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In this work we study thermodynamic manifestations of the quantum criticality in multiband unconventional
superconductors. As a guiding example we consider the scenario of magnetic quantum critical point in the
model that captures superconductivity coexistence with the spin-density wave. We show that in situations when
superconducting order parameter has incidental nodes at isolated points, quantum magnetic fluctuations lead to
the renormalization of the relative T-linear slope of the London penetration depth. This leads to the nonmono-
tonic dependence of the penetration depth as a function of doping and the concomitant peak structure across the
quantum critical point. In addition, we determine contribution of magnetic fluctuations to the specific heat at the
onset of coexistence phase. Our theoretical analysis is corroborated by making a comparison of our results with
the recent experimental data from the low-temperature thermodynamic measurements at optimal composition

in BaFe,(As;_,P,),.

I. INTRODUCTION

In superconductors with unconventional symmetry of the
pairing order parameter, nodal structure of the gap leads to
distinct power-law temperature dependencies, o« 7¢, of var-
ious thermodynamic properties and electronic kinetic coef-
ficients [1, 2]. This signature behavior is in sharp contrast
to that found in conventional s-wave superconductors where
these quantities exhibit thermally activated exponential be-
haviour, «« ¢ /T determined by the spectral energy gap
A. Moreover, the power exponent distinguishes between the
types of the nodes. For instance, in the case of the heat ca-
pacity a = 3 if the symmetry enforced gap structure has point
(or first-order) nodes at isolated points, while a = 2 if the gap
has line-nodes or second-order nodes at isolated points. Sim-
ilar conclusions can be drawn for the other thermodynamic
quantities including London penetration depth, Knight shift,
as well as the kinetic coeflicients such as electronic thermal
conductivity and ultrasound attenuation (see, for example, [1-
6] and references therein).

In strongly correlated materials, including families of
cuprates, iron-pnictides, and heavy fermion systems, super-
conducting instability often competes with some other form
of long-range electronic ordering, such as spin or charge den-
sity wave orders, see Refs. [7-10]. At least in some parameter
range of the phase diagram, the interplay between the cor-
responding interactions may lead to energetically stable co-
existence of superconductivity and other order. The line of
second order phase transition separating the pure state of un-
conventional superconductivity and mixed phase of supercon-
ductivity coexisting with e.g. spin-density wave order termi-
nates at the quantum critical point (QCP). Thus far accumu-
lated experimental evidence suggests that quantum criticality
manifests itself with various anomalies in thermodynamic re-
sponse functions (see [11] for the detailed review and ref-
erences therein). Notable recent examples include observa-
tions of (i) nonmonotonic discontinuity of the specific heat
jump that peaks at the QCP [12—14], (ii) a sharp peak of the
low-temperature magnetic penetration depth A occurring at
the fine-tuned material composition [15-18], and (iii) related
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FIG. 1. Fits for the relative change of the penetration depth,
0A(T)(nm), measured in BaFe,(As;_,P,), at low temperatures and
plotted for different compositions in the range x = 0.27 — 0.64. For
this compound the QCP is located at x. = 0.3. The labeling of the
panels correspond to that of Fig. 3 from Ref. [15]. For panel B
data for two different samples are shown on top of each other distin-
guished by squares O and rhombus <.

anomalies in the lower H,; and upper H, critical fields [19].
These anomalous properties persist into the normal state, most
profoundly in the form of linear-in-7 Planckian resistivity ob-
served in various materials at the optimal doping [20-23].

In this work we consider model of a multiband metal that
captures coexistence of superconductivity (SC) with the spin-
density wave (SDW) state and realizes a particular example
of magnetic quantum critical point in a superconducting state.
We show that existence of incidental nodes in the supercon-
ducting order parameter on some Fermi surfaces leads to lin-
ear in temperature dependence of the relative change in the
penetration depth, 64 = A(T)—A(0) o< T. In addition, quantum
fluctuations associated with the emergent SDW order at the
onset of QCP lead to noticeable renormalizations that change
the slope of T-linear behavior that peaks at QCP. In particu-



lar, this explains the main observations reported in Ref. [15]
concerning the doping and temperature evolution of the pen-
etration depth A(x,T) in BaFe,(As;_,P,),. As a proof-of-
principle, we made an attempt to fit the available experimental
data using our microscopic model. The results of this analysis
are shown in Fig. 1. Finally, we also discuss the anomalies
associated with the magnetic QCP in the low-temperature de-
pendence of the heat capacity.

II. MEAN FIELD ANALYSIS
A. London penetration depth

We start by discussing low-temperature behavior of the
magnetic penetration depth in a multiband two-dimensional
superconductor with incidental nodes of the gap structure in
the clean limit. This particular analysis can be carried out
rather generally without an appeal to a particular microscopic
model. The total penetration depth A is given by a sum of
contributions from each individual bands labeled by index i,

namely 172 = 3, /l‘ Each individual term in the sum is given
by [24]
A (9)
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where A;(¢) is the energy gap function and summation goes
over the fermionic Matsubara frequencies w, = 7T (2n + 1)
with n € Z. The normalization factor, /162 = 4ne*n;/m;c?,
is an effective zero-temperature penetration depth for a given
band with an effective mass m; and carrier concentration n;.
To extract the low-T asymptote of A;(T) and to single out the
contribution of gap nodes we convert the sum into an integral.
It can be shown that the following result holds
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where w. = w % |A;|. Introducing the dimensionless variable
x = w/A,; one then finds
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Let us now assume that gap A;(¢) has N isolated simple nodes
at some arbitrary locations on the Fermi surface ¢, k =
1,...,N. Provided that nodes are not too close to each other
we can expand gap near each such node A;(¢) = A (¢ — dx)Bx,
where f3; are some numerical factors. Then with the exponen-
tial accuracy in temperature, 7 < A, we can approximate

the angular integral as follows: fo de¢ [tanh(*A W) 1] =~
2 fo do [Far.lh(mz'[;j“ﬁ) 1]. = ‘270['32)? Whe.n performing
the remaining x-integration we get a numerical factor of
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—n/4, and as a result find for the rela-
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It can be readily verified that taking A;(¢) = Acos(2¢) this
analysis reproduces classical results for the penetration depth
in the d-wave case [25]. For the case of iron-pnictides with
sign-changing s* pairing scenario one finds fully gapped hole
pockets with the gap A;, and angular dependence of the gaps
along electron Fermi surfaces A.(¢) = A(1 — a cos2¢) [26].
Ifor a > 1 there are 4 incidental nodes counted from ¢, =

5 arccos(1/a@). This gives correspondingly
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which supposed to hold provided that @ is not too close to 1.
From the random-phase-approximation based studies of the
5-orbital Hubbard model [27, 28] and renormalization-group
analysis of itinerant models [29] we can infer @ ~ 2—-2.5. The
slope s of the relative change in the penetration depth in Eq.
(5) gives us a reference point of the mean-field analysis.

B. Heat capacity

We also very briefly discuss the effect of incidental nodes
on the low-temperature dependence of the specific heat C(T').
The generic thermodynamic formula reads
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where as usual the full integration over the 2D momentum
was replaced by the &-integral over the electronic states close
to the Fermi surface with the density of states vp and E4 =

V& + A%(¢). For a fully gapped Fermi surface one finds expo-
nential suppression of the heat capacity,  e™*/T in complete

analogy with the classical example of s-wave SCs. For a nodal
case, with the gap function A.(¢), we expand quasiparticle
spectrum near the nodal points, Eg ~ /&2 + (BxAd¢)?, and in-
troduce two dimensionless integration variables x = &/T and
y = BrAd¢/T, where integration over y can be expanded to
infinity with the exponential accuracy in 7. Finally passing to
polar coordinates with r = +/x? + y2 one finds for T < A(T)

9/(3) vpT?
Vo1 A

where the numerical factor came from the integral over the
radial variable [~ rdr/ cosh’(r/2) = 18£(3). We note that in
three-dimensional case, the same calculation gives 7> due to
phase space integral over the solid angle, and remind that for
the gap structure with the line nodes it remains that C oc 72,

C(T) =

)



III. QUANTUM FLUCTUATION CORRECTIONS
A. Band model and SDW propagator

Motivated by experimental results [15-18], we proceed
with the analysis of quantum fluctuation effects on the London
penetration depth. This problem has recently attracted a con-
siderable interest [30-37]. Our key result concerns the pro-
gressive renormalization of the slope in Eq. (5) of the linear-
T dependence of the penetration depth near hidden QCP. This
result is a direct consequence of the analytical form of the
soft-mode propagator inside a superconducting state. Thus
the main conclusion is independent of particular microscopic
details. However, for concreteness, it is instructive to derive
such a propagator from a well-defined microscopic model.

For this purpose, we adopt a relevant three-band model de-
veloped in the context of multiband superconductivity in iron-
pnictides. Following the earlier works [38, 39], we consider
the Hamiltonian that includes the free-fermion part describ-
ing two elliptical electron-like Fermi surfaces and one circular
hole-like Fermi surface. The pair-fermion interactions include
superconducting and magnetic channels. We assume that the
most relevant interaction is between hole and electron pock-
ets, separated by @ = (7, ) in the folded Brillouin zone, and
that the gap has s* symmetry, namely it changes sign between
electron and hole bands. In the mean-field theory, the phase
diagram of this model has been carefully studied. Specifically,
with the change in the ellipticity and size of the Fermi surfaces
the ground state of the model described above corresponds to
the one in which the SC order emerges gradually, and its ap-
pearance does not destroy SDW order. In fact, there exists a
fairly broad parameter range where SDW and SC orders coex-
ist. Furthermore, the region of coexistence is separated from
the pure SC state by a line of the second order phase transition
that terminates at 7 = 0 magnetic QCP.

We focus on the low-temperature region of the phase dia-
gram where the system has a long-range SC order and is about
to develop magnetic SDW order. In order to capture the main
properties of the interplay between SDW and SC, it is conve-
nient to further simplify the model and focus on the interac-
tion between the hole pocket and only one of the two electron
pockets. Under these assumptions, the spin-fluctuation prop-
agator is given by

L(Q. Q) = (g, +THQ. Q) 8)

where ggqw 1S the bare interaction coupling constant in mag-
netic channel and the polarization operator is given by

i [ ] i, =)0 +£) =AM,
et wa d§<<§% YO ADE ol + A?>>¢ o

which captures both normal (GG) and anomalous (F F) contri-
butions. Here w.: = w,+Q,,/2, Q,, = 2rmT, &, = Ex(g4+8p),

and angular averaging (...) = fo " d¢ ..). The band parame-
ter g5 = &y + & cos(2¢) describes changes in the Fermi sur-
faces radii and overall shape (ellipticity) induced by doping

the system. The second band term, £p = (vrQ/2) cos(¢ — ¥),
describes the relative shift in the centers of Fermi surfaces,
where ¢ and ¢ are the directions of kr and Q). The magnetic
SDW quantum critical point is determined in terms of doping
parameters &y and &, from the condition that propagator in
Eq. (8) has a pole at Q, Q,, — 0, while the region of SDW-SC
coexistence persists for 0.8 < e2/g9 < 4.7 [39].

At this point we introduce dimensionless parameter I' =

1(g5 1 T I1(0, 0)) that measures proximity to a quantum crit-
1cal point in this model . After evaluating the &-integral in Eq.
(9) we arrive at
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where E2 =W+ Azh and D? = w? + A Ay, In this expres-
sion the couphng constant was absorbed into the definition of
the transition temperature into the uncontaminated SDW state
T, = (2¢"%/m)Ae/"r9w with the respective ultraviolet cut-
off A. We extend this analysis for finite excitation energies,
(vrQ, Q) < A, and expand the polarization operator to the
leading order. This gives us the propagator of the fluctuating
SDW order in the form

i3 (11)
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L(Q. Q) =

The expansion coeflicients O, Q. are model-specific and can
be expressed in terms of Matsubara sums similar to the one
appearing in Eq. (10). For instance, for equal gaps without
nodes, |A,;| = A, it is possible to obtain closed analytical
expressions
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where dimensionless functions in 77 — 0 limit take the form
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In general T, O, Q. have a complex functional dependence
on A, and g . However, in applications to the calculation of
thermodynamic properties, it will be sufficient to simply keep
them as phenomenological parameters in a given model as
their particular form does not influence statements concerning
the temperature dependence of the London penetration depth.

B. Magnetic penetration depth near QCP

We turn our attention to the anomalies in the magnetic pen-
etration depth associated with the QCP. We use Kubo formula
to express the fluctuation correction to 4 = Ayp+d4qcp, through



the correction to the static, long wavelength limit of the cur-
rent correlation function, K = Ky + 6Kqcp,

(5/1Qcp 6KQCP 1 5 9
Ao Ko ’ 0 ZVFE oF (15

We identify that leading contributions to 6Kqocp = 6Kpos +
0Kyt stem from the effective mass renormalization cap-
tured by the self-energy in the density of states type diagram
(6Kpos), and from the vertex correction due to quantum inter-
ference Maki-Thompson diagram (6Kyr). The sum of these
terms can be conveniently expressed as follows

d5Kqcp _ 3 22 d*Q 6L(Q Q) o
focr Tsz Fi (16)

where F; = Fpos + Fur is the fermionic loop integral com-
prised of the trace over the product of four Green’s func-
tions. When evaluating these diagrams we took advantage
of an important simplification suggested by the separation of
energy scales. Indeed, from the structure of the propagator
in Eq. (8) we see that mass of soft paramagnons is set by
the QCP gap Aqgcp ~ AT, since parametrically Q. ~ A.
This means that for the most relevant low-energy excitations
(rQ, Q) ~ Agcp < A the fermionic Green’s functions in the
electromagnetic response kernel 6Kqcp can be taken at zero
boson energy and momentum Q, Q,,, — 0. In the end this im-
plies that fermionic and bosonic Matsubara sums and momen-
tum integrals factorize in the general expression for 6Kqcp.
This becomes clear while examining Eq. (16) where fermion
loop contribution F; appears as an overall multiplicative fac-
tor. Finally, the reason for differentiation of Kqcp over I'is a
matter of practical convenience to extract the leading singular
behavior by making integration over the boson energies and
momenta convergent at the ultraviolet. Evaluating Matsubara

sum over Q,, we find
E
th (—Q) +
2T
(17)

where Eg = Q. I+ (Q/Q.)? and in the immediate vicinity
of QCP we can related I to the linear deviation from the op-
timal doping I' = y|x — xqcpl. Here for simplicity we take y
to be a x independent constant. In Eq. (17) it is useful to sep-
arate zero-temperature term explicitly, 6Kqocp = 6Kq + 0K,
so that all thermal effects are captured by the second term. In
the T — O limit only the first term in the square-brackets of
Eq. (17) contributes, so that evaluating remaining momentum
integral we arrive at

0Kq 3QCQ3F1 \/—
— = — =" VI« /Ix - xqcpl- 18
X 4 | ocpl (18)

The fact that we got square-root dependence of this correc-
tion as a function of detunig from the QCP is not accidental.
Indeed, based on precise quantum field theory results of criti-
cal phenomena [40] it is known that superfluid density should
scale as AL|x — xqcpl’~! as x — xqcp — 0, where v is the
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FIG. 2. Temperature dependence of the fermionic loop F;(T') in the
electromagnetic response function normalized to its value at 7 — 0
and computed numerically for several different values of the modal
parameter « in the gap structure of electronic pockets A.(¢).

critical exponent of the correlation length & o |x — xqcp|™,
furthermore the ratio of prefactors A, /A_ is universal. As Eq.
(18) is perturbative at the one-loop level, we should simply
use critical exponent of the Gaussian fixed point v = 1/2 in
the generic scaling formula, |x — xqcp[>~!, to verify power-
law dependence in Eq. (18). As a result, the London penetra-
tion depth across QCP is expected to display singular behavior
with cusp nonanalyticity.

We turn our attention to the thermal term now. It is clear
from Eq. (17) that at lowest temperatures, 7 < Agcp, fluc-
tuation correction Kt is exponentially small, o eBace/T g
all degrees of freedom are frozen out. On the other hand, at
the intermediate low-temperatures, Aqcp < 7 < A, which is
till deep SC sub-gap regime, paramagnon modes already ther-
mally populated while quasiparticle states are still gapped out.
We have numerically verified, that in this limit fermionic loop
F((T) is very weakly temperature dependent, see Fig. 2 for
the illustration. As a result, provided T > Aqcp, we expand
over Eo/T < 1 and integrate over momenta. This gives

5Kt 3TF,Q2 1
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Finally using expressions for Q., F; = (VF/A2)<fF(£¢/A)>¢,
and Eq. (15) we arrive at the expression for the correction to
the penetration depth from quantum critical fluctuations:

doce T ( I )
|x — xqcpl

(20)
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here we introduced Fermi energy Ep = mq:v%E /4 and numer-
ical pre-factor ¢, = (3/32)(<fp(8¢/A)>¢/<fQ(8¢/A)>é). This
result implies that the slope of T-linear behavior in Eq. (5) is
enhanced near QCP, namely dsqcp ~ (A/EF)In|x — xQCpl".
This trend can be deduced from the data presented in Fig. 1.
The two corrections, (18) and (19) have a very different sta-
tus. While the zero temperature correction, (18) is peaked



around x = xqcp it does not imply the peak in the penetration
depth. Instead, the T-linear correction, (19) implies such a
peak [36].

C. Heat capacity near QCP

Motivated by measurements [13] and in a similar fashion
to above analysis, one can account for the effect of fluctua-
tions on the heat capacity [41, 42]. Indeed, integrating out
soft magnetic modes we find a correction to the free energy

3 &
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After reqularization one finds the corresponding correction to
a specific heat, 6Cqcp = —T(626FQCP/BT2), whose leading
temperature dependence above the QCP gap, Aqcp S T < A,
is of the form

2 2
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Similar to the penetration depth, 6Cqcp is exponentially sup-
pressed o« e72ec?/T at lowest temperatures T < Agcp. It is
of interest to note that «< T2 in 6Cqcp has the same tem-
perature dependence as specific heat in Eq. (7). However,
in the context of QCP physics 72 is robust and will persists
even in the case of fully gapped Fermi surfaces [36], in other
words, nodes are not pre-requisite to have a power-law. The
relative magnitude of the correction can be easily estimated
0Cqcp/C ~ A/Ep, since parametrically vpQ./Q, ~ 1. It
should be obviously expected that the same Ginzburg number,
Gi ~ A/EF, controls both perturbative corrections Aqcp and
0Cqcp. We have further estimated higher-loop corrections.
For instance, the two-loop contribution to the electromagnetic
response kernel at 7 = 0 can be deduced to give a correc-
tion 6Kq/Ko o Gi*/ y/x = xqcp. It overcomes the first order
term given by Eq. (18) only inside the Ginzburg region where
perturbative analysis breaks down. Thus, with the logarithmic
accuracy, the peak height in the penetration depth as estimated
from Eq. (20) is of the order (64/Ag)peak & (T/Er) In(Er/A).

IV. SUMMARY AND DISCUSSION

In this work we considered the interplay of spin-density
wave and superconducting instabilities in multiband metals

that lead to the magnetic quantum critical point hidden in-
side of the superconducting state. Magnetic fluctuations are
shown to influence thermodynamic properties of the system.
While nodal structure of the gap gives power-law tempera-
ture dependencies of the magnetic penetration depth and spe-
cific heat, fluctuations result in strong renormalizations that
are most pronounced in parts of the phase diagram in proxim-
ity to the QCP.

In the context of the penetration depth we expect a peak
feature as a function of doping across QCP. Furthermore, the
peak is expected to be asymmetric. This can be understood
simply by realizing that the spectrum of collective magnetic
excitations is different in the ordered and disordered phases.
In the paramagnetic phase all three spin polarization direc-
tions contribute equally to the thermodynamic properties. In
contrast, in the ordered phase, one mode (longitudinal) be-
comes massive, while two other (transverse) spin fluctuations
are turned into massless (Goldstone) modes. Thus different
number of the soft modes contributes to thermodynamic prop-
erties.

Finally, the key observation we draw from the calculation
is that having nodal gap structure is not a requirement for
a power-law in temperature dependence of thermodynamic
variables induced by quantum fluctuations. This effect per-
sists even in the scenario of fully gapped Fermi surfaces. For
this reason it is also insensitive to the disorder scattering that
tend to suppress unconventional symmetry of the supercon-
ducting gap structure.
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