a

2ǫF
(ϕ0 − ϕ2)

δE−
vex0

]

.

(B36)

Here we introduced the moments of the Tsuneto
function, λn = 〈(k̂2

x − k̂2
y )nλ〉

FS,kF
and Xn =

〈(k̂2
x − k̂2

y)n 2ω2

ω2−η2 (λ − 1)〉
FS,kF

, as well as the moments of

ϕ-function, ϕn = 〈(k̂2
x − k̂2

y)nϕ〉
FS,kF

. In the third line of
Eq. (B35), we neglected the contribution of the phase mode,
(δD−), since the long-range Coulomb interaction shifts the
frequency of this mode to the plasmon energy, above the
pair-breaking continuum ω > 2|∆eq| (the Anderson-Higgs
mechanism). In the second equality of Eq. (B35), we
also neglected the Higgs mode(δD+), since its energy lies
above the threshold energy, 2|∆eq|. Also, as shown in the
Appendix C, the induced the Higgs mode is the order of
δD+/vex0 ∼ O(Tc/ǫF), and thus its contribution is the second
order in the PHA.

This yields the expressions in Eqs.(23)-(26) in the main
text.

Appendix C: Derivation of the matrix gap equation (27) for the

order parameter fluctuations

In this appendix, we derive the matrix equation (27) for the
order parameter fluctuations. We begin with the gap equations
for the linear response of the Keldysh pair amplitudes,

δ∆(kF) = N(ǫF)
∫

dǫ

4πi

〈

V(kF,k
′
F)δ f K(ǫ,k′F)

〉

FS,k′F
, (C1)

δ∆∗(kF) = N(ǫF)
∫

dǫ

4πi

〈

V(kF,k
′
F)δ f

K
(ǫ,k′F)

〉

FS,k′F
,(C2)

where V(kF,k
′
F) = Vpairk̂ ·k̂′ is the p-wave pairing interaction.

The Keldysh pair amplitudes are decomposed into the Green’s
function in the quasiclassical limit and the PHA correction as
δ f K = δ f K

(0) + δ f K
(1). Using Eqs. (B14), (B24), and (B25), we

recast Eq. (C1) and (C2) into,
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δ∆(kF)
N(ǫF)Vpair

=
1
2

〈

k̂ · k̂′
[

(

1 +
ωa

2ǫF

)

{

− ω∆eq(k′F)λvex0 +















γ +
ω2 − η2 − 2∆2

eq

2
λ















δ∆(k′F) − ∆eq(k′F)2λδ∆∗(k′F)
}

− aγ

ǫF
∆(k′F)vex0 −

a

2ǫF
∆(k′F)

{

− 4ω2

ω2 − η2
(λ − 1)vex0 + ωλ

(

∆∗(k′F)δ∆(k′F) − ∆(k′F)δ∆∗(k′F)
)

}]〉

FS,k′F

, (C3)

δ∆∗(kF)
N(ǫF)Vpair

=
1
2

〈

k̂ · k̂′
[

(

1 − ωa

2ǫF

)

{

ω∆∗eq(k′F)λvex0 +















γ +
ω2 − η2 − 2∆2

eq

2
λ















δ∆∗(k′F) − ∆∗eq(k′F)2λδ∆(k′F)
}

− aγ

ǫF
∆∗(k′F)vex0 −

a

2ǫF
∆∗(k′F)

{

− 4ω2

ω2 − η2
(λ − 1)vex0 + ωλ

(

∆∗(k′F)δ∆(k′F) − ∆(k′F)δ∆∗(k′F)
)

}]〉

FS,k′F

. (C4)

Let us consider the p-wave order parameter fluctuation, δ∆(k′F) = δ∆(+)(k̂x + ik̂y) + δ∆(−)(k̂x − ik̂y). Multiplying (k̂x ± ik̂y) with
Eqs. (C4-C5) and performing momentum integral with kF, we then obtain

δ∆(±)

N(ǫF)Vpair
=

1
2

〈

(k̂′x ∓ ik̂′y)
[

(

1 +
ωa

2ǫF

)

{

− ω∆eq(k′F)λvex0 +















γ +
ω2 − η2 − 2∆2

eq

2
λ















δ∆(k′F) − ∆eq(k′F)2λδ∆∗(k′F)
}

− aγ

ǫF
∆(k′F)vex0 −

a

2ǫF
∆(k′F)

{

− 4ω2

ω2 − η2
(λ − 1)vex0 + ωλ

(

∆∗(k′F)δ∆(k′F) − ∆(k′F)δ∆∗(k′F)
)

}]〉

FS,k′F

, (C5)

δ∆∗(±)

N(ǫF)Vpair
=

1
2

〈

(k̂′x ∓ ik̂′y)
[

(

1 − ωa

2ǫF

)

{

ω∆∗eq(k′F)λvex0 +















γ +
ω2 − η2 − 2∆2

eq

2
λ















δ∆∗(k′F) − ∆∗eq(k′F)2λδ∆(k′F)
}

− aγ

ǫF
∆∗(k′F)vex0 −

a

2ǫF
∆∗(k′F)

{

− 4ω2

ω2 − η2
(λ − 1)vex0 + ωλ

(

∆∗(k′F)δ∆(k′F) − ∆(k′F)δ∆∗(k′′F )
)

}]〉

FS,k′F

. (C6)

We consider the acoustic wave propagation along the x-direction, q = (q, 0). By using λn = 〈(k̂2
x − k̂2

y)nλ〉
FS,kF

and Xn =

〈(k̂2
x − k̂2

y)n 2ω2

ω2−η2 (λ − 1)〉
FS,kF

, and performing the momentum integral, Eqs. (C5) and (C6) are reduced to the linear equations for

δ∆(±) and δ∆∗(±),

[(

1 +
aω

2ǫF

)

ω∆eqλ0 +
a

ǫF
(γ − X0)

]

vex0 =

(

1 +
aω

2ǫF

)

[

Aδ∆(+) + Bδ∆(−) − ∆2
eq(λ0δ∆

∗
(+) + λ1δ∆

∗
(−))

]

− a

2ǫF
∆2

eqω
(

λ0δD− + λ1δE−
)

+
aω

2ǫF
γδ∆(+), (C7)

[

−
(

1 − aω

2ǫF

)

ω∆eqλ0 +
a

ǫF
(γ − X0)

]

vex0 =

(

1 − aω

2ǫF

)

[

Aδ∆∗(+) + Bδ∆∗(−) − ∆2
eq(λ0δ∆(+) + λ1δ∆(−))

]

− a

2ǫF
∆2

eqω
(

λ0δD− + λ1δE−
)

− aω

2ǫF
γδ∆∗(+), (C8)

[(

1 +
aω

2ǫF

)

ω∆eqλ1 −
a

ǫF
X1

]

vex0 =

(

1 +
aω

2ǫF

)

[

Bδ∆(+) +Aδ∆(−) − ∆2
eq(λ1δ∆

∗
(+) + (2λ2 − λ0)δ∆∗(−))

]

− a

2ǫF
∆2

eqω
(

λ1δD− + λ1δE+ − 2λ2δ∆
∗
(−)

)

+
aω

2ǫF
γδ∆(−), (C9)

[

−
(

1 − aω

2ǫF

)

ω∆eqλ1 −
a

ǫF
X1

]

vex0 =

(

1 − aω

2ǫF

)

[

Bδ∆∗(+) +Aδ∆∗(−) − ∆2
eq(λ1δ∆(+) + (2λ2 − λ0)δ∆(−))

]

− a

2ǫF
∆2

eqω
(

λ1δD− + λ1δE+ + 2λ2δ∆
∗
(−)

)

− aω

2ǫF
γδ∆∗(−), (C10)

where we have used Eq. (B16) and introduced abbreviations

A ≡
ω2 − 2∆2

eq

2
λ0 −

v2
Fq2

4
(λ0 + λ1), (C11)

B ≡
ω2 − 2∆2

eq

2
λ1 −

v2
Fq2

4
(λ1 + λ2). (C12)

We subtract and add Eq. (C7) and Eq. (C8), and Eq. (C9) and
Eq. (C10) to obtain the matrix equation,

M(q, ω)δD(q, ω) = vex, (C13)
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where the vectors of the order parameter fluctuations and the
driving force are given by

δD =





























δD+
δE+
δD−
δE−





























, vex =





































avex0
ǫF

(

ω∆eqλ0 + 2∆eq(γ − X0)
)

avex0
ǫF

(

ω∆eqλ1 − 2∆eqX1

)

2ω∆eqλ0vex0

2ω∆eqλ1vex0





































,

(C14)

respectively, and the matrix M(q, ω) is

M(q, ω) ≡



















































ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

ω2λ0−4∆2
eqλ2

2 −
v2
Fq2(λ0+λ1)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

ω2
2 λ0−

v2
Fq2(λ0+λ1)

4
ω2
2 λ1−

v2
Fq2(λ1+λ2)

4

aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

ω2
2 λ1−

v2
Fq2(λ1+λ2)

4

ω2λ0−4∆2
eq(λ0−λ2)

2 −
v2
Fq2(λ0+λ1)

4



















































. (C15)

As discussed in the main text, the energy of the phase mode is pushed up to the plasmon energy, which is much larger than
any other energy scale in superconductors. The difference of the energy scale allows us to neglect the phase mode in the matrix
equation (C13). We finally obtain Eq. (27) as



































ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

ω2λ0−4∆2
eqλ2

2 −
v2
Fq2(λ0+λ1)

4
aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ1−
v2
Fq2(λ1+λ2)

4

]

aω
2ǫF

[

ω2−4∆2
eq

2 λ0−
v2
Fq2(λ0+λ1)

4 +γ

]

ω2λ0−4∆2
eq(λ0−λ2)

2 −
v2
Fq2(λ0+λ1)

4





















































δD+
δE+
δE−
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avex0
ǫF

(

ω∆eqλ0 + 2∆eq(γ − X0)
)

avex0
ǫF

(

ω∆eqλ1 − 2∆eqX1

)

2ω∆eqλ1vex0
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